Complex Anal. Oper. Theory (2015) 9:723-792 Complex Analysis
DOI 10.1007/s11785-014-0358-2 and Operator Theory

De Branges—Rovnyak Realizations of Operator-Valued
Schur Functions on the Complex Right Half-Plane

Joseph A. Ball - Mikael Kurula -
Olof J. Staffans - Hans Zwart

Received: 28 July 2013 / Accepted: 15 January 2014 / Published online: 15 March 2014
© Springer Basel 2014

Abstract We give a controllable energy-preserving and an observable co-energy-
preserving de Branges—Rovnyak functional model realization of an arbitrary given
operator Schur function defined on the complex right-half plane. We work the theory
out fully in the right-half plane, without using results for the disk case, in order to
expose the technical details of continuous-time systems theory. At the end of the
article, we make explicit the connection to the corresponding classical de Branges—
Rovnyak realizations for Schur functions on the complex unit disk.

Keywords Schur function - Right half-plane - Continuous time - Functional model -
De Branges—Rovnyak space - Reproducing kernel

Communicated by Vladimir Bolotnikov.

M. Kurula gratefully acknowledges support from the foundations of Abo Akademi and Ruth och
Nils-Erik Stenbick.

J. A. Ball
Department of Mathematics, Virginia Tech, Blacksburg, VA 24061, USA
e-mail: joball@math.vt.edu

M. Kurula (X)) - O. J. Staffans
Abo Akademi Mathematics, Fanriksgatan 3B, 20500 Abo, Finland
e-mail: mkurula@abo.fi

0. J. Staffans
e-mail: staffans@abo.fi

H. Zwart

Department of Applied Mathematics, University of Twente,
P.O. Box 217, 7500 AE Enschede, The Netherlands

e-mail: h.j.zwart@utwente.nl

® Birkhduser



724 J. A. Ball et al.

Mathematics Subject Classification (2010) Primary 47A48 - 93B15 - 47B32;
Secondary 93C25 - 47A57

Contents
I Introduction . . . . . . . . e 724
2 The de Branges—Rovnyak Spaces H, and He Over CT . . .. . ... ... 733
3 Background on System Nodes . . . . . . . . . Lo 738
3.1 Definition of a System Node and its Transfer Function . . . . . . . ... ... ... .. .. 738
3.2 Controllability and Observability . . . . . . ... ... ... ... ... ... 741
3.3 Scattering Dissipative Operators and Passive System Nodes . . . . . ... ... ... ... 743
3.4 Dual System Nodes . . . . . . ... e 744
4 The Controllable Energy-Preserving Functional Model . . . . . . .. ... ... ... ..... 746
4.1 Definition and Immediate Properties . . . . . .. .. ... ... ... .. ... 746
4.2 Uniqueness up to Unitary Similarity . . . . . .. ... ... ... .. 749
4.3 Explicit Formulas for the System-Node Operators of the Dual . . . . . .. ... ... ... 752
4.4 More Explicit Formulas for the Controllable Model . . . . . . ... ... ... ... ... 758
4.5 Conservativity and the Extrapolation Space . . . . . ... ... ... ... ... ..... 765
4.6 An Example: Constant Schur Functions . . . . . ... ... ... ... .......... 770
4.7 Reproducing Kernels of the Rigged Spaces . . . . . . .. ... ... ... .. ....... 771
5 The Observable Co-Energy-Preserving Model . . . . . ... ... ... .. ... ....... 775
5.1 The Dual System Node and Extrapolation Spaces . . . . . . ... ... ... ....... 778
6 Recovering the Classical de Branges—Rovnyak Models . . . . . . ... ... ... .. ..... 782
6.1 The Observable Co-Energy-Preserving Models . . . . ... ... .. ... ........ 784
6.2 The Controllable Energy-PreservingModels . . . . . .. ... ... ... ......... 787
7 FinalRemarks . . . .. ... .. ... e 789
References . . . . . . . . 790

1 Introduction

It essentially goes back to Kalman (with earlier roots in circuit theory from the middle
of the twentieth century) that any rational function ¢ holomorphic in a neighborhood
of the origin with values in the space B({/, )) of bounded linear operators between
two Hilbert spaces U (the input space) and ) (the output space) can be realized as the
transfer function of an input/state/output linear system, i.e., there is a Hilbert space X’
(the state space) and a bounded operator system matrix U := [2 8] : [}] — [3\;]
so that ¢ (z) has the representation

¢(z) = D +zC(1 —zA) " 'B. (1.1)

If we associate with U the discrete-time input/state/output system

2y

[x(t—i— 1) = Ax(?) + Bu(z) 1.2)

y(t) = Cx(t) + Du(t) ’

the meaning of (1.1) is that ¢ is the transfer function of the i/s/o system Xy in the
following sense: whenever the input string {u,},¢7, is fed into the system (1.2) with
the initial condition x(0) = 0 on the state vector, the output string {y(n)},cz, is
produced, such that y(z) = ¢(z)u(z), where u and y denote the Z-transforms of
{(u(m)lnez, and {y(0)}nez,
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i) =Y um, 3@ =)y (1.3)
n=0

n=0

In the infinite-dimensional setting, the fact that any contractive holomorphic
operator-valued function can be represented in the form (1.1) with U unitary comes
out of the Sz.-Nagy—Foiag model theory for completely non-unitary contraction oper-
ators; see [48]. There is a closely related but somewhat different theory of canonical
functional models due to de Branges and Rovnyak [23,24] which relies on reproducing
kernel Hilbert spaces. This is the direction we pursue in the present paper, assuming
throughout that I/ and ) are separable.

Let G be a Hilbert space and let 5(G) denote the space of bounded linear operators
on G. In general we say that a function K : Q2 x Q — B(G) is a positive kernel on 2 if

N

> (K (@i 0))g). 8i)g = 0 (14)
i,j=1

for all choices of points wy, ..., wy in Q and vectors g, ..., gy € G. The fol-
lowing theorem summarizes some useful equivalent characterizations of a positive
B(G)-valued kernel on 2.

Theorem 1.1 Given a Hilbert space G and a function K : Q x Q — B(G), the
following are equivalent:

1. The function K is a positive kernel, i.e., condition (1.4) holds for all w1, ..., wN
inQandgy,...,.gn €Gfor N =1,2,....

2. The function K is the reproducing kernel of a reproducing kernel Hilbert space
H(K), i.e., there is a unique Hilbert space H(K) whose elements are functions
f : Q — G such that:
(a) Foreach w € Q and g € G, the function { — K({,w)g, ¢ € R, belongs to

H(K), and

(b) the reproducing property

(fs KC.o)g)Hk) = (f(@), 8)g (1.5)
holds for all f € H(K), w € Q,and g € G.

3. The function K has a Kolmogorov decomposition, i.e., there is a Hilbert space F
and a function H : Q — B(F, G) such that K has the factorization

K&, w)=HQQ)H(@)*, {,weQ. (1.6)
When the conditions 1-3 hold, one Kolmogorov decomposition (often called canon-

ical) is produced by taking F = H(K) as defined in item 2 and H ({) equal to the
point-evaluation map

H)=e@): f— f©), feHK),eQ.
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We will make frequent use of the following observation which is an immediate
consequence of the reproducing property (1.5):

Remark 1.2 In the notation of Theorem 1.1, assume that K is a reproducing kernel
for the Hilbert space H(K'). Then the linear span

span {¢ — K (¢, w)glw € 2, g € G}

is dense in H(K).

Given two separable Hilbert spaces I/ and ), we let S(D; U, )) denote the Schur
class over the unit disk D consisting of functions ¢ : D — B(U,)) which are
holomorphic on D with values ¢ (z) equal to contraction operators from I into ).
Given the Schur-class function ¢ on ID, we associate the kernel

%k
Koz, w) = —— 2P (17)
1 —zw

for z, w in the unit disk D. It is well known that K,, is a positive kernel; the proof is
similar to Sect. 2 below. By the Moore—Aronszajn Theorem [6, §2] (part of the proof
of Theorem 1.1) one can associate the reproducing-kernel Hilbert space H, := H(K,)
to the kernel function K, . This space plays the role of the state space in the observable
co-isometric (co-energy-preserving) de Branges—Rovnyak canonical functional model
for a Schur class function ¢. We note that this functional model is of interest not only
as an alternative to the Sz.-Nagy—Foiag model [48] for contraction operators (see
[14,22,23]), but also has found applications in the context of Lax-Phillips scattering
theory [36] and inverse scattering theory [3,4] as well as boundary Nevanlinna-Pick
interpolation [19,41]. The following result can be found at least implicitly in the work
of de Branges—Rovnyak and is given explicitly in this form in [2] and in [12].

Theorem 1.3 Suppose that the function ¢ is in the Schur class S(D; U, V) and let
H, = H(K,) be the associated de Branges—Rovnyak space with reproducing kernel
(1.7). Define operators A,, B,, C,, and D, by

Aof =z w, Bou =z Mu’

._ < ._ < (1.8)
Cof == f(0), Dou := ¢ (0)u,
feH,,uel, z€D.

Then the operator matrix U, := [éz B;’ ] has the following properties:

1. The operator U,, defines a co-isometry from [IZ{j ] to I:]'Jl;’ ]

2. The pair (C,, A,) is an observable pair, i.e.,

CoAlf =0 foralln=0,1,2,... = f =0 asan element of H,.

3. We recover ¢ (z) from [és gz] as ¢(z) =D, + zCo(1 — zA,) " 'B,, z € D.
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4. If[é g] : [5] — [§,‘] is another operator matrix with properties 1-3 above
(with X in place of H,), then there is a unitary operator A : H, — X so that

A 07[A, B, [A B][Aa o0
0 1y||C, Dy, |C D||0 Iy]|"
If ¢ is in the Schur class S(D; U, )), then the fllnction $ defined by a(z) =

¢()*, z € D, lies in S(D; YV, U). Replacing ¢ by ¢ in (1.7) leads to the dual de
Branges—Rovnyak kernel given by

_1-9@'@

Ke(z, w) - —

(1.9)

The Hilbert space associated to this kernel plays the role of the state-space in the
following controllable, isometric (energy-preserving) de Branges—Rovnyak canonical
functional model:

Theorem 1.4 Suppose that the function ¢ is in the Schur class S(D; U, Y) and let
H, = H(K,) be the associated dual de Branges—Rovnyak space. Define operators
AC? BCa CC: and DC by

Acg =2 28() — $@)'ZO0).  Beu:=z> (1— @) $0)u.
C.g .= g(0), Deu := ¢p(O)u, (1.10)
geH,uel, zeD,

where g(0) is the unique vector in' Y such that

PR)* — ¢ (O

(200), y)y = <g, 7 -

y> forall y e ). (1.11)
Hc

Then the operator matrix U, := [é(‘ g‘; ] has the following properties:

1. The operator U, defines an isometry from [IZ{‘ ] to [1}” ]
2. The pair (A¢, B,) is a controllable pair, i.e.,

Span {Achulu eU,n> 0} = H,.

(O8]

We recover ¢ (z) as ¢(z) = D¢ 4+ zCe(1 — zA) " 'Be, z € D.
4. If[é g] : [5] — [§S] is another operator matrix with properties 1-3 above
(with X in place of H.), then there is a unitary operator A : H. — X so that

A O []|Ac Be| _|A Bf|A O
0 1y||[C. D |C D||0 1y|’
The cases where the canonical model U, and/or U, is unitary can be characterized
as follows:
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Theorem 1.5 The following assertions are equivalent:

1. The co-isometric observable canonical model U, is unitary.
2. The following two conditions both hold:

H, N {¢p(Hulu € U} = {0} and (1.12)
¢@QQu=0 forallze¢D =— u=0. (1.13)

3. The maximal factorable minorant of 1 — ¢ (2)*¢(z) is 0, i.e., the only holomorphic
a: D — BU,U") with the property

a(2)*a(z) =1 -¢@)*P@), z€C, [z]=1

isa=0.
The following assertions are also equivalent:

1. The isometry U, is unitary.
2. The following two conditions both hold:

H.N{z+— ¢@*yly € Y} = {0} and
$@)*y=0 forallzeD = y=0.

3. The maximal factorable minorant of z +— 1 — ¢ ()¢ (2)* is O.

The equivalences of the conditions one and two can be found in [2, Thms 3.2.3 and
3.3.3]. Forinstance, one easily sees that the conditions (1.12) and (1.13) both hold if and
only ifker (U,) = {0}. In order to prove that the third assertion is equivalent to unitarity
in the case of U,, as a first step combine Lemma 8.2, Theorem 8.7, Corollary 8.8, and
Theorem 9.1 in [35] to see that the zero-maximal-factorable-minorant condition on
1—¢(-)*¢ () is equivalent to each column [ é;’ ] and [g‘; ] of U, being isometric. It is

then an elementary exercise to argue that the whole matrix U, = [ é;’ B;’ ] is isometric

if it is known to be contractive with each column isometric. The proof for the case of
U, is the same, but with ¢ in place of ¢ and with U in place of U,.

In addition to the functional models in Theorems 1.3 and 1.4, there is also a unitary
functional model which combines U, and U,; see e.g. Brodskii [20].

There is a parallel but less well developed theory for the Schur class S C*t:U,y)
consisting of holomorphic functions on the right half plane C* with values equal to
contraction operators between the coefficient Hilbert spaces ¢/ and ). See however
[28,30] as well as [16,31] for a more general algebraic curve setting. In general, if
the B(U, ))-valued function ¢ has the property that ¢ extends to be holomorphic in
a neighborhood of infinity rather than in a neighborhood of the origin, it is natural to
work with realizations of the form

o(uw) =D+ C(u—A)'B. (1.14)
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It is well known that, given any B({/, )))-valued function holomorphic on a neighbor-
hood of oo in the complex plane, there is a Hilbert space X (the state space) and a

system matrix
U= A B| |X R X
“|C D||U Yy

so that ¢ has a representation as in (1.14). If we introduce the continuous-time
input/state/output linear system

| x(@) = Ax(t) + Bu(t) (1.15)
C | y(@) = Cx(@) + Du(), ’
then application of the Laplace transform
(0.¢]
X() = /e_’”x(t) dr (1.16)
0

leads to the relation
() = @(uyu(m)

whenever (u(~), x(4), y(~)) is a trajectory of the system (1.15) with state-vector x
satisfying the zero initial condition x(0) = 0.

The generalized form for the operator matrix U appropriate for the Schur class over
C* was first worked out by independently by Smuljan [43] and Salamon [38,39].
Salamon gave a well-posed realization of an holomorphic function on C* which is
bounded on some complex right-half plane. Later, in [8], Arov-Nudelman specialized
to the case of a Schur function, giving a passive realization. The generalized form for U
has since been refined into the notion of scattering-conservative/energy-preserving/co-
energy-preserving system node; see [45] for a comprehensive treatment, and also
[15,44]. The analogue for the continuous-time setting of co-isometric system matrix
occurring in the discrete-time setting is a co-energy-preserving system node while the
analogue for the continuous-time setting of isometric system matrix occurring in the
discrete-time setting is an energy-preserving system node (precise definitions to come
in Sect. 3 below).

However, what has not been done to this point for the realization theory is the
analogues of Theorems 1.3 and 1.4 for ¢ in the Schur class over C*. By using the
right-half plane versions of the de Branges—Rovnyak kernels K,, and K., namely,

1L —o(e()* 1 — (@ *e()

KO(I’La )") = - ’ KC(I“La )") = -
w4+ A w4+ A

, (1.17)

combined with the precise formalism of scattering energy-preserving and scattering
co-energy-peserving system nodes, in this paper we obtain complete analogues of
Theorems 1.3 and 1.4 for the continuous-time setting. Due to complications with
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unbounded operators and rigged Hilbert spaces, the formulas and analysis have a
quite different flavor from that in the discrete-time/unit-disk setting.

The positivity of the kernels (1.17) is proved in Sect. 2, and in Sect. 5 we establish
the following continuous-time analogue of Theorem 1.3:

Theorem 1.6 Suppose that the function @ is in the Schur class S(CT; U, V) and let
H, = H(K,) be the associated de Branges—Rovnyak space with reproducing kernel
K, in (1.17). Define the following unbounded operator, which maps a dense subspace

of[tf{”] into [75[;’]
A&B | |x 2z
|:C&Dj|0 : |:uj| — |:y:| where (1.18)
z2(w) = pux(w) + (wu —y, peCh, and (1.19)
y = & lim nx(n) +emu, defined on (1.20)
en—00

dom ([448] ) == ’m e [Z] ’Ely €Y : z defined in (1.19) lies in M,

Then for every [jj] € dom ([ ég‘g 0), the y € Y such that 7 given in (1.19) lies in 'H,
A&B

is unique and it is given by (1.20). Moreover, the operator [C&D ]0 has the following
properties:

1. The operator [ ég‘g ]0 is an observable co-energy-preserving system node.

2. The operator [ égg ]0 is a realization of ¢, i.e., we recover ¢ (L) through an appro-

priate generalization of (1.14).
3. If [ égg] : [i{(] D dom ([ égg ]) — [3‘;] is another operator with properties
1-2 above (with X in place of H,), then there is a unitary operator A : H, — X

so that [% 1?1 ] maps dom ([ égﬁg o) one-to-one onto dom ([ é‘gg ]) and

A 0 ||A&B| [A&B|[A O
0 1y||C&D], ~[C&D||0 Iy’
Hence the system nodes [ég‘g] and [ ég‘g ]0 are unitarily similar.

