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Thermal conductivity in the mixed state of a superconductor at low magnetic fields
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We evaluate accurate low-field/low-temperature asymptotics of the thermal conductivity perpendicular to the
magnetic field for one-band and two-band s-wave superconductors using the Keldysh-Usadel formalism. We
show that heat transport in this regime is limited by tunneling of quasiparticles between adjacent vortices across
a number of local points and therefore a widely used approximation of averaging over the circular unit cell is not
valid. In the single-band case, we obtain a parameter-free analytical solution which provides a theoretical lower
limit for heat transport in the mixed state. In the two-band case, we show that the heat transport is controlled
by the ratio of gaps and diffusion constants in different bands. The presence of a weaker second band strongly

enhances the thermal conductivity at low fields.
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I. INTRODUCTION

The thermal conductivity of a metal in the superconducting
state is markedly different from its value in the normal
state. The physical reason is that the Cooper pairs give no
contribution to the transport of heat. Therefore heat transport
occurs solely due to the quasiparticle excitations controlled
by the energy gap. Due to this reason, measurements of the
thermal conductivity were extensively used during the last
decades as a tool to probe the energy gap symmetry in various
new superconducting materials.

Application of a magnetic field H provides a way to
generate quasiparticles in a type-II superconductor. In an
s-wave superconductor at T < T,, the quasiparticles are
localized near the vortex cores and thermal conduction
perpendicular to the magnetic field is due to tunneling
between adjacent vortices. Thermal conductivity in the mixed
state of superconductors was extensively studied in the
past experimentally'™ and theoretically.*> Early theoretical
work*® addressed superconductors in a diffusive regime
(dirty limit) in the mixed state with a temperature gradient
applied transverse to the magnetic flux. The electronic thermal
conductivity was calculated using the quasiclassical time-
dependent superconductivity theory, assuming a homogeneous
temperature gradient, using the circular-cell approximation,
and averaging over the unit cell. This approach was later
extended to study heat transport in various unconventional
superconductors. Theory for d-wave superconductors was
developed in Ref. 6 for zero magnetic field and in Refs. 7
and 8 for the mixed state. More recently, with the discovery
of magnesium diboride (MgB,), theory was extended to the
case of multiband superconductivity.” Discovery of pnictides,
with possibly unconventional pairing mechanism due to spin
fluctuations leading to the so-called s pairing state, motivated
extension of heat transport theory'® taking into account
multiband superconductivity and resonant interband impurity
scattering. Many recent experimental studies reconsider old
superconductors, such as NbSe,,'? and addressed novel super-
conductors, such as borocarbides (LuNi;B,C),!" Sr,RuOy4,"3
CsYb,'* heavy-fermion compounds CelrIns, CeColns and
UPt3,"* MgB,," pnictides,'®!” and iron-silicides.'® Being
very sensitive to the gap structure, thermal transport at low
magnetic fields varies considerably for different compounds.
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In this paper we reconsider more accurately the problem of
the thermal conductivity across the magnetic fields for s-wave
superconductors. The case of the s-wave superconductor is
a standard reference, all other situations are compared with
this case. Surprisingly, an accurate result for the low-field
asymptotics of the thermal conductivity was never derived.
The widely used circular unit cell approximation does not
give correct result in low magnetic fields because it misses
essential physics. Namely, as the local thermal conductivity
is strongly inhomogeneous, the heat transport is limited by
tunneling between adjacent vortices across certain local points
in the vortex lattice unit cell (bottlenecks). This leads to general
low-field asymptotics of the electronic thermal conductivity,
k o exp(—B+/Be2/B), where B, is the upper critical field.?
Surprisingly, the theoretical value of the numerical constant
B is not available neither for clean nor for dirty s-wave
superconductors. For the clean case, we provide an estimate for
this numerical constant using asymptotics of the Bogoliubov
wave functions of the localized states at zero energy and
microscopic value of the upper critical field. In the dirty
case we were able to perform more quantitative analysis
using the Keldysh-Usadel formalism. We calculate the thermal
conductance at low temperature and low magnetic field for
single- and two-band superconductors in the dirty limit. In
this regime we obtain parameter-free analytical solution in a
single-band case which provides theoretical lower limit for
heat transport in the mixed state. We find that in the dirty case
the low-field thermal conductivity is drastically suppressed in
comparison with the clean case. Further, we generalize the
developed formalism to a two-band superconductor, taking
MgB,; as an example.

