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Abstract

In this paper we provide necessary and sufficient conditions
for the solvability of the standard H..-suboptimal control
problem for systems with the transfer function in a subalgebra
of the quotient field of the Wiener algebra. These conditions
are formulated in terms of the existence of two .J-spectral
factorizations. Furthermore, a formula for the set of all
stabilizing controllers is given.

1 Introduction

The standard H..-control problem was introduced in 1984 by
J.C. Doyle [8]. Nowadays there are different techniques for
solving this problem. Here we use coprime factorizations. The
idea of factorizing the transfer function of a (not necessarily
stable) system as a ratio of two stable transfer functions was
first introduced in 1972 by Vidyasagar [14]. Using this (co-
prime) factorization Green [9, 10] and Meinsma [13] showed
that for rational transfer functions the H.-control problem can
be solved if and only if two .J-spectral factorizations are solv-
able. This result has been extended to the infinite-dimensional
case for systems in state space form (A4, B, C, D) with B and
C bounded by Curtain and Rodriguez [6] and for the Pritchard-
Salamon class of state space systems in Weiss [15].

In this paper we provide a self-contained solution to the stan-
dard H..-suboptimal control problem for systems with the
transfer function in a subalgebra of the quotient field of the
Wiener algebra. It provides an independent proof of the results
in [5] which used the abstract theory of Ball and Helton [1].
However, if one looks for the result quoted from [1] in [5], one
realizes that this is not an obvious corollary of the very abstract
and general theory in [1].

2 Preliminaries

In this section we quote some general results and introduce our
notation. We begin with our class of stable systems. We say
that f € A if f has the representation

ft) = { (J]t:"r(t) + fod(t), >0,

t<0,

where fo € C, fo°°| fa(t)|dt < oo and o represents the
delta distribution at zero. Let f denote the Laplace trans-
form of f. Then A defined as A := {f | fe A} is our

class of stable transfer functions. By the definition of A it
is easy to see that for every f € A, f is well-defined on
Cy = {s € C | Re(s) > 0}, it is holomorphic and
bounded on C; := {s € C | Re(s) > 0}, and continuous
on Cy := {s € C | Re(s) = 0}. Furthermore, A is a commu-
tative Banach algebra with identity under pointwise addition
and multiplication (see [7], Corollary A.7.48). If for an ele-
ment of A its inverse exists and it is also stable, it is said that it
is bistable. For any complex number s we make the following
notation f~(s) = f(-3).

Our class of transfer functions is the algebra of fractions B =
A[A.]", where A, is the class of transfer functions in A
with the property that they are bounded away from zero at in-
finity and only finitely many unstable zeros in C.,.. Any f € B
has a nonzero limit at infinity. For more properties of these
classes of transfer functions see [2],[3] and [4].

For theoretical reasons we consider a larger class of transfer
functions, known as the Wiener algebra

W:{fELooIf:f1+f27withf1,f;e,4}:
where
Loo ={f:Cy = C||[fllL., = esssup,cg, |f(s)] < oo}

W is a Banach algebra under pointwise addition, multiplica-
tion, and scalar multiplication. The elements of WV are bounded
and continuous on the imaginary axis, and their limit at infinity
is well-defined.

Proceedings of the European Control Conference 2001

ISBN 978-3-9524173-6-2

2941



The spaces H, and H,, denote the standard Hardy spaces on
the right-half plane. The space H;- is the orthogonal comple-
ment of H, with respect to the inner product in the space of
square integrable functions on the imaginary axis. We denote
by Hzxm, Brxm, grxm yynxm the classes of n x m ma-
trices with entries in H., B3, A, W, respectively. We omit the
size of the matrix when there is no danger of confusion.

For matrix valued functions we define F~(s) = [F(-3)]*,
where * denotes the transpose complex conjugate. This cor-
responds to the definition for scalar functions.

An element G € B is said to have a coprime factorization over
A if there exist stable D, N, X and Y such that G = D! N
and DX + NY = I. Every element of /3 possesses a coprime
factorization (see [7], Chapter 7).

w z

G
U Y

Figure 1: The standard H.-control problem

In order to define the standard H,-suboptimal control problem
we consider the diagram given in Figure 1, where w, u, z and y
are vector valued signals as follows: w is the exogenous input,
w is the control signal, z is the output to be controlled and y is
the measured output.