It is also possible to decompose [égg , into unbounded operators A,, B,, and
C, which together with ¢ determine [ A&5 ]0 uniquely, similar to Theorem 1.3; see
Sect. 3.1 below. This involves a rigging of the state space and hence it is too techni-
cally involved to be presented in the introduction. We have the following analogue of

Theorem 1.4; the proofs and more details can be found in Sect. 4:

Theorem 1.7 Suppose that the function ¢ is in the Schur class S(CY; U, V) and let
He = H(K,) be the associated de Branges—Rovnyak space with reproducing kernel

K. in (1.17). There exists a system node | 288 ] [Z‘] O dom ([ A&5 ]C) — [7;; ]

P
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that for arbitrary [iﬁ] in its domain and ) € C* satisfies

[A&B} [X} _ [M > —px () — (0 y + (1 — 9@ e () u

c&n|, u] = ..+ o (u ] (12D

w € C*, where y;, € Y is uniquely determined by A and [ﬁ ]

Moreover, the operator [ éﬁg ]C has the following properties:

1. The operator [ ég‘g ]c is a controllable energy-preserving system node.

2. The operator [égg . is a realization of ¢, i.e., we recover ¢(u) through the

appropriate generalization of (1.14) mentioned earlier.
3. If[ égg] : [ﬁ] D dom ([ ég‘g ) — [3‘;] is another operator matrix with proper-
ties 1-2 above (with X in place of H.), then there is a unitary operator A : H, — X

so that [% 1% ] maps dom ([ ég‘g C) one-to-one onto dom ([ égg ]) and

A O ||A&B| |A&B||A O
o nlle] - les]ls i)

While the papers [8] and [44] worked with linear-fractional change of variables
to derive the continuous-time result from the discrete-time result, a more direct geo-
metric approach based on the “lurking isometry” technique was used in [15]. The
approach in the present paper is similar to the single-variable specialization of the
work of Ball-Bolotnikov [12] for the discrete-time setting, to some extent using intu-
ition from [29]. The main difference compared to [15] is that the canonical form of the
Kolmogorov factorization of the kernel K, (as given in part 3 of Theorem 1.1) leads
to explicit functional formulas for the system nodes [ A&% | and [ 285 ] above.
It should also be pointed out that conservative realizations are presented in [15]
(and many of the other references below), but in the present paper we study energy-
preserving and co-energy-preserving realizations, which are in a certain sense only
semi-conservative.

We mention that other work of de Branges—Rovnyak (the first part of [23]) and of
de Branges [22] uses reproducing kernel Hilbert spaces consisting of entire functions
based on positive kernels associated with Nevanlinna-class rather than Schur-class
functions. (The Nevanlinna class consists of holomorphic, even entire, functions map-
ping the upper half plane into an operator with positive imaginary part.) This leads to
models for symmetric operators with equal deficiency indices. See [17,18] for recent
developments in this direction, which is separate from what we pursue here.

Also in [17,18] a linear-fractional transformation is used to transfer knowledge of
Schur functions on D to Nevanlinna families on C\R. In the present article we avoid
the use of such transformations in the development of the realization theory in order
to expose the intricacies of the continuous-time case; only in Sect. 6 we describe how
to recover the original de Branges—Rovnyak models from the models we present in
Sects. 4 and 5 using a linear-fractional transformation. A functional model (as a self-
adjoint linear relation) for arbitrary normalized generalized Nevanlinna pairs has been
worked out directly in C\R in [34].
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A general unifying formulation of the de Branges—Rovnyak models has recently
been worked out by Arov-Kurula-Staffans (see [7]) for the continuous-time setting
as an extension to continuous time of the earlier discrete-time realization results in
[10,11].Itis possible to derive Theorems 1.6 and 1.7 from [7] and the method, outlined
in Sect. 7 below, is in principle straightforward. However, filling in the details is a
rather lengthy process, and for this reason we have chosen to give direct proofs of
Theorems 1.6 and 1.7 here that do not rely on [7].

There have also been a number of extensions of Theorems 1.3 and 1.4 to multi-
variable settings; see [12] for ball and polydisk versions and [1, 13] for polyhalfplane
versions.

Notation

ct: The complex right-half plane {* € C|Re A > 0}

Gydas I e The inner product and norm of X, respectively

span E: The linear span of the set E; a bar on the word span denotes the

closed linear span

BU,Y), BU): The space of bounded linear operators from I/ to ) and on U,
respectively

dom (A),im(A): The domain and range of the operator A

ker (A), res (A):  The null-space and the resolvent set of the operator A

X1 c X Cc X_1: Rigged Hilbert spaces associated to A : X D dom (A) — &,
with norms constructed using some g € C*

de cXcC Xfl: The rigged Hilbert spaces associated to A*, with norms con-
structed using B € C*, where B is used in the rigging corre-
sponding to A. Xi | is identified with the dual of X% using &’ as
pivot space

Aly: The unique extension of the operator A € B(X], X) to an operator
in B(X, X_)

1y, L: The identity operator on X

u,y: Separable Hilbert spaces, the input and output space, respectively

[ﬁ ]: The orthogonal direct sum of the Hilbert spaces X and U

e(w): The (bounded) point-evaluation operator in H 2(Ct;U) and
H*(C":Y)

e(M)*: The (bounded) adjoint of e(A). Premultiplies an element of C or
a vector space by the (scalar) kernel k(u, A) = ﬁ of H%(C), so
that e(1)*u is the function u — ;#X’ wreCrueld

S(CH; U, )): The Schur class on the right-half plane which consists of B(U, ))-
valued holomorphic functions whose values are contractions

My: The multiplication operator on H2(C*;{) with symbol ¢ €
S(CHU, Y ie., (MpH(A) =) f(M), » e CF

[égg N The observable co-energy-preserving functional model for ¢ €
S(CHU,Y)

K,: The reproducing kernel K,(u, ) = L_Z%X(MM*; takes values

in B(Q))
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Ho: The de Branges space with reproducing kernel K,,. This is the state
space for [ é(‘é‘g ]0 and it is contractively contained in H%(C*; )))

eo(1): The point-evaluation operator in H,

eo(A)*: The adjoint of e, (1), maps y € YV into K,(-, 1)y, A € C*

¢ The function ¢(p) = @()*, u € CT, which is an element of
SCH Y, U ifp e S(CHU,Y)

L Embedding operator

[ égg o The controllable energy-preserving functional model for ¢ €
SECHU,y) o

K.: The reproducing kernel K. (i, A) = 1”_“;(+);W; takes values in
BU)

He: The de Branges space with reproducing kernel K. This is the state
space for the [ A&8 | , contractively contained in H 2ctu

ec(u): The point-evaluation operator in H,

e.(M)*: The adjoint of e, (1), maps u € U into K.(-, Mu, A € CT

A: Unitary intertwinement operator from H, or H, to some Hilbert
space X’

Eq: Unitary intertwinement operator from H,  to H, or from H, z to
He

2 The de Branges—Rovnyak Spaces H, and H, Over C*

The topic of this section is the development of the state spaces of the functional models
presented in the introduction. We begin by proving that the kernels (1.17) are positive
kernels, and therefore reproducing kernels of H,, and H,. The reader is assumed to be
familiar with Hardy spaces over C™; otherwise see e.g. [21, Sect. A.6]. It is important
that I/ and ) are separable.

Every ¢ € S(CT; U, V) liesin H®(C*; B(U, ))) and therefore the multiplication
operator M,, with symbol ¢ maps H?(C*; U) into H>(C*; V), and | M|l = [l¢l| goe;
see [21, Theorem A.6.26]. We need the following lemma in order to show that the
kernel K, (u, X) is positive:

Lemma 2.1 Let ¢ € S(CT;U,Y) and denote the point-evaluation operator in
H*(Ct; ) by eHz(C+;y)(-). The following claims are true:

1. The adjoint of eg2c+.y)(X) is the operator of premultiplication with the repro-
ducing kernel ky of H*(C*; Y):

1
ey = > ky(u, W)y, yeV. preCr, ky(u,r) = M—i’x

2. The operator M:; has the following action on the kernel functions in H*(C*; V):

M ey (W*y = ey W W)y, 2 eCh,yel.
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3. The function K, defined in (1.17) can be factored as

Ko(/,L, A) = €H2(C+;Y) (/L) (1H2((C+;y) - MwM;;) €H2(C+;y)()\)*,

2.1
w,reCT. @D

In the sequel we simplify the notation, so that k(-, 1) denotes a kernel function in
H2(Ct;U), H*(C*:; V), or HX(Ct; C), where it is clear from the context which one
to choose. Similarly, the point-evaluation operator at u on a possibly vector-valued
H? space is simply denoted by e(s1).

Proof We have the following short arguments:

1. It follows from residue calculus that k is the reproducing kernel of H 2(CH); see
[25]. That e(A)*y = k(-, 1)y then follows from the reproducing kernel property
(1.5).

2. As probably first observed in [42], by the reproducing kernel property (1.5), we
have forallu € H*(C*T;U), y € Y,and 1 € C*:

(14, M;e()‘)*y)HZ(C+;u) = (Mgoua e()\)*)’)Hz((ch;y) = ((M(pu)()\)v )’)y
= (@MuR), )y = (u, e oM)*y),, -

3. Forall u,A € C* and y, y € ), by using assertion 2 (in the fourth equality) we
have:

1 )
(Ko(p, My, v)y = (my, V)y - (%% )’)y

= (k(u, M)y, )y — (kG Ve *y, o()*y),,
= (e(k)*% e(M)*V)H2(C+;y)
— (oM y, e 0 (W)Y ) 2 ety 2.2)
= (e(k)*% e(M)*V)H2(C+;y)
— (M3eG*y, MEeU™ ) o e
= (1= MyM)e()"y. ()" V) o .,
= (e(w)(1 = MyM)e()*y. v)., .

and this completes the proof. O
Using this lemma it is easy to show that K, is a positive kernel.

Theorem 2.2 If ¢ € S(CT;U, ), then the function K,(j, A) defined in (1.17) is a
positive kernel.

Proof For ¢ € S(CT;U,Y), the multiplication operator M, : H*(CT:U) —
H?(Ct; ) is contractive, Myl < 1, since ||@|| goo(c+y < 1. Hence 1 — Mq,M; >0
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as an operator on H>(C*t;)) and thus it has a bounded positive square root
1 - M(/,M(;f)l/2 on H*>(C*:Y). From the identity (2.1) we see that K,(u, 1) has
a Kolmogorov decomposition (1.6) with

H(p) = e(u)(1 = MM - H(Ko) — V.

We conclude from Theorem 1.1 that K, is a positive kernel. O

We denote the Hilbert space with reproducing kernel K, by H,, := H(K,). Replac-
ing ¢ by @() := ¢(n)*, n € C*, and swapping the roles of & and ), we turn the
kernel K, into the kernel K, in (1.17). Applying Lemma2.1 and Theorem2.2 to ¢,
we obtain the following result:

Corollary 2.3 If ¢ € S(C*;U,Y) then the B(U)-valued function K.(u, A) is a
positive kernel on CT x Ct. Denoting H. := H(K ), we have that the kernel functions
of He and H*(C*; U) are related by K (-, Mu = (1—MgM%) k(-, Mu forall . € C*
andu € U.

An equivalent way of defining H, is to set

Ho={fF:C" = Vlifln, <oof.

holomorphic

and to define the norm in H,, by

1713, = sup {ILf + My 8122 e,y = 18132 o g | € HACT:20)).

It can be shown that this norm equals the norm induced by the reproducing kernel K.
This corresponds to the original definition of H, by de Branges and Rovnyak. To give
the uninitiated reader better perspective on de Branges—Rovnyak spaces, we further
mention the following well-known operator-range characterization of H,, and H,. For
further development of this point of view in the unit disk setting see e.g. [41].

Theorem 2.4 Let ¢ be a function in the Schur class S(CT; U, Y). Then:

1. The space H, can be identified as a set with the operator range
Ho =im((1 — M,M})'?) c H*(C; ) (2.3)
with norm given by

| = MoM)' e, =102lmcy), g€ HACHY),  (24)

where Q is the orthogonal projection of H*>(C*; V) onto (ker (1 - M(/,M;))L.
2. The inclusion map

Lif €Hy > f € HA(CT;, )
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is contractive, i.e.,
I fllz2c+iyy) = 1 fllm, forall f € Ho,
with adjoint * : H*(Ct;Y) — H,, given by
G=1- MM,
Analogous results with H, in place of H, are obtained by replacing ¢ by @.

Proof The result is well known among experts but we provide a proof for the sake of
completeness. The first step is to prove Assertion 1.
Define the space H,, by

Ho = im(1 — MyM})'/?) c H*(C"; D)

with norm given by (2.4) and let f € ﬁa. Set W =1 — M(pM; on H2(C+; V),
so that H, = im(W1/2). From (2.1) we see that e,(\)* = We())*, so in particular
eo(M)*y € 7?(0 for each A € CT and y € ). Furthermore, for f = W!/?g ¢ ﬁo, we
compute using (2.4):

(fr e )7, = (W', We()*y) g = (Qg. QW' e()*y) 2.y
= (W28 ey macry) = (FR). 9.
This shows that e,(A)* = K, (-, A) works as the reproducing kernel for the space ﬁo,
and since the positive kernel e,(A)* determines its reproducing kernel Hilbert space
uniquely, we conclude that H, = H,.

Contractive containment of H, in H 2((C*‘; Y) follows from the following observa-
tion:

1l = gl m2ecryy = 10 = MM gl 2 cyy = 1 f 2y

where we used that 1 — M(pMj; is contractive on H2(C*; )).
Since e, (1) is the restriction of ey c+.y) to H,, the identity (2.1) amounts to the
operator identity

eo)* = (1 = MyM3e(r)*, reC*. (2.5)

Using (2.5), we obtain that t*e(A)*y = (1 — M(pM;) e(M)*yforallh e CTandy € ).
Indeed, it holds for all x € H, that

((1 - M(pM;)e()V)*ya X)Ha = (y, x()»))y = (e()\)*y’ Lox)Hz((c+;y) s

and taking limits of finite linear combinations of e(A;)*yx, we obtain that (* = 1 —
MyMg. ]
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Recall that ¢ € S(CT;U,)) is called inner if ¢ has isometric boundary values
a.e. on the imaginary line.

Corollary 2.5 If ¢ is inner, then M, is isometric from H2(Ct;U) into HA(CT; ),
and (1 — M(;,M(’;)l/2 = 1 — MyMg. The operator 1 — MyM is the orthogonal
projection of H*(C*; Y) onto H*(C*;Y) © (M, H*(CT; U)) and this orthogonal
complement equals 'H, isometrically.

Proof That M,, is isometric follows from
1 . . . .
(Mo f. My f) o cry) = 5 | @0) f i), @lio) f(w)y do
R

= (f, f)Hz(C+;Z/I)'

From the isometricity of M,, it follows that (1 — M(/,M:;)2 =1- MWM; > 0,
so that (1 — M,M3)'/* = 1 — M,M;. This is the orthogonal projection onto
(M, H*(CT; Z/{))J', since M, Mj; is the orthogonal projection onto M, H2(CH; U).
By (2.3), H, = im(l — M(pM;f) = ker (1 — M(pM(;’j)J‘ and hence Q in (2.4) coin-
cides with 1 — M(pM;. Then (2.4) precisely says that H, is isometrically contained in
H*(CH ). O

When ¢ is not inner, M¢H2(C+; U) and H,, are not orthogonal in H2((C+; Y), but
more general complements in the sense of de Branges, cf. [5] or [2, §1.5].
The following limits will be encountered frequently in the sequel.

Proposition 2.6 Every x in H*(Ct; Y) satisfies x(1) — 0in Y as Re u — +o0.
More precisely,

llx 1l g2+
Ix(wlly < —=EED ) e ot (2.6)
V2Re u
It also holds that
Il o 0

<
lx(wlly < JRer

and in particular the only constant function in 'H, is the zero function. The corre-
sponding claims hold for H*(CT; U) and H..

Proof We verify the assertion only for H2(C*; )) and H,,. By the Cauchy-Schwarz
inequality, we have for all x € H>(C*; ) that

| @@, Dy | =] (e y) ey |
< Il 2ty le)* Yl g2+ )
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172
= Ixll g2y (€™ y. e y) 2 o)

1 172
||x||H2(C+;y) (—_y, y)

w+u h%
B S
2Re 1

From here we obtain (2.6):

| (x(), My | Ixllgze+
x(w)lly = sup Y < )

< , eC™.
0#£yeY Iyl JV2Re

Now (2.7) follows from (2.6) combined with the facts H, C H2(C*:;)) and
XNl g2+ y) < llxlln, for all x € H,; see Theorem 2.4. O

3 Background on System Nodes

In this section we recall the needed concepts from the theory of infinite-dimensional
linear systems in continuous time. A comprehensive exposition of this theory can be
found e.g. in [45] and coordinate-free versions of some of the results are in [29]. For
more details on the following few paragraphs, see Definition3.2.7 and Section 3.6 of
[45].

3.1 Definition of a System Node and its Transfer Function

The resolvent set res (A) of a closed operator A on the Hilbert space X’ is the set of all
u € C such that 4 — A maps dom (A) one-to-one onto X. The generator A of a Cy
semigroup is closed and dom (A) dense in X’; see e.g. [37, Theorem 1.2.7]. Moreover,
the resolvent set of a Cp semigroup generator contains some complex right-half plane.
For such a generator, dom (A) is a Hilbert space with the inner product

(x> Ddom(a) = (B — A)x, (B — A)2) x, (3.D

where f is some fixed but arbitrary complex number in res (A).

Thus X} := dom (A) with the norm ||x||; := ||(B — A)x||x is a dense subspace
of X. It follows immediately from (3.1) that A maps dom (A) = A& with this norm
continuously into X'. Denote by X_; the completion of X with respect to the norm
lxll—1 = [I(8—A)"'x| . The operator A can then also be considered as a continuous
operator which maps the dense subspace &’} of X" into A, and we denote the unique
continuous extension of A to an operator X — A_| by A|y. Note that res (A) =
res (A|y) and that (8 — A| )" maps X_; unitarily onto X’.

