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1. INTRODUCTION

Consider the abstract differential equation
x(t) = Ax(t), x(0) = x, (1.1)

on a Banach space X. Hence x(-) is a Banach space valued function. This
equation may represent a partial differential equation. Throughout this
paper, we assume that (1.1) possesses for every initial condition x, a unique
(weak) solution, which depends continuously on this initial condition.
In other words, we assume that A is the infinitesimal generator of a G-
semigroup; see for more information [6, 9, 15, 18, 26].

When solving the differential equation, some form of approxi-
mation/discretization will be necessary. The Crank-Nicolson scheme
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makes the following approximation, see for example [2, 22]. The time
derivative is replaced by

x(t+ 1) — x(1)

x(t) ~ (1.2)
T
whereas the state at time ¢ is replaced by
t t
x(1) ~ M, (1.3)

2

where 7 is the time-step. Replacing the expression in (1.1) by the above
approximations gives

-1
x(t+71) = (I - %A) (I+ %A)x(t),

where we have assumed that (I — %A) is invertible. Thus by defining ¢ = nr,
with n € N, we obtain the difference equation

xi(n+1)=Asx(n), x(0)=x, (1.4)

with A, = (I — LA) 7' (I + 2A).

We have derived the above difference equation using ideas from
numerical analysis. However, the same operators appear when applying the
Cayley transform to the operator A, see, for example, Gomilko [12] or
Kalton et al. [16]. Furthermore, this is also a well-known equation in system
theory, see, for example, Chapter 12 in [23].

In numerical analysis, the approximation scheme (1.4) is widely used,
because if A is a matrix, then the solutions of (1.1) are bounded/stable
if and only if the solutions of (1.4) are bounded/stable. This result is
independent of the time step 7. Of course, the approximation error
x(nt) — x,(n) will depend on this time step. For dissipative operators A on
a Hilbert space, the same result holds. On a general Banach space, there
are examples showing that (1.1) can have bounded solutions, whereas the
norm ||A]|| is unbounded in n. Thus an interesting and open problem
is which conditions on A and X are necessary and sufficient such that
the Crank-Nicolson discretization has the same stability properties as the
original equation (1.1).

From the independent papers [3, 14] with different key ideas, we have
the following result.

Theorem 1.1. Let A and A™" each be the infinitesimal generator of a bounded
semigroup on the Hilbert space H. Then the operator Ay := (I + A)(I — A)™" is
power bounded, that is, sup,en ||A]j]| < 0.
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It is clear that (after re-scaling), this precisely gives that the Crank-
Nicolson scheme has in Hilbert spaces the property that all solutions of
(1.4) are bounded provided the solutions of (1.1) and of x(¢) = A~ 'x(¢)
are bounded.

One of our questions is whether this results still holds when the time
step 7, see (1.2) and (1.3), is nonconstant. By using the Lyapunov approach
as in Guo and Zwart [14], we show the following:

Theorem 1.2. Let A and A7 each be the infinitesimal generator of a bounded
Co-semigroup on the Hilbert space H. Consider the time-varying difference equation

-1
xa(n+1) = (1 . %A) (1 + T—;A)xd(n), x(0) = x. (1.5)

If 0 <inft, <suprt, <00, then the solutions of (1.5) are bounded in n.
Furthermore, if the solutions of (1.1) are stable, that is, lim,_..ox(t) = 0 for all x,,
then under the above conditions on t,, the same holds for the solutions of (1.5).

The proof of this theorem will be presented in Section 2. From
the above two theorems two questions arise. Firstly, is A™' always the
infinitesimal generator of a bounded Gjy-semigroup if A generates a
bounded Cy-semigroup? Secondly, do Theorems 1.1 and 1.2 hold in a
general Banach space? For analytic (y-semigroups, one can find positive
answers, see [7, 28] for the first question and [5, 20] for the second
question. We present a new and very simple proof of the following
theorem, see also [21].

