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Abstract—In this paper, the rotational variable stiffness actuator
vsaUT-II is presented. This actuation system is characterized by
the property that the apparent stiffness at the actuator output
can be varied independently from its position. This behavior is
realized by implementing a variable transmission ratio between
the internal elastic elements and the actuator output, i.e., a lever
arm with variable pivot point position. The pivot point is moved
by a planetary gears mechanism, which acquires a straight motion
from only rotations, thereby providing a low-friction transmission.
The working principle details of the vsaUT-II are elaborated and
the design is presented. The actuator dynamics are described by
means of a lumped parameter model. The relevant parameters of
the actuator are estimated and identified in the physical setup and
measurements are used to validate both the design and the derived
model.

Index Terms—Identification, mechanical design, modeling, vari-
able stiffness actuators.

I. INTRODUCTION

COMPLIANT actuators can be classified into two main cat-
egories: active and passive. In active compliant actuators,

the compliance is achieved by control at a limited bandwidth and
by relying on proper sensors. These sensors may fail and conse-
quently may cause instability and safety issues during tasks in
which the actuated load interacts with the surrounding environ-
ment or with humans. Passive compliant actuators, on the other
hand, rely on mechanical elastic elements, placed between the
internal motors and the actuated load. The internal mechanical
compliance not only decouples the inertia of the motors from the
load, thereby ensuring safety during any kind of human–robot
interaction, but can also be used to store energy, especially dur-
ing tasks in which the kinetic energy can be absorbed during
impacts and released when needed.

Variable stiffness actuators are characterized by the ability
that the apparent stiffness at the actuated load can be varied in-
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dependently from its position. The internal kinematic structure
of a variable stiffness actuator consists, in general, of internal
motors and internal elastic elements, which determine the posi-
tion and the stiffness of the load and, therefore, how the internal
elastic elements are perceived at the output. The output stiffness
can thus be tuned to the requirements imposed by a specific
task or by the environment, while the actuated load can follow
a certain trajectory.

Considerable research effort has been put into the develop-
ment of variable stiffness actuators. Therefore, many different
designs, based on various passive compliance principles, have
been presented. Some designs rely on changing the pretension of
the, in general nonlinear, internal elastic elements, e.g., MAC-
CEPA [1], VSA-II [2] and VS-Joint [3]. A characteristic of these
systems is that the energy is put into or extracted from the elastic
elements during stiffness changes. In other designs, the num-
ber of active spring coils or the effective length of leaf springs
is varied, e.g., WAM-10 [4], VSJ [5], and “Jack Spring” [6]. A
characteristic of these systems is that an infinite stiffness config-
uration can be reached, but a zero-stiffness configuration cannot.
The HDAU [7], AwAS [8], AwAS-II [9], CompAct-VSA [10],
the vsaUT [11], the mVSA-UT [12], and [13] use a lever arm
of variable effective length.

As described in [14] and [15], when a variable transmission
ratio is realized between the actuated load and the force due to
the internal elastic elements, the actuator has the property that
the output stiffness can be adjusted without energy injection into
or extraction from the internal elastic elements. This means that
all the energy supplied by the internal motors can be used to do
work on the load, without being captured and, therefore, lost in
the elastic elements. To realize the variable transmission ratio,
a lever arm with variable effective length can be implemented.
The elements acting on the lever arm are the elastic elements,
the pivot point, and the connection to the actuator output, on
which the load applies the external force. By changing the in-
dividual positions along the lever arm, it is possible to change
the transmission ratio between the elastic elements’ force and
the actuator output force and, therefore, to change the apparent
output stiffness. Previous research showed that moving the pivot
point along the lever arm minimizes the involved forces during
a stiffness change [16].

In this paper, the variable stiffness actuator vsaUT-II based
on a variable transmission ratio lever arm is presented, modeled,
and identified. The main novelty of the actuator is the kinematic
structure to move the pivot point along the lever arm, which
is a modified planetary gears mechanism. This is presented in
Section II, together with the general working principle and the
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Fig. 1. Conceptual scheme of the variable transmission ratio lever arm ob-
tained by means of the moving pivot point. The stiffness K is zero when the
pivot point is at A and it is infinite when the pivot point is at B.

lever arm design. Section III presents the prototyping and design
choices of the actuator. The lumped parameter model of the
system is derived and identification of the system parameters
is done. Further measurements on the realized prototype are
presented in Section IV to show the performance and potential
of the overall system. The actuator is discussed in Section V and
concluding remarks are given in Section VI.

