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In this study, a modeling approach is developed to examine lami-
nar flow effects on the rotordynamic behavior of high-speed mini
rotating machinery with a moderate flow confinement. The exist-
ing research work mostly focuses on the flow-induced forces in
small gap systems, such as bearings and seals, in which the flow is
mostly laminar and inertia effects are ignored. In other studies,
medium gap systems are analyzed, taking the inertia effects into
consideration, but the surrounding flow is considered as turbulent.
However, in high speed mini rotating machinery, the large clear-
ances and the high speeds make the inertia effects significant,
even in the laminar flow regime. In the current study, the flow-
induced forces resulting from the surrounding fluid are analyzed
and these models are combined with the structural finite element
(FE) models for determining the rotordynamic behavior. The
structure is analyzed with finite elements based on Timoshenko
beam theory. Flow-induced forces, which include inertia effects,
are implemented into the structure as added mass-stiffness-damp-
ing at each node in the fluid confinement. The shear stress is mod-
eled with empirical and analytical friction coefficients, and the
stability, critical speeds, and vibration response of the rotor is
investigated for different friction models. In order to validate the
developed modeling approach, experiments were conducted on a
specially designed setup at different support properties. By com-
paring the experiments with the theoretical models, the applic-
ability of the different friction models are examined. It was found
that the dynamic behavior is estimated better with empirical fric-
tion models compared to using the analytical friction models.
[DOI: 10.1115/1.4023050]

1 Introduction

Recently, there has been much research work on the design and
development of mini rotating machinery (diameters around
10 mm). In most cases, there is a casing around the rotor for pro-
tection and for good operating conditions. In these applications,
multiphysical effects arising from the surrounding fluid and ther-
mal effects become significant for the rotordynamic studies [1–4].
Due to the high rotation speeds, the air in the confinement formed
by the casing and rotor plays an important role on the dynamics of
the structure. The surrounding flow alters the natural frequencies
and results in rotating damping. The rotating/stationary damping
ratio determines the stable operation ranges. In this paper, model-
ing approaches for the laminar flow of air in the casing are pro-
posed and the obtained models are included in an analysis of the
rotordynamic system.

Most of the existing research about the flow effects on rotors
concerns the bearings and seals. The reduced gap ratio, d ¼ H=r
(nominal clearance/rotor radius), in these geometries is around
1/1000. For these applications, the inertia effects are ignored and
the flow properties are governed by the Reynolds equation. The
derivation of the Reynolds equation, the solution procedure, and
rotordynamic coefficients are provided in various textbooks [5–7].
However, fluid inertia effects become significant at high rotation
speeds and medium gap ratios (1/10 to 1/100). This condition
occurs when Re�= eKz � 1, where eKz (shear stress factor) is 12 for
laminar flow (which happens Red < 2000) [6] and modified Reyn-
olds number, Re� ¼ RedH=r. Table 1 illustrates the Couette Reyn-
olds number (Red ¼ qXrH=l), at which the fluid inertia effects
start to be effective for different gap ratios (X is the rotation
speed, l is the fluid dynamic viscosity, and q is the fluid density).

Some numerical studies are available in the literature for the
calculation of the rotordynamic coefficients (added mass, stiff-
ness, and damping terms), including the inertia effects [8–11].
Coupling this approach to a structural model could be cumber-
some, because the fluid numerical model should be applied for
different geometries and material properties to obtain the fluid
forces and, as a result, the rotordynamic coefficients.

In other studies, the momentum and continuity equations are
used and linearized fluid forces are obtained analytically as a
function of speed, fluid properties, and geometry. Fritz [12] mod-
eled flow with inertia effects by using an extension of a lubrica-
tion theory, in which he included fluid inertia and fluid frictional
effects for flow in the annulus. Antunes et al. [13] extended this
work by including rotor eccentricity and experimentally verified
the developed modeling approach for concentric and eccentric
configurations [14]. Both studies use semiempirical friction coeffi-
cients and a 2D flow assumption in order to derive added mass,
damping, and stiffness. However, these studies do not include the
laminar flow regime. In the present study, the friction models for
laminar flow are investigated and used for the calculation of flow
forces given by Fritz [12] and Antunes et al. [13] for a concentric
configuration. Then, these forces are implemented into a structural
finite element model (FEM) as added mass, stiffness, and damp-
ing. Finite element modeling of the rotor is based on Timoshenko
beams (including the flexibility of the rotor shaft). Finally, stabil-
ity experiments are performed and compared with the theoretical
results. In this way, different friction models are examined for
predicting the rotordynamic behavior of high-speed rotors in the
laminar flow regime.