The transfer matrices G and K are assumed to be in 3, and G
is assumed to be a stabilizable plant.

A U G

Figure 2: Stability diagram

Definition 2.1 (Standard H,,-suboptimal control problem)
Given a stabilizable plant G € B and the positive bound -,
find a compensator K € B such that the transfer function T,
from w to z, satisfies || T.., ||, < ~. Ifit is possible, describe
the general form of all stabilizable controllers which satisfies
the above inequality.

By stability of the system we mean the internal stability (see
Figure 2) as defined in [7] or [11].

3 Main results

In this section we formulate our main results and provide the
outline of the proofs.

Let G be a stabilizable plant and let G = [D; DQ]’1 [Ny No]
be a left-coprime factorization of G over A, where [Dy D] and
[N N, are partitioned with respect to the outputs and inputs,
respectively. This factorization exists since G € B.

We consider the matrix

I, 0
.]q,n,m - |: 0 771171:| kl

where n, m € N. Sometimes we simply use .J,, ,,, when~y =1,
or J without indices. The following theorem states our main
result.

Theorem 3.1 The standard H.-suboptimal control problem
has a solution if and only if there exist bistable matrices W
and V such that

Ni(jw) N7 (jw) =~ D1 (jw) DY (jw) = W (jw) Jn, 0. W™ (jw),

(1)
for all w € R with the lower-right n. x n. block My, of M :=
W~1[—N; D] bistable, and

R (jw)Jn, . R(jw) = V™ (jw)In, 0,V (jw) forw € R,

(2)

yoNu

where

0 I,

I U A
R_{ }W [NQDQ]{IM 0

L } e

and the lower-right n, x n, block of the matrix RV " is
bistable. Moreover the set of all stabilizing controllers is given

by
K. _ [ U
=l ) @
with U € A such that ||U ||z, < 1 and det K4 # 0.

In order to prove the result stated before we need the following
definition.

Definition 3.2 Consider the Hardy space H*"™" with the
inner product (-,-). A subspace B of Hy"™™" is strictly
positive with respect to the .J, ., ,-inner product [f,g] :=
(fsJymm)s frg € HI'™' if there exists an e > 0 such
that for all non-zero = € B

(@, Jy,mn) 2 €z, z).
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The following lemma provides the existence of the bistable ma-
trix W such that (1) is satisfied.

Lemma 3.3 Assume that det(N; Ny~ —
{oc}. Then if the space

DyD7) #00nCy U

_ w 1 w
B[7N1 Di] _{L} € Hy |[-N; D] {Z} eH2}
&)
is strictly positive in the .J._,, ., -inner product, then there
exists a bistable W such that the equality (1) is satisfied.

Proof: We prove, by contradiction, that there is no vector v €
H,' such that
[ —Nl Dl ]J[ —]\71 D1 ]N’UEHQ. (6)

Suppose that RS H3- is a nonzero vector satisfying (6). Since
[~ N1 Dq] € A we have that

u:J[ —Ny Dy ]NUGB[ N, D }
On the other side
(u,Juy = (J[ =Ny Dy ] v, JJ[ =Ni D; |7 )

= ([-NM Dy 7w J[ =N Di]70)
= (@ [-N D ]J[-NM Di]7v)=0

sincev € Hi and [ -Ny Dy |J[ -Ni Dy | v €
H,. This contradicts the strict positivity of the space

Bl N p, |

In similar way as in [12] it can be proved that there exists a
bistable W such that the equality (1) is satisfied. =

We state two technical lemma (see [11]).

Lemma 3.4 (Necessary condition) A necessary condition for
the existence of a solution for the standard H..-suboptimal
control problem is that the space given in (5) is strictly posi-
tive in the J 1 n. -inner product.

Sz oM

Lemma 3.5 Let M € A(v+n:)x(netns) with n, = n,, and
suppose that

M (jw) Jyn, n. M~ (jw) = Jn, n., foralmost all w € R.