Theorem 1.3. Let A be the infinitesimal generator of a bounded analytic Cy-
semigroup on a Banach space X. Consider the time-varying difference equation
(1.5). If0 < inft, < supt, < 00, then the solutions of (1.5) are bounded in n.

Solving by induction the difference equation (1.5), we see that the state
at time 7 is given by

n—1
xa(n) = (]'[Ro(m)xdm),
k=0

where Ry(k) = (I — %A)’l(l + % A). Hence | x,(n)] is uniformly bounded
(in ») if and only if the operators ]_[Z;é Ry(k) are uniformly bounded.
One sees that the operators Ry(k) mutually commute. From this the
following arises as a natural question.

Let a sequence of operators {R(j)}jen be such that

e they mutually commute, that is, R(j)R(k) = R(k)R(j),
o there exists an M such that Sup; ey IR < M.
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Are these conditions sufficient for the sequence || ]_[]lf:l R(j)|l to be
uniformly bounded?

Unfortunately, the answer to this question is no. Consider, for instance,
the following example. As Banach space X we take the space €%,
the space of bounded sequences with norm [ x| = sup, |x(n)|, where
x = (x(1),x(2),...,x(n),...). As operators we define R(1) = I, and for j >
2 we define R(j)x =y, with

(1) = x(1) + x()),
y(2) = x(2),

yG—1 =x(G—-1),
() =0,
yG+1 =x(G+1),

For any j € N it is clear that |R(j)*| <2 for all k € N. Furthermore,
R(R)R(j) = R(j)R(k) for any k,j. So this sequence of operators satisfies
the two conditions. However, if we define x, as x,(n) =1 for all =,
then |x,[| =1, but [R(1)R(2)... R(k)x|| = k and so || ]_[]If':] Rl is not
uniformly bounded.

The above example shows that care should be taken when going from
time-invariant operators to time-varying ones.

The proof of Theorem 1.2 is presented in the following section. In
Section 3, we study the properties of the inverse of the generator for a
general Banach space. Among others we show that A~! always generates a
once integrated semigroup. In Section 4, we return to the discretization of
differential equations. In Guo and Zwart [14] it is shown that if A generates
a bounded Gy-semigroup on the Hilbert space H, then for every x, € D(A)
the solution of (1.4) is bounded. In Section 4, we show that this no longer
holds in a general Banach space. Especially, we show that it does not hold
in L? for p # 2. At the end of this section, one may find the proof of
Theorem 1.3.

Let %(X) denote a Banach algebra of all bounded operators from X to
X, and let ‘€(X) denote the set of densely defined, closed operator on X.
It is well-known that every infinitesimal generator of a (y-semigroup is an
element of €(X). If A generates a bounded (y-semigroup, then (0,00) C
p(A) (the resolvent set of A), and hence I — §A has an inverse that is an
element of %(X). Throughout this paper, we assume that zero is not a
point spectrum of A, and that A~ € €(X). In other words, zero lies in
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the resolvent set, or in the continuous spectrum of A. From Goldstein [10,
Theorem 1.8.20], we have that if A generates a bounded Gy-semigroup on
a reflexive Banach space X and if zero is not a point spectrum of A, then
the range of A is dense in X.

2. TIME-VARYING DISCRETIZATION

The aim of this section is to prove Theorem 1.2. For this proof, we need
two lemmas.

Lemma 2.1.  Consider on the Hilbert space H for n > 0 the difference equation
xa(n+1) = Agxa(n),  x4(0) = xg0. (2.1)

If for all r € (0, 1) there exists positive operators R(r), T%(r) € B(H) such that for
all n € N

r?A% R(rAg, — R(r) < —I, (2.2)

d,n

r*Au, R(NAS, — R(r) < —1 (2.3)
and

M := sup (1 — ")||R(r)|| <00, M := sup (1 —n)||R(r)|| <oo, (2.4)

re(0,1) re(0,1)
then
sup [|x,(n)|| < eV MM | x,(0)]]. (2.5)
neN

If (2.2)—(2.4) hold, and if
lrigl(l - T)(xd,o,R(T)Xd,o) =0,

then the solution of (2.1) for the initial condition x,o converges to zero, that is,
lim,_, o x;(n) = 0.

