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Abstract— There has been much interest over

the past decade in the problem of asymptotic

stabilization of the angular velocity of a rigid
body with only two torque inputs. The smooth
feedback laws proposed in the literature provide
asymptotic stability with nonexponential con-
vergence rates. This paper proposes discontinu-
ous feedback laws to achieve asymptotic stabil-
ity with exponential convergence rates.

1. Introduction

The angular velocity control of a rigid body with
only one or two controls has been studied extensively
in the literature. In particular, many strategies have
been proposed for the stabilization and asymptotic sta-
bilization problems. The asymptotic stabilization prob-
lem for the case of a single control aligned with an axis
having components along all three principal axes was
studied in [4], [7], [9]. In [5], it was shown by finding a
Lyapunov function that the null solution of the angular
velocity equations is asymptotically stabilizable by two
control torques aligned with two principal axes if the
uncontrolled axis is not an axis of symmetry. The same
result was demonstrated in [3] using center manifold
theory.

In this paper, it is first shown that the angular veloc-
ity equations of a rigid body with two control torques
cannot be exponentially stabilized using any C! feed-
back law, and hence, the rates of convergence provided
by the smooth feedback laws proposed in the literature
{see e.g. [3], [5], and references therein) are necessarily
nonexponential. Discontinuous feedback laws are then
constructed to achieve asymptotic stabilization with ex-
ponential convergence rates. The methodology followed
in the construction of the discontinuous feedback laws
is based on first transforming the nonlinear control sys-
tem describing the evolution of the angular velocity into
a discontinuous system which is exponentially stabi-
lizable via smooth feedback laws, and then designing
exponentially stabilizing feedback laws for the trans-
formed system. Finally, transforming back into the o-
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riginal coordinates yields asymptotically stabilizing dis-
continuous feedback laws with exponential convergence
rates for the original system. This construction proce-
dure is related to the approaches proposed in [2], [8] for
the stabilization of nonholonomic systems.

2. Problem Formulation

Consider a rigid body which is controlled by means
of two torque inputs applied about two principal axes.
Let wq, wa, w3 be the angular velocity components with
respect to the principal axes, and denote by j1,j2,J3
the respective principal moments of inertia. For sim-
plicity, assume that the two torque inputs are about
the first two principal axes. Then the Euler’s equations
of motion of the rigid body are given by

Jiwr = (Jo — Ja)waws + 71, (1)
Jows = (ja— jr)wswi+ T2, (2)
Jaws = (j1— jo)wiwa , (3)

where 71,72 are the torque inputs.

Applying the feedback transformation

o - o .
up = 72 - J3w2w3 + -7*1', Ug = & - le3w1 + -,
Ji J1 J2 J2
yields
W1 =up, Wy =1Uz, W3 = GWIWa , (4)

where a = (j1 — ja2)/Js.

Clearly, (4) defines a nonlinear control system with
state w = (w1, ws,w3) € R® and control v = (u1,u3) €
R?,

Consider the problem of designing state feedback
laws u = u(w) which asymptotically stabilizes the sys-
tem (4) to the origin. This problem is of important
practical interest since the designed state feedback laws
can be used to asymptotically stabilize the angular ve-
locity of a rigid body, for instance a rigid spacecraft, in
an actuator failure mode. Clearly, if the uncontrolled
principal axis is an axis of symmetry of the rigid body,
i.e. if j1 = jo, then ws(t) = w3(0), V¢t > 0. This means

2692



that w3 is a constant of the motion. In this case, the sys-
tem is not even accessible. In particular, if w3(0) # 0,
then w3 cannot be transferred to zero using any control
function. In this paper, it is assumed that the uncon-
trolled principal axis of the rigid body is not an axis of
symmetry, i.e. j1 # ja.

The following result is a consequence of the fact that
a smooth nonlinear control system is exponentially sta-
bilizable using C! feedback if and only if its lineariza-
tion is stabilizable [10].
Proposition 1: The angular velocity equations of a
rigid body with only two control torques aligned with
two principal axes cannot be exponentially stabilized
using C! feedback law.

Proof: It is easily verified that the linearization of the
system (4) about the origin has an uncontrollable eigen-
value at the origin. Hence, the linearized system is not
stabilizable. Thus, the system (4) violates the necessary
condition for the existence of exponentially stabilizing
C* feedback [10]. It follows that the angular velocity of
a rigid body with only two control torques aligned with
two principal axes cannot be exponentially stabilized
using C! feedback law.

The above result demonstrates that the rates of con-
vergence provided by smooth feedback laws proposed in
the literature are necessarily nonexponential. Further-
more, one can show that smooth feedback laws do not
transfer the velocity of the rigid body to the origin in a
reasonable amount of time. Thus, feedback laws which
provide faster convergence rates are desirable. Next sec-
tion demonstrates that exponential convergence rates
are achievable via discontinuous feedback laws.

3. Discontinuous Feedback Laws

The idea employed in this section is based on first
transforming the system (4) into a discontinuous one
by applying a discontinuous coordinate transformation,
e.g. by applying a o-process [1].

Possible o-processes for the system (4) are given by
the passage from the coordinates (wy,ws,ws) to the co-
ordinates (w;,ws,ws/w;), where w; # 0, and to the
coordinates (w1, ws,ws/ws), where wy # 0.

