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Modeling ultra-low-noise far-infrared grating spectrometers has become crucial for the next generation of far-
infrared space observatories. Conventional techniques are awkward to apply because of the partially coherent
form of the incident spectral field, and the few-mode response of the optics and detectors. We present a modal
technique for modeling the behavior of spectrometers that allows for the propagation and detection of partially
coherent fields, and the inclusion of straylight radiated by warm internal surfaces. We illustrate the technique by
modeling the behavior of the long wavelength band of the proposed SAFARI instrument on the well-studied SPICA
mission. ©2022Optica PublishingGroup

https://doi.org/10.1364/JOSAA.458217

1. INTRODUCTION

The next generation of far-infrared (FIR), 30−300 µm, space-
based astronomical telescopes will use cooled primary optics
(<4 K) and ultra-low-noise superconducting detectors with
noise equivalent powers (NEPs) of < 10−19 WHz−1/2 [1] to
achieve unprecedented levels of observing sensitivity. A typical
payload will comprise a complex package of spectrometers,
polarimeters, and imaging photometers, and the behavior of
these instruments must be understood, both individually and
collectively, with a high degree of confidence to ensure that the
science goals of the mission are met.

One of the key science goals is to understand the details of star
and planet formation in our own and extrasolar planetary sys-
tems [2–4]. To do this, astronomers need to extract statistically
meaningful spectroscopic information from young stars and
their protoplanetary disks to determine the composition, dis-
tribution, and quantity of the gas, dust, and more complex
molecules, such as water [5]. Ideally, this information would
also include a spatial map, but the angular resolving power of
future FIR facilities will be limited, due to the prohibitive cost
of cold, monolithic, primary mirrors. As a result, the majority
of these observatories will try to disentangle spatial information
using a combination of broadband, low, medium, and high
spectroscopic measurements of what are, effectively, point
sources.

Broadband low-resolution spectroscopy (R ∼ 100) is best
achieved by using a grating spectrometer (GS), while broadband
medium-resolution spectroscopy (R ∼ 1000) of point sources

is best achieved using a Fourier transform spectrometer (FTS).
These instruments typically feed a spatial–spectral array of
ultra-sensitive photometric detectors. To achieve broadband
high-resolution spectroscopy (R ∼ 104

− 105) in ultra-low-
noise systems, it is necessary to keep background loading and
photon noise to a minimum, i.e., by limiting the spectral band.
In FIR space borne astronomical spectrometers, this can be
accomplished by post-dispersing the light from an FTS using a
diffraction grating, i.e., a post-dispersed FTS (PDFTS) [6,7],
before it is fed onto an ultra-low-noise detector array.

At long FIR wavelengths, it is generally beneficial for the
individual detectors in the focal plane of a spectrometer to
be few-mode (5–20), enabling an increase in overall system
throughput, but at the cost of increased coupling to straylight
and thermal background radiation, as seen in the in-flight
behavior of the Herschel-SPIRE instrument [8]. The next gen-
eration of telescopes, as typified by the SPICA [2] and OST [3]
missions, will be at least two orders of magnitude more sensitive
than Herschel-SPIRE. Therefore, low-level artifacts similar to
the ones seen in Herschel-SPIRE will be even more prominent,
but also additional issues will arise that were not encountered
with SPIRE due to its lower observing sensitivity. To ensure
the success of future FIR spectroscopic missions, both of these
unknowns must be addressed and controlled prior to launch
with a high degree of precision.

From a design perspective, it will be necessary to tailor the
spatial–spectral response of few-mode instruments, or equiv-
alently, to design optics and detectors using the language of
partially coherent optical fields, rather than simply accepting the
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single-mode (fully coherent) or multi-mode (fully incoherent)
extremes. This shift in mindset is particularly pronounced dur-
ing the first order design phase of a space-based spectrometer,
when system level design trade-offs are made to maximize the
science goals of the mission.

Typical system level trade-offs for space-based FIR spec-
trometers are how best to scale the size of optical components
(e.g., entrance and exit slits, baffles, grating geometry, etc.); how
best to pack and sample the focal plane with typically hundreds
of ultra-sensitive detectors; and how best to engineer the few-
mode response of individual detectors while maximizing the
astronomical information that can be extracted from the mea-
sured spectrum (e.g., individual line features, total-line fluxes, or
line-to-continuum ratios). A key element in this design process
is controlling the full width at half maximum (FWHM) of the
instrument on-sky beam pattern, because it affects how the
spatial and spectral properties of the astronomical objects in
the field of view are measured by the spectrometer. However, for
a few-mode system, the spatial form of the on-sky beam pattern
is determined by the combined partially coherent behavior of
the optics and detectors in the detector array, which are driven
by their respective designs. Consequently, the beam pattern
is expected to deviate from predictions based on diffraction
theory, potentially resulting in unforeseen in-flight instrument
calibration issues, as exemplified by Herschel-SPIRE [8–10].

To address these issues pre-flight, an accurate optical model of
FIR spectrometers is required. We could opt for fully coherent
(e.g., full electromagnetic simulations [11]), fully incoherent
(e.g., geometrical optics [12]), or alternative modeling tech-
niques such as Fourier optics [13] and Gaussian–Laguerre mode
decomposition [14,15]. Although these classical approaches
provide valuable insights, they do not account for few-mode
partial coherence and associated behavior. In fact, we are not
aware of a comprehensive simulation method that can handle
matters such as partially coherent analysis and design, back-
ground power loading calculations, and straylight analysis of
few-mode FTS and GS, let alone the much more complicated
PDFTS.

We have developed a numerical procedure for simulating the
optical behavior of ultra-sensitive few-mode FIR instruments.
The method is based on a continuous functional theory of
GSs [16], and comprises four steps: (i) the second order spatial
correlation function of the incident electromagnetic field is
established; (ii) the correlation function is propagated through
to the output plane using the optical modes of the system,
including dispersive components such as gratings; (iii) the
state of coherence of internally generated thermal radiation is
calculated, and combined with the signal; (iv) the total partially
coherent field is coupled to the state of coherence to which the
detectors are sensitive, yielding, for example, the power recorded
by each pixel as a function of wavelength. This approach is
numerically powerful, allowing a wealth of behavior to be
studied in a way that is conceptually meaningful.

The purpose of this paper is (i) to present a numerical
implementation of the continuous function theory used for
describing few-mode optics; (ii) to explore the behavior of the
method using a one-dimensional (1D) GS as an illustrative
example; (iii) to ensure that the method gives intuitive results
in those cases where behavior can be predicted; (iv) to gain a

conceptual appreciation of the operation of few-mode GS,
including some trade-offs that are relevant when optimizing a
design. Although we have carried out simulations of both FTS
and GS, we will use the SPICA/SAFARI Long Wavelength Band
GS as a case study, because it is representative of the next gener-
ation of few-mode GSs. In later papers, we shall present the full
functional model, and describe the application of the numerical
techniques to more complicated spectrometer designs.

2. THEORY

This section comprises five parts. In the first part, a generic GS
scheme and a representative 1D GS optical model are intro-
duced. In the second part, the incident electric field over the
slit is introduced, and we examine its state of coherence. In the
third part, we move on to the grating module (GM) optics,
where we discuss the details of the numerical modal framework,
how it provides the optical modes, how a spectrum is measured,
and how straylight can be included in the framework. In the
fourth part, we discuss the detector array, and in the fifth part,
we integrate the detector array with the grating optics module
and provide a polychromatic description of a few-mode GS.

A. Grating Spectrometer Optical Model

In a space-based GS, a system of fore optics focuses the electro-
magnetic field incident on the telescope onto an entrance of
a vertical slit. The resulting diffracted field is passed through
collimating optics, after which it is dispersed by a grating before
arriving at the camera optics. At this stage, the dispersed field
is focused onto the focal (or output) plane, where a 2D array of
photometric detectors measures the total power. This detector
array can have spatial direction in addition to spectral direction
to allow angular cuts through extended astronomical sources.

In this paper, we will use the SAFARI Long Wavelength Band
design as a case study, but before we discuss this GS model, we
need to explain the underlying assumptions of the simulations.
These assumptions are not intrinsic to the developed frame-
work, and numerous extensions are possible, but they set the
boundaries within which the simulations were carried out. First,
we consider linear physical optics, and will explicitly ignore
polarization effects, i.e., we will consider linearly polarized
electric fields only. Second, we will consider optical elements
that are optically thin, such that refraction and reflection within
the optical components can be ignored. Although the optically
thin limit is an approximation, it is commonly used and valid
at FIR wavelengths [14]. Third, and finally, we ignore the fore
optics, to focus on the behavior of the GS.

