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Fig. 3. Plot of the ratio of expressions for var(pm) to var(pl) versus
the population correlation for N equal to 4096.
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Fig. 4. Plot of the ratio of expressions for var(dyyy) to var(dy) versus

the sample number N for p = 0.98 (upper curve) and p = 0.0 (lower
curve).

tion of N at p=0.98 and p =0.0. In all cases, the variances
tend to zero as p approaches unity or as IV increases. More-
over, for all the estimators, the variances are proportional to
1/N.

In addition, Fig. 3 plots the functional ratio of var(f o) to
var(pl) versus the true population correlation (or equivalently,
the ratio of samples required with estimator III to the samples
required with estimator I for equal variance). Note that the
closer the population correlation is to unity, the larger the
ratio; this indicates that var(pI) converges to zero faster than
var(pm) Fig. 4 plots the functional ratio of var($ ) to var
] I) versus N at o= 0.98 and 0.0. At both populatlon correla-
tions, the ratio is constant indicating equal convergence rates
as NV gets large.

DiscussioN

The number of samples required by the two indirect methods
are within an order of magnitude of the samples required by
the direct estimator for population correlations up to approxi-
mately 0.95., This is particularly significant for the polarity
coincidence estimator which requires only comparators, a
counter, and a table lookup scheme to estimate correlation.
The other two methods require analog-to-digital conversion
and either addition alone or both multiplication and addition
to compute correlation. Furthermore, if the samples were to
be stored, the polarity coincidence estimator need only retain
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the sign of the samples, whereas the other two methods re-
quire storage of all or half the samples.

Thus, if one is willing to take twice or three times the num-
ber of samples, the computations involved in estimating corre-
lation can be significantly simplified. However, it should be

-noted that if the polarity coincidence estimator is to be used

for estimation of the cross-correlation function R, y(T), it can
only estimate the shape of the function to within a constant
factor R,,,(0).

ACKNOWLEDGMENT

The author thanks L. Braida, W. Rabinowitz, andD Freeman
for their criticisms and valuable suggestions.

REFERENCES

[1] D. Hertz, “A fast digital method of estimating the autocorrelation
of a Gaussian stationary process,” IEEE Trans. Acoust., Speech,
Signal Processing, vol, ASSP-30, p. 329, Apr. 1982,

[2} J.H. Van Vleck, “The spectrum of clipped noise,” Radio Research
Lab., Harvard Univ., Cambridge, MA, Tech. Rep., July 1943,

[31 S.S. Wolf, J. B. Thomas, and T. R. Williams, ““The polarity coinci-
dence correlator: A nonparametric detection device,” IRE Trans.
Inform. Theory, vol. IT-8, pp. 5-9, Jan. 1962,

[4] P.Jespers, P. T. Chu, and A. Fettweis, “A new method to compute
correlation functions,” presented at the 1962 Int. Symp. Inform.
Theory, and IRE Trans. Inform. Theory, vol. IT-8, pp. 106-107
(abstr.), 1962.

[51 N. L. Johnson and S. Kotz, Distributions in Statistics: Continuous
Univariate Distributions, vol. 2. New York: Wiley, 1970.

[6] A. Papoulis, Probability, Random Variables and Stochastic Pro-
cesses. New York: McGraw-Hill, 1965.

Relative Linear Power Contribution with Estimator Statistics

PETER LOHNBERG

~ Abstract—The relative contribution by a noiselessly observed input
signal to the power of a possibly disturbed observed stationary output
signal from a linear system is expressed into signal spectral densities.
Approximations of estimator statistics and derived confidence limits
agree fairly well with simulation results for white signals.

I. INTRODUCTION

An observed stationary signal y may often be considered as
the output v of a linear system with frequency response func-
tion H(f) driven by a noiselessly observed input signal u, with
additive uncorrelated disturbance. Then it may be of interest

to know the relative contribution

R=P,/P, o)
by u to the power Py of y. The power of v
Py = 2f G (f)dr (2)
(i
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with power spectral density of v

Guy(F) GpulF)
Goo(F) = [H(OP Guu(f)=—5—2g¢,
‘ Gaut) )
Guy(F) Gyu(f)
= "————‘. 3
G ) 3)

Cross-spectral density G, (f ) with complex conjugate G u (),
and power spectral density G, (f)of 4, may be estlmated from
recordings of u and y. Expression of P into power spectral
density Gy,,(f) of y, similarly to (2), allows a simple total
procedure with identical filtering of # and y. Substitution into
(1) of this P, and of P, according to (2) with (3) yields

uy<f) Guy(F) Gyull) / f
= d d
J; e Y omnar

It follows that R is real, 0S RS 1, R =0 for H(f)=0, and
R =1 for no disturbance.

