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Abstract—Variable stiffness actuators realize a novel class of ac-
tuators, which are capable of changing the apparent output stiff-
ness independently of the output position. This is mechanically
achieved by the internal introduction of a number of elastic ele-
ments and a number of actuated degrees of freedom (DOFs), which
determine how the elastic elements are sensed at the output. Dur-
ing the nominal behavior of these actuators, the power flow from
the internal actuated DOFs can be such that energy is undesir-
ably stored in the elastic elements because of the specific kinematic
structure of the actuator. In this study, we focus on the analysis
of the power flow in variable stiffness actuators. More specifically,
the analysis is restricted to the kinematic structure of the actua-
tors, in order to show the influence of the topological structure on
the power flow, rather than on the realization choices. We define a
measure that indicates the ratio between the total amount of power
that is injected by the internal actuated DOFs and the power that is
captured by the internal elastic elements which, therefore, cannot
be used to do work on the load. In order to define the power-flow
ratio, we exploit a generic port-based model of variable stiffness
actuators, which highlights the kinematic properties of the design
and the power flows in the actuator structure.

Index Terms—Dynamics, kinematics, port-based modeling, vari-
able stiffness actuators.

I. INTRODUCTION

IN applications in which robots need to interact with the en-
vironment or humans, if the actuation is too stiff, instability

can occur during the interaction, leading to possible damage
to the robot or even injuries to humans. The instability can be
effectively dealt with by using impedance control strategies [1].
However, since the reliability of this approach depends on soft-
ware implementation, a mechanical compliance can be added in
the robot actuation to ensure intrinsic safe interaction. By mak-
ing this compliance variable, and thus realizing variable stiffness
actuators, the apparent stiffness of the robot can be tuned to a
specific task, and it is possible to achieve the tradeoff between
precision of motion and robustness [2], [3]. Given the broad
range of possible applications of variable stiffness actuators, the
research effort to design such actuators is increasing.
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Many different designs have been presented, based on differ-
ent working principles [4]. For example, “Jack Spring” varies
the number of active coils of an internal spring [5], and the ac-
tuator presented in [6] changes the configuration of permanent
magnets to achieve a variable stiffness. However, most variable
stiffness actuator designs internally present a set of elastic ele-
ments, usually springs, and a set of actuated degrees of freedom
(DOFs). The mechanics is such that the apparent output stiffness
is determined by the intrinsic properties of the elastic elements
and by the configuration of the internal DOFs. For example,
in VSA [7], VSA-II [8], and VS-Joint [9], the change of the
stiffness is realized by changing the pretension of the internal
nonlinear springs. In other actuators, including vsaUT [10], [11],
AwAS [12], AwAS-II [13], and HDAU [14], the change of the
apparent output stiffness is obtained by changing the transmis-
sion ratio between the internal linear springs and the actuator
output by implementing a lever arm with a variable effective
length.

By the comparison of different working principles, and there-
fore, different kinematic structures, it can be observed that, dur-
ing a dynamic behavior of the actuators, part of the power flow
from the internal DOFs is directed to the internal elastic ele-
ments, instead of to the load. This implies that potential energy
is undesirably stored in the elastic elements.

In this paper, we evaluate the power flow in variable stiff-
ness actuators with main focus on the amount of energy that
is captured by the internal elastic elements during a nominal
functioning of the actuator. In particular, the aim of this study is
to analyze the influence of the actuator kinematics on the power
flow in the system. This allows an evaluation of the topology
of the actuator without the consideration of the internal fric-
tion or dissipation, which are due to specific realization choices.
In an earlier study, we already defined a measure of energy
consumption during the change of the apparent stiffness [15].
We showed that, under static conditions, the amount of energy
that is used by a variable stiffness actuator to change the ap-
parent output stiffness is strongly influenced by its kinematic
properties.

We define a power-flow ratio under dynamic conditions that
measures how much power can be transferred from the internal
DOFs to the output, because of the actuator kinematic design,
irrespective of the dynamic behavior of the load. We show that,
for different principle designs, this power-flow ratio is strictly
related to the kinematic properties of the actuator, and it is
independent of the task that is realized by the load. The power-
flow ratio is derived from the analysis of a port-based model of
variable stiffness actuators, which is introduced in [10] and [11],
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that highlights the power flows inside the actuator structure and
of the actuator toward the external environment.

The paper is organized as follows. In Section II, we describe
a port-based framework of variable stiffness actuators, which
provides the necessary background for the power-flow analysis
and the derivation of the power-flow ratio. In Section III, a port-
based model of variable stiffness actuators is presented, with
particular attention to the analysis of the actuator kinematics. In
Section IV, we present a power-flow analysis, which highlights
how the power from the control port is distributed between the
internal elastic elements and the output port, and we define the
power-flow ratio, which is, then, computed for some variable
stiffness actuator design principles in Section V. Concluding
remarks are given in Section VI.

II. PORT-BASED MODELING FRAMEWORK

In this section, we briefly describe the port-based modeling
framework and the bond-graph representation. Further reading
can be found in [16] and [17].

A. Port-Based Modeling

The fundamental concept behind the port-based modeling
framework is that any physical system can be seen as the in-
terconnection of simple elements, which are characterized by
a specific energetic behavior. The interconnections are realized
by ports, which are defined by a pair of power conjugate vari-
ables, namely flows and efforts. For example, in the mechanical
domain, the flows are interpreted as velocities and the efforts as
forces.