Proof. The proof is divided into several steps. We define for K > k > 0
the operator ®(r; k, K) as

D(r;k, K) = " Agk - o AgsroAaii- (2.6)
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For K =k, we define ®(r;K,K)=1. It is clear that ® is the state
transition map from time k to time K multiplied by rK=* that is, x;(K) =
r~K=Bd(r; k, K)x,(k).

Step 1. Using equation (2.2), we find that for K > 0

O(r;0, K)*®(r;0,K) < O(r; 0, K)* [—1r*A) o, R(N Ay i1 + R(1)]P(r;0,K)
=—®(r;0,K+1)'R(r)P(r;0,K+1)
+ ®(7;0, K)*R(r)®P(r;0,K). (2.7)

Step 2. For all n € N, we have that

n n

S ol =Y ™ (xa(h), xa(k))

k=0 k=0

= Z(xd(o), O(r; 0, k) P (r; 0, k)x,(0))

k=0
<3 (5a(0), (= (30, k + 1) R(IB(r;0, k + 1)
k=0
(130, 1) ROYD(750, ) 3,(0)
= —(xa(0), (730, m + 1) R(VD(r50, 7+ 1Dy(0))

+ (x4(0), R(7r)x4(0)),

where we have used (2.7). Because R(r) > 0, we conclude that for n > 0

n

Zr?’fnxd(k)”? < (x4(0), R(r)x4(0)). (2.8)

k=0

Step 3. Let n € N and consider the backward, dual system of (2.1),
thatis, for k=0,...,n—1,

xi(k) = Ay xa(k+ 1), xi(n) = Xxq- (2.9)

It is not hard to see that x,(k) = r*""®(r; k, n)*X,,. Using equation (2.2),
we find similarly as in Step 1, that for £ > 1

D(r; k, n)D(r; k,n)* < —D(r; k-1, n);{(r)q)(r; k—1,n)"
+ ®(r; k, n) R(r)D(r; k, n)*. (2.10)
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If we define A;p = A,1, then we have that (2.10) holds for £ > 0. Hence
for x,(k), the following inequality holds:

Do PR < ) (Ra(n), DOk, n)D(rs k) Kg ()
k=0 k=0

n

<Y (&), (=@(r;k — 1, m)R(r)D(r; k — 1, n)"

k=0
+ ®(r; k, n)R(1D(r; k, n))xy(n))

= —(%(n), ®(r, —1, ) R(r)®(r; —1, n)*%;(n))
+ (%a(n), R(r)%q(n))

< (%(n), R(NFy(n)),

because FE(T) > 0.

Step 4. Let n € N. Then following [25], we have that

n

D {&a(n), B(r,0, n)xd(on'

k=0

[(n+ 1)r"(x,(n), x4(n))| =

n

Z(@(r, k,n)*x,(n), ®(r,0, k)xd(O))‘

k=0

k=0 k=0

< J 3B E (k)2 Y xR |2

< U, ROE(0)/ (5a(0), RO 3(0))
1 =~
<V MMIEm)]%(0)], (2.11)

where we have used (2.8) and (2.10). Choosing in the above expression
r = -5 we find that

1\" =
[(xa(n), x4(n))| < <1 + ﬁ) vV MM|x,(n) || 1x2(0)].

Thus

lxa(n) | < eV MM|x4(0)].
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Step 5. From equations (2.4) and (2.11) we find that

~

M

1—17r

[(n+ D)r" (xa(n), x4(n))| < 1% () 11/ (x4(0), R(r)x4(0)).