The triple X1 C X C X_; is called a Gelfand triple, and the three spaces are also
said tobe rigged. The spaces X1 corresponding to two different choices of 8 € res (A)
can be identified with each other as topological vector spaces, and although the norms
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will be different they are equivalent to each other. The norms of &’ corresponding to
two different choices of § € res (A) will also be equivalent. Hence (o — A)~!isan
isomorphism from & to A and (o« — A|y) is an isomorphism from X to X_ for all
a € res (A), and these operators are unitary for @ = .

Definition 3.1 A linear operator

e ] > om (5D ~ 5]

(which is in general unbounded) is called a system node on the triple (U, X, )) of
Hilbert spaces if it has all of the following properties:

1. The operator [ A&5 | is closed.

2. The operator

X

0

dom (A) := [x c X' m € dom ([ggg])] ,

is the generator of a Cp-semigroup on X
3. The operator [A&B] can be extended to an operator [A| X B] that maps [g ]
continuously into A_|.

4. The domain of [ A% ] satisfies the condition

dom ([255]) = | [1] <[] s + Bue 2]

When these conditions are satisfied, i/, X', and ) are called the input space, state
space, and output space, respectively, of the system node.

Ax = [A&B] |: :| defined on

(3.2)

It was mentioned in the introduction that the definition of the operator-valued func-
tion u — C (i — A)~! B + D can be extended to arbitrary system nodes. This is often

done as follows. By [45, Lemma 4.7.3], [(1) ("‘_A‘IX)*IB] maps [dO'Z“J(A)] one-to-one

onto dom ([ A5 ]) for every system node [ 485 | and & € res (A), and this allows us
to express the domain of [ A5 | as
A&B 1\ _ [dom (A)] ; [(@ —Alx)"'B
dom([c&D:|)—|: 10} ]+|: 1 U (3.3)

Note in particular that [ (@—A] X )78 ] maps U into the domain of [ A5 ]. The following
is [45, Definition 4.7.4]:

Definition 3.2 The operators A and B in Definition 3.1 are the main operator and

control operator of the system node [ égg ], respectively. The observation operator

C :dom(A) - Y of [ égg] is the operator
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X

Cx = [C&D] [O

] , x € dom (A), (3.4)

and the transfer function D : res (A) - BU,Y) of [égg] is the operator-valued
holomorphic function

e _ —1
D(p) = [C&D] [(“ Alv B], € res (A). (35)

By a realization of a given analytic function ¢, we mean a system node [ 4¢3 |
whose transfer function ® coincides with ¢ on some right-half plane

C} :={u € CIReu > w} C res (A) Ndom (), € R.

Regarding the last sentence of Definition 3.2, we consider two analytic functions
f and g with dom (f),dom (g) C C to be identical if there exists some complex
right-half plane C;; C dom (f) Ndom (g), such that f and g coincide on CJ. In this
paper we can usually take @ = 0, so that C) = C™.

Since (@ — A)~! maps X one-to-one onto dom (A), we have that the opera-

-7 (@-Alx)7'B X A&B
tor [(“ 47 e-Al) ] maps [ 3% | one-to-one onto dom ([ &5 ]) for every a €

res (A), cf. (3.3). The system node satisfies

[A&B] |:(oz — A (- A|X)_lBu]

C&D 0 u
[Al@—-A)"'x al@—Alx) 'Bu
- |:C(oz —A) Iy D(a)u i| (3.6)

forall o € res (A) and x € X', u € U. By the closed graph theorem, C (¢ — A~ lis
Igpunded from X into ), and therefore C maps dom (A) boundedly into ). Similarly,
®(«) is bounded from U into Y for all & € res (A). It is part of condition 3 in
Definition 3.1 that B maps U boundedly into X_j.

The Eq. (3.6) can equivalently be written, still for arbitrary o € res (A):

A&B]  [A(a — A)7! oz(oz:AlX)_lB
T Cla—A)!

C&D D(a)
y [«x -7 (@- A|X>1B]‘1
’ 1 wn([24)
C&D (.7)

_[A a@—Alx)'B
e D(x)

" [1 —(a — A|X)1B]

0 ! an([288])
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where dom ([ A& ) is given in (3.3). In particular,

[c&D] m = C(x — (¢ — Alx) "' Bu) + D(e)u,

(o] qom ([&52])

for an arbitrary « € res (A).

(3.8)

Remark 3.3 By [45, Lem. 4.2\.6], we can reconstruct a system node [égg] from

its operators A, B, C, and ®(«), for one arbitrary o € res (A), in the following
way: The space X_; is obtained as the co-domain of B, and we can then extend
A :dom (A) — X continuously into A|y : X — &X_1. Then we define A& B via:

dom ([A&B]) := [m € [ﬂ 'A|Xx +Bu e X] :
] = 0 2T )
and finally we define [C&D] on dom ([A&B]) = dom ([C&D]) by (3.8).

3.2 Controllability and Observability

We will use the following variants of controllability and observability:

Definition 3.4 Let [ A£5 ] be a system node and denote the component of res (A) that
contains some right-half plane by pso(A).
We say that [ &5 | is controllable if

span { (1 = Al) ™" Bulu € poo(4), u €U}

is dense in the state space X. The system node ég‘g] is observable if

ﬂ ker(C(u — A)7") = {0}.

HEPoo(A)

As a consequence of [45, Cor. 9.6.2 and 9.6.5], it suffices to take the linear span or
intersection only over a subset 2 C pso(A) with a cluster point in px,(A) instead of
over the whole set po(A); we obtain the following:

Lemma 3.5 Let [ égg] be a controllable system node on (U, X,)) and fix ¢ €
res (A) arbitrarily. Assume that Q2 C peo(A) has a cluster point in pso(A). Then the
linear span

span {(u —Aly) ' Bu—(a—Alx) 'Bulp e Q, u e u} 3.9)

is a dense subspace of both dom (A) (with respect to the graph norm of A) and of X,
and the linear span
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-1
span [[(M B A';() Bu} ‘,u €eQ, u eZ/{] (3.10)

is a dense subspace of dom ([ égg ) with respect to the graph norm of [ éng) ]

Proof Let £ denote the linear span in (3.9). For u € Q and u € U, the resolvent
identity gives

(= Alx) ™' Bu— (@ — Alx) ") Bu
= (@ — (@ —A) " (u—Alx)"'Bu € dom (4),

Here (o« — A)~! is an isomorphism from X to dom (A), and so £ is dense in dom (A)
if and only if

span{(a—u)(u—A|X)_lBu|MeQ, u eu} 3.11)

is dense in X. It is easy to see that this linear span is the same as

span {(u — Alx) 'Bulu € Q\{a},u € L[},
and this space is dense in X, since ©\{c} has a cluster point in poo(A) and [ A48 ] is
assumed controllable. We have proved that (3.9) is dense in dom (A). Since dom (A)
is dense in X, it now follows automatically that (3.9) is dense in X.

According to [45, Lemma 4.7.3(ix)], the following norm is equivalent to the norm
on dom ([ égg ]) induced by the graph of [ égg ]:

IR

where dom (A) is equipped with the graph norm of A. Therefore the denseness of
(3.10) follows if we can show that

|:1 (- Alx)‘lB] span [[(M - A|X)_lBui| ‘M €eQ,u eu] (3.12)

[“n®]

0 1 u

is dense in [dOHL‘{(A) ]
Fix [1] € [dOIZ(A)] arbitrarily. We will show that [ ;; | can be approximated arbi-

trarily well by an element of the linear span in (3.12), in the norm of [dOIZT/‘{(A) ] By
the above, we can approximate x by an element in &, say

N

lr — xnllaoma) < & with xy =D (ux — Alx) ' Bux — (@ — Alx) ™' Bu.
k=1
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Setting vy :=u — Z,/:’:] uj, we obtain

X 1 —(@—Alx)7'B (k — Alx) "' Buy
| R D i

k=1
[l —(@—Alx) "B [(@—Alx)"'Boy
0 1 UN [dom(A)]
u
_ X — XN <,
0 [dom(A)]
u
and hence the linear span in (3.10) is dense in dom ([ ég‘g ]) O

We next recall some properties of (scattering) passive systems, including some very
recent developments.

3.3 Scattering Dissipative Operators and Passive System Nodes

The following is a recent idea from [46, Def. 2.1]; see also [47,50]:

Definition 3.6 An operator [ A48 ] : [V] > dom ([ 2§58 ]) — [ ] is called scat-

tering dissipative if it satisfies for all [ﬁ ] € dom ([ ég‘g ])

et zwon-omy. |3 =[cen] [ e

If such an operator [ A%5 | has no proper extension which still satisfies (3.13), then

[ &5 ] is said to be maximal scattering dissipative. If (3.13) holds with equality then

[ éﬁg ] is called scattering isometric.

Note that [ A&58] is scattering isometric if and only if for all [;!].[:2] €
dom ([ 2§75 ]):

(z1, x2)x + (X1, 22) ¢ = (U1, u2)yy — (1, y2)y,
| | A&B || xk (3.14)
vi | | C&D | |ug|
as can be seen by polarizing (3.13), i.e., by considering [} ] = [4! ] + A [.2] and
letting A vary over C.
The following definition differs from the standard definition of a passive system
node, but combining the fact that res (A) contains some right-half plane with [45,

Theorem 11.1.5], see in particular assertion (iii), we obtain that the two definitions are
equivalent:

Definition 3.7 A system node is said to be passive if it is a scattering dissipative
operator. The system node is energy preserving if it is scattering isometric.
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The type of passivity in Definition 3.7 is commonly called scattering passivity,
where the word “scattering” refers to the fact that we use the expression [|u(z)[|> —
ly(®) ||2 to measure the power absorbed by the system from its surroundings at time
t > 0. See the introduction to [44] for more details on this.

Lemma 3.8 Let [ég‘g] be a scattering dissipative operator mapping its domain
dom ([ ég‘g ]) C [5] into [g,(] Then [ég‘g] is a system node if and only if it is
closed and [ (1 0[]0_ \[/%Z]M] ] maps dom ([ A&% 1) onto a dense subspace of [ (Y |. When

this is the case, [ égg] is passive.

Proof We begin with the if direction. Assume therefore that [ A& | is a closed scat-
tering dissipative operator and that [“%{;&%‘i‘B I ] dom ([ A&B ) is dense in [V ].
Then the so-called internal Cayley transform

i R (KR (R B

defined on dom (T) := im(E), where

E_ [1/8/§ ﬂ _ [[A&%] /ﬁ} . dom (E) = dom ([ 2]

is contractive (on its domain) by Lemma 2.2, Theorem 2.3(i), and the text in between, in
[46]. Moreover, dom (T) = [ e AT ] dom ([ A48 1), dense in [ 3% | by assump-

C&D
tion. By [46, Thm 2.3](iv), it follows from the closedness of [ ég‘g] that dom (T) is
closed, and hence dom (T) = [ 5 ] This in turn implies that T has no proper extensions

to a contraction on [ 1% |, and therefore [ A& | has no scattering dissipative extension

by [46, Thm 2.3(iii)]. Hence, [ A5 | is maximal scattering dissipative. Theorem 2.5
of [46] now gives that [égg] is a passive system node.

Conversely, for the only-if direction, assume that [ ég‘g ] is a scattering-dissipative
systemnode, i.e., a passive system node according to Definition 3.7. Then [46, Thm 2.5]
gives that [ égg ] is closed and maximal scattering dissipative, and now [46, Thm2.4]

finally yields that dom (T) = [/ ]. o

Lemma 3.9 For a passive system node with state space X and main operator A, we
have Ct C res (A) =res (A|x).

This lemma follows from [45, Theorem 11.1.5(viii)] and the rigging procedure
described at the beginning of Sect. 3. Hence, when discussing controllability and
observability of passive systems, we always take poo(A) = Ct.

3.4 Dual System Nodes

If A generates a Cp-semigroup 2 on the Hilbert space X', then A* generates the
Co-semigroup ¢ +— (A)*, according to [45, Theorem 3.5.6]. Clearly res (A*) =
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(it € C|p € res (A)}, and we denote the Gelfand triple corresponding to A* and B €
res (A*) by X]d cXcC Xfll, where 8 € res (A) isused intherigging X1 C X C A_;.
In particular, de = dom (A™).

This makes it possible to identify the dual of X1 = dom (A) with Xfl using X" as
pivot space:

(62 a0y = (0 Dx, v ed, ze k.

Similarly, the dual of dom (A*) is identified with X_; using X" as pivot space.

Proposition 3.10 Every system node [ ég‘g ] onthetriple U, X, ) of Hilbert-spaces

has the following properties:

1. The adjoint [ égg ]* is a system node on (), X ,U). The main operator of[ égg ]*
is A = A* the control operator is BY = C* ¢ B, Xfl), the observation
operator is c? = B* e B(Xd, U), and the transfer function satisfies D4 A =
@(X)*for all » € res (A*), where D is the transfer function of[ égg ]

2. The system node égg] is passive if and only zf[ ég‘g ]* is passive.

3. The system node [égg] is controllable if and only if [ égg ]* is observable and
vice versa.

For a proof of the first statement see [45, Lemma 6.2.14]. The second statement
follows from [45, Lemma 11.1.4]; note that passivity implies well-posedness. The
third claim follows immediately on combining the first statement with Definition 3.4.

Definition 3.11 The (possibly unbounded) adjoint [é‘:g‘g‘f, ] = [égg ]>k of a system
A&B

node [ A48 | is called the causal dual system node, or shortly just the dual, of [ A48 |.

We say that a system node is co-energy preserving if its dual system node is energy
preserving. A system node that is both energy preserving and co-energy preserving is
called conservative.

We see that a system node [ CAgg ] is conservative if and only if the dual system node

[ égg ] is conservative. Energy preservation is also clearly a necessary condition for

conservativity, and the following important result provides a converse:
Theorem 3.12 For every energy-preserving system node [égg , the following
hold:

1. The operator [ [10] ] maps dom ([ égg ) into dom ([ égg *) and

C&D
A&B"[[10]]_[-A&B A&B
[C&D] [C&D] —[ [01] } ondom ([C&D])' -15)
2. The following conditions are equivalent:

(a) The system node [ égg ] is conservative.

(b) The operator [ L0} maps dom ([ A5 1) onto dom ([ 445 T").
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(c) The range of [ égg] + [gg] is dense in [H"’ ] for some, or equivalently for
all, o € CT.
This follows by taking R = 1y, P = 1y,and J = 1y in [33, Thms 3.2 and 4.2].

We now finally arrive at the main part of the article: a study of the continuous-time
analogue of the controllable energy-preserving model in Theorem 1.4.

4 The Controllable Energy-Preserving Functional Model

In this section we present the controllable energy-preserving model realization, which
uses H. as state space. Later, in Sect. 5, we show how the properties of the observable
co-energy-preserving functional-model system node can be concluded from the results
of this section.

4.1 Definition and Immediate Properties

Let ¢ € S(Ct;U,Y) where U and ) are separable Hilbert spaces. As before, let H,.
denote the Hilbert space whose reproducing kernel is

1 —p(@*e()

Ke(u, ) = — 4.1
HF A

and let e.(-) be the point-evaluation mapping on H,, so that e.(A)*u = K (-, M)u for
all . € C* and u € U. Introduce the mapping

A&BT Tec(M)*u rec(M)*u
|:C&D:|c ' [ u ] > [ 0O ] uel, »eCr. (4.2)

In the following lemma we show that [ égg ]C in (4.2) can be extended to a closable

linear operator
A&B| |H. H,
|:C&D:|C : |:Z/I} DDy — |:y], where

L ec(N)*u
Dy := spanH: " ]

Lemma 4.1 The formula (4.2) extends via linearity and limit-closure to define a

scattering-isometric closed linear operator [ ég‘g ]C.

(4.3)

)»e(C*,ueZ/{}.

Proof By (4.1) and the equality K (X2, 1) = ec(A2)ec(k1)*, we have forall Ay € CT
and up € U, k =1, 2, that

(U1, u2)y — (A ui, p(A2)uz)y
= (2 +a1) (ecGa) ut, ec(h2)*uz) .

= (Mec)ur, ec(ra)*uz)y, + (ecGo)ur, hoec(h2)*uz)y, . (4.4)
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If we fork =1, 2 set

[Xk] — [ec(xk)*uk} and |:Zki| o [A&B] [Xk] _ [)»kec(xk)*uk}
ug |’ U e [C&D|, |uk e ur |’
then (4.4) can be expressed as

(ur,u2)y — (1, y2)y = (21, x2)p, + (X1, 22) 3, »
|:zki| B [A&Bi| |:xki| 4.5)
Vi C&D o LUk ’
for all [ ;4] = [ev%k)*“k] , k = 1,2. If we formally extend the definition (4.2) of
[ 245 ], to all of Dy by taking linear combinations (where at this stage [ &5 | may a
priori be ill-defined, so that [ 2¢5 | [ 7 ] depends on the choice of linear combination

[ij] = Z}I:/: 1 [ff«‘auk'k?*”k] chosen to represent [ﬁ ]), then the identity (4.5) continues

to hold for all [ ;! ], [ 42 ] in the span Dy.
We now show that this implies that [ég‘g ]C in (4.3) is well-defined and closable.
Suppose that x,,, u,, z,,and y, are sequences such that

-]+ )
[H ~ [8] in [7;] 4.6)

To establish that [égg ]C is closable, we need to show that [ §] = [8]. The special
case where [Z’;] = [8] for all n is exactly what is needed to see that [ég‘g ]C is
well-defined; in this way well-definedness and closability are simultaneously handled
in a single argument.

