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Abstract—We propose and demonstrate a wideband photonic 
fractional Hilbert transformer implemented using a ring 
resonator-based optical all-pass filter. The full programmability 
of the ring resonators allows variable and arbitrary fractional 
order of the Hilbert transformer. The implemented all-pass filter 
performs a good approximation to the ideal Hilbert transform 
response, and it can be used as a building block to construct on-
chip complex microwave photonic signal processors. 

Keywords—fractional Hilbert transformer; optical ring resonator; 
all-pass filter; microwave photonics; on-chip signal processing; 

I. INTRODUCTION 

Microwave photonic (MWP) signal processing leverages 
the advantageous properties of optical devices to realize 
functionalities performing RF signal processing, so that the 
constructed systems are commonly associated with the 
features such as large RF instantaneous bandwidth, RF 
frequency transparency, light weight, low signal propagation 
loss, and electromagnetic interference immunity [1], [2]. This 
technique enables functionalities which are difficult, if not 
impossible, to realize using only electronics. In the past few 
years, the advancing of microwave photonics has also 
exhibited a trend of on-chip realization of various RF signal 
processing functionalities [3]-[9], enabling on-chip complex 
MWP signal processors. This improves the system with 
respect to compactness, robustness, stability, and fabrication 
cost, especially when the chip is fabricated using CMOS 
process-compatible equipment. To enrich the applications of 
MWP signal processing, several recent investigations have 
been conducted on photonic implementations of a wideband 
fractional Hilbert transformer (FHT), which is a fundamental 
operator used for numerous signal processing functionalities in 
radar, communication, and modern instrumentation systems 
[10]. However, the previously reported photonic FHTs are all 
based on bulky systems using either a fiber bragg grating and 
circulator [11], [12], or a delay-line filter requiring multiple 
lasers [13], [14], which manifest the lack of tunability and 
high system complexity/cost, respectively. In this paper, we 
propose and demonstrate a simple photonic on-chip 
implementation of a FHT using ring resonator-based optical 
all-pass filters. The full programmability of the ring resonators 
allows variable and arbitrary fractional order of the FHT. In 
addition to that, the waveguide realization of ring resonators 
allows this FHT to be integrated together with other functional 

building blocks on a photonic integrated circuit (PIC) to create 
various system-level functionalities for on-chip MWP signal 
processors. In Section II the design of a photonic FHT using 
ring resonator-based optical all-pass filter is described in 
association with a performance analysis. The characterization 
of a waveguide realization of the proposed photonic FHT is 
presented in Section III with the demonstration of RF 
measurements. In Section IV conclusions are given including 
several possible applications of the proposed photonic FHT. 

II. PHOTONIC IMPLEMENTATION OF FRACTIONAL  
HILBERT TRANSFORMER 

A. Theory of FHT 

      According to [10], the temporal complex envelope of an 
output optical signal ݕሺݐሻ݁௝ଶగ௙బ௧  of a conventional Hilbert 
transformer (HT) ( O݂ is the optical carrier frequency) is given 
by  

ሻݐሺݕ                     ൌ P. V. ቂଵగ ׬ ௫ሺఛሻ௧ିఛ ݀߬ஶିஶ ቃ ൌ ሻݐሺݔ כ ଵగ௧             (1) 

where ݔሺݐሻ  is the temporal complex envelope of the input 
optical signal ݔሺݐሻ݁௝ଶగ௙బ௧  and P.V. means principle value. 
Thus, the HT can be implemented using a linear optical filter 
providing a temporal impulse response ݄ிு்ሺݐሻ݁௝ଶగ௙బ௧ with an 
envelope ݄HTሺݐሻ ൌ  1 ሺݐߨሻ⁄  and a corresponding frequency 
response ܪHTሺ ୠ݂ሻ ൌ െ݆sgnሺ ୠ݂ሻ , where ୠ݂  is the baseband 
frequency variable ( ୠ݂ ൌ ݂ െ ୭݂, with ݂ indicating the optical 
frequency). When a conventional HT is generalized into FHT 
and the approaches in [15] are used to approximate the ideal ܪFHTሺ ୠ݂ሻ  using optical filters, the discrete-time version of ܪFHTሺ ୠ݂ሻ is defined and is given by 