Let f be an element of the linear space of flows F , and e be an
element of the dual linear space of efforts1 E := F∗. The dual
product 〈e|f〉 yields power, and therefore, a pair of conjugate
variables defines a power flow P on the total space of port
variables, i.e.,

P = 〈e|f〉, (f, e) ∈ F × E .

The distribution of power flow among the different ports of
the physical system is described by a power continuous network
topology. A Dirac structure onF × E is a subspaceD ⊂ F × E ,
with dimD = dimF , such that

〈e|f〉 = 0 ∀ (f, e) ∈ D. (1)

This relation defines power conservation, and therefore, it im-
plies that the total power entering, or leaving, a Dirac structure
is zero. The behavior of any physical system can be modeled by
making its network topology explicit, i.e., its Dirac structure.

The generic network topology is shown in Fig. 1, where the
following four separate power ports can be distinguished.

1) The storage port interconnects the internal energy storage
elements C, which represents storage of either generalized
potential or generalized kinetic energy. If H is the Hamil-
tonian energy function of the system, the power conjugate

1Under coordinate transformations, efforts behave as covectors. However, for
notational convenience, we denote them as vectors in this study.

Fig. 1. Generic network structure of a physical system. The Dirac structure D
defines a power continuous interconnection between the ports. Internal energy
storage is represented by a C-element and energy dissipation by the R-element.
The system interacts with the environment via the control and interaction ports.

variables (fS , eS ) at this port satisfy the energy balance

dH

dt
= 〈eS |fS 〉. (2)

2) The dissipative port interconnects the energy dissipation
element R and is characterized by the power conjugate
variables (fR , eR ).

3) The control port, which is characterized by the power con-
jugate variables (fC , eC ), is used for the control actions.

4) The interaction port, which is characterized by the power
conjugate variables (fI , eI ), represents the interactions
with the environment, i.e., (a composition of) other phys-
ical systems.

Since, from the definition in (1), the Dirac structure D is a
power continuous network topology, it follows that

〈eS |fS 〉 + 〈eR |fR 〉 + 〈eI |fI 〉 + 〈eC |fC 〉 = 0 (3)

and by the substitution of (2)

dH

dt
= −〈eR |fR 〉 − 〈eI |fI 〉 − 〈eC |fC 〉

i.e., the rate of change of the internal energy is determined by
the amount of dissipated energy, and the power flow through the
interaction and the control ports. This means that the system is
passive with respect to these input ports.

A Dirac structure can describe any power continuous network
topology, which can be either constant or configuration depen-
dent. Therefore, it provides a complete way to describe any
physical system dynamics. In particular, it highlights the power
flows inside the system itself and of the system toward the ex-
ternal environment. With respect to variable stiffness actuators,
by describing each actuator in terms of its Dirac structure, it is
possible to identify both common components and different dy-
namic behaviors among the various designs. This means that, by
deriving, for each actuator, the corresponding Dirac structure,
the different actuators kinematics can be thoroughly analyzed
and compared.

B. Bond-Graph Representation

The concept of network topologies, and thus of Dirac struc-
tures, allows a compact graphical representation. By the use
of bond graphs, we can represent the generic physical system
of Fig. 1 as in Fig. 2, where the half-arrows are multibonds
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Fig. 2. Bond-graph representation of a generic physical system. D represents
the Dirac structure; C represents the energy-storage element; and R represents
the energy-dissipation element.

and denote the multidimensional interconnections between the
different parts of the system. Note that the power flow 〈e|f〉
is defined positive in the direction of the half-arrow, and, in
order to comply with the power continuity constraint (1), all
bonds must have the same orientation with respect to the Dirac
structure.

Throughout the paper, some fundamental interconnection el-
ements are used to detail the Dirac structure that models the
variable stiffness actuators. Essentially, these elements are ex-
amples of Dirac structures, and since a composition of Dirac
structures is again a Dirac structure, these basic elements can
give more insights when modeling the behavior of a complex
system. Specifically, these are as follows.

1) A 1-junction defines a common flow interconnection, e.g.,
a rigid connection between two masses such as the actuator
output port and a load. In order to satisfy (1), the behavior
of a 1-junction, with N connected bonds, satisfies

f1 = · · · = fN ,

N∑

i=1

ei = 0. (4)

2) The dual of a 1-junction is a 0-junction, which de-
fines a common effort interconnection. The behavior of a
0-junction, for N connected bonds, is given by

N∑

i=1

fi = 0, e1 = · · · = eN . (5)

3) A modulated transformer (MTF)-element defines a power
continuous transformation between two ports. An example
is an ideal gearbox: If the input and the output of the
gearbox are characterized by power conjugate variables
(fin , ein ) and (fout , eout) and α is the transformation ratio
(either a scalar or a matrix), the behavior for the two ports
is described as

fout = α fin , ein = αT eout .

It is readily verified that any combination of these elements
again yields a power continuous interconnection structure.

III. PORT-BASED MODEL OF VARIABLE STIFFNESS ACTUATORS

In this section, we describe a generic port-based model of
variable stiffness actuators. This is possible by identifying com-
mon components of the actuators and describing the intercon-
nection among these components by means of a generic Dirac
structure. For any actuator, a specific representation of the Dirac
structure can be found by explicitly describing the kinematics
of its design. Dynamic properties of different designs can then
be derived by analyzing the respective Dirac structures. The
generic port-based model has been introduced in [10] and [11],
and here, we intend to revisit the aspects that are relevant for the
remainder of this paper.

A. Variable Stiffness Actuators as Dirac Structures

For the derivation of a generic model for variable stiffness
actuators, we made the following assumptions.