Let & be a positive number, and choose 1, € (0,1) such that
(%40, R(1)x40) < for r € (7,1). Without loss of generality, we can

— 1—r
choose 7, such that is an integer. Then for these r’s

Te
1—7¢

M
[(n+ D" (), xa(m)] < | < ()l | ——.
—r 1—r

. e . o .
Choosing n > - or equivalently, » = .7, we obtain that

- \" = _
[{(x4(n), x4(n))| < (1 + Z) VM| x(n)|e.
Thus for these time instants, we have

Ixa ()]l < eV M.

Because we can do this for every positive g, we have proved the assertion.

(]

We use the above lemma to prove that the Crank-Nicolson
approximation is bounded for any time-discretization of the differential
equation

x(t) = Ax(t), x(0) = x, (2.12)
provided (2.12) has only bounded solutions and the same holds for A™".

Lemma 2.2. Let A and A™" be generators of bounded Cy-semigroups, and let
Ad(h) = (I + hA)(I - hA)_l' Ijr h € [hmin’ hmax] with Q< hmin =< hmax < o0,
then for every r € (0, 1), there exist positive operators R(r), R(r) € B(H) that are
independent of h and that satisfy
r*As(h)*R(r)A,(h) — R(r) < —I, (2.13)
r2A,(R)R(r)Ay(h)* — R(r) < —1I, (2.14)

and

M := sup (1 — r)|R(r)|| < oo, M := sup (1 —r)|R(r)|| <oo. (2.15)

re(0,1) re(0,1)
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Proof. From Guo and Zwart [14], we know that the boundedness of
the Cy-semigroup generated by A implies the existence of positive-valued
operators Q (o) and Q(o) such that

(6l —A)*'Q(0)+ Q(o)(el —A)=1 0¢>0, (2.16)

(6l —A)Q(0) + Q(o)(al — A =1 ¢>0, (2.17)
supal|Q(o)ll < My, supa|Q(a)| < M,. (2.18)
>0 a>0

Similarly, we have that the boundedness of the Cy-semigroup generated by
A7l implies the existence of positive operator valued functions S(o), S(o)
such that

(oI —AY*S(0) +S(o)(al —A =1 ¢>0, (2.19)

(6l —A™MS(6)+S(o) (el —A Y =1 >0, (2.20)
sup o[ S(a)|| < My, supa|S(a)| < Ms. (2.21)
>0 >0

We use (2.16) and (2.19) to show that (2.13) holds. The proof of (2.14)
will be very similar.

Using the notation (/ — 2A)™* to denote the adjoint of (/ — hA)~!, and
substituting (I — hA)~'(I + hA) in the left-hand side of (2.13), we obtain

r?Ay(h)*R(r)A.(h) — R(r)
= (I — hA)*[r*(I + hA)*R(r)(I + hA)
— (I — hAY R(r)(I — hA)I(I — hA)™!
= (I — hA)*[(+* = D[R(r) + K*A*R(r)A]
+ (v + D[RA*R(r) + R(r)hAII(I — hA)™!

2 __
=+ DU — hA)_*|:T2 n i [R(r) + R*A*R(r)A] + hA*R(r) + R(r)hAi|
r
x (I — hA)7L. (2.22)
Next we define o as 2(11_5121) and R(r) = 2R;(r), where
R](T) = hmin Q(h:-ax> + hmaxS(hmina)- (223)
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Substituting R;(7) in the expression within the square brackets gives

2 c
;ﬁ[lﬁ(r) + B2A" Ry (r) Al + hA"Ry (r) + R (r)hA

= [relie) e o)

+ Q( 7 )hA] !
hmax hmin

+ [20S (hnin@) — 208 A*S (hinin@) A + hA*S (hyin@) 4 S (Punin @) hA] P

= [—26Q( 7 ) - %h?A*Q(i)A 427 Q( 7 )] !
B h'max hmax hmax hmax hmin
+ [_QGS(hmina) - 20-h2A*S(hminG)A - hA*A + QhahminA*S(hminO-)A] hmax

e () o
- hmin hmin hmax hmax =
+ 2O-hhmax[hmin - h]A*S(hmmo-)A
= - " I — hhmaxA*A
< —I — h*A*A, (2.24)

where we have used (2.16), (2.19), and twice the fact that A, < & < hypay.
Combining (2.24) with (2.22) gives for R(r)