Equation (4) carries some resemblance to the squared coher-
ence function, defined as

Guy(f) Gy (f)
Guu(f) ny(f)

=Gy Gy (f) in this case. The relation of R with C(f) is
illustrated by substituting the result of (5) Guy(f) Gyu(f)/

Gui(f) = C(f) Gp(f) into (4), yielding R = Jo C(F) Gyy(f)
dflfs Gyy(f) df. This shows R to be a normalized average of
() welghted by G,(f). Note that for C(fy=C,R=Cand
that for H(f) H, R is the squared correlation coefficient,

Estxmate R of R accordmg to (4) is obtained from estimates

Guy(f), Guu(f) and & yy(f) of the respective spectral densi-
ties. These may be obtamed from recordings of ¥ and y during
time of length T by successive sampling, Fourier transforma-
tion, complex conjugate multiplication, and convolution by a
spectral window S(f) with properties

j S(fdaf=1,

4)

cr= (5)

(6)

f S2(fydf=1/w (N

with W the window bandwidth [1,(6.4.23)]. Then from (1)-

(3) we find
Boo(F) = Cuy (5 Gl HB (), (8)
N Fo-yr
17P,=18,,(F)+ X GulIT)
i=F+ T
A F2 N
+3 G, (F)=T f CoolF) df 9)

Fy
for frequencies of 1nterest from Fq{ to F, =F, + F with signal
bandwzdth F w1th TP similarly, and finally

"N
II. APPROXIMATE STATISTICS OF R
A. Variance

By first-order Taylor expansion of the estimate R (10) about
its actual value R (1), we obtain the relative variance
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PASEAY
VIR, R]zV[ﬁv,?]+V[ﬁ B1-2v1%,,8,1, an
defining V[Pv, 1= cov [PU,P 1/PyPy as the relative covari-
ance between P and Py The terms on the right-hand side of

(11) follow from 9) by

Pal

cov [P, B,1 =4 J]. cov [Gyu(1), G, (&)1 df dg (12)

with similar formulas for var[P ] and var{ y] By first-order

Taylor expansion of Gw(f) (8) about G, (f) (3) follow the
relative covariances

Vi8yo (), Gy(@)] = V18, (1), Gy ()]
VIGyu(F), 6,y ()]
= VG, G,y @1,
VI8,o(F), B 2 2V[6 (1), B (@]
+ VG, Gru ()]
+2718 uy(f) Guy(gn
VIGuy (1), Cu®)
- 2V185u (1), Guu@]. (13)

For arbitrary distribution of u and y, it follows from i1,
(A9.1.25)] that if the spectral densities are smooth over the
window bandwidth W, a similar derivation asfor [1, (A9.1.28)]
yields

V18an(F), Coale)] ~D(f- g)% (14)
with k = (f + £)/2 and defining

D(f-g) = ;—,f: S(7- h) S(g - k) dh, (15)
which because of (6) has the property

r D(FYdf=1T. (16)

Substitution of the reverse of (5) into (14) and of the results
into (13) yields

V18 (F), Gy @] =D(f - £){2 - COOL;

(17)
C(k)

Substitution of (17) with (5) into (12) yields by use of (16)

2
VIGyu(£), Gou(8)] 2 D(f - g)3—~— 1%

N
var[Py] =~ ;f Gy () df,

Fi
~. 8 (F2 4 (2
var[P,] ~ — f Guol(f) Gpy(F)df = = f Gou(N df
T Fl T Fl

~ cov [pv,ﬁy]. . (18)

The spectral effects in (18) can be expressed by cocoloration
factors, defined by
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F2
Kyy =4F f Guu(F) ny(f) afiP, Py (19)

Fy

with properties: Kvy Z 1 for Gpu(f) =G, (f); Kpy =1 forv
and/or y white from f=F, to F,. Similar formulas define
Kyp and Kyy Substitution of (19) into (18) yields, defining
the relatzve power varignce Q = l/FT var[Py] =~ QK,, P, and

var[P 1~ QQKyy, PP, - Ky P2 )_cov[Pv,P 1,s0 that
N N
Py] '-!QKyy; V[Pv,Pv] -——Q(szy/R"va),

V[Py,
LAA
VP, Py] ﬁQ(2Kuy - KywR).

