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On Structural and Safety Properties of Head-to-Tail
String Stability in Mixed Platoons

Di Liu , Member, IEEE, Bart Besselink , Member, IEEE, Simone Baldi , Senior Member, IEEE,
Wenwu Yu , Senior Member, IEEE, and Harry L. Trentelman , Life Fellow, IEEE

Abstract— The interaction between automated and human-
driven vehicles in mixed (human/automated) platoons is far
from understood. To study this interaction, the notion of head-
to-tail string stability was proposed in the literature. Head-
to-tail string stability is an extension of the standard string
stability concept where, instead of asking every vehicle to achieve
string stability, a lack of string stability is allowed due to
human drivers, provided it can be suitably compensated by
automated vehicles sparsely inserted in the platoon. This work
introduces a theoretical framework for the problem of head-
to-tail string stability of mixed platoons: it discusses a suitable
vehicle-following human driver model to study mixed platoons,
and it gives a reduced-order design strategy for head-to-tail
string stability only depending on three gains. The work further
discusses the safety limitations of the head-to-tail string stability
notion, and it shows that safety improvements can be attained
by an appropriate reduced-order design strategy only depending
on two additional gains. To validate the effectiveness of the
design, linear and nonlinear simulations show that the string
stability/safety trade-offs of the proposed reduced-order design
are comparable with those resulting from full-order designs.

Index Terms— Mixed platoons, automated vehicles, string
stability, head-to-tail string stability, human driving model.

I. INTRODUCTION

IN RECENT years, the topic of automated vehicles has
been investigated from different perspectives, ranging from

computer vision and communication to control. With respect
to control, it is of interest to investigate if and how platoons of
automated vehicles can improve the traffic flow: a pioneering
result in this direction was by Peppard [1], which introduced
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the problem of ‘string stability’, i.e. the capability of a platoon
of automated vehicles to reject disturbances in the traffic flow.
Characterizations of string stability have been later given in
the Lyapunov stability framework [2] and in the frequency
domain [3]. These characterizations have been improved in
different directions, such as having the platoon moving on the
plane [4], letting the vehicles communicate with both preced-
ing and following vehicles [5], [6], communicate through vari-
ous patterns [7], [8] or with constraints [9], [10] (cf. the survey
on string stability [11]). Recent results include a delay-based
spacing policy [12], modeling automated vehicles by partial
differential equations [13], and dealing with heterogeneity in
vehicle dynamics [14]–[18]. Limitations or impossibility of
string stability in the absence of communication was studied
both theoretically [19], [20] and experimentally [21].

In parallel with the study of platoons of automated vehicles,
research has been devoted to platoons of human-driven vehi-
cles, with the aim to understand how human drivers follow
each other and how phenomena such as stop-and-go waves
originate from human vehicle-following behavior. In this
respect, two classical models of human vehicle-following
behavior are the optimal velocity model [22] and the intelligent
driver model [23]. Extensions to these models have appeared in
various directions [24]–[26]. Real-life experiments with human
drivers running on a cyclic path [27] have also stimulated
interest in studying cyclic interconnections [28].

Before allowing automated vehicles in real traffic, it is
important to study how these vehicles interact with human-
driven vehicles. From this observation, an increasing interest
in mixed (human/automated) traffic has arisen: [29] stud-
ied how the traffic fundamental diagram (flow vs. density)
changes in the presence of mixed traffic; [30], [31] studied
how to calibrate vehicle-following models in mixed traffic;
real experiments with human-driven and automated vehicles
driving on a cyclic path have been performed [32]; studies
on stability of mixed traffic were reported [33]–[35]; new
definitions of string stability for mixed traffic appeared [36],
[37]; optimal control [38], [39] and mitigation of oscilla-
tions [40], [41] in mixed traffic were studied. Note that
most of these studies, including our study: rely on linear
systems theory using linearization of the human vehicle-
following model; consider the optimal velocity model [22] as
human vehicle-following model due to its simpler formulation;
consider the technologically feasible scenario in which the
human-driven vehicles, while being uncontrolled (i.e. acting
autonomously according the vehicle-following model), can
communicate their position/velocity/acceleration to allow the
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automated vehicle to make decisions based on the surrounding
traffic.

Due to the autonomous (i.e. uncontrolled) behavior of
human-driven vehicles, it is clear that mixed traffic requires
different stability and string stability methodologies compared
to automated traffic [42]. The notion of head-to-tail string
stability was originally proposed in [43] and further studied
in [36], [44], [45]. Instead of making every vehicle address
string stability, head-to-tail string stability allows a lack of
string stability due to human drivers, provided it can be
suitably compensated by one or more automated vehicles
sparsely inserted in the traffic flow. The literature has shown
that when human-driven and automated vehicles only interact
with the preceding vehicle, head-to-tail string stability can be
attained by increasing the number of automated vehicles in
the platoon [44], [45]; alternatively, it was proposed in [36]
that the automated vehicle uses information from multiple
preceding human-driven vehicles for feedback control. The
multi-communication scenario is used in several other studies
on mixed traffic [32], [35], [38], [39], including this study.

Several works have shown that head-to-tail string stability of
mixed platoons can be formulated as appropriate H∞ control
problems [36], [44], [45]. Even though such problems can
be solved numerically, an analytic treatment of head-to-tail
string stability of mixed platoons is still missing. In this work,
we introduce a theoretical framework for the problem of head-
to-tail string stability of mixed platoons. The framework we
propose departs from earlier ones in the following aspects:

a) from a vehicle dynamics point of view, the framework
starts from a vehicle-following model that we propose as
a synthesis of the models used in the automated vehicle
literature and the human-driven vehicle literature;

b) from an analytic point of view, a new reduced-order head-
to-tail string stability design is proposed that essentially
depends on only three control gains (cf. the structural
properties of head-to-tail string stability in Theorem 2 and
the reduced-order design of Theorem 3). This marks a
difference with the aforementioned H∞ designs since
the complexity of the proposed control design does not
depend on the length of the platoon;

c) we show that control design for head-to-tail string stabil-
ity generally does not lead to safe designs, where safety
is understood as the ability to maintain the desired inter-
vehicle distance. Based on this, we propose an extended
controller that is aimed at improving safety while remain-
ing of reduced order (cf. the structural properties of safety
in Remark 4 and the reduced-order design of Theorem 4).

Simulations with linear and nonlinear vehicle models show
that the proposed reduced-order design has similar character-
istics as those obtained from large-scale H∞ control problems.

The rest of the paper is organized as follows. In Section II,
we propose a human vehicle-following model to study mixed
platoons. In Section III, we study platoons of human-driven
vehicles and conclude that human-behavior parameters pro-
posed in the literature result in a stable but not string stable
platoon. Section IV presents a new reduced-order strategy for
the string stability of mixed platoons. Section V analyzes a

reduced-order method for safety improvement. Simulations in
Section VI are followed by conclusions in Section VII.