II. TUNNELING OF QUASIPARTICLES BETWEEN
VORTEX CORES IN CLEAN ISOTROPIC
SUPERCONDUCTOR

The electronic transverse thermal conductivity in a mixed
state at low temperatures and fields is determined by the
probability of quasiparticle tunneling between the cores of
neighboring vortices. In this section we evaluate this quantity
with exponential accuracy for clean isotropic superconductors.
Even though this estimate is very straightforward and could
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have been done a long time ago, to our great surprise, we did
not succeed in finding it in the literature.

The Bogoliubov wave function of the localized state in the
vortex core at E = 0 decays as'’

V(r) ocexp(—=r/&n), &a =vr/A, ey

where A is the superconducting gap and vg is the Fermi
velocity. Therefore, the probability of tunneling between the
vortex cores separated by distance a = v2®,/+/3B can be
estimated as

P o (@) oc exp(~2a/Ea) 2) @
o |W(a)|” x exp(—2a =exp| — .
P A P /3B £
The upper critical field B, for a clean isotropic superconductor
at T = 0 is given by*°
&2 @, VF

= L 5 SO =

4y 2m&; 2n T,

3

BcZ

with y = exp(0.5772) = 1.781 being the Euler constant.
Using also the BCS relation 77, = y A, we evaluate

2@0 i 167
\/ch*ZSi B \/57/62

This allows us to represent the tunneling probability (2) as

167 Bcz BcZ
\/37/62 B ~exp| — 1.486 5 ) “4)

This result also determines the low-field asymptotics of the
electronic thermal conductivity of clean isotropic supercon-
ductor. The constant in the exponent is obviously sensitive
to anisotropy of Fermi surface. A more quantitative analysis
which would include also evaluation of the pre-exponential
factor requires much more complicated microscopic kinetic
theory for clean limit. In the following sections we make
quantitative calculations of thermal transport at low fields for
dirty superconductor.

~ 1.486.

P ocexp (—

III. THE FORMALISM: THERMAL TRANSPORT IN
DIRTY SUPERCONDUCTORS WITHIN
QUASICLASSICAL KELDYSH-USADEL MODEL

Our study is based on the quasiclassical Keldysh-Usadel
formalism?'~2* which was developed to describe nonequi-
librium properties of dirty superconductors. Below we will
reproduce the main relations of this formalism needed for
our derivations. Within this formalism a superconductor is
described by the Green’s function

Gk GK
G = ~ ) (%)
< 0 GA)
where in the dirty limit the retarded (advanced) Green’s
functions GR satisfy the Usadel equation®*

—ADV(GRAIVGRD) = [i E#; + A, G, (6)
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Here E is quasiparticle energy, D is the electronic diffusion
coefficient, A is the pair potential

A= 0 4 7
_<A* 0)’ ™

GK =GRf— fG*, f is the distribution function,
GR = 4G+ #/F, G* = —#;GR%;, where G and F are the
normal and anomalous Green’s functions and ; are Pauli
matrices.

Thermal current is given by

NoD

J[h = 4

/ETr[f3(GRVGK + GEVGMIdE,  (8)

where Ny is the normal density of states at the Fermi level.
Writing f = fi1+ frts, where f; and fr are odd and even
in energy components of the distribution function, one can
rewrite the thermal current in the form?

Jin = NO/E[DL(E)VfL(E)+ImJEfT]dEa )]

where

D7y = D[(ReG)* + (ReF)*],
D, = D[(ReG)?* — (ImF)?]

are the energy-dependent spectral diffusion coefficients
and ImJg is the spectral supercurrent given by ImJp =
1Tr{#5(GRVGR — GAVE)] = ImFRRe FRV x, where  is
the superconducting phase. In the mixed state all quantities
are spatially inhomogeneous (coordinate dependences are
dropped for brevity). Functions f; and fr satisfy the following

kinetic equations?>?*:
V(DrV fr) + ImJeV fL = 2R fr, (10)
V(DLV f1) +ImJgV fr =0, (11)

where R = ITi[A(G® + G*)]. In thermal equilibrium f; =
tanh(E /2kpT) and fr = 0. The thermal conductivity compo-
nents are defined as

Ko = (Jina)/(VaT), 12)

where (VT) is the average temperature gradient and o =
(x,y,2).