A ;(h)*R(r)Ay(h) — R(r) < 2(r* + 1)({ — hA)*[—1 — h*A*Al(I — hA)~!
<—(*+ DI <—I. (2.25)

because | x||> < 2||(I — hA) ' x||? + 2||RA(I — hA) ' x| %
It remains to show that

sup (1 — r)[|R(r)| < oo.

re(0,1)
We have
(I =R = - 2| R()|
su —r | < sup ———— r
o o 202+ 1)
g
S su 40— + hmaxS(kmino-)
Je(opl) hmin Q( hmax )
'9
< 4hmaxM1 —|—4hmaXM2,

hmin hmin
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where we have used (2.15) and (2.21). Hence we have constructed
a solution R(r) of (2.13) which satisfies the first inequality in (2.15).
Similarly, by using (2.17) and (2.20), we can construct a solution of (2.14)
satisfying the second inequality of (2.15). Hence we have proved the
lemma. g

Now we can prove Theorem 1.2.

Proof of Theorem 1.2. The first part of the theorem follows directly
from Lemmas 2.1 and 2.2. To prove the stability, we need that if A generates
a stable Cy-semigroup, and if A~ generates a bounded (Gy-semigroup, then
this Gy-semigroup is stable as well. Furthermore, from [14] we know that
if A generates a stable Gy-semigroup, then there exists a solution of (2.16)
such that for all x € H

lim o(x, Q(9)x) = 0.

Because A™! also generates a stable Gy-semigroup, we have that a similar
result holds for S(o), see (2.19). Because we can choose

2 o
R(T) = < ) + thaxs(hmina)
hmin Q hmax
we see that the assertion follows from Lemma 2.1. O

The proof of Theorem 1.3 is given at the end of Section 4.

3. SOME PROPERTIES OF INVERSE GENERATORS

In Zwart [28] and Gomilko [11], we can find the following result.

Lemma 3.1. Let A generate an exponentially stable Cy-semigroup (T'(t)),=0 on
a Banach space X. Then the following equality holds

= x — / Thy (17) T() o dlt,
0
where

oo (1) = V1),

1
%]1
with J,(-) the Bessel function of the first kind and of the first order.
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In this lemma, we made the assumption that A generates an
exponentially stable Cy-semigroup. This implies that A™' is a bounded
operator, and thus it generates a Gy-semigroup. Note that we do not know
whether this Gy-semigroup is bounded. In the more general situation, when
A generates a bounded Cy-semigroup, it is still unknown whether its inverse
generates a Gy-semigroup as well. However, we have that it generates a once
integrated semigroup. The following definition is taken from [1].

Definition 3.2. Let A € ¢(X) and k € N. The operator A is said to be
the generator of k-times integrated semigroup if there exist an @ > 0 and
a strongly continuous function S(-) : [0,00) — %(X) such that (w,00) C
p(A), ISl = Me”, and

(M—mlzﬂ/ e MS(t)dt, for Re(l) > w.
0

In this case, the family of operators (S(¢)),>o is called k-times integrated
semigroup generated by A and we denote it as (¢'),=o.

Theorem 3.3. Let the operator A generate the bounded Cy-semigroup (T (t)) >0
on a Banach space X . Assume further that A™" exists as an element of €(X). Then
A~! generates 1-times integrated semigroup and for t > 0

el’rltxo = ix + tQ/ . (ts) T (s)xods

0

- tmﬁ/”[ﬁo@ﬁ)—ﬁ(m)
0

(15)3/2

]T(s)xods, x € X. (3.1)

