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Normal form

In this paper we focus on the combination of normal form and Lyapunov exponent computations in
the numerical study of the three codim 2 bifurcations of limit cycles with dimension of the center
manifold equal to 4 or to 5 in generic autonomous ODEs. The normal form formulas are independent
of the dimension of the phase space and involve solutions of certain linear boundary-value problems.
The formulas allow one to distinguish between the complicated bifurcation scenarios which can happen
near these codim 2 bifurcations, where 3-tori and 4-tori can be present. We apply our techniques to
the study of a known laser model, a novel model from population biology, and a model of mechanical
vibrations. These models exhibit Limit Point-Neimark-Sacker, Period-Doubling-Neimark-Sacker, and
double Neimark-Sacker bifurcations. Lyapunov exponents are computed to numerically confirm the
results of the normal form analysis, in particular with respect to the existence of stable invariant tori
of various dimensions. Conversely, the normal forms are essential to understand the significance of the
Lyapunov exponents.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

Consider a smooth system of ODEs

x=f(xp), xeR",

be used to track bifurcations from a stable equilibrium to a peri-
odic oscillation by a Hopf bifurcation and even the appearance of
(un)stable invariant tori with multi-frequency oscillations by a sec-
ondary Hopf, or Neimark-Sacker bifurcation. Bifurcations of these

(1) invariant tori T™=2 into other tori or chaos, however, are out of
reach of the standard numerical analysis.

smoothly depending on a parameter vector p € R™. Typically, the
dynamics of such systems show qualitative transitions, i.e. bifurca-
tions, upon variation of a parameter. It is hard to use simulations
to characterize such transitions correctly and efficiently. Numeri-
cal continuation software such as AuTo [1] or MATCONT [2,3] may
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One possibility to study bifurcations of tori - if they are stable
- is to compute Lyapunov exponents. The dimension of the torus
for a given parameter value then equals the number of exponents
equal to zero. Varying one parameter one can observe that
exponents become zero and this indicates a bifurcation. The exact
nature of the bifurcation is however obscured from this analysis
and should be elucidated with additional means. Yet, in many
cases, bifurcations of tori first emerge from codim 2 bifurcations of
limit cycles. Specifically, these codim 2 bifurcations are points in
the parameter plane where one Neimark-Sacker bifurcation curve
intersects a Limit Point of cycles, a Period-Doubling or another
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Neimark-Sacker bifurcation curve. The intersections produce
LPNS, PDNS, or NSNS bifurcations, respectively. This paper focuses
on these bifurcations, occurring in generic systems (1) whenm > 2
and n is sufficiently large. The bifurcations are well understood
theoretically with Poincaré maps and the corresponding normal
forms [4-10]. The results of the analysis of the normal form for
these codim 2 bifurcations can be used to verify nondegeneracy
conditions and classify the bifurcation structure. Hence, we need
an algorithm for the numerical computation of the coefficients of
each critical normal form to enable this analysis.

There is a straightforward approach to obtain the critical nor-
mal forms of the codim 2 bifurcations of the limit cycle. In the
Poincaré map, the limit cycle corresponds to a fixed point and one
can use techniques developed for maps to obtain the critical nor-
mal form [8,9]. However, in this case partial derivatives of the map
up to order k, most often k = 3, sometimes k = 5, are needed.
Alternatively one could integrate the variational equations [11] or
use automatic differentiation [12,13] to obtain the derivatives of
the Poincaré map. All these methods, however, have two draw-
backs that make them less (time) efficient. First, these are shooting
methods that are slower when the system is very sensitive to per-
turbations. Second, the full Poincaré map is computed while only
certain expressions are needed for the normalization. There is an
alternative technique that is more suitable in the context of numer-
ical continuation of periodic orbits using collocation as the whole
periodic orbit is available. It uses periodic normalization [14,15]
and has been applied to codim 1 bifurcations of limit cycles and
implemented in MATCONT [ 16]. This technique uses orthogonal col-
location in the solution of boundary value problems and does not
need to compute the corresponding tensors.

Recently, we have extended this algorithm to codim 2 bifurca-
tions of limit cycles with center manifold dimension at most 3 [17].
Here we consider the three remaining and most difficult cases,
LPNS, PDNS, and NSNS, that are characterized by a center mani-
fold of the critical cycle of dimension 4 or 5. These three cases al-
ways involve a - possibly unstable - two-dimensional torus T2 and
in many cases also a 3-dimensional torus T> and a 4-dimensional
torus T4,

We have implemented our algorithm in the numerical continu-
ation toolbox MATCONT which automatically invokes the algorithm
whenever the corresponding bifurcation is detected. Hence, any
user is able to use it and take advantage of the automated nor-
mal form analysis. Here we document precisely what our algorithm
does. First, our aim is to derive coefficients of a periodic critical
normal form. We present these normal forms in Section 2 using
(contrary to[16,17]) the original Iooss [ 14] representation. Remark
that these normal forms are closely related to the normal forms for
the Zero-Hopf and Hopf-Hopf bifurcations of equilibria. We dis-
cuss the correspondence and the interpretation of the bifurcation
diagrams of the generic unfoldings for the LPNS, PDNS, and NSNS
bifurcations. Next, we present the formulas to compute the criti-
cal normal form coefficients in Section 3. We extensively discuss
the LPNS case but omit details in the PDNS and NSNS cases (the
complete discussion can be found in [18]). Here we also comment
on the implementation which is similar to [17]. Finally in Section 4,
we consider several examples that involve tori bifurcations: a laser
model, a model from population biology, and one for mechanical
vibrations. In these models we find and analyze the three codim
2 bifurcations that we focus on. We compute the critical normal
form coefficients using our algorithm to predict the bifurcation di-
agram near each of these codim 2 points. Next we corroborate the
predictions using Lyapunov exponents. In fact, we argue that the
classification from the critical normal form guides the correct in-
terpretation of the Lyapunov exponents.

2. Normal forms on the center manifold and their bifurcations

Write (1) at the critical parameter values as
U= F(u) (2)
and suppose that there is a limit cycle I corresponding to a
periodic solution ug(t) = ug(t + T), where T > 0 is its (minimal)
period. Expand F (uo(t) 4 v) into the Taylor series

Fluo() + v) = F(uo(t)) + A(t)v + %B(t; v, )

1 1
+ EC(t; v,v,0) + ID(t; v,v,v,v)

1
+5EE v v, v, v) + 0([[v]|®), 3)
where A(t) = F,(ug(t)) and
B(t; v1, v2) = Fuy(uo(t))[v1, v2],
C(t; v1, v2, v3) = Fuyu(Uo(t))[v1, v2, V3],
etc. The matrix A and the multilinear forms B, C, D, and E are
periodic in t with period T but this dependence will often not be
indicated explicitly.
Consider the initial-value problem for the fundamental matrix
solution Y (t), namely,

av A(t)Y
dt ’
where I, is the n x n identity matrix. The eigenvalues of the
monodromy matrix M = Y(T) are called (Floquet) multipliers of
the limit cycle. The multipliers with || = 1 are called critical.
There is always a “trivial” critical multiplier u, = 1. We denote
the total number of critical multipliers by n. and assume that the
limit cycle is non-hyperbolic, i.e. n, > 1. In this case, there exists
an invariant n.-dimensional critical center manifold W°(I"') C R"
near I".!

Y(0) = Iy,

2.1. Critical normal forms

It is well known [19,7] that in generic two-parameter systems
(1) only eleven codim 2 local bifurcations of limit cycles occur. To
describe the normal forms of (2) on the critical center manifold
W€ (I') for these codim 2 cases, we parameterize W(I") near I
by (n. — 1) transverse coordinates and t € [0, kT] for k € {1, 2},
depending on the bifurcation. The 8 cases with n. < 3 were
treated in [17]. Based on [ 14] we showed in Appendix Ain [18] that
the restriction of (2) to the corresponding critical center manifold
WeE(I") with n, = 4 or n. = 5 will take one of the following Iooss
normal forms.