II. VSAUT-II VARIABLE STIFFNESS ACTUATOR

In this section, we present the variable stiffness actuator
vsaUT-II by elaborating on its working principle and showing
the various functional layers separately.

A. Working Principle

Following the discussion in [11] and [15], the design of the
vsaUT-II is based on a variable transmission ratio realized be-
tween the actuated load and the force due to the internal elastic
elements. By moving the pivot point position along the lever
arm, it is possible to change the transmission ratio and; there-
fore, the apparent output stiffness felt at the load.

Fig. 1 shows a conceptual scheme of the lever arm with a
variable transmission ratio, obtained by means of the moving
pivot. More specifically, the figure shows a lever arm to which
two elastic elements are attached at A, the output force F of
the load acts at B and a pivot point that can move along the
entire lever arm. The output stiffness K, felt at the output and
associated to a force F and an output deflection r, is

K :=
∂F

∂r
.

This output stiffness can be changed in a continuous way by
positioning the pivot point along the lever arm. Note that: 1) the
stiffness K is zero when the pivot is located at A, since the lever
arm is free to rotate about its pivot point, without influencing the
elongation of the springs and 2) the stiffness K is infinite when
the pivot is located at B, since there is a direct transmission of
forces from the output on the pivot point.

Moving the pivot point along the lever arm to obtain a variable
transmission ratio minimizes the involved forces [16] and is also
used in the AwAS-II and CompAct-VSA. The HDAU and vsaUT
realize a variable transmission ratio by moving the application
point of the output force along the lever arm, while in the AwAS
the elastic elements are moved.

B. Functional System Overview

For a clear overview of the actuator, Fig. 2 shows an exploded
CAD view of the vsaUT-II prototype in which the two funda-

Fig. 2. Exploded view of the vsaUT-II. The labels indicate the following: 1—
the actuator output; 2—the rotating actuator frame; 3—the gears mechanism;
4—motor for changing equilibrium output position; 5—timing belt transmis-
sion; 6—motor for varying output stiffness; 7—the lever arm and springs; and
8—the fixed reference frame housing.

mental actuator mechanisms are explicitly shown: the straight-
line pivot mechanism and the lever arm mechanism. These layers
consist of the lever arm and springs (see Fig. 1) indicated by 7,
the actuator output by 1, a planetary gears mechanism by 3, and
a motor to move the pivot by 6. These are elaborated in detail in
the following subsections. Furthermore, 2 indicates the rotating
actuator frame with respect to the fixed reference frame 8. The
rotating frame is driven by motor 4 via a timing belt 5.

C. Straight-line Pivot Mechanism

As it follows from the description of the working principle,
the pivot point has to move along the lever arm and, therefore, it
should follow a straight-line trajectory. The vsaUT-II prototype
innovates in the way this straight-line motion is achieved, with
a stiff, efficient and low-friction transmission.

The pivot is moved by a planetary gears system, as shown in
Fig. 3. It consists of a ring gear (the annulus) with pitch diameter
Dr and a planet gear with pitch diameter Dp = Dr/2 to which
the pivot point is connected at a distance of Dr/4 from the center
of the planet gear. Due to this precise ratio between the pitch
diameters, the pivot point moves in a straight line with respect to
the ring gear when the planet gear runs along the ring gear [17]. A
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Fig. 3. Mechanism to move the pivot along the lever arm. Since the ring gear
has a pitch diameter Dr twice as large as the pitch diameter of the planet gear
Dr /2, a point on the planet gear tracks a straight line.