Proof. By the asymptotic behavior of the Bessel functions, it is easy to
see that 4/ is absolutely integrable on [0,00), see [27]. Because T'(¢)x is
bounded on this interval, it is easy to see that the expression on the right
of (3.1) is bounded by Mt, for some positive M. Next we are going to show
that (A1 — A™) 'y = 1 [;° ¢ "¢/ ¥ ds. Standard Laplace theory gives that
the Laplace transform of ¢ is 1/42. Now we concentrate on the second term
in (3.1):

i/tﬂf %mﬂnmm}“m
0 0
/1/ |:/ tQh;C(ts)e_“dt] T(s)xy ds
0 0
0 2
i/ !
0

[_hac(ts)e_it
S

o0 00 1 >
—f %mywwwﬂTmmﬁ
0 0 s
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[T - —At 742 ,—At
=— - hoo(t)[2te™" — At7e™ "] dt T(s)xo ds
o $Jo

(172 ., —2+s
:—/L/(; ;[ﬁe /~+Té’ /-]T(S)Xo ds

1 [ _
= —7/ e 2T (s)xyds
22 )y

11 B

So we have that the Laplace transform of the righthand side of (3.1)
equals to

R N A N SV AR A YA AN
20 2\0 SR VAV AV o

— (I — A 'x,. 0

Remark 3.4. From [17], it follows that there is a maximal subspace D C X
such that operator A™' restricted to D generates a Cy-semigroup. This
means that the generator A™' of the once integrated semigroup ef‘_ll
generates on D the (y-semigroup e

If A7' is bounded, then it is clear that it generates a (y-semigroup.
Because the inverse commutes with A, we know that A+ A~' is an
infinitesimal generator as well. If A~ is merely a closed, densely defined
operator, then it is unknown whether it generates a (y-semigroup. Under
the assumption that it does, we study the domain and range of the
generator of (eMeh ™) 0.

Proposition 3.5. Assume that the operators A and A™' both generate
Co-semigroups, which are denoted by (') =0 and (eA_I‘)tzo, respectively. The
generator Ay of the Cy-semigroup T(t) :=eMed™ 1> 0, has the following
properties:

1. ran(A,) C D(A) 4+ ran(A).

2. D(A) Nran(A) C D(A,) and on this set, we have that A, = A + A™".

3. D(A) Nran(A) = {x € X | x = Az,z € D(A*)} is a core of operator Ay, that is,
the closure of (A, D(A) Nran(A)) equals (A1, D(Ay)).

Proof. Consider the following identity for any x € X and any ¢ > 0,

(" — I)(e‘rlt —I)x = (eAteAA’ —Ix—((e"=1)+ (eAilt —1I))x. (3.2
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Furthermore, for any Gy-semigroup (S(¢)),>¢, we have that

t
S()xg — x9 = As/ S(s)xyds,
0

where Ag is the corresponding infinitesimal generator. Combining these
facts, we see that (e*e? ' — I)x € ran(4;), but the other elements of (3.2)
belong to ran(A) and ran(A~"). Because the range of A7l equals the
domain of A, the first assertion follows.

If x € D(A)ND(A™") = D(A) Nran(A), then (3.2) gives that x € D(A,).
Furthermore, dividing in (3.2) by ¢ and taking the limits gives

0=Ax— (Ax + A 'x),

which shows the second assertion.
The third assertion follows from Corollary II1.5.8 of [9]. O

In third property of the previous proposition, we see that D(A) N
ran(A) plays an important role. If A is (boundedly) invertible, then the
range of A is the whole Banach space, and so this intersection equals
the domain of A. The following proposition gives a nice fact when this
intersection equals the range of A.

Proposition 3.6. Under the assumption of Proposition 3.5, we have that
ran(A) C D(A) if and only if D(A?) = D(A).

