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Second-order sufficient conditions for sparse optimal control of

singular Allen—Cahn systems with dynamic boundary conditions
Jurgen Sprekels, Fredi Tréltzsch

Abstract

In this paper we study the optimal control of a parabolic initial-boundary value problem of
Allen—Cahn type with dynamic boundary conditions. Phase field systems of this type govern the
evolution of coupled diffusive phase transition processes with nonconserved order parameters
that occur in a container and on its surface, respectively. It is assumed that the nonlinear func-
tions driving the physical processes within the bulk and on the surface are double well potentials
of logarithmic type whose derivatives become singular at the boundary of their respective do-
mains of definition. For such systems, optimal control problems have been studied in the past.
We focus here on the situation when the cost functional of the optimal control problem contains
a nondifferentiable term like the L'-norm leading to sparsity of optimal controls. For such cases,
we derive second-order sufficient conditions for locally optimal controls.

1 Introduction

Let Q2 C R3 denote some bounded and connected open set with smooth boundary I' = 0% (a
compact hypersurface of class C’Q) and unit outward normal n, and let, in this order, 9,, VT, Ar
denote the outward normal derivative, the surface gradient, and the Laplace—Beltrami operator defined
on I'. Recall that for sufficiently smooth functions v defined on Qwe have, with vr := vr, the identities

VFUF =Vuv — (VU : Il)l’l, AFU[‘ = VF . VFUF, on I'.
Moreover, let T' > 0 denote a fixed final time, and
Qi :=Qx(0,t), X :=0x(0,t), forte (0,7], and Q:=Qr, X:=23r.

We then study optimal control problems for the parabolic system with nonlinear dynamic boundary
condition

oy —Ay+ f'(y) =u a.e.in Q, (1.1)
dyr — Aryr + 0wy + fi(yr) =ur and yr =y a.e.on X, (1.2)
y(0) =yo in Q, yr(0) =yo, onT. (1.3)

Here, the second identity in has to be interpreted in the following way: for almost every ¢ € (0, 7))
the trace y(t)r of y(t) on the boundary I coincides with yr(t). Moreover, 3y and yo,. are given initial
data with Yo = Yor> and v and wur are distributed and boundary controls, respectively. The pair
(y,yr) is the state associated with the control pair (u, ur).

The system (1.1)—(1.3) constitutes a phase field model for the physical process when an isothermal
diffusive phase transition with nonconserved order parameter y taking place in the interior of a con-
tainer 0 C R? is coupled via the dynamic boundary condition (T.2) to another nonconserving diffusive
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J. Sprekels, F. Tréltzsch 2

phase transition occurring on the surface I" of the container. We assume here that the order param-
eter y (and thus also yr) is normalized to attain its values in the interval [—1, 1], where the level
sets {y = —1} and {y = 1} correspond to the pure phases. We remark that in our setting the
pure phases will never occur (see the separation property below). For more information on the
physical background of this model, we refer to [41] and the literature cited therein.

A very important role for the evolution play the nonlinear functions f and fr, which are double well
potentials whose derivatives define the thermodynamic forces driving the phase transitions in the bulk
and on the surface, respectively. Typical physically relevant cases are given by the regular, logarithmic,
and double obstacle potentials. In this order, they are given by

freg(r) = }l(r —1)% for r € R, (1.4)
a(l+r)In(l+7r)+ (1 —=r)In(l—7r)) —cr? ifre(=1,1)

f10g<7“) = 261 11](2) — C2 if e {—1, 1} , (1.5)
+00 it r & [—1,1]

—cgr? it re[—1,1]

f20bs(r) = { 400 if r¢ [_17 1]

In this connection, we have ¢; > 0, ¢ = 1,2, 3, and ¢y, ¢ are such that fj,, is nonconvex.

(1.6)

There exists a vast literature on the well-posedness and asymptotic behavior of the Allen—Cahn equa-
tion and its various generalizations when complemented with dynamic boundary conditions. Without
claiming to be comprehensive, we refer the reader to the works [2,19] (10} 114}, 115} 126, 27,33, 136 141}, 44].
Optimal control problems for (1.1)—(1.3) have been studied in [{] for the regular case and in [23] for
the singular logarithmic case (1.5), while the double obstacle case was investigated in [13]. In
particular, first-order necessary and second-order sufficient optimality conditions have been derived in
[23] for the differentiable tracking-type cost functional

K uue)) =5 [ =val + G [ =l 5 [ 100 s

+ 2 [y ol + 4 [[ 1l + % [l 0
r Q %

which was also considered in [13]. Here, the targets yq, ys, Yo7, yr 1 are given functions, 3;, 1 <
1 < 4, denote nonnegative constants which are not simultaneously zero, and v, v are positive
constants.

In this paper, we focus on the aspect of sparsity. To this end, we add to the cost functional J a suitable
term forcing sparsity, which is typically of the form

i) = a /Q ul + ar ([ Jurl, (19

with positive coefficients o, ap. The total cost functional is then given by
3((:% yF)7 (U, uF)) = J((y7 yF)7 (U, U’F)) + ]((u7 UF)) . (1 9)
Notice that j is nonsmooth, which then also applies to J.

At this point, we specify the set of admissible controls: choosing real constants pmin, Pmax, Or
prmax Wlth pmin S pmax and prmin S prmax’ we Set
Uag = {(u,ur) € L=(Q) X L=(X) : pin < U < prax a-e.in Q,
pro. <ur <pr,.. aeonX}. (1.10)

min’
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Second order conditions with sparsity for an Allen—Cahn system 3

Remark 1.1. We remark that the above constants could also be replaced by functions belonging to
L>(Q) and L>(X), respectively. We also stress the fact that, in contrast to the state functions y and
yr, the controls u and ur are completely independent from each other and not linked on the boundary.
We can therefore treat here the cases of distributed and of boundary controls simultaneously; the
cases of controling either only in the bulk or only on the surface are obtained by putting some of the
weights [3; and the associated thresholds defining U,4 equal to zero correspondingly.

The control problem under investigation in this paper now reads as follows:

(CP) Minimize J((y,yr), (u,ur)) subjectto (T-1)-(T-3) and (u, ur) € Uaq-

There are numerous papers studying optimal control problems for problems with dynamic boundary
conditions. Without claiming to be complete, we cite here the works [1}, 13} 23] for the Allen—Cahn
equation and [11, 12,16, 17, [18, 19, 20, 21} 29] for systems of Cahn—Hilliard type.

Sparsity in the optimal control theory for partial differential equations has become a very active field
of research. The use of sparsity-enhancing functionals goes back to inverse problems and image
processing. It was the seminal paper [42] on elliptic control problems that initiated the discussion of
sparsity in the optimal control theory of partial differential equations. Soon after [42], many results
on sparse optimal controls for PDEs were published. We mention only very few of them