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Abstract—Extended Symbol OFDM (ES-OFDM) is applied in
case of a multiple antenna receiver. The receiver architecture is
based on the observation that OFDM constellation points can
be determined by means of correlation. Summing correlations
between multiple antennas leads to an interferometer receiver.
This approach gives the freedom to choose which correlations
are summed. Three antenna structures are explored: a Uniform
Linear Array (ULA) and a sparse array where all correlations are
summed and a sparse array where only a selection of correlations
are summed. The sensitivity of the Bit Error Rate (BER) of an
ES-OFDM communication link to an interfering source from
different directions is studied.

The ULA leads to a relatively wide BER main lobe, the range
of angles around the Direction of Arrival of the ES-OFDM signal
where the BER is high. Outside this range, the interfering source
is suppressed to low BERs, in many cases beyond requirements.
By using sparse arrays, the width of the BER main lobe can be
traded against the BER levels outside the BER main lobe. This
effect is shown for a sparse array where all possible correlations
are summed. By summing only those correlations that lead to
a uniform co-array, BER levels outside the BER main lobe are
lower for an interferometer receiver compared to a traditional
beamforming receiver.

Index Terms—Correlation, Differential phase shift keying,
Fourier transforms, Frequency division multiplexing, Modula-
tion, Beamforming, Interferometry, Phased Array

I. INTRODUCTION

Within the telecommunications industry, there is consensus
that segmentation of the spectrum has led to inefficient use
of both spectrum and energy. In reaction to that, alternatives
such as ultra wide band (UWB, [1]) have been introduced with
the main characteristic that they operate at very low Signal-
to-Noise-Ratio (SNR). Extended Symbol OFDM (ES-OFDM,
[2]) is a technique operating at very low SNR. By repetition
of OFDM symbols in time at the transmitter, noise is reduced
by a cross correlation operation at the receiver. In [3], this is
shown for both Additive White Gaussian Noise (AWGN) and
Rayleigh fading channels.
Where ES-OFDM exploits the repetition of OFDM symbols

in time, multiple antennas can be used to exploit the repetition
of symbols in space. In an ES-OFDM receiver, signals from
multiple antennas can be combined before or after cross
correlation. These techniques are called beamforming and
interferometry respectively. Beamforming in communication
systems has been studied intensively (see e.g. [4] and [5]). In-
terferometry has not been given much attention in this context.
Therefore, the following research questions are formulated:

• How can an interferometer be used in combination with
ES-OFDM?

• Can irregular placement of antennas be exploited?
• Can an interferometer outperform a beamforming re-

ceiver?

To answer these questions, we first discuss related work
in section II and briefly describe ES-OFDM in section III.
Section IV describes how spatial correlation can be exploited.
In section V, a general framework is presented for the analysis
of ES-OFDM using multiple antennas. This framework is used
in three case studies which are described in section VI. The
conclusions follow in section VII.

II. RELATED WORK

Within radio astronomy, interferometers have been used
for decades to produce detailed images of celestial objects
[6]. Within telecommunication systems, the use of optical
interferometry is widespread [7]. An interferometer to mod-
ulate and demodulate carriers in the electronic domain has
been used in [8] and related publications. At the receiver,
the incoming signal is cross correlated with a set of carriers
with known phase offsets. This is fundamentally different from
our approach where only signals from receivers, not known a
priori, are cross correlated. Besides the above mentioned pub-
lications, electronic interferometers have not been researched
extensively. This is mainly because their use is only justified
in case of a very low or negative SNR, a scenario generally
not applicable to contemporary telecommunication systems but
which is applicable to ES-OFDM.
Antenna arrays with non regular spacings are also called

sparse arrays. Sparse arrays are traditionally used in e.g.
radio astronomy [6], Direction of Arrival (DoA) estimation
[9] and direction finding through radar [10], but their use in
wireless communication systems is limited. In [11], a sparse
array is used at the transmitter, where antennas are divided
into subarrays creating multiple beams to modulate directional
information onto OFDM carriers. The receiver consists of a
single antenna. In our approach, a sparse array is used at the
receiver to realize a single beam.