Notation The sets of real numbers and real n × m matrices
are denoted by R and R

n×m , respectively. The q × q identity
matrix is denoted by Iq . For any W ∈ R

n×m with rank m, the
annihilator W⊥ ∈ R

(n−m)×n of W is any full row rank matrix
such that W⊥W = 0.

II. VEHICLE-FOLLOWING MODEL DESCRIPTION

In this section we recall a standard model for vehicle-
following human behavior and we propose our own vehicle-
following model, used to study mixed traffic scenarios.

A. Background on Optimal Velocity Model

The optimal velocity model (OVM) was originally proposed
in [22] as a model for vehicle-following human behavior.
The model assumes that during the vehicle-following task,
human drivers aim at a desired velocity,1 which depends on
the relative distance to the preceding vehicle. By denoting
the preceding vehicle with index i + 1, the optimal velocity
behavior of vehicle i is described as

ṡi (t) = vi (t),

v̇i (t) = α [V (di (t)) − vi (t)] + β
[
vi+1 (t) − vi (t)

]
, (1)

where si and vi denote position and velocity of vehicle i ,
di = si+1 −si indicates the distance between the two vehicles,
α and β are positive constants that represent human-driving
feedback, and V (d) is a nonlinear sigmoidal function that
characterizes the desired velocity, such as

V (d) =

⎧⎪⎪⎨
⎪⎪⎩

0 if d ≤ dl

vmax

2

[
1 − cos

(
π

d − dl

du − dl

)]
if dl < d ≤ du

vmax if d > du

(2)

The meaning of (2) is: when the spacing is smaller than
the lower bound dl , the desired velocity equals 0; when the
spacing is larger than the upper bound du , the desired velocity
equals a maximum velocity vmax; in between these values, the
desired velocity is a monotonically-increasing function of d .

When linearized around an equilibrium d∗ and v∗ = V (d∗),
the optimal velocity model (1)-(2) takes the form

ṡi (t) = vi (t),

v̇i (t) = ακ

[
si+1(t) − si (t) − vi (t)

κ

]
+ β

[
vi+1(t) − vi (t)

]
,

where κ := V ′(d∗). For compactness, the linearized OV model
is sometimes written as

ṡi (t) = vi (t),

v̇i (t) = bei (t) + cνi (t), (3)

where ei = si+1 − si − hvi is the velocity-dependent spacing
error (hereafter simply referred to as spacing error), νi =
vi+1−vi is the relative velocity, and we denote b = ακ , c = β,
h = 1

κ . Note the two feedback actions of human behavior
in (3): a proportional action depending on the spacing error,
and a derivative action depending on the relative velocity.

1The term ‘optimal’ was used historically to indicate such a desired velocity
and it does not refer to an optimal control problem.
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B. Proposed Human-Driven Model

A form of velocity-dependent spacing error ei similar to the
one in (3) appears in the automated vehicle literature (e.g. [3],
[14]). There, a velocity-dependent desired spacing is taken as

dr,i (t) = hvi (t),

so that the spacing error also becomes ei (t) = di (t)−dr,i (t) =
si+1(t) − si (t) − hvi (t). In the automated vehicle literature,
h > 0 is referred to as time headway, because it quantifies the
inter-vehicle time gap. The analogy between the time-headway
spacing and the OVM velocity-dependent spacing error in (3)
provides a motivation for exploring this analogy in the OVM
framework. To this purpose, we note that the vehicle dynamics
of automated vehicles is often represented as

τ ȧi (t) = −ai (t) + ui (t), (4)

where ui is the input (desired acceleration) to the vehicle,
and τ > 0 is the engine time constant representing the time
necessary to reach a desired acceleration due to the engine
dynamics [3], [14]. Modelling the engine dynamics with a
time constant τ was originally proposed in [46] and adopted in
virtually all automated vehicle literature with engine dynamics.
Motivated by the fact that also human-driven vehicles unavoid-
ably have an engine, it is natural to think of the human-driving
feedback in (3) as an input ui provided by the human driver
to the engine. As a result, we propose the following model
for (linear) vehicle-following human behavior

ṡi (t) = vi (t),

v̇i (t) = ai(t),

τ ȧi (t) = −ai(t) + bei (t) + cνi (t). (5)

The main difference between (3) and (5) is that the latter takes
into account the time neeeded to reach a desired acceleration
due to the engine dynamics. This time constant is either
unmodelled in the vehicle-following literature, or modelled
as an adaptation time needed to accelerate to a new desired
velocity [26]. This is because driver behavioral models tra-
ditionally have no control design purpose, and focus on the
actual rather than the desired acceleration. In this sense, the
proposed model (5) has the merit of unifying in a control
sense models of human drivers and models appearing in
the automated vehicle literature. From a control perspective,
the time constant τ can also be regarded as a first-order
approximation [47, Chap. 6] of the reaction time typical of
human-driving behavior. In the following sections, we will
see how models with a structure as (5) can be used to study
mixed traffic scenarios with both human-driven and automated
vehicles.

III. PLATOONS OF HUMAN-DRIVEN VEHICLES

A preliminary step in studying mixed traffic scenarios is
to study the properties of platoons of human-driven vehicles.
When the focus is on mathematical analysis, a standard
assumption in the literature is to assume homogeneous char-
acteristics for all vehicles (cf. [29], [30], [32]–[35] among
others). This amounts to assuming that all human-driven
vehicles have the same constants τ , b, c, and h.

Consider a platoon with N human-driven vehicles indexed
in such a way that vehicle 1 is the last vehicle of the platoon:
the reason why we have chosen this ‘forward’ notation (the
leading vehicle has the largest index) will become clear in
Section IV where an automated vehicle will be placed at the
end of the platoon and indexed as vehicle 0. In order to study
stability, assume that a vehicle N + 1 moves autonomously in
front of the platoon with dynamics given by

v̇N+1 = aN+1,

τ ȧN+1 = −aN+1 + uN+1. (6)

If uN+1 = 0, then in steady state vehicle N + 1 has constant
velocity. In general, uN+1 acts as an external disturbance
to vehicle N + 1, which can be used to study disturbance
propagation. For vehicles i = N, . . . , 1, we consider the state
variables ei , νi , ai with the following dynamics

ėi (t) = νi (t) − hai (t),

ν̇i (t) = ai+1(t) − ai (t),

τ ȧi(t) = −ai (t) + bei (t) + cνi (t). (7)

As a first step, we analyze stability of a platoon of human-
driven vehicles. We call the platoon stable if we have
(ei (t), νi (t), ai (t)) → 0 as t → ∞ for all initial states
(ei (0), νi (0), ai (0)), i = N, · · · , 1 and all initial conditions
(vN+1(0), aN+1(0)) of the leading vehicle N +1 with uN+1 =
0. The following result holds.