Fig. 4. View of the planetary gears system used to move the pivot point.

similar (hypocycloid) mechanism is used in the HypoSEA [18],
while AwAS-II uses a ball-screw and CompAct-VSA uses a
rack and pinion mechanism. In a conventional planetary gear
system the sun gear is in the center of the ring gear, on the same
plane as the planet and ring gears. However, the necessary ratio
between the pitch diameters of the gears to obtain a straight
line motion prevents this and requires that the planet gear is
moved by an additional connection gear, fixed under the planet
gear. This way, the sun gear can be placed in the center of
the ring gear in the same plane as the connection gear. As a
consequence, the distance between the sun and connection gear
axes is also Dr/2. This is done by a planet carrier that carries
the connection gear and the planet gear and is free to rotate
about the axis which coincides with the sun gear’s rotation axis.
The planet carrier rotates on a motor cover, which connects the
motor to the rotating frame and also functions as a housing for
the ball bearing of the planet carrier. The planet carrier keeps
the planet gear and connection gear at a fixed distance from the
center. Fig. 4 shows the planetary gears system used to move
the pivot point. The kinematic diagram of the planetary gears
system is shown in Fig. 5. The pivot is the shaded circle indicated
by coordinate q1(t), θpc(t) is the angle between the center of
the planet gear and straight pivot path (the dashed line), θp(t) is
the angle between the line parallel to the straight pivot path and
the pivot point, and θs(t) is the angle of the sun gear. The time
dependence of these variables is omitted in the remainder.

The output velocity, i.e., the translational velocity of the pivot
point q̇1 , can be described in terms of the input velocity, i.e., the
rotational velocity of the sun gear θ̇s . In the case of a conven-
tional planetary gears system, if the ring gear is held stationary,
then the transmission ratio from the sun gear velocity θ̇s to the

+

θs q1

θp
θpc

Fig. 5. Kinematic diagram of the planetary gears system as shown in Fig. 3.
The pivot is the shaded circle associated to coordinate q1 , θs is the angle of the
sun gear, θpc is the angle of the planet carrier, and θp is the angle of the planet
gear.

planet carrier velocity θ̇pc , and thus also the transmission ratio
from the respective angles θs to θpc , is given by

θ̇pc

θ̇s

=
θpc

θs
=

1
1 + Nr

Ns

where Nr and Ns are the number of ring gear and sun gear teeth,
respectively [19]. However, since the planet gear is driven by a
connection gear, the ratio changes to

θ̇pc

θ̇s

=
θpc

θs
=

1
1 + Nr

Np

Nc
Ns

= γ (1)

where Np and Nc are the number of planet gear and connection
gear teeth, respectively. Since the output velocity q̇1 is the sum
of the contribution of translation velocity and rotation velocity
of the planet gear, it is related to θ̇pc and θ̇p as

q̇1 =
1
2
Dp sin (θpc)θ̇pc +

1
2
Dp sin (θp)θ̇p . (2)

Since Dp = Dr/2, it holds that θp = θpc and, therefore, θ̇p =
θ̇pc . It follows that (2) becomes

q̇1 = Dp sin (θpc)θ̇pc . (3)

By using (3) and (1), this part of the system is described by

q̇1 = Dp sin (θpc)γθ̇s . (4)

The degree of freedom q1 is then given by

q1 = −Dp cos(θpc) + Dp = −Dp cos (γθs) + Dp. (5)

Equations (4) and (5) describe the output velocity q̇1 and position
q1 , respectively, as a function of the input velocity θ̇s and the
angle θs .

The usage of this mechanism ensures that a perfect translation
motion is obtained from only a rotation, which means that only
rotation actuators are needed. Furthermore, the mechanism is
scalable, as shown by the mVSA-UT prototype [12].

D. Lever Arm Mechanism

Fig. 6 shows a top view of the internals of the rotating actuator
frame with the connection between the lever arm, the springs,
and the pivot. The pivot, with degree of freedom q1 , moves in a
straight line of length l along the lever arm. One end of the lever
arm is connected to the output (the blue schematic overlay) that
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Fig. 6. View of the lever arm mechanism connected to the springs. Degree
of freedom q1 is the pivot location, q2 is the rotation of the actuator frame
(consisting of everything shown in the figure) with respect to the fixed reference
frame, and r − q2 is the deflection of the output from the equilibrium output
position. It can be seen that when a load F is applied to the output, the lever
arm rotates around the pivot causing the spring tension to change. (a) Springs
only pretensioned. (b) Springs tensioned due to the load on the output.

rotates around the center of the frame and the other end is con-
nected to two linear extension springs, antagonistically attached
and connected to the rotating actuator frame. The ring gear of
the planetary gears mechanism is connected to the rotating ac-
tuator frame as well, with degree of freedom q2 . Rotating the
frame with respect to the fixed reference frame (q̇2 "= 0) corre-
sponds to the rotation of the equilibrium output position q2 and
the rotation of the straight pivot path q1 . Two different scenarios
are depicted in Fig. 6, i.e., (a) shows the pretensioned springs
and (b) shows the lever arm, rotated around the pivot point due
to an output load F that changes the tension of the springs.