Proof. 1f ran(A) C D(A), then for any x € D(A) one has Ax € ran(A) C
D(A), that is, x € D(A?). Conversely, if D(A?) = D(A), then for any y €
ran(A) there exists an x € D(A) such that y = Ax. Because by assumption,
we have that x is also an element of D(A?), we have that y € D(A).
Therefore ran (A) C D(A). O

We end this section with the following observation, which follows
from [13]. Because ran(A) and ran(A~!) are dense in X, the bounded
Co-semigroups (e*') - and (') /=0 are mean stable, that is,

1 [, 1 [,

;/e“xds—>0, ;/e ‘xds — 0 forany x e X as { - oo.
0 0

4. CRANK-NICOLSON ON A GENERAL BANACH SPACE

In this section, we study the behavior of the Crank-Nicolson
discretization as given in equation (1.4). Because the stability/
boundedness properties are invariant under time-scaling, we may without
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loss of generality assume that 7= 2. Hence operator A; equals (I —
A)~'(I + A). We denote by @ the mapping that gives to A the discretization
Ay, that is,

QA= —A) "I+ A) :=A,. (4.1)
Now it is easy to see that
G(A) = —G(A™). (4.2)
Furthermore, we have the following equality

A = AT — A+ ATA(T — A)!
=AMl — A =AM —ATHL (4.3)

Combining (4.3) with (4.1) and (4.2) gives
(@A) = (@A)"(I = AT = (=D"(@A™)" U -=ATHT (44)
From this observation, the following lemma follows directly.

Lemma 4.1. If for every initial condition in the domain of A the difference
equation (1.4) has a bounded solution, and if for every initial condition in the
domain of A~ the difference equation (1.4) has a bounded solution, then for any
initial condition the solution of (1.4) is bounded.

In Guo and Zwart [14], it has been shown that on Hilbert spaces,
the mapping A — (@G(A))"(I — A)~" is bounded uniformly in n provided
A generates a bounded (y-semigroup. In other words the assumption in
Lemma 4.1 holds for A. In this section, we want to investigate whether
the first assumption in Lemma 4.1 holds for bounded (y-semigroups in a
Banach space. This can be equivalently formulated as the question whether
the mapping

Pu(A) = (@A) U — A (4.5)

is uniformly bounded for operator A that generates a bounded
Gy-semigroup.

It is not hard to show that if A generates the bounded (y-semigroup
¢ then the following equality holds,

P (A) = / N L,(2t)e "M dlt, (4.6)

0
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where L,(t) is the Laguerre polynomial given by

n

1
L()=)_ <Z> g(—t)k. (4.7)

k=0

Furthermore, we have the following lemma.

Lemma 4.2. Let A be the infinitesimal generaior of the bounded Cy-semigroup ™'
on a Banach space X. Let [ be an element of L' (0,00). Then

F(A) = / f()etdt (4.8)
0
exists (as Pettis integral) and satisfies
T < [ Yl suple]. (49)
0 120

Furthermore, there exists a Banach space and an infinitesimal generator A of a
contraction Cy-semigroup on this Banach space such that

/ If (Dldt = |F(A)]. (4.10)

0

Hence, if f ¢ L'(0,00), then (4.8) need not to exist as a bounded operator.

Proof. The first part follows from [15, Chapter XV], so we concentrate on
the second part. As Banach space we choose X = (0, 00), the continuous
functions with limit zero at infinity. The norm on this space is given
by the maximum-norm. As (y-semigroup we choose the left-shift, that is,
(T(t)x)(n) = x(t + n). Itis clear that this is a contraction Gy-semigroup. Let
f € L'(0,00) be a given function, and define A(1n) = sign(f(1)). For every
e > 0, we can find an element x, € X with norm one such that

< e.

/ Sh(n) — x,(m)]dn
0

For | F(A)|, we find

17 (A) (x| = [(F (A) (%)) (0)|=

/Oof(t)xg(t+0)dt
0

=

/Oof(t)h(t)dt —£=/Oo|f(t)|dt—s.
0 0
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Because x, has norm one, and because this holds for all € > 0, we see that

||J(A)(Xs)||
17 (A > / (Dl
8>0 || 8”
Combining this with (4.9), we see that we have proved (4.10). O

From this lemma and equation (4.6), we can conclude that %,(A)
is uniformly bounded in 7 for any infinitesimal generator of a bounded
Cy-semigroup on a Banach space if and only if

sup/ |L,(20)e™"|dl < oo. (4.11)
0

neN

Let us recall that Ln(t)e_é is an orthonormal sequence (see, e.g., [19]) in
the space L*(0,00). So 2 [;7|L,(2t)e™"|*dt = 1, but unfortunately, we have
the following result.