(™)

Consider the equality

M
Moy

M

[HA H, |=[U U2]{ Moy

} 8

with Hy € Ao, Hy € An<n, Uy € Anxm, U, €
Anzxn:, Mll c Anyxnu, M12 c Anyxnzl M21 c Anzxnu
and My, € A™=*"=_ Then the following two conditions are
equivalent

1. Hy is bistable and | H, ' H, HHOO <.

2. My, and U, are bistable and Uy 'Un |, < 1.
We formulate a special two-block problem.
Definition 3.6 (A two-block problem) Let L €

.‘/‘i(nz 414 ) X (N0 +ny) , (ny
ity

= ny) and consider the equal-

-]

with H, € A"=>™, Hy € A", Ky € A", K, €
Am«xmy The two-block problem is to find a controller K € B
with the right-coprime factorization K = K, K" over A such
that H, is bistable and ||H1H2’1||Hm <1.

9

We can reformulate the standard H.-suboptimal control prob-
lem into an equivalent problem involving the coprime factor-
ization of G and K (see [11]).

Definition 3.7 Given a
[-Ni Dy —No D»] €
find a compensator K € B">*"v with a left-coprime factor-
ization K;lKn, such that the transfer matrix T.., (see Figure
1) from w to z induced by the frequency domain equation

transfer matrix
An=tny) X (nw+n 4 +ny)

z
A [y-‘ - {Nl} w (10)
0
L]
satisfies || T.w |l r_ < vy, where A is given by
| D1 Dy —N
A_[ 0 K, K, } (11)

and it is bistable.

The following theorem provides sufficient conditions to rewrite
the H,.-suboptimal control problem as a two-block problem.
A proof can be found in [11].

Theorem 3.8 (Reduction to a two-block problem) Consider
the standard H.,.-suboptimal control problem of Definition
3.7. If there exists a bistable matrix W such that (1) holds, with
the lower right n. x n_ block of the matrix W—1[—N; D]
bistable, then there exists a stabilizing controler K € B for
the given plant such that the standard H..-suboptimal control
problem is solved if and only if the two-block problem of
Definition 3.6, with

L=W~' Dy

—N, ] (12)

has a solution.
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Proof: The proof will be given in four steps.

In step 1 we obtain the equivalent condition for the stahility of
the closed-loop system. In step 2 a similar result is obtained but
now for a system related to the two-block problem. In the last
two steps the necessary and sufficient condition of the theorem
is proved.

Step 1: Let K € B be any controller for the given plant, and
let K = K ;1Kn be a left-coprime factorization over A. The
closed-loop system is given by

w
*Nl D1 D2 *Ng z _
{ 0 0 K, K, } ; =0. (13)
u
(see [11]). Denote
| D1 Dy —N»
Q*[ 0 -K, Ky } (14)

We know that K € B has a right coprime factorization, i.e.
K = K,K}". Furthermore, by [7] Lemma A.7.44, page 661,
there exists a bistable U of the form

|

[ K, K, |U=[0 I, ].
Defining the signals /; and > using this U, via

2]=eli]

we obtain the following equivalent representation for the sys-
tem

Ko s
R, (15)

such that

L
ly

Y
u

7N1 Dl DZR(I — Ngkn * z -0
0 0 0 I, L~
by
M
u l2

However I,,,l> = 0 is the same as I, = 0, and this representa-
tion becomes

z

[ Du DyKy— NoK, ] [ I,

:| :NI’LU

and U bistable, we have the following equivalence

Qis bistable if and only if [ D, DyK, — NoK,, | is bistable .

Step 2: Using the bistable matrix W which satisfy relation (1)

we define
[ —N] ﬁ] EQ _NQ } = W71 [ —N1 D] D2 —NQ ]
Furthermore, for the plant
0 - 17 [ I .
e[l ] 2] (%] *]
we define the closed-loop system (see [11])
I, 0 ~ - “:)
{ 0 } {I} Sl I L))
0 K, K ;Qf

where K is a controller of the form K = Kd”Kn, w is the
new exogenous input, and the new to be controlled output is 2.
We define the matrices H, and H> via