2.1.1. LPNS

The Limit Point—-Neimark-Sacker bifurcation occurs when the
trivial critical multiplier i, = 1 corresponds to a two-dimensional
Jordan block and there are only two more critical simple multi-
pliers 1, = et with 0 # ZJ—” forj = 1,2, 3, 4. The four-
dimensional Iooss normal form at the LPNS bifurcation is derived
in Appendix A.1.1in [18] and can be written as

dl =1 ;)_— + 2 2 3
FTaR Q20067 + o1t 16217 + 30063

+am& &P+
dé (4
T; = ax00&7 + o1t &21° + as00é] + a1nir [&1° + ..., )
g . 2 2
i iw&; + b110§182 + b2108762 + bo21&2 1627 + .. .,

1 This manifold should not be confused with the (n. — 1)-dimensional center
manifold of the corresponding Poincaré map.
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wheret € [0, T], w = 6/T, &; is areal coordinate and &, is a com-
plex coordinate on W¢(I") transverse to I, o, ajjk € R, by € C,
and the dots denote the O(||£4||)-terms, which are T-periodic in 7.
Eqs. (4) implicitly describe motions on the 4-dimensional invariant
manifold W€(I") with one cyclic coordinate 7.

2.1.2. PDNS

The Period-Doubling—Neimark-Sacker bifurcation occurs when
the trivial critical multiplier , = 1 is simple and there are only
three more critical simple multipliers, namely —1and 1, = e*?
with 0 # 2]—” forj = 1, 2, 3, 4. The four-dimensional looss normal
form at the PDNS bifurcation is derived in Appendix A.1.2 in [18]
and can be written as
dr

dr 1+ 00067 + o1 1621° + cagoky + o2 16
+oonél 161+ ...,
d&
T; = 0300513 + amé &1 + 050055 + a1k 16| (5)
-1-61311513 &1+ ...,
d& .
d—: = iw€ + br10E1E2 + bo21&2 16217 + baro€ 6

+boiE1Es |62 + bonéa E2]* + . .,

where t € [0,2T], ® = 0/T, &; is a real coordinate and &, is a
complex coordinate on W¢(I") transverse to I, ajj, Gijk € R, bjjk €
C, and the dots denote the O(||£®||)-terms, which are 2T-periodic
in 7. Egs. (5) implicitly describe motions on the 4-dimensional
invariant manifold W¢(I") that is doubly covered by the selected
coordinates.

2.1.3. NSNS

The double Neimark-Sacker bifurcation occurs when the trivial
critical multiplier 4, = 1 is simple and there are only four more
critical simple multipliers ;14 = e and p,3 = e with
01, # 277, forj = 1,2,3,4,5,6and I6; # j6, for I,j € Z with
I+ j < 4 (see [9]). The five-dimensional periodic normal form at
the NSNS bifurcation is derived in Appendix A.1.3 in [18] and can
be written as

dt

T 1+ o100 [€117 + o011 1&21% + 2200 E11* + 0022 162/
+amn &P &P+ ...,

&, .

T; = iw1&1 + Ga100€1 1€11% + 10111 217 + as20081 1E11* (6)

+ a102€1 161" + @i 611 1E1F + . ..,
dé; . 2 2 4
e = &3 + boo2182 18217 + b1110&2 16117 + boo32&2 162
+ baaio&2 [E11* + bii2i& G112 1612 + ...

where T € [0,T], w12 = 612/T, & and &, are complex coordi-
nates on W(I") transverse to I, oy € R, i, b € C, and the
dots denote the O(||£®||)-terms, which are T-periodic in 7. Egs. (6)
implicitly describe motions on a 5-dimensional manifold with one
cyclic coordinate .

2.2. Generic unfoldings of the critical normal forms

Here we describe how the coefficients of the critical normal
forms can be used to predict bifurcations of the phase portraits near
the critical limit cycles for nearby parameter values. We introduce
certain quantities - computable in terms of these coefficients -
that are reported in the MATCONT output and used to distinguish
between various bifurcation scenarios in examples in Section 4.

In generic two-parameter systems (1) the considered bifur-
cations occur at isolated parameter values. By translating the

origin of the parameter plane to one of such points, we can con-
sider an unfolding of the corresponding bifurcation and study its
canonical local bifurcation diagram for nearby parameter values.
It is well known that the critical center manifold W¢(I") can be
smoothly continued w.r.t. p in a neighborhood of the bifurcation
point, so that the restriction of (1) to this manifold can be stud-
ied. Choosing appropriate coordinates (£, t) on this parameter-
dependent invariant manifold, one can transform the restricted
system into a parameter-dependent normal form in which % has
a t-independent principal part and higher-order terms which are
kT-periodicin t with k = 1 for LPNS and NSNS and k = 2 for PDNS.
Below we describe bifurcations of these principal parts, i.e., the
truncated parameter-dependent autonomous normal forms. Since
the dynamics is determined by the &-equations, we first focus on
their bifurcations and then interpret appearing bifurcation dia-
grams for the original system (1). The new unfolding parameters
will be denoted by (81, 52).

2.2.1. LPNS

Generically, a two-parameter unfolding of (1) near this bi-
furcation restricted to the center manifold is smoothly orbitally
equivalent (with possible time reversal) to a system in which the
equations for the transverse coordinates have the form

d _

% _ Bi+E*+sICI>+O0(IE, ¢, DI,

pH o
I = (B tions + O +in)ée + &2 +O0(IE. ¢, OIY,

where the O-terms are still T-periodic in t. This system is similar
to the normal form for the Zero-Hopf bifurcation of equilibria (cf.
Theorem 8.6 on p. 338 in [7]). In Fig. A.1 the four possible bifur-
cation diagrams of the amplitude system (with { = pe) for (7)
without the O-terms,

{é = pi + &>+ 507,
p = p(Bs+ 08 +£%),

are reported depending on the sign of the normal form coefficients
s and 6. Note that these unfoldings can also be found in [7]. Here
and in what follows a dot means the derivative w.r.t. .

Let us now discuss the interpretation of the phase portraits in
the (&, p)-plane of the truncated amplitude system in the context
of the bifurcating limit cycle. The fixed points or limit cycles have
additional dimensions from the phases of the periodic orbit itself
plus the phases ignored in the reduction to the amplitude system.
We note that in the amplitude system the vertical (p) direction
always corresponds to a Neimark-Sacker bifurcation, but that
the horizontal (§) component of the phase space has a different
meaning. For LPNS, equilibria on the horizontal axis correspond
to limit cycles. Equilibria off the horizontal axis correspond to
invariant 2D tori T? and the periodic orbit for (8) which exists if
s6 < 0 corresponds to an invariant 3D torus T° for (1).

The critical values of s and 0 can be expressed in terms of the
coefficients of (4) as

(8)

R(b
s = sign (aze04011), 0= ¢ 110)-
200

These values determine the bifurcation scenario. For s6 < 0, a 3-
torus appears in the unfolding via a Neimark-Sacker bifurcation.
The stability of this torus is determined by the third order terms in
(4).Indeed, the sign of the corresponding first Lyapunov coefficient
I; for the Hopf bifurcation in (8) is opposite to that of 6 but the
‘time’ in (7) is rescaled with factor

R(boz21) 3dsgo ain ) boz16200 )
20011

E=N (bzm + b11o (

o1 20300 o1
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I

SR

(a)s=1,6 > 0.

(b)s=—-1,6 <O.

L A

(c)s=1,6 <.

(d)s=—1,0 > 0.

Fig. A.1. Bifurcation diagrams of the truncated amplitude system (8) for the LPNS bifurcation.

(see p. 337 in [7]). If E - I; < 0, an unstable 3-torus appears, if
E - I; > 0, the 3-torus is stable. The output given by MATCONT is
(s,0,E).2

Note that Fig. A.1 presents bifurcations of the truncated system
(7) that only approximates the full normalized unfolding. In partic-
ular, the orbit structure on the invariant tori can differ from that for
the approximating system due to phase locking. Moreover, the de-
struction of T2 via a heteroclinic bifurcation in case (c) of Fig. A.1
becomes a complicated sequence of global bifurcations involving
stable and unstable invariant sets of cycles and tori. All these bi-
furcations, however, occur in the exponentially-small parameter
wedge near a heteroclinic bifurcation curve. For detailed discus-
sions of the effects of the truncation, also in the two other cases,
we refer to [8,10] and references therein.