Theorem 1 (Stability of Platoons of Human-Driven Vehi-
cles):The platoon of N human-driven vehicles with dynamics
as in (7) is stable if and only if the following conditions hold

τ > 0, b > 0, bh + c > bτ. (8)

Proof: In compact form, (7) can be written as

ẋi = A0xi + E0C0xi+1, i = N, . . . , 1,

with xi := [
ei νi ai

]T ,

A0 :=
⎡
⎣0 1 −h

0 0 −1
b
τ

c
τ − 1

τ

⎤
⎦ , E0 :=

⎡
⎣0

1
0

⎤
⎦ , C0 := [

0 0 1
]
. (9)

Thus, the dynamics of the platoon of N human-driven vehicles
is represented by⎡
⎢⎢⎢⎣

ẋN

ẋN−1
...

ẋ1

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

A0 0 · · · 0 0
E0C0 A0 · · · 0 0

...
. . .

. . .
...

...
0 0 · · · E0C0 A0

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

xN

xN−1
...

x1

⎤
⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎣

E0
0
...
0

⎤
⎥⎥⎥⎦ aN+1. (10)

Note that the leading vehicle (6) is only implicitly included
in (10) through its acceleration aN+1, which is regarded as
an input to the platoon of human-driven vehicles. Due to the
block-lower-triangular structure of the state matrix in (10) and
the fact that the evolution of aN+1 is a solution to the stable
linear systems (6) with uN+1 = 0, the platoon is stable if
and only if A0 is Hurwitz; A0 has characteristic polynomial
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τλ3 + λ2 + (bh + c)λ + b. According to the Routh-Hurwitz
criterion, A0 is Hurwitz if and only if the conditions (8)
hold. �

Remark 1 (Stability of Human Parameters in the Liter-
ature): In the literature on human-driven vehicles, specific
numerical values for b, c, h (e.g. identified from real-life
tests [48], [49]) are taken. The following three representative
sets of parameters can be found in [35]–[37], respectively:

1) b = 0.12, c = 0.4, h = 5/3 (linearized at v∗ = 29 m/s),
2) b = 0.9, c = 0.9, h = 2/3 (linearized at v∗ = 15 m/s),
3) b = 0.6, c = 0.15, h = 5/6 (linearized at v∗ = 9 m/s).

It can be verified that all three sets of parameters satisfy
the stability conditions (8) as long as τ < 1. Therefore,
since the literature on automated vehicles indicates that engine
dynamics is in the range τ ∈ [0.1, 0.3], we conclude that all
human-driven parameters above result in a stable platoon.

IV. STRING STABILITY OF MIXED PLATOONS

In addition to stability, the notion of string stability is a
crucial in platooning [1]–[3]. String stability refers to the
capability to attenuate exogenous inputs (e.g. leader input)
as they propagate through the platoon. To formalize this,
we rewrite the state space representation (7) of vehicle i as

ẋi = A0xi + E0ai+1,

ai = C0xi . (11)

Thus, the transfer function from ai+1 to ai is given by

G(s) := C0(s I − A0)
−1 E0 = cs + b

τ s3 + s2 + (bh + c)s + b
.

(12)

The rationale behind (11) (or (12)) is to consider the accel-
eration of the preceding vehicle i + 1 as a disturbance to
vehicle i . Because the denominator of (12) is the characteristic
polynomial of A0, G(s) is stable if the stability conditions
of Theorem 1 are satisfied. As a result, the H∞ norm of
the transfer function G(s) can be used as a measure of
amplification from ai+1 to ai . With this motivation, we recall
the following definition of string stability based on the H∞
norm, or equivalently the induced L2-gain [3].

Definition 1 (L2 String Stability): Consider a platoon of
homogeneous vehicles interacting along a string according
to (11). Let G(s) be the transfer function from ai+1 to ai . If

‖G(s)‖∞ ≤ 1,

then the platoon is called string stable.
Unfortunately, differently from automated vehicles, human-

driven vehicles do not2 satisfy ‖G(s)‖∞ ≤ 1, neither have
control inputs to attain string stability via appropriate design
of b and c [50]–[52]. Therefore, string stability in mixed traffic
cannot be approached in the same way as Definition 1. This
will be formalized in the following subsection.

A. Head-to-Tail String Stability Scenario

The fact that human-driven vehicles do not exhibit string
stable behavior motivates the idea of sparsely placing auto-

2This is true for the proposed human-driven model for any of the parameters
in Remark 1, and was also shown in [36], [37] for the optimal velocity model.

Fig. 1. Notation used for platoons of human vehicles and for mixed platoons.

mated vehicles in the traffic, with the aim to achieve (some
notion of) string stability. Consider a mixed platoon scenario
as sketched in Fig. 1: the mixed platoon is composed of the
previously introduced N human-driven vehicles, followed by
one automated vehicle indexed with 0 and with dynamics

ẋ0 = A1x0 + B0u + E0a1,

x0 :=
⎡
⎣e0

ν0
a0

⎤
⎦ , A1 :=

⎡
⎢⎣

0 1 −h
0 0 −1

0 0 − 1

τ

⎤
⎥⎦ , B0 :=

⎡
⎣0

0
1
τ

⎤
⎦ , (13)

and E0 the same as in (9). The subscript 1 in A1 refers to
vehicle 1 preceding the automated vehicle 0. A practical reason
for adopting a notation in which the automated vehicle the
smallest index is that one may want the automated vehicle to
keep index 0 even when N changes. This may represent the
fact that new human vehicles lead or merge in the platoon.
With this in mind, we refer to the control input u0 of the
automated vehicle simply as u (to be designed), as reported
in (13). The overall mixed platoon model is given by

ẋ = Ax + Bu + EaN+1,

a0 = Cx . (14)

where

x :=

⎡
⎢⎢⎢⎣

xN

xN−1
...

x0

⎤
⎥⎥⎥⎦ , A :=

⎡
⎢⎢⎢⎢⎢⎢⎣

A0 0 0 · · · 0
E0C0 A0 0 · · · 0

0 E0C0 A0
...

...
...

...
. . . A0 0

0 0 · · · E0C0 A1

⎤
⎥⎥⎥⎥⎥⎥⎦ ,

B :=

⎡
⎢⎢⎢⎣

0
...
0
B0

⎤
⎥⎥⎥⎦ ,

E := [
ET

0 0 · · · 0
]T

, C := [
0 · · · 0 C0

]
.