In this paper, we focus on modeling the behavior of a GS in
the spectral direction. We separate its spectral behavior from
its behavior in the spatial dimension as follows. First, we define
an in-line equivalent model using the 3D optical model of the
SAFARI Long Wavelength Band. In this in-line model, the
spectral and spatial dimensions of the GS are defined along
the x̂ and ŷ axes, respectively, and the optical axis is defined
along ẑ, which coincides with the propagation axis of the inci-
dent electric field over the slit. Furthermore, the 3D optical
surfaces (such as fold mirrors, mirrors with optical power, and
the diffraction grating) are replaced by their in-line optically
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Fig. 1. Cross section of the in-line equivalent SAFARI Long
Wavelength Band model in the x z plane, where ẑ is the axis of propa-
gation. The diffracted, partially coherent incident field enters the GS
at the (entrance) slit with some focal ratio, F , and gets reflected by the
first fold mirror (FM1). The in-line equivalent of a fold mirror is an
aperture. Then, the field is converged by the first mirror (L1), which is
represented by a thin lens. The beam then reaches a second fold mirror
(FM2) and gets collimated by the second mirror (L2). It arrives at the
grating under an angle, α, gets dispersed, and exits under an angle,
β(λ). Then, the dispersed radiation is focused onto the focal plane by
the camera lens (L3), where a linear bolometric detector array, defining
the exit slit of the GS, is placed to measure the power of the incident
partially coherent field. See the text for definitions of1β and1.

thin equivalents (i.e., apertures, lenses, and a transmission
grating), which are defined in the x z plane. Second, we assume
that the in-line optical elements of the GS extend to infinity
in the spatial direction, i.e., along ŷ . Under this assumption,
we can isolate the behavior of the GS in the spectral dimension
by taking a cross cut of the in-line model in the x z plane. The
resulting 1D GS model is shown in Fig. 1.

Three observations about the 1D GS model are worth not-
ing. First, two modifications are made to the basic GS layout.
Namely, two fold mirrors (FM1 and FM2) are added to min-
imize the volume of the 3D instrument, and lenses L1 and
L2 are added to control anamorphic magnification. Second,
the front and back surfaces of the grating are inclined planes,
as indicated in Fig. 1 by the solid red and dashed blue lines,
respectively. The inclinations of these planes are controlled by
the angle of incidence, α, which in this 1D model is constant,
and angle of reflectance, β(λ). It is convenient to define a ref-
erence wavelength, λ0, and a reference angle of reflectance,
β0 = β(λ0), such that 1β = β(λ)− β0. Under this defini-
tion, when the operation wavelength λ= λ0, the transverse
direction of the propagating field is unchanged, and the spatial
displacement of the beam over the focal plane with respect to
the optical axis (horizontal dashed line in Fig. 1),1= 0. Third,
and finally, diffraction gratings are generally used in reflection,
but for simplicity, an ideal transmission grating is shown. In
reality, multiple reflection and absorption components are to
be expected, but here these higher order contributions will be
ignored, and we primarily focus on first order effects. Moreover,
the transmission grating is used under a high angle of incidence
to achieve a grating resolution, R ∼ 300. In practice, for high
α, a diffraction grating becomes a polarization filter, because
the polarization perpendicular to the direction of the grating
grooves is diffracted with higher efficiency. This polarization
sensitivity can be exploited using a Martin–Puplett FTS [17],

resulting in an increase in observing sensitivity, because the pho-
ton background is suppressed. However, as stated previously, we
ignore polarization effects.

The optical modeling is simplified when the polychromatic
behavior of the 1D GS can be considered to be a collection of
mutually incoherent monochromatic realizations. In other
words, it would be beneficial to first model the GS at discrete
frequencies, and then later on to combine the monochromatic
simulation results to provide a polychromatic description of the
system as a whole. This desideratum is met when (i) complex
statistically stationary electric fields are considered, and (ii) the
random fluctuations in the fields are narrow in bandwidth 1ν
compared to their mean frequencies ν̄, i.e. [18],

1ν

ν̄
� 1. (1)

In astronomical telescopes, these conditions are met.
In what follows, we will describe the details of each numerical

step for monochromatic light, and then combine the results to
provide a description of the complete GS.

B. Field Distribution Over the Slit

A central assumption is that the slit on the input surface of the
GS is sufficiently small, such that the spatial state of coher-
ence of the electric field over the slit does not vary appreciably
with frequency. If this were not the case, the partially coherent
field could not be regarded as having an overall well-defined
spectrum, because the spectrum may vary with position.

Under this assumption, an incident electric field over the slit,
at a single discrete frequency, ν, can be sampled and written as a
column vector:

e= [e1, e2, . . . , e N]
T , (2)

where the sample positions are given by

x(slit) = [x (slit)1 , x (slit)2 , . . . , x (slit)N ]
T . (3)

Here, (slit) labels the slit, x (slit)n is the nth element of x(slit) with
n = 1, 2, . . . , N, where N is the total number of sample points
over the slit, and T is the transpose. The spatial state of coherence
of the electric field e at the sample points is given by the (spatial)
correlation matrix

E=
〈
ee†〉 , (4)

where † indicates the Hermitian transpose, and 〈 〉 indicates
averaging over a representative ensemble [19–21]. Furthermore,
the total power in the field is proportional to the trace of matrix
E, and from now on, lower case will be used for vectors and
upper case for matrices.

In general, the electric field e can be written as a weighted
linear combination of individual fully coherent, but mutually
fully incoherent, fields, which we shall refer to as modes. The
eigenvectors of the Hermitian matrix E give the sampled spatial
forms of these modes, and the eigenvalues give the individual
propagating powers. Electric field e is partially coherent when
its state of coherence lies between the two extremes of (spatial)
coherence, and is said to be few-mode. In this case, matrix E
contains a finite set of eigenvectors.
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To study the combined partially coherent behavior of a few-
mode FIR GS, and the impact it has on its performance, we need
to model how a partially coherent field E is propagated through
the few-mode optical system, including the grating, onto the
output plane, where it is coupled to the modes to which the
detectors are sensitive.

C. Grating Module Optics

Modal optics, which relies on continuous functional theory, is
an effective technique for describing few-mode optics at FIR
wavelengths due to two reasons. First, it can account for diffrac-
tion while not having to evaluate multiple diffraction integrals
to propagate a field through a complex optical system. Second, it
avoids the need for full electromagnetic simulations, which are
computationally intensive [20].

In modal optics, the notion of modes is used to map an inci-
dent electric field E, which can be in any state of coherence,
over the input surface to the output surface of the optical system
[20–22]. This set of modes is characteristic for the optics, and is
equivalent to a field propagator used for propagating incident
fields through the optics. The Huygens–Fresnel modal frame-
work (HFMF) approach we adopt in this paper is a numerical
version of the functional theory [20], which uses the Huygens–
Fresnel diffraction integral to obtain this field propagator. The
HFMF adopts the matrix notation of [22,23], and as a result,
the continuous field propagator is represented by the system
transformation matrix, H.

Consider an optical system consisting of S optical surfaces,
with s = 1, 2, . . . , S labeling the optical surfaces. Then, mov-
ing from the input surface, through the optics, to the output
surface of the optical system, matrix H is given by

H=2S
1∏

s=S−1

(T(s )2(s )). (5)

Here, the indexing of the matrices is intentionally reversed to
respect the ordering of the optical surfaces in accordance with
the adopted matrix notation. In Eq. (5), the transmission matri-
ces, {2(s )

|s = 1, 2, . . . , S}, describe the phase transforming
properties of the optical surfaces, and the propagation matrices,
{T(s )|s = 1, 2, . . . , S − 1}, describe the mapping of the electric
field over an optical surface to the next optical surface.

Equation (5) is interpreted as follows. For every s th optical
surface within the optical system, we determine (i) the transmis-
sion matrix2(s ) of that optical surface, and (ii) the propagation
matrix T(s ) describing the mapping to the next optical surface
with index s + 1. This process is repeated until we reach the
last optical surface with index s = S. At surface S, the optical
system terminates; therefore, in Eq. (5),2S is the last matrix in
the iterative sequence.

Matrix H describes the system propagation characteristics
at a single discrete wavelength, and by applying a singular
value decomposition (SVD) to this matrix, we can obtain the
modes of the optical system. Before we do this for the 1D GS
model shown in Fig. 1, we first turn to a detailed description of
the propagation and transmission matrices, and how they are
obtained.

1. PropagationMatrices

To explain how the propagation matrices are obtained, we
consider a simple optical system [see Fig. 2(a)]. This system
comprises two optical surfaces: input and output, labeled s and
s + 1, respectively. These surfaces have the same geometrical

Fig. 2. Obtaining propagation matrix T(s ) for a simple optical system comprising two optical surfaces labeled s and s + 1 of the same geometrical
dimensions, and separated by a distance z. The x , z coordinates of the input and output surfaces are sampled at N′ and M′ discrete positions in the x̂
and ẑ directions, which are x (s )n′ and x (s+1)

m′ , and z(s )n′ and z(s+1)
m′ , respectively, with n′ = 1, 2, ... , N′ and m′ = 1, 2, ... , M′. Each discrete point has a

sample step size,1x (s )n′ and1x (s+1)
m′ , as shown in (d). First, a spherical wave is emitted from the first discrete point over the entrance aperture (n′ = 1).

The complex field value (indicated in blue) is determined for each point over the exit aperture, where in (a), m′ = 1, and in (b), m′ =M′. The result-
ing complex field vector is stored column-wise in T(s ). This process is repeated for each point over the entrance aperture [see (c)] until T(s ) is fully pop-
ulated [see (d)].
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dimensions, act as apertures, and are separated by a distance z.
Moreover, matrix T(s ) is the propagation matrix of this system.