Counsider the system (4). Restricting consideration
to w? +w? # 0, stabilizing feedback control laws can be
constructed as follows:

For the case when w; # 0, applying the o-process

w3
Tl = W1y T2 = w3z, LZT = — ,
w
we obtain
. . . z3
Ty =uy, Ta =us, £3 = aTy — —U; . (5)

Z1
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Clearly, the feedback control law
(ur(z), u2(z)) = (k1z1 , —kowy — k3z3), (6)

where k;, © = 1,2, 3 are the gains, yields the closed-loop
system

.’i:l = ——k1$1 y (7)
Eg = —koxy — k33 , ©)
I3 =azrs+ kizz . (9)

Similarly, for the case when w; # 0, applying the
o-process

w3
T =WwW1, T2 =Wz, T3 = —,
W2
we obtain
. . . z3
$1=U1,$2:U2,$3=ax1—x—u2. (10)
2

Clearly, the feedback control law
(ur(z), u2(z)) = (—koz1 — kaz3 , —k122) , (11)

where k;, 1 = 1,2, 3 are the gains, yields the closed-loop
system

Ty = —kaxy — k3z3 (12)
ip = ~kiza , (13)
I3 = axy + kiz3 . (14)

Note that the two closed-loop systems corresponding
to the first and second o-processes are exponentially
stable when k; > 0 and k2 and k3 are chosen such that
the matrix

A= ( k2 ks ) (15)

a kl

is a Hurwitz matrix. It is clear that the spectrum of the
matrix A can be assigned arbitrarily through k; and k3.

Note also that in the original coordinates the two
closed-loop systems corresponding to the first and sec-
ond o-processes are given as follows:

wy = —kws , (16)
wp = —kawy — kagji , (17)
w3 = awiws , (18)
and

by = —kgey — kg (19)

w2

Wy = —kws (20)
w3 = awiws . (21)



The following regult can now be stated.

Proposition 2: Consider the system (4) with the feed-
back law

w(w) = (ki , —kawa ~ k322) ifw1 £0,
(—kawr — k32, —kywe) otherwise ,

(22)

with k1 > 0 and ko and k3 are such that the matriz A
giwen by (15) is o Hurwitz matriz. Let (wio,w20,Ws0)
denote an initial condition with w¥y + w, # 0. Then
the following hold.

(i) The trajectory (w1(t),ws(t),ws(t)) is bounded for
all t > 0 and converges exponentially to zero.

(it) The control (ui(t), uz(t)) is bounded for allt > 0
and converges exponentially to zero.

Proof: Consider the system (4) with the feedback law
(22) and let (wio,ws0,ws0) denote an initial condition
with wiy + w¥y #£ 0.

It is clear that if wy # 0, then the closed-loop system
is given by (16)-(18), otherwise by (19)-(21).

(i) First assume that wig # 0. Then from equations
(16)-(18), we have wi(t) = wige %t Clearly, wi(t) #
0, V¢ € [0,00). Hence, in this case, the closed-loop
system is given by (16)-(18) (or equivalently by (7)-(9)
in the transformed coordinates) for all ¢ > 0. Since
the matrix A is Hurwitz, it follows that (z3(t), z3(t)),
and hence (wa(t), ws(t)/wi(t)), converges exponentially
to zero. It follows that, if wip # O, then the trajec-
tory (wi(t),w2(t),ws(t)) is bounded for all ¢ > 0 and
converges exponentially to zero.

On the other hand, if wyy = 0, then from equa-
tions (19)-(21), we have wq(t) = woye *t. Clearly,
wa(t) # 0, Vt € [0,00). Hence, in this case, the closed-
loop system is given by (19)-(21) (or equivalently by
(12)-(14) in the transformed coordinates) for all ¢ > 0.
Again since the matrix A is Hurwitz, it follows that
(z2(t), z3(t)), and hence (wy(t),ws(t}/wa(t)), converges
exponentially to zero. Thus, if wie = 0, then the tra-
jectory (w1(t),wa(t),ws(t)) is bounded for all t > 0 and
converges exponentially to zero.

(ii) From the above discussions, each term in the
control (22) consists of bounded terms which converge
exponentially to zero. Hence, the result follows.
Remark 1: The above result demonstrates that for
initial conditions satisfying w, + w2, # 0, the feedback
control law (22) is well-defined for all ¢ > 0. Moreover,
it drives the system (4) to the origin, while avoiding the
set

N={weR®|w}+ws=0, w3 #0}.

Clearly, one can use a finite time feedback control law
to move the system away from N. For example,

u, = —jw; — €|%sign(w; —¢€;) ,1=1,2,

where o € {0,1), €; and €g, € + € # 0, are constants,
can be used to move the system to w; = €1, wy = €2 in
finite time [6].

Remark 2: The discontinuous control law (22) is not
an exponential stabilizer for the system (4). It only
guarantees exponential convergence of the closed-loop
state and control trajectories for initial conditions saft-
isfying wiy +wdy # 0.

4. Conclusions

The problem of asymptotic stabilization of the an-
gular velocity of a rigid body with only two control
torques aligned with two principal axes has been consid-
ered. Discontinuous feedback laws have been proposed
to achieve exponential convergence rates. Boundedness
and exponential convergence of the closed-loop state
and control trajectories have been demonstrated.
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