To control the platoon, we consider state feedback control laws
of the form u = Fx with

F = [
FN · · · F1 F0

]
,

where Fi ∈ R
1×3. Such control law results in a closed loop

ẋ = (A + B F)x + EaN+1,

a0 = Cx . (15)

We adopt the head-to-tail string stability notion as originally
proposed in [43] (analogous notions appear, e.g. in [44]). The
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term ‘head-to-tail’ refers to the fact that the absence of string
stability due to human-driven vehicles can be compensated by
the automated vehicle at the end of the platoon.

Definition 2 (Head-to-Tail String Stability): Consider the
mixed platoon described by (15). Let u = Fx be a state
feedback control law, and let TF (s) := C(s I − A − B F)−1 E
be the closed-loop transfer function from aN+1 to a0. If

‖TF (s)‖∞ ≤ 1,

then the control law is said to achieve head-to-tail string
stability.

B. Stabilizing Automated Vehicle

Before proposing a control design to achieve head-to-tail
string stability, let us discuss stability of mixed platoons.

Lemma 1 (Stability of Mixed Platoons): Assume that
A0 in (9) is Hurwitz (equivalently, (8) is satisfied). Let
F = [

FN · · · F1 F0
]

with Fi arbitrary for i = N, . . . , 1 and
F0 = [

f01 f02 f03
]
. The mixed platoon (15) controlled by

u = Fx is stable if and only if f01, f02, f03 satisfy

f03 < 1,

( f01h + f02)(1 − f03) > τ f01,

f01 > 0. (16)

Proof: Obviously, A+B F is Hurwitz if and only if A0 and
A1 + B0 F0 are Hurwitz. Since the characteristic polynomial
of A1 + B0 F0 is

ρ(λ) = λ3 + 1 − f03

τ
λ2 + f01h + f02

τ
λ + f01

τ
,

by the Routh-Hurwitz criterion we obtain that A1 + B0 F0 is
Hurwitz if and only if the conditions (16) hold. �

C. String Stabilizing Automated Vehicle

By Lemma 1, FN , FN−1, · · · , F1 do not influence stability.
Therefore, one can try to design these gains to achieve string
stability of the mixed platoon. The following result states that,
for an appropriate choice of F = [

FN FN−1 · · · F0
]
, the

transfer function TF (s) takes a simple (third-order) form.
Theorem 2 (Reduced-Order Structure of TF ): Let F0 =[

f01 f02 f03
]

be such that A1 + B0 F0 is Hurwitz. Define the
gains Fi = [

fi1 fi2 fi3
]
, (i = N, . . . , 1) as

fi1 := f01,

fi2 := f02 − ih f01,

fi3 := 0, (17)

Then, the closed-loop transfer function TF (s) is equal to

TF (s) = ( f02 − Nh f01)s + f01

τ s3 + (1 − f03)s2 + ( f02 + h f01)s + f01
. (18)

Moreover, the control action u = Fx can be written as

u = f01(sN+1 − s0 − hv0 − NhvN+1)

+ f02(vN+1 − v0) + f03a0. (19)

Proof: For i = N, . . . , 1, let Fi be given by (17). Define
a 3 × 3(N + 1) matrix 
 by (20), shown at the bottom of the
next page.

Then, by inspection, we have

F = F0



(A + B F) = (A1 + B0 F0)


C = C0
.

As a result, the transfer function of the closed-loop system (15)
is equal to

C(s I − A − B F)−1 E = C0
(s I − A − B F)−1 E

= C0(s I − A1 − B0 F0)
−1
E .

One sees that this transfer function is the transfer function of
the third-order system

˙̂x = (A1 + B0 F0)x̂ + ÊaN+1,

a0 = C0 x̂ . (21)

where Ê = 
E = [−Nh 1 0
]T , and this transfer function

can be calculated to be equal to (18). Now define

x̂ =
⎡
⎣sN+1 − s0 − hv0 − NhvN+1

vN+1 − v0
a0

⎤
⎦ .

It can then be verified that x̂ = 
x . Since F = F0
, the
control action is therefore equal to

u = Fx = F0
x = F0 x̂

which is equal to (19). �
Remark 2 (Alternative Interpretation of Control Action):

It is easily seen that the control action (19) can also be
written as

u = f01 (sN+1 − s0 − (N + 1) hv0)

+( f02 − Nh f01) (vN+1 − v0 − (N + 1) ha0)

+( f03 + ( f02 − Nh f01)(N + 1)h)a0,

which has a clear interpretation in terms of feedback from the
spacing error between the leading and the automated vehicle,
its derivative, and the acceleration of the automated vehicle.

The above shows that by choosing F as in Theorem 2,
both stability and head-to-tail string stability are obtained
by choosing F0 = [

f01 f02 f03
]

such that A1 + B0 F0 is
Hurwitz and ||T̂F0(s)||∞ ≤ 1, where T̂F0(s) = C0(s I − A1 −
B0 F0)

−1 Ê . Note that, by (18), for every stabilizing F0 we have
T̂F0(0) = 1. This means that we should aim at finding F0 such
that ||T̂F0(s)||∞ = 1. To get close to this optimal value,
we will solve a strict H∞ control problem for the third-order
system (21). Before this, we formulate the following theorem.

Theorem 3 (H∞ Control Design for String Stability):
Consider the general system

ẋ = Ax + Bu + Ed,

z = Cx,

where A ∈ R
n×n , B ∈ R

n×m, E ∈ R
n×r , and C ∈ R

p×n.
Assume B has full column rank and let γ > 0. There exists
F ∈ R

m×n such that A + B F is Hurwitz and ||C(s I − A −
B F)−1 E ||∞ < γ if and only if there exists X > 0 such that[

B
0

]⊥
⎡
⎣AX + X AT + 1

γ 2 E ET XCT

C X −Ip

⎤
⎦[

B
0

]⊥T

< 0. (22)
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In that case, a suitable F is given by

F = −1

2
r BT X−1 (23)

where r > 0 is such that[
AX + X AT + 1

γ 2 E ET − r B BT XCT

C X −Ip

]
< 0. (24)

Proof: We refer to the Appendix. �
Now we apply Theorem 3 to the design of a suitable F0 =[

f01 f02 f03
]

so that ||TF0(s)||∞ is close to 1.
Indeed, take γ = 1 + ε, where ε > 0 is small. Note that

B0 = [
0 0 1

τ

]T
and hence[

B0
0

]⊥
=

[
I2 0 0
0 0 0

]
.