1) The actuator output is 1-D and is characterized by the
generalized configuration variable r ∈ R.

2) The actuator has a number ns of internal elastic elements,
e.g., springs, which can be either linear or nonlinear. The
elastic elements are characterized by the state, i.e., s ∈
S, and by the positive-semidefinite energy function, i.e.,
H(s) : S → R, that describes the amount of stored elastic
energy.

3) Internally, there are nq ≥ ns actuated DOFs, which are
characterized by the generalized configuration variables
q ∈ Q. These DOFs determine how the elastic elements
are sensed at the output, and in particular, they determine
the apparent output stiffness K of the actuator, which is
locally defined as

K :=
δF

δr

i.e., the ratio of the infinitesimal change of the actuator-
generalized output force δF as a result of an infinitesimal
displacement of the actuator output position δr.

Moreover, in our model, we ignore internal friction and in-
ertias, since we focus on the working principles and the kine-
matics of the actuator design, rather than on the details of the
implementation.

By these assumptions, we identify the common components
of the different variable stiffness actuator designs, i.e., the elas-
tic elements, the internal DOFs, and the interaction port. From
the analysis of the kinematics, we derive how the different com-
ponents are interconnected and how the power flows among
them.

The generic model of a variable stiffness actuator is depicted,
by means of bond graphs, in Fig. 3. The C-element represents
the storage of elastic energy by the internal elastic elements.
The power conjugate variables (fS , eS ) are

ṡ = fS , eS =
∂H

∂s
(s).

The control port is characterized by the power conjugate vari-
ables (fC , eC ), which correspond to (q̇, τ), i.e., the rate of
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Fig. 3. Port-based representation of variable stiffness actuators. The
D-element represents the Dirac structure. The internal elastic elements are
represented by the multidimensional C-element, with state s and elastic energy
function H (s). The internal DOFs are actuated via the control port (fC , eC ),
while the interconnection with the load is via the output port (fI , eI ).

Fig. 4. Variable stiffness actuators. The Dirac structure expressed in (6) can
be detailed by using two MTF-elements, which implement the maps that are
defined by A(q, r) and B(q, r). The 1- and 0-junctions implement power
continuous connections, with common flow and common effort, respectively.

change of the configuration variables q of the internal DOFs
and the collocated generalized forces τ , respectively. The in-
teraction port is characterized by the power conjugate variables
(fI , eI ), which correspond to (ṙ, F ), i.e., the rate of change of
the actuator output position r and the generalized output force
F . The Dirac structure D(q, r) defines the interconnection, and
it is explicitly allowed to depend on the configuration variables
q and r. The requirement of power continuity imposes a con-
straint relation between the power conjugate variables, which
can be expressed in a matrix form as

⎡

⎢⎣
fS

eC

eI

⎤

⎥⎦ =

⎡

⎢⎣
0 A(q, r) B(q, r)

−AT (q, r) 0 0

−BT (q, r) 0 0

⎤

⎥⎦

︸ ︷︷ ︸
D (q ,r)

⎡

⎢⎣
eS

fC

fI

⎤

⎥⎦ (6)

in which the matrix D(q, r) represents the Dirac structure. The
skew-symmetry of D(q, r) establishes the power continuity of
the interconnection, as stated in (1).

The Dirac structure of Fig. 3 is made explicit in Fig. 4. The
MTF-elements implement the maps A(q, r) and B(q, r), such
that

f̄C = A(q, r) fC , eC = AT (q, r) ēC

f̄I = B(q, r) fI , eI = BT (q, r) ēI

where the port variables (f̄C , ēC ), (f̄I , ēI ), and (f̄S , ēS ) are in-
troduced on the corresponding bonds. The 0-junction represents
a power continuous common effort connection, which is defined

in (5), such that

f̄S = f̄I + f̄C , ēS = ēI = ēC .

The Dirac structure representation is completed with the
1-junction, which realizes a power continuous common flow
connection as defined in (4), such that

fS = f̄S , ēS = −eS .

It is readily verified that Fig. 4 implements (6).
The submatrix A(q, r) defines the relation between the rate

of change of the state s of the elastic elements and the rate of
change of the configuration of the internal DOFs q. Similarly,
the submatrix B(q, r) defines the relation between the rate of
change of the state s of the springs and the rate of change of
the output position r. Hence, the exact structure of A(q, r) and
B(q, r) can be derived from a kinematic analysis of the actuator
design.

B. Kinematic Structure of Variable Stiffness Actuators

It is assumed that the state s of the internal elastic elements
is determined by the configuration q of the internal DOFs and
the output position r via the kinematic relation

λ : Q×R → S
(q, r) 
→ s.

(7)

Note that the variables q and r are independent of each other,
and their configuration determines the state of the internal elastic
elements.

The tangent map, i.e., λ∗ : TqQ× TrR → TsS, and the
cotangent map, i.e., λ∗ : T ∗

s S → T ∗
q Q× T ∗

r R, are naturally de-
fined [18], where TqQ (T ∗

q Q), TrR (T ∗
r R), and TsS (T ∗

s S) are
the tangent (cotangent) spaces to the manifolds Q, R, and S at
q, r, and s, respectively.

The tangent maps can be expressed in the natural coordinates
on the tangent space as

λ∗ =
(

∂λ

∂q
(q, r),

∂λ

∂r
(q, r)

)
=: (A(q, r), B(q, r)) .

Dually, the cotangent map can be expressed in the natural coor-
dinates as

λ∗ =
(

∂T λ

∂qT
(q, r),

∂T λ

∂rT
(q, r)

)
=:

(
AT (q, r), BT (q, r)

)

which completes the mathematical representation of the Dirac
structure (6).