In the following, we shall use the standard 6 parametriza-
tion, GR(r) = 3 cos[8(r)] + t; sin[A(r)] in which the Usadel

equation has the following form?%7:

D(V?0 — p*cos@sin@) +2Acosd + 2 Esinf =0, (13)

where p(r) = V¢ — (2 /Dy)A is superconducting momen-
tum (within circular cell approximation p = 1/r —r/ rf, ry =
v/ ®o/m H). The self-consistency equation has the form

T T , A
Alnizizw:(mné—;). (14)

The diffusion coefficients in the § parametrization are given by
the expressions Dy (E,r) = D cosh>(Im[0(E,r)]), D.(E,r) =
D cos*>(Re[6(E,p)]).
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IV. THERMAL TRANSPORT IN THE VORTEX
STATE AT LOW FIELDS

We consider a superconductor in low magnetic field,
B < B.;. We assume an ideal triangular vortex lattice of
vortex lines and study thermal transport in the direction
perpendicular to the field. The local thermal conductivity is
mostly determined by the diffusion constant D (E, r) at low
energies. This quantity is very inhomogeneous in the vortex
state. It has maxima at the vortex cores and rapidly drops
away from the cores reflecting localization of quasiparticles in
the core regions. This means that the local thermal resistance
o1/Dr(0,r) is maximal at the boundaries of the lattice unit
cell. In such situation the temperature is mostly homogeneous
within the unit cells and only changes in the boundary regions
between the cells, see Fig. 1. This means that thermal transport
occurs via “bottlenecks,” saddle points of Dy (E,r). Our
purpose is to evaluate average thermal conductivity limited
by these bottlenecks. Since in the vicinity of bottlenecks,
the spectral supercurrent ImJg vanishes by symmetry, the
expression for local energy current simplifies and has the form:
Jin(r) = No [dEED.V fi.

We start with evaluation of the diffusion constant D; (E,r)
which is determined by the real part of the Green’s function
6(E,r). For an isolated vortex, at distances r>>& from its
core we can present 6 and A as 6(r) = 6y + a(r), A(r) =
Ao + A(r), where Ag and 6, are the equilibrium values at
zero magnetic field, tan 6y =i Ao/ E and A(r) =0,(r)+if;(r) is
a small correction. For E < Ag, 6y = w/2+i E /A, therefore
the energy-diffusion constant in this region Dy (E,r)~ D§>.
The real and imaginary parts of § obey the following equations:

. EX+ A2 . -
DV?*6, — Dﬁpzﬂ —2,/A2—E23, =0, (15)

0

. E24+ AL . .
DV?%6; — DrA% p0; — 2,/ A2 — E2§;
_ 2EA EAy (16)
T fmep N-ET

9

FIG. 1. (Color online) Left: Gray-level map of the local thermal
resistance o« 1/ Dy (0,r) in the vortex lattice. Light regions correspond
to low thermal resistance. Arrows illustrate heat flow in the bottleneck
regions. Right: Three-dimensional plot of the local thermal resistance
in the bottleneck region marked by rectangle in the left picture.
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where p = 1/r is the gauge-invariant phase gradient. For an
isolated vortex 6, and 6; have q}lalitatively different behavigr
at large distances for £ < Ay: 6; decays as p2 x 1/ r? and 6,
decays exponentially

exp(—ker)

Oy (r) = Cy———rxcr,
(1) o

ke(E) = v2(A2 — E?)*/v/D.

Evaluation of numerical constant requires solution of full non-
linear problem. Numerical solution by the method described in
Ref. 27 provides C, ~ 4.2. In the vortex lattice away from the
core regions 6, can be represented as a sum of contributions
from individual vortices

exp(—kg|r — R])

éa ,r(r) ~ év,r(r - R) = Cu )
“ XR: XR: JkeIr — K|

where R are the vortex coordinates. In particular, for tri-
angular lattice R = (a/2 + ma 4 na/2,n+/3/2), where a =
V2dqy/ V3B is the lattice constant and m and n are integers.