Using (4.5) and the continuity of the inner product, the hypothesis (4.6) implies

that
—lIy13 = (0,0 — (v, Y)y = (2, 0)p, + (0, 2)3, =0,

andso y = 0. Applying (4.5) again, we now obtain that forall [ 3 | € dom ([ 285 ] ):

0= (0. y2)y — (0.12)y = (& ¥2)gq, + (0, 22} [Z] - ([éi,ﬂ) [”] ,

uz

so that z L xp for all [)y%] € dom ([ égg ]C) In particular, for every A € Ct and
u € U we have that [ ;2 | := [«®"«] € dom ([ 4&5 ] ) and

0= (z, ec()_»)*u)HC = (z(X), u)u, reCt uel,
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and therefore z(A) = 0 for all € C*. We conclude that both z and y are zero as
needed to complete the proof. O

From now on, we let [ A&5 ]C denote the closure of the linear operator determined

by (4.3).

Theorem 4.2 The operator [égg ]C is an energy-preserving system node with input

space U, state space H ., and output space ). Denoting the main and control operators
of [ égjg ]c by A. and B., respectively, we obtain that

(@ — Aclp,) 'Be = e(@*, aeCT. 4.7
In addition, [ég‘g ]C is controllable:

Span {(a — AC|HC)_IBCu|u ceU, a e (C+} =H,,

and [égg ]C realizes ¢:

-1
[Cc& D] [(“ - AC|1H6) BC} =), aeCh.

Proof We use Lemma3.8 to prove that [ 2¢5 ] is a passive system node. Since

[A&5 ], is closed it suffices to show that the following subspace of the range of
[[10]—[Ac&3f]]- : [H,].
isdensein | ' |:

[ov2] u
1 0] = [Ac&B.|] [eo(h)*
R::span[[[ [(]) E/E] ]:| |:e (i) MHXG(CJ“,ueU]
— span”:(1 _%CM(A)*M} ‘A eCh u eu].

This space is indeed dense, since
[xz} € [HC]GR@VAGCJ“, uel:
us U
(v2. (1 = Dec@u)yy, + (2. v2u) =0
= VreCt: = Dxa(h) = V2us.
Choosing A = 1 yields that u» = 0 and hence x, (1) = 0 for all A € CT\{1}. Since x,
is holomorphic and thus continuous, also x> (1) = 0 as well, and hence x; is the zero

function in H,. We have established that [ égg ]C is a passive system node, which is
moreover energy preserving due to Definition 3.7 and Lemma4.1.
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By Lemma 3.9, we have C* C res (Al ). Then (4.7) follows from (4.3) and
Definition 3.1.3, since for every a € CT:
ec(a)*u —\ % —\ *
[Ac&B:] ) = wae.(@*u= Aclr e @ u+ Beu
> (@ — Acln,)ec(@)*u = Beu. (4.8)

In particular, [ A&5 ]C is controllable because

span {ec(a)*uw eEU, ae (C+} =H.
- - A&B +
by Remark 1.2. Finally, the transfer function of [ A&5 | evaluated ata € C* is

—1 —\ %
[Cc&D.] [(“ Al B"”} = [ce&D.] ["’C(‘Z) ”] =gpu,  49)

forall u € U. |

The domain of the main operator A of [ 28¢5 ] is defined abstractly in (3.2), but we
do not know how to characterize dom (A.) explicitly. The observation operator C, is
definedin (3.4), but we have no explicit formula for the action of C. on generic elements
of dom (A,) either. These two shortcomings will cause us significant difficulties later.

4.2 Uniqueness up to Unitary Similarity

We now prove that every controllable energy-preserving realization of ¢ is unitarily

similar to [ A%8 ] . this justifies the terminology canonical functional-model system
c&D le J gy y

node for [ 485 -

Theorem 4.3 Let ¢ € S(CT;U,Y) and let [ ég‘g] be a controllable and energy
preserving realization of ¢ with state space X. Then the mapping A : H, — X
defined by

Aec(M)'u:= (M —Alx) 'Bu, reCt, uel, (4.10)

extends by linearity and limit-closure to a unitary operator H, — X. Moreover, A
intertwines [ A&B | with [ 285 ] -

dom ([&5]) =[5 1y Jaom ([E85]),
A&B|[A 0 A 0 |[A&B
|:C&D:| [o 1u]=[o 13;} C&D]c’

so that [ég‘g] and [ég‘g ]c are unitarily similar.

4.11)
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Proof The key to the proof is the following consequence of (3.3) and (3.6): for all

A € res (A) we have that [(A—A‘?,f)le”] € dom ([ 2&5]) and

[A&B] [(k—Alx)_lB”} _ [W—AW”B“]. @.12)

C&D u o(AM)u

Since [ A&B ] is assumed to be energy preserving, it follows from Lemma 3.9

that C* C res (A) and that (3.14) is satisfied. According to (4.10), we have for all
A, e Ctandallu, v el that

(1 +2) (Aec() ', Aec(1)) 5
=+ (0= AL~ Bu, G - A|X)—le)X
= (+00 = AL~ Bu, G - A|X)—1Bv)X
. —lp, -1
+ (0= AL ™ Bu, TG - Alv) B“)X

This is by (4.12) and (3.14) equal to
(u, vy = (@Wu, p(EV)y = (1 + 1) (ec (M) u, ec(W)v)y,
where we used (4.4) in the last step. We can conclude that
(AeC(X)*u, Aec(u)*v)X = (eC(X)*u, ec(,u)*v)Hr, rpeCruveld. (4.13)

Taking linear combinations, we obtain from (4.13) that for all A€ CTanduy e U:

2 2

n

> et ux

k=1

n
A ec(hn)

k=1

(4.14)

X

He

Denote & := span {eC(X)*ulx eCr,ueld }, equipped with the norm of H,.
Then each x € &) can be written as a sum x = ZZ:] e () *ug, and (4.14) shows
that the value of A Z’,Z: 1 €c o) *uy is independent of the particular linear combination
Doy ec (Ax)*uy that is used to represent x. Thus, A, which was originally defined
only for kernel functions e(A)*u with A € C* and u € U, has a unique extension to
a linear operator &y — X, which we still denote by A. Due to (4.14), this operator
is isometric, and by (4.10) the image of &) under this operator is dense in X, since
[ &5 ] is assumed to be controllable. As & is dense in H,, we may further extend A
to a unitary operator H, — X', which we still denote by A.

Now we prove that A intertwines [égg] with [égg ]C. It follows from (3.3) that

9] maps Dy, defined in (4.3), into dom ([ A§2 ]). By (4.10), (4.12), and (4.2), the
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following equality holds for all A € C* and u € U:

A&B | [Ae.0)*u| _ [A&B|[(A — Alx)"'Bu
C&D u - |C&D u
[an - A|X)1Bu]
L p(Mu
_ [raec)*u| _ [A[Ac&Bc]] [ec(M)*u
- o(Mu :|_|: C.&D, :||: u i|’ @.15)

which shows that [ A&5 ][ § |0, ] and [% 1‘;] [ 445 ], coincide on Dy. Furthermore,

Dy is dense in dom ([ égg ]C), equipped with the graph norm, by Lemma3.5.

We next show how it follows from the above that

[AMX} € dom ([égg]) for all [ﬁ] € dom ([éi‘g])c, and
| R e A |

For every [ ;; | € dom ([ &5 ] ) there by the definition of [ A4&5 | exists a sequence

[i4] € Do, such that [ ] — [2]in [ | and [A88]. [52] — [A88].[2] in
[7;;' ] By the continuity of A and the fact that [A&B] [% 1(;] and [% 1(;;] [A&B ]C

C&D C&D
coincide on Dy, this implies that

vl | P R P L B o [

Using the continuity of A again, we obtain that [ 4" | € dom ([ 45 ]) converges to

[4F]in [ﬁ |. and so by the closedness of [ A5 ], we have (4.16).
It remains to prove that [ § 9] maps dom ([ 2§55 ] ) onto dom ([ 2&5 ). As a
consequence of (4.10) and Lemma3.5, [ 5 9] Dy is dense in dom ([ A&8 ]) with the

graph norm. Hence, for every [l,f] € dom ([ égg ]), we can find a sequence [I,f,’f ] €

8 9] Dy that converges to [ % | in the graph norm of [ A&5 |. Writing x,, := A7 w,,

we obtain from (4.16) and the closedness of [égg . that [Afulnwn] — [A;lw] in
A&B

the graph norm of [ e8D ]C. (The details are very similar to the preceding paragraph.)
Thus, forevery [ i | € dom ([ 2&B ]), we have [} ] := [A;lw] € dom ([ 248 ]C) and

[a]=[%"] O

We would like to obtain explicit formulas for the main, control, and observation

operators of | A&5 ] acting on generic elements of H., and similarly for the adjoint.

It turns out that this task is much easier for [ CAgg ]: than for [ égg .» SO We start with
the adjoint.
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4.3 Explicit Formulas for the System-Node Operators of the Dual

In reproducing-kernel Hilbert spaces, the existence of an explicit formula for the action
of a given operator on kernel functions usually means that there is an equally explicit
formula for the action of the adjoint on a generic functional element of the reproducing
kernel Hilbert space. This phenomenon continues to hold in the present unbounded
setting, as illustrated in the following proposition. We refer the reader back to Sect. 3.4
for the definition of dual system node.

The reader will observe that many of the formulas in this section have apparent
singularities at some points of the form 0/0. Since the functions are holomorphic
(or conjugate holomorphic), the singularities are in fact removable and the formu-
las continue to hold when one applies holomorphic continuation to evaluate at such
exceptional points.

By the general principles explained in Sect. 3.4, we know that [ ég‘g ]: is a system
node on (Y, X, U). We now compute this dual system node.

Theorem 4.4 The dual system node of [ égg ]C is the operator

can] (5] com ([E5D). - [(4]

c

given by
A&BT" [x 4
|:C&Dj|c : |:y] — |:u] where 4.17)
z(w) = pux(u) + @(wy —u, pweC, and (4.18)
u:=_lim nx(n)+ @)y, withdomain (4.19)
Ren—o0

son ([cn] ) = {]<[3]

For every [;] € dom ([ ég‘g f) the u € U such that z defined in (4.18) lies in H. is
unique, and it is given by (4.19).

ueld: z€Hein (4.18)} . (420)

Proof We combine the graph characterization

He 10 A&B"

U g - [0 1} dom ([A&B] ) _ [C&Dl dom (|:A&B:|*)
He A&B C&D |, 10 C&D |,
hY |:C&D]C [o 1}

of the adjoint of [ A&5 ] - with the construction of [ A&5 | and thus obtain that [} | €
dom ([ A4B]) and [ ] = [ 44817 [} ] if and only if
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z He —ec(W)*v
u u _ —v +
| € H, © span Tee(u)*v | veld, neC
y y p(mv
= [ ker([—ecw) =1 pec(w) p(*]).
neC+

Thus a pair [} ] € [7;;] lies in dom ([ A&B ]7) if and only if there exist z € H, and

u € U such that —z(p) — u + ux(u) +@(u)y =0 forall u € CT, i.e., z is given by
(4.18). When such a u exists, we have

lim z(p) = lim nx(n) +e@mM*y —u=0
Ren—o0 Ren—o0

by Proposition 2.6, and hence u is given by (4.19). O

With the formulas in Theorem4.4 as a starting point, it is possible to compute the
main operator A‘Cl = A}, control operator Bf =C} e B, Hf 1), and observation

operator C¢ = B} € B(HZ |, U), of [ A48 ] explicitly.

Proposition 4.5 The domain dom (Aj) = H?’ |of Af = A‘g is given by
dom (A}) ={x e He[Tu e U : > pux(p) —u € Hel. 4.21)

Moreover, when x € dom (A:‘) the associated vector u can be recovered from x using
the formula u = limge ;- 00 NX (1), and

(A)(w) = px() — _lim npx(n), Clx=Bx= lim nx(n). (4.22)
Ren—o0 Re n—o0

Proof By Definition3.11, (3.2), and (3.4), a function x € H, lies in dom (A?) if and
only if [ ] € dom ([ A5 :), and in this case

Adx]  [A&B] [x
Cix|~ |Cc&D] [0]"

Comparing this to Theorem4.4 with y = 0 gives the result. O

To get an explicit description of the (—1)-scaled rigged space (also called “extrap-
olation space”) ’Hf’_l we first need a formula for the resolvent of A%,
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Proposition 4.6 Let AY = A* be the main operator and BY = C* be the control

Ad&Bd .
operator for the dual system node [ (B ] = [égg ]j Then the resolvent of A7 is

cl&n?
given by
(@49 5y =" =50y pect ven. @)
a—pu

Moreover, the following formulas hold:

(Aj(a _ A’;)*‘x) (o= P 8@ et e M. (424)

oa—p
ﬁa—ﬁmg*Qﬁuo=ﬂ%{%95,mue@ﬂyey (4.25)
Bf@— AN =e.(@), aeCT. (4.26)

Proof For & € dom (AZ‘), set x = (o — A})&. From the formulas (4.22) we see that
x(w) = (@ — wEw) + BE.

We conclude that B}§ = x () and x () = (@ — u)&(n) + x(e). Solving for & gives
_ x(w—x(@)
E(pn) = % and formula (4.23) follows.
From A*(@ — A~ =a@(@ — A5~ — 1, we get

x(n) — @@ _

(az@ = a7y 1x) gy = 20 _ pxn) —a@x@)

x () 1

and formula (4.24) follows.

By (3.3), for an arbitrary y € ) we can set x := (& — A21‘|HC,)71 C’y in order to
get[3] € dom ([ 245 :) If we further set [ £ | := [ A48 ]j [} ] then we obtain from
(3.6) that

z=ax, u=qe@))y.

(Here we use the fact that the transfer function of [ A&5]" is @ since the transfer

function of [ 2¢5 ]  is ¢, as observed in Proposition3.10.) On the other hand, from
Theorem4.4 we know that z(u) = ux(u) + @()y — u. Combining these, we have

forally € Y and « € C™ that

() — (@)
EE——
o — [

ax(u) = px(p) + o)y — @)y = x(u) =

and formula (4.25) is established. Formula (4.26) follows directly from (4.7). O

We recall that the (—1)-scaled rigged space is defined as the completion of the space
‘H, in the norm
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el = | B - a0, (427)

and that (8 — A¥) ~! has an extension to a unitary operator from this rigged space onto
‘H.. For x € H,, we now have the formula (4.23) for the action of the resolvent (8 —
A’:,)_l on x. This suggests that we identify the (—1)-rigged space concretely as follows:

He | = x:(C+—>U‘,ul—>M€'HC , (4.28)
’ B—nr
with norm given by
x(1) — x(B)
Ixllp = Hu o X ZXB (4.29)
o B—n g

as was also done in [26,27] in a closely related setting.

Once again the norm depends on the choice of B but all norms arising in this
way are equivalent. Note that constant functions x (1) = u are in Hf,_ | with norm
zero; therefore we view the space as consisting of equivalence classes, where two
representatives x and & of the same equivalence class differ by a constant: x(u) —
£(u) = v for all u € CT for some v € U. We denote the equivalence class of x in
Hf»_l by [x]; and if [x] = [£] then we write x = £. Next some properties of this
space Hi_l are summarized:

Theorem 4.7 The space Hfﬁ | defined in (4.28) and (4.29) is complete.

1. The map ¢ : x — [x] embeds H, into Hi_ | as a dense subspace. A given element
[x] € Hi,l is of the form 1(z) for some z € H. if and only if the function
x(p) — x(o)
> ——
o— U

’H‘c{l C H, for some, or equivalently for all, « € CT. When this is the case, the

equivalence class representative z for [x] that lies in H,, is uniquely determined
by the decay condition at infinity:

lim z(n) =0. (4.30)
Ren—o0

w € CT, is not only in H, but in fact is in dom (Aj) =

2. Define an operator Af|y, : He — 'Hf’_l by

Al x = [n > px(W)], x € He, peCh. (4.31)
When H. is identified as a linear sub-manifold of 'Hf’_l, then A} |y, is the contin-
uous extension of A} : dom (Af) — H, to an operator H, — Hi_ |- Its resolvent
is given by

(@ athe) 1) G0 = 20 ape et e, @)

and for @ = B this is a unitary map from ’Hf _ to He.
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3. With Hi—l identified concretely as in (4.28), the action of C} : Y — Hfﬁl is
given by
Ciy=I[ur @wyl. yel, ueCt. (4.33)
Proof We first check that 'Hf,_ | defined as in (4.28) and (4.29) is complete. Sup-
pose that [x,] is a Cauchy sequence in ny_l. Then the sequence z, (= u
X (1) =xn (B)
B—u
the equation

, u € CT,is Cauchy in H, and it converges to some z in H,.. We solve
% = z(1) to come up with

% — 2w = x(w) = x(B) + (B — wz(w)

S xZp> B-wzn), neCh (434

note that the solution is determined only up to an additive constant. By (4.34), [u —
B—-—wz(w)] e Hfﬁl since z € H., and [x,,] — [x]in Hfﬁ] by (4.29) and the fact
that z,, — z in H,.

1. If z € H, then by (4.28), u — z(n) +v € H?’_l for all v € U, since

Z(W) +v—2z(B) —v
> —

= (B—AH'zedom (A}), peC*, (435
B—u

see (4.23), and hence ((H,.) C HZ”_I. From (4.35) it also follows that if [x] = ¢(2)

for some z € H then p > % € dom (A}) for all @ € C*. Conversely, if

wi= > )%;@ € dom (Aﬁ) for some o € C*, then by (4.22):

(@ — ADHw) () —x(w) = @ — Wwp) + Relri,riloo nw(n) — x(w)

=—x(@) +_lim nw(n),
Ren—o0

which is constant, so that [x] = L((& — A?)w).