As observed already from (6), the tangent maps define the
rate of change of the state s of the elastic elements as a result
of the flows fC and fI . In particular, considering the natural
coordinates on the tangent spaces, we have

ṡ = A(q, r)q̇ + B(q, r)ṙ. (8)

In Fig. 5, the tangent map λ∗ is visualized. More specifically,
note that each of the maps, which are defined by A(q, r) and
B(q, r), has an image space, which is a subspace of the tan-
gent space TsS. The dimensions of the image of A(q, r) depend
on the number of internal elastic elements and the number of
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Fig. 5. Maps between the tangent spaces TqQ, TrR, and TsS. The image
spaces of the maps A(q, r) and B(q, r) are subspaces of TsS.

internal DOFs, while the image of B(q, r) is always one di-
mensional, since the actuator output is assumed to have only 1
DOF.

Under the map λ∗, it follows that eC = −AT (q, r)eS and
eI = −BT (q, r)eS , which state that the efforts τ and F depend
on the effort eS that is generated by the elastic elements. In
particular, by the consideration of the natural coordinates on the
cotangent space, the effort eS is given by ∂H/∂s, and through
the map AT (q, r) and the map BT (q, r), respectively, we obtain

τ = −AT (q, r)
∂H

∂s
and F = −BT (q, r)

∂H

∂s
.

We use this kinematic analysis to compute the power flows in
variable stiffness actuators and, more specifically, in the various
bonds of the model that is depicted in Fig. 4.

IV. POWER-FLOW ANALYSIS

In this section, we provide a detailed study of the power flows
in variable stiffness actuators using the port-based model that
is presented in Section III. By the analysis of the kinematic
structure of the actuators, we highlight the power transferred
from the control port, i.e., the internal DOFs, to the internal
elastic elements and to the output port. This analysis is facilitated
by a change of coordinates on TsS and T ∗

s S that makes these
power flows explicit. In particular, while the Dirac structure
(6) describes the power distribution inside the variable stiffness
actuator, it does not explicitly quantify the power exchange
between the control and the output ports. A proper change of
coordinates, as detailed in this section, allows the determination
of how much control power can reach the output port. This
is based on an analysis of the kinematics of the actuator and,
more specifically, by examining the relation between the rate of
change of the configuration variables of the actuation system,
i.e., ṡ, q̇, and ṙ, as defined by the maps between the tangent
spaces that are described in Section III-B.

A. Change of Coordinates

The power flow between the internal elastic elements, the
control, and the interaction ports is implicitly described in (3)
and, in natural coordinates, is given by

〈
∂H

∂s

∣∣∣∣ṡ
〉

=
〈

∂H

∂s

∣∣∣∣A(q, r)q̇
〉

+
〈

∂H

∂s

∣∣∣∣B(q, r)ṙ
〉

in which we assume that no dissipation is internally present. This
means that the power flows are determined by the tangent maps
A(q, r) and B(q, r). To further investigate the power flows, we
define a new set of coordinates on TsS and T ∗

s S by using the
image of the map B(q, r).

Since the actuator output has only 1 DOF, i.e., r is 1-D, the
image of the tangent map B(q, r) is also 1-D, and in particular,
it defines a line on TsS. Let b‖ be a unit vector such that

imB(q, r) = span{b‖}.

Then, a set of ns − 1 unit vectors b⊥ exists, such that

span{b⊥} = imB⊥(q, r).

The subspace imB⊥(q, r) is the orthogonal complement to
imB(q, r), and therefore, it is of dimension ns − 1. This means
that {b‖, b⊥} forms a set of coordinate vectors that spans the
tangent space TsS, i.e., TsS = imB(q, r) ⊕ imB⊥(q, r).

Orthogonality on the tangent space TsS is only defined if a
proper metric is defined on it. Elements from TsS represent the
rate of change of the state s of the elastic elements, which may
be, equivalently, considered as infinitesimal displacements δs.
A physically meaningful metric to measure δs is the stiffness
matrix [19], [20]. As stated in [21], in a conservative system, the
stiffness matrix in configuration space coordinates is given by
the Hessian of the potential energy function and can be shown
to be a symmetric (0, 2)-tensor and is, thus, a valid metric on
TsS. In our case, if we consider the natural coordinates on TsS,
the metric M is, therefore, given by

M =
∂2H

∂s2

where H(s) describes the amount of elastic energy that is stored
in the elastic elements. Note that the norm, i.e., ‖δs‖2

M =
δsT Mδs, which is induced by the metric M , has the unit of
energy. If friction in the system is modeled, a different met-
ric should be considered since the hypothesis of a conservative
system is no longer valid.

As the metric M defines the inner product on TsS, the set b⊥

is found by requiring

〈b‖, b⊥i 〉M = 0, i = 1, . . . , ns − 1

where 〈·, ·〉M denotes the inner product with respect to the metric
M .

We can now define a change of coordinates from the natural
coordinates on TsS to the new defined coordinates. Let Sb be a
matrix that describe the change of coordinates as

Sb = [ b‖ b⊥ ]. (9)

Note that Sb depends on the state s of the elastic elements.
If ṡ is an element of TsS, which is expressed in the natural
coordinates, and ṡb is the same element, which is expressed in
the coordinates {b‖, b⊥}, it follows that

ṡ = Sbṡ
b (10)

and since the change of coordinates is by construction invertible,
it follows that ṡb = S−1

b ṡ.
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Fig. 6. Visualization of the virtual storage elements. The change of coordinates
S−1

b
can be realized by two MTF-elements and a power splitter (the diagonally

oriented line). The two C-elements, i.e., C‖ and C
⊥, represent the virtual storage

elements.