At small field thermal transport is determined by energy
flow via bottlenecks, saddlepoints of Dy (E,r) at boundaries
of the lattice unit cell. Near the bottleneck point, (x,y) = (0,0),
we can keep only contribution from two neighboring vortices
located at (£a/2,0) which gives

a7

(18)

v

kga/2

Brai (r) ~ exp(—kga/2) cosh(ke x) exp(—ks y*/a)

T%’

19)

and
2

8C
D (E;x)~ D . Y exp(—kga) cosh? (kg x) exp(—2ke y*/a).
ga

(20)

Using also quasiequilibrium approximation for the gradi-
ent of f;(E,r), Vy fr(E,x) ~ —cosh 2(E/2kgT)(E /2kT?)
V. T (r), we obtain the heat flow near the bottleneck Jy, ,(r) ~
—k(r)V, T (r), where the local thermal conductivity «,(r) is
given by

exp(—kga)

o0
K. (r) ~ 8C2DN / dEE cosh? (kg x)

—00 £a

2ks y? E2kgT?
xexp| — 5 .
a cosh“(E /2kpT)

At low temperatures 7 < Ag&/a the main contribution to
the energy integral comes from the region E < 7. This
allows us to neglect the energy dependence of k:(E) and
replace kz: (E) — ko = «/2A0/D = 1/&A. In this case, using
/22 x?cosh™x dx = 2/6, we obtain

1672 —k
eo(r) = 7 22 gy p EPEROD v
g0
2keoy’
X exp <— Ly) Q1)
a

Near the bottleneck region the local thermal conductiv-
ity has a form «(x,y) = «oFy(x)F,(y), where the func-
tion FX(X)ZCOShZ(kg()X) has minimum at x =0 and
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F,(y) = exp(—2k§0y2/a) has maximum at y = 0. The total
flow per unit length along the field through the bottleneck is
given by

I ~ ko Fi(x) [/ Fy(y) dy} V. T. (22)

Energy conservation requires that Iy, has to be x independent.
Therefore, the temperature drop AT across the bottleneck can
be evaluated as

© F-Yx)dx
AT ~ —f_oooo il ( ) Ith
ko o Fy(y)dy

meaning that the total thermal conductance through this region
K = Iy, /AT can be evaluated as

(23)

*® F.(vd 87522 _k
K = ko fo;"o jl(y) Y 3G o gy p SR R0
f—oo Fx (x)dx 3\/§ ‘/akg()
(24)

Evaluating the total average energy flow density
I + In/4 5 AT
Jiy = th th/ — K==,
av3/2 23 a

we obtain the final result for the low-field/low-temperature
limit for the thermal conductivity in the vortex-lattice state

(25)

_lovar®2c? exp(—keoa)
k/T ~ ———LkyNoD———
3V3 Vkeoa
_10V2rRet o exp(—V(87/v/3)Bia/ B)
33 0 [(87/+/3) B2/ B]V/*

(26)

where we used relations B, = <I>0k§0 /4m and kgoa =
V(Sn/:;3)B62/B.

Introducing the thermal conductivity in the normal state
Ky = %Zkf, NoDT, we rewrite the final result in the form

K 2 _,exp(—v/(87/~/3)B.2/B)
— ~ 10,/ =C;
3 [(87/~/3)Bea/B]V/*

130( 2 . 3.81,/ By 27)
~ ex — 3. .
Be P B

This parameter-free analytical result provides theoretical lower
limit for the heat transport in the mixed state in an isotropic
dirty s-wave superconductor at low field. The constant 3.81 in
the exponent is significantly higher than the constant 1.486
which we evaluated for the clean case (4) meaning that
the scattering drastically suppresses the quasiparticle thermal
conductivity at low fields.

KN

V. DISCUSSION OF EXPERIMENT

A rather limited set of experimental data is available
on electronic contribution to the thermal conductivity at
low temperatures and low magnetic fields, since phonon
contribution should be accurately subtracted in this regime.
To our knowledge, the only experimental data on electronic
thermal conductivity which clearly demonstrate low-field/low-
temperature behavior expected for an s-wave superconductor
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are reported for Nb in Refs. 1,2 and for V3Si in Ref. 12.
In these experiments the samples were in the clean limit. In
Ref. 2 the electronic thermal conductivity was fitted by the
expression k & exp(—pB+/B.2/B) for values of B up to about
B.»/3, with B = 1.66. This number is slightly higher than
our estimate of 8 = 1.486 in Eq. (4). This difference can be
explained by the influence of impurity scattering. The shape
of field dependence of thermal conductivity for V3Si reported
in Ref. 12 is in qualitative agreement with the predicted
exponential dependence, however the quantitative analysis was
not made and the value of 8 was not explicitly extracted. In
a field B = B, /20 the value of k &~ 2.5 x 10 3ky provided
in Ref. 12 exceeds our dirty-limit estimate, Eq. (27), by about
two orders of magnitude. This discrepancy can be naturally
attributed to the fact that measured V;Si samples were in the
clean limit. The magnitude of thermal conductivity at not very
small magnetic fields is in good qualitative agreement with
calculations made for the clean limit using the Landau-level ex-
pansion and assuming homogeneous temperature gradient.?®
To our knowledge, there are no data available on electronic
thermal conductivity of dirty s-wave superconductors in the
low-field/low-temperature limit. In available measurements
of alloys' and dirty Nb samples® the thermal conductivity
at low fields and temperatures is dominated by phonons and
separating electronic contribution is a challenging task.