We sample the input and output surfaces of this optical
system using N′ and M′ discrete points in the x̂ direction (see
Fig. 2). These sample points are stored in column vectors x(s )

and x(s+1), with n′ = 1, 2, . . . , N′ and m′ = 1, 2, . . . , M′,
and at each discrete sample point, a point source is placed. Each
point source has a sample step size, i.e., 1x (s )n′ or 1x (s+1)

m′ [see
Fig. 2(d)], which is ≤ λ/2, with λ being the operation wave-
length, to ensure Nyquist sampling of the electric fields over the
optical surfaces. Furthermore, each element in x(s ) and x(s+1)

has an associated z position, which is stored in column vectors
z(s ) and z(s+1), respectively, thus forming an ordered pair with
their sampled x positions: [x(s ), z(s )] and [x(s+1), z(s+1)

].
When the optical surfaces are sampled perpendicular to the

ẑ axis, the elements of the z column vectors are identical. For
example, for the optical system shown in Fig. 2, the elements of
z(s ) are zero, while the elements of z(s+1) are equal to z. However,
when inclined surfaces are considered, i.e., optical surfaces
not sampled perpendicular to the ẑ axis, the elements of the
z column vectors can be nonidentical, as will be discussed in
Section 2.C.2. Below, we will describe how propagation matrix
T(s ) is obtained for optical surfaces sampled perpendicular to
the ẑ axis, but this procedure is also applicable to optical systems
with inclined surfaces, as will be seen later.

Propagation matrix T(s ), which has dimensions M′ × N′,
describes the mapping of an electric field over surface s to the
surface s + 1, i.e., fields propagating to areas outside the sam-
pled surfaces are ignored. Here, we specifically choose to use
a spherical-wave propagator to populate matrix T(s ), but the
numerical modal framework allows for any field propagation
method to be used. In our case, the columns of matrix T(s ),
t(s )n′ , are the complex column vectors containing discrete elec-
trical fields produced over surface s + 1 when a point source
is placed at the discrete positions over surface s , such that
T(s ) = [t(s )1 , t(s )2 , . . . , t(s )N′ ]. The column vector elements of

t(s )n′ , i.e., t (s )m′,n′ , are obtained by applying the Huygens–Fresnel
principle, which states that every point on a wavefront is a point
source emitting a spherical wave:

t (s )m′,n′ = (z/λ)
1/2exp[−i2πr (s )m′,n′/λ+ iπ/4]/r (s )m′,n′ . (6)

This result can be obtained by evaluating the Fresnel diffraction
integral in the limit of a point source and accounts for obliquity.
Here, r (s )m′,n′ = {[z

(s )
n′ − z(s+1)

m′ ]
2
+ [x (s )n′ − x (s+1)

m′ ]
2
}

1/2 is the
position vector relating the n′th position over the input surface
to the m′th position over the output surface, where (x (s )n′ , z(s )n′ )

and (x (s+1)
m′ , z(s+1)

m′ ) are the x , z coordinates associated with the
discrete positions over surface s and surface s + 1, respectively,
and exp(iπ/4) is the Gouy phase factor [14]. Note that Eq. (6)
is the numerical equivalent of the free-space spherical-wave
propagator and hence satisfies the wave equation as well [12,18].
A graphical representation of the procedure for obtaining T(s ) is
given in Fig. 2.

The spherical-wave propagator, as opposed to the commonly
used plane-wave propagator, is crucial for two reasons. First, it
allows for more generic surface shapes (e.g., inclined planes and
aspheres) to be included, and potentially highly non-paraxial

systems to be analyzed. The HFMF can be generalized to
include projection (obliquity) effects on the basis of the local
surface normal. Second, it ensures that the principal diffraction
effects are included, which is essential for accurately describing
the behavior of FIR systems in general.

To produce physically meaningful results, each propagation
matrix T(s ) must preserve power. Similar to the 1D numerical
adaptation of the spherical-wave propagator, the 1D power
normalization of T(s ) is given by

T̃
(s )
=

√
1(s+1)T(s )

√
1(s ), (7)

where T̃
(s )

is the normalized equivalent of T(s ). In Eq. (7),1(s )

and1(s+1) are diagonal matrices, and the multiplication order is
again intentionally reversed to respect the ordering of the optical
surfaces in accordance with the adopted matrix notation. The
sample step sizes of the discrete sample points are placed along
the diagonal of1(s ) and1(s+1):

1(s )
= diag{[1x (s )1 , 1x (s )2 , . . . , 1x (s )N′ ]} and (8)

1(s+1)
= diag{[1x (s+1)

1 , 1x (s+1)
2 , . . . , 1x (s+1)

M′ ]}. (9)

The normalization in Eq. (7) is defined (i) such that the
HFMF can take into account the different sample step size,
and (ii) to ensure that the HFMF produces quantities with
the units of power over the respective surfaces. This enables
the use of more generic surface sampling schemes, such as the
non-equidistant sampling of the surface, while ensuring power
conservation.

2. TransmissionMatrices

In the HFMF, the optical surfaces are defined such that they
have an input and exit plane, both of which are sampled by the
same number of discrete points. In the optically thin limit, the
optical surfaces that have phase transforming properties, such
as lenses and the grating, are described by diagonal transmission
matrices, while the apertures (i.e., optical surfaces without phase
transforming properties) are described by unitary diagonal
transmission matrices. From now on, we will omit the unitary
matrices, because they leave the phase of the incident field
unaltered and only slow down the numerical simulation.

In general, the phase transforming elements in a GS com-
prise the mirrors and the grating. When we apply the optically
thin limit to the lenses, they are reduced to thin lenses. The
transmission matrix of a single thin lens is a diagonal matrix:

2(L)
= diag{[θ (L)1 , θ

(L)
1 , . . . , θ

(L)
NL
]}, (10)

where the diagonal elements are obtained using the thin-lens
approximation [14]

θ
(L)
i = exp({−i2π [x (L)i ]

2
}/{2λ f }) for i = 1, 2, . . . , NL .

(11)
Here, f is the focal length of the thin lens, and (L) is
the thin-lens label, which follows the labels in Fig. 1,
i.e., (L)= (L1), (L2), (L3). Moreover, x (L)i is the i th element
of the discrete column vector, x(L) = [x (L)1 , x (L)2 , . . . , x (L)NL

]
T .
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The column vector x(L) describes the surface of the thin lens
sampled at NL discrete positions parallel to x̂ . At these discrete
positions, the phase transformation properties of the thin lens
are applied to the incident electric field by multiplying the
discretized column vector describing the field with the diagonal
transmission matrix describing the thin lens.

The phase transforming properties of gratings are governed
by the grating equation [12]

sin[α] + sin[β(λ)] = uλ/d ′, (12)

where β(λ) is the angle of reflectance, u is order of interference,
and d ′ is the groove period. The surface of the grating can be
described by a diagonal matrix:

2(G)
= diag{[θ (G)1 , θ

(G)
2 , . . . , θ

(G)
NG
]}, (13)

where

θ
(G)
j = exp[−i2π x (G)j sin(1β)/λ] for j = 1, 2, . . . , NG .

(14)
This result can be obtained by rewriting Eq. (12) when consid-
ering that a transmission grating is a linear phase transformer,
where we have used the definition1β = β(λ)− β0. Moreover
(G) labels the grating, and in Eq. (14), x (G)j is the j th element

of the discrete column vector, x(G) = [x (G)1 , x (G)2 , . . . , x (G)NG
]
T .

The column vector x(G) contains NG discrete positions parallel
to x̂ , which sample the surface of the grating. At these discrete
positions, the linear phase transformation properties of the
grating are applied to the incident electric field, as was described
above for the thin lens. Equation (14) is an important result,
because it describes how an incident field is dispersed by the
grating with wavelength, which is its principal optical function.

3. Few-ModeGratingOptics

We now use the definitions of the transmission and propagation
matrices in combination with Eq. (5), and apply them to the
1D GS model shown in Fig. 1 to obtain the normalized system
transformation matrix H̃ of this GS. Starting from the input
surface of the GS (slit), moving through the optics towards the
output surface (focal plane), we get

H̃= T̃
(7)
2(L3)T̃

(6)
2(G)T̃

(5)
2(L2)T̃

(4)
T̃
(3)
2(L1)T̃

(2)
T̃
(1)

.
(15)

Matrix H̃ has dimensions M × N, with N and M being the total
number of sample points over the input and output surfaces of
the GS, respectively, that describe the principal propagation
characteristics of the system as a function of wavelength. In

Eq. (15), {T̃
(s )
|s = 1, 2, . . . , 7} are the normalized propagation

matrices. For instance, T̃
(1)

describes the propagation of the
field over the input surface, i.e., the slit, to the second surface,
i.e., FM1. In addition, 2(L1), 2(L2), and 2(L3), and 2(G) are
the transmission matrices of the lenses and the grating, respec-
tively, and the unitary diagonal transmission matrices of the
apertures are excluded.

At FIR wavelengths, the propagation of an electric field
via an inclined surface can give rise to beam distortion effects
[24]. Because of the inclination of the surface, different spatial

regions over the wavefront of an incident beam cover different
distances upon propagation, causing the amplitude and phase
of the electric field over the inclined surface to vary. In the GS
scheme considered here, α is nonzero, while 1β 6= 0 when
λ 6= λ0; therefore, for most wavelengths, the front and back
surfaces of the grating are inclined planes (see Fig. 1), and beam
distortion effects are to be expected. The HFMF can account
for these effects, because it relies on the spherical-wave instead
of the plane-wave propagator. To explain this, we consider the
collimator lens and the inclined front surface of the grating of
the 1D GS model. First, we assume that the column vectors
containing the sampled x , z coordinates of the collimator lens
and the inclined grating front surface, and the corresponding
sample step sizes of these discrete points, are known. Next, we
use the prescription given in Section 2.C.1 to calculate the nor-
malized propagation matrix that describes the mapping from
the collimator lens to the inclined front surface of the grating,

i.e., T̃
(5)

[see Eq. (15)]. In these calculations, Eq. (6) ensures
that the differences in propagation distance are accounted for by
relying on the position vector that relates the sampled x , z coor-
dinates over the collimator lens and the inclined grating front
surface. In other words, when an electric field is propagated from
the collimator to the grating front surface, the beam distortion
effects are incorporated because the spherical-wave propagator
by definition accounts for the amplitude and phase variations of
the electric field over the inclined surface.