The elements on TsS that are defined in (8) can be expressed
in the new coordinates. In particular, we have

ṡb = S−1
b ṡ

= S−1
b (A(q, r)q̇ + B(q, r)ṙ)

=: S−1
b (ṡq + ṡr )

=:
(

ṡ
‖
q

ṡ⊥q

)
+

(
ṡ
‖
r

ṡ⊥r

)
=:

(
ṡ‖

ṡ⊥

)
. (11)

The element ṡ⊥r is zero by construction of the coordinate set.
Essentially, with this change of coordinates, from the real

elastic element C with state s, we create two virtual storage
elements C

‖ and C
⊥, with states s‖ and s⊥, respectively. By

construction, the state s‖ is one dimensional, and the state s⊥

has the dimension ns − 1. This scenario is depicted in Fig. 6.
From (11), it can be noted that the virtual storage element C

⊥

is not connected to the output, i.e., it captures the energy that
is supplied via the control port without redistributing it to the
output.

B. Power Flows

Only when the change of coordinates (10) is also applied to
elements of the cotangent space T ∗

s S, the power flows to C
‖ and

C
⊥ can be analyzed. On T ∗

s S, the change of coordinates results
in the transformation of efforts as [18]

∂T H

∂sT
Sb =:

(
F

‖
S F⊥

S

)
. (12)

The port behavior of the two virtual storage elements C
‖ and

C
⊥ can now be properly defined by using (11) and (12), i.e.,

ṡ‖ = ṡ‖q + ṡ‖r , e
‖
S = F

‖
S

ṡ⊥ = ṡ⊥q , e⊥S = F⊥
S .

The power supplied via the control port is given by

PC = 〈eC |fC 〉 = −〈AT (q, r) eS |q̇〉 = −
〈

∂H

∂s

∣∣∣∣ṡq

〉

and expressions for the power flows from the control port toward
the two virtual storage elements are

P
‖
C = −〈F ‖

S |ṡ‖q 〉 (13)

P⊥
C = −〈F⊥

S |ṡ⊥q 〉. (14)

It is readily verified that the change of coordinates is power
continuous, i.e.,

P
‖
C + P⊥

C = PC .

Remark 1: Note that the dynamical behavior of the load
is not modeled, and therefore, the proposed analysis is task
independent. The power flow PL to the load is given by
PL = PC − P ‖ − P⊥, in which P ‖ cannot be computed. How-
ever, since there is a direct connection between C

‖ and the
output, by means of the 0-junction, the power flow P ‖ can be
used to do work on the output. On the other hand, the power
flow P⊥ is completely captured by C

⊥. It represents the power
that is supplied by the control port, which cannot be used to do
any work on the output, but is instead internally stored in the
actuator because of its kinematic structure.

Remark 2: The image of the map B(q, r) defines an involutive
distribution on S with dimension 1, since the output has only 1
DOF. If the set {b⊥} is not empty, then, for any configuration
(q, r), there exists a foliation Sr that is the integral manifold of
this distribution [18]. This integral manifold is also 1-D. Since
the energy function H(s) is positive semidefinite by definition,
it has a minimum on Sr , which defines how much energy can go
out from the elastic elements via the output port. However, this
minimum is, in general, not the same as the global minimum of
H(s) on S. Hence, there is energy stored in the elastic elements
that cannot be used to do work on the output.

C. Power-Flow Ratio

The change of coordinates and the subsequent definition of
power flows in (13) and (14), as visualized in Fig. 6, give rise
to the definition of a power-flow ratio. As already observed, the
virtual power flow P⊥

C is disconnected from the output, and thus,
it cannot be used to do work at the output. Intuitively, the ratio

μ =
P⊥

C

PC
(15)

indicates how much of the power that is supplied via the control
port is, in fact, captured by the virtual storage element C

⊥ and,
therefore, lost: The lower this measure is, the less the energy is
captured by the elastic elements. Note that μ ∈ [0, 1].
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Fig. 7. Variable stiffness actuator using a lever arm of variable length. The
functional principle of the concept is a lever arm of variable length q1 , which
connects the zero-free-length linear spring, with elastic constant k, to the output.
The effective length of the lever arm is determined by the linear DOF q1 . The
actuator output position r is controlled by the linear DOF q2 [10], [11].

Since the coordinate change is configuration dependent, the
power-flow ratio μ is a dynamic measure of power flows. The
rationale in this analysis is that instantaneous power that is pro-
vided by the controller should provide an instantaneous power
flow to the output and should closely match the provided power
flow from the controller.

V. ANALYSIS OF CONCEPTUAL VARIABLE STIFFNESS

ACTUATOR DESIGNS

In this section, we analyze the working principles of three
designs of variable stiffness actuators, which realize a variable
output stiffness by means of different kinematic structures. As
follows from the previous sections, the power flows to the virtual
storage elements are defined by the maps A(q, r) and B(q, r),
i.e., by the kinematic properties of the actuator design. First, we
present the model of the designs in a port-based formalism, and
then, we proceed by the evaluation of the power-flow ratio μ, as
defined in (15).

A. Design Based on a Lever Arm of Variable Length

In some designs, such as vsaUT [10], [11], AwAS [12],
AwAS-II [13], and HDAU [14], the change of the output stiffness
is realized through a change of the transmission ratio between
the internal springs and the actuator output by means of a lever
arm of variable length.