It is a consequence of the estimate (2.7) that functions in H, satisfy the decay
condition (4.30). As two representatives of the same equivalence class differ by a
constant, itis clear that there can be at most one representative of a given equivalence
class which satisfies (4.30). Thus the decay condition (4.30) picks out the unique
representative which is in . (assuming that the equivalence class is in the image
of ¢). Apart from the claim that ¢(7.) is dense in Hf’_l , Assertion 1 is proved.

2. We next suppose that x € H, and we wish to verify that [pux(u)] is in Hf’_ I

Thus we must check that the function z : u +— % is in H,.. But we

have already verified that this expression is just the formula for AZ‘(E - Aif)_lx,
see formula (4.24), and hence z is in H. as wanted. Thus A}|3, maps H, into
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H¢,—1 and it follows from (4.22) that A%|3;, is an extension of A} interpreted as
a densely defined operator from H, into H,. _1. It is straightforward to verify that
the formula (4.23) for the resolvent of A extends to (4.32); use (4.31) and read
(4.34) backwards. Combining (4.32) with (4.29), we obtain that (8 — A |Hc)_l is
isometric from all of Hf’_ | into H.. On the other hand, (E — A% |HC)’1 is onto H,.
by (4.34): for every z € H,, [+ (B — w)z(u)] € H, 1 is mapped into z by
B — Al _

By construction, once we fix our choice of B € C* to define the norm on the
(—1)-rigged space, the operator (8 — A¥ |HC)_1 is unitary from this rigged space
onto H,.. This makes precise the identification of the completion of H, in the norm
(4.27) with the concrete version of Hf’_l given by (4.28)—(4.29). Moreover, A%|3,

maps H, continuously into Hf _1» since for all x € H,:

1A xllpgs | = 1B — AT ™ Albxllg, = 1B — AD ™ 'x = xlly,
< |IBING =AD"+ 1| ¥l
Because Hd _, is a completion of ¢(H.), it is clear that ((H,) is dense in ’Hd _1

Now Assertlons 1 and 2 are proved completely.

3. By Definition3.1.3, C¥y = [A*&C}][3] — Afl.x, where x is any choice of

function in H, for which [’y“] is in dom ([ égg ]:), here we use the fact that such

an x exists for every y € ) by (3.3). Using (4.18) together with (4.31), we see that

Cly=Ipnr> pux(w) + @y —u—px(w)] = [u > g(uw)yl, neCh,

and (4.33) follows. O

~ We point out that yu +— (B: w)z(w) in (4.34) is the unique representative of
(B — A¥|3 )z with value zero at ; this will be useful in Sect. 4.7 below. Furthermore,
it follows from (4.22) that for all x € dom (A%):

(@ — ADx)(w) = @ — pwx(p) + Relri,riloo nx(n),

so that for arbitrary & € C*:

. lim nx(n) = (@— AHx)@), x € dom (A}).
en—0o0

We next give another interpretation of this limit.

Remark 4.8 Assume that f and its distribution derivative £/ both lie in LZ(R*; V).
Then their Laplace transforms f and f " both lie in H 2(C*; ), and upon combining
the general Laplace-transform formula f (w) =pn f (n) — f(0) with (2.6), it follows
that

o Jim wf(w) = £(0). (4.36)
e pu—00
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Hence, the limit limge ,— o0 7 (17) equals X(0), where ¥ is the inverse Laplace trans-
form of x. Comparing this to (4.22), we see that Af is the frequency-domain analogue
of spatial derivative, the generator of an incoming left shift.

In fact, [ ég‘g ]: is a frequency-domain analogue of the standard output-normalized
shift realization of @, but with H,. as state space rather than an isometrically contained
subspace of H2(CH: U); see e.g. [45, Def. 9.5.1]. The reason for choosing the state

space H, is that it makes [ A&5 | energy preserving, provided that we choose the

appropriate norm in H.. The realization [ #&5 ] is in general not energy preserving
if we use the norm of H 2((C“L; U) on the state space; see [9] for more details on this.
These statements are included only in order to provide the reader with some intuition;

we make no use of them here and we give no proofs.

As a corollary of (4.33) and (4.28), we see that

prs P 0@ g foralle € CF and y € V. 4.37)
o —
In fact the formula (4.25) identifying this expression with (&d — A% |,.)~ I'c *y can now
be seen as a consequence of the formula (4.33) combined with (4.32).
Finally, note that [égg ]Zf can be recovered from A%, C¥*, B}, and ¢ evaluated at
one arbitrary point in CT, as described in Remark 3.3.

4.4 More Explicit Formulas for the Controllable Model

In this subsection we obtain more explicit formulas (to the extent possible) for the
action of the operators A., B, and C, in [ég‘g ]C.

Let us say that an expression of the form (o — Ao) " Yec(M)*u, where o, & € CT and
u € U, is a regularized kernel function. While a kernel function e, (A)*u itself may not
be in dom(A.), a regularized kernel function is always in dom(A.). More precisely,
by the first assertion in the following proposition

A u — . —\ K
fo::Span[EC()u e_(a)u)uec+,u€U]
o —A
= (¢ — Ao)""span {ec(M)*ulr € CT, u e U}, (4.38)

and by Lemma 3.5 and (4.7) this linear span is a dense subspace of dom (A.) in the
graph norm for all fixed « € C*. In particular, the difference of two kernel functions
with the same u € U is in dom (A.). (The linear span Fy can also be viewed as a
dense subspace of H,.)

The first result gives more explicit formulas for the actions of A, and C, on regu-
larized kernel functions:
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Proposition 4.9 The following statements hold for the system node [CAgg ]c in The-

oremd.2:

1. The action of the resolvent of A. on kernel functions is given by

_ ) —e@

o—r

(@ — A~ (ec(M)*u) , a,reCrueld. (439

The formula (4.39) uniquely determines the action of (« — Ac)~! on the whole
space H. by linearity and continuity.

2. The main operator A. and observation operator C, of [ égg ]c have the following
actions on regularized kernel functions:

xec()\)>‘< — e (@)*
— u
o — A
o) - p@)
= U
o — A

Ac((@ = A) ec (W) u) = . and (4.40)

Ce((@ — A ec(M)u) , e, reChueld. (441

Moreover these formulas uniquely determine A, and C. on the whole space H.,1 =
dom (A,).

Proof 1. We first prove that the resolvent of A, satisfies (4.39). For arbitrary o, A €
C* andu € U we by the definition (4.3) of [ A&5 ]C have that [ e« ] [ec@™u] ¢
dom ([ ég‘g ]C) and that

|:€c()\)*ui| B [ec(ﬁ)*u} _ [ec (M) u — ec(&)*u] < dom ([A&B]) ’

u u 0 C&D

Ac * % :A&B c(A)* ()"
ear o ] ([T

_ -Xec(kl* — e (a)*
=1 oM - @) ]” (442)

so that in particular e, (A)*u — e.(@)*u € dom (A.) and
Ac(ec()*u — ec(@)*u) = rec(M)*u — aec(@)*u.
Now clearly

(@ — Ac)(ec()\)*” - ec(a)*u)
= ae. (M) u — ae. @) u — rec(N) u + ae (@) *u
= (& — Mec(V)*u,
which shows that the resolvent satisfies (4.39). As the span of kernel functions is

dense in H, and (¢ — A.)~! is a bounded linear operator on H,, we see that (4.39)
uniquely determines (@ — A.)~! on the whole space H...
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2. It follows from (4.42) and (4.39) that A, and C, satisfy (4.40) and (4.41), and
therefore the maps A, and C, are determined by these formulas on the dense sub-
space JF of their domain dom (A.). Since A, and C, are bounded from dom (A.)
to H. and ), respectively, the claim follows. O

Proposition4.9 is of a preliminary nature, and now we proceed to search for the
actions of operators on generic elements of their domains. The following important
result is a consequence of Theorem 3.12.

Theorem 4.10 The following claims are true:

1. For arbitrary [ﬁ] € dom ([ ég‘g ]C) we can set y := [CC&DC] [i] and obtain

[Ac&B.] [ﬂ = > —px(n) —g(u)y +u, peCt. (4.43)

Here u can be recovered from [)yc] using (4.19). Moreover,
(Acx) (1) = —px(u) — @(u)Cex, x €dom (Ac), p e CT.  (4.44)

2. We have
A&B x He
oom (255 < {[2] <[]
dyelY: ur> —px(u) —@(n)y +ue Hc}, (4.45)
and in particular

dom (A,) C {x € H,

yelV: prpux(n) +o)y € Hc] . (4.40)

Proof The Eq. (4.43) follows from the energy-preserving property of [ 4&5 | , The-
orem 3.12.1, and Theorem 4.4. Taking # = 0 and using the Definitions (3.2) and (3.4)
of Ac and C., we obtain (4.44). By Definition3.1, [A.& B, | maps dom ([ A&8 c) into
‘H., and combining this with (4.43), we get (4.45). Taking # = 0 in (4.45) together
with (3.2), we arrive at (4.46). O

Corollary 4.11 For every u € U, there exist x € H. and y € Y, such that

p> —px(u) — @)y +u € He. (4.47)

Also, for every y € Y, there exist x € H. and u € U, such that (4.47) holds. The set
of x € H,, for which there exists au € U, such that u — —ux(u) +u € H, is dense
in He.

Moreover, (4.47) holds ifand only if [ | € dom ([ A8 f) andu = [B}&D}] [} ].
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Proof By (4.2), for all u € U, we have [fc(g)*”] € dom ([ 248 ]C) forevery A € Ct,
and by Theorem4.10.2, this pair [} ] satisfies (4.47) with y := [C.&D.|[}] =
@(Mu. The condition (4.47) is equivalent to [}] € dom ([ &5 ]j) and u =
[Br&D¥] [} ] by Theorem4.4. Now the proof is completed by combining (3.3) with
the fact that [ég‘g ]: is a system node with input space ). (Recall that dom (A*) is
dense in X" for a system node with main operator A* and state space X'.) O

The inclusion (4.45) is in general not an equality and hence (4.47) does not imply
[%] € dom ([ €5 ].); this brings us some difficulties later. If we know A, includ-
ing its domain, then it will soon turn out that we can calculate C.x for generic

x € dom (A.). Then the following continuous-time version of Theorem 1.4 gives

a description of [ A&5 | , including its domain:

Theorem 4.12 A pair [ ;] € [7;0 ] lies in dom ([ 25 ] ) if and only if for some, or

equivalently for all, . € CT, the function x — e.(\)*u lies in dom (A.). When this is

the case, for an arbitrary fixed . € C*, the action of [ ég‘g ]C is

[A&B} [x} _ [u > —ux (W) — oy + (1 - so(ﬁ)*fp(x))u]
c&D | |u Vi + @ Gu | (448
Yo = Cc(x - ec(k)*u)-

Proof By (3.3) we have that x — (A — Aclp,) ' Beu € dom (A,) if and only if
[%] € dom ([ A4&5].) for arbitrary A € C*, and this should be combined with (4.7)
to verify the claim on the domains. It follows from (3.8) and (4.7) that [CC&DC] [ﬁ ] =
¥ + ¢(A)u, and together with Theorem4.10.1, this implies (4.48). O

In the sequel, the following bounded operator from H, into ) plays such an impor-
tant role that we give it a special notation:

Definition 4.13 We denote
Tew = Cela— A", aeCh. (4.49)
From (4.25) it then follows that for all y € V:

¢(p) — g(@)
> —,

— eC*. (4.50)
a—un

(te)'y = (@ — Allp) ' Cly =1

Hence, if x happens to lie in dom (A), then taking # = 0 in (4.48) yields (note the
absence of A from the right-hand side)

Va=Ccx =Tcq(a— A)x
for @ € C*, and moreover, y;, is the unique element in )/, such that

o) — ¢(@)
I —

> forall y € V.
oa— [ H(‘

(Yo, Y)y = <(a —Adx, u
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This should be compared to the definition of g(0) in (1.11).

In fact, the arbitrary parameter A in Theorem 4.12 is only used for calculating y =
[C C&DC] [ﬁ ], which is obviously independent of A, and the formula for [AC&BC] [ﬁ ]
in (4.48) only depends on y, not on X; compare (4.48) to (4.43). In Theorem 1.4 there
is no need for any arbitrary parameter w, because there [§] € dom ([ & p¢ ]) for all

x € He, since [ ¢ p¢ | is bounded.

Remark 4.14 The use of 7. o thus allows us to calculate C. on generic elements of
dom (A.) using C, = 7. q(a — A.) and (4.50), assuming that we have an explicit
formula for A., but note that the formula (4.44) gives the action of A, in terms of C,.
This circle definition can be corrected if the condition H.N{@(-)y|y € Y} = {0} holds.
Indeed, under this assumption, the function ¢ (-)y, such that u — ux(u) + @(n)y €
"H., is uniquely determined by x. (Such a y exists for every x € dom (A.) by (4.46).)
Note that y will in general not be uniquely determined, only the function @(-)y; see
Lemma4.16 and Theorem4.17 below for more details on this.

With the help of . 4, we have an explicit formula for the resolvent operator (o —
A.)~!, a € C*, on generic elements of H,:

Corollary 4.15 The resolvent operator (a — A.)~" acting on arbitrary functions in
‘H, is given explicitly by

x(p) — () Te,ax

, xe€He, a,peCr.  (451)
o+ N0

(@=a07x) =

Proof Setting z := (o — Ao 'xin (4.51) and using (4.49), we obtain the equivalent
condition

(@ + m)z(w) = ((@ — A)z) () — §(u)Cez, z € dom (Ac), u € CF,
which is true by (4.44). m]

Using (4.51) involves calculating 7. ox for generic x € H,, but we have no explicit
formula for this except for in the case when x is a kernel function; see (4.41). One
way to calculate 7. o is to use (4.50) and calculate

Po(n) — (@)
(Teax.v)y = (x, p>————vy) . vey
a - H H(,’
From the domain of a system node [ égjg , the domain of A, is constructed using

(3.2). Conversely, if we know dom (A.), then we can recover dom ([ A48 ]) using

(3.3) as in the proof of Theorem4.12. In particular, the following result shows that we
have equality in (4.45) if and only if we have equality in (4.46).
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Lemma 4.16 The following claims are true:

1. The condition

A&B x He )
om ([245]) = [1] <[] pr e
o —ux () — e(u)y +u € Hc], (4.52)

holds if and only if
dom (A;) ={x € Hel3y € Vi p> ux(u) +o(w)y € He}o (4.53)
2. It holds that
He N {e()yly € Y} = {0} (4.54)
if and only if for some (or equivalently for all) o € C*:

dom (A;) N {,u — M‘y € y] = {0}. (4.55)
o+ W

3. The conditions (4.52)—(4.55) hold if and only if for some (or equivalently for all)
acCt:

Hcﬂiui—)%‘yeylz{m. (4.56)

Proof 1. By Theorem 4.10, the domains are included in the sets on the right-hand
sides of (4.52) and (4.53), so we only need to show that the converse inclusions
are equivalent. First assume (4.52) and let x € H. and y € ) be such that

o= px () +@(u)y € He. (4.57)

The working assumption (4.52) then implies that [§] € dom ([ A&5].). and
according to (3.2), this precisely means that x € dom (A.).

Now assume (4.53) and (4.47). Since « K (-, @)u € H., we also have

= px(p) — @)y +u —aKe(u, @)u

1-¢ _
= —ux(p) + MMM — (W) (y — p(@)u)
n+ o

in H, as a function of © € C*. Hence,

1— a(u)w(a)u

Jyel: ur —ux(u) +n — oWy € He,  (4.58)
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since one can simply take y := y — ¢(«)u. The statement (4.58) is by (4.53)
equivalent to x — e.(@)*u € dom (A.), and according to the first assertion in

Theorem 4.12, this is equivalent to [’,j ] € dom ([ égg ]C)
2. Firstassume (4.54) and suppose thatz := u — Wy ¢ qom (A.) for some choice

a+u
of y e Yand o € CT. Use (4.44) and (4.49) to calculate

(@ —A)z=pr (a+wzp) +e()Cez
=pur> o)y +oe(Cez e HeNP()Y.

By (4.54) this quantity is 0, and since « — A is injective, we have z = 0, and it
follows that (4.55) holds for all « € C*.

Conversely, assume that (4.55) holds for some @ € C* and suppose thatx := @(-)y
is in H, for some y € ). Use (4.51) to calculate

x(1) —@(W)Te,a X
o+ u

(@—A) 'x=pr

P (2.4 x) € dom (Ac) N ;Lﬁy.

= =
H o+ u

By (4.55) this quantity is 0, and hence also x = 0, which proves (4.54).

3. First assume that (4.56) is satisfied. Then trivially (4.55) holds, since dom (A.) C
‘H., and we next prove that (4.53) is satisfied too. Suppose thatx € H.andy € Y
are such that (4.57) holds. Then for every o € C it also holds that

z:=p > (o +pwx(u) +¢(n)y € He and thus
() — o(p)y
> —— €

He.
o+ u

X =

On the other hand we have

@—A) e =ps W —o(WTeaz e dom (A,) C He,
o+ u

: W (Y—Tc02)
and these two together imply that p — T

i - FUO—Tead) _ e
tion (4.56) then gives that e = Oforallu € CTie, @)y = () Tc.02,
and this implies that x = (@ — A.) "'z € dom (A.).

Finally, with the objective of showing (4.56), we assume~that o € Ct is such that
(4.53) and (4.55) hold. Then we pick an x = p > 297 ¢ 3¢, so that also

a+p
ax € Hc, and thus by (4.53):

€ H.. The working assump-

()

o+ u

e(wn e
+a

o+ u a+u

xedom(A) Iy e): u—>pu +o(n)y € He

S IJyey:pu-pu +@(wy € He.
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This is seen to be true by simply choosing y := —n. Thus every x € H, of
the form x(u) = %Ly also lies in dom (A.), and (4.55) finally gives the desired
result. m|

4.5 Conservativity and the Extrapolation Space

Theorem 1.5 includes a characterization of the case where controllable isometric
realization is in fact unitary. The corresponding situation in the present paper is
that [égg ]C is not only energy preserving, but even conservative, so that also
[égg . Is also energy preserving. We have the following characterizations of this
case:

Theorem 4.17 The following conditions are equivalent:

A&B1 ; ;
1. The system node | £g1) ]c is conservative.