The degree of freedom q1 determines the output stiffness
setting, which, for the vsaUT-II, is given by [16]

K :=
∂F

∂r
= 2kl2

(l − q1)2

q2
1

cos(2(r − q2)) (6)

where k is the elastic constant of the internal elastic elements,
i.e., linear mechanical extension springs, l is the lever arm length
along which the pivot can be moved with degree of freedom
q1 ∈ [0, l], the degree of freedom q2 is the angle of the rotating
actuator frame, and r is the output deflection, both with respect
to the fixed reference frame.

Due to this particular design of the variable transmission ratio
lever arm, the output stiffness can be changed without affecting
the elongation of the springs. This not only holds at the actuator
equilibrium position r − q2 = 0, but also for a relative output
position r − q2 "= 0 [11].

E. Actuator Design

Fig. 7 shows a CAD drawing and the physical prototype, with
labels as in Section II-B. The desired specifications, used during
the design process, are reported in Table I. The active rotation
angle is the maximum amplitude of the output motion r and
the passive rotation angle r − q2 is the maximum angle of the
output at minimum output stiffness.

5

8

1

6

4

3
7

2

(a) (b)

Fig. 7. CAD view and photo of the vsaUT-II variable stiffness actuator (labels
as in Fig. 2). (a) CAD drawing. (b) Physical prototype.

TABLE I
DESIRED SPECIFICATIONS OF THE VSAUT-II

eulaVtinUytreporP
06]mN[euqrotkaeP
51]mN[euqrotlanimoN

]s/dar[deepslanimoN π
Active rotation angle [rad] π
Passive rotation angle [rad] ± 0.35
Min. ↔ max. stiffness variation time [s] 0.6

III. PROTOTYPE MODELING AND REALIZATION

In this Section, we focus on the model of the prototype and
its realization. First, we elaborate on the choice of springs for
the prototype. Then, from Section III-B, the lumped parame-
ter model of the actuator is presented as various subsystems
and, where applicable, the measurements to find the parameters
associated to the dominant behavior of the system are presented.

A. Spring Characteristics

The output stiffness of the actuator is given by (6). This equa-
tion is dependent on the elastic constant k of the springs that
are used in the actuator. However, the total stiffness range does
not depend on k, since the design of the actuator ensures, the-
oretically, an infinite stiffness range by positioning the pivot
point along the lever arm. In practice, the stiffness ranges from
almost zero to a very high stiffness, limited by parasitic me-
chanical compliance. The stiffness changing resolution (locally
defined as ∂K

∂ q1
), however, does change for springs with different

elastic constants. Since this prototype is intended as a proof of
concept, no requirements are posed on the output stiffness pro-
file or energy storing capacity. Arbitrary springs with an elastic
constant k = 1886 N/m are used.

B. Motor Model

Two Maxon graphite brushed dc-motors are used for actuating
the two internal degrees of freedom q1 and q2 , as described in
Section II. The sun gear is driven by a Maxon 24 V 20 W RE-25
dc-motor, connected to a Maxon GP26B planetary gearbox with
speed reduction ratio 84. The torque at the output is provided
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TABLE II
MOTOR MODEL PARAMETERS

Parameter Unit Maxon RE-20 Maxon RE-40
Inductance [H] 2.38 · 10−4 8.23 · 10−5

Resistance [Ω] 2.19 0.317
Gyration constant [ Nm

A ] 2.34 · 10−2 3.02 · 10−2

Motor shaft inertia [kg m2 ] 1.07 · 10−6 1.38 · 10−5

Friction [ Ns
m ] 6.4 · 10−6 3.0 · 10−6

by a Maxon 24 V 150 W RE-40 dc-motor coupled to a Maxon
GP42C planetary gearbox with speed reduction ratio 156 [20].
The motor parameters are taken from the datasheets. However,
friction was not specified and since it determines the no-load
speed of the motor, it was iteratively tuned to a value where the
simulated no-load speed of the motor model equals the specified
no-load speed, upon actuation with a constant voltage of 24 V.
Table II shows the motor parameters.