2.2.2. PDNS

Generically, a two-parameter unfolding of (1) near this bi-
furcation restricted to the center manifold is smoothly orbitally
equivalent to a system in which the equations for the transverse

2 Remark that E = NaN is reported when terms up to only second order are
computed.

coordinates have the form

01 = p1v1 + P1ivd + Prvy [va|* + Syvq [vg|*
+0(||(v1, v2, V)%,
Uy = (12 + i©2) vy + P21}y + Povs [v2|* + Spviv,
+iRav; [v2|* 4+ O([l (v1, v2, D)%),
where the O-terms are still T-periodic in 7. This system is similar
to one of the normal forms for the Hopf-Hopf bifurcations of equi-

libria (cf. Lemma 8.14 on p. 354 in [7]).
The amplitude system for (9) without the O-terms is

(9)

{fl =r1(1 +P11T12 +P12T22 +51r§), (10)
fy = r1(Wa + paat? + pars + sar7),
where
P11 = Py, P12 = P2, P21 = N(P2y),
P22 = N(P22), 51 =351, s2 = N(S2).
The values of pj and s;, for j, k = 1, 2, and the quantities
S S
p=t2 s P g 42 (11)
D22 P11 D3, b1
indicate in which bifurcation scenario we are (see Section 8.6.2
in[7]).

In the “simple” case where p11p,; > 0, there are five topologi-
cally different bifurcation diagrams of the truncated amplitude sys-
tem (10). Each case corresponds with a region in the (6, §)-plane,
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Fig. A.2. (a)The five subregions in the (8, §)-plane in the “simple” case; (b) the six subregions in the (6, §)-plane in the “difficult” case.
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b @ ®

Sy

A

Fig. A.3. Bifurcation diagrams of the amplitude system (10) for the PDNS and NSNS bifurcations: (a) parametric portraits in the “simple” case; (b) phase portraits in the

“simple” case.

see Fig. A.2(a). The parametric portraits belonging to the different
regions can be seen in Fig. A.3(a), with corresponding phase por-
traits in the (rq, r)-plane in Fig. A.3(b). The phase portraits are only
shown for the case whenpq; < 0andp,, < 0.Thecasep;; > Oand
D22 > 0 can be reduced to the considered one by reversing time.

In the “difficult” case where p11p22 < O however, there are
six essentially different bifurcation diagrams. The regions in the
(0, §)-plane are shown in Fig. A.2(b). The related parametric por-
traits and phase portraits of (10) are given in Fig. A.4. Only the case
where p1; > 0 and p;; < 0 is presented, to which the opposite
one can be easily reduced.

We note that Section 8.6.2 in [7] for the “difficult” case contains
a few errors in the figures and in the asymptotic expression for
the heteroclinic bifurcation curve.®> Therefore, for completeness,
we provide the figures here, and derive the quadratic asymptotics
of the Hopf (C) and heteroclinic (Y) bifurcation curves in the
Appendix.

3 Unfortunately, there is also a minor misprint in our earlier “correction” [8] for
the heteroclinic curve given in [7].

The critical values of P and S; can be expressed in terms of the
coefficients of (5) as (see p. 356 in [7])

P11 = asgo, Py = aq, N(Py1) = N(bz10),
R(P22) = N(bo21),
and

S = auy + a1t <9f(b221) B 29‘(13032) _ asoom(bozl)> ,

R(b210) R(bo21)  azpoN(b210)
NR(b
RSy = Nbaro) + N(bao) (“ﬂ 50500 M) .
ai Q300 a1 (boz1)

The fifth-order terms in (5) determine the stability of the tori
in the “difficult” cases. In fact, the sign of the first Lyapunov
coefficient for the Neimark-Sacker bifurcation is given by

sign l; = —sign (000 — 1A +8(5 — 1)0)) . (12)
The output of MATCONT is (p11, P22, 6, 8, sign [;).4

4 Remark that signl; = NaN is reported when terms up to only third order are
computed.
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Fig. A.4. Bifurcation diagrams of the amplitude system (10) for the PDNS and NSNS bifurcations: (a) parametric portraits in the “difficult” case; (b) phase portraits in the
“difficult” case. The quadratic asymptotics of the bifurcation curves C and Y are given in the Appendix.

For PDNS we have an interpretation analogous to LPNS, but the
invariant sets may be “doubled”. The origin always corresponds
the original limit cycle. Other fixed points on the horizontal axis
represent the period-doubled limit cycles, while a fixed point on
the vertical axis corresponds to a T2. Fixed points off the coordinate
axes correspond to doubled tori T? and periodic orbits correspond
to T2. As in the LPNS case, Figs. A.3 and A.4 present bifurcations
of the truncated amplitude system that only approximates the
full normalized unfolding. In particular, one has to be careful
with ‘torus doubling’, which is in fact a complicated quasiperiodic
bifurcation [20,21].

2.2.3. NSNS

Generically, a two-parameter unfolding of (1) near this bi-
furcation restricted to the center manifold is smoothly orbitally
equivalent to a system in which the equations for the transverse
coordinates have the form

b1 = (U1 + i@1)v1 + Pryvy [01]* + Prpvy Jva |

+iRyv1 [v1]* + S1v1 [v2]* + O(ll (v, D)%),

Uy = (U + i@2)v; + P21v; [01]* + Paruy Jva |

+ S0z [v1|* + iRavz [v2|* + OCll (v, D)),

where the O-terms are T-periodic in 7. Neglecting this periodicity,

system (13) is the normal form for the Hopf-Hopf bifurcation of
equilibria (cf. Lemma 8.14 on p. 354 in [7]).

The truncated amplitude system for (13) is the same as (10),
where now

p11 = R(P11) = R(a2100).
P21 = R(P21) = R(b1110),
and

s1 = RS
\ Rbrar)  N(booz2)
= N(a022) + R(@ron) (%(bml) B %(boogz)
b 1110 B 0021
N(az100)R (b1110) )’

(13)

p12 = R(P12) = R(ai011),
P22 = N(Py2) = N(boo21),

s = N(Sy)
, N(az111) N(az200)
= N N —
(b2210) + NR(b1110) <9f(a1011) N (Gar00)
_ SR((121()())5R(l’oo32)>
N(ar011)R(boo21) )

The output of MATCONT is (p11, p22, 6, 8, sign [;).”

Although the phase portraits of the truncated amplitude sys-
tem are the same as for PDNS, their interpretation is slightly dif-
ferent, since they ‘live’ in the (|vq|, |v2|)-plane. Here, on both axes
the fixed points correspond to invariant 2D tori T? for the origi-
nal system. Fixed points off the coordinate axes and limit cycles
correspond to T3 and T, respectively. The usual remark on the ap-
proximate nature of the bifurcation diagrams applies here as well.

3. Computation of critical coefficients

As was mentioned in the previous section, the stability of
the extra torus appearing in the “difficult” cases is determined
by third order terms for the LPNS bifurcation and fifth order
terms for the PDNS and NSNS bifurcations. In the “simple” cases,
second order derivatives are sufficient to determine the behavior
in the LPNS bifurcations and third order derivatives are sufficient
in the PDNS and NSNS bifurcations. Therefore, we restrict our
computations in this section to second order terms in the LPNS case
and up to and including third order terms in the PDNS and NSNS
cases. The expressions of the third order coefficients for LPNS and
fourth and fifth order coefficients for PDNS and NSNS are given in
Appendix Cin [18]. Remark that for efficiency reasons these higher
order coefficients are not computed in MATCONT, unless explicitly
requested by the user.

5 Remark that signl; = NaN is reported when terms up to only third order are
computed.
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3.1. LPNS

The four-dimensional critical center manifold W¢(I") at the
LPNS bifurcation can be parametrized locally by (&1, &, 7) € R X
Cx[0,T]as

U= up(t) + &vi(1) + £02(1) + E02(1) + HEL &, 1), (14)

where H satisfies H(&1, &, T) = H(&1, &, 0) and has the Taylor
expansion

1 oo
Y aaghOESE + 0N, (15)
2<itj+k<3 "~

H(S]v 527 T) =

where the eigenfunctions v, and v, are defined by

V1 — A(t)v; — F(up) =0,
v1(T) —v1(0) =0,

T
/ (v1, F(up))dr =0,
0

T €[0,T],
(16)

and

Uy — A(T)vy +iwv, =0, T €[0,T],

v2(T) — 12(0) =0, (17)

In the codim 2 case considered here, the functions v; and v,
exist because of Lemma 2 of [14]. The functions h;j will be found
by solving appropriate BVPs, assuming that (2) restricted to W¢(I")
has the normal form (4).