Lemma 4.3. [For the Laguerre polynomials L,(t), the following estimate holds:
/ |L,(2t)e™"|dt = O(y/n). (4.12)
0

Proof. This can be found in Lemma 1.5.4 of [24]. We present a different
proof. The Laplace transform of L,(2¢)e™" is given by

-1 [(s—1\"

gls) = (s+1)(s+1) '
Because ;;—i has absolute value one on the imaginary axis, we can write
g(iw) as ﬁei"d’(“’) for some realvalued function ¢. Furthermore, ¢”"(w)
is non-zero for almost all w. From Corollary 1.5.1 of [4], we know that
the induced multiplier norm of g(s) on L*® is larger or equals c¢y/n for

some constant ¢. This induced norm equals the L'-norm of the function
L,(2t)e”", and so we have proved our lemma. O

Combining Lemmas 4.2 and 4.3 shows that on a general Banach space,
the mapping %, (A) is not uniformly bounded in n. Hence this implies that,
in contrast with the Hilbert space situation, in a Banach space the solutions
of the difference equation (1.4) need not be bounded when the initial
condition lies in the domain of A. An example of such a Banach space
can be constructed using Corollary 1.5.1 in [4]. If A is the infinitesimal

generator of the shift Gy-semigroup on L?, then [|2,(A)| > cn‘%f%l, and
thus unbounded.
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As stated in Lemma 4.2, there exists a Banach space and an
infinitesimal generator A of a bounded (jy-semigroup, such that
|12, (A)|| = f()oo|Ln(2t)e“|dt. One might (wrongly) conclude from this that
Theorem 1.1 does not hold on Banach spaces. However, for this concrete
generator and Banach space, we know that its inverse A™' is not the
infinitesimal generator of a bounded C(y-semigroup. Hence, we do not
have a Banach space counterexample to Theorem 1.1.

As we see in Theorem 1.3, there are Gy-semigroups for which the (time-
varying) discretization is stable on any Banach space. Next we present the
proof of this theorem.

Proof of Theorem 1.3. We begin by noting that the operator A~
generates bounded analytic Gy-semigroup, too, see [7] or [28].

Let us introduce the notation Ry(j) = (I + %A)(I — %A)‘l. Hence,
similarly as in (4.4), we have the boundedness of ]_[]1;0 Ry(j) if and only if
the operators

(1‘[&(;))(1— ”—“A) hen

are uniformly bounded for any generator A of a bounded analytic
Co-semigroup. Now we follow [5], and we use the representation

1 k 1
(HRO(])) (1 - T‘*—“A) ~T1e (1 — T"T“A>

j=1

7 B
B %/ (H (1 - fﬂ) HeXp(TW) (1 - T’—;A) (I — A~ da.
r —

j=1 2

Now we divide the contour I' =T, U (I'\ T;) as in [5]. Because sup, 7; < 00,

/2
- = 72
on Iy, where ¢ is 1ndependent of 7; and 4. Because inf;t; > 0, we have
for A€l with large modulus that [(1 —1,,,4/2)7!| < M/|A| with M not

depending on 7; and 4. The final estimate of the integral uses the formula

k k k
Haf-—m=2<aj—b>ﬂazﬂbz

j=1 j=1 j=1 =1 I=j+1

we can estimate | < exp(—c¢|4]) in the small neighborhood of zero

and the fact that |tAke=“**| uniformly bounded for all 1 € T,k € N, and
7€ (0, 00). |
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Let us mention in this connection that in the paper [8], they
considered the case when 7, — 0 as n — 00 and ¢t = nt,, so they got the
stability H (%)"(1 —A)™* ‘ < constant, when multiplying the fraction by
resolvent of power (I — A)™* with any o > 1/2.
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