ሻߗFHTሺܪ         ൌ ሻ|݁୨అሺΩሻߗFHTሺܪ| ൌ ൜ ݁ି୨థ, 0 ൑ ߗ ൏ ,୨థ݁  ߨ െߨ ൑ ߗ ൏ 0 (2) 

where ߗ  represents the angular frequency normalized to the 
defined unit delay of the filter, ߶ ൌ ߩ · ߨ 2⁄  and ߩ  indicates 
the fractional order. This expresses that a FHT is an ideal ߩ · ߨ 2⁄  phase shifter. A FHT becomes the conventional HT ܪHTሺߗሻ ൌ െ݆sgnሺߗሻ  when ߩ ൌ 1 , and it provides no 
modification to the input signal when ߩ ൌ 0  (results in ܪFHTሺߗሻ ൌ 1 ). By definition, the FHT has its operation 
bandwidth equal to the defined frequency period. Moreover, 
the response ܪFHTሺߗሻ  is also periodic with ߩ . Since 
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ሻ|ఘേସߗFHTሺܪ ൌ ሻ|ఘ holds, the perioߗFHTሺܪ
Compute the inverse Fourier transform 
corresponding impulse response is given by 

                ݄FHTሺ݊ሻ ൌ ൝ cosሺ߶ሻ ,                      ݊ sinሺ߶ሻ ଶ௦௜௡మሺ௡గ ଶ⁄ ሻ௡గ ,   ݊
It can be seen that ݄ிு்ሺ݊ሻ is zero when ݊ 
integer, and its negative taps have oppos
corresponding positive taps, forming an anti-
with respect to ݊ ൌ 0. An illustration of t
impulse response of an ideal HT is depicted i

Figure 1. (a) the frequency responses and (b) the c
response profile of an ideal and a delay-modified discret

      Apparently, an ideal FHT is not reali
since ݄FHTሺ݊ሻ in (3) has infinite length a
making FIR and IIR filters inapplicable
problem, one can approximate the modiܪᇱFHTሺߗሻ  instead, which is the frequen
cascading ideal FHT and a pure delay len
defined by 

ሻߗᇱFHTሺܪ                ൌ  ሻ݁ି௝௡బఆߗFHTሺܪ

                                ൌ ൜  ݁ି௝௡బఆ݁ି௝థ     0 ൑ ௝௡బఆ݁௝థି݁ߗ  െ ߨ ൑ ߗ
where ݊଴ is a prescribed delay, resulting in 
impulse response as illustrated in Figure 1(b
IIR filter ܩሺߗሻ is designed, we use the foll
obtain the designed result ܪ෡FHTሺߗሻ of the FH

ሻߗ෡FHTሺܪ                                   ൌ ሻ݁௝௡బఆߗሺܩ
Then, a signal passing through an optica
by  ሻexperiences the same effect as itߗሺܩ 
cascade system of a pure delay length ݁ି௝௡
FHT with frequency response ܪ෡FHTሺߗሻ. 

B. All-pass filter approach 

      To approximate ܪᇱFHTሺߗሻ in (4) the wel
and IIR design approaches can be used. A
option is to use an all-pass filter [15], sin
response of ܪᇱFHTሺߗሻ  is equal to unity fo
Using the general z-transform description 
filter design, an Nth order all-pass filter ܩேሺݖ
ሻݖேሺܩ                      ൌ ௔ಿା௔ಿషభ௓షభାڮା௔భ௭షಿశଵା௔భ௭షభାڮା௔ಿషభ௭షಿశభା
If ߮ீሺߗሻ is used to denote the phase responsܩேሺݖሻ, then one should design the all-pass
that the ߮ீሺߗሻ approximates the prescribed 
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(4). Using the design method 
filter coefficients  ܽଵ, ڮ , ܽே  c
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C. Optical ring resonator 

      An ideal lossless optical r
order all-pass filter, and a cas
practice to implement ܩேሺݖሻ i
ORR in waveguide implemen
with an illustration of the prof
corresponding z-transform of th

ሻݖሺܪ                                      ൌ
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Figure 2. (a) schematic of waveguide
profile of the impulse response of an O