For GSs in general, |α| 6= |β|, and therefore, these optical
systems experience anamorphic magnification [25]. This pro-
jection effect causes the beam diameter of the exiting beam to
change with respect to the beam diameter of the beam incident
as a function of wavelength. In the 1D GS model consid-
ered here, this effect becomes particularly pronounced when
|α| � |1β|. The HFMF accounts for this effect as follows.
First, we determine the sample step sizes of the discrete points
over the front and back surfaces of the grating, i.e., the elements
of 1(G, f ) and 1(G,b), where (G, f ) and (G,b) label the front and
back surfaces of the grating, respectively. Next, each element
of 1(G,b) is scaled in accordance with the anamorphic magni-
fication factor, cos(α)/ cos(1β), while the elements of 1(G, f )

do not change, because α is constant. As a result, the effective
beam diameter of the exiting beam varies with wavelength, while
the beam diameter of the beam over the grating front surface is
constant, and anamorphic magnification is accounted for.

Since the optical system is spatially finite, the information
throughput of the system is limited. In this case, the linear
system operator, here represented by the normalized system
transformation matrix H̃, is said to be a bounded Hilbert–
Schmidt kernel. Consequently, we can decompose matrix H̃
into a unique set of orthonormal basis vectors using the numeri-
cal linear algebra equivalent of Hilbert–Schmidt decomposition
[19–21], i.e., the SVD:

H̃=U6V†. (16)

Here, V is a unitary matrix of dimensions N × N, with N being
the total number of discrete points over the input surface, and U
a unitary matrix of dimensions M ×M, with M being the total
number of discrete points over the output surface. Furthermore,
6 is an M × N matrix containing the singular values of matrix
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H̃, which are placed along its diagonal in decreasing order, while
the rest of the remaining entries are zero. In our scheme, the sin-
gular values can attain a maximum value of unity, because matrix
H̃ is power normalized.

Equation (16) describes the optical system in terms of
characteristic orthogonal vectors spanning the input plane
(i.e., columns of V) that map in a one-to-one correspondence to
a set of characteristic orthogonal vectors over the output plane
(i.e., columns of U) with a certain efficiency. We define the opti-
cal modes of the GS as the collection of individually coherent,
but mutually fully incoherent, fields that have nonzero singular
values (or efficiencies). The GS optics is said to be few-mode
when 5–20 optical modes have an efficiency higher than a
certain threshold value, which we arbitrarily set at 10%.

The set of optical modes is unique for the optical system, and
is primarily determined by the geometrical and optical param-
eters of the optical components constituting the system and its
operation wavelength. For example, the sampled spatial form
of these optical modes, i.e., the columns of unitary matrices V
and U, and their efficiencies, will vary with wavelength, because
matrix H̃ varies with wavelength, as will be seen in Section 3.A.

The optical modes map the partially coherent field E from the
entrance slit, through the optics, onto the focal plane [20,21]:

E′ = H̃EH̃
†
, (17)

where E′ represents the (spatial) correlation matrix at the focal
plane. When combining Eqs. (4), (16), and (17), we get that

E′ =U6V† 〈ee†〉 V6†U†. (18)

It is illustrative to select a single statistical instance from 〈ee†
〉,

i.e., the electric field column vector e, which is single mode,
and see how it is propagated through the system. This process
consists of three sequential operations. First, the electric field
e is mapped onto the unitary matrix V, resulting in a column
vector consisting of decomposition coefficients. Second, the
coefficients are scaled by their singular value. Third, and last, the
result from the previous step is mapped in a one-to-one corre-
spondence onto the unitary matrix U, and we get the statistical
average of the electric field at the output plane e′. We can also
backward propagate e′, i.e., from the focal plane to the slit, using
V6†Ue′.

The normalization of the propagation matrices allows for
optical properties of electric field e to be traced when it prop-
agates through the GS. For example, electric field e can be
normalized (i) such that it has unity power, and (ii) to account
for the sample step sizes of the discrete points. Both are impor-
tant, because now Tr(E)/η0 = 1, where Tr denotes the trace,
and η0 is the impedance of free space. Next, we can use the
HFMF to propagate correlation matrix E to each of the optical
surfaces, and the trace of the resulting correlation matrices pro-
vides the total power in the field over each optical surface. What
we will see is that the total power in the electric field decreases as
we move further into the optical system, due to truncation of the
propagating field by the optical components.

In general, Eq. (17) tells us that the correlation matrix E′

varies with wavelength, because both the correlation matrix
E and the normalized system transformation matrix H̃ vary
with wavelength. However, the correlation matrix E does not

vary considerably with frequency, as discussed in Section 2.B.
Therefore, only the calculation of matrix H̃ has to be carried
out for each discrete wavelength (or frequency) to obtain a
polychromatic description of the system, and how it propagates
correlation matrix E.

4. Measurement of an Input Spectrum

Until now, the emphasis was on correlation matrix E and how it
can be propagated to the output plane, without considering the
spectral content explicitly. Normally, a GS measures a spectral
power per unit bandwidth, 1ν. Here, we describe how the
HFMF simulates the measurement of a partially coherent input
spectrum.

First, we define the discrete frequency vector

ν = [ν1, ν2, . . . , νNν ]
T , (19)

which contains Nν frequencies, each separated by a discrete
step,1νk . From now on, k will be used to label the kth discrete
frequency, where k = 1, 2, . . . , Nν . Next, we use ν to define a
discrete input spectral power over the slit:

b= [b1, b2, . . . , bNν ]
T , (20)

which has an arbitrary spectral form or power spectral density
(PSD). The elements of spectrum b are in unit the power per
unit bandwidth, and quantity bk denotes the spectral power
content at νk . Then, for each kth frequency, a correlation matrix
describing the state of coherence of the incident spectral field
over the slit,

B= bkE, (21)

is obtained. Finally, the spectral correlation matrix B is
propagated to the output plane according to Eq. (17):

B′ = H̃BH̃
†
, (22)

where B′ is the correlation matrix describing the state of coher-
ence of the spectral field at the output plane at νk .

5. Straylight

The performance of ultra-low-noise space-based spectrometers
can be greatly affected by straylight originating from regions
surrounding the on-sky source, the instrument itself (i.e., inter-
nally generated emission), or by a combination of both. In this
section, we will show how this radiation source is accounted
for by the framework. Although on-sky straylight can affect the
overall performance of a GS significantly [8], we will ignore it
for now and focus only on the effects of internally generated
straylight.

A FIR instrument is normally enclosed by a mechanical
structure (i) to support its optical components, and (ii) to shield
it from external radiation. We consider the enclosure to be a box
of which the walls are covered with an electromagnetic absorber
(Fig. 3). Here, we assume that the electromagnetic absorber is
a perfect blackbody, such that all incident radiation onto the
absorber, e.g., from reflections within the optical system, is
absorbed. This perfect blackbody has a physical temperature,
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Fig. 3. Grating spectrometer from Fig. 1 placed in an enclosure.
The black patches represent the perfect electromagnetic absorber that
covers the walls of the enclosure.

with typically Ts < 4K , and emits incoherent thermal back-
ground radiation. This straylight radiation is able to reach the
detector plane, and therefore, in addition to spectral power
from the slit, the GS also becomes sensitive to thermal emission
originating from its mechanical and optical components.

Adding this thermal straylight source to Eq. (22), we obtain
the total partially coherent radiation field at the focal plane for
νk :

Y′ = H̃BH̃
†
+C′, (23)

where C′ is the correlation matrix describing the contribution
due to straylight at the detector plane.

We can derive a mathematical expression for straylight
correlation matrix C′ when we assume that the electromagnetic
absorber is (i) held at a constant temperature, i.e., Ts = constant,
and (ii) in thermodynamic equilibrium with the components
it encloses. Furthermore, the GS slit is covered by a slab of the
electromagnetic absorber covering the walls, and it is held at Ts .
In other words, the GS is enclosed by a perfect blackbody source.

