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The distributionof phaselengths t for intermittentbandswitching is investigatedfor small t. Sometypical deviationsfrom
exponentialbehaviourarereported,in particulartheoccurrenceof aminimal phaselengthwith enhancedprobability.

1. Introduction istenceof a minimal period tmlfl andwe derivean
expressionfor it in terms of the small parameter

At presenta widevarietyof intermittentphenom- a= a— a1, wherea1 denotesthe valueof a forwhich
enais known. Oneof the mostinterestingkindsof thetwo chaosbandsmergeinto one.Finally, in sec-
intermittency occurs in various low-dimensional tion 4, wediscussthepeakin thedistributionandits
mapswhentwo chaoticbandsmerge[1—7]. dependenceon a as well as on the order z of the

Justafterthemergerof the two chaoticbandsthe maximum.
orbit of thetwice iteratedmapis foundto spendrel-
atively longperiodsin eitherof the formerbandre-
gions, but at irregular times it switchesfrom one 2. Band structure
regiontotheother. Thisphenomenonhasbeencalled
intermittenthoppingor switchingandan exponen- The map (1) exhibitsa perioddoublingcascade
tial (geometrical)distribution of the periods t be- asone increasestheparametera from 0 toa~(z). At
tweensubsequentswitcheshasbeenobserved, this valuewehavean orbit of period2~’,consisting

However,in numericalinvestigationswefind that ofpointswhichtogetherforma Cantorset.Fora>a~
the phaselength t cannotbe arbitrarily short. That the attractor is composedof a collection of chaos
is, a minimal phaselength tmlfl exists, which in- bands,which undergoesa sequenceof reversebifur-
creaseswhen we get nearerto the merging point. cations,or bandmergings,at values..., a3, a2,a1.Here
Moreover, the probability distribution is strongly a~denotesthe value of a at which 2’~chaosbands
peakedat t

tmin• Typical distributions of phase mergeinto 2” ‘ bands,in a pairwisemanner.This
lengthswill be shownlateron in this Letter. is illustrated in fig. 1 for the typical casez=2.

In this Letterwe shall deal with the aboveshort- For the sakeof presentationweshall concentrate
phasephenomena,usingthe map on the lastbandmergingat a=a

1,althoughthephe-
nomenato be describedoccur in exactlythe same

f(x)=l—aIxI~ z>1, (1)
wayat all theotherbandmergings.Justbelowa= a1

as an example. In section 2 we discussthe band theorbit of the mapalternatesbetweenthe two sep-
structureof thismap.In section3 weexplainthe ex- aratebandsandan orbit of the twice iteratedmap
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Fig. I. Thestructureof theatiraclorfor themapf(x)= 1 _~2,

for l.39<a<1.56. We haveindicatedthethresholdto chaosar,,, Fig. 3. Themapf
2(x) for z=2, ata= 1.58, afterthebandmerg-

ing. Theboundariesof thebandare~ = 1 and~2= I—a. Thees-and the band merging values a
3, a2 and a1. (One has a1 =

1.5436890in thiscase.) capeinterval ~ oftheright regionis mappedontotheinterval
I~,andthensuccessivelyontoI~,12 and13. Note thattheinterval
13 overlapswith theescapeinterval ‘~L of theleft region.

f 2(s) =f(f(x)) remainsforeverin eitheroneof the

bands.It is thereforeconvenientto considerf
2(x) boundedby thefixed point X andits pre-imagesun-

insteadof the original mapf(x). derf2 (x) at the left andthe right of X:
In figs. 2 and3 we showf2(x)justbeforetheband XL = —x, XR = [(1 +X)/a]~.

merging (a<a
1) andjust after it (a>a1). In both

figuresthepositivefixed pointX off(x) is usedfor As longastheextremaof thetwo submapslie inside
the constructionof two squareboxes.Eachof these theirboxes(asin fig. 2), any orbit off

2(x) trapped
boxescontainsa (sub)mapsimilar to the original in oneof themwill remainthereforever.Theactual
map f(x) but on a smaller scale. The boxesare chaosbandsaregiven by the intervals [~2, x

4 J and
[2~,~], where~~=f’

1(0) denotesthe nthiterateof

submapshit their boxessimultaneously,andat thisf2 (
momentwe have~

3=~4=X=a1 —1, which means
the maximum ~=0, i.e. ~ ~2=l—a, x3=
that the bandboundariestoucheachother.