2. The condition (4.52) holds together with the following implication:
o)y eHe=y=0. (4.59)
3. The condition (4.56) holds for some (or equivalently for all) « € Ct and

P(w)y =0forallp e Ct = y=0. (4.60)

4. The function 1 — @ (-)*@ () has maximal factorable minorant in the right half-plane
sense equal to 0, i.e., ifa : CT — B(Y,Y’) is holomorphic with a(u)*a(pn) <
1 — @(u)*@ () for almost all i on the imaginary line iR, then a = 0.

Proof This proof is heavily based on Theorem 3.12. We first prove that 3. implies 2.:
Assume (4.56) and (4.60). Then (4.52) and (4.54) hold by Lemma4.16.3. Hence, if
?(-)y € He, then @(n)y = 0, for all © € C*, which by (4.60) implies y = 0.

We next show that 2. implies 1. Assume that (4.52) and (4.59) hold. By

Theorem3.12.2, we need to show that [[C[CI(&O[;C]] maps dom ([égg]c) onto

dom ([ CAgg ]:) Hence fix [)y‘] € dom ([ égg ]:) arbitrarily and let u be the unique

element in { for which (4.47) holds; see (4.20). Then [ | € dom ([ 485 ] ) by (4.52)

and we may define n := [CC&DC] [),j ] It follows from Theorem4.10.1 that (4.47)
holds also with y replaced by 7, and hence ¢(-)(y — ) € H,. Now the implication
(4.59) gives that y = n = [Cc&Dc| [ ]

Next we establish that /. implies 3.: By Theorem3.12.2, conservativity of [ A4&5 |
implies that R := im([ ég‘g ]C + [gg]) is dense in [7};] for some, or equivalently

for all, « € C*. From the construction of [ 4&5 ] it follows that

. (@ + wec(m)*u
g'_SpanH p()u }

ue(C*,ueL{]

is dense in R, because by the construction of | A&8 | . the graph of [ 2488 ] +[%7]
is the closure of
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(@ + wec () u He

p(uwu + . Yy

span e (D) u )u eC,uelly in M,
u U

Therefore G is also dense in [7}; ]

Now note that we have

HEEIEE

- ([(m M)ec(ﬁ)*u} ’ [ZD[H | —0 forallpeCrucld

p(pu y
szeM, and ()= -2 et
o+
Thus, if © +— ACONS ‘H. then we can denote this function by —z and get that

oatu
[5]e€ [73[;] © G, which then by the above implies that z = 0 and y = 0.

The equivalence of assertions one and four is reduced to the corresponding discrete
result in Theorem 1.5 using the Cayley transform described in Sect. 6. O

Remark 4.18 We can make the following interesting observations:

1. The condition (4.59) implies (4.54). Together with (4.60), (4.54) also implies (4.59).
Note that (4.60) can also be written N, cc+ker (¢(11)) = {0}. Implication (4.59)
holds, e.g., if ¢ is bounded away from zero on iR. Indeed, in this case @(-)y is
not even in L2(R, U) for any nonzero y € Y, and a fortiori, ¢(-)y € H.. In the
example in Sect. 4.6 below, the implication (4.59) can be false but (4.54) is true.

2. Note that (4.56) is true if @ is inner: In this case H. = H>(C™; U)6M¢H2((C+; V)
isometrically by Corollary 2.5, and the function @ +—> (fx(iLy , e Chis Mz

applied to the kernel function e(x)*y in H 2 (C*; ), cf. Lemma?2.1.2. Hence, for
A&B

every co-inner ¢, the model [ A4&5 ] is conservative.

3. On the other extreme of the situation in 2., if ||¢ ||y~ = § < 1, then H, is simply a
re-normed version of H>(CT; U) by (2.4), since /1 — 82 < (1 — M(;M(%)l/2 <1
and Qx = x, because 1 — M(;Mg is injective. Then the intersection in (4.56) is

Gy

a+i

for all © € C*. If ¢ is identically zero, then condition (4.60) is violated and hence

A&B . . . . . A&B .
[ C&D ]C is not conservative in this case either. Thus, [ c&D ]C can be conservative

only if [|¢ll goo(c+is,y) = 1

all of {M — |y eV, ne (C+} and H, is not conservative unless ¢(un) = 0

In the rest of this subsection, we assume that (4.56) holds, which is true e.g. if
[ég‘g . Is conservative. In this case we can proceed to identify H. —; concretely
and calculate A.|y, and B, explicitly. In addition to (4.56), we make vital use of the

characterization (4.53) of dom (A.).
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Since dom (A.) is given by (4.53) and H¢ 1 = (B — Acln, )Hc, the formula
(4.51) for the resolvent of A. suggests the following concrete identification of the
extrapolation space:

4.61)

H,:,_lz[x:<c+—>y‘3yey: MHMEHC].

B+
The property (4.54) guarantees us that the function ¢ (-)y in (4.61) is uniquely deter-

mined by x (whenever at least one such function exists). Note that the choice of y is
is in general not unique. Now we set

x(u) + @)y

lxli#, ., = Hu > ’ , X €He1. (4.62)

—1 ﬂ+l‘L HC C
We have ¢(-)y € H. —1 with zero norm for all y € Y; simply choose y := —y
in (4.61) and (4.62). Conversely, if [[x]l3;, , = 0, then u r> W — 0 for
all u € C,ie., x(u) = —@(n)y for all u € C*. Hence, the elements of H,

are equivalence classes of functions modulo the subspace ¢(-)). These equivalence
classes are denoted as [x], where x is any particular representative of the equivalence
class. We summarize the properties of the space H., 1 as follows:

Theorem 4.19 Assume that (4.56) holds. Then the space H.,—1 given by (4.61) and
(4.62) is complete and the following claims are true:

1. The map v : x > [x] embeds H, into H.,—1 as a dense subspace. A given element
[z] € Hc.—1 is of the form 1(x) for some x € H, if and only if there is a choice
of y in Y so that the function p +— Z(M)—:_M is not only in H. but also in

o+
He1 = dom (A.) for some (or equivalently for every) a € CT.

2. Define an operator Ac|y, : He = He,—1 by
Aclp,x ==[pu > —px(w)], x € He, p e C*. (4.63)

When H, is identified as a linear sub-manifold of H. 1 via the embedding map
above, then A.|y, is the unique extension of A : dom (A;) — H, to a continuous
operator H. — H¢ —1. Moreover, the following operator is unitary from H. 1 to
He

x(u) + @(n)y

’ [-x] € HC,—I’ I‘L € (C+7 (464)
B+nu

((B = Aclp) 'Ix1) () =

where the condition u +— x(“?_# € H. uniquely determines ¢(-)y.

3. The action of B, : U — H, —1 is given by

Bu:=[ur—ul, ueld, ueCr.
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Proof Completeness of H. 1 is proved precisely the same way as completeness of
Hfﬁl was proved in Theorem4.7: For a Cauchy sequence [x,] in H,. —1, denote the

limit of the Cauchy sequence z,, := u )%i(“)y” in H,

in Hc, 1, where x(u) = (B + wz(n), u € Ct.
1. Itis clear that «(H,.) C H, —1, since by (4.51),

by z. Then [x,] — [x]

x(uw) + o)y
H S ——

E =(B—-A)"'x e Hen CH,
with y = —7. ox. We prove denseness of H. in H. _; in the proof of assertion
two.

Next assume that the function g(u) := W lies

a € C*. We need to prove that x := (@ — A.)g € H, has the property [z] = ¢(x).
We may use formula (4.44) to compute

in dom (A.) for some

(@ —A)g) () = (a4 wg() + e(u)Ceg
=z(W) + oy +o(u)Ceg
=z() + () (y + Ccg) = x(w),
and we can conclude that [z] = [x], where x € H..
The converse implication is seen as follows. Assume that [z] = [x] with x € H,

and let @ € CT be arbitrary. Then z(u) = x (1) + @(u)y for some y € ), and by
(4.51) it holds that

(W) = eWTeox _ 2(W) — () (TeoX + 7/)_

(@ =A™ x)(w) =

o+ U o+ u
Choosing y := —1. 4x — y, we thus have that y — %ﬁlﬁ“)y € dom (A.) for

everya € Ct.
2. If x € Heand z(n) = —px(u), then [Bx — z] € H, 1 since

Bx(p) —z(p) .
= ﬁT =X € Hc, (465)

take y = 0 in (4.61). Moreover, Bx € H, C X, —1, and it follows that [z] = [ —
—ux(p)] € He —1. This shows that (4.63) defines an operator from all of H,. into
‘Hc,—1. If it happens that x € dom (A.) then A.|y x = [A.x] by (4.44), and hence
A¢|7, is an extension of A..

The operator in (4.64) maps H. — into H, and it equals (8 — AC|HC)_1, because
(4.63) gives

[(B - Aclm)_l[x]] = [M > ;f” , weCt,
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andas [x] € H, —1,thereby (4.61)existsay € ) suchthat i — )%i(“)y e H..

By (4.61), (4.62), and (4.64), (B — AC|HC)_1 maps H,,—1 isometrically into H..
On the other hand, for an arbitrary z € He, x := u — (B + w)z(w) satisfies
[x] € He—1 and (B — Aclp,) " '[x] = z. Thus (B — Aclp,)~! is onto H,, and
from here it follows by a standard argument that A¢|3, € B(Hc, He,—1).

3. Combining (4.7) with the formula for A. |3, we see that for arbitrary & € C:

Beu = (o0 — Aclp,)ec (o) u

1 - ﬁ(u)w(a)u

- i|=[,u+—>u], ueld, peCr.
w+a

=[w—>(oc+u)

O

It follows from Assertion 3 in Theorem4.19 that all constant functions [ — u]
are in H. 1, but here they have non-zero norm in general. This can actually be seen
directly in (4.61), by choosing y := —¢(8)u; then the function in (4.62) is e, (E)*u,
and [|[ulllz, _, = |ec(B)*uy, # 0.

So far we only know the resolvent of A.|7, at the single point 8 corresponding
to the rigging. Based on (4.51) and (4.64), it seems plausible to guess that for other
a € C" the resolvent at @ would be

x(w) +o(n)y

[x] € He—1, a,p € CT, (4.66)
o+ U

(e = Aclr) X)) () =

for some y € ), which depends on [x] and «.

Proposition~ 4.20 Assume that (4.56) holds. For [x] € H.,—1, let y € Y be such that
s W € H,. Then (4.66) holds with the choice

x() + 5(-))"

V::y"i_(ﬁ_a)fc,a B+-

Proof We can use the resolvent formula
(@—=Acln) ™ = (B—=Acdp) " + (B )@= A)T (B — Acln,) !
together with (4.51) and (4.64) to calculate (for u € CT):

_ x(w) + @)y

B+

T(W+HoWy _ =~ x(O+pO)y
=g T

o+

(0 — Aclpg) " x1) (1)

+(B— ) (4.67)
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Straightforward simplifications show that (4.67) minus the right-hand side of (4.66)
equals

o) ( x() +<Z(')y)
— + —0)Teqg— |} 468
il Rl B -, 5 (4.68)
which proves the claim. O

4.6 An Example: Constant Schur Functions

We illustrate some of the results so far using the case of a constant ¢. Assume that
o(u) = D, for all u € C*, so that ¢ € S(CT;U,)) if and only if ||D.| < 1.
Then it follows from (4.50) that 7., = 0 and C, = 0, and Corollary4.15 then
yields that (o — A" lx = w > x(u)/(a@ + ), n € CH, and by Theorem4.10,
(Acx) () = —px(p), p € CH, for x € dom (A.), where

@mmo=aWw%rWu=|uH»“”
o+ u

z€He, n e (C+] ) (4.69)

Here ¢ € Ctis arbitrary, and by Definition 3.1, we also have
dom (A;) = {x € H|Acx € Hel = {x € Help = px(pn) € Hel,
so that (4.53) holds with the additional simplification that we only need to consider

y=0.
Now Theorem4.12 gives (for some arbitrary o € CT)

dom ([ ], )

:{qerﬂ m+mam—0—mawe®mm4
| u U o+
= [ x} € [H‘} p> —ux(p) + (I = DID:)u € HCI » and
_u u
A&B [x] _ [p+— —pux(w)+ (1 — DiDou
O i S

where we used (4.69) and that «x € H, in the second equality. Note that the arbitrary
parameter A € C" in (4.48) does not appear here.

In (4.70) the state part is purely for energy accounting, since the output is inde-
pendent of the current state. If it happens that D, is isometric, then the energy is
preserved without any state needing to absorb energy, and indeed H, = {0} in this
case, as can easily be seen from the reproducing kernel K. of H,. Then the realiza-
tion consists only of the static operator D.. If D, is not isometric, then the function
Beu = > (1 — D¥D)u, n € C*, never lies in H, unless it is zero. Thus B is
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strictly unbounded (in the terminology of [32]), and it is interesting that both A, and
B, are unbounded even though the transfer function ¢ is rational, even constant.

We make the following observations on the dual system node [ égg ];k Due to
Theorem 4.4, the first equality holds in

aom([285]) =[] <[5]

Jueld: p— ux(n)+ Diy —u e H,

_|dom (Af)
= |: N i| , 4.71)

where as usual
dom (A) ={x € HelFu €U : > px(n) —u € Hel,
because for all x € H, and y € ), it holds that
ueld: pr—>pux(w)+Dly—uecH < veld: u— ux(n) —v e He.

It is a rare convenience that the domain of a system node decomposes into a product
space in this way; it is for instance not the case for [ég‘g ]C itself.
The fact that C}¥ = 0 can also be seen in (4.33), since

ICEYIgga = [l > DiYl|pa =0, y € dom A

A consequence of C = Oisthat [A*&C¥][xy] = AXx = p — px(u)— lim nx(n).
n— 00
This agrees with (4.18)—(4.19), since N lim @(n)y = ¢(u)y, u € C*, and these
en— oo

terms cancel in (4.18).

Due to Proposition2.6, we have that (-)y = u + D}y € H. only if D}y =0,
and thus (4.54) holds. The implication (4.59), on the other hand, holds if and only if
D} is injective, i.e., D, has range dense in ). By Theorem 4.17, D. has dense range

and (4.56) holds if and only if [ég‘g ]C in (4.70) is conservative.

4.7 Reproducing Kernels of the Rigged Spaces

We finish our study of the controllable realization by calculating the reproducing ker-
nels associated to the rigged spaces. In this subsection we do not make any additional
assumptions, such as (4.56), unless otherwise indicated.

Recall that the state space H. for the system node [ A&% | is a reproducing kernel
Hilbert space with reproducing kernel K. as in (4.1). By construction the 1-scaled

rigged space Hd 1 of the dual also consists of U-valued functions and it is not difficult

to see that the point-evaluation map e .1() is bounded in Hd -norm and hence H
is also a reproducing kernel Hilbert space. The same is true for Heo1-
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Technically the (—1)-scaled rigged spaces Hfﬁl and H. — are not reproducing
kernel Hilbert spaces since they consist of equivalence classes of functions rather than
of functions. However, while point-evaluation is not well-defined on Hf’_l , the map
[z] = z(u) — z(@) is well-defined for all fixed o € C™; this amounts to evaluating the
unique member z of the equ1valence class [z] normalized to satisfy z(e) = 0. Here it
is most convenient to choose @ = f3, the parameter used to define the 'Hd qand Hd -1
norms.

If we deﬁnee () H _; —~>Uby

e (wlz)=z(uw) —z(B). [eMl_ |, neCh,

then e‘i_l(u) is also bounded for every u € C*. More precisely, ||ef’_1 =
ul llec(m)ll, since we by (4.32) have

e otl] = 1260 = 2Bl = |ecw @ = (B - Al )|,
< lecGoll 1B =l I2lllpge ., 12l € HE .

We may then consider the function
K¢ j(uo ) =el_j(wel _j(0*, p.reCt,

to be the reproducing kernel for Hd 1

Suppose that x € H., _1. With assumptlon (4.56) in force, there is a unique choice
of function ¢(-)y, so that u +—> % € H,. The space H, — is defined as
equivalence classes whereby [x] = [x'] means that x — x’ = u +— @(u)y, for
some choice of y € ). To define a point evaluation e, _j(1) on H. _1, we have
to choose a canonical representative of each equivalence class. We choose as our

canonical representative the function i — x(u) + @(u)y, above. Thus we define
ec,—1(A): He,—1 — U by

X+ (Z(')yx

ec—1 (W) [x] = x(4) + g(A)yx, 51

€ H.,, »eCT, 4.72)

and consider K. —1(, 1) := ec—1(u)ec.—1(M)*, w, » € CT, to be the reproducing
kernel of H. _1. The operator e. (1) is bounded for all A € Ct, since

+ ~() X
| S B e Il

lec..1 x|, = H (B+ 1) ec(h) )

Proposition 4.21 We have the following formulas for the kernel functions associated
with the Hilbert spaces Hiil and H +1 (for p, A € C*):

Ke(u, 1) = B (u— AD ™' — Acl,) ' Be, (4.73)
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K& e 2) = Bi(uw— AN~ (B - ADH™
x(B—Ad) " (= Acln) "' Be. (4.74)
K¢ (o)) =B —wB—NBi(w—ADT' X — Acly) ' Be, (475

Kei(u, 2) = BX(u — AH (B — A ™!
x(B—AH T (L — Aclp,) " Be, (4.76)

Ke—1(, ) = (B+w (B + 1B (w— AD 'k — Aclp) 'Be. (477

The above state-space formulas correspond to the following purely function-theoretic
formulas (for 1, A € CY):

1 —o(@*e(1)

Ke(u,2) = =
W+ x
K (o, 2y = Ke@o) K B) KB, 1)~ Ke(B, B “478)
* (B—w(@B -1 (B—w(@B—n
K¢ (e k) = (B — m(B — MK, 1), (4.79)
&Mmmzmwm—wmnﬁmumwam
B+nu B
oy = Kl ®) = KB, 1) (4.80)
B—nu
Keo1(u, 1) = (B+ (B + MKe(, 2). (4.81)

Here the point B € CT appearing in the formulas must be chosen to be the same
B which was used in the rigging He.1 C He C He,—1, So that B corresponds to the
rigging H‘Ci’l C He € HY . The formulas (4.77) and (4.81) depend on Theorem4.19

c,—1°

and hence they are established only for the case when (4.56) holds.
Proof To see (4.73), combine part 3 of Theorem 1.1 with formula (4.7):

Ke(it, A) = ec(Wec(M)* = B (1 — A¥|3,) "'k — Aclpe,) " Be.