Table 1 Different gap ratios and Couette–Reynolds number for
which fluid inertia becomes significant

H/r Red

1/10 �120
1/50 �600
1/100 �1200
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2 Structural Model

Most of the previous studies [12,14] used a simple rigid rotor
formulation and coupled this with the rotor forces to study the
dynamic behavior. However, small-scale rotating machines oper-
ate at much higher velocities than the rigid body mode critical
speed and generally also beyond the first flexural mode critical
speed [1]. Therefore, a structural model, including the flexibility
of the shaft, is required for advanced analysis. The finite element
method (FEM) is a widely used discretization technique and is
commonly used in the rotordynamic analysis, including the rotor
flexibility. In this study, a structural model using FEM based on a
simple Timoshenko beam formulation [15,16] is developed [1].
The axial and torsional vibrations are not included. The complex
coordinate system is used and the vector of nodal displacements
of the element is given as (Fig. 1)

q ¼ ½ux1
þ iuy1

;/y1
� i/x1

; ux2
þ iuy2

;/y2
� i/x2

�T

With the use of shape functions’ consistent stiffness, mass and
gyroscopic matrices for a beam element were derived by Genta
[15] (see Appendix A). Furthermore, the damping should be taken
into account for the dynamic analysis of the rotating systems. The
damping can be classified as rotating damping Cr and nonrotating
damping Cn. The former is the damping related with the station-
ary parts, whereas the latter is related with the rotating compo-
nents of a machine. The size of these matrices is the same as the
stiffness matrix. The damper elements similar to the spring ele-
ment can be used to model the damping between different nodes.
These elements should be added into the related nodes of the
damping matrices. All these matrices are assembled, leading to
the governing equation of motion for the structure,

M€qþ ðC� iXGÞ _qþ ðK� iXCrÞq ¼ X2fre
iXt þ fnðtÞ (1)

A MATLAB code is developed, in which the number of elements,
material properties, support stiffness, and damping can be set and
then the above matrixes are computed. Next, the unbalance
response, the Campbell diagram, and the stable operation ranges
can be determined for this structural model. The unbalance
response at a certain node is calculated, considering an unbalance
force vector fr and omitting the nonrotating force vector fnðtÞ.
The complex eigenvalues in the absence of fr and fnðtÞ are
obtained at different speeds to determine stable operation ranges
and the Campbell diagram [1].

3 Flow-Induced Forces and Friction Models

A model for the friction due to the flow around the rotor is
needed to calculate the shear stress and flow-induced forces given
by Antunes et al. [13] and Fritz [12]. In these studies, the flow is
assumed to be incompressible and two-dimensional and the shear
stresses are modeled using semiempirical friction coefficients.
By using perturbation methods, linearized fluid forces are
obtained per unit length by means of mass-stiffness-damping
matrices as

fx

fy

� �
¼ �

ma 0

0 ma

� �
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€uy

� �
�
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_ux

_uy

� �

�
k1 k2

�k2 k1

� �
ux

uy

� �
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Xmacf

d
; c2 ¼ Xma;

k1 ¼ �
X2ma

4
; k2 ¼

X2macf

2d

(2)

where c3d is the correction factor for three-dimensional flow
effects and given in Table 2 [17].

These flow forces per unit length are multiplied by the
element length and lumped into the nodes of each element in the
confinement. The assembly procedure is given in more detail in a
previous article about multiphysical modeling [1]. The relation
between the friction coefficient cf and the shear stress s is

cf ¼
s

1

2
qv2

(3)

where v is the average flow velocity and taken equal to Xr
2

in our
study. The above formulations are used for friction factors in
the turbulent regime [12,13]. Brennen [18] states that this model-
ing approach could be extended to the laminar regime by using
the analytical laminar friction coefficient for idealized two-
dimensional flow. The friction coefficient is given by Brennen
[18] as

cf ¼
12l

HXrq
(4)

Alternatively, there are some studies in the literature where fric-
tion is expressed as a function of Reynolds number and geometri-
cal properties using experimental data. Bilgen and Boulos [19]
investigated friction coefficients for rotating cylinders having dif-
ferent gap sizes. The results from different studies are fitted into
correlations covering different regimes,

cf ¼ 20

H

r

� �0:3

Red
ðRed < 64Þ (5)

cf ¼ 4

H

r

� �0:3

Re0:6
d

ð64 < Red < 500Þ (6)