The coefficients of the normal form arise from the solvability
conditions for the BVPs as integrals of scalar products over the
interval [0, T]. Specifically, those scalar products involve among
other things the quadratic and cubic terms of (3) near the periodic
solution ug, the generalized eigenfunction v; and eigenfunction v,,
and the adjoint eigenfunctions ¢*, v and vj as solutions of the
problems

¢*+A(D)e* =0, Tel0,T],
*(T) — ¢*(0) = 0,
@ T( ) — ¢ (0) (18)
/ (p*,vi)dt —1=0,
0
and
v+ A (v + 9" =0, T €l0,T],
v(T) — v1(0) =0,
; (19)
f (v}, v1)dTr =0,
0
and
v +AT(D)v; +iwv; =0, T €l0,T],
v3(T) — v3(0) =0,
; (20)
/ (v, v2)dt —1=0.
0

In what follows we will make use of the orthogonality condition

T
/ (" Fup))dr =0, (21)
0
and the normalization condition
T
/ (st F(u0)>dt = ]7 (22)
0

which can be easily obtained from (16), (18) and (19).

To derive the normal form coefficients we write down the
homological equation and compare term by term. We therefore
substitute (14) into (2), using (3), (4) and (15). By collecting the
constant and linear terms we get the identities

V1 — F(up) = A(7)vy,

and the complex conjugate of the last equation.
By collecting the &2-terms we find an equation for hygo

g = F(up), Uy + iwvy = A(T) vy,

haoo — A(T)ha0o = B(T; v1, v1) — 2820001 — 20t300tk0 + 201,  (23)

to be solved in the space of functions satisfying hygo(T) = h300(0).

In this space, the differential operator % — A(7) is singular and its

null-space is spanned by ily. The Fredholm solvability condition

T
/ (@™, B(T; v1, v1) — 2a200V1 — 20200lo + 201) dT =0
0

allows one to calculate the coefficient ayqg in (4) due to the required
normalization in (18), i.e.

1 T
(00 = 5/ (@, B(t; v1, v1) + 2A(T)vy) dT (24)
0

taking (16) and (21) into account. With a,qo defined in this way,
let hygo be a solution of (23) in the space of functions satisfying
h200(0) = hyoo(T). Notice that if hygo is a solution of (23), then
also hygp + &1F (up) satisfies (23), since F(up) is in the kernel of the
operator % — A(7). In order to obtain a unique solution (without
a component along the null eigenspace) we impose the following
orthogonality condition which determines the value of ¢4

T
/ (v, hago) dT =0,

0
since (22) holds. Thus hyq is the unique solution of the BVP

haoo — A(T)ha00 — B(T; v1, v1) — 2A(T)v;
+ 2030001 + 200001l — 2Up =0, T €[0,T],
h20o(T) — h200(0) = 0, (25)

T
/ (UT, hago) dz = 0.
0

By collecting the £2-terms (or £2-terms) we find an equation for
hoao
hozo — A(T)hogo + 2iwheae = B(T; vz, v2),
(orits complex conjugate). This equation has a unique solution hoyg
satisfying hoyo(T) = hgz0(0), since due to the spectral assumptions

e%T js not a multiplier of the critical cycle. Thus, hoyo can be found
by solving

hozo — A(T)hozo + 2iwhozo — B(T; v2, v2) =0,
T €0, T], (26)
ho2o(T) — ho20(0) = 0.

By collecting the &;&,-terms we obtain an equation for hqqg
hi10 — A(T)hi10 + iwh110 = B(T; v1, v2) — biigvz + U2 + iy,

to be solved in the space of functions satisfying h119(T) = h110(0).
In this space, the differential operator % — A(7) + iw is singular,

since ! is a critical multiplier. So we can impose the following
Fredholm solvability condition

T
f (v3, B(z; v1, v2) — by1ovz + 02 + iwvy) dT =0,
0

which due to the normalization condition in (20) determines the
value of the normal form coefficient b;1, yielding

T
buo = / (v3. B(T: v, v) + A(0)vs) dr. 27)
0
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The nullspace belonging to the operator % — A(7) + iw is one-
dimensional and spanned by v,. To determine hq9 uniquely, we
need to impose an orthogonality condition with a vector whose
inproduct with v, is non-zero. The function v can be chosen
because of the normalization condition in (20). In fact, hy9 only
appears in the normal form coefficient b9 (see Appendix C.1
in [18]), and a different normalization of hy1o does not influence
the value of that normal form coefficient. Therefore, we define h1g
as the unique solution of the BVP

hi10 — A(T)hi10 + iwhy10 — B(T; v1, 12)
+bi1ov2 —A(r)v =0, 7 €[0,T],
h110(T) — h110(0) = 0, (28)

¥
/ (U; hi10) dT = 0.
0
By collecting the |£;|?-terms we obtain a singular equation for
ho]], namely
ho11 — A(T)ho11 = B(T; v2, ¥2) — do11v1 — or1llo,

to be solved in the space of functions satisfying hg11(T) = hg11(0).
The non-trivial kernel of the operator % — A(t) is spanned by 1.
So, the following Fredholm solvability condition is involved

T
/ (@™, B(t; v2, U3) — do11v1 — o11llo) dT =0,
0

which gives us the expression for the normal form coefficient ag11,
i.e.

T
do11 2/ (@™, B(t; v2, ¥2)) dr. (29)
0

We impose the orthogonality condition with the adjoint general-
ized eigenfunction v} to obtain hyq; as the unique solution of

ho11 — A(T)ho11 — B(T; v2, D2) + o111
+apiillp =0, 7 €l0,T],

hOlTl(T) — ho11(0) =0, (30)

/ (v1, ho11) dt = 0.

0

We remark that the values of a5g9 and a1 are not determined
by the homological equation. We therefore put them equal to zero.

Third order coefficients are only needed to determine the

stability of the torus, if this torus exists. They can be found in
Appendix Cin [18].

3.2. PDNS

The four-dimensional critical center manifold W¢(I") at the
PDNS bifurcation can be parametrized locally by (&1, &, 1) € R x
C x [0, 2T] as

U= up(t) + & v1(1) + &E02(7) + E02(1) + HErL &, 1), (31)

where H satisfies H(&1, &, 2T) = H(&4, &, 0) and has the Taylor
expansion

1 isi gk 6
S hpEEE + 0(E 1), (32)

ilitk!
2<itTTk<s iljlk!

H(El? EZ’ T) =

while the eigenfunctions v, and v, are defined by

i)] — A(r)v1 = O,
v1(T) + v1(0) =0,

T
/ (v, v1)dt —1=0,
0

with v{(t +T) = —vy(7) for t € [0, T] and (17).

T €[0,T],
(33)

The functions v; and v, exist because of Lemma 5 of [14]. The
functions h;j can be found by solving appropriate BVPs, assuming
that (2) restricted to W(I") has the normal form (5). Moreover,
u(t, &1, 8, 8) =u(t +T, =&, &, &) so that

hi () = (=1)'hy(z + T), (34)

for T € [0, T]. Therefore, we can restrict our computations to the
interval [0, T] instead of [0, 2T].

The coefficients of the normal form arise from the solvability
conditions for the BVPs as integrals of scalar products over the
interval [0, T]. Specifically, those scalar products involve among
other things the quadratic and cubic terms of (3) near the periodic
solution ug, v1, vz, and the adjoint eigenfunctions ¢*, v} and vj as
solutions of the problems

9"+ AN ()" =0, e[0Tl
*(T) — ¢*(0) =0,
@ § ) —¢(0) (35)
/ (9", F(up))dt —1=0,
0
and
vF +AT(tvF =0, Tel0,T],
vI(T) +v¥(0) =0,
1)+ o0 (36)
f (vi,v)dt —1=0,
0
and (20).
By collecting the constant and linear terms we get the identities
ilg = F(up), vy = A(T)v, Uy + iwv; = A(T)vs,

and the complex conjugate of the last equation, which merely
reflect the definition of ug, (33) and (17).