C. Gearbox Model

Since high energy efficiency is often a goal in the application
of a variable stiffness actuator, an accurate energy description
in the model is desired. Therefore, a gearbox model with losses
is proposed here, as opposed to a lossless gearbox where only
the (power-continuous) transmission ratio is taken into account.
The losses are modeled as a decrease in gearbox output torque
(load torque) by

τload = n · τin − τloss

where n > 1 is the speed reduction ratio of the gearbox.
The gearbox efficiency is a function of the load torque, where

losses are primarily due to friction in the bearings and meshing
of the gear teeth. At the maximum continuous torque at the
output of the gearbox, the efficiency is at its maximum, while
greatly decreasing for small loads. The gearbox efficiency versus
torque function is assumed to be an exponential function [20],
[21], i.e.,

η(τ) = ηmax · (1 − e−α |τ o |
τ m a x )

where η(τ) ∈ (0, 1] is the efficiency of the gearbox, ηmax ∈
(0, 1] is the maximum efficiency, τo is the ideal (lossless) output
torque, τmax is the specified maximum continuous torque at
the gearbox output, and α is a scaling parameter to adjust the
steepness of the exponential function. The loss torque τloss is a
fraction of the input torque and is given by

τloss = n · τin · (1 − η(τ)).

Besides the losses, the rotating gearbox parts have inertia
specified as the moment of inertia at the motor shaft. This has
also been incorporated in the model. Table III shows the param-
eters used in the gearbox models.

The simulated behavior of this model can be seen in Fig. 8.
The parameters of the Maxon GP26B gearbox are used to show
the behavior of the gearbox while driving an inertial load. An
ideal torque source applies a linearly increasing torque at the
input of the gearbox. It can be seen that for small input torques
the efficiency is indeed small. The efficiency increases expo-

TABLE III
GEARBOX MODEL PARAMETERS

Parameter Unit Maxon GP26B Maxon GP42C
Speed reduction ratio – 84 156
Max. cont. output torque [Nm] 1.3 15
Max. efficiency – 0.59 0.72
Scaling parameter α – 7 7
Inertia at input [kg m2 ] 4 · 10−8 9.1 · 10−7

Fig. 8. Simulation of the gearbox model where losses due to the bearings
and internal gear meshing are incorporated. The efficiency is low for low input
torques and increases exponentially for increasing input torques.

nentially if the torque is increased and reaches its final value of
0.59 at an input torque of 1.3 N·m, i.e., the maximum contin-
uous torque of the gearbox. If the torque is increased further,
i.e., if the gearbox is peak loaded, then the efficiency does not
increase.

D. Planetary Gears System

As described in Section II-C, a linear motion is achieved by
rotation through a planetary gears system. This means that the
pivot can track a straight line along the lever arm, as to change
the apparent output stiffness. Equations for degree of freedom
q1 and its rate of change q̇1 were derived in (4) and (5). In
this specific case, the constant parameters in the equations are:
Dp = 45.5 mm, Nr = 60, Np = 30, Nc = 31, and Ns = 14.

The inertia of the gears at their center of rotation is approx-
imated by the inertia of a solid disc with radius R and (mea-
sured) mass m, i.e., I = 1

2 mR2 . For the planet gear, this means
Ip = 3.0 × 10−5 kg · m2 at θ̇p and, for the sun gear, it means
Is = 2.4 × 10−7 kg · m2 at θ̇s . The inertia of the displaced
planet gear at ωpc is approximated as Ipc = 9.0 × 10−5 kg · m2 .

Note that this analysis describes the dynamics of degree of
freedom q1 , identified by the motor, the gearbox, and the plan-
etary gears mechanism.

E. Timing Belt Transmission

As stated in Section II-D, to transmit the power from the
motor to the rest of the device, a timing belt transmission is
used. This consists of two pulleys, i.e., an input and an output
pulley, with a teeth ratio of 32/22 ≈ 1.45, and a Misumi P8M
timing belt, pretensioned using an eccentric mechanism with
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1.5 mm eccentricity, connecting the two pulleys. The timing
belt is modeled as a linear elastic connection between the two
tangential velocities of both pulleys.