H. - - K _ K
{ﬁf}:[m —NQ}{RZ}:W L[ D, —Nz][ﬁ,:},
. . (17)
where K, and K, are given in (15).
Denote
0 N -
fl:”ln:} D ’NJ. (18)
L 0 K, K, J
Then
[ L. 0] [ 0 D, 71\72] In.
f 0 U o In. 0 )
[ 0 K, K, J
0 ﬁg *
= In: Hl * . (20)
0 0 I,
Since U is bistable, the following equivalence holds
(1 is bistable if and only if H, is bistable . (21)
Using
Iy _ =10 Y
L)) e

and (19), (20), we obtain the equivalent representation for the
new system (16)

lz = 0
Since 0 Hy = z I,
0 Inz 0 D1 D2 *Ng I”z 0 B 182 Ié-] I* 51 = 8 w (23)
0 U 0 -K, K, 0 U |~ n 2
. D DyKy— MoK, y | _ Iy
- [0 0 I} {U}_U[lz}' -
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Suppose that the controller K stabilizes the closed-loop system
(16). It can be proved that (see [11]) © is bistable, and thus H>
is bistable, see (21). Consequently, we can write

lz = 0, ll = *FIEHI), zZ= *Hlll (25)
which give us the transfer function from w to z , namely
T:s = H H; L. (26)

Step 3: In this step we show that if the standard H,.-
suboptimal control problem is solvable, then the two-block
problem is solvable (see [11]).

Step 4: In this step we show that if the two-block problem is
solvable, then the H . -suboptimal control problem is solvable.
Using the notation of (17) we know that H, is bistable and
| H1Hy || #r.. < 1. Furthermore, let K = K 'K, be a left-
coprime factorization of the controller K = K, K ;' which
solves the two-block problem. Using step 2 and Lemma 4.4
from [11] we see that K = Kd’lKn is a stabilizing controller
for the system (16) and that ||T:4||#., < 1. We have to prove
that [ Dy DyK4— NoK,, | is bistable and [| 7.y || < 7.
Define

[ H, H, } = [ —T:p I }W71 [ -N; Dy } (27)
Using the properties the matrix W—![ —N; D; ] and the
assumption that ||7%;|| < 1 we can apply Lemma 3.5 and ob-
tain that

|H; ' Hy||g_ <~ and H, is bistable .

From (27) we see that || 7., ||g.. = ||H; "H1| g, . Also from
(27) we have that

[ —Tglp I ] W71D1 = H2 (28)
and using (17) it follows that
—1 g g ﬁg e
[T 0]W Y DyKy— NoKyp)=[1 0] [ 3 } = H,.
1
(29)
Combining (28) and (29) the following equality holds
T I, _ . _ H, 0
[ P ]w [ Dy DyKy—NoK, | = [ . Hz}
. (30)
Since H,, H; and W are bistable, we have that

[ Di DyK;— N,K, | is bistable. Using the step 1 we
conclude that the standard H,-suboptimal control problem is
solved. -

Sufficient conditions for solving the two-block problem are
given in the following lemma (see [11]).

Lemma 3.9 Let L be

L = VVﬁ1 [_NQ DQ]7

and
0 I,

_ 0 Iny
el Il )

If there exists a bistable matrix V such that

(32)

R~ (jw)dny n. R(jw) = V”(jw)Jny,an(jw) forw e R,
(33)
and the lower-right n, x n, block of the matrix RV~" is
bistable, then the set of all controllers which solves the two-
block problem (see Definition 3.6) is given by K = Kan’l
where K., and K4 satisfy (4) with U € A such that |U||g_ <
1 and det K4 # 0.

Using Lemma 3.3 we provide the outline of the proof for the
main result.

Proof of Theorem 3.1: The sufficiency follows from Theo-
rem 3.8 and Theorem 3.9. For the necessity we see that strict
positivity of the space By N Dy ] is a necessary condi-

tion (from Lemma 3.4). Applying now Lemma 3.3 we have
that there exists a bistable W such that the equality (1) is satis-
fied. Using Lemma 3.5 and the equality (27) we obtain that the
lower-right n, x n_ block May of M := W~'[-N; D;]is
bistable.

In similar way we can prove that the equality (33) holds and
the lower-right n,, x n,, block of the matrix RV ~1 is bistable.

The fact that all controllers are of the form (4) follows from
Lemma 3.9. ™

4 Conclusion

Necessary and sufficient conditions for the solvability of the
standard H,-suboptimal control problem for systems with the
transfer function in a subalgebra of the quotient field of the
Wiener algebra are provided. These conditions are formulated
in terms of the existence of two .J-spectral factorizations. Fur-
thermore, a formula for the set of all stabilizing controllers is
given. An independent self-contained proof of the results in
[5], which used the abstract theory of Ball and Helton [1], is
given.
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