As for (4.74), we use that (B — Ajf)_l is a unitary transformation from H, to H‘il.

Hence any f € Hil has the form f = (B — AZ‘)_l g for a unique g € H,, and for
A € C4 we can compute

(B=AH "9, u)y
(B—ADH g ecM) u)p,
= (g, (B— Ad) lec () )y,
(o (B=ADT' B — A ec() u)pqa .

(f ), u)u

Combining this with the fact that the point-evaluation operator in ny | is the restriction
of e.(+) to H? ,, we obtain (4.74). In order to get (4.78), we continue calculating

c,1°
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ec(W(B—AHTHB — A Lec(W)u = ec (1) (B — A;‘rlMu

B—A
Ke(uW)—KeuB)  Ke(B.h)—Ke(B.B)
ay B0
= —_— u?
B—u

where we used (4.39) and (4.23) in the first and second equalities, respectively.

The formula (4.76) follows immediately on replacing g — Alby B— A, in (4.74),
since (8 — A.)~! is the appropriate unitary operator from H, to ‘Hc,1 instead of
(B — A¥)~!. Using (4.23) and (4.51), we obtain (4.80).

In order to establish (4.75), we use that (8 — A%|7,) is a unitary transformation
from H, to Hf’_l. Thus any [f] € Hf,_l has the form [f] = (B — A¥|.)g with
g € H.. Furthermore, from (4.34) we have that the unique representative f for the

equivalence class [ f] satisfying f (B) = 0is given by f(u) = (E — n)g(n). Hence,
we have, for A € CT,

(FO, e = (B = 180,
= (g, (B = Dec( u)n,
= (£, (B =D)B — Al )ec) Wy (4.82)

This proves that (ef’_l()»))*u = (B — M)(B — Afln,)ec(M)*u, and combining this
with (4.31) we obtain (4.79), again choosing the representative with value zero at .
Now (4.75) follows from (4.79) and (4.73).

In order to obtain (4.81) and (4.77), we use (4.72) to compute

(], ec 1) u)pe, = (ec1Wxl udyy = (x() + FR)yx, u)y
I R ch

and using (4.63) with the unitarity of 8 — A.|7,, we further obtain that this equals

<u LX)+ o(Wyx
B+ u He
=(x). (e > B+ w B+ Ke(. Dully, -

1

e Kcm,x)(mx)u}

We conclude that
ee— 1V =[pn—> B+ mw)B+ MK, V],

and since > (B + 1) Ke(u, ) € He, we have e _1(w)ee,—1(0)* = (B + (B +
MK, 1) 0

ThE following result follows from (4.74), (4.76), and the unitarity of (8 — A, |Hc)_l
and (B — A¥|p,) "L
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Corollary 4.22 Forall u, . € CT and u, v € U, we have

(Kgl(u', )\‘)u, U)u - (KC('v )\.)l/i, KC(" M)U)H(T.*l and
(Kc,l(M, Mu, U)u = (Kc(, Mu, Ke (-, M)U)Hifl ’

We now turn our attention to the observable functional model.

5 The Observable Co-Energy-Preserving Model

In this section we present the observable co-energy-preserving model realization of
a given ¢ € S(CT;U,Y) which uses the reproducing kernel Hilbert space H, as
state space. We have already seen in Sect. 2 that K, (i, A) = M is a positive

kernel with associated reproducing kernel Hilbert space denoted as H,. Rather than

defining the system node [ égg ]0 directly, it is more tractable to first define its adjoint

[ A5 ]”. The adjoint is first defined via the mapping

A&B|" Teo()*y heo(R)*y .

cf. (4.2). One can then mimic the proof of Lemma 4.1 to see that this mapping can
be extended uniquely to a well-defined closed linear operator [ég‘g ]: One can then
mimic the whole development of Sect. 4 to arrive at the sought-after results for the
observable co-energy-preserving case here.

A logically more efficient (if not as intuitively appealing) procedure is to reduce
the results for the observable co-energy-preserving case to those of Sect. 4 for the
controllable energy-preserving case by the following duality trick. As was noted in

Proposition 3.10, if ¢(w) is the transfer function of the system node [égg], then

[ éjg‘gz ] = [ 445 1" is a system node with transfer function equal to G(p) = ¢ (f1)*.

Observe that the transformation ¢ +—> @ maps the Schur class S Ctu,) bijectively
to the Schur class S(C*; YV, U). Given a Schur-class function ¢ € S(C*T; U, ), let
égg ]: be the controllable energy-preserving canonical functional-model system

node constructed as in Sect. 4 but associated with ¢ rather than with ¢. Then its

adjoint
([e]) (&85
C&D |, " ci&D?
A&B

is also a system node which has transfer function (¢)~ = ¢. Since [C D ]: is con-
trollable and energy-preserving by construction, as was observed in Theorem 4.2, it

ad d
follows that [gdzgg] is observable and co-energy-preserving. One can then define
d c

the associated observable, co-energy-preserving canonical functional-model system
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node associated with ¢ by
A&B7 _ [Al&Bd
C&D],~ [Cl&D? |

Note that every result concerning the controllable energy-preserving canonical

functional-model system node [ égg ]C obtained in Sect. 4 carries over to a corre-

sponding result for [ég‘g ]0: Simply apply the result from Sect. 4 but with ¢ in place
of ¢ and then express the result in terms of operators associated with the adjoint sys-
tem node égjg ]0 = ( ég‘g :)* rather than with [égg ]CN itself. In this section we
state the most interesting results but leave all of the proofs to the reader. The reader is
invited to supply the proofs by either of the two routes sketched above.

The following result is the observable, co-energy-preserving analogue of

Lemma 4.1, and Theorems4.2 and 4.4 combined.

Theorem 5.1 Suppose that we are given a function ¢ € S(Cy;U, ) and define
H, = H(K,) as above.

1. The mapping (5.1) which was defined initially only on elements of the form
[«%™] e [7};’ | extends by linearity and limit-closure uniquely to a closed linear
operator

oen] (] > com ([255]). ~ [%] 52

which is a controllable, energy-preserving system node having transfer function
equal to §(p) = (m)*, peCr.
2. The adjoint of the system node [égg ]0 given by (5.2), namely

A&B| |Ho A&B H,
Can), [w]oem([E]) = [5] e
is an observable, co-energy-preserving system node with transfer function equal

to ¢.
3. The system node (5.3) can be characterized more directly as follows:

[égg] : [z] — [;i| where 5.4

zZ(w) == px(w) + o(wu—y, pweC*, and (5.5
y:= _lim nx() +e®mu, definedon
Ren—o0

dom ([é‘ﬁﬁl) = [m c [Zo} ‘Ely €eY:zeH,in(55). (5.6)

For every [j] € dom ([ é(‘é‘g 0), the y € Y such that 7 given in (5.5) lies in 'H, is
unique and it is given by (5.0).
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4. The kernel functions K, (-, ) = e,(A)*, A € C™, for the space H, are given by
eo(M)* = (A — A¥ly,)"'CH, reCT.

Remark 4.8 applies with minor modifications to [ A&% | . The following result (the
analogue of Theorem 4.3) explains the canonical property for the functional-model
system node [ A&5 ] .

Theorem 5.2 Let [égg] be an observable and co-energy-preserving realization of
¢ with state space X. Define the operator A : 'H, — X as the unique continuous
linear extension of the mapping

Ac:e,(M)*y > a— A*|;()71 C*y, »reCt, ye.
Then A is unitary from 'H, to X, the operator [ % I(Z{ ] maps dom ([ ég‘g ]0) one-to-one
onto dom ([ égg ]) and

cen][s n]=[0 nlles],

The proof is simply an application of Theorem 4.3 to [ égg ]* and [ égg ]* The

o
following result provides formulas involving the resolvent of [ég‘g ]o.

Theorem 5.3 The main operator A, of [ ég‘g ]0 is given explicitly by
(Apx) () = px(u) — lim nx(n), peCh,
Ren—o0

forxindom (A,) = {x € Hyldy € YV : u+— ux(u) —y € Hy}, and the observation
operator is

Cox = lim nx(n), x € dom(A,).
Ren—o00

The resolvent of A, is given by

x(p) —x(@)

(@ — A 'x)(w) = , a,neCh xeH,. (5.7)

Denoting the control operator of [ ég‘g ]0 by B,, we have the following formulas:

(Ao(a - Ao)il.x)(l,l/) = M, o, U e (C+, X € HO,
— MK
() —w(a)u

(@ — Aolpe,) ' Bou) (1) = apneCruel, (5.8)

Cola — Ap)'x =x(a), aeCt, xeH,.
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5.1 The Dual System Node and Extrapolation Spaces
Just as in Sect. 4.3 for the controllable, energy-preserving case, the formula (5.7) for

the resolvent of A, suggests a way to concretely identify the (—1)-scaled rigged space
‘Ho.—1 defined abstractly as the completion of the space H,, in the norm

lxll = 1B — Ap) I3,

Namely we define

Ho,_lzixzc+—>y’MHMeHo] (5.9)
B—n
with norm given by
g, = Hu - MH . (5.10)
B—nu H,

We emphasize again that the H,, _1 norm (and inner product) depends on the choice
of B € C,; different choices of § give different norms although all such norms
are equivalent. The elements of H,, —; are equivalence classes of functions modulo
constant terms. We have the following analogue of Theorem4.7:

Theorem 5.4 The space H,, —1 given by (5.9) and (5.10) is complete.

1. The map ¢ : x — [x] embeds H, into H, —1 as a dense subspace. A given element
[z] € Ho.—1 is of the form 1(x) for some x € 'H, if and only if the function
— M, w € CT, is not only in H, but in fact is in dom (A,) =

Ho.1 C Ho. When this is the case, the equivalence class representative x for [z],
for which x € H,, is uniquely determined by the decay condition at infinity:

lim x(n) =0.

Ren—o0
2. Define an operator Ayl : Ho — Ho,—1 by
Aglp,x = [p > px(w)l, x € Hy, peCH.
When 'H, is identified as a linear sub-manifold of H, —1, then A,|w, is the unique
extension of A, : dom (A,) — H, to an operator in B(H,; Ho.—1). Moreover,
B - A0|7-[0)71 is a unitary map from H, 1 to H,.
3. With'H, —1 identified concretely as in (5.9), the action of B, : U — H, 1 is given
by

B(lu = [M = (0(11)“]’ ue u’ w € (C+
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We shall now present formulas for the action of the operators of the dual of | A&5 |

on generic functions in their domains. For « € C* we define To.a @ Ho = U by
T = Bj(o — A;)fl, aecCH,
and it follows from (5.8) that

p(n) —p@)
= ———1Uu
o — U

(To,0) 't = , ueld, peCr.

The map 7, enters into the explicit formula for the resolvent of A}; acting on generic
elements of H,, as described in the following analogue of Corollary4.15 and Theo-
rem4.10:

Theorem 5.5 The following claims are true:

A&B

L. For arbitrary [} ] € dom ([C&D

]*), if we set u := [Bj&D:'j] [’;], then we get
o

[A5&C] B} =p> —pux(u) —p(u+y, peCt.

It follows that

am((285]), <[ [« [5]
ueld: pr—> —ux(n) —p(Wu+y € H(,].

2. For x € dom (Afﬁ) the function A};x € H, satisfies the identity
(A3x) (W) = —px (W) — @(W) Byx, peC*,
and in particular,
dom (A}) Clx e HolFu €U : p— pux(w) + o(wu € Ho}.  (5.11)

A&B
C&D

3. Ifwe know A}, then we can characterize dom ( [
o

*
] ) and | B} & D} as follows,

for an arbitrary . € C:

aom ([228],) = [}] < [ %]

[B}& D] m =T (0 — A))(x —eo(W)*y) + §(1);

x —e,(A)*y € dom (A:)] ,

neither of these two depends on the choice of A € CT.



780 J. A. Ball et al.

4. We have the following formula for the resolvent of A};:

x(u) — () Tog X

— , a,ueCr xeH,  (5.12)
o+

(@—Aap~'x)e =

and the action of this resolvent on kernel functions of H, is

eo(M)* —ep(a)*

@— A e,y = —
o — A

y, a,A€ Cct, yey. (5.13)

The formula (5.13) is useful when calculating the reproducing kernel of H, ;.

Similar to Lemma4.16, with an added assumption, it is possible to strengthen the
containment in (5.11) to an equality. Moreover, we obtain a characterization of when
the observable energy-preserving realization is in fact conservative, cf. Theorem 1.5.

Theorem 5.6 The following two conditions are equivalent:

1. For some (or equivalently for every) a € CV, the state space H, has the property

Hom[ﬂl—) M‘u EL{]:{O}. (5.14)
o+ u
2. We have both
Ho N{p(ulu e U} = {0} and (5.15)
dom (A%) = {x € HolFu e U : p > px(n) + ¢(u € Ho). (5.16)

The conditions (5.14)—(5.16) hold together with the implication ¢()u =0 = u =
0 if and only lf[ ég‘g ]0 is conservative. This is in turn true if and only if 1 — @ (-)*¢(+)
has maximal factorable minorant in the right half-plane sense equal to 0.

When (5.15) holds, a given x € H, in dom (Ajj) determines the function ¢(-)u
appearing in (5.11) uniquely through the formula

p(wu = @)Bix, neCr. (5.17)

If [ é‘g‘g ]0 is conservative, then x € dom (AZ) further determines the vector u € U
uniquely in (5.17).

Recall that Hg’_] is defined to be the completion of H, in the norm ||x| =

|| (E—Aj)_lx”. With assumption (5.14) in force, Theorem5.6 assures us that
dom (A*) is given by (5.16). Then formula (5.12) suggests the following concrete

o

identification of the (—1)-rigged space:

Juel: MHME
B+nu

o,

HE = (x:(C+—>y

Ho]. (5.18)
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Now the property (5.15) guarantees us that the choice of ¢(-)u in (5.18) is uniquely
determined by x (whenever at least one suitable u € U exists). For x € Hzﬁ] we set

x(u) + o(uu

- (5.19)
B+nu

lllpg | = Hu - :
0, Hg

Thus elements of Hg’ _ are equivalence classes of functions modulo the subspace

¢ () U. These equivalence classes are denoted as [x] where x is any particular repre-

sentative of the equivalence class. We summarize the properties of the space Hg _jas
follows; see also Theorem4.19:

Proposition 5.7 Assume that (5.14) holds. Then the space HZ,—] given by (5.18)-
(5.19) above is complete, and moreover:

1. The map i : x +— [x] embeds H, into Hi_l as a dense subspace. A given element

[z] € Hi_l is of the form ((x) for some x € H, if and only if there is a choice of

z(1) + e(wu
B+u

H¢ | = dom (A:) This choice of ¢(-)u is then unique.

0,1 —

u so that the function p — , € CT, is not only in H, but also in

2. Define an operator Aj|y, : Ho — 'Hffﬁ] by

Alp,x = [n > —ux(w)], x € H,, neCT.

When 'H, is identified as a linear sub-manifold of Hz _, as in statement 1, then
Ak, is the unique extension of A% : dom (A}) — 'H, to an operator in
B(Hy; HY _)). The resolvent of A%\, is given by

0,—1

(@ — Al ™" 2]) () = W (] e M\ o pe CY,

where the condition p +—

B — A3|H6)_1 is unitary from H. —1 to H.
3. The action of C} : Y — Hi_l is given by

’%ﬂ“)” € 'H, uniquely determines ¢(-)u. Moreover,

Ciy:=[pr>yl, yeY, peCr.

We next present a collection of reproducing-kernel formulas. This is the dual version
of Proposition4.21 and Corollary4.22. Again, ‘H, — and 'Hgﬁ] are not spaces of
functions, but we can identify them with the Hilbert spaces with reproducing kernels

Ko —1(1, 2) = €o,—1 (1) (€0, —1(1))" and
K (o) =€l _ (el _ )",
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respectively, where

eo—1(Wlz] == z(n) —z(B), [zl € Hp—1, € CT, and
e 1w : (B— Ally)x > (B+mwx(u), xeHy pueCh

are bounded operators that point-evaluate well-chosen representatives of the equiva-
lence classes in H,, 1 and HZ _1

Proposition 5.8 We have the following formulas for the kernel functions associated
with the reproducing kernel Hilbert spaces H,, Ho +1, and Hii | (with i, A € C*):
1 — p(p()*
w+r o
Kot (i, 1) = Co(n — A) ™ (B — A)) "' (B — AT O = Abla,) ' C)
Ko(p, 4) = Ko(, B) — Ko(B, 1) — Ko(B, B)
(B—m(B -1 (B—m)(B -1
Ko—1(t. 1) = (B = (B =) Coli — A0) "' (h = Afl3,) ' C;
= (B =B~ VKo, 1),
K& (1) = Colu— A ' (B— AT B — A (k= Ally,) "' C)
Ko(is 2) — p(W)T, 5 (Ko (-5 1))

Ko(t, 1) = Co(p — Ap) (& — Allpy,)'CF =

= — , where
B+
Ko(u, M) — K,(B, A
) = Kol V) = KoB. 1)
B—u
K& (w2 = B+ mB+0Colr — Ag) ' (h — Aflp,) ' CF (5.20)
= B+ mw (B +M Ko, 1). (5.21)

Here B is the parameter used in the construction of the rigging dom (A,) C H, C
Ho.—1 as usual. The formulas (5.20) and (5.21) have only been established under the
assumption (5.14).