III. EXTENDED SYMBOL OFDM

ES-OFDM has been introduced in [2]. It is based on the
repetition of OFDM symbols in time constituting extended
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Fig. 1. Base-band equivalent model of differential ES-OFDM

symbols. To prevent increased sensitivity to local oscilator off-
sets, data is differentially encoded between adjacent carriers.
In this case, cross correlation of two carriers can be used to
determine OFDM constellation points. In Fig. 1, we present
a base-band equivalent model of a differential ES-OFDM
system. At the transmitter, a source produces data vector Sd

which consists of N − 1 complex values where each value
is a constellation point from a chosen modulation scheme.
Sd is used to modulate carriers S by means of differential
encoding S is transformed into the time domain through the
IDFT giving s. I copies of s are concatenated giving the
extended symbol sES . The last L samples of s act as a cyclic
prefix completing sES,L. The values of this extended symbol
are shifted out serially and transmitted through the channel.
We assume an additive white Gaussian noise (AWGN) channel
adding n to sES,L resulting in rES,L. In the receiver, the
first step is to remove the cyclic prefix, giving rES . At the
receiver, we identify I blocks, where each block contains N

samples Each individual block is converted into the frequency
domain and differentially decoded. From the I blocks of
data, corresponding values are averaged. Neglecting the noise
contributions and assuming channel gain equals 1, the output
of the receiver equals the transmitter input.
The resulting BER performance after detection in case of

BPSK modulated carriers in an Additive White Gaussian Noise
(AWGN) channel becomes (see [12] and [2]):

BER =
1

2I
e−(I·SNR)

I∑
i=0

(I · SNR)i

i!

I−1∑
j=i

1

2j
C

j+I−1
j−i

� SD(I, SNR)

(1)

Cn
k =

n!

k!(n− k)!
(2)

where I is the number of times a symbol is repeated and SNR
the Signal-to-Noise Ratio at the receiver input. The result is
that, as a rule of thumb, the Bit Error Rate (BER) performance
at around a BER of 10−2, is improved with approximately 2.1
dB for each doubling of the symbol length.

IV. EXPLOITING CORRELATION BETWEEN ANTENNAS

Besides copying symbols in time at the transmitter, signals
can be replicated in space at the receiver by using multiple
antennas and associated frontends. Combining signals can be
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Fig. 2. ES-OFDM inteferometer using two antennas

done before or after correlation. These approaches are called
beamforming and interferometry respectively. Our aim is to
compare the interferometer with the beamforming receiver.
Since beamforming has been researched extensively and is
well known, only the interferometer is discussed and illustrated
for two receivers in Fig. 2.
Each antenna is attached to a receiver which produces 2

baseband signals, ra and r‘
a (a = 0, 1 in case of two antennas)

where r‘
a = raej 2πt

N . r‘
a is a frequency shifted version of

ra where the shift ( 1
N
) equals one carrier spacing. For each

possible combination of a signal and its frequency shifted
counterpart, the signals are correlated (XC) and results are
summed. The resulting correlation function z is transformed
into the frequency domain by the Discrete Fourier Transform
(DFT) after which detection follows.
We use the following definition of crosscorrelation between

signals from receivers k and l in case of A receivers

zkl(τ) =
1

IN

IN−1∑
t=0

(rk(t)‘)∗ · rl(MOD(t + τ, IN)) (3)

where k = 0, 1, ..., A − 1, l = 0, 1, ..., A − 1 and MOD
indicates the modulus function. By using correlations between
receivers, directivity is obtained. Because summation is done
after correlation, standard beampatterns cannot be used to
determine the directional sensitivity of the array. However, by
varying the DoA of an interfering signal and keeping the DoA
of the signal of interest fixed, the interference suppression
performance of the array can be revealed. Note that the
following analysis is valid in case of a single interferer. In
case multiple interferers are present, a similar analysis should
be performed.