VI. EXTENSION TO A TWO-BAND SUPERCONDUCTOR

Here we extend the above formalism to a two-band
superconductor. At present, the most established example of
such system is MgB,, which is characterized by two electronic
bands: 7 band and o band, see, e.g., the recent review in
Ref. 29. The quasi-two-dimensional o band is characterized
by stronger superconductivity than the three-dimensional 7
band. Heat transport in a two-band superconductor was studied
theoretically in Ref. 9 assuming clean limit conditions and
using the averaging over unit cell method.*> In the dirty limit,
theory of density of states in the mixed state and the upper
critical field for MgB, was developed in Refs. 30 and 31. Below
we extend the calculations of the heat transport presented
above, to the case of a diffusive two-band superconductor,
taking MgB, as an example.

In the presence of two electronic bands with different
energy gaps, low-temperature behavior of thermal transport
is determined by the band with lower gap (7 band). Still, the
generalization from single-band to two-band case involves not
simply renormalization of the energy gap, but also correction
to the asymptotic behavior of Green’s function in the 7= band
and to the upper critical field.

The Usadel equation for the rband reads

D (V20 —p* cos b sinby) + 2A; cos O + 2 E sinf, =0,
(28)

where D, and A, (r) are the diffusion constant and gap for
the 7 band. Similar to a single-band case, asymptotics of the
Green’s function in the 7 band at large distance from the vortex
core is given by

exp(—kxr)

én,r(r) =Cy \/ﬂ

(29)
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with
ke(E) = V2(A2) — E?'"* /D,

The main exponential dependence of the zero-energy Green’s
function at the bottleneck point is & exp(—kroa), where ko =

k7 (0) = \/2A 0/ Dy, which gives
kroa = /B /B, (30)

2A50 29
B, = — 31
"= b /3 €29
Therefore, the magnetic field dependence of thermal conduc-

tivity is determined by the field scale B, and can be presented
in the form similar to Eq. (27),

Kk ~ 10 /2?7tc2exp(—— v Bx/B) 32)

KxN T (By/B)VE

where k,y = ”Tzk% N, D, T is the partial r-band contribution
to the normal-state thermal conductivity.

To proceed further, we have to find relation between the
m-band field scale B, and the upper critical field B, for
a two-band superconductor. The upper critical field at low
temperatures, T < T, is given by?!

B.2(0) = a2 B,(0),

< Wi+ W, —1Inr,
ap =exp| - ———
2
Wi+ Ws —Inr)?
+\/( 1+ 42; nr) —{—Wllnrx), 33)

where indices 1 and 2 correspond to the o and 7 bands,

_ F(An — A0)/2 4+ (A1 — An) /4 + AppAy
A1Ap — ApAo '

Aggp is the coupling-constant matrix, ry = Dy /Dy, Dy, are
the diffusion constants in o and ;v bands,

Agcs Do
21Dy

is the single-band upper critical field for the o band,
and Apcs = mwe VET, = 1.764T, (yg =~ 0.5772 is the Euler
constant).

To make estimates for MgB,, we use the following cou-
pling matrix elements®*3': A1~ 0.81, Ay~ 0278, A~
0.115, A1~ 0.091, which gives W; ~ 0.088 and W, = 2.56.
With such coupling matrix the two-band BCS model gives
Aro >~ 0.3A40 =~ 0.177x T,. Since the parameter W, is small,
typically the inequality W;|Inr,| < (W, — Inr,)?/4 is valid.
In this case one can expand Eq. (33) with respect to W; and
obtain simple result

Wi

B, (0) = (34)

Wilnr,
W2 —1In ry ’
meaning that the upper critical field is close to B,(0) and
is mostly determined by the coherence length of the ¢ band.