As an example of this category of variable stiffness actuators,
we analyze the vsaUT, which is conceptually depicted in Fig. 7.
The working principle is based on one zero-free-length linear
spring, which is characterized by the elastic constant k. The
spring is connected to the output via a lever arm of variable
length, which is controlled by the linear DOF q1 , and thus, q1
determines how the spring is sensed at the output. The linear
DOF q2 is used to control the actuator output position, i.e., the
configuration variable r. The design is such that the maximum
length � of the lever arm is sufficiently large compared with

the maximum elongation of the spring so that we can assume
α ≈ 0.

In order to build the port-based model of this actuator de-
sign, we analyze its kinematics, which are described in (7). We
observe that the state s of the zero-free-length linear spring is
given by

s = � sin φ = �
r − q2

q1
. (16)

By taking the total derivative of the aforementioned equation, it
follows that

ṡ = − �

q1

[ r − q2

q1
1

][ q̇1

q̇2

]
+

�

q1
ṙ =: fS .

From this equation, we can identify the matrices A(q, r) and
B(q, r) as

A(q, r) = − �

q1

[ r − q2

q1
1

]
and B(q) =

�

q1

with which it is possible to build the skew-symmetric matrix
D(q, r) that represents the Dirac structure, as defined in (6).

Since only one spring is present, the tangent space TsS is one
dimensional. The image of B(q, r) is given by

imB(q, r) = TsS ∀(q, r) ∈ Q×R.

It follows that the virtual storage element C
⊥ has 0-D, i.e., it

does not appear in the diagram of Fig. 6. Therefore, all the power
PC , which is supplied via the control port during any nominal
behavior of the actuator, goes either to C

‖ or to the output. This
means that no power is lost, i.e., no energy is captured by the
internal springs. This means that, for this principle design, the
power-flow ratio μ, as defined in (15), is

μ = 0.

This observation is in accordance with the static analysis that is
presented in [15], where it was shown that the designs that are
based on a variable length lever arm do not require any storage of
energy in the internal springs when the apparent output stiffness
is changed.

B. Design Based on an Antagonistic Spring Setup

Variable stiffness actuators, which are based on an antago-
nistic spring setup, have been proposed in different realizations,
such as the AMASC [22], VSA [7], and VSA-II [8]. In general,
the designs use nonlinear springs that act in opposite directions
on the output. The internal DOFs change the elongation of the
springs, and this way, they indirectly change the actuator output
position and the apparent output stiffness.

The conceptual design of a generic antagonistic variable stiff-
ness actuator is depicted in Fig. 8. The working principle is
based on two identical nonlinear quadratic springs, which are
characterized by the elastic constant k. The springs are in series
with two linear motors M1 and M2 , which generate the two
linear displacements q1 and q2 , respectively. When the motors
are operated in the common mode, the actuator output stiffness
is changed. When the motors are operated in the differential
mode, the actuator output position r is changed.
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Fig. 8. Variable stiffness actuator using an antagonistic spring setup. This
design is based on two series elastic actuators in an antagonistic setup. The
linear motors M1 and M2 generate, respectively, the linear displacements q1
and q2 . The nonlinear quadratic springs have the elastic constant k. By operating
the motors in the common mode, the apparent output stiffness of the actuator
changes, while by operating the motors in the differential mode, the equilibrium
of the actuator output position r changes.

In order to build the port-based model of this actuator de-
sign, we analyze its kinematics, which are described in (7). We
observe that the states si > 0, with i = 1, 2, of the nonlinear
springs are given by

s =
[

s1

s2

]
=

[
q1 − Rr

q2 + Rr

]
(17)

where R is the radius of the pulley, and the restriction si > 0 is
assumed to simplify the equations involving the force generated
by the quadratic springs. By taking the total derivative of (17),
we obtain

ṡ =
[

ṡ1

ṡ2

]
=

[
q̇1 − Rṙ

q̇2 + Rṙ

]
=:

[
fS1

fS2

]
.

From this, we can identify the matrices A(q, r) and B(q, r) as

A(q, r) =
[

1 0

0 1

]
and B(q, r) =

[−R

R

]

with which it is possible to build the skew-symmetric matrix
D(q, r) that represents the Dirac structure, as defined in (6).

As this design presents two springs, the tangent space TsS is
two dimensional. Let the metric M be

M =
∂2H

∂s2 =
[

2ks1 0

0 2ks2

]

where H(s) = (1/3)ks2
1 + (1/3)ks2

2 is the elastic energy of
the nonlinear quadratic springs. The unit vector b‖, which is
computed with respect to the metric M , such that ‖b‖‖M = 1,
is

b‖ =
1√

2k(s1 + s2)

[−1

1

]
.

By the use of the constraints on the orthogonality, i.e.,
〈b‖, b⊥〉M = 0, the unit vector b⊥, which is computed with re-

spect to the metric M, such that ‖b⊥‖M = 1, is

b⊥ =
1√

2k(s1 + s2)

⎡

⎢⎢⎢⎣

√
s2

s1
√

s1

s2

⎤

⎥⎥⎥⎦.

The change of coordinates, as defined in (9), follows

Sb = [ b‖ b⊥ ] =
1√

2k(s1 + s2)

⎡

⎢⎢⎢⎣

−1
√

s2

s1

1
√

s1

s2

⎤

⎥⎥⎥⎦.