In this case, the point sources over the surface of the
blackbody slab covering the slit are excited uniformly and
incoherently, and the straylight field over this slab is fully inco-
herent. In addition, the GS acts as a blackbody cavity, and the
straylight field over the detector plane is also fully incoherent.
The correlation matrices describing these straylight fields for
νk over the blackbody slab and the detector plane are identity
matrices I and I′ [20,26], and we get

B= c kI (24)

and

Y′ = c kI′. (25)

Here, I and I′ have dimensions N × N and M ×M, and the
quantity c k denotes the spectral power content of the straylight
at νk , which follows the PSD of a blackbody:

c k =
hνk

exp[(hνk)/(kb Ts )] − 1
, (26)

where h is Planck’s constant and kb Boltzmann’s constant.
Using Eqs. (24) and (25), Eq. (23) transforms into

c kI′ = c kH̃IH̃
†
+C′, (27)

which, combined with Eq. (16), can be solved for straylight cor-
relation matrix C′:

C′ = c kU(I′ −66†)U†, (28)

where we used V and U as unitary matrices. Moreover, matrix

H̃ is a Hilbert–Schmidt operator; therefore, H̃H̃
†

is Hermitian,
the eigenvalues of which are real. Thus, 66†

=62, which are
the power efficiencies, and Eq. (28) becomes

C′ = c kU(I′ −62)U†. (29)

Here, the U(I′ −62)U† term represents straylight modes,
which occur when the efficiencies of optical modes are smaller
than unity, or equivalently, when there are optical losses in the
system. This naturally occurs for high order optical modes, due
to spatial filtering, as will be seen in Section 3.A. A different
perspective is that the orthogonal set of vectors over the output
surface of the GS (columns of U) become less sensitive to the slit
over the input surface and have stronger coupling to internally
generated radiation. This radiation is carried to the exit plane by
straylight modes.

Finally, we uncover the slit over the input surface, and using
Eq. (29), we rewrite Eq. (23):

Y′ = bkH̃EH̃
†
+ c kU(I′ −62)U†. (30)

Here, correlation matrix Y′ describes the total partially coherent
spectral field at the output plane as the sum of (i) the spectral
field originating from the slit, and (ii) internally generated
straylight.

D. Detector Array

At the output plane of the GM, a detector array consisting of
Nd individual detectors is placed to measure the power in the
total incident partially coherent spectral field. The reception
properties of the detectors in the array determine the coupling
between the detector array and total incident partially coherent
spectral field. For example, the functional form of the detector
reception patterns is important, but in the case of few-mode
detectors, the ratio between pixel size and wavelength must also
be considered [27]. The HFMF is able to take into account these
detector coupling characteristics by using a correlation matrix
that describes the proprieties of the detector array.

In our simulations, we assume that the power over the aper-
ture of the detector is equivalent to the power measured by the
GS over that spectral bin. This simplifies the modeling, allowing
us to focus on the coupled partially coherent behavior, but
it means that we ignore effects occurring inside the detector.
Under these assumptions, we define a detector with label i ′ to
have a reception pattern:

Di ′ =

Nm∑
k′

σk′dk′d
†
k′ for i ′ = 1, 2, . . . , Nd , (31)

where dk′ is the electric field of the k′th orthogonal detec-
tor mode over the aperture that has an efficiency σk′ , with
k′ = 1, 2, . . . , Nm , where Nm is the total number of detector
modes. We then define a detector array correlation matrix,
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D, which has the reception pattern of the detectors along its
diagonal:

D=


D1

D2

. . .
DNd

 . (32)

The detector array correlation matrix D captures the coupling
characteristics of an individual detector, and those of the detec-
tor array as a whole. The main advantage of this approach is that,
in principle, we can apply this formalism to any type of detector,
such as kinetic inductance detector (KID) [28] or transition
edge sensor (TES) [29] detectors, allowing us to construct any
type of detector array.

E. Grating Spectrometer Description

The total detected power at νk by the i ′th detector is given
by P i ′

k . Quantity P i ′
k is obtained by multiplying the spectral

correlation matrix Y′ and the detector array correlation matrix
D, taking the trace of this product over the aperture of the i ′th
detector, and integrating it over the spectral bin1νk :

P i ′
k =Tri ′

[bkDH̃EH̃
†
+ c kDU(I′ −62)U†

]1νk . (33)

Here, Tri ′ specifies that we are taking the trace over the aperture
of the i ′th detector.

Although Eq. (33) is useful, it describes only the detected
power by a single detector at a single frequency; however, our
goal is a polychromatic description. To obtain this description,
we repeat Eq. (33) for each discrete frequency and each detector,
such that

P=



P 1
1 P 1

2 · · · P 1
N1−1 P 1

Nν
P 2

1 P (2)
2 · · · P 2

Nν−1 P 2
Nν

...
...

...
...

...
P Nd−1

1 P Nd−1
2 · · · P Nd−1

Nν−1 P Nd−1
Nν

P Nd
1 P Nd

2 · · · P Nd
Nν−1 P Nd

Nν

 . (34)

Measurement matrix P has dimensions Nd × Nν , the columns
of which describe how the power in a discrete spectral input bin
is distributed over the detector array, while its rows provide the
spectral responses of each detector. In this process, the char-
acteristics of (i) external and internal partially coherent fields,
and (ii) the few-mode nature of both the optics and the detector
array are taken into account simultaneously. These two effects
have direct implications on the spectral response of the few-
mode GS and the design of its components, which will become
particularly pronounced when we analyze the performance of
different GS designs in Section 3.B.

The measured spectrum is extracted from measurement
matrix P as follows. First, matrix P is summed along its rows,
resulting in the total detected power per detector. Then, using
the GM geometry and Eq. (12), the center of each detec-
tor aperture in the array is related to a specific frequency,
and the measured spectrum is obtained by plotting the total
detected power per detector as a function of this detector specific
frequency.

Measurement matrix P also provides a metric for under-
standing how an incident spectral field, which can be in any
state of coherence, is detected by a few-mode spectrometer,
as a function of the geometrical parameters of the optical sys-
tem, the detector geometry, straylight, and wavelength. This
metric could potentially be used as the basis for future spectral
reconstruction techniques that will be required for analyzing
the performance of the next generation of ultra-low-noise
few-mode spectrometers.

An extensive set of simulations was conducted to verify
the HFMF and to ensure that it reproduced known physical
behavior. The simulations included (i) standard Gaussian beam
optics [14]; (ii) reproducing Fresnel diffraction reported by
[30]; (iii) obtaining the optical modes of a pair of limiting 1D
apertures, which under certain conditions resulted in discrete
prolate spheroidal wave functions [31,32]; and (iv) a 4f imaging
system [14], with a transmission grating placed at the interme-
diate Fourier plane. These simulations were used to validate the
results obtained with the HFMF.

3. SIMULATION RESULTS

We applied the HFMF to the SAFARI Long Wavelength Band
as a representative case study to demonstrate its applicability
and to show how it can be used for analyzing partially coherent
FIR ultra-low-noise systems. A few characteristic features are
presented to illustrate the capabilities of the framework.

The simulation results are divided into two parts: GM optics
and GS. In the first section, the few-mode characteristic of GM
optics is described, and its response to two different inputs is
analyzed. In the second section, the detector array is added, and
together with GM optics, it forms the GS. The performance
of this GS system was investigated for two states of coherence
over the input and two detector array types, using three spectral
inputs.

A. Grating Module Optics

The long wavelength band of SAFARI was designed to operate
between λmin = 112 µm and λmax = 210 µm and accept an
input beam with a focal ratio, F = 5. The physical and optical
parameters of the GM components are presented in Table 1,
where z is the distance to the next surface, D is the aperture
width, and f is the focal length. The slit width, a , was deter-
mined by a = AF λmax, where A is an oversized factor of 1.5.
The widths listed in Table 1 include this oversized factor. The
low-resolution diffraction grating (R ∼ 300) was designed to
have a groove period (d ′) of 0.184 µm and was operated in the
first order of interference (u = 1) under an angle of incidence
(α) of 50◦.

Using the parameters presented in Table 1 and Eq. (15),
we obtained the normalized system transformation matrix H̃
describing the GM optics for each discrete wavelength of inter-
est. Here, we will use an equidistant sampling of1x = λ/2 for
all optical surfaces.

Next, we determined the optical modes of the GM for three
wavelengths: short (λs = 137 µm), center (λc = 161.8 µm),
and long (λl = 186.3 µm), where λc is at the center of the out-
put plane, while λs and λl were chosen such that center was
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Table 1. Physical and Optical Parameters of the
SAFARI Grating Module Optical Elements

Surface D (mm) z (mm) f (mm)

Slit 1.58 30 –
FM1 8 40 –
L1 20 120 188
FM2 37.78 90 –
L2 60 255 320
Grating 90 315 –
L3 240 350 350

Fig. 4. Few-mode behavior of the GM optics as a function of wave-
length. (a) Total number of optical modes and their efficiency; (b),
(c) V and U components of the first optical mode.

located at 25% from the exit slit edges. Then, using Eq. (16), we
determined the optical modes and their efficiencies. The first 10
optical modes and their efficiencies, and the spatial form of the
first optical mode over input and output planes (first columns of
unitary matrices V and U) are shown in Fig. 4.

Four main observations are made looking at Fig. 4. First,
the total number of optical modes decreases with wavelength
due to diffraction, and the GS is clearly few-mode. For the first
optical mode, this translates into a change in the FWHM of its
spatial forms over the input and output planes as a function of
wavelength. Second, the spatial form of the first mode over the
input surface, i.e., the first column of unitary matrix V, is offset
to the right (as seen from comparing the peak of the curve to the
vertical black line at x = 0 mm), due to the inclination of the
grating front surface. Third, the spatial form of the first mode
over the output surface, i.e., the first columns of unitary matrix
U, shifts with wavelength. This behavior is described by 1β
and it demonstrates that the HFMF accurately describes the
dispersive properties of GM optics. Fourth, the spatial forms of
the first V and U modes follow a Gaussian-like profile, each with
a Gaussicity of 99%. As mentioned previously, the slit was over-
sized with respect to wavelength, and therefore, the mapping
between the input and output planes was accurately described
by the fundamental (Gaussian) mode found in quasi-optical

theory [14]. The close correspondence between the first optical
mode and this fundamental quasi-optical mode confirmed that
the HFMF provides physically meaningful results.