V. GENERAL FRAMEWORK

We start the description of the general framework with a few
definitions. A linear array is used where the signal of interest
s is arriving from incidence angle α and an interfering signal
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v from incidence angle β. The signal of interest is an ES-
OFDM signal with power σ2

s , whereas the interfering signal
v is an AWGN signal (uncorrelated with s) with power σ2

v .
Receiver noise n is modeled as uncorrelated AWGN with
power σ2

n for each receiver. The ES-OFDM signal satisfies
the narrowband assumption and the array is steered towards
this signal by means of phase shifts. For receiver a at position
pa (measured in units of 1

2λ), the critically sampled baseband
signal is described by

ra = s + v · ejπ(pa(sin β−sin α)) + na · e−jπpa sin α (4)

Each receiver also produces the frequency shifted signal r‘
a

where

r‘
a = ra ·ej 2πt

N = s‘+v‘ ·ejπ(pa(sin β−sinα))+n‘
a ·e−jπpa sin α

(5)

where s‘, v‘ and na‘ are frequency shifted versions of s, v

and na respectively. We define a set C of tuples (k, l) where
the first element is the receiver index of the non-frequency
shifted signal and the second element indicates the receiver
index of the frequency shifted signal. The set C defines which
crosscorrelations are summed

z(τ) =
1

|C|
∑
C

zkl(τ) (6)

where |C| indicates the cardinality of set C.
In (1), the relation between the SNR at the input of a single

antenna receiver and the resulting BER is given as a function
of the extension factor I . To use this expression in case of an
interferometer receiver, we first determine SINRd, the SINR at
the detector after correlation and summation, given the powers
of the signal, interference and noise at the input of each single
receiver. Second, we assume that the signal at the detector is
produced by a single correlating receiver. Based on SINRd (the
SINR after correlation) SINReq (the SINR before correlation)
is determined. This value quantifies the suppression of the
noise and interference by the interferometer. We then use the
following expression to estimate the BER.

BER = SD(I, SINReq) (7)

In Appendix A, a general expression for SINReq is determined
up to a level where the individual contributions of the signal of
interest, the interferer and the receiver noise become visible.
In case all possible correlations are summed, the expressions
in Appendix A can be simplified as is done in Appendix B,
leading to:

SINReq =
σ2

s

(σ2
v |Qβ|2 + 1

A
σ2

n)
(8)

where

Qβ =
1

A

A−1∑
m=0

ejπpm(sin β−sin α) (9)

To compare the interferometer with a beamformer, we use
the general theory presented in [14]. In our case all A antennas

are identical and the signals are equally weighted which leads
to a so-called aperture function w.

w(pk) =
1√
A

, k = 0, 1, ..., A− 1

= 0, otherwise

(10)

The discrete co-array function c(x) is defined as the autocor-
relation of the aperture function. The Fourier Transform of the
co-array function leads to

Wβ =
1

A

A−1∑
m=0

ejπpm(sin β) (11)

where Wβ is called the aperture smoothing function, see [14],
pg. 92. The underlying assumption there is that the antenna is
steered towards broadside which corresponds with α = 0 in
our situation. Combined with an array gain A (because of the
summation of A antenna signals) the SINR after beamforming
equals SINReq , the equivalent SINR in case of an interferom-
eter. This shows that, in case all correlations are summed,
the interference suppression performance of an interferometer
receiver equals the performance of a beamformer.

VI. CASE STUDIES

The performance of an interferometer receiver is compared
with the performance of a beamforming receiver through three
case studies. In the first case study, a regular array is used. In
the second case study, an irregular array is used. In both these
case studies, all possible correlations are summed. In the third
case study, not all possible correlations are summed in case
of an irregular array.

A. Case 1: Regular array, summing all correlations

In this section we analyze the BER performance of an
interferometer in case of a regular array where all possible
correlations are taken into account. In case of A antennas,
C = {(k, l)|k ∈ {0, 1, ..., A − 1} ∧ l ∈ {0, 1, ..., A − 1}}
and pk = k for k = 0, 1, ..., A − 1. The BER performance
is determined using (7) and (8). In Fig. 3, we show the
resulting BER performance as a function of the angle of arrival
β of the interfering signal in case the signal of interest is
received from broadside (α = 0). Five antennas are spaced at
1
2λ spacing, the SNR (10 10 log

σ2

s

σ2
n
) equals -3 dB, the SIR

(10 10 log
σ2

s

σ2
v
) equals -14 dB and the extension factor I is 64.