The actuator design enables the adjustment of the out-
put stiffness K from, theoretically, zero (q1 = l) to infinite
(q1 = 0) stiffness. The (finite) maximum stiffness of the ac-
tuator was measured and the corresponding compliance is as-
sumed to be concentrated in the elasticity of the timing belt,
and thus the internal parts are assumed rigid. The maximum
output stiffness Kmax is found to be 948 Nm/rad. This can be
converted to the linear elasticity in the timing belt by using
the output pulley radius rop = 41 mm, i.e., Cbelt = Km a x

r 2
o p

=
564 kN/m.

F. Actuated Device

The actuated device is defined as the subsystem that is moved
by the degree of freedom q2 , i.e., the combination of the plane-
tary gears system, the motor and the gearbox for the actuation
of q1 , the rotating actuator frame and the output pulley. Note
that the output bar should not be considered here. This part is
modeled as a rotating mass subject to friction.

1) Inertia: The initial estimate of the inertia of the actuated
device around its central axis Iad is based on a rotating solid
disc of radius R = 45 mm with a measured mass of m = 1.2 kg,
i.e., Iad = 1.2 · 10−3 kg · m2 .

The inertia of an electric motor at its output shaft can be re-
flected to an equivalent inertia at its gearbox shaft by multiplying
the motor inertia with the square of the gearbox speed reduction
ratio. By doing this, it is shown that the device inertia Iad is
much smaller than this transformed inertia, which means that
Iad can be neglected, i.e., IRE−40 · n2

GP42C = 0.34 kg · m2 &
1.2 · 10−3 kg · m2 .

2) Friction: The friction while rotating the actuated device
is modeled as linear viscous friction and assumed concentrated
at the degree of freedom q2 . The friction parameter was found
by measuring the damping effect in the prototype after actu-
ating q2 from an initial angle of −0.4 rad with a constant
current in the motor of 0.5 A for t ∈ [0, 0.5) s. This test has
also been performed in simulations: the additional friction at
q2 in the model, besides friction due to the large motor and
gearbox and timing belt transmission, has been iteratively ad-
justed as to match the simulated behavior to the measurement.
A friction parameter of 0.55 N s/m has been found, as shown
in Fig. 9. Only during the decelleration phase, a deviation can
be seen.

Note that this analysis describes the dynamics of degree of
freedom q2 , identified by the motor and gearbox, the timing belt
transmission and the actuated device.

G. Output Link

The output link is the part where the load can be attached
and during tests a solid aluminium bar was fixed to the output.
Although the inertia found here is only valid for the particular
setup used, the friction measurement is valid in general.

1) Inertia: The initial inertia estimate is based on a solid rod
with length L = 350 mm and a measured mass m = 0.262 kg

0 0.5 1 1.5 2
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time [s]

q 2 [r
ad

]

Measurement
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Fig. 9. Behavior of the actuated device after actuating q2 from an initial angle
of 0.4 rad with a constant current in the motor of 0.5 A for t ∈ [0, 0.5) s. The
additional friction at q2 , besides friction due to the motor and gearbox and timing
belt transmission, is identified by iteratively matching simulated behavior to the
measurements.
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Fig. 10. Output oscillations as measured and simulated. The measured oscil-
lations of the output link were manually triggered, the simulated oscillations,
where the exponential amplitude decrease is made explicit, are computed with
identified parameters.

rotating about one of its ends, i.e., Io = 1.1 · 10−2 kg · m2 . The
actual inertia of the output link was measured by setting the
output stiffness to the most compliant setting (K = 0.7 Nm/rad,
as shown in Section IV), pulling the output to one side, releasing
it and measuring the oscillations.

This behavior is shown in Fig. 10 and it is assumed that it
can be described by a harmonic oscillator (an underdamped
mass-spring system), i.e.,

r̈(t) +
c

Io
ṙ(t) + ω2

0r(t) = 0 (7)

where the undamped resonance frequency (assumed negligi-
ble different from the damped resonance frequency) is given

by ω0 =
√

K
Io

. Thus, the inertia is found by Io = K/ω2
0 or

Io = K∆t2/4π2 , in which ∆t is the time period between two
successive peaks of the oscillation. By using the first two
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peaks in Fig. 10 (∆t = 0.77 s), the inertia is found to be
Io = 1.1 · 10−2 kg · m2 , which equals the initial estimate.

