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Shaping Segregation: Convexity vs. concavity
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Controlling segregation is both a practical and a theoretical challenge. In this Letter we demonstrate a manner
in which rotation-induced segregation may be controlled by altering the geometry of the rotating containers in
which granular systems are housed. Using a novel drum design comprising concave and convex geometry, we
explore a means by which radial size-segregation may be used to drive axial segregation, resulting in an order of
magnitude increase in the axial segregation rate. This finding, and the explanations provided of its underlying
mechanisms, could lead to radical new designs for a broad range of particle processing applications.

PACS numbers: 81.05.Rm, 45.70.Mg, 83.80.Mg

Granular flows in rotating drums are widely used to study
mixing, segregation, and pattern formation [1]. While the
most studies focus on a circular cylinder geometry, several
recent works have explored different drum geometries [2H8]].
Non-circular drums are important from both an application
perspective, as they are used in various industries, and from
a theoretical perspective, to further validate theoretical ap-
proaches developed primarily from simpler cylindrical con-
figurations. Segregation is known to occur in rotated granular
materials. Radial segregation occurs after a few rotations [2]
and, if rotation continues for an adequately long duration, ax-
ial segregation may also appear [9]]. The question arises: is it
possible to control this axial segregation?

The role of geometry in segregation is well known [10],
with experiments looking at a variety of convex [3} [L1] and
concave [7,[12-14]] drums. However, to the best of our knowl-
edge this is the first study utilising mixed convex-concave sys-
tems. In geometry concave polygons are defined by two num-
bers {n/m}; n is the number of sides (points) and the polygon
is formed by connecting every m'"* point with straight lines.
We chose the simplest regular concave polygon the {5/2}-star
polygon, or pentagram. In this Letter, we first focus on the dy-
namics of mono-sized particles in simple concave drums and
later explain how the novel combination of concave and con-
vex shapes can be used to control segregation.

Experimental set-up. Drums of length a = 119mm and
width Az € (10,24) mm are partially filled with glass beads of
diameter d = 3.540.3 and rotated at a constant rate Q = /2
rad/s. Data is acquired from the experimental system using
both optical techniques and positron emission particle track-
ing (PEPT), enabling the bed’s exterior and interior to be ex-
plored. PEPT is a non-intrusive technique which records the
motion of a single ‘tracer’ particle in order to extrapolate of a
variety of time-averaged quantities pertaining to the system as
a whole. Although not necessary to the understanding of this
Letter, for the interested reader, a comprehensive overview of
the PEPT technique may be found in our references [15} [16]].

In simulations, experimental system dimensions and parti-
cle properties are used, with particles’ contact forces repre-

sented using a standard spring dash-pot model [17-H19] as im-
plemented in [20]. The drum rotation is achieved by chang-
ing the direction of gravity at fixed Q = 7 /2 rad/s in order to
consistently provide a continuous free-surface avalanche [21]].
Simulations are conducted with both periodic boundary con-
ditions in the axial direction, as well as with solid ‘side-walls’
allowing both direct comparison with experimental results in
the case of the convex-concave drum, and investigation of the
effect of drum geometry on flow for purely convex or concave
systems using periodic walls.

FIG. 1: Instantaneous velocity fields for F = 60%, Az = 10 mm. Ar-
rows represent velocity, v, projected on the x-y plane for all particles.

The effect of the filling fraction. We observe four differ-
ing flow regimes depending on F. If grains occupy a vol-
ume smaller than one leg of the pentagram, they flow inter-
mittently from leg to leg. If the F increases such that there
are always grains in at least two legs, flow is constant but its
angle changes continuously. When two to four legs are filled,
flow is continuous but with two qualitatively different flow
profiles depending on the drum’s angle. Once grains occupy
more than four legs, flow becomes intermittent and grain dis-
placement is strongly limited, decreasing transport in the bulk,
with dynamics mostly due to geometrical rearrangements. We
focus on the regime 40% < F < 60%, where unsteady flow is
produced by a concave drum rotating at a constant rate. The
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FIG. 2: (Colour online) Kinetic energy vs. time during one cycle for a
simulated pentagonal drum (solid, black), a pentagram (red, dashed),
and the model for the pentagon (blue, dotted).

geometric shape naturally causes periodic changes in the flow-
ing layer as a function of the instantaneous orientation of the
pentagram, as recently reported in other geometries [8]].