Relatively low SNR and SIR values, together with a relatively
high extension factor have been chosen to clearly illustrate the
noise reduction effects of extending symbols and to illustrate
the spatial filtering effects of sparse arrays. Results based on
(7) and results based on a simulation model are presented.
The analytical values and simulations overlap giving a BER
pattern with a main beam around 0 radian where the BER is
around 0.5. For an absolute angle larger that approximately
0.3 radian, the BER is lower than 10−3.
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B. Case 2: Irregular array, summing all correlations

The BER performance in case of a ULA, as presented in
Fig. 3, shows that high BERs are observed at a relatively wide
range of angles around the angle of incidence of the desired
signal. This range will be refered to as the BER main beam.
At the same time the directional sensitivity of the array gives
large suppression of the interfering signal at angles relatively
far off the angle of incidence of the desired signal. The BER
curves at these angles will be refered to as BER sidelobes.
Within communication systems, forward error correcting

(FEC) coding and decoding offer bit error correcting capabili-
ties [15], [16]. In [17], it is shown that BERs below 10−2 will
result in negligible frame error rate probabilities in case of e.g.
rate = 1

2 Viterbi, rate = 1
3 turbo and rate= 1

2 MAX-LOG-MAP
turbo decoding. Based on this, we assume that before FEC
decoding, BERs below 10−2 are not required. With respect to
the directional BER pattern of Fig. 3, by using sparse arrays,
a narrower BER main beam can be traded against higher BER
sidelobes without increasing the number of antennas. In a
sparse linear array, the distance between adjacent antennas is
a multitude of the fundamental spacing. In our case, this is a
multitude of 1

2λ spacing. These arrays are called sparse since
not all possible positions within a certain range are actually
filled with antennas.
A lot of research has been done on optimal placement of

antennas within a sparse array with respect to some beamform-
ing pattern, see e.g. [9]. We will however use the classical
Minimum-Redundancy Linear Array as described in [13] to
show the effect of irregular antenna spacing and leave the
optimization as future work. In [13], for a fixed number of an-
tennas, positions are determined which lead to a co-array with
a maximum number of consecutive lags having a non-zero
value. For up to 4 antenna elements, antenna spacings can be
determined where each possible correlation between antennas
corresponds with a unique position within the co-array, except

for the correlations of the same receiver. These arrays are
called zero-redundancy arrays. In case more than 4 antennas
are used, zero-redundancy arrays cannot be constructed but
minimum redundancy arrays have been constructed. As an
example, we concentrate on the minimum redundancy array
which consists of 5 elements as presented in [13]. For this
array, the positions are: p0 = 0, p1 = 1, p2 = 4, p3 = 7 and
p4 = 9. Thus the aperture function equals

w(pk) =
1√
5
, k = 0, 1, 2, 3, 4

= 0, otherwise

(12)

and the discrete co-array:

c(x) =
1

5
, |x| = 1, 2, 4, 5, 6, 7, 8, 9

=
2

5
, |x| = 3

=
5

5
, |x| = 0

(13)

Using the values for pk mentioned above, Appendix B can
be used to determine the BER performance. The BER perfor-
mance as a function of the angle of arrival β of the interfering
signal is presented in Fig. 3, where α = 0. The same settings
are used as in Case study 1: SNR = -3 dB, SIR = -14 dB and
I = 64 . Both the theoretical results and the results based on
the simulation model are presented.
The two expected effects, compared to Case study 1, can be

observed; the BER main beam has narrowed while the BER
sidelobes are higher.