Using Egs. (31), (33), and (34), we obtain the relation between
B, and B (0)

apo~1+ (35)

8w Ano Da

B, = % 270 Zo
" V3a, Ascs Dx

B(0), (36)
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which presents the main result of this section. This scale has to
be compared with the scale (87/ \/§)Bcz (0) for the single-band
case.

In order to determine the pre-exponential factor C, in
Egs. (29) and (32), we have to calculate the Green’s function
ém(r), which requires solution of the full two-band Usadel
problem, as described in Ref. 30. An important parameter is the
ratio of diffusion coefficients in two bands r,. For illustration,
we consider two cases here: r, = 1 and 0.2, for which the
ratios of the coherence lengths in the two bands are &, /&, =
V(D /D) (Ago/Aro) = 1.83 and 4.1. For these two cases
we compute B, ~ O.32(87r/«/§)B62(0), C,~36forr, =1
and B, ~ 0.065(87/+/3)Be2(0), C; ~ 2.9 for r, = 0.2. This

gives

£ ~130 . 2.15,) B2©) 1
~ exp | — 2. — ), =1,

K Bo(0)) P B x

B\ B.»(0)
~ 130 exp| —0.98 , ry=0.2.
Ba(0) B

We can see that the field scale in the two-band case is
strongly reduced in comparison with the single-band case
leading to large enhancement of the thermal conductivity at
low fields. This reduction is mostly caused by the smaller
energy gap in the 7 band. Another factor which may contribute
is possible large value of the diffusion constant D,. The
smaller field scale caused by the larger coherence length in
the 7 band is an established feature and important fingerprint
of the two-band superconductivity in MgB,. This small
scale was experimentally observed not only in the thermal
conductivity,'” but also in the specific heat’’ and flux-flow
resistivity.*> For the magnetic field applied along the ¢ axis it
is 3—-5 times smaller than B,,. In this case, the low-field regime
described by Eq. (32) is expected at fields < B.,/30 ~ 100 G.
Unfortunately, most experimental data of Ref. 15 are presented
for higher magnetic fields.

We shall note that in available MgB, single crystals
estimates suggest that the o band is in the clean limit. However,
our results should be qualitatively applicable even in this case.
The reason is that dominant contribution comes from the &
band which is in the dirty limit, as argued in Ref. 30 where the
low-energy DoS in the vortex state of MgB, was calculated.

In summary, we have readdressed the problem of the
heat transport of a superconductor in the mixed state at
low temperatures and low magnetic fields, going beyond the
circular unit cell approximation. In the clean limit we estimated
the numerical constant 8 in the low-field asymptotics of the
electronic thermal conductivity, ¥ o exp(—B+/ B2/ B), using
the Bogoliubov wave functions of the localized states at zero
energy. In the dirty limit we have performed quantitative
analysis of heat transport using Keldysh-Usadel formalism and
have shown that heat transport is limited by tunneling between
adjacent vortices across certain local points (bottlenecks).
In the isotropic s-wave superconductor we have obtained a
parameter-free analytical solution which provides a theoretical
lower limit for heat transport in the mixed state. Based on
this solution, one can conclude that low-field/low-temperature
thermal conductivity in the mixed state is drastically sup-
pressed by impurity scattering. We have extended our results
to the case of a two-band superconductor, taking MgB, as
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an example. In this case, we predict an enhancement of heat
transport with strong dependence on the ratio of gaps and
diffusion constants in different bands.

ACKNOWLEDGMENTS

The authors would like to acknowledge useful discussions
with N. B. Kopnin, V. M. Vinokur, and I. I. Mazin. A.E.K. is

PHYSICAL REVIEW B 83, 094521 (2011)

supported by UChicago Argonne, LL.C, operator of Argonne
National Laboratory, a US Department of Energy Office of
Science laboratory, operated under Contract No. DE-ACO02-
06CH11357. This work also was supported by the “Center for
Emergent Superconductivity,” an Energy Frontier Research
Center funded by the US Department of Energy, Office of
Science, Office of Basic Energy Sciences under Award No.
DE-AC0298CH1088.