Thus, in our special case, the LMI (22) reduces to[
I2 0 0
0 0 0

][
A1 X + X AT

1 + 1
(1+ε)2 Ê ÊT XCT

0

C0 X −1

]

×
⎡
⎣I2 0

0 0
0 0

⎤
⎦ < 0, (25)

with X ∈ R
3×3. If X > 0 is a solution to LMI (25), then

F0 := −1

2
r BT

0 X−1, (26)

with r > 0 a scalar such that⎡
⎣A1 X + X AT

1 + 1

(1 + ε)2 Ê ÊT − r B0 BT
0 XCT

0

C0 X −1

⎤
⎦ < 0,

(27)

makes A1 + B0 F0 Hurwitz and yields

||C0(s I − A1 − B0 F0)
−1 Ê ||∞ < 1 + ε. (28)

As compared to state-of-the-art studies on head-to-tail
string stability [36], the proposed controller is found in a
reduced-order way instead of using high-order numerical
methods (cf. simulations in Section VI).

Remark 3 (Incremental and Scalable Structure): The pro-
posed controller u = [

FN FN−1 · · · F0
]

x enjoys some incre-
mental and scalable features. Assuming that a new vehicle (call
it N + 2) appears as the new leader in front of the platoon,
the new incremental control law becomes

u = [
FN+1 FN · · · F0

] [
xN+1

x

]
. (29)

Two options are possible to design the gains. If (25), (26), (27)
are feasible for the same F0 as before (note that Ê becomes[−(N + 1)h 1 0

]T ), then the gains FN · · · F0 are the same as
before, and the new gain FN+1 is directly obtained from (17),
i.e., FN+1 = [

f01 f02 − (N + 1)h f01 0
]
. If (25), (26), (27)

are no longer feasible for the same F0 with the new Ê

for N + 1, a new F0 must be obtained and all other gains
FN+1 · · · F1 follow from the new F0 according to (17).

V. SAFETY IN HEAD-TO-TAIL STRING STABILITY

Research up to now has usually approached head-to-tail
string stability by solving high-dimensional H∞ control prob-
lems [36], [44], [45]. The structural properties behind this
have always remained hidden. The design after Theorem 3
highlights the simple structural properties of head-to-tail string
stability, but also its limitations. Most importantly, the fact that
the controller uses measurements only from vehicles 0 and
N +1 (cf. (19)) poses serious problems with respect to safety.3

Several notions of safety have been proposed in the literature,
such as the time-to-collision and the spacing error, depending
on the emphasis on emergency maneuvers or on maintaining
the desired inter-vehicle distance. In this work, the spacing
error between vehicles 1 and 0 (i.e. e0) is used as a safety
measure: note that the effect of the disturbance aN+1 on e0 can
be characterized in terms of a transfer function.

Let us notice that considering directly the transfer function
from aN+1 to e0 would necessarily result in a high-order
transfer function, as will be shown soon. In the following,
we aim to give a reduced-order characterization of safety for
our control structure, which is amenable for reduced-order
control design. Consider the platoon given by (14). Starting
from the reduced-order controller u = Fx with F = F0

obtained in Theorem 2, we propose to extend this controller
as

ũ = F0
x + k01e0 + k02ė0. (30)

In other words, we consider extra feedback terms using e0
(through k01) and ė0 = v1 − v0 − ha0 (through k02). The
choice of the feedback structure (30) will be motivated by the
reduced-order relation obtained before Definition 3 below.

As both e0 and ė0 can be constructed from the state x , the
control law (30) can be written as

ũ = F̃
̃x, (31)

with F̃ := [
f01 f02 f03 k01 k02

]
and a 5 × 3(N + 1) matrix


̃ :=
⎡
⎣ 


0 · · · 0 1 0 0
0 · · · 0 0 1 −h

⎤
⎦

with 
 as in (20). Now, following a similar reasoning as in
the proof of Theorem 2, we have that

˙̃x = Ãx̃ + B̃ũ + ẼaN+1 + L̃a1,

a0 = C̃ x̃ . (32)

3Simulations in Section VI will show that safety issues are intrinsic in the
notion of string stability: even a full-state feedback controller designed using
a high-dimensional H∞ control problem poses safety issues.


 :=
⎡
⎣ 1 −Nh 0 1 −(N − 1)h 0 · · · 1 −h 0 1 0 0

0 1 0 0 1 0 · · · 0 1 0 0 1 0
0 0 0 0 0 0 · · · 0 0 0 0 0 1

⎤
⎦ (20)
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where

x̃ :=

⎡
⎢⎢⎢⎢⎣

sN+1 − s0 − hv0 − NhvN+1
vN+1 − v0

a0
e0
ė0

⎤
⎥⎥⎥⎥⎦ ,

Ẽ :=

⎡
⎢⎢⎢⎢⎣

−Nh
1
0
0
0

⎤
⎥⎥⎥⎥⎦ , L̃ :=

⎡
⎢⎢⎢⎢⎣

0
0
0
0
1

⎤
⎥⎥⎥⎥⎦ ,

Ã :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1 −h 0 0
0 0 −1 0 0

0 0 − 1

τ
0 0

0 0 0 0 1

0 0 −1 + h

τ
0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

B̃ :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0
0
1

τ
0

−h

τ

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, C̃T :=

⎡
⎢⎢⎢⎢⎣

0
0
1
0
0

⎤
⎥⎥⎥⎥⎦ .

We are interested in how aN+1 influences e0. Note that we
introduced e0 explicitly as a state variable in (32). In fact,

e0 = D̃x̃, (33)

with D̃ := [
0 0 0 1 0

]
.

Denote the transfer function from a1 to a0, and the transfer
function from aN+1 to a0 in system (32) by T̃F̃1

(s) :=
C̃(s I− Ã−B̃ F̃)−1 L̃ and T̃F̃2

(s) := C̃(s I− Ã−B̃ F̃)−1 Ẽ . These
transfer functions can be calculated to be equal to (36), (37),
shown at the bottom of the next page, respectively. However,
we should consider that a1 is not an independent exoge-
nous input, but it depends on aN+1 as an effect of vehicle
propagation through the whole platoon. In other words, for
i = N, . . . , 1 the transfer function from ai+1 to ai is given
by G(s) as given by (12), so that the transfer function from
aN+1 to a1 is equal to GN (s). Therefore, the overall transfer
function from aN+1 to a0 is given by

T̃F̃ (s) = T̃F̃2
(s) + T̃F̃1

(s)GN (s). (34)

Clearly, due to (33), the transfer function from aN+1 to e0 can
be obtained similarly to (34), with C̃ replaced by D̃. In both
cases we obtain a high-order transfer function.

To obtain a reduced-order characterization of safety, we put
forward the notion of safety improvement. Safety improvement
compares (in terms of a ratio) the following transfer functions

• the ‘safety’ transfer function S(s) from aN+1 to e0 stem-
ming from the control law (19);

• the ‘safety’ transfer function S̃(s) from aN+1 to
e0 obtained by applying the control law (30).