Moreover, forall u,» € Ct and y, y € Y, we have

(Ko1 (1t )y, 7)y = (KoC My, Ko, 1)y )ga | and

(K 2y v) | = (Kol by Kooy

This completes our study of the observable functional model.

6 Recovering the Classical de Branges—Rovnyak Models

In this section we use the so-called internal Cayley transformation to recover the
original de Branges—Rovnyak models (1.8) and (1.10). This Cayley transformation
is described in detail in [45, §12.3]; here we only include the small fragments of the
theory that we need.
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Following [45, Thm 12.3.6], the Cayley transform with parameter o € res (A) of
the system node [ égg] is the bounded operator [é g] from [5 ] into [3‘; ] defined
by

A:=@+A)(@—A)"", B:=+v2Rea(a—Alx) 'B,

~ 6.1)

C:=+v2Rea C(a—A)~", and D:=D(a),

where A, A|x, and B are as in Definition3.1, and C and D are given by (3.4) and
(3.5), respectively.

We interpret the bounded operator [ég] described by (6.1) as the connecting

operator of a discrete-time system with the same input space I/, state space &X', and

output space ) as [ A&B |

xtk+1D | _|A Bj[x(k)
[ ) ]_[C D} [u(k)] keZ™ . (6.2)

As in the introduction, the transfer function of the system (6.2) is

D(z) = zC(1 — zA)"'B +D. (6.3)

The reader should be warned that the transfer function of a discrete-time system is
defined as C(z — A)~'B 4+ D in [45], but the results can be translated from one setting
to the other by interchanging z and 1/z.

Recall that a discrete-time system with input space U, state space X', and output
space ) is (scattering) passive, energy preserving, or co-energy preserving, if and only
if the connecting operator is contractive, isometric, or co-isometric, respectively, from
[fj] to [Sg] see e.g. [44, §5].

We use the linear fractional transformation

o— 4 o—oz
Z = — eC" 7) = ,
a(i) Tt 2 Mo (2) T

zeD, (6.4)

also referred to as a Cayley transformation, to map C* one-to-one onto ID. In the
sequel, we often abbreviate z, (-) = z(-) and uy (-) = w(-). By combining the resolvent
identity

(=A™ —@—-Alx) " =@— - =A™ paeres(A),

with the definition (3.5) of the transfer function 5, one can verify that the transfer
function in (6.3) satisfies

—~ ~ 1
D(2) = D (1a(2)), . e res (A), (6.5)

if [ A48 ] and [‘é B | are related by (6.1).
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Remark 6.1 According to [44, Thms 3.1 and 3.2], the Cayley transform [2 B ] is a
contraction (isometric) for some/for all « € C7 if and only if the original system

[ égg] is passive (energy preserving). Moreover, [‘é g] is controllable (observable)

if and only if [ ég‘g ] is controllable (observable). The convention here that the transfer
function has the form zC(1—zA) ™' B+D rather than C(z—A) ' B+D has no influence
on these general facts; see also [45, Sect. 12.3].

It is easy to show that the adjoint of [ ] in (6.1) is the Cayley transform of the
dual of [éi‘g] with parameter o € res (A* ) along lines similar to the proof of [45,
Lem. 6.2.14]. Hence [C D] is a co-isometry for some/for all « € C* if and only if

[ &5 ] is a co-energy-preserving system node.

6.1 The Observable Co-Energy-Preserving Models

It follows immediately from Theorem 5.3 and (6.1) that the internal Cayley transform

with parameter @ € C of the observable co-energy-preserving model [ A5 | for

the Schur function ¢ on C™ is the operator [‘é D, ] where

(o) (1) = _fl’jx(m - R @), xeHp peCh,
Bou) (1) = v2Rea %ﬁ(“)u, weld peCt, ©6.6)

Cox = vV2Rea x(a), x € H,, and
Dou = p(@)u, uel.

The system (6.6) is observable and isometric, and by (6.5) the transfer function ¢
of (6.6) satisfies

$a(2) = ¢(1a(2)), z€D. 6.7)
We denote the Hilbert space with reproducing kernel

1 - o o *
Kooz, w) = W Z,we D, (6.8)

Ay By

by H, o By assertion 4 of Theorem 1.3, the operator [ ¢ ;¢ | must be unitarily similar

to the corresponding de Branges—Rovnyak discrete-time model realization [A" Bo ] in
(1.8), constructed using the transfer function ¢, € S(D; U, )) in (6.7). The followmg

result describes this unitary similarity:

Proposition 6.2 For arbitrary ¢ € S(CT;U,Y) and a € C*, the following claims
are true:

1. Let [ég‘g] be the canonical observable co-energy-preserving model for ¢ €

S(CT;U,Y). Then [A” B"] in (6.6) is the Cayley transform with parameter o of

A&B
C&D lo
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2. The following linear operator maps H, o unitarily onto H,:

+2Re o

= — +
(Bq §) (1) = Tt £(za(W), & €Hpg,peCT, (6.9)

where o is the same in (6.4) and (6.9). The inverse is

V2Rea
1+z

(Ba) ' ¢)(2) = ¢(ta(2)), @€Ct, ¢eH, zeD. (6.10)

3. Let [é‘z B’; ] be the de Branges—Rovnyak model realization in (1.8) of ¢. The

- . Ao B Ao B
operator Gy intertwines [ c DZ] and [C{‘j D |°

A, By B, EeAy  EoBo
- = . 6.11
|:Cg Sy D0:| |: Co o :| ( )

Proof We leave it to the reader to verify assertion 1 as described above (6.6). In order
to prove assertion 2, we for notational reasons first relate w to u as z is related to A in
(6.4):

a— A
a4+ A

heCH = Ay(w) = = L weD. (612

A) =
wy (1) l+w

The key to the unitarity of &, is the following relationship between the reproducing
kernels of H, and H, 4:

Ko (), w() = %mw, M. pieCh  (6.13)

which follows from the fact that

1= ¢a20)ga ()" _ 11— o)

1 —z(ww() 1— %%
@+ @+ 1) 1 —e(wet)*
o 2Re « w+r

Combining (6.13) with (6.9) gives that the action of &, on kernel functions e, in H, ¢ is

o+ A

v2Re

(Baeo(wG)y) 10 = eo()'y, LeCr yed.  (6.14)
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It now follows that E is isometric, since (using (6.13) in the second equality)

* * o +x * o+ %
Ex€o A , Ea€o = ——e( y T ——C0
(Eaeo(w@) "y, Baeo(2(W))7) 4, (me (W)*y N (1) )’)
= (Ko(z(w), w(®)y,7)y
= (Co(w()»))*y, eo(Z(M))*y)Ho .

Ho

The Eq.(6.14) moreover implies that the range of E, contains the dense subspace
span {eo(k)*yM eCt, ye j))} of H,. We conclude that E, is unitary as claimed.
Formula (6.10) follows from (6.9) by denoting the right-hand side of (6.9) by ¢(u),
changing the variable from & € C™ to z € D using (6.4), and solving for £(z).

The following calculations use (1.8) and prove (6.11):

@By = LK@ PEW) —0O) g0l — 0@,
Tt p—
= (Bou)(1),
Baotp) = LR EEW) 5O _ g 6(:00) ~60)
Tt 2w p—
o 2R IR "R
(AoEeé) (1) = a+u \/_ eq £ (z(w) — e «_/ eaé(z(a))
@ poatu a—pn ot

= +/2Rex W—_m = (EgAo&)(), and

C,EyE = v/2Rea (Eué) () = v/2Re 'azieaa £(z(e)) = £(0) = Coé,

valid forall € e H,, w € CT,andu e U. O

Note the interesting fact that
K (e 2) = @QRe B)Ko(zp(10), wp (), .1 e CF,

cf. (5.20) and (6.13). We have no explanation for this coincidence.

The operator E, is called the inverse Cayley transform in [45]. It is the frequency-
domain analogue of the inverse Laguerre transform; see [45, Thm 12.3.1 and Def.
12.3.2]. This unitary mapping can be used for transferring knowledge from the very
well-known disk setting to the half-plane setting. For instance, by (6.9), the condition
(5.14) holds if and only if the only function in H, , of the form ¢ (-)u is the zero
function; also note that by (6.7) we have ¢(u)u = O for all © € C7 if and only if
¢u(z)u = O for all z € . Thus, the conditions (5.14) and p()u = 0 = u = 0
hold if and only if the conditions (1.12) and (1.13) hold with ¢ = ¢,. By the last
assertion of Theorem 1.3, this is the case if and only if the corresponding observable
co-isometric realization U, is unitary, which by Remark 6.1 is equivalent to [ é(‘é‘g v
being conservative. This provides an alternative proof of the statement that (5.14)



De Branges—Rovnyak Realizations on the Right Half-Plane 787

and ¢(-)u = 0 = u = 0 hold together if and only if [ &8 ] "is conservative; see
Theorem 5.6. It is moreover easy to see that the internal Cayley transformation can be
used to convert the statements 3 in Theorem 1.5 to statement 4 in Theorem4.17 and
the corresponding statement in Theorem 5.6.

6.2 The Controllable Energy-Preserving Models

We have seen in (1.7) and (1.9) that the model space H, = H(K,) over D arises
in the same way as H, = H(K,) but with a(z) = ¢(2)* in place of ¢. Similarly
for the models over C*, the model space H, = H(K,) arises in the same way as
H, = H(K,) but with (i) = ¢(7x)* in place of ¢(u); see (1.17). If we assume that
¢« and ¢ are related according to (6.7), then we see that

50 = 9" = $(ea )" = ¢ () = Flzrn). (6.15)

This suggests that the appropriate mapping of C* onto ID for the energy-preserving
setting should be u +— zz(w) rather than u +— z4(w). Indeed, defining

_ 1= 65" ¢a(®)

KC,E(Zv w) : 1—zw

z,weD, (6.16)

we obtain

Koz (sa (), wa () = %mw, N, wreCt,  (6.17)

and this leads to the following unitary similarity result for the discrete-time controllable
realizations:

Proposition 6.3 Let ¢ € S(CT;U,Y) and [égg ]C be the controllable energy-
preserving realization of ¢ given by the operator closure of (4.3). For arbitrary
a € CT, the following claims are true:

1. The Cayley transform with parameter o of the canonical controllable energy-

preserving model [ég‘g ]C is the isometry [é? gi ] : Z" ] — [7;‘] given by
o — 2Rea _
(Acx)(p) = x() = —— P Teax, x € He, peCh,
o+ Q0 o+ N0

B.u = +~2Rewae.(@)*u, ucl,

Ccx =+v2Rewa . 4x, x €H, and
D.u =¢(@)u, uel. (6.18)

2. Let H. o be the Hilbert space with reproducing kernel (6.16). Then Zg in (6.9) is
unitary from H o to H.
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3. The operator By intertwines [A‘ B ] in (6.18) and [A‘ Be ] in (1.10):

A, B.] [EzA. EgB.
A% B[ =], -

Proof The formula for B, follows from (6.1) and (4.7), and the formula for C, from
(6.1) combined with (4.49). By (4.44) and (4.49), we have

O] [o]
IS

(Acla — A %) () = —pn((@ — A)'%) (W) — G Te0x, x € He, € CT,

and combining this with (4.51) and (6.1) gives the formula for A.. Due to (6.17) we
have

o+ A
«/ 2Re«
and the unitarity of Eg follows from the argument in the proof of Proposition 6.2.2.

We have that B, = EB,, since by Theorem 1.4 and (6.20), it holds for all u € U
that

ec(M)*u, reCr,uel, (6.20)

Exec (wz () u

o o
EaBcu = Egec(0)*u = Egec(wag@) 'u = ——— e.(@)*u = B.u.

V2Re o

Moreover C. = C,.Eg, because by Theorem 1.4, (6.15), the unitarity of Eg, and (4.50),
we have the following equalities, valid for all x € H. , and y € V:

(Cox. y)y = (L . My)
Z H,

N ( $<z)—$(0)) )
Egx, Bglz—> — )y
Z H,

_ EE”‘X EM _, V2Rea $(za(w) - $(z7@) )y)HE

a+p gz ()

= Eax, M}—)V2RCO[M) )
o H,
(VZRearca B X, y)y

Finally, by Theorem 1.4, (6.18), and (6.15), it holds for x € H, and u € C* that

o — 1 v/2Rea 2Re o
A Ei = o - o
(AcBax) (1) R x(za(n)) E () Te.o Egx
V2Rea

= ia (za(0) x (za) = (za(w) C. x)

= (BaAc0) (). 0



De Branges—Rovnyak Realizations on the Right Half-Plane 789

7 Final Remarks

We have developed a realization theory for arbitrary ¢ € S(C*; U, Y) that is com-
pletely analogous to the classical case worked out by de Branges and Rovnyak on the
complex unit disk . The same general principles carry over from the discrete case,
but unboundedness of most of the involved operators makes it more complicated to
work out the details. By avoiding linear fractional transformations, we obtain more
insight into intricacies specific to continuous-time systems, such as the Hilbert space
riggings He;1 C He C He,—1, Hot C Ho C Ho,—1, Hf’l C He C Hf’_l, and
He CHy CHE .

Formulas for the canonical models [ ég‘g ]C and [ égg ]0, as well as their component
operators, are summarized in the following tables:

&
Formulas related to [ &5 ] .
Ho: ‘H(K,), the state space of the observable model
Ho.1: {x e Holdy e Y : u+— ux(n) —y € H,}, the domain of A,
Ho,—1: [x (CT = YV — M € HO], equivalence classes
modulo constants
A, x > (u > px(u) — limge y—o0 X (1)), maps Ho, 1 boundedly
into H,
Aoln,: x = [ px(w)], element of B(H,, Ho,—1)
B,: u +— [ @(u)ul, operator in BU, Hy —1)
C,: X > limge ;- 00 1X (1), element of B(H,, 1, V)
(¢ — AOIHO)_I: x> (u— M), operator in B(H,, —1, Ho)
o —u
dom ([ A48 ] ): [[ﬁ] € [Zv] ‘Ely €eY: ur ux(pn) +o(wu —y € H{,]
ég‘g]oz [i] = |:M ~ MX(M);_ o (u — yj|, where x and u determine

yviay = limRen—mo nx(n) + e(mu

Formulas related to [ 285 ]C.

He: H(K.), the state space of the controllable model
(@ — AL > W~ ¢WTeax , element of B(H.; He.1)
o+ pu
Ac: x> (> —px(pn) — P(u)Cex), x € dom (A)
C.: Tc,a(a —Ae) € B(Hc,ly Y) _
[AsB] . [x] . [M > —px () — (D y + (1 - w(ﬁ)*fp(k))u]
capie u v+ 90 ’

where y, = C¢(x — ec(A)*u), for arbitrary A € C*
The following formulas are valid only under the assumption (4.56):

Her: {xeHclFy e Y: u> ux(u) + @)y € Hel; this is the
domain of A,
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He—1: x:Ctr=>UlFye): MI—)MGHC},COHSBB

7
of equivalence classes modulo the subspace ¢ ()Y C H¢ —g
dom ([ 258 ].): [[;] e[%] ‘Ely €V :p —ux() — Py +u e Hc}

Acln,: [ = —px(u)), lies in B(He, He,—1)
B.: u > [+ ul,liesin BU, He—1)

Note that the reason for making the assumption (4.56) is that it allows us to characterize
the spaces H, +1 and dom ([ égg ]C) The formulas for A, and C, a circle definition.
This can be avoided in case ¢ (-) N H,. = {0} which holds if (4.56) holds, since A can
then be defined without using C.; see Remark 4.14.

We next describe how to derive Theorems 1.6 and 1.7 from [7] by using the same
method as was used in [10] to derive Theorems 1.2 and 1.3, replacing the unit disk
by the right half-plane. The multiplication operator M, induced by a Schur function
¢ € S(C*; U, ) defines a contraction from H 2(C+ L{) into H>(C*; U). The graph
of this operator is a maximal nonnegative subspace 20 of the Krein space H2(CT; W),
where W = U H - (i.e., the Krein space WV is the orthogonal sum of ¢/ and the anti-
space —Y of ). This subspace is invariant under multiplication by the function A +—

~*. The inverse Laplace transform maps 20 onto a maximal nonnegative right-shift
invariant subspace 20, of the Krein space L>(R*; W), which using the terminology
of [7] is called a (time domain) passive future behavior in V.

In [7] three different canonical state/signal realizations of 20 are constructed,
one which is controllable and energy preserving, another which is observable and
co-energy preserving, and a third which is simple and conservative. These three real-
izations are given in the time domain setting, but they can be mapped into frequency
domain realizations by arguing as in [10, Section 9], with the unit disk D replaced by
the right half-plane C™. From these frequency domain realizations one can recover the
input/state/output realizations in Theorems 1.6 and 1.7 (as well as an additional simple
conservative one) by using the fundamental decomposition YW = U H —) of W to
get input/state/output representations of scattering type of the canonical state/signal
representations in [10], as was done in [10, Section 10] in the discrete-time setting.

Finally, we mention that a planned project for the future is to develop a canonical-
model of a conservative closely-connected (or simple) system node realization of a
Schur-class function over C¥ in the spirit of the present paper.
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