By collecting the Slz—terms we obtain hygg as the unique solution
of the BVP

hago — A(T)ha00 — B(t; v1, v1) + 2a200ilp = 0,

T €0, T],
hono(T) — hy00(0) = 0, (37)
f (@™, hago) dr =0,
0
where
1 T
Q00 = 5/ (9™, B(t; v1, v1)) dr. (38)
0

By collecting the £2-terms (or £2-terms) we find hgyp as solution
of

hozo — A(T)hozo + 2iwhozo — B(T; v2, v2) =0,
T € [0, T], (39)
ho20(T) — ho0(0) = 0.

The BVP found by comparing the £,£,-terms is given by

hi10 — A(T)h110 + iwhiie — B(z; v1, v3) = 0,
h110(T) + h110(0) = 0.

T €[0,T], (40)

The |&, |>-terms lead to a singular equation for hgy1 such that the
expression for the normal form coefficient ag1; can be derived as

T

Qo11 =/ (@™, B(t; v2, 1)) dr. (41)
0

Function hg1; is then the unique solution of

ho11 — A(T)ho11 — B(T; vy, B3) + doriilg = 0, T € [0, T],

ho11(T) — ho11(0) =0,

T (42)
f (¢*, ho11) dt = 0.
0
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We have now examined all order two terms, and continue with the
order three terms.

Collecting the Sf—terms gives an equation for hsgg and allows us
to obtain the following formula for the normal form coefficient asgg
in (5):

1 T
a3 = */ (v7, C(t; vy, v1, V1)
6 Jo

+ 3B(7; v1, haoo) — 6az00A(T) V1) dT. (43)
h3gp is then found as the unique solution of
h3go — A(T)h300 — C(T; 1, vy, V1) — 3B(T; vy, hago)
+ 60200A(T)v1 + 6azpev; =0, T €[0,T],
h30o(T) + h3g0(0) =0, (44)

T
/ (UT, h300> dt = 0.
0

The 523 (or §§)—terms from the homological equation give a BVP
for h030:

hoso — A(T)hoso + 3iwhozo — C(z; vz, 2, v2)
—3B(7; v2, hopo) =0, 7 €[0,T], (45)
ho3o(T) — ho30(0) = 0.
By collecting the 2;’f.&z—terms we can derive the expression for
the normal form coefficient b,19, namely

1 T
b0 = 5/ (v3.C(x: v1, V1, v2) + B(T; v2, haoo)
0

+ 2B(; v1, h110) — 20200A(7) 02 d7. (46)
We obtain hy1g as the unique solution of
ha10 — A(T)ha10 + iwha1o — C(T; 1, V1, v2)
— B(7; v2, haoo) — 2B(7; v1, hi10) + 20200A(T) 2
+2b10v, =0, T €[0,T],
h210(T) — h210(0) =0,

T
/ (U;, hzm) dt = 0.
0

Since 51522 is not a term in the normal form (5), we will find
a non-singular equation for hiy when collecting the & &;-terms
from the homological equation, i.e.

(47)

hi20 — A(T)hig0 + 2iwhiz — C(T; vy, vz, v2)
—B(7; vy, hoo) — 2B(t; va, h110) =0, T €[0,T], (48)
h120(T) + h120(0) = 0.

The two remaining third order terms are the &, |&,|*-terms and
the &; |&|>-terms lead to the computation of the two remaining
unknown third order normal form coefficients of (5), i.e.

1 (7 _ _
bo21 = 5/ (v5, C(t; va, V2, U2) + B(T; V2, hoao)
0

=+ 2B(7; v2, ho11) — 20011A(T)v2) dT (49)
and

T
ain =/ (v}, C(t; v1, v, U2) + B(T; vy, ho11)
0

+2N(B(t; v2, h1o1)) — ap11A(T) V1) dT. (50)

Since we need both hgy; and hqq; for the computation of higher
order normal form coefficients, we also write down their BVPs

hoa1 — A(Dhoa1 + iwheys — C(7; 2, V2, V2)

— B(t; 02, hozo) — 2B(7; v2, ho11) + 2011A(T) v

+ 2b02]U2 = O, T € [0, T], (5])
ho21(T) — ho1(0) =0,

A
/ (U; ho21) dT =0
0

and

it — A(T)hin — C(t; vy, va, 1) — B(z; v1, hon)
—2N(B(t; v2, h1p1)) + ap11A(T) vy

+aivy =0, t€l0,T],
h111(T) + h111(0) =0,

T
/ <UT, h111> dt = 0.
0

The stability of a possibly existing torus depends on the fourth
and fifth order coefficients, which are listed in Appendix C in [18].

3.3. NSNS

The five-dimensional critical center manifold W€(I") at the
NSNS bifurcation can be parametrized locally by (£, 1) € C? x
[0,T] as

u = uo(7) + £1v1(1) + E101(7) + &v2(7)
+&0,(1) +HE, 1), (53)
where H satisfies H(¢, T) = H(&, 0) and has the Taylor expansion
1 o
HE D= Y ——hu(EEEE +0(IE1%,  (54)

ik
<it TRHI<S ik
where the complex eigenfunctions v; and v, are given by

1:)] —A(t)vy +iwqvy =0, T €][0,T],

v](TT) —v1(0) =0,
/ (v, v1)dt —1=0,
0

and (17).

The functions v; and v, exist because of Lemma 2 of [14]. The
functions hyj, will be found by solving appropriate BVPs, assuming
that (2) restricted to W€(I") has the normal form (6).

The coefficients of the normal form arise from the solvability
conditions for the BVPs as integrals of scalar products over the
interval [0, T]. Specifically, those scalar products involve among
other things the quadratic and cubic terms of (3) near the
periodic solution uy, the eigenfunctions v; and v,, and the adjoint
eigenfunctions ¢*, v} and v; as solution of the problems (35),

(55)

vF +AT(DVf +iwvi =0, 7T €[0,T],

viI(T) — v (0) =0,

1 oo (56)

/ (v}, v1)dT — 1 =0,

0
and (20).

By collecting the constant and linear terms we get the identities
o = F(up), U1 + iwv1 = A(T)vy,
0 (uo) 1 101 (T)v (57)

Uy + lwpvy = A(T) vy,

and the complex conjugates of the last two equations. The above
equations merely reflect the definition of ug and the first equations
in (55), (17). _

By collecting the &7 (or £7-terms)-terms we find a BVP for hyggo:

ha000 — A(T)hao00 + 2iw1ha000
—B(z;v1,v1) =0, 1 €[0,T], (58)
h2000(T) — h2000(0) = 0.

The function hgyqg is just the complex conjugate of the function
h2000. Analogously, by comparing the ézz-terms, we find that hggyg
is the unique solution of

hoo20 — A(T)hoozo + 2iwshonzo
—B(z;v2,v2) =0, 1 €[0,T], (59)
hoo20(T) — hgo20(0) = 0.
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By collecting the |&;|?>-terms we obtain a singular equation, as
expected since this term is present in the normal form (6). From
the Fredholm solvability condition follows that we can calculate
parameter aq1po as

T
Q1100 = f (¢*, B(t; v1, 1)) dr. (60)
0

With this value of o119 We obtain hq1gg as the unique solution of
the BVP

h1100 — A(D)h1100 — B(z: v1, 1)
+aqieollp =0, 7 €[0,T],
h1100(T) — h1100(0) = 0, (61)

It
/ (@™, h1100) dT = 0.

0

Analogously, function hgpy; can be obtained by solving

hoo11 — A(®hoon — B(z; v2, 12)
+agoritlp =0, T €[0,T],
hoo11(T) — hoo11(0) =0, (62)

T
/ (@™, hoo11) dT =0,
0

with

T
Qo011 = / (‘P*, B(t; v, v3)) dt. (63)
0

From collecting the &;&,-terms follows that hip19 can be found
by solving

hi010 — A(t)h1010 + iw1hi910 + iwzhi010
—B(z;v1,12) =0, 1 €[0,T], (64)
h1010(T) — h1010(0) = 0.

We note that hmm = h1010. B
The last second order term is found from the &;£,-terms and is
a non-singular differential equation, such that

hi001 — A(T)h1001 + iwihigo1 — iwahi001
—B(t;v1,0,) =0, 1 €]0,T], (65)
h1001(T) — h1001(0) = 0.

We now come to the third order terms. From the &} and &;-
terms we immediately get the BVPs for h3ggg and hgg3g, namely

hi3000 — A(T)h3000 + 3iw1h3g00
—C(z; v1, v1, v1) — 3B(T; v1, haooo) = 0, (66)
T €[0,T],
h3000(T) — h3000(0) = 0
and
hooso — A(T)hooso + 3iwahoozo — C(T; vz, vz, V)
—3B(7; vz, hoozo) =0, T €[0,T], (67)
hoo30(T) — hgo30(0) = 0.