Both transfer functions are high-order and can be calculated to
be equal to (38), (39), shown at the bottom of the next page.
However, compared with each other, the following relation can

be obtained

S̃(s) = H (s)S(s), (35)

with H (s) a third-order (i.e. reduced-order) transfer function
given by (40), shown at the bottom of the next page.

Remark 4 (Control Structure): The fact that the transfer
function H (s) in (35) has reduced order is caused by two
structural aspects: first, the first terms of S̃(s) and S(s)
have the same numerator; second, the denominator of the
first terms of S(s) also appears as numerator of the second
term of S̃(s). This is thanks to the choice of the feedback
structure (30).

In view of the relation between S̃(s) and S(s), it is natural
to formalize safety improvement as the problem of finding k01
and k02 such that ‖H (s)‖∞ < 1. However, from (40) we have
|H ( jω)| → 1 as ω → ∞, for any k01, k02, which implies that
safety can hardly be improved at high frequency. Therefore,
one may wish to introduce a low-pass filter to improve safety
at low frequency. Consider the first-order low-pass filter

P(s) = ωp

s + ωp
, (41)

where ωp > 0 is the cut-off frequency of the filter. We obtain

H (s)P(s) = c3s3 + c2s2 + c1s + c0

s4 + a3s3 + a2s2 + a1s + a0
, (42)

where

c1 = ωp( f01h + f02)

τ
, c2 = ωp(1 − f03)

τ
,

c3 = ωp, c0 = ωp

τ
, a0 = ( f01 + k01)hωp

τ
,

a1 = ( f01 + k01)hωp + f01 + k01 + ( f02 + k02)ωp

τ
,

a2 = ( f01 + k01)h + f02 + k02 + ωp(1 − f03 + k02h)

τ
,

a3 = 1 − f03 + k02h + τωp

τ
.

Then, the following is a natural formalization of safety
improvement for low frequency accelerations aN+1.

Definition 3 (Head-to-Tail Safety Improvement): Consider
a platoon of human-driven vehicles interacting along a
string according to (11), followed by an automated vehicle
interacting according to (13), and let (41) be a low-pass
filter. If k01 and k02 are such that

‖H (s)P(s)‖∞ < 1, (43)

then the gains k01 and k02 are said to improve the
safety of the mixed platoon for low frequency accelerations
aN+1.

In the following, we propose a method to find values of k01
and k02 to make ‖H (s)P(s)‖∞ < 1. Using the controllable
canonical form, (42) can be written as

H (s)P(s) = C̄2(s I − ĀK )−1 Ē, (44)

where

ĀK :=

⎡
⎢⎢⎣

0 1 0 0
0 0 1 0
0 0 0 1

−a0 −a1 −a2 −a3

⎤
⎥⎥⎦ , Ē :=

⎡
⎢⎢⎣

0
0
0
1

⎤
⎥⎥⎦ ,
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C̄T
2 :=

⎡
⎢⎢⎣

c0
c1
c2
c3

⎤
⎥⎥⎦ .

This leads to a state-space realization of the closed loop

˙̄x = ( Ā + B̄K C̄1)x̄ + Ē d̄ = Āx̄ + B̄ū + Ē d̄,

ȳ = C̄1 x̄,

z̄ = C̄2 x̄, (45)

with ĀK = Ā + B̄K C̄1, obtained by applying the static output
feedback ū = K ȳ, and where (46), shown at the bottom of
the next page, with fh = f01h + f02 and K = [

k01 k02
]
. The

design steps suggested by these reduced-order formulations
can be as follows: first, design f01, f02, f03 using Theorems 2
and 3, aimed at head-to-tail string stability; second, only
design k01, k02 using Theorem 4 below, aimed at safety
improvement.

The safety improvement problem of Definition 3 has been
transformed into a static output-feedback problem. The follow-
ing theorem is a standard result on static output-feedback H∞
control [53, Thm. 7.2.2] and the proof can be found therein.

Theorem 4 (H∞ Control Design for Safety Improvement):
Consider the general system

ẋ = Ax + Bu + Ed,

y = C1x,

z = C2x, (47)

where A ∈ R
n×n, B ∈ R

n×m, E ∈ R
n×r , C1 ∈ R

q×n, and
C2 ∈ R

p×n. Assume B has full column rank. For γ̄ > 0,
there exists K ∈ R

m×q such that A + B K C1 is Hurwitz and
||C2(s I − A − B K C1)

−1 E ||∞ < γ̄ if and only if there exist
X > 0, Y > 0 such that

1)

[
B
0

]⊥ [
AX + X AT + E ET XCT

2
C2 X −γ̄ 2 Ip

] [
B
0

]⊥T

< 0,

2)

[
CT

1
0

]⊥ [
Y A + AT Y + CT

2 C2 Y E
ET Y −γ̄ 2 Ip

] [
CT

1
0

]⊥T

< 0,

3) XY = γ̄ 2 In.

If the above conditions hold, a suitable controller is given by

K = −R�T ��T (���T )−1, (48)

with

� :=
⎡
⎣Y A + AT Y Y E CT

2
ET Y −γ̄ 2 Ir 0
C2 0 −Ip

⎤
⎦ ,

� :=
⎡
⎣Y B

0
0

⎤
⎦ , �T :=

⎡
⎣C1

0
0

⎤
⎦ ,

and R a positive definite matrix such that

� = (� R�T − �)−1 > 0. (49)

Theorem 4 can be applied to find a gain K = [
k01 k02

]
such

that ‖H (s)P(s)‖∞ < 1 by taking γ̄ = 1, A = Ā, B = B̄,
E = Ē , C1 = C̄1, C2 = C̄2. An algorithm for solving static
output-feedback problems in this form is in [54].

Remark 5 (String Stability and Safety Co-Design): We
have shown that by introducing two auxiliary state variables
in the control law, we can define a safety improvement
measure in terms of the ratio between the two transfer
functions (S(s) in (38) and S̃(s) in (39)). This problem is
also of reduced order (third order or more, depending on
the introduction of a frequency-shaping filter). However, it is
still an open problem to attain head-to-tail string stability
and safety while at the same time keeping the problem of
reduced order. This is essentially due to the presence of the
high-order transfer function GN (s) from aN+1(s) to a1(s) in
the system (32), whose effect cannot be removed from (34)
if k01, k02 
= 0.