1J. Lowell and J. B. Sousa, J. Low Temp. Phys. 3, 65 (1970).

2W. F. Vinen, E. M. Forgan, C. E. Gough, and M. J. Hood, Physica
55,94 (1971).

3P. H. Kes, J. P. M. van der Veeken, and D. de Kierk, J. Low Temp.
Phys. 18, 355 (1975).

4W. Pesch, R. Watts-Tobin, and L. Kramer, Z. Phys. 269,253 (1974).

5S. Imai and R. J. Watts-Tobin, J. Low Temp. Phys. 26, 967 (1977).

®M. J. Graf, S-K. Yip, J. A. Sauls, and D. Rainer, Phys. Rev. B 53,
15147 (1996).

7A. B. Vorontsov and I. Vekhter, Phys. Rev. B 75, 224502 (2007).

8C. Kiibert and P. J. Hirschfeld, Phys. Rev. Lett. 80, 4963 (1998).

9H. Kusunose, T. M. Rice, and M. Sigrist, Phys. Rev. B 66, 214503
(2002).

10y, Mishra, A. Vorontsov, P. J. Hirschfeld, and I. Vekhter, Phys. Rev.
B 80, 224525 (2009).

'E. Boaknin, R. W. Hill, Cyril Proust, C. Lupien, L. Taillefer, and
P. C. Canfield, Phys. Rev. Lett. 87, 237001 (2001).

12E Boaknin, M. A. Tanatar, J. Paglione, D. Hawthorn, F. Ronning,
R. W. Hill, M. Sutherland, L. Taillefer, J. Sonier, S. M. Hayden,
and J. W. Brill, Phys. Rev. Lett. 90, 117003 (2003).

13H. Shakeripour, C. Petrovic, and Louis Taillefer, New J. Phys. 11,
055065 (2009).

M. Sutherland, N. Doiron-Leyraud, L. Taillefer, T. Weller,
M. Ellerby, and S. S. Saxena, Phys. Rev. Lett. 98, 067003 (2007).
ISA. V. Sologubenko, J. Jun, S. M. Kazakov, J. Karpinski, and H. R.

Ott, Phys. Rev. B 66, 014504 (2002).

M. A. Tanatar, J.-Ph. Reid, H. Shakeripour, X. G. Luo, N. Doiron-
Leyraud, N. Ni, S. L. Bud’ko, P. C. Canfield, R. Prozorov, and
L. Taillefer, Phys. Rev. Lett. 104, 067002 (2010).

17 -Ph. Reid, M. A. Tanatar, X. G. Luo, H. Shakeripour, N. Doiron-
Leyraud, N. Ni, S. L. Bud’ko, P. C. Canfield, R. Prozorov, and
L. Taillefer, Phys. Rev. B 82, 064501 (2010).

18, Machida, S. Sakai, K. Izawa, H. Okuyama, and T. Watanabe,
e-print arXiv:1009.2432.

9C. Caroli, P.-G. de Gennes, and J. Matricon, Phys. Lett. 9, 307
(1964); C. Caroli and J. Matricon, Physik Kondensienten Materie
3,380(1965);J. Bardeen, R. Kiimmel, A. E. Jacobs, and L. Tewordt,
Phys. Rev. 187, 556 (1969).

L. P. Gor’kov, Zh. Eksp. Teor. Fiz. 37, 833 (1959) [Sov. Phys. JETP.
10, 593 (1960)]; E. Helfand and N. R. Werthamer, Phys. Rev. 147,
288 (1966).

2IA. 1. Larkin and Yu. N. Ovchinnikov, Zh. Eksp. Teor. Fiz. 68, 1915
(1975) [Sov. Phys. JETP 41, 960 (1975)]

2], Rammer and H. Smith, Rev.
(1986).

2W. Belzig, F. K. Wilhelm, C. Bruder, G. Schon, and A. D. Zaikin,
Superlattices Microstruct. 25, 1251 (1999).

24K. D. Usadel, Phys. Rev. Lett. 25, 507 (1970).

23V. Chandrasekhar, in The Physics of Superconductors, edited by
K. H. Bennemann and J. B. Ketterson (Springer, Berlin, 2004),
pp. 55-110.

26R. Watts-Tobin, L. Kramer, and W. Pesch, J. Low Temp. Phys. 17,
71 (1974).

27A. A. Golubov and M. Yu. Kupriyanov, J. Low Temp. Phys. 70, 83
(1988).