Next, we focused on the correlations in the field, while
ignoring the spectral content. To investigate how the spatial
coherence of the input affected the performance of GM optics,
two inputs of the same spatial form, but in a different state of
coherence, were selected. We chose the two extremes of coher-
ence, i.e., fully coherent and fully incoherent cases, because by
simulating these limiting cases, we would be able to demonstrate
that any input field, in any state of coherence, could be modeled
by the framework.

The state of coherence of each case was described by a char-
acteristic input correlation matrix E. From now on, Ecoh and
Einc will denote the correlation matrix for the (fully) coherent
and (fully) incoherent inputs, which were obtained as follows.
We defined e to be a power normalized, discretely sampled,
truncated Gaussian beam [14]:

e=
{

exp{−[x (slit)n ]
2
/a2
} for |x (slit)n | ≤ a/2

0 else where,
(35)

for n = 1, 2, . . . , N, where x (slit)n is the nth element of column
vector x(slit) that contains the sample points over the slit, as
defined in Eq. (3). Here, the slit width a was chosen to be much
smaller than the typical size of the diffraction pattern produced
by the SPICA primary dish, such that the spatial distribution of
the field over the slit could be decoupled from its spectral con-
tent. In addition, we were primarily interested in the behavior of
the grating optics; therefore, we kept the Gaussian beam waist at
the input fixed to keep the output beam waist fixed with respect
to the detector.

Using Eq. (4) and Eq. (35), we obtained

Ecoh = 〈ee†
〉, (36)

while for the fully incoherent matrix,

Einc = diag(
〈
e2〉), (37)

because only its diagonal elements were nonzero. The insets
in Figs. 5(a) and 5(b) show Ecoh and Einc, respectively. These
matrices were propagated through GM optics using Eq. (17),
resulting in correlation matrices E′coh and E′inc at the output
plane, which are shown in Fig. 5 for λl , λc , and λu . Here, we
observe again the dispersive properties of the grating, because
the x position corresponding to the maximum value in E′coh and
E′inc shifts with wavelength.

It is useful to look at the diagonals of correlation matrices E′coh
and E′inc when examining the behavior of the GM, because they
contain the correlations that are directly related to the intensity
of the field, and the optical effects become most apparent along
the diagonal. Figure 5(c) shows the diagonal elements of E′coh
and E′inc for λl , λc , and λu . Here, the non-normalized correla-
tion strength between the spatial points in the field is shown,
where the maximum correlation strength= 1= 0 dB.

From Fig. 5(c), we see that for both cases, the correlation
strength decreases and that the correlations are more spread
out over the output plane with wavelength, due to diffraction.
However, the diffraction effects, such as the edge-ringing fea-
tures [33], are stronger for correlation matrix E′inc. This was as
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Fig. 5. E′ as a function of input coherent state and wavelength.
(a), (b) E′coh and E′inc for λl , λc and λu , respectively. Insets show Ecoh

and Einc, and the red solid lines indicate the diagonals of E′coh and E′inc,
shown in (c).

expected, because for correlation matrix Einc, each field point
diffracted independently as a point source, resulting in more
scattering than for the coherent case. Moreover, correlation
matrix Einc was spatially filtered upon propagation, due to the
finite size of the optical system, and off-diagonal elements were
introduced in correlation matrix E′inc. Thus, correlation matrix
E′inc was no longer fully incoherent, but it was transformed

into a partially coherent field, due to diffraction of the optical
components.

To gain a conceptual appreciation for the capabilities of the
method, we now turn to the case where we included straylight
at a single discrete wavelength, λ. Here, we simulated two cases:
closed (a = 0) and open (a = AF λmax) slits. For a closed slit,
6 was a null matrix, and all optical modes had zero efficiency,
while for an open slit, Eq. (16) was used to obtain6, and a few
optical modes had nonzero efficiency (see Fig. 4). Consequently,
the straylight correlation matrices for closed and open slits at the
focal plane, i.e., C′c and C′o , where c and o are used to label closed
and open slits, respectively, which were obtained using Eq. (29)
and omitting c k , differed as well.

We expected straylight correlation matrix C′c to be diagonal,
because the spatial points over the input plane were excited
with equal amplitude, and their relative phases were completely
uncorrelated. On the other hand, for an open slit, the same
amplitude excitation was used, but now the spatial points span-
ning the slit had a deterministic phase relationship; therefore,
straylight correlation matrix C′o also had to contain nonzero off-
diagonal elements. This was confirmed by Fig. 6, which shows
straylight correlation matrices C′c and C′o , and their correspond-
ing correlation functions. The latter were obtained by slicing
horizontally through matrices C′c and C′o . In Fig. 6, we see that
straylight correlation matrix C′c has only diagonal entries and its
correlation functions are δ-functions, confirming that the spa-
tial point over the input plane was (spatially) fully incoherent.
However, correlations appear when the slit is uncovered, as seen
from the off-diagonal elements, and the correlation functions of
straylight correlation matrix C′o are no longer δ-functions.

A physical intuitive explanation for this is given by looking
at the set of basis functions (U modes) that constitute straylight
correlation matrices C′c and C′o , when we transform from a
closed to open slit, and how they are related by a rotation matrix,
A. When the slit is closed, all spatial points over the output plane
are spatially incoherent and orthonormal. In this case, rotation
matrix A can be used to rotate the elements of straylight correla-
tion matrix C′c into a basis in which each individual point over
the output planes corresponds to a single mode (or δ-function):

C′∗c = A†C′c A and C′c = AC′∗c A†, (38)

where ∗ indicates that straylight correlation matrix C′c is trans-
formed by A. Next, the slit is opened, allowing the electric
field incident on the slit to enter the GM through a single,
discrete point. As a result, the amplitude of the single mode
corresponding to that point decreases:

C′∗o =C′∗c − γ111, (39)

where γ is the decrease in amplitude, and 111 is a null matrix
except for the entry corresponding to the single, discrete point at
the input, which is unity. In this basis, there are no correlations
present, but if we rotate back, we get

C′o = AC′∗o A†

= AC
′
∗

c A†
− γA111A†

=C′c − γ (A111A†). (40)
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Fig. 6. Straylight correlation matrix at the focal plane for λ= λc for
a closed (C′c ) and an open slit (C′o ) are shown in (a) and (b). The zoom-
in focuses on the area surrounding the slit, where the horizontal lines
indicate the slicing positions used to obtain the correlation functions.
The latter are shown in (c) and (d) for C′c and C′o , respectively.

Here, straylight correlation matrix C′c is diagonal, but cor-
relation matrix (A111A†) is not. In other words, straylight
correlation matrix C′o is not diagonal, and correlations appear
between the spatial points over the output plane when the slit is
opened.

These results showed that the method was able to repro-
duce and provide insight into various optical properties of GM
optics, such as the state of coherence of the propagating field,
its few-mode wavelength-dependent behavior, diffraction, and
straylight. The next step was to couple the detector array to GM
optics and investigate a few-mode FIR GS.

B. Grating Spectrometer

The few-mode SAFARI Long Wavelength Band was simulated
by coupling the GM optics presented above to a detector array.
First, we defined two detector array types and obtained the
detector array correlation matrix D for each. Subsequently, we
defined four GS cases (or configurations) and three discrete
input spectra to analyze the GS. Here, the aim was (i) to explore
the behavior of the method when applied to a 1D GS, and (ii) to

Table 2. SAFARI Long Wavelength Band Detector
Specifications

p s 1.05 mm g 0.1 mm
pc 1.294 mm Total span 190 mm
pl 1.594 mm Nd 144 (48 per

subband)

gain a conceptual appreciation of the operation principles of
few-mode GSs, including some of the relevant trade-offs for
optimizing their design.

Table 2 presents the parameters of the SAFARI Long
Wavelength Band detector array that consisted of three
subbands: short, center, and long wavelength, labeled by
h = s , c , l , respectively, similar to the three wavelengths used
in Section 3.A. Each feedhorn coupled detector had a detector
response function (DRF) in units WHz−1, where g is the gap
between two adjacent detector apertures. The subbands had a
specific detector pitch, ph = dh + g , being the center-to-center
distance between two detectors in a subband. Here, dh i the
1D equivalent of the horn aperture, i.e., the horn entrance
slit. Table 2 also lists the total (linear) span of the detector
array and the total number of detectors (Nd ). Note that g and
Nd were constant by design, while ph varied, to account for
wavelength-dependent effects.

In the simulations, the individual detectors were selected to
be 1D rectangular horn antennas to match the detectors of the
SAFARI Long Wavelength Band. In this case, the k′th detector
aperture mode, dk′ , was described by

dk′ = [d
(k′)
1 , d (k

′)
2 , . . . , d (k

′)
Na
]
T , (41)

with

d (k
′)

r = cos( jπ x (a)r /dh) for r = 1, 2, . . . , Na . (42)

Here, (k′) and (a) are used to label the detector aperture
mode and the discrete sample points over the horn aper-
ture, respectively. Furthermore, x (a)r is the r th element of
x(a) = [x (a)1 , x (a)2 , . . . , x (a)Na

]
T , which is a column vector con-

taining the Na discrete x positions sampling the aperture of each
individual detector.