VI. SIMULATIONS

To validate the proposed design and compare it with
standard (full-order) design, in this section we will perform
numerical simulations using the parameters b = 0.12, c =
0.4, τ = 0.1, h = 5/3 [36]. Two designs will be considered:
both designs are in state-feedback form u = Fx , F =[
FN FN−1 · · · F0

] ∈ R
3(N+1) and aim at achieving head-to-

tail string stability (H∞ norm of the transfer function from
aN+1 to a0 less than or equal to 1). What changes is the way
F is obtained:

1) Full-order design: similarly as in [36], the full-order
platoon model (14) is used to get F . This is a H∞
control problem as in (22)-(24) in Theorem 3, of order
3(N + 1);

T̃F̃1
(s) = k02s + k01

τ s3 + (1 − f03 + k02h)s2 + (( f01 + k01)h + f02 + k02)s + f01 + k01
(36)

T̃F̃2
(s) = ( f02 − Nh f01)s + f01

τ s3 + (1 − f03 + k02h)s2 + (( f01 + k01)h + f02 + k02)s + f01 + k01
(37)

S(s) = (hs + 1)((Nh f01 − f02)s − f01)

s2(τ s3 + (1 − f03)s2 + ( f01h + f02)s + f01)
+ 1

s2 GN (s) (38)

S̃(s) = (hs + 1)((Nh f01 − f02)s − f01)

s2(τ s3 + (1 − f03 + k02h)s2 + (( f01 + k01)h + f02 + k02)s + f01 + k01)

+ (τ s3 + (1 − f03)s2 + ( f01h + f02)s + f01)

s2(τ s3 + (1 − f03 + k02h)s2 + (( f01 + k01)h + f02 + k02)s + f01 + k01)
GN (s) (39)

H (s) = τ s3 + (1 − f03)s2 + ( f01h + f02)s + f01

τ s3 + (1 − f03 + k02h)s2 + (( f01 + k01)h + f02 + k02)s + f01 + k01
. (40)
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Fig. 2. Bode diagrams (magnitude) of the transfer functions from aN+1 to
a0: full-order design (upper), reduced-order design (lower). A zoomed Bode
diagram is provided in the small plot.

2) Reduced-order design: here, F0 is obtained by solving
the H∞ control problem of order 3 stemming from the
LMIs (25)-(27), whereas

[
FN FN−1 · · · F1

]
is designed

according to (17) in Theorem 2.

The corresponding LMIs are implemented and solved in
Matlab R2019b, using Yalmip as editor [55] and Sedumi as
semidefinite programming solver [56].

A. Frequency-Domain Linear validation

For the resulting design, we will plot the transfer function
from aN+1 to a0 (that indicates string stability) and the transfer
function from aN+1 to e0 (that indicates safety). The design
is performed for N = 1, . . . , 5.

The magnitude of the ‘string stability’ transfer functions
from aN+1 to a0 is reported in Fig. 2, both for the full-
order design (upper) and for the reduced-order design (lower).
For both designs, the magnitude does not exceed 1 (0 dB),
i.e., head-to-tail string stability is achieved. In addition, the
magnitude plots are very close for the two designs.

The magnitude of the ‘safety’ transfer functions from aN+1
to e0 is reported in Fig. 3, both for the full-order design (upper)
and for the reduced-order design (lower). Except for the low
frequency behavior for N = 1, both designs lead to very
similar magnitude plots. Also note that the plots exhibit a peak
that becomes larger as N increases. This indicates that safety
decreases as N increases. In particular,

Fig. 3. Bode diagrams (magnitude) of the transfer functions from aN+1 to
e0: full-order design (upper), reduced-order design (lower).

Fig. 4. Control gains of the state feedback controller u = Fx as a function
of N : full-order design (stars), reduced-order design (circles).

• Peaks for full-order design: 23.67 dB (N = 1), 22.75 dB
(N = 2), 27.78 dB (N = 3), 31.42 dB (N = 4), 34.48 dB
(N = 5);

• Peaks for reduced-order design: 14.82 dB (N = 1),
22.74 dB (N = 2), 27.76 dB (N = 3), 31.39 dB (N = 4),
33.75 dB (N = 5);

Comparing these peaks suggests that the proposed
reduced-order design will not necessarily sacrifice safety as
compared to the full-order design.

Fig. 4 reports all the gains in F of the state feedback
controller u = Fx for the full-order design (stars) and for

Ā :=

⎡
⎢⎢⎢⎣

0 1 0 0
0 0 1 0
0 0 0 1

−ωp f01h

τ
− f01 + fhωp

τ
− (1 − f03)ωp + fh

τ
−1 − f03 + τωp

τ

⎤
⎥⎥⎥⎦ ,

B̄ :=

⎡
⎢⎢⎢⎣

0
0
0

− 1

τ

⎤
⎥⎥⎥⎦ , C̄1 :=

[
ωp 1 + hωp h 0
0 ωp 1 + hωp h

]
, (46)
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the reduced-order design (circles). Remarkably, especially for
N = 2, 3, 4, the gains of the two designs are close to each
other. For example:

Gains for full-order design with N = 4:

F = [0.1254 16.5281 0.0030︸ ︷︷ ︸
F4

0.1257 16.7384 0.0013︸ ︷︷ ︸
F3

0.1257 16.9489 0.0008︸ ︷︷ ︸
F2

0.1260 17.1618 − 0.0054︸ ︷︷ ︸
F1

0.1253 17.3773 − 141.2617︸ ︷︷ ︸
F0

];

Gains for reduced-order design with N = 4:

F = [0.1416 16.6687 0︸ ︷︷ ︸
F4

0.1416 16.9048 0︸ ︷︷ ︸
F3

0.1416 17.1408 0︸ ︷︷ ︸
F2

0.1416 17.3769 0︸ ︷︷ ︸
F1

0.1416 17.6130 − 142.9814︸ ︷︷ ︸
F0

];

Two aspects can be noticed: first, the gains of the full-order
design corresponding to fi1, i = N, . . . , 1 are almost identical;
second, the gains of the full-order design corresponding to fi3,
i = N, . . . , 1 are not only almost identical, but also close to
zero as in the reduced-order design (cf. Theorem 2).

To further highlight the trade-off between string stability and
safety we consider N = 5 which, according to Fig. 4, is the
case where the gains differ the most. The safety improvement
can be demonstrated as follows: in the plane formed by the
pair (k01, k02), we show how these gains improve safety while
possibly maintaining string stability. The safety improvement
is visualized by the level sets that indicate how much the safety
peak of S(s) (also reported in Fig. 3) is reduced by adding
the gains k01, k02. In other words, the level sets represent the
ratio between the peak of S(s) in (38) (without k01, k02) and
the peak of S̃(s) in (39) (with k01, k02).

The results are in Figs. 5 and 6, for the full-order and
reduced-order design, respectively. Remarkably, despite the
different size of the regions, both designs exhibit similar trade-
offs. In particular, when the level set is close to 9, i.e. the
peak of S̃(s) is 9 times smaller than the peak of S(s) (safety
is improved), both designs will go outside the region of string
stability. These numerical results confirm that the performance
of the proposed design is close to the performance obtained
via full-order H∞ control design.