Fig. 1 Beam element

Table 2 Correction factor for three-dimensional flow effects

L/2 r 0.1 0.25 0.5 1 2 4 10 1

c3d 0.01 0.08 0.23 0.51 0.75 0.87 0.95 1

Fig. 2 Models of friction coefficients versus Reynolds number
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cf ¼ 2:06

H

r

� �0:3

Re0:5
d

ð500 < Red < 10; 000Þ (7)

Both friction factors are plotted for a gap ratio (H/r) of 1/50 in
Fig. 2 as a function of Couette Reynolds number. For low Couette
Reynolds number, the friction coefficients are similar; however,
as the Couette Reynolds number increases, the empirical friction
coefficient becomes a higher Brennen’s value. This can be due to
the complex flow effects, which result in considerable differences
between the experimentally determined coefficients and the ana-
lytical model. This study uses both analytical and experimental
friction coefficients to determine the flow forces and evaluated the
suitability of each friction modeling approach by comparing the
expected stability bounds with experimental data.

4 Experiments

4.1 Setup. Stability experiments were carried out to verify
both friction coefficient models. A previously built setup [20] was
used (Fig. 3). The experimental setup consists of a stepped rotor
(4), casing (5), flexible coupling (7), flexible supports (1, 2, 3, 6,
10, and 11), high speed angular contact ball bearings (3 and 6),
and the motor (9). The stiffness and damping of the support struc-
ture can be changed by adjusting the length of the support beams.
The dimensions and material properties of the setup are described
in detail in a previous paper [20].

4.2 Procedure. Firstly, the support properties (stiffness and
damping) are determined by modal analysis of the system at
standstill for different support beam lengths. A laser Doppler
vibrometer (LDV) and an electromechanical shaker are used to
measure the vibration of the rotor and the supports. The equivalent
stiffness and damping are extracted from these results and imple-
mented into the structural rotor model for theoretical analysis.
Finally, spectrum measurements were carried out at different sup-
port beam lengths. Spectrum measurements at different speeds
were done and also spectrum maps were plotted in order to deter-
mine the onset of instability. For plotting the spectrum maps, rota-
tional speeds are varied in steps of 100 rpm and the velocity of the
rotor surface is measured. The unbalance of the shaft is the only
excitation source.

4.3 Results. The experiments are performed for support
beam lengths of 72 mm, 80 mm, and 90 mm. In this way, the effect
of the surrounding fluid on the dynamic behavior of the rotor is
analyzed for different support stiffnesses.

The surrounding rotating air in the gap between the casing and
the rotor gives rise to rotating damping that causes instability. The
first mode becomes unstable as the amplitude in the spectrum at
that frequency starts to increase drastically. This is revealed
experimentally by the spectrum maps. The spectrum map for an
80-mm support beam length is shown in Fig. 4. The amplitude of
spectrum related with the first mode starts to increase around
18,000 rpm, and the system becomes unstable.

The numerical calculation of the onset of instability is done by
observing the change of decay rate as a function of rotation speed.
The decay rate is the imaginary part of the complex frequency,
which is the solution of the eigenvalue problem of the equation of
motion of the rotor. As the decay rate becomes negative, self-
excitation occurs and the system becomes unstable. The numerical
prediction of the onset of instability is shown in Fig. 5 for both

Fig. 3 The complete experimental setup

Fig. 4 Spectrum map-support beam length: 80 mm
Fig. 5 Onset of instability with different friction models-
support beam length: 80 mm
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friction models. The decay rates of the first three modes are
plotted as a function of rotation speed. The decay rate regarding
the first mode becomes negative, and the onset of instability is
found out. For the current setup, the flow becomes turbulent at
24,200 rpm. The model which uses the friction coefficient by
Brennen predicts stable operation in laminar flow. On the other
hand, the empirical friction model estimates instability in the
laminar regime. During the experiments, the onset of instability
is observed to occur in laminar flow. The onset of instability
depends on the ratio between stationary and rotating damping.
Table 3 illustrates the stationary damping ratios for different beam
lengths and experimental and numerical onset of instability for
both friction models.

A reasonable agreement between the theoretical and experi-
mental results is obtained for the empirical friction models given
by Bilgen and Boulos [19]. However, the analytical friction coeffi-
cients given by Brennen fail to predict the onset of instability in
the laminar regime. The observed onset of instability is at rela-
tively high Reynolds numbers, but still in the laminar regime. In
the discussion of Fig. 2, it was already noticed that, in this regime,
the analytical and the empirical friction coefficients differ consid-
erably. The flow is quite complex (vortices) and the empirically
determined friction coefficient model must be used to estimate the
unstable operation of the rotor.