Fora>a1 wehavethesituationasshown in fig. 3,

escaperegions,whicharegivenby theintervalswhere( 1—al 1—al~,and soon. At a=a1theextremaof theafter the band merging. The two extrema piercethroughthe boxesandconsequentlyanorbit canes-
x capefrom its box. For small valuesof a= a — a1 the/ / _ f

2(x) exceedstheboxes,arequite small, andorbitsoff 2 (x) will in generalremainfor longtimesin onex
4 x3 ~ of the former bandregions.

Fig.2. Themapf
2(x) for z=2 ata=1.51,beforethebandmerg-

ing at a—a
1= 1.5436890.Theboundariesof thetwo bandsare 3. Minimal phaselength

indicatedby .~2’x4 and.~, .~, respectively.Note that thetwo sub-
mapsdiscussedin thetext arecompletelycontainedwithin the Let us considerthe regionx>X in fig. 3. An orbit
squareboxes, off

2(x) in therightbox will switch totheleft region
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x < X afterit getsintothe escapeinterval ‘esc,R’ When amountsto an anomalyof the typeLL in the alter-
this happensthe orbit is transferredon the nextit- nating sequence...LRLRLR... of an orbit of f(x),
erationinto theinterval10 = [XR, 1]. TheintervalI~ wherewewrite L whenanorbit pointbelongsto the
is mappedbyf2(x) to Il = [~, X], then to 12= ft, left regionandRwhenit belongsto theright region.
X], thento 13 = [x

7,X]. In fig. 3 the interval 13 over- Anomaliesof the typesRR andLLL do not occur.
lapswith the escapeinterval of the left box andthus Sotheminimalphaselengthsin theleft andtheright
theorbit hasa possibilityto switchbackto the right regionarerelatedby mjnL= tmjnR+ 1. Consequently
regionon thesecondnext iteration(sincetheescape the minimal phaselength tmln is equal to

tmjfl,R =

intervalis first transferredto theinterval [~2, XLI at [n+2].
the left). So we observethat in this casethe orbit Theminimal phaselengthcanbe calculatedfrom
mustspendat leastfour iterationsoff 2(x) in the eq. (3), usingtheexpressions
left region. We definethe minimal phaselength in

z(2—a
1)za~—2(z+1)a1+2

the left region tmjn,L as the minimal numberof it- X—x3 = a
erationsspentin thatregion. In generaltmjfl.L will de- a1 (a1—1) (z—l)a1 —2z+ 1
pendon thevalueof a= a— a1 aswell ason theorder +0(a

2), (4)
z of the maximum. In the aboveexamplewe have
t 4 X—~

0=a1—1+0(a) , (5)m,n.L —
To establishan accuratelowerboundfor tmjfl asa z(2— a1)

functionofawedeterminetheminimalnumbernof f ~ a1 —l +0(a). (6)
iterationsoff

2(x) neededto mapx
3 into the escape

region‘esc,L (or to theleft of it). For smallvaluesof For the casez= 2 thisyields
a the region I~is quite narrow,with x3 closeto the 1.—[2-..0965ln(343e)] (7)
unstablefixed pointX, andthenumberof iterations
canbe found from Applying eq. (7) we find the valueslmjfl=5, 7, 9,

11, 14 for e= 102, l0—~,l0~,l0~,106, respec-
+ 2n — X LI (X) 2n(~—X) . (2) tively. Thesevaluesareinperfectagreementwith the

Theescapeinterval lies in a small neighbourhood numericalvaluesobtainedby iterationof the inter-
of theminimumat~=0 andassoonasXi+2n reaches val I~= [~, X].
this point the orbit hasa possibility to escapeafter Someof the considerationsgiven aboveare rem-
oneextraiteration.Hencefrom (2) wecanestimate iniscent of an estimateby Grebogiet al. [81 of the
the minimal numberof iterationsn off