C. Case 3: Irregular array, summing a selection of correla-
tions

Minimum redundancy arrays still suffer from some
redundancy. Even in zero redundancy arrays, the multiple
self correlations actually lead to redundancy, see e.g. (13).
The general idea behind this third case study is to remove
each form of redundancy. Note that this means that a
uniform co-array is established. For the 5 element minimum
redundancy array, this means that we only use two out of
four possible correlations with co-array value |x| = 3 and
one out of five possible correlations for |x| = 0. Note that,
instead of summing 25 correlations, we only generate and
sum 19 correlations. The required computational capacity is
reduced with approximately 24 %. Analysing directivity by
means of the co-array is not possible because that approach
is based on the assumption that all correlations are used. We
therefore start with the analysis in Appendix A. In case of
the 5 element minimum redundancy array, the set of tuples
C which determines which signals to correlate, is defined as
{(4, 0), (4, 1), (3, 0), (3, 1), (4, 2), (2, 0), (2, 1), (4, 3), (1, 0),
(0, 0), (0, 1), (3, 4), (1, 2), (0, 2), (2, 4), (1, 3), (0, 3), (1, 4),
(0, 4)}. The first element of the lth tuple is indicated as dl,1,
the second element as dl,2. In Appendix C, the different
contributions to the SINR for this specific case are determined.
The directional sensitivity Qβ of the Signal-Interference and
Interference-Noise components and the directional sensitivity
Pβ of the Interference component are also determined.

5745



β (rad)

P
ow

er
re
fe
re
d
to

po
w
er

fr
om

β
=

0
(d
B
)

|Pβ |, Case 2
|Qβ|, Case 2

|Pβ |, Case 3
|Qβ|, Case 3

-1.5 -1 -0.5 0 0.5 1

-50

-40

-30

-20

-10

0
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In Fig. 4, we show |Qβ |2 and |Pβ |2 for both case studies
2 and 3. For case study 2, |Pβ | = |Qβ |2. For case study 3,
|Qβ | differs more significantly from |Pβ |. Compared to case
2, the Interference component is suppressed to a larger extent.
For 0.5 < |β| < 1, the additional average suppression of the
interference component is approximately 10 dB. In Fig. 3,
the resulting BER as a function of the incidence angle of the
interference is shown.
The main effect is that the error sidelobes are lower enabling

acceptable BERs after decoding for a wider range of angles.

VII. CONCLUSION

In this paper, the use of multiple antennas in a communica-
tion system based on ES-OFDM is researched. An interferom-
eter (summation after correlation) and a beamforming receiver
(summation before correlation) are compared. Referring to
the research questions mentioned in the introduction, it is
shown that an interferometer can be used to deliver acceptable
BERs when using ES-OFDM. In case all possible correlation
functions are summed, the performance of a beamforming
receiver and an interferometer are equal.
Irregular arrays give the possibility to reduce susceptibility

to interference, resulting in acceptable BERs after coding for
a larger range of angles compared to uniform arrays. Perfor-
mance of the interferometer is further improved, compared
to the beamforming receiver, by selecting those correlation
functions that establish a uniform co-array. In the specific case
studied in this paper, the additional average suppression of an
interfering component is approximately 10 dB. In general, be-
ing able to select correlation functions is an additional degree
of freedom which can be exploited to reduce interference.
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APPENDIX A

To determine the SINRd after summation of correlation
functions we start with the combination of (3) and (6).

z(τ) =
1

|C|
∑
C

1

IN

IN−1∑
t=0

(rk(t)‘)∗ ·rl(MOD(t+τ, IN)) (14)

where

r‘
k = s‘ + v‘ · ejπ(pk(sin β−sin α)) + n‘

k · e−jπpk sin α (15)

rl = s + v · ejπ(pl(sin β−sinα)) + nl · e−jπpl sin α (16)

Because the noise at the different antennas is mutually uncor-
related, we can skip the exponentials in the last part of (15) and
(16). The correlation process results in 9 components. Below,
we determine the power of these components separately and
lateron use these result to determine the SINR.