Comparison of Pentagram and Pentagon. In cylindrical and
general convex drums, steady flow has a roughly constant ki-
netic energy, E, independent of the angle of rotation. For the
pentagram, however, this oscillates strongly: when a penta-
gram points up, flow is slow while when pointing down, flow
is much faster. Fig.[I]shows velocity fields for both pentagram
(a, b) and pentagon (c, d). The pentagram shows great varia-
tion in the magnitude of v between the up (b) and down config-
uration (a): when the pentagram points down, the avalanche
occurs in a thick layer. As the drum rotates, more space be-
comes available, producing a saltating flow. This creates a fast
avalanche in the down part of the flow, and the consequent
movement of all the flowing layer. Thus, E shows five max-
ima during a cycle (Fig.[2). By allowing particles more space
to flow, a large, fast, avalanche is produced. This avalanche
is not symmetric along the free-surface. Most of the kinetic
energy is on the downside, where the free volume makes it
easier to flow. Eventually, the leg is filled with particles and
the avalanche recovers its slow flow, before the process re-
peats. We now focus on how this feature can be used to control
segregation. To do this, one must introduce the pentagram’s
convex counterpart, the pentagon. As the pentagon rotates,
the total length of the flowing layer changes, creating an os-
cillation in E with the same period as for the pentagram (see
Fig. E]) However, this flow, and its velocity, are much more
consistent in the pentagon, with a smaller variation between
minimum and maximum.

The periodic structure of the E can be understood by simple
arguments. If one considers the speed of the flowing layer and
its depth constant as much smaller than the filling height, H,
then E is proportional to the length, L, of the flowing layer [8].
Disregarding the angle of the walls, and assuming a straight
free-surface, L scales approximately as L o< 1/cos(6), with
0 € (0,27 /5] the angle of rotation modulo the shape’s symme-
try, in this case 277/5. Hence, E o 1/cos(8)?. The agreement
of simulations with this simple model is remarkable (see Fig.
[2), although deviations from this simple sinusoidal form arise
for the concave drum. These deviations are not surprising,

as while in a pentagon the flowing layer is at the edge of the
geometric region of constant volume and this region is always
connected, giving a relatively consistent filling fraction, F', the
same does not hold for pentagrams and other concave shapes.
Consequently, both of the above assumptions are likely to be
broken for such geometries. Specifically, one observes the
presence of local maxima preceding each of the main peaks
in kinetic energy. It is also notable that the initial maximum
in E is markedly higher than the following peaks. The former
of these deviations can be explained by the fact that particles
in the lower region of the surface flow avalanche first over the
lowermost leg, before being followed by grains in the mid-
dle and upper regions, thus leading to the observed ‘two-part’
increase in E [27]]. The latter, meanwhile, can be explained
by the initial presence of localised jamming within the sys-
tem, whereby a collection of particles in a jammed state are
able to reach a higher point in the system before avalanching,
naturally resulting in a higher-than-average kinetic energy. It
is finally worth noting that the existence of side-walls acts to
frustrate the observed local maxima, while the general sinu-
soidal evolution of E is found to persist - i.e. the concave
system approaches more closely the theoretical form.