7 (20)

Finally, substitution of (20) into (11) yields »V[I’é, ﬁ] =
Q(2Kyy/R = Kyy + Kypy — 4K,y + 2K,y R), 50 that
var[R] = QR(2K,y, = RKy, + RK yy, = 4RKyy + 2R?K,p).
' (21)

If all K’s are 1, R = C = the squared correlat1on coefficient
and var[R] ~2QR(1 -~ R)?. Then var[R]1s a factor F/W
smaller than var[C(f)] = 2C{1 - C}¥WT [1, (9.2.19)].

B. Bias

By second-order Taylor exggnsion of R (10) about R (1) the
relative bias, defined as bias [R]/R, equals
’ ~

B[R] ~B[P,] - BIP,] - BIP,]1 BI,1 - VIP,,P,]
+B* (8,1 + VP, B, (22)
It follows from (2) that
"N | F2
bias[P,] = Zf bias[ U,,(f)] daf 23)
Fy
and similarly, b1as[P ] follows from b1as[G v(f)]. By second-

order Taylor expansion of G,,U () (8) about va(f) (3) follows
for.each frequency f -

BIGyy) _B[c?*uyl +B[6yu]-— BIE ) +B? (G
+ VIGyuu, Guu +B[Guy] BIE ]
+ V18, Cuyl - BIB,y) BIB ),
= VGuy» Guul = BIGyy] BIC )
- V1Gyu, Gl ‘ (24)

If the spectra do not vary significantly over the window
bandwidth W, it follows from [2, eq. (3)] that

B[Guu] “B[Guy] _B[ny] = (25)

Substitution of the reverse of (5) into (14) and of the result
and (25) into (24) yields

A 1 '
BI[G ] zL{———— 17,

: [ ov (N ) }
defining the relative spectral variance L =D(0)=1/WT, the
latter result following from substitution of (7) into (15) for

f=g.
Substitution of (25), (26) into (23) yields with (5) bias [P ]

>LP, - LP and b1as[Py] = (; therefore

(26)

N

BIB,] :L(}%— 1); BIB,1=0. (27)

1 var[Z] o~ (dZ/dR)2 var[R]
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Fmally, substitution of (20) and (27) into (22) yields
B[R]~L(1/R— 1})- Q2K ~ RKy, - yy),therefore

bias[R] =L (1~ R)~ OR(2Kyy = RKyy = Kyy). (28)

’For allK s =], this is (L QR)(I - R). This shows, then, that

bias[R] > L(1 - R)* = bias[E(f)] for C(f)=R#0 or 1 [2,
eq (6)] because 0=1/FT<1/WT=L.

C. Conf dence Intervals for White Signals

For simplicity, wh1te signals were studied f\urther For these,
var[R] according to (21) was similar to var[C(f)], and accord-
ing to [1, sect. 9.2.3], var| C(f)] is similar to the variance of a
sample correlation coefficient [3, sect. 19.12]. Hence similarly,
confidence 1ntervals for R may be found from R easily v1a a
transformation Z= Z(R) such that var[Z] =~ 1 for any R.
From this requirement, if Z(+) /\(vould be approximately linear
fust-order Taylor expansion of Z about R that for white signals
It follows by use of (21) that

az 1
dR \/var[j{\]' " V20R(1 - R)

Integration of (29) over R yields the required transformation
Z(R) R AR
Fay
Z(R) = f dZ >~ f —_—
‘ 0 o V20R(1-R)

= ‘/garctanh (\/1§ )

which is the F1sher z-transforma’uon of \/— [3, (19.12.4)].
Because of the similarity of R o C( f) and approximate nor-
mality of Z{@(f)} [1, sect. 9.2.3], near normality of Z is ex-
pected. Further, accordmg to [3, (5.8.5)] under the assump-
tion made, the mean of Z is Z = Z(R) with R the mean of R
Hence, the lower and upper 95 percent confidence limits for
Z are

ZL 22 - 1.96,

(29)

(30)

Zy~2 +1.96. (31)

From these limits follow lower and upper 95 percent confi-
dence limits for R as the inverse of (30)

fon (/22

and similarly Ry from Zy. Lower and upper 95 percent con-
fidence limits for R can be derived finally as Ry = R(Ry) and

Ry = R(Ry) with the inverse of R = R + bias[R] with bias[R)]
according to (28)

Q+L-1++/(1-L-0)P-40(L-R)
20 ’

II1. SIMULATION EXAMPLE FOR WHITE SIGNALS

(32)

R(R) =~ (33)

In order to test the effect of the approximations, y was
formed from two uncorrelated random generators # and w,
uniformly distributed between 0 and 1, as

y=+Ru++1-Rw. (34)
This implies H(f) = \/13 and P, = P,,. Substitution of (34) into

(4) shows that this simulation 1ndeed ylelds the correct R.
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Fig. 1. Estimates R with confidence intervals for relative linear power
contribution R from 100 simulations each of 100 values of R.