The number of detector modes (Nm) normally varies as a
function of wavelength [8], and using Eq. (31), it would be
straightforward to define a few-mode detector. Here, however,
these kinds of detectors were ignored, and only two limiting
cases were considered: a single-mode (Nm = 1) and a highly
multi-mode (Nm� 1) detector. In a later paper, we will report
on how a few-mode, wavelength-dependent detector array
affects the performance of few-mode FIR optical systems.

The single-mode detector (SMD) and highly multi-mode
detector (MMD) array were each described by a detector corre-
lation matrix (see Fig. 7), which were obtained using Eqs. (31),
(32), (41), and (42). The DRFs of the SMD array were power
normalized, first order rectangular horn modes, and those of
the MMD array were boxcar functions. For the latter, the DRF
of the short wavelength subband had unity power over the
aperture, and the DRFs of the two other subbands were scaled
accordingly to ensure power conservation.

Next, four GS configurations were defined based on the
input correlation matrices defined in Section 2 (Ecoh or Einc) and
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Fig. 7. Detector array correlation matrix D for (a) single-mode and
(b) highly multi-mode detector arrays. The subbands of the arrays are
indicated by the dashed boxes: left and upper right boxes represent
short and long subbands, respectively. Insets show the DRF for the
short, middle, and long wavelength subband detectors indicated by the
solid, dotted, and dashed lines, respectively.

the two detector array types (SMD or MMD). Furthermore,
to investigate the GS design, its few-mode behavior, and the
performance of the four GS cases, we defined three discrete
input spectra: b1, b2, and b3. Their spectral forms were chosen
such that they highlighted different aspects. For instance, b1

provided the point spread function (PSF), while b2 was a generi-
cally representative astronomical spectrum, and b3 was used to
investigate straylight. All three input spectra were defined over
the same frequency range and generated following the same
procedure.

The procedure for constructing a spectrum is best explained
considering an arbitrary spectrum b, and the following two
assumptions were made. First, we assumed that each discrete
spectral element of b, i.e., bk , followed the PSD of a blackbody
[see Eq. (26)]. In this case, the spectral form of b can be defined
using a discrete frequency-dependent temperature profile, Tν ,
and we obtained

bk =
hνk

exp[(hνk)/(kb Tνk )] − 1
for k = 1, 2, . . . , Nν . (43)

Second, we assumed that an arbitrary astronomical spectrum
could be constructed using three spectral features: (i) broadband
continuum, (ii) narrow unresolved line, and (iii) broad resolved
line, each described by a characteristic temperature profile. The
broadband continuum was represented by a thermal continuum
background source at some constant physical temperature, Tcon,
such that its temperature profile was given by

Tνk ,con = Tcon, ∀k ∈ Nν . (44)

The temperature profile of a narrow unresolved line, Tν,n , was
characterized by a δ-function centered at frequency, νn , with a
physical temperature, Tn , where the label n now indicates that a
narrow unresolved line is considered. In this case,

Tνk ,n =

{
Tn if νk = νn

0 elsewhere.
(45)

The characteristic Tνk of a broad resolved line, Tνk ,b , was similar
to that of the narrow line, but now the physical temperature, Tb ,
was drawn from a Gaussian distribution,N (νb, σ ):

Tνk ,b =

{
Tb ∼N (νg , σ ) if νg − σ ≤ νk ≤ νg + σ

0 elsewhere,
(46)

where νg is the center frequency of the broad feature, σ is the
spectral width, and label b is used to indicate a broad resolved
line.

Next, using these two assumptions, spectrum b was con-
structed, which consisted of two steps. First, we defined the set
of spectral features constituting b, which could contain any
combination and multitude of the three spectral features. Each
of these features had a physical temperature, and a center fre-
quency or frequency range, and we obtained their characteristic
Tνk ’s using Eqs. (44)–(46). Second, we combined their individ-
ual Tνk ’s, resulting in a single Tνk , which we used in Eq. (43) to
obtain spectrum b.

The spectral characteristics of three discrete input spectra (b1,
b2, and b3) are listed in Table 3 in terms of wavelength. Both
the narrow and broad line features were modeled in emission
and absorption to mimic representative astronomical spectral
features and to enable the reproduction of representative astro-
nomical spectra. The input spectra were oversampled by a factor
of eight with respect to R (1ν =1νk = 0.25 GHz) to ensure
that common, numerical artifacts, such as spectral aliasing, were
avoided, Eq. (1) was satisfied (ν̄ = 606 GHz), and the state of
coherence of each spectrum was incorporated using Eq. (21).

The first input spectrum, b1, was a narrow unresolved emis-
sion line (see Table 3), and its measured spectrum (or spectral
response) therefore provided the PSF for a given GS case. By
studying this response, we investigated the characteristics of the
GM optics, detector array, and the GS as a whole. This study
consisted of two steps. First, the PSF for a single GS case was
analyzed, to understand the distinct features in the PSF and
their physical origin. Second, the PSFs of the four cases were
compared to investigate how the GS properties changed with
the coherent state of the input and detector type.

Figure 8 shows the PSF for the coherent/SMD case, which
demonstrates that this GS configuration was able to reproduce
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Table 3. Input Spectra Specifications in Terms of Wavelength

Spectrum Feature Type λ(µm) σ (µm) T (K)

b1 δ(λn) Emission 157.5 δ-function 100
b2 Continuum Emission [λmin, ... , λmax] – 60

N (λb, σ ) Absorption 131.8 2.5 56.4
δ(λn) Absorption 148.6 δ-function 45
δ(λn) Emission 157.5 δ-function 100

N (λb, σ ) Emission 181.8 5 63.7
δ(λn) Absorption 184.9 δ-function 48.6

b3 Continuum Emission [λmin, ... , λmax] – 60
δ(λn) Emission 157.5 δ-function 100

Fig. 8. Detection of the first spectrum (b1) by the coherent/SMD
GS configuration. The total spectral power is shown on a linear and dB
scale by the blue and red lines, respectively. For the latter, the spectral
power is normalized to power detected by detector #48.

the narrow feature. The spectral power falls primarily on two
(peak) detectors, i.e., detectors #75 and #76, due to the limiting
spectral resolving power of the GS. Moreover, three distinct
features can be identified: (i) the width of the recovered line;
(ii) the asymmetric profile of the spectral response; and (iii) the
edge-ringing effect that is typical of diffracting apertures [33].

To investigate their physical origin, a select number of optical
parameters were changed, while keeping the waist of the input
Gaussian beam fixed, and their PSFs were compared. From this
analysis, it became clear that the slit width (a ) and incident angle
of the grating (α) were the driving parameters. First, the width
of the PSF was determined by the slit width, which, as expected,
widened as the slit width increased in size. Second, the asymmet-
ric profile of the PSF did not change with configuration and was
intrinsic to the optics, or more specifically, to the grating. The
grating was highly inclined, and diffraction within its volume
resulted in an asymmetric PSF profile at the output plane.

In the second part of this analysis, we studied how the PSF
changed with configuration, the results of which are shown in
Fig. 9. First of all, we see a difference in power of∼10 dB for all
detectors when only the detector type is changed, for example,

Fig. 9. PSF of the grating spectrometer as a function of the coherent
state of the input field (coherent or incoherent) and detector array type
(SMD or MMD) for detectors #50 and #100. Left and right insets
provide a zoom on the normalized power of the peak and their neigh-
boring detectors for the coherent/SMD and incoherent/SMD cases,
and the coherent/MMD and incoherent/MMD cases, respectively. In
these insets, the power is normalized to the power measured by detector
#75.

when comparing the lines in the upper left inset of Fig. 9. On
the other hand, when only the state of coherence over the slit
changes, we see that the ratio of normalized power measured by
the peak and the neighboring detectors changes. For instance,
the insets of Fig. 9 show that the normalized power measured
by the peak detectors compared to the neighboring detectors is
higher for the coherent case than for the incoherent case.

The first observation was attributed to the fact that the MMD
array contained more detector modes, resulting in a stronger
overall spectral response of the GS (see the insets of Fig. 7). The
second observation was explained by the fact that the incoherent
input experienced more diffraction upon propagation than the
coherent input, because each field point diffracted independ-
ently as a point source, as discussed in Section 3.A. Therefore, in
the case of incoherent input, less of the input spectrum reached
the detector plane, resulting predominantly in a decrease in
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Fig. 10. Measured spectrum for the coherent/SMD case using the
second input spectrum (b2). The total power per detector is shown
on linear (left axis) and dB (right axis) scales. (a) PSD, which con-
sists of five representative spectral elements: (i) thermal background
continuum indicated by the dashed black line; (ii) broad absorption
feature; (iii), (iv) narrow absorption and emission line; and (v) multi-
component feature, containing a narrow absorption line on top of
broadband emission. (b) Measurement matrix P [see Eq. (34)] for
this case on a dB scale, which describes how b2 is distributed over the
detector array by the optics.

the power measured by the peak detectors, because they were
primarily sensitive to radiation originating from the input slit.

To demonstrate that the measurement of more complex
spectra could be simulated by the HFMF, we turned to the
measurement of a representative astronomical spectrum, b2.
Based on the result shown in Fig. 10, we concluded that all
underlying spectral features in b2 could be clearly recognized in
the simulated spectrum, but the GS was unable to resolved the
(unresolved) narrow lines due to its limiting resolving power.
Details of the detection were captured by measurement matrix P
[see Eq. (34) and Fig. 10(b)], which described how the spectral
content of b2 was distributed over the detector array by GM
optics. Due to the grating, measurement matrix P has a band
structure that relates a spectral bin,1λi , to a specific detector (or
x position).