• Signal component: Pss = σ4
s
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• Interference component

Pvv = σ4
v

∣∣∣∣ 1

|C|
∑
C

ejπ(pl(sin β−sin α)−pk(sin β−sinα))

∣∣∣∣
2

� σ4
v|Pβ |2

(17)

• Noise component: Pnn = 1
|C|σ

4
n

• The sum of the two Signal-Interference components

Psv = σ2
sσ2

v

∣∣∣∣ 1

|C|
∑
C

ejπ(pl(sin β−sin α))

∣∣∣∣
2

+ σ2
sσ2

v

∣∣∣∣ 1

|C|
∑
C

e−jπ(pk(sin β−sin α))

∣∣∣∣
2

� 2σ2
sσ2

v |Qβ|2

(18)

• The sum of the two Signal-Noise components

Psn = σ2
s E

(∣∣ 1

|C|
∑
C

nl

∣∣2)

+ σ2
s E

(∣∣ 1

|C|
∑
C

n‘
k

∣∣2) (19)

where E indicates the expected value operator.
• The sum of the two Interference-Noise components

Pvn = σ2
v E

(∣∣ 1

|C|
∑
C

nl · e−jπ(pk(sin β−sinα))
∣∣2)

+ σ2
v E

(∣∣ 1

|C|
∑
C

n‘
k · ejπ(pl(sin β−sinα))

∣∣2)

(20)

All individual components mentioned above are mutually
uncorrelated. We define the power of all crossterms as

Px � σ4
x � Psv + Psn + Pvn (21)

The general expression for the SINR at the input of the
detector (SINRd) is then given as

SINRd =
Pss

Px + Pvv + Pnn

(22)

where Pss equals the signal power at the input of the detector,
Px the sum of the power of different cross-terms, Pvv the
power caused by the interference and Pnn the noise power
generated within the receivers.
Remains to determine the equivalent SINReq based on

SINRd. In general, in case of a crosscorrelating receiver, an
SINR of ρ at the input of a receiver will lead to an SINR of

ρ2

2·ρ+1 at the detector. Thus

SINR2
eq

2 · SINReq + 1
= SINRd (23)

of which the solution equals

SINReq = SINRd +

√
SINR2

d + SINRd (24)

APPENDIX B

In this appendix, the results from Appendix A are elaborated
in case all correlations are summed. The signal component is
not affected by the array configuration since it is assumed
to be received from broadside. The powers of the remaining
components are determined below.
• Pvv = σ4

v|Pβ |2 where

Pβ =
1

A2

A−1∑
k=0

A−1∑
l=0

ejπ(pl(sin β−sin α)−(pk(sin β−sin α)))

(25)

• Pnn =
σ4

n

A2

• Psv = 2σ2
sσ2

v |Qβ|2 where

Qβ =
1

A

A−1∑
m=0

ejπpm(sin β−sinα) (26)

Note that in this case, |Qβ |2 = |Pβ |.
• Psn = 2

A
σ2

sσ2
n

• Pvn = 2σ2
v

σ2

n

A
|Qβ|2

The power of the so-called crossterms is defined as:

Px = σ4
x = 2σ2

sσ2
v |Qβ|2 + 2

σ2
sσ2

n

A
+ 2

σ2
vσ2

n

A
|Qβ|2 (27)

The values given in this appendix can be substituded in (22),
resulting in

SINRd =
σ4

s

σ4
x + σ4

v |Pβ |2 +
σ4

n

A2

(28)

Using (24) results in

SINReq =
σ2

s

(σ2
v |Qβ |2 + 1

A
σ2

n)
(29)

APPENDIX C

In this appendix, the values of Qβ , Pβ and the power
of the Interference-Noise component Pvn are determined in
the specific case of a sparse array where only a selection of
correlations is summed.

Qβ =
1

19

18∑
l=0

e
jπ(pdl,1

(sin β−sinα)) (30)

Pβ =
1

19

18∑
l=0

e
jπ(pdl,1

(sin β−sinα)−(pdl,2
(sin β−sinα))) (31)

where, p0 = 0, p1 = 1, p2 = 4, p3 = 7 and p4 = 9. Note that
in this case, |Pβ | �= |Qβ |2.
The power of the Interference-Noise component Pvn be-

comes

Pvn = 2σ2
v E

(∣∣ 1

19

18∑
l=0

ndl,2
· ejπ(pdl,2

(sin β−sinα))
∣∣2) (32)

Which, in this particular case is approximated by

Pvn ≈ 2σ2
v

σ2
n√
19
|Qβ|2 (33)

Based on Qβ , Pβ and Pvn, complemented with the results
from Appendix B, (21), (22) and (24) can be used to determine
SINReq .
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