2) Friction: Two successive peaks in Fig. 10 also define the
amount of friction in the subsystem, i.e., the damping coeffi-
cient in the model. Again, a linear friction model is assumed:
the (small) linear viscous friction in the bearings causes an ex-
ponential decay δ in the amplitudes of the oscillation given by
r(t) = αe−δ t , where δ = 1

n ln r(t0 )
r(t0 +nT ) = 0.56, in which r(t0)

is the amplitude of the peak at time t0 and r(t0 + nT ) is the
nth peak counting from the peak at r(t0) (the first and fifth peak
were used, i.e., n = 4). Since the general solution to (7) is an
exponentially decaying harmonic oscillation and is given by

r(t) = [A1 cos(ωt) + A2 sin(ωt)] e
−c

2 I o
t

with amplitudes A1 and A2 and frequency ω, the friction coef-
ficient c can be found

e−δ t = e−
c

2 I o
t

c = 2 δ Io = 1.2 · 10−2 N s/m.

This damping coefficient is used as the coefficient of friction in
the model. The simulated oscillations at the output can be seen
in Fig. 10. The measured output behavior is approximated, but
decays faster than the corresponding oscillations in the model
due to the linear friction model.

H. Sensor System

For controlling the device, sensors are needed to estimate the
states of the system. By having an estimate of the degrees of
freedom q1 and q2 and the output angle r, all other system states
and desired properties can be estimated.

An incremental optical encoder Maxon HEDL 5540-500 with
500 counts per revolution (2000 pulses per revolution in quadra-
ture encoding) was mounted on each of the two dc-motors to
measure the relative angle of the motors. The angle of the motor
θ is converted to the number of pulses p by

p =
⌊
θ · 2000

2π

⌋
(8)

where '. . .( indicates a floor function of the argument (the num-
ber of pulses) to the nearest lower integer number, to model
the quantization process. The motor state is represented by the
number of pulses from its initial position and therefore by mul-
tiplying (8) with 2 π

2000 , the motor angle is found again, with
some lost accuracy due to the quantization. By properly taking
the gearbox and the timing belt transmission into account, the
degree of freedom q2 can then be found.

An absolute magnetic encoder (Austria Microsystems
AS5043) with a resolution of 10 bits was used to directly mea-
sure the output angle r. Similarly to the optical encoders, this
sensor was modeled as a quantizer on the angle r with a reso-
lution of 360◦

1024 ≈ 0.35◦/step and added uncertainty due to gain
mismatch errors of the AS5043 of ±0.15◦ according to the pro-
posed model in [22].

An absolute calibration of the system can be performed thanks
to the absolute magnetic encoder. A homing action on the degree
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Fig. 11. Output torque versus deflection. For various stiffness settings deter-
mined by q1 , a torque is applied on the output and the corresponding deflection
is measured. The tangent to these curves at a point gives the compliance of the
output at that configuration.

of freedom q1 to the zero position at an unloaded system cali-
brates the measurement on q1 to zero. At this setting, it holds that
q2 = r. Therefore, q2 is in its zero position and can be calibrated
as such if r is put in the (absolute) zero position by actuating
q2 . All further incremental measurements are performed with
respect to this zero position.

IV. SYSTEM MEASUREMENTS

In this Section, we intend to characterize the vsaUT-II proto-
type by deriving the actuator output torque-deflection diagram.
This diagram shows the output deflection r − q2 of the actuation
system as a function of the actuator output torque for various
output stiffness settings, determined by q1 . The measurement
is done with an ATI Mini40 F/T sensor with a maximum force
measure capability of 240 N (SI-80-4 metric calibration) and a
corresponding resolution of 1/25 N. The sensor is attached to the
output link at 267 mm from the center of rotation and an external
force is applied to cause an output deflection. A measurement
is started in the equilibrium position and is performed as a con-
tinuous motion in the positive and negative direction, such that
the hysteresis effect caused by energy dissipation (e.g., friction)
is shown. The output deflection is measured with the magnetic
encoder. The applied torque is calculated by multiplying the
measured force and the sensor distance. This measurement is
repeated for different pivot positions, i.e., for different output
stiffnesses. Note that these measurements are done at the output
and, therefore, do not provide transmission efficiency figures,
such as the gearbox efficiency as elaborated in Section III.