28S. Dukan, T. P. Powell, and Z. Tesanovi¢, Phys. Rev. B 66, 014517
(2002).

X. X. Xi, Rep. Prog. Phys. 71, 116501 (2008).

30A. E. Koshelev and A. A. Golubov, Phys. Rev. Lett. 90, 177002
(2003).

3A. Gurevich, Phys. Rev. B 67, 184515 (2003); A. A. Golubov and
A. E. Koshelev, ibid. 68, 104503 (2003).

2y, X Wang, T. Plackowski, and A. Junod, Physica C
355, 179 (2001); F. Bouquet, R. A. Fisher, N. E. Phillips,
D. G. Hinks, and J. D. Jorgensen, Phys. Rev. Lett. 87, 047001
(2001).

3 A. Shibata, M. Matsumoto, K. Izawa, Y. Matsuda, S. Lee, and
S. Tajima, Phys. Rev. B 68, 060501(R) (2003).

Mod. Phys. 58, 323

094521-6


http://dx.doi.org/10.1007/BF00628399
http://dx.doi.org/10.1016/0031-8914(71)90245-X
http://dx.doi.org/10.1016/0031-8914(71)90245-X
http://dx.doi.org/10.1007/BF00118165
http://dx.doi.org/10.1007/BF00118165
http://dx.doi.org/10.1007/BF01668690
http://dx.doi.org/10.1007/BF00654888
http://dx.doi.org/10.1103/PhysRevB.53.15147
http://dx.doi.org/10.1103/PhysRevB.53.15147
http://dx.doi.org/10.1103/PhysRevB.75.224502
http://dx.doi.org/10.1103/PhysRevLett.80.4963
http://dx.doi.org/10.1103/PhysRevB.66.214503
http://dx.doi.org/10.1103/PhysRevB.66.214503
http://dx.doi.org/10.1103/PhysRevB.80.224525
http://dx.doi.org/10.1103/PhysRevB.80.224525
http://dx.doi.org/10.1103/PhysRevLett.87.237001
http://dx.doi.org/10.1103/PhysRevLett.90.117003
http://dx.doi.org/10.1088/1367-2630/11/5/055065
http://dx.doi.org/10.1088/1367-2630/11/5/055065
http://dx.doi.org/10.1103/PhysRevLett.98.067003
http://dx.doi.org/10.1103/PhysRevB.66.014504
http://dx.doi.org/10.1103/PhysRevLett.104.067002
http://dx.doi.org/10.1103/PhysRevB.82.064501
http://arXiv.org/abs/arXiv:1009.2432
http://dx.doi.org/10.1016/0031-9163(64)90375-0
http://dx.doi.org/10.1016/0031-9163(64)90375-0
http://dx.doi.org/10.1007/BF02422806
http://dx.doi.org/10.1007/BF02422806
http://dx.doi.org/10.1103/PhysRev.187.556
http://dx.doi.org/10.1103/PhysRev.147.288
http://dx.doi.org/10.1103/PhysRev.147.288
http://dx.doi.org/10.1103/RevModPhys.58.323
http://dx.doi.org/10.1103/RevModPhys.58.323
http://dx.doi.org/10.1006/spmi.1999.0710
http://dx.doi.org/10.1103/PhysRevLett.25.507
http://dx.doi.org/10.1007/BF00654545
http://dx.doi.org/10.1007/BF00654545
http://dx.doi.org/10.1007/BF00683247
http://dx.doi.org/10.1007/BF00683247
http://dx.doi.org/10.1103/PhysRevB.66.014517
http://dx.doi.org/10.1103/PhysRevB.66.014517
http://dx.doi.org/10.1088/0034-4885/71/11/116501
http://dx.doi.org/10.1103/PhysRevLett.90.177002
http://dx.doi.org/10.1103/PhysRevLett.90.177002
http://dx.doi.org/10.1103/PhysRevB.67.184515
http://dx.doi.org/10.1103/PhysRevB.68.104503
http://dx.doi.org/10.1016/S0921-4534(01)00617-7
http://dx.doi.org/10.1016/S0921-4534(01)00617-7
http://dx.doi.org/10.1103/PhysRevLett.87.047001
http://dx.doi.org/10.1103/PhysRevLett.87.047001
http://dx.doi.org/10.1103/PhysRevB.68.060501