In order to continue the power analysis that is presented in
Section IV, we calculate

(
ṡ
‖
q

ṡ⊥q

)
= S−1

b A(q, r)q̇

=

√
2k(s1 + s2)
s1 + s2

[ −s1 s2
√

s1s2
√

s1s2

][
1 0

0 1

][
q̇1

q̇2

]

=

√
2k(s1 + s2)
s1 + s2

[ −s1 q̇1 + s2 q̇2
√

s1s2(q̇1 + q̇2)

]
.

The quadratic springs generate forces, i.e., eS = ∂H/∂s =
[ ks2

1 ks2
2 ]T , from which we obtain

(
F

‖
S F⊥

S

)
=

∂T H

∂sT
Sb

= [ ks2
1 ks2

2 ]
1√

2k(s1 + s2)

⎡

⎢⎢⎢⎣

−1
√

s2

s1

1
√

s1

s2

⎤

⎥⎥⎥⎦

=
1√

2k(s1 + s2)

[
k
(
− s2

1 + s2
2
)

k
(√

s3
1s2 +

√
s1s3

2

) ]
.

(18)

The power-flow ratio μ, as defined in (15), is given by

μ =
P⊥

C

PC
=

〈F⊥
S |ṡ⊥q 〉

〈 ∂H
∂s |ṡq 〉

.

Since μ is a dynamic measure, we can compute it during any
nominal behavior of the variable stiffness actuator. The power-
flow ratio is visualized in Fig. 9, where q̇ has been chosen to
achieve certain desired changes in the output position ṙ and stiff-
ness K̇. The areas indicate that, for a particular (ṙ, K̇), the value
of μ is in the corresponding area. For example, the power-flow
ratio μ is in the area that is denoted by μ1 when the output stiff-
ness is changed with K̇ = 0.2 N·m/rad/s and when the output
position r is changed simultaneously. The actual value of μ de-
pends on the load of the springs, i.e., (s1 , s2), and it is negatively
affected by higher preloads, which is in agreement with [15].
From (18), it can be seen that P ‖ = 〈F ‖

S |ṡ
‖
q 〉 = 0, if s1 = s2 ,

and hence, because of power continuity, μ = 1. Finally, note
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Fig. 9. Power-flow ratio μ for the design based on an antagonistic spring
setup. The rate of change of the configuration variable q̇ of the internal DOFs
is chosen to achieve the desired changes in the output position ṙ and stiffness
K̇ . The indicated areas μ1 , μ2 , and μ3 correspond to K̇ = 0.2 N·m/rad/s,
K̇ = 0.6 N·m/rad/s, and K̇ = 1 N·m/rad/s, respectively.

Fig. 10. Energy function on S. The surface represents the energy function
H (s) on S. Since the image of A(q, r) spans the entire tangent space TsS,
any arbitrary point s ∈ S can be reached by a proper q̇. However, restricted to
the foliations Sr (indicated by the black lines), only a local minimum of H (s)
can be reached (indicated by the dashed line). The difference in energy levels
between the end points of the thick black curve, i.e., H2 − H1 , indicates how
much energy cannot be used to do work on the output.

that the power-flow ratio increases when the stiffness change is
faster.

For this particular design principle, Remark 2 can be illus-
trated visually. In Fig. 10, the surface represents the energy
function, i.e., H(s) = 1

3 ks3
1 + 1

3 ks3
2 , on the manifold S, and

the black curves represent the energy function on the integral
manifolds Sr of B(q, r)ṙ. Restricted to these foliations, H(s)
has a minimum that is indicated by the dashed line. Since the
matrix A(q, r) is full rank for this design, the integral manifold
of A(q, r)q̇ is in fact equal to S. This means that, by the use
of the control input q̇ with its corresponding control energy,
it is possible to go from any configuration on S to any other
configuration. However, through the output port, the configura-
tion change is restricted to lie on the foliation Sr that has been
reached. Therefore, the minimum energy level that the system
can reach is in a local minimum of H(s). This is illustrated

Fig. 11. Power flow. The power supplied via the control port is used to ac-
celerate the mass. Initially, all the power is stored in C

‖ and C
⊥, i.e., PL = 0,

because of the inertia of the load. When P ‖ > PL , power is flowing toward C
‖

and stored, but later, when P ‖ < PL , power is flowing from C ‖ to the load.

via the solid black curve, which represents a generic change of
configuration of the actuator. It can be seen that, in general, the
energy, which has been supplied via the control port, cannot
be provided completely to the output port. The actual amount
of energy that is internally stored is equal to the difference in
energy levels at the end points of the solid curve, i.e., H2 − H1 .

Example: The simple structure of this type of actuator allows
to illustrate the theory with a straightforward simulation exper-
iment. We assume that a mass is attached to the output and that,
starting from a zero velocity, it should achieve a constant ṙ, while
the apparent output stiffness is changed, simultaneously, with
constant K̇. It follows that the control input q̇ is also constant.

Fig. 11 presents the power flow P ‖ to the virtual storage
element C

‖, the power flow P⊥ to the virtual storage element
C

⊥, the total power flow PC from the control port, and the power
flow PL to the load.

Initially, all power is stored as potential energy in C
‖ and C

⊥,
because of the inertia of the load, and therefore, the power flows
P ‖ and P⊥ increase. While P ‖ > PL , the mass accelerates and
the power PC is diverted to C

‖ and stored as potential energy.
When P ‖ ≤ PL , this potential energy is started to be released to
the load. Note that P⊥ is always increasing, which means that
part of the control power PC is captured by the internal springs
and not used to accelerate the mass.