Fig. 11 shows the result of five of these measurements, namely
for pivot positions q1 at 20, 15, 12, 6.8 and 0 mm. The curves
show interpolated data to compensate quantization noise. A
dashed line shows the linear least-squares approximation to the
curves, of which the slope represents the output compliance.
The reciprocal of the linearly approximated slopes represents
output stiffness, which is plotted in Fig. 12. In particular, the
solid line is the linearly approximated stiffness of the actuator
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Fig. 12. Output stiffness versus pivot point location – The four graphs (in
the legend from top to bottom) represent the theoretical stiffness at r − q2 = 0
rad, the simulated stiffness as found in the model, the measured stiffness from
Fig. 11 and the compensated stiffness. It can be seen that the simulated stiffness
is approximated well by the compensated stiffness measurement.

as a function of pivot position q1 . The dotted line represents the
theoretical actuator output stiffness (6) for r − q2 = 0, which is
zero for q1 = l and is infinite for q1 = 0.

During the measurement, it has been observed that the setup
suffers from a backlash effect due to the connection of input pul-
ley and gearbox. At a certain externally applied output torque,
the connection slips briefly before engaging again, as can be
seen in the curve for q1 = 0 mm at ±6 N. This effect has been
circumvented by linearly approximating the lower portion of
the curve in the third quadrant of Fig. 11. This results in the
compensated stiffness curve shown in Fig. 12 (solid curve with
open circular marks), which approximates the simulated output
stiffness (the dashed curve).

Unlike the theoretical stiffness, which increases to infinity
for q1 → 0, the simulated, measured, and compensated actuator
output stiffnesses do not increase to infinity due to the par-
asitic timing belt compliance. The maximum stiffness is 948
Nm/rad. Since the simulated stiffness closely matches the mea-
sured stiffness, it is observed that the model properly represents
the stiffness property of the physical system.

The actuator workspace is limited by physical constraints,
i.e., the mechanical end-stops of the output and the limit on
the maximum spring elongation. Deduced from Fig. 11, an out-
put stiffness versus output torque graph was found, as shown
in Fig. 13. The shaded area represents the reachable actuator
settings, i.e., the actuator workspace.

The measurement and identification results are summarized
in Table IV. It can be shown that the design meets the initial
design requirements shown in Table I.

V. DISCUSSION

In this paper, the novel variable stiffness actuator vsaUT-II
has been presented. The actuator innovates with the mechanism
that is used to move the pivot along a lever arm.

The proposed mechanism uses a rolling transmission, which
results in low friction. Furthermore, no linear guides are needed
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Fig. 13. vsaUT-II workspace-the reachable output stiffness (shaded area) as a
function of the output torque.

TABLE IV
OPERATING DATA FOR THE VSAUT-II

to constrain the pivot, since its motion is a straight line by
design. Finally, a continuous rotation at the input results in a
continuous harmonic motion of the pivot, as shown in (4). This
means that for reversing the direction of the pivot at the end of
its path, there is no need for reversing the input direction, if the
lever arm would have length l = Dr . This means that the motor
inertia does not have to be decellerated when the pivot needs to
move in the opposite direction at the end of the lever arm and
electrical peak currents are avoided.

However, some drawbacks can also be observed. For instance,
the transmission from motor rotation to pivot translation is non-
linear, which might increase the control complexity. Moreover,
play in the gears was observed during measurements, but this
can be compensated.

VI. CONCLUSION

In this paper, we presented the mechanical design, model,
and parameters identification of the variable stiffness actuator
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vsaUT-II. In this actuation system, the apparent output stiffness
and the output position can be varied independently thanks to
the realization of a variable transmission between the internal
elastic elements’ force and the system output force. The variable
transmission is implemented by means of a lever arm, whose
effective length is given by the relative position of a pivot point
along the lever. The innovation of the vsaUT-II is in how the
motion of the pivot is realized, namely by means of a modified
planetary gears mechanism. A lumped parameter model has
been presented and the various system parameters have been
identified. System measurements verified the model accuracy
and the prototype performance.
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