2(x) to get phaselengthof thetransientchaoticphasein thecase
from i~to the escaperegion: of intermittentbursting.Theinterpretationhowever

- is quitedifferent and thelaminarphasein intermit-
= — 1 In [ (X—x

3 ) / (X x0)] 3 tentburstingdoesnot show a minimal phaselength
n If ( ) I effect. Further, in ref. [21 some plots of distribu-

Since a non-integernumber of iterations has no tions of phaselengthswere shown,but the minimal
meaning,it is understoodthat n shouldbe lifted to phaselength phenomenonwasnot mentioned.
the next integer,i.e. n—~[n+ I].

Theminimal phaselengthfor anorbit off
2 (x) in

the left region tmlfl,L is then [n + 3], sinceone iter- 4. Thepeak
ationis neededto get into theinterval1~andanother
one is neededto escapeto the interval [~2, XLI be- Thepeakin thedistributionP( I) of phaselengths
fore switchingto the right region. For the right re- t at or just abovetmjfl canbe explainedas follows.
gion the sameargumentscanbe applied.However, Sincethe escaperegionsfor smalla arequitenarrow,
the length of phasesoff 2(x) in the right region is we mayassumethat thepointswheretheorbitenters
alwaysI iteration shorterthanthelengthof thecor- theescaperegion‘e,~Rareuniformly distributed,that
respondingphasesin theleft region.Thisstemsfrom is, Pesc.R(~x)is constant.The escapeinterval ‘esc,R ~S

the fact that the switching of an orbit of f2 (x) mappedunderf2 (x) on the interval 10 = [Xv, 1].

375



Volume 133, number7,8 PHYSICSLETTERSA 28 November1988

The (normalized) distribution p0(x) of points Pmax( tmin) ~1’max,L( ~ + 1)
mappedon this intervalis obtainedby applyingthe L/2

Frobenius—Perronoperatorto the (constant)distri- r
I I —IIVL1T\—I’zI ..L1r~—I+l/z

butionpescR(x),that is, ~ J Z IIL~) kX-1i1’-’)

r —L/2

p0(x)= J pC~~,~(x’)d(x—f
2(x’))dx’ liz

= ~ (x-~~) &/z2 (12)

=z~l (1 XR)1( 1 —x) 1+ liz

In the laststepwe haveused that L a’~. On the
xc10. (8) otherhand,a minimal probability~mi,. ( tmin) for 1mm

Thisdistribution hasa cusp-typesingularityat x= 1 is expectedin a situationwherethe left boundaryof
for z> 1. In thelimit z~1it straightensoutto a uni- theintervalI,, isjust right ofthe escaperegion.From
formdistribution.On thenext iterationI~is mapped this it can be shown that Pm,,,(1mm) a’~, i.e.
to I~,with a distribution Pi (x) having a cusp-type Pmin(tmin)follows thesamepowerlawastheinverse
singularityat x

3, i.e. at the left boundaryof the in- of the averagephaselength [I]; the maximal peak
terval I,. Startingfrom Pi (x) we find after n more height in eq. (12), however,goes to zero with a
iterationsoff

2(x) adistributionp~±
1(x) witha cusp- smallerpowerof a.

typesingularityat the left boundaryx3 +2n of the in- In fig. 4 we havegiven the numericalmeasure-
terval I,,÷,: mentsof phaselength distributionsforz= 1.1, z=2

1+1/- andz=3, for valuesof a wherea maximal value of
P~+~(x)=.iY(x—x3+2,,) -‘ (9) P(tmmn)occursfor tmin=6, 7 and9, respectively.From
.iY beingthe normalizingfactorz ‘(X— X3 + ~,) — ~ fig. 4 it is seenthat the maximal heightof the peak

Wenow considerthesituationthat I,, + is thefirst as comparedto the inverse of the averagephase
intervaloverlappingwith the escaperegion ‘escL~We lengthgrowswith increasingz, in agreementwith the
may anticipatethat the height of the peakwill os- smallerpowerof a. Foractualsystemssucha feature
cillate asa function of a, dependingon the valuesof may be usedto gain information on the z valueof