Since the & |&|?-term is present in the normal form for the
double Neimark-Sacker bifurcation, a Fredholm solvability condi-
tion is involved, which determines a;1gg as

1 (T _
dz100 = 5/ (v}, C(t; v1, v1, U1) + 2B(T; vy, h1100)
0

+ B(t; v1, haooo) — 201100A(T) V1) dT. (68)

Therefore, we can compute hy1gg as the unique solution of the BVP

hz100 — A(t)h2100 + iw1hz100 — C(T; V1, V1, V1)

— 2B(t; vy, hy100) — B(z; 1, haooo)

+ 2az100v1 + 20t1100A(T)v1 =0, T € [0, T], 69
h2100(T) — h2100(0) = 0, (69)

T
/ (v, h2100) dT = 0.

0

We can now immediately list the following four BVPs

hao10 — A(T)ha010 + 2iwrhaoio + iwzhao10
— C(t; vy, v1, v2) — B(7; 2, haooo)
—2B(7; vy, hio10) =0, T €[0,T],
h2010(T) — h2010(0) =0,

ha001 — A(T)ha001 + 2Ziw1hyo01 — iwzhz001
— C(7; v1, vy, V2) — B(T; V2, haooo)
—2B(t; vy, higo1) =0, 7 €[0,T],
h2001(T) — h2001(0) =0,

hi020 — A(T) 1020 + i@1h1020 + 2iwh1020
— C(z; v1, v2, v2) — B(7; v1, hoozo)
—2B(7; vz, h1010) =0, T €[0,T],
h1020(T) — h1020(0) = 0,

and

(70)

(72)

ho120 — A(T)ho120 — iw1ho120 + 2iwa o120
— C(t; vy, v, v2) — B(7; V1, hon2o)
—2B(t; v2, ho110) =0, T €[0,T],

ho120(T) — hg120(0) = 0.

The &, |&|%-terms from the homological equation make it
possible to compute bggy1 as

(73)

1 (7 _ _
boo21 = 5/ (v3, C(t; vy, V2, U2) + B(T; V2, hoozo)
0

+ 2B(7; v2, hoo11) — 20t0011A(T)V2) dT (74)
with hggz1 as the unique solution of the BVP
hoo21 — A(T)hoo21 + iwzahoo21 — C(T; v2, V2, V2)
— B(7; vy, hoozo) — 2B(7; v2, hoo11)
+ 2bg21v2 + 200011A(T)v2 =0, T €[0,T],
hoo21(T) — hoo21(0) = 0, (75)

T
/ (U;F, hoo21) dT = 0.
0

The last two third order terms which we have to examine give
us both the formula for a normal form coefficient. The first one,
obtained from the |£;|? & -terms, gives us the BVP

hi110 — A(T)h1110 + iw2h1110 — C(T; v1, V1, V2)
— B(7; v1, ho110) — B(7; 1, h1010) — B(7; v2, h1100)
+bi110v2 + a1100A(T)v2 =0, 7 €[0,T], 76
h1110(T) — h1110(0) =0, (76)

T
f (v3, hi110) dT = 0,
0

where from the solvability condition it follows that
T
bi110 = / (v3, C(; v1, V1, v2) + B(T; v1, ho110)
0

+ B(t; v1, ho10) + B(T; v2, N1100) — 21100A(T)V2) dT. (77)
Analogously, we obtain the BVP

hio11 — A(T)hio11 + iw1hio11 — C(T; v1, V2, V2)
— B(t; vy, hoo11) — B(7; v2, hioo1) — B(T; v2, hio10)
+aio1v1 + ageiA(r)vy =0, 7 €[0,T], (78)
hloTn(T) — hy011(0) =0,

f (v], hio1) dT =0,

0
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with
T
aip11 = / (v, C(t; v1, V2, V2) + B(t; v1, hoo11)
0

+ B(t; v, higo1) + B(T; 2, hig10) — ctoo11A(T) V1) d7. (79)

As before, the higher order coefficients which determine the
stability of the torus can be found in Appendix C in [18].

3.4. Implementation

Numerical implementation of the formulas derived in the
previous section requires the evaluation of integrals of scalar
functions over [0, T] and the solution of nonsingular linear BVPs
with integral constraints. Such tasks can be carried out within the
standard continuation software such as AUTO [1], CONTENT [22],
and MATCONT [2]. In these software packages, periodic solutions
to (1) are computed with the method of orthogonal collocation
with piecewise polynomials applied to properly formulated BVPs
[23,24].

We have implemented our algorithms in MATCONT analogously
to the eight cases with n, < 3. For further details we refer to [17]
where this is extensively discussed.

4. Examples

4.1. Laser model

In [25] a single-mode inversionless laser with a three-level
phaser was studied and shown to operate in various modes. These
modes are “off” (non-lasing), continuous waves, periodic, quasi-
periodic and chaotic lasing. The model is a 9-dimensional system
given by 3 real and 3 complex equations:

yCllV
2

. i *
Paa = Ra = 5 (2100 = 033) + 2p(0ac = 07))

or=—

21— g3(ow)

. i
Pob = Ry + EQI(O—ab —og)

i (80)

Oap = —(y1 + 140w — E(Ql(paa — Pbb) — $2p0cp)

. . i

Ogc = — (12 + 1Ap)0ac - E(Qp(zpaa + o —1) — QIU:;J)

. . i

o = —(y3 +i(4A; — Ap))og — 5(-(21%*C — §2,00p),
with R, = —0.5050,, — 0.4050p, + 0.45,R, = 0.04950,, —
0.05050p, + 0.0055 and A; = Aqy + gR(0w)$2). The fixed

parameters are y; = 0.275, y» = 0.25525, y3 = 0.25025, vy =
0.03,g = 100,4A, = 0. The parameters £2, and A, are
varied. The bifurcation diagram of (80) is computed in [26] and is
reproduced in Fig. A.5 to facilitate reading.

4.1.1. The LPNS points

Fig. A.5 shows three NS curves NS(1), NS(2) and NS(3) starting
from two HH points. On NS(3) one of the richer situations happens.
The normal form coefficients for the LPNS point at (£2,, Acwv) =
(3.411, —1.819) are (s,6,E) = (1, —0.139, —911.248), so s <
0.This means that there exists a 3-torus, which is stable since 6§ < 0
and E < 0. Therefore, we are in the case represented in Fig. A.1(c),
but with a stable 3-torus. For computing the Lyapunov exponents,
we used a code written by V. N. Govorukhin (2004). Fig. A.6 (left)
shows the Lyapunov exponents for £2, fixed at 3.45 and Ay, €
[—1.8; —1.6]. More detail is shown in Fig. A.6 (right), where we
get a clear view on the number of Lyapunov exponents equal to

3-

3t

-4

Fig. A.5. Bifurcation diagram of (80). The thin red curves are Hopf curves. In blue
are limit point of cycles bifurcations and in magenta Neimark-Sacker bifurcations.
Solid/dotted curves correspond to supercritical/subcritical bifurcations. The dashed
curves are curves of neutral saddles. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

zero. For Ay, values to the right of —1.636, there is one Lyapunov
exponent equal to zero, which corresponds to the stable limit cycle
from region 6 in Fig. A.1(c). At A,y = —1.636, we cross NS(3) and
arrive in region 5 with a stable 2-torus and therefore two Lyapunov
exponents equal to zero. When crossing the heteroclinic curve at
point P at A, = —1.773, the stable 3-torus from region 4 arises.
Remark that in some small intervals only two Lyapunov exponents
are equal to zero, and thus not the expected three zero ones, but
these correspond with resonances on the 3-torus. Then, in the
interval A, € [—1.796; —1.7916] positive Lyapunov exponents
appear which indicate that there is chaos. This zone is delimited
by the points indicated with T. Afterwards, we arrive in region 3,
where all Lyapunov exponents are negative.