5 Conclusions

The stability problems on rotor dynamics of high speed shafts
with moderate air gap are outlined. A modeling approach is
proposed for flow-induced effects in laminar flow with effective
inertia. This approach extends the existing turbulent models by
using friction coefficients for shear stress in the laminar flow
regime. Two different friction coefficient models are used to cal-
culate the flow-induced forces. The experiments are carried out
for different support stiffnesses in order to determine the onset of
instability in laminar flow. The numerical and experimental
results are compared, and the applicability of the different friction
models to estimate the onset of instability is discussed. The use of
empirical friction coefficients results in reasonable estimates of
dynamic behavior of rotors, with medium gap confinements hav-
ing high Couette–Reynolds numbers in laminar flow.
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Nomenclature

A ¼ area of the cross-section ðm2Þ
C ¼ damping matrix (N s/m)

Cr ¼ rotating damping matrix (N s/m)
ci ¼ damping of the fluid in the gap per unit length (N s/ðmÞ2Þ
cf ¼ friction coefficient
E ¼ Young’s modulus (Pa)
fn ¼ nonrotating force vector (N)
fx ¼ flow-induced forces in x direction per unit length (N/m)
fy ¼ flow-induced forces in y direction per unit length (N/m)
fr ¼ force vector resulting from unbalance (N)

G ¼ shear modulus (Pa)
G ¼ gyroscopic matrix (kg), (kg m2Þ
H ¼ nominal clearance (m)
Iy ¼ area moment of inertia ðm4Þ
K ¼ stiffness matrix (N/m), (N/rad)
k ¼ stiffness of the fluid in the gap per unit length (N/m2ÞeKz ¼ shear stress factor
l ¼ element length (m)

L ¼ rotor length (m)
M ¼ mass matrix (kg), (kg m2Þ
Mt ¼ mass matrix related with translational inertia (kg), (kg m2Þ
Mr ¼ mass matrix related with rotational inertia (kg), (kg m2Þ
ma ¼ added mass per unit length (kg/m)

q ¼ vector of nodal displacements (m), (rad)
r ¼ rotor radius (m)

Re� ¼ modified Reynolds number
Red ¼ Couette Reynolds number
uxi
¼ displacement of ith node in x direction (m)

uyi
¼ displacement of ith node in y direction (m)

v ¼ gap-averaged tangential velocity (m/s)
d ¼ reduced gap thickness
l ¼ dynamic viscosity (Pa s)
U ¼ nondimensional variable

/xi
¼ rotation of ith node in x direction (rad)

/yi
¼ rotation of ith node in y direction (rad)

q ¼ fluid density (kg/m3Þ
s ¼ shear stress (Pa)
v ¼ shear factor
X ¼ rotation speed (rad/s)

Appendix A: Element Matrices for Structural Model

According to Genta [15], the consistent stiffness and gyroscopic
matrices for a beam element, Fig. 1, are derived from

K ¼ EIy

l3ð1þ UÞ

12 6l �12 6l

ð4þ UÞl2 �6l ð2� UÞl2
12 �6l

symm: ð4þ UÞl2

2
6664

3
7775

MT ¼
qAl

420ð1þ UÞ2

m1 lm2 m3 �lm4

l2m5 lm4 �l2m6

m1 �lm2

symm: l2m5

2
6664

3
7775

MR ¼
qIy

30lð1þ UÞ2

m7 lm8 �m7 lm8

l2m9 �lm8 �l2m10

m7 �lm8

symm: l2m9

2
6664

3
7775

where U ¼ 12EIyv
GAl2 and m1…m10 are

m1 ¼ 156þ 294Uþ 140U2; m2 ¼ 22þ 38:5Uþ 17:5U2;

m3 ¼ 54þ 126Uþ 70U2; m4 ¼ 13þ 31:5Uþ 17:5U2;

m5 ¼ 4þ 7Uþ 3:5U2; m6 ¼ 3þ 7Uþ 3:5U2;

m7 ¼ 36; m8 ¼ 3� 15U;

m9 ¼ 4þ 5Uþ 10U2; m10 ¼ 1þ 5U� 5U2

The consistent mass and gyroscopic matrices are

M ¼ MT þMR; G ¼ 2MR
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