Shape-induced axial segregation. Although the influence
of container shape on segregation has already been reported
[22] 23] this is the first time that it is used in a rotating drum.
It is also known that modifying the geometry (e.g. adding ob-
stacles or mixing blades) can reduce segregation [24] but it
has not been shown how to augment and control it — a matter
of obvious practical importance. For bi-disperse granulates in
any rotating container, small particles will migrate towards the
drum’s centre [l [25] (see Fig.|3|(a) and (b)). For adequately
wide systems, upon continuous rotation the system will seg-
regate axially [9], a process orders of magnitude slower than
radial segregation. However, if two different geometries are
used along the axial direction, e.g. a half-pentagram, half-
pentagon drum, the usually slow segregation along this axis
can be enhanced and its direction controlled (see Fig. [3| (c)
and (d)). In both experiment and simulation, two sections of
equal width are combined. We use particles of d = 4.0,2.5
mm, in an equal volume distribution. The rapid axial segrega-
tion happens only with a convex-concave combination, as for
convex shapes there exists little difference in the level of the
flow, just the length of avalanching layer [26]. We performed
several experiments, putting together circular and square sec-
tions, pentagonal and square, and differently oriented square
sections. None of these configurations presented axial segre-
gation on the time scale of observation (~ 20 revolutions). A
clearer representation of the segregation — both axial and ra-
dial — achieved in the convex-concave system described above
may be seen in Fig. [] It should be noted that, due to the some-
what constrained nature of the system under investigation, the
degree of axial segregation observed is likely to be lower than
it would be in comparatively longer drums, due to the re-
stricted motion of particles in the axial direction. Thus, the
significant segregation observed even in these unfavourable
conditions is a highly pleasing result, as one may well expect



larger systems to provide still greater separation.

FIG. 3: (Colour online) Photographs of the experiment after four
revolutions in the axially homogeneous drum for the pentagram (a)
and the pentagon (b). Simulations for the axially inhomogeneous,
layered drum after four revolutions, from the pentagram-shaped side
(c), and from the pentagonal side (d). Particles are coloured by size
with orange small and green big; black particles correspond to those
particles that belong to the opposite side of the drum.
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FIG. 4: Experimental data acquired using PEPT showing the time-
averaged spatial variation of the fractional concentration of small
particles, ¢g, for a two-dimensional (2D) projection through the x-
axis, and as a 1D profile along the axial (z) direction. In panels (a)
and (b), negative z represents the concave, and positive z the con-
vex sides of a pentagram-pentagon drum. Shown also is the 1D
profile for an equivalent, purely convex system (c), illustrating the
enhanced segregation produced by the dual-geometry system. In all
cases, FF = 60%, Az = 24 mm.

Grains tend to minimise their potential energy, i.e. move
towards the concave side, which also possesses more free-
volume. Note that the few large grains in the run-out leg of
Fig. [3| (c) will eventually fall to the pentagonal side. Radial
segregation occurs in each side, so large particles go to the sur-
face and small to the centre. Since for this packing fraction the
avalanche in the pentagonal side of the drum (z < 0) is slower
than in the pentagram-shaped section (z > 0), large particles
can move to the empty side since they are faster and there is
space available for them. Once the two avalanches reach the
same angle there is no more flux of particles. This process is
repeated five times per revolution (see Fig. [6] (a)). When the