In the last set of simulations, straylight was included (i) to
demonstrate that the framework set out in this paper was capa-
ble of including this radiation source, and (ii) to investigate the
effects of straylight on the performance of the GS. For clarity,
we simplified spectrum b2, such that the third spectrum (b3)
consisted of only the thermal background continuum and a
narrow emission line. Using Eqs. (26) and (29), the contribu-
tion from internally generated straylight was determined. In the
simulations, the straylight temperature (Ts ) was varied to sim-
ulate a (i) zero (Ts = 0 K), (ii) weak (Ts = 6 K), and (iii) strong
(Ts = 7.5 K) straylight environment. The simulation results are
shown in Fig. 11 and Fig. 12 for coherent and incoherent cases,
respectively.

Fig. 11. Detection of the third spectrum (b3) by the SAFARI Long
Wavelength Band grating spectrometer using a fully coherent input
correlation matrix as a function of straylight temperature (Ts ) and
detector array type. This configuration is equivalent to the GS measur-
ing a spectrum from a point source imaged by some ideal fore optics.
(a), (b) Power response for the coherent/SMD and coherent/MMD
cases, respectively. The features around detectors #48 and #96 indicate
the transitions between the subbands. The insets show a zoom-in
on the measured narrow spectral feature on top of the thermal back-
ground. Here, the measured power is normalized to the detected power
in detector #75.

From Figs. 11 and 12, three main observations can be made.
First, by looking at the insets, we can see that the line-to-
continuum changes with increasing Ts . Second, the transitions
between subbands (or subband structures) occurring around
detectors #48 and #96 become apparent, as indicated by the
black circles and ellipses in Figs. 11(a) and 12(a), respectively.
Furthermore, the subband structures become more dominant
for stronger straylight environments, which is particularly pro-
nounced in Fig. 12. Third, the global relative spectral response
decreases with wavelength.

Both the change in the line-to-continuum (see insets of
Figs. 11 and 12) and the appearance of the subband structures
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Fig. 12. Measurement of the third spectrum (b3) by the SAFARI
Long Wavelength Band grating spectrometer as a function of straylight
temperature (Ts ) using a fully coherent input correlation matrix. This
configuration corresponds to the GS measuring a spectrum from a
blackbody source imaged by some ideal fore optics. (a), (b) Power
response for the incoherent/SMD and incoherent/MMD cases, respec-
tively. In (a), the black ellipses indicate the transitions between the
subbands, which occur around detectors #48 and #96. In the insets,
a zoom-in is provided of the narrow feature measured on top of the
thermal background, where the power is normalized to the detected
power in detector #75.

can be explained by how the spectral and straylight fields,
i.e., correlation matrix E′ and straylight correlation matrix C′,
couple differently to the detector array. The spatial form of
correlation matrix E′ is Gaussian-like and it shifts across the
focal plane with wavelength [see Fig. 5(c)], while straylight cor-
relation matrix C′, which is described by the Planck function,
varies slowly with wavelength for the defined Ts [see Fig. 6(b)].
In other words, the detector array measures the input spectrum
on top of a thermal background, which is constant, in both a
spatial and spectral sense, and this causes the line-to-continuum
to change. Furthermore, this constant background illumination
also exposes subband structures, due to its constant nature. For

instance, the subband structures were not seen for correlation
matrix E′, because matrix E′ averages out subband structures
as its shifts spatially across the output plane with wavelength.
However, straylight correlation matrix C′ is unable to do so,
because it is constant with wavelength. As a result, the DRF of
the detector array is imposed onto the measured spectrum, and
this effect becomes even more dominant for stronger straylight
environments.

The decrease in global relative spectral response with wave-
length for stronger straylight environments can be attributed
to two effects. First, the straylight field is constant only by
approximation, because in reality, it decreases with increas-
ing wavelength. Therefore, the straylight contribution is less
for longer wavelengths, resulting in a lower relative spectral
response than for shorter wavelengths. Second, intrinsic diffrac-
tion effects of the instrument are more dominant for longer
wavelengths, which causes the global relative spectral response
to decrease with wavelength.

4. CONCLUSION

We described the partially coherent modeling of few-mode FIR
GSs. The modal framework used for the simulations (i) enables
the propagation of partially coherent fields, and (ii) includes
straylight coming from internal thermally radiating surfaces.
This method enables the spatial–spectral performance of
complex FIR optical systems to be determined within a single
theoretical framework. Here, we focused on using the modal
framework in combination with the Huygens–Fresnel principle,
which together formed the HFMF, to demonstrate the partially
coherent modeling of few-mode FIR GSs, where we used the
GS proposed for the SPICA/SAFARI Long Wave Band as a case
study.

First, we used the HFMF to analyze the behavior of GM
optics without the detector array to illustrate its few-mode
behavior as a function of the coherent state of the input and
wavelength. The HFMF involves populating a normalized sys-
tem transformation matrix H̃ by applying the Huygens–Fresnel
principle as the numerical equivalent of the free-space Green’s
function. This matrix is central for two reasons: (i) it allows for
any spectral input field, in any state of coherence, to be incorpo-
rated, and (ii) its SVD provides the optical modes of the GM,
used for propagating the partially coherent input field.

A detector array has subsequently been coupled to the GM
optics, and four GS cases were defined based on the extreme
states of the coherence of the input, i.e., fully coherent and fully
incoherent, and two detector array types. The performance
of these cases was analyzed using three different input spectra.
In the first part of this analysis, we investigated the physical
concepts underlying a few-mode GS, and we explained how
the HFMF can be used in GS design and performance analy-
ses, e.g., when scaling optical components or downselecting
the detector array design. In the second part, straylight was
included to demonstrate how it affected the performance of
few-mode FIR GSs. These results demonstrated that for the
design of ultra-low-noise FIR spectrometers, it is essential to
have a rigorous understanding of (i) the state of coherence of the
source; (ii) the few-mode behavior of the detectors; and (iii) the
coupling mechanisms and characteristics of internally generated
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straylight radiation, since each affects the performance of the GS
differently.

Based on these results, we can conclude that the modal
framework accurately describes the diffractive, dispersive, and
few-mode characteristics of the FIR optical system, and effec-
tively handles various important matters for few-mode FIR
ultra-low-noise GSs specifically, for instance, in the presence of
straylight, where the HFMF detected features in the measured
spectrum that would have been missed otherwise.

The modal framework is well equipped to be used in both
optical experiments and optical system design. From an
experimental optics point of view, the HFMF can be used
to investigate the few-mode behavior of ultra-sensitive FIR
systems, including diffraction and dispersion. Furthermore,
because the HFMF relies on the optical modes of the system to
propagate correlation matrices, it is well suited for optical exper-
iments related to spatial coherence, such as partially coherent
diffractive imaging [34], or probing the few-mode response
of optical systems [35]. From a design perspective, there is
also a wide range of applications, particularly during the first
order design phase of a system. When considering an FIR GS,
the aim is to design a system that maximizes the astronomical
information extracted from the measured spectrum for a set of
representative astronomical objects, which have varying spatial
and spectral distributions on-sky, i.e., science cases. In general,
the first order design process of such a system consists of two
steps. First, the system level requirements, such as spatial and
spectral resolution, and sensitivity, are defined using the science
goals of the mission. Second, the geometrical and optical prop-
erties of the instrument and its optical components are designed
to ensure that the system level requirements are met, while maxi-
mizing the astronomical information that can be extracted from
the measured spectrum for each science case. The HFMF can
be used in this iterative design phase as an end-to-end simulator
to evaluate what first order system, instrument, and compo-
nent level design trade-offs should be made to maximize the
science goals of the mission. Here, the technique can account
for (i) the on-sky distribution of the source, (ii) the partially
coherent behavior of the system, such as the few-mode on-sky
beam pattern; and (iii) astronomical parameters obtained from
the measured spectrum, e.g., individual line features, total-line
fluxes, or line-to-continuum ratios can be used as optimization
constraints.

To conclude, the HFMF is well equipped to understand few-
mode system, instrument, and component level characteristics
with a high degree of confidence, in the presence of straylight,
which is crucial for future FIR spectroscopic missions. In addi-
tion, the application of the method to the end-to-end design
and optimization of few-mode systems demonstrates the utility
of the HFMF in identifying, addressing, and controlling the
design and calibration challenges that will be posed by future
FIR space missions using few-mode GSs, such as OST [3].

The HFMF is not limited to GSs only, and the general for-
mulation presented in this paper can easily be expanded to more
complex few-mode FIR spectrometers, such as an FTS and
PDFTS. These systems can achieve unprecedented sensitivity
and high spectral resolution, but only when the background
loading and photon noise are kept to a minimum. In a future
paper, we will report on how the modal framework (i) can

accurately describe more complex few-mode FIR spectrom-
eters, such as Herschel-SPIRE; (ii) can be used to investigate
issues related to straylight in these types of broadband FIR
spectrometers; and (iii) can be utilized when developing spatial
and spectral calibration strategies to mitigate these challenges.
Furthermore, we will also show how the modal framework can
be extended to include polarization to enable partially coherent
modeling of post-dispersed polarizing FTSs.
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