On the NS(2) curve there is one LPNS point for (§2,, Acqy) =
(4.632, 1.438). The normal form coefficients are (s,6,E) =
(1, 0.206, 808.009). The product s& > 0 is positive, so we are in
a “simple” case, where no 3-torus is present. Since s = 1, the torus
arisen through the Neimark-Sacker curve exists below the NS(2)
curve. We have computed the Lyapunov exponents for a straight
line where the beginning point (£2, Acev) = (4.302, 0.673) and
end point (£2p, Acwy) = (4.984, 1.984) lie between the curves
LPC(2) and NS(2), to the left and to the right of the LPNS point. In
Fig. A.7, we plot the Lyapunov exponents for £2, € [4.3, 4.98]. The
stable limit cycle is situated in the upper wedge between the LPC(2)
and NS(2) curves which corresponds to region 4 in Fig. A.1(a), so
we have one Lyapunov exponent equal to zero for £2,-values larger
than the subcritical NS(2) curve. At £2, ~ 4.41, we cross the
subcritical NS(2) curve, with to the left only negative Lyapunov
exponents as the orbit went to an equilibrium.

4.2. Periodic predator-prey model

As a second model we study a simple two-patch predator-prey
system with periodic (seasonal) forcing. Simple predator-prey
models lead to the ‘paradox of enrichment’, i.e., increasing the
carrying capacity of the prey ultimately leads to extinction of
the population [27]. Outside the laboratory, however, stable
populations are observed and not extinction. Here, spatial models
have been put forward to explain this discrepancy. As the
simplest spatial case, one may consider a two-patch predator-prey
model [28] where predator and prey can migrate between the
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Fig. A.6. Lyapunov exponents computed for £2, = 3.45 close to the LPNS point at (£2,, Acay) = (3.411, —1.819), (left) for Ae,, € [—1.8; —1.6] and (right) zoomed in near
the region with chaos due to heteroclinic tangles. The vertical black lines indicate the parameter values where a bifurcation occurs.
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Fig. A.7. Lyapunov exponents computed close to the LPNS point at (£2,, Acy) =
(4.632, 1.438). The two-colored dashed lines reveal pairs of equally large Lyapunov
exponents.

two patches by diffusion. This leads to a diffusive instability of
large oscillations and stabilizes the total population size [29]. Here,
we propose an extension where one of the patches experiences
seasonal influences while the other can be seen as a wild-life refuge
where human intervention minimizes seasonal influences. As a
simplification we will only consider the case that the predators can
move between the patches, i.e. they can cross the refuge barrier. On
a proper time scale, the investigated system is defined by

. a ) CX1X2
x1=rx(1—xy) - ———,

! b ! X1 +bi1(1+evy)
. n CX1X2 Ty )
Xy = —X T —— —X2),
2 2 X1+b](1+81)]) vy 2
1 2)1 1 y1+b2’ (81)
. y1y2

==Y+ — +yX2—Y¥2),
Y2 Y2 i+ by Y (X2 —¥2)
01 = —vy +v1(1— v] — v3),
i)z=v1+v2(l—vf—v§).

The values of x; and x, denote the numbers of individuals (or
densities) respectively of prey and predator populations living
outside the refuge and y; and y, are the corresponding numbers
or densities inside. The intrinsic growth rates r; and the constant

1-
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Fig. A.8. Bifurcation diagram of limit cycles in (81). In green are period doubling
curves and in magenta Neimark-Sacker curves (of the first or of the second iterate,
respectively labeled with NS1 and NS2). (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

attack rate c are parameters of the model. For the predator outside
the refuge, the Holling type II is chosen as functional response
with a half saturation which varies periodically with period 2.
To this end, the last two equations are introduced; their solutions
converge to a stable limit cycle v, (t) = cos(t+¢) with a phase shift
¢ depending on the initial conditions. The terms with parameter
y describe the coupling of the two patches. The fixed parameter
values arery = 1, = 1,by = 04,y = 0.1,c = 2.
We will use the half saturation b, as a continuation parameter
together with the amplitude of the seasonal forcing ¢. It is not
our aim to fully study this model, but rather analyze the codim
2 bifurcations relevant for this paper. We observe that a refuge
can induce complex behavior in a spatial population model with
seasonal forcing.

4.2.1. The PDNS points

Fig. A.8 represents a bifurcation diagram for system (81) where
two PDNS points are found. The right PDNS point has parameter
values (b,, &) = (0.277,0.530). We are in the “simple” case of
Section 2.2.2 because the product of the coefficients p;; = —5.01 -
1072 and p», = —0.211 is positive. Since § = —0.320 and
6 = 1.087, Fig. A.1(a) indicates that the bifurcation diagram in
a neighborhood of the PDNS point is as in case Il in Fig. A.3(a),
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Fig. A.10. (a) Zoom of the neighborhood of the PDNS point at (b,, &) = (8.699 - 1072, 0.519) from Fig. A.8. In blue is the sketch of the T2 ‘curve’. (b) Lyapunov exponents
computed for b, = 0.08709, close to the PDNS point at (b,, ¢) = (8.699 - 1072, 0.519). Exponents indicated with solid lines are computed by following the attractor with
increasing ¢, dotted lines with decreasing ¢. This highlights the bistability between NS2(1) and T2. (For interpretation of the references to color in this figure legend, the

reader is referred to the web version of this article.)

where (11 = 0 corresponds with NS1 and u, = 0 with PD. Curve
T, corresponds to the Neimark-Sacker curve of the period doubled
cycle NS2(2) in Fig. A.8.

Therefore, we expect the period doubling ‘curve’ T2 of the torus
to be situated to the left of NS1(2) and under the PD curve. The
stable limit cycles are situated in the lower right region of the PDNS
point. The exact location of T2 can be determined by computing
Lyapunov exponents for fixed b, values smaller than the critical
b, = 0.277 corresponding with the PDNS point. We have plotted
a sketch of this T2 curve in Fig. A.9(a), which represents a zoom of
the neighborhood of the PDNS point and which includes a plot of
NS2(2) (curve T; in Fig. A.3(a)). We have computed the Lyapunov
exponents for b, fixed at 0.261 and ¢ € [0.46; 0.62], see Fig. A.9(b).
In this figure the black vertical lines indicate the position of the
PD and NS2(2) curves. From the value of the Lyapunov exponents
we derive that T2 is crossed for ¢ &~ 0.52. To the left of the T2
curve in Fig. A.9(b), we have a stable torus, arisen through the
supercritical Neimark-Sacker curve NS1(2), corresponding with
region 2 from Fig. A.3(b). Between the curves T2 and NS2(2), the
2-torus arisen through T2 is attracting. These regions correspond
with region 6 (between T2 and PD) and 5 (between PD and NS2(2))
from Fig. A.3(b). When crossing the NS2(2) curve, the 2-torus
disappears and the period doubled cycle becomes attracting. All
this is in agreement with the fact that two Lyapunov exponents
are equal to zero to the left of NS2(2), where afterwards only one
zero Lyapunov exponent is left.

The left PDNS point at (b,, &) = (8.699 - 1072, 0.519) again
belongs to one of the “simple” situations in Section 2.2.2 (p1;
—0.447,p,; = —1.472). The neighborhood of the bifurcation
point is as in case I in Fig. A.1(a) since (8,8) = (2.234, 1.304).

Remark that the stable limit cycles are situated in the lower left
quadrant of the PDNS point in Fig. A.10(a). The behavior in a
neighborhood of this PDNS point can be derived from Fig. A.10(a),
which includes a plot of the Neimark-Sacker curve NS2(1) of the
period doubled cycle and also a sketch of the period doubled curve
T2 of the torus, made on the basis of the computation of the
Lyapunov exponents. We have calculated the Lyapunov exponents
for parameter values in the upper right quadrant, close to the PDNS
point, for b, = 0.08709. The results are given in Fig. A.10(b). Going
from the left to the right, where we follow the solid lines, we start
with two Lyapunov exponents equal to zero which correspond
with the stable torus from the original cycle in the regions 2,
3 and 4 from Fig. A.3. At the point where the second Lyapunov
exponent becomes non-zero, the T2 curve is located, namely at
& ~ 0.5198. We then arrive in region 12 from Fig. A.3(b) where
the 2-torus has lost his stability and the period doubled cycle is
stable. Therefore, one zero Lyapunov exponent remains. We scan
the Lyapunov exponents for a second time where we now go
from the right to the left and follow the dashed lines. The second
Lyapunov exponent now approaches zero not at the T2 curve but
at the NS2(1) curve. This is explained by the bistability happening
in region 4, where one Lyapunov exponent equal to zero indicates
the stable period doubled cycle and two zero Lyapunov exponents
indicate the stable torus. When going further, we cross region 3
and 2, with the stable torus of the original cycle.