big particles drop from the run-out leg of the pentagram to the
pentagon, the centre of mass of the large particles shifts to-
wards the pentagon. However, the process is not completely
irreversible; some, but fewer, large particles go again to the
pentagram side as the drum rotates. In this way, an oscillating
movement of the centre of mass of each species is observed:
big particles fall to the pentagonal side when the run-out leg is
empty; once the flow covers the run-out leg some large parti-
cles return to the pentagram side. By this mechanism, there is
anet transport of large particles to the convex side of the drum,
while the concave side becomes dominated by small particles.
Since this mechanism relies on the fast radial segregation, it
is orders of magnitude faster than the axial segregation previ-
ously reported for axially homogeneous drums [9].
Experimental evidence of the mechanism proposed above
may be seen in Fig.[5] From these images it is clear that, as
expected, there exists a difference in the level and angle of
inclination of the bed’s surface between the convex and con-
cave sides of the drum. Moreover, the velocity fields in panels
(a) and (b) demonstrate the avalanching region on the bed’s
concave side to be both faster and deeper than for the convex
half, again in agreement with our hypothesis. Panels (c) and
(d) show two-dimensional, depth averaged velocity fields for
the z-y plane, where y denotes a vertical axis perpendicular
to the axial (z) axis. In image (d), which corresponds to the
time-averaged motion of the large particles in the system, we
see evidence of the recirculatory transport discussed above,
and whose effect on the system’s mass centre is shown in Fig.
[6] (@). It is interesting to note that such motion is seemingly
absent for the small particles in the same system (panel (c)).
Finally, it must be noted that the final degree of segregation
is not the equal every F. Fig.[6] (b) shows the change in the
number of large particles in the pentagonal side of the drum
for different filling fractions. If F too low, the avalanche on
the pentagram side of the drum arrives concurrently with the
one in the pentagon and axial segregation is slower. One could
argue, that excluded volume effects make the small particles
go preferably to the pentagram side since the big particles do
not fit into the legs so easily, as reported in [23]. However,
this mechanism alone does not explain the maximum in seg-
regation at ~ 50% filling fraction. This can only be due to the
differential flows along the axial direction and the consequent
conversion of radial to axial segregation previously discussed.
Conclusion. In this letter we have studied granular flows
inside the simplest possible regular concave drum, that is, the
pentagram-drum. Different regimes are found for a fixed an-
gular velocity depending on the filling fraction. From inter-
mittent avalanching (low filling fraction) to geometrical rear-
rangements (high filling) passing by continuous flow (inter-
mediate filling). These flow patterns differ qualitatively from
those observed in convex drums. We have used this insight
to control the segregation of a binary granular system, achiev-
ing fast geometrically-induced size separation along the axial
direction, by re-directing radial segregation into axial segre-
gation. The possible applications of this mechanism are po-
tentially revolutionary. Firstly, one may produce axial seg-



FIG. 5: Time-averaged velocity fields for a pentagram-pentagon sys-
tem of width Az = 24 mm. Panels (a) and (b) show, for the convex
and concave regions respectively, the radial velocities of particles in
the cartesian x-y plane, where the x and y directions lie perpendicular
to the axial z direction in the vertical (y) and horizontal (x) planes.
Differences in angle between the free surfaces of the bed for the two
regions are emphasised through the inclusion of a red dashed line
corresponding to the concave region, and a blue dotted line repre-
senting the convex region. Panels (c) and (d) show depth-averaged
particle flow in the z-y plane for small (panel (c)) and large (panel (d))
particles belonging to the same system. In all images presented, the
direction and magnitude of the average particle velocity in a given
region of the experimental volume are represented by the orientation
and length of the arrows displayed.
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FIG. 6: (Colour online) Left: evolution of the displacement of
the centre of mass for simulations at F = 50% in a pentagram-
pentagon geometry of width Az =22 mm. Right: Number ratio
(R = Npig /Nsman1) in the pentagonal side of the drum (z < 0) ver-
sus the filling fraction normalised by the initial conditions. Data is
averaged in ten snapshots during two turns of the drum. Error bars
are the standard deviation of these measurements.

regation orders of magnitude faster than previously reported.
Secondly, the direction and rate of segregation can be con-
trolled. Finally, it makes us reconsider the role of boundary
conditions when dealing with granular materials; this is the
first step in shaping segregation at our will.

The practical importance of this discovery can be far-
reaching in industries ranging from pharmaceuticals to min-
ing. We foresee several applications for our discovery includ-
ing, but by no means limited to, rotating kilns — allowing dif-
ferential residence times depending on the size of the particles

— and milling devices — whereby creating a sandwich of con-
cave sections with a convex shape in the middle, large parti-
cles can be conducted into the middle of the mill, thus increas-
ing efficiency by keeping the grinders and larger particles in
the mill while moving the fines to the ends, where they could
be removed. This study also provides great scope for future
work in the extension, refinement and practical application of
the findings presented here.
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