1(x) in theescaperegion.Morespecifically,when the underlying map. In table 1 the measured
e= a — a1 (z) issuchthat the left boundof I,,+,, ~3 + 2n ~~max ( tmin) is comparedto the theoreticalvalueac-
falls insidethe left escaperegion ‘esc,L we expectthe cordingto eq. (12) andit canbeconcludedthat the
probability FL( tmjfl,L) for a phaseof length

tmin,L in agreementis quite good.
the left region to be mostpronounced,yielding a A specialsituationoccurswhenthe left boundary
maximalvalue for the height of the peak. of I,, +, in fig. 3 falls exactlyin the middleof the left

Theprobability~L (1) fora phaseoflengthtin the
left regionequalstheprobabilityP~(1+ 1) fora phase pIll PIt)

of length1+ 1 in the right region, so we have
8.15

P(tmin)PL(tmin+l) . (10)

We shall now calculatethe maximal height of the
peakat tmjfl. It shouldbe attainedfor valuesof a for
which the left boundariesof I,, and‘esc,L coincide.In
that casethe normalizeddistribution on I,, canbe
expressedas

p,~,(x)=z1(X+~L)(x+~L)’4’~. (11) e.ee iIlIll_r_ pt ~‘‘ , ,~i ~~‘-.- . ‘-

So the maximal probability for the minimal phase ~9. 9 ‘99 9 198

length tmjfl to occurequals Fig. 4. Numericallyobtainedphaselength distributionsfor (a)
z= 1.1 andam1.4377955, (b) z=2andam1.54424004,(c) z=3
andam1.61804789.
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Table I
ComparisonbetweenpredictionandmeasurementofP.,,.x(tmrn)for somevaluesof z anda (seetext andfig. 4).

z a a tmn tr,,i., Pm~x(tmi.,)

pied. meas.

1.1 1.43779550 6.08xl0
3 91 6 0.0169 0.0172

2 1.54424004 5.51x10—4 68 7 0.101 0.097
3 1.61804789 l.49x (Q—5 82 9 0.170 0.148

escape region. Then we have x
3 + 2,~= ~o, so at this the bursts betweenthe remnantsof the attractorat

valueofawe havea superstablecycleofperiod2n+3, the boundaries of the window. The interplay of the
and consequently P(1mm)=P( tmin + 1)= ~, with varioustypesof intermittencywill be subjectof fu-tmin= n + 1, P( t) beingzero for all othervaluesof t. ture investigation.
Sucha cycle occursforeveryvalueof n, insideanar-
row window of a values.For a valuescorresponding References
to theinteriorpartof a window onehasonlythetwo
periodstmin and tm,fl+ 1 occurringbothwith proba- [11S.J.ShenkerandL.P. Kadanoff,J. Phys.A 14 (1981)L23.

bility ~.For a valuesvery closeto the openingand [21H. Fujisaka,H. KamifukumotoandM. Inoue,Prog.Theor.

the closingof a window one may except intermit- Phys.Lett. 69 (1983)333.[3] H. Ishii, H. FujisakaandM. Inoue,Phys.Lett.A 116 (1986)
tency of the Pomeau—Manneville type [9] and in- 257.

termittent bursting [8,10], respectively. For a values [410. Sporns,S. Roth andF.F. Seelig, Physica0 26 (1987)

sufficiently far away from a window only the inter- 215.
mittent switchingbehaviouris left. Theestimateof [5] R.M. Everson,Phys.Lett. A 122 (1987)471.

[6] C. Grebogi,E. Ott, F. RomeirasandJ.A. Yorke,Phys.Rev.
the minimal phase length which we have given is A 36(1987)5365.

valid independentlyof thedetailsof thewindows.In (71 C. Chen, G. Gydrgyi and G. Schmidt, Phys. Rev. A 35

the narrow subregime of intermittent bursting an (1987) 2660.

analogywith earlierconsiderationsin ref. [81 ap- [8] C. Grebogi,E.Ott andJ.A.Yorke,PhysicaD 7 (1983) 181.[9] Y. PomeauandP. Manneville, Commun,Math. Phys.74
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