Fig. 12 presents the energy balance between the energy HC

that is supplied by the controller and the kinetic energy HL of
the load. Because, throughout the experiment, PC > P ‖, the
controller supplies much more energy than is converted to the
kinetic energy of the load. In fact, the difference, HC − HL , is
stored internally in the springs.

C. Design Based on a Mechanical Decoupling

In other designs, such as the VS-Joint [9], the change of
the apparent output stiffness and the change of the output joint
position is completely mechanically decoupled. The conceptual
design of this kind of actuators is depicted in Fig. 13. The
working principle is based on two identical nonlinear quadratic
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Fig. 12. Energy balance. During the acceleration of the mass, the energy that
is supplied by the controller is bigger than the energy that is converted to the
kinetic energy of the load.

Fig. 13. Variable stiffness actuator using an antagonistic spring configuration
and based on mechanical decoupling. In this design, the change of the stiffness
and the actuator output position r is decoupled. The linear motor M2 generates
a linear displacement q2 and is used to change the apparent output stiffness of
the actuator. The output joint position r is determined by the rotational motor
M1 .

springs, which are characterized by the elastic constant k. The
linear motor M2 generates a linear displacement q2 and is used
to change the apparent output stiffness of the actuator. The
output position r is determined by the rotational motor M1 ,
which directly controls the DOF q1 . Note that, thus, the end
effector can rotate independently of the pulley. Compared with
the antagonistic design that is presented in Section V-B, the
DOF q1 realizes the differential mode of the operation of the
motors M1 and M2 in the antagonistic design, and the DOF q2
realizes the common-mode operation.

In order to build the port-based model of this actuator design,
we analyze its kinematics, which is described in (7). We observe
that the states si > 0, with i = 1, 2, of the nonlinear spring are
given by

s =
[

s1

s2

]
=

[
q2 − Rα

q2 + Rα

]
(19)

where R is the radius of the pulley; α = −q1 + r + π/2; and
the restriction si > 0 is assumed to simplify the equations that
involve the force generated by the quadratic springs. By taking

Fig. 14. Power-flow ratio μ for the design based on mechanical decoupling.
The rate of change of the configuration variable q̇ of the internal DOFs is
chosen to achieve the desired changes in the output position ṙ and stiffness
K̇ . The indicated areas μ1 , μ2 , and μ3 correspond to K̇ = 0.2 N·m/rad/s,
K̇ = 0.6 N·m/rad/s, and K̇ = 1.0 N·m/rad/s, respectively.

the total derivative of (19), we obtain

ṡ =
[

ṡ1

ṡ2

]
=

[
q̇2 + Rq̇1 − Rṙ

q̇2 − Rq̇1 + Rṙ

]
=:

[
fS1

fS2

]
.

From this, we identify the matrices A(q, r) and B(q, r), as

A(q, r) =
[

R 1

−R 1

]
and B(q, r) =

[−R

R

]

with which the Dirac structure, as defined in (6), can be
represented.

The matrix B(q, r) for this design is the same as for the
previous design. Hence, the image is exactly the same, and the
same change of coordinates Sb is obtained. We then have
(

ṡ
‖
q

ṡ⊥q

)
= S−1

b A(q, r)q̇

=

√
2k(s1 + s2)
s1 + s2

[ −s1 s2
√

s1s2
√

s1s2

][
R 1

−R 1

][
q̇1

q̇2

]

=

√
2k(s1 + s2)
s1 + s2

[−Rq̇1(s1 + s2) − q̇2(s1 − s2)

2
√

s1s2 q̇2

]
.

The forces, i.e., eS = ∂H/∂s, are the same as in the antagonistic
design, and hence, we can compute μ according to (15)

μ =
P⊥

C

PC
=

〈F⊥
S |ṡ⊥q 〉

〈 ∂H
∂s |ṡq 〉

.

Fig. 14 presents a visualization of the power-flow ratio, where
q̇1 has been used to achieve the indicated ṙ, and q̇2 to achieve
K̇. The areas indicate that, for a particular (ṙ, K̇), the value of
μ will be in the corresponding area. In addition, for this design,
the actual value of μ depends on the load of the springs, i.e.,
(s1 , s2), and it is negatively affected by higher preloads. As in
the previous design, it can be noted that the power-flow ratio in-
creases when the stiffness change is faster. However, because of
the mechanical decoupling of the position and stiffness change,
this influence is bigger than in the previous design.
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VI. CONCLUSION

In this paper, a power-flow ratio for variable stiffness actuators
has been defined, which is derived by using a port-based model-
ing framework. The power-flow ratio has been computed under
dynamic conditions, and it has been determined how the work-
ing principle of the actuator allows in transferring the power
from the internal DOFs to the output, irrespective of the dy-
namic behavior of the load. We have shown in three different
principle designs that the power-flow ratio is strictly related to
the kinematic properties of the actuator, i.e., to its topological
structure.

It has been observed that the pretension of the internal elastic
elements has a negative influence on the power-flow ratio. This
can be explained by the observation of the relation between the
output motion and the state of the internal springs. We have
shown that this effect becomes more prominent when the rate
of change of the stiffness increases.

From the power-flow analysis, it can be concluded that for
variable stiffness actuators, which are realized by a variable
transmission ratio between the output and the internal springs,
all the power that is supplied by the control port can be used to
do work on the output without being captured by the internal
elastic elements. Therefore, this working principle allows a more
efficient distribution of the power flow from the control port.

The power-flow analysis and the definition of the power-flow
ratio, as presented in this study, give important insights into the
design of variable stiffness actuator and the design of control
laws.
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