Remark that since we have a periodically forced system the
return time is independent of the distance from the limit cycle,
so we could do this extra check. Indeed, for all PDNS points, the
ik in the first equation of (5) are zero up to the accuracy of the
computation. Here too, the Lyapunov exponents corroborate the
prediction based on the normal form coefficients.
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Fig. A.11. Partial bifurcation diagram of limit cycles in system (82).
4.3. Control of vibrations

In [30] a two-mass system of which the main mass is excited by
a flow-induced, self excited force is studied. A single mass which
acts as a dynamic absorber is attached to the main mass and, by
varying the stiffness between the main mass and the absorber
mass, represents a parametric excitation. The system is given by

X1 =y

5(2 =11

by = —ky(v1 — v2) — Q%(1 + ey1) (X1 — X2)

by = Mk;(v1 — vy) + MQ*(1 + ey1) (X1 — x2) (82)

—kovy —x, + V(1 — va)vz
i=—m2+y(0-y;—y3)
V2 =my1+y:(1—-y; —y3).
The following parameters are fixed: ¢ = 0.1,k;, = 0.1, =
0.1,V = v/21,y = 4,Q = 0.95,M = 0.2, k; and 5 will be
the continuation parameters.

4.3.1. The NSNS points

An NSNS point is detected for (k1, ) = (9.167 - 1072, 0.411),
see Fig. A.11.

The normal form coefficients are

(P11, P22, 0, 8, sign ;)
= (—3.733-1073, —6.494 - 1073, 0.541, 1.203, 1).

The positive sign of the product p;1p2; implies that we are in a
“simple” case of Section 2.2.3. Since § > 6, the role of both
coefficients has to be reversed. Therefore, 0 > 1,8 < 1,08 <
1 indicate that the NSNS bifurcation is located in region II in
Fig. A.3(a). As in the previous examples, we have computed the
Lyapunov exponents to check the obtained results of the normal
form coefficients. We have done the computations for k; fixed at
0.083 and 1 € [0.4; 0.42] (n values are between the NS curves).
The results are given in Fig. A.12. For n-values starting from 0.38,
we are in region 3 (or 12 due to symmetry) in Fig. A.3(b), where
there is a stable 2-torus and thus two Lyapunov exponents equal
to zero. A third Lyapunov exponent approaches zero and between
n ~ 0.4117 and n =~ 0.4154 three Lyapunov exponents are
equal to zero. This region denotes the appearance of a stable 3-
torus and corresponds with region 5 from Fig. A.3(b). The critical
values of n correspond with the curves T; and T, in Fig. A.3(a).
For n > 0.4154, only a stable 2-torus remains such that there are

_4

™ T2

L L
0.4 0.405 0.41 0.415 0.42

Fig. A.12. Lyapunov exponents computed for k; = 0.083.

two zero Lyapunov exponents. Therefore, the computed Lyapunov
exponents are in agreement with the normal form coefficients.

Also in this case all ¢ in the normal form (6) vanish since we
have a periodically forced system.

5. Discussion

This paper completes the development of efficient methods for
the computation of the critical normal form coefficients for all
codim 1 and 2 local bifurcations of limit cycles, started in [16,17]
and based on [14]. Together with our previous papers on the
computation of the critical normal form coefficients for codim 1
and 2 local bifurcations of equilibria in ODEs [31] and fixed points
of maps [13,8], it contributes to the development of methods,
algorithms, and software tools for multiparameter bifurcation
analysis of smooth finite-dimensional dynamical systems.

The resulting formulas are independent of the phase space
dimension and can be applied in the original basis, without
preliminary linear transformations. As limit cycles are concerned,
the formulas are directly suitable for numerical implementation
using orthogonal collocation. They fit perfectly into a continuation
context, where limit cycles and their bifurcations are computed
using the BVP-approach [32], without numerical approximation of
the Poincaré map or its derivatives. Being implemented into the
MATLAB toolbox MATCONT [2,3], the methods developed are freely
available to assist an advanced two-parameter bifurcation analysis
of dynamical systems generated by ODEs and maps from various
applications.

In the present paper we deal with the three most complex
cases, LPNS, PDNS and NSNS, in which bifurcations of tori play an
essential role. We heavily rely on the computation of Lyapunov
exponents to provide evidence for the existence of bifurcations of
tori.

To fully support the two-parameter bifurcation analysis of
ODEs and maps, one needs special methods to switch between
various branches of codim 1 bifurcations of fixed points and cycles
rooted at codim 2 points. Such methods have been developed
and implemented in MATCONT for codim 2 equilibrium [26] and
fixed point [9] bifurcations. Switching at codim 2 points to the
continuation of codim 1 local bifurcations of limit cycles seems
to be the next natural problem to attack, while that for codim 1
bifurcations of homoclinic and heteroclinic orbits is more difficult
and probably requires new computational ideas. Similar remarks
can be made about quasiperiodic bifurcations of tori.
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Appendix. Bifurcations of the amplitude system for Hopf-Hopf
bifurcation in the “difficult” case

Here, we derive quadratic approximations of the Hopf and
heteroclinic bifurcation curves for the double Hopf amplitude
system (10) that in this case can be reduced to the form

y V(o +8x—y+ Ax%) )’ :
where 0, §, @, and A are defined by (11).
The main results are
0—1 G-De+0O-1HA ,
- _ - , A2
Ha,c s 1M G_1) 7% (A2)
-1 00 — 1> +840 - 1)°
=— , A3
Ky 8—1“2 (5 —1)3(280 — 8 — 0) e (A.3)
L=-60BG—-1)O+600-1)A4). (A4)

For the Hopf bifurcation curve C we impose the conditions X =
0,y = 0and % + % = 0. Solving a series expansion yields
the result for the curve. Next, the first Lyapunov coefficient [; is
computed using the invariant formula.

For the heteroclinic curve Y we proceed as follows. We as-
sume 8,6 < 0and 660 — 1 > 0 and we transform variables to
obtain a system that is a perturbation of a Hamilton-system. This
enables to formulate a Melnikov function. Setting this function to
zero yields an equation from which we extract the quadratic ap-
proximation to the heteroclinic curve. Introducing the transforma-
tion (t, x,y, i1, ta) — (exP~1y97 1t ex, ey, c1e + 262, &) where

60—1 1-6 1-6
5-1 so—1 TTs—1
Then we obtain

X\ _ p—1.g-1 (X(c1 +x—06y)
(S/)_Xp v <y(1+5x—y)>

1 g1 [Cx + Oxy?
+ex 1y 1<2 Ayx2y>’

1 =

which for € = 0 is a Hamilton system with Hamiltonian

1 §—1
Hx,y) = —x’y?| -1+ x+y].
p 0—1

The Melnikov function along the nontrivial critical curve H(x, y) =
0 is given by the following integral

Mh) = / g1dy — gadx (A6)
H=h

= / Y1 (e, + OyH)dy — AxPTyddx (A7)
H=h

A
= f (xpy‘"l(q +oy) + 12 x"*zyq‘l) dy  (A8)
H=h p+2

where we used Green’s Theorem to convert the dx term to dy.
Now along the nontrivial critical curve H(x, y) = 0 we have x =
9=1(1—y) so that

6—1\" !
_ _ y\Pyd-1
M(O)_<5_1>/0(1 Ny

Loy (1) 98 (1—y)?)d

x |c — ) —-

2OV T\ —1) pa2t TV
0 —1)\2 qA

~ Clpg1+ Olpgr + | 57 m’pu,q—l

where we defined
ra+ar+b)
I'+a+b)
Solving M(0) = 0 and substituting p, g we obtain
006 —1)>3 -840 —6)3
= .
2T - 13280 —5—0)
As final check we consider the difference between the quadratic
approximations of the heteroclinic and the Hopf curves
660 — D )
3 Mz
(6 —1)3(260 — 6 —0)

We see that these approximations coincide precisely when the
Hopf bifurcation is degenerate, i.e. [; = 0.

1
Iob =[ (1—y)%Ydy =
0

(A9)

M1y — H1,c = —
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