Equation (34) was simulated for R =0, 0.01,---,1. For
each value of R, 100 independent realizations of u and w of 64
samples during 7=10s each were used. From each resulting
pair of realizations of # and y, R was estimated using a Papoulis
correlation window [4] with maximal window lag of 15 sam-
ples, yielding a window bandwidth [1], [4] W =1.896 X 64/
157T=0.80 Hz forAFl =0.1 and F, = 3.2; therefore ¥ = 3.1 Hz.

Fig.. 1 shows R(R) with 95 percent confidence interval
approximations calculated according to (30)-(33). For the
10 000 values of R obtained, 34 of the actual R were over
and 152 under the calculated 95 percent conﬁdence limit
approximations.

IV. CONCLUSIONS

Equation (21) shows ‘E\hat the variance of relative linear power
contribution estimate R is lower than that of squared coher-
ence function est1mate C( ). Thisis accomphshed at the cost
of a larger bias in R compared to C(f) according to (28).
Such bias might be corrected for.

Fig. 1 shows that for white signals, confidence intervals
derived according to (30)-(33) are rea/s\onable, bounds on
the simulated R for resulting estimate R. The number of
occurrences of R under the lower and over the upper 95 per-
cent confidence limit did not reach the mathematical expecta-
tion 250 each, however. These dev1at10ns may be due to
approximation errors Ilk,e\ no linearity of 2 required for (29)
over the wide range of R for 64 samples or nonnormality of
Z . Similar analysis could be carried out for arbitrary spectra
by using cocoloration factors according to (19).
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Noise Sensitivity of Band-Limited Signal Derivative
- Interpolation

ROBERT J. MARKS 11

Abstract—The sensitivity of interpolation of the pth derivative of a
band-limited signal directly from the signal’s samples in the presence of
additive stationary noise is considered. Oversampling and filtering
generally decrease the interpolation noise level when the data noise is
not band-imited. A lower bound on the interpolation noise level can
be approached arbitrarily closely by increasing the sampling rate, The
lower bound is equivalent to the noise level obtained by low-pass filter-
ing and pth-order differentiation of the unsampled additive input noise.

INTRODUCTION

Given the sufficiently closely spaced samples of a band-
limited signal, we can directly generate the pth derivative of
the signal through appropriate interpolation functions [1].}
Digital filters can generate good approximations of the samples
of the pth derivative, given the signal samplesas inputs [2] -[4].
The effects of filter design have been considered under the
assumption of noiseless data [S]. Similarly, digital filters for
sample interpolation (p = 0) have also been considered [6]-[7].

In this paper, an ideal pth-order differentiator is assumed
and its operation in the presence of additive input data isinves-
tigated. We demonstate that the noise level, in general, can be
reduced by increasing the sampling rate. The reduction, how-
ever, is sometimes insignificant. A lower bound for the noise
level is shown to be that resulting from passing the unsampled
input noise through a cascaded low-pass filter and pth-order
differentiator.

In the next section, preliminary concepts are introduced.
General formulas for the interpolation noise level are then
derived, followed by establishment of a corresponding lower
bound. In the final two sections, the specific cases of Laplace
and triangular autocorrelations are considered., When appro-
priately parameterized, both degenerate to the special case of
white noise samples.

PRELIMINARIES

Let $ 3 denote the class of L, band-limited signals with
bandwidth 2W. That is, if x(z) € By, then

w
x(t) = f
w

X(f) exp (j2nft) df

where

X(f)=Fx@®

=J x(t) exp (-j2nft) dt

and ¥ denotes the Fourier transform operator. Then the pth

derivative of x(¢) is

hnd n
xPH=0BP 3 x(£> dpl2Bt - nl 6))

n=-—oe

where the sampling rate 2B exceeds 2,
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IThe interested reader is referred to the introduction of [1] for a
discussion of additional motivation for this work,
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