B. Time-Domain Nonlinear validation

We finally report the results of our simulations using the
nonlinear human-driver behavior (1)-(2) with dl = 5 m,
du = 35 m, vmax = 30 m/s. In addition, to use the same
parameters in [36] b = 0.12, c = 0.4, τ = 0.1, h = 5/3,
we calculate α = bh = 0.2, β = c = 0.4. To capture
the desired spacing corresponding to h = 5/3, we calculate
the derivative of Vd(d) with respect to d and obtain the
equilibrium values d∗ = 31.3 m and v∗ = 28.9 m/s. We let
a mixed platoon with N = 4 run at these equilibrium values:
next, in order to simulate a safety scenario, we let the leading
vehicle brake to 17 m/s. Also, to simulate a communication
network environment, we make use of the TrueTime toolbox

Fig. 5. String stability/safety trade-offs for N = 5 and full-order design as
a function of k01, k02 (in log10 scale): the dash-dot line represents the region
in which string stability is preserved; the solid lines represent the level sets
quantifying safety improvement (ratio of the peaks of S̃(s) and S(s)).

Fig. 6. String stability/safety trade-offs for N = 5 and reduced-order design
as a function of k01, k02 (in log10 scale): the dash-dot line represents the
region in which string stability is preserved; the solid lines represent the level
sets quantifying safety improvement (ratio of the peaks of S̃(s) and S(s)).

developed by Lund University [57], which simulates the IEEE
802.11p wireless communication protocol. We consider four
scenarios:

• Full-order design u = Fx with the gains F reported in
Section VI-A;

• Full-order design u = Fx +k01e01+k02ė01 with the same
F and k01 = 0.3, k02 = 100;

• Reduced-order design u = Fx with the gains F reported
in Section VI-A;

• Reduced-order design u = Fx + k01e01 + k02ė01 with the
same F and k01 = 0.3, k02 = 100.

Because the full-order and the reduced-order design give
almost the same results, we only report the reduced-order
design, in Fig. 7 (without k01, k02) and in Fig. 8 (with k01,
k02). The first figure shows a collision of the automated vehicle
(AV0) with the preceding vehicle (HV1). This supports the
idea that a design, even full-order, merely based on head-to-
tail string stability cannot guarantee safety. When applying the
feedback gains k01, k02, collision is avoided. This is done at
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Fig. 7. Relative distance, velocity and acceleration of a mixed platoon
with N = 4: reduced-order design without applying the gains k01, k02 (the
full-order design gives the same behavior). The relative distance is with respect
to the leading vehicle. Note the collision at around t = 45s.

Fig. 8. Relative distance, velocity and acceleration of a mixed platoon with
N = 4: reduced-order design with gains k01, k02 (the full-order design gives
the same behavior). The relative distance is with respect to the leading vehicle.
Note that no collision occurs in this case.

the price of having a negative peak in the acceleration of AV0
at around t = 50s in Fig. 8, which is absent in Fig. 7. This
confirms that fundamental trade-offs exist between head-to-
tail string stability and safety. Let us mention that, although
our theoretical analysis does not explicitly take into account
the communication effects modelled by TrueTime, we have
verified that the same scenarios occur when communication
is ideal. In particular, the collision in Fig. 7 occurs also in
case of ideal communication, while collision is avoided for
the scenario in Fig. 8. It is natural to expect that the presence
of increasing communication impairments cannot be beneficial
to any platooning algorithm nor improve its safety.

VII. CONCLUSION

This paper has introduced a reduced-order theoretical frame-
work for the problem of head-to-tail string stability of mixed
(human/automated) platoons: a reduced-order design strategy
has been given for head-to-tail string stability only depending
on three gains. To address the safety limitations of the head-to-
tail string stability notion, a reduced-order design for attaining
safety improvements has been given only depending on two

gains. It was shown via numerical simulations that the string
stability/safety trade-offs of the proposed reduced-order design
are comparable with those resulting from full-order designs.

The framework can be further investigated in several direc-
tions: an interesting one is to study if analogous structural
properties apply to different vehicle-following models, such
as the intelligent driving model. Another point of practical
interest to include delays such as actuation delay, human
reaction time and communication delay; we expect that the
presence of these delays would further highlight the issue of
string instability and the trade-offs with safety. The presence
of heterogeneous behavior in the human-driven vehicles is
another point of practical interest. Studying these practi-
cal aspects may provide insights for implementation of this
approach in event-driven traffic simulators.

APPENDIX

This Appendix will prove Theorem 3. To do this, we first
present a technical lemma (see also Theorem 2.3.12 in [53]).

Lemma 2: Assume matrix � ∈ R
n×m has full column rank,

matrix � ∈ R
n×n is symmetric, F ∈ R

m×n. Then, the linear
matrix inequality (LMI)

� + �F + (�F)T < 0 (50)

has a solution F if and only if

�⊥��⊥T
< 0. (51)

If (51) holds, then a solution F is given by

F = −1

2
r�T ,

where r > 0 is such that

� − r��T < 0. (52)

Proof: Since � has full column rank, �⊥ is well defined
and has full row rank.

Necessity. Assume (50) has a solution F . Then

�⊥(� + �F + FT �T )�⊥T
< 0,

which implies �⊥��⊥T
< 0.

Sufficiency. Assume �⊥��⊥T
< 0. By Finsler’s

Lemma [53], there exist a r > 0 such that

� − r��T < 0

Define F = − 1
2r�T , it is easy to verify that F indeed

satisfies (50). �
We are now in the position to prove Theorem 3 in the

framework of bounded real lemma [53]. Proof: By the
bounded real lemma, having ||C(s I − A − B F)−1 E ||∞ < γ
is equivalent to the existence of Y > 0 such that

Y (A + B F) + (A + B F)T Y + 1

γ 2 Y E ET Y + CT C < 0 (53)

Denote

� := Y A + AT Y + 1

γ 2 Y E ET Y + CT C,

� := Y B.

Obviously, (53) can be rewritten in the form (50). There-
fore, by Lemma 2, inequality (53) has a solution if and
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only if

B⊥Y −1(Y A + AT Y + 1

γ 2 Y E ET Y + CT C)Y −1 B⊥T
< 0

equivalently,

B⊥(AY −1 + Y −1 AT + 1

γ 2 E ET + Y −1CT CY −1)B⊥T
< 0

(54)

Denote X := Y −1. Then, (54) holds if and only if[
B
0

]⊥ [
AX + X AT + 1

γ 2 E ET XCT

C X −Ip

][
B
0

]⊥T

< 0

The proof is concluded by noticing that (52) leads to (24). �
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