      According to (7) the magn
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                                        ݊଴ ൌ
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0.12 dB. Due to the fact that
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ORR by Δ݂ ൌ Δ F݂SRߨ2/ߠ  with 
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e implementation of an ORR and (b) 
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d given by మା௥మିଶ௖௥ୡ୭ୱሺఆሻା௖௥మିଶ௖௥ୡ୭ୱሺఆሻ                         (8) 

ୱ୧୬ሺఆሻೝ೎ ୡ୭ୱሺఆሻ൨ െ ሾ ௖௥ୱ୧୬ሺఆሻଵି௖௥ୡ୭ୱሺఆሻሿ           (9) 

ORR has a fixed phase shift of 
s as a condition to (4), one can 

1 െ ఘଶ                                   (10) 

proximate ܪᇱFHTሺߗሻ  in (4) by 
g optimal filter coefficient  
vary by means of the tunable 
s the frequency responses of the ߗሻ for different fractional order 
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requirement. This relation is illustrated 
different values of ߩ, with the operation band
to the FSR of the ORR.    

Figure 3. Phase responses of an ORR optimized to th
for different fractional orders (a) ߩ ൌ 0, (b) ߩ ൌ 0.5, (
(e) ߩ ൌ 2, and (f) the corresponding power transfers of t

Figure 4. Operation bandwidth of ORR-based FHT r
tolerance requirement.  

Furthermore, the power transfer of the ORR 
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single ORR. Being a linear system, a cascad
be described by 
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Thus, a desired FHT perform
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frequency. Moreover, the low
loss is, the lower the power s
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III. DEVICE REALIZATIO

      To demonstrate the propo
number of ORRs were fabric
technology, a proprietary tech
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ming a fractional order ߩ can be 
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cy responses of a FHT using one 
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ORR (ݎ ൌ 0.97).  

ON AND CHARACTERIZATION 

osed photonic on-chip FHT, a 
cated in TriPleXTM waveguide 

hnology of LioniX B.V., which 
S process-compatible equipment 
waveguide geometry has been 
y low propagation loss of 0.1 
mall bend radius of 70 µm [18], 

of low loss, compact on-chip 
ORRs used to characterize the 
to have a layout as depicted in 

d ring connected to a MZI. The 
of 13 mm and a group index of 
5 GHz. Moreover, two optical 
plemented in the  ring path and 
ns of the thermo-optical tuning 
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ance frequency (optical carrier 
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ng to (4). In Figure 7(b) the 
fts are shown by removing the 
 as explained in (5). Here, a 

(b) 



wideband FHT is demonstrated with operation frequency span 
from 3 to 12 GHz and overall phase ripple smaller than 5 
degree. Although not shown in this paper, the measured power 
transfer of the FHT is close to flat across the defined 
bandwidth with less than 1 dB deviation at the band edge, 
which agrees with the simulations in Figure 3(f).          

 

Figure 6. Illustration of measurement setup  

 

 

Figure 7. (a) measured different RF phase shifts of the ORR by varying the 
power coupling ratio ߢ, and the fittings of the design target; (b) corresponding 
FHT phase shift by removing the linear slope of delay ݊଴ for a wideband span 
from 3 to 12 GHz. 

IV CONCLUSION 

In this paper a simple photonic on-chip implementation of 
wideband FHT is proposed and demonstrated. The FHT is 
based on an optical all-pass filter using ORRs. The full 
programmability of the ORRs allows variable and arbitrary 
fractional order of the FHT, and the waveguide realization 
allows the device to be integrated with other functional 
building blocks on a PIC to create various system-level 

functionalities for on-chip MWP signal processors. The 
realized device demonstrated a RF bandwidth from 3 to  
12 GHz with phase ripple smaller than 5 degree, however, this 
can be upscaled by using ORRs with larger FSRs. To date, 
numerous applications of photonic FHTs have been 
considered, such as optical single sideband generation, 
instantaneous frequency measurement, wideband vector 
modulator and quadrature filter to name a few. In addition to 
those, the proposed photonic on-chip FHT could also be used 
together with a dual(multi)-wavelength laser for simultaneous 
generation of RF I/Q signals featuring a wide RF frequency 
tunability. However, further investigations are still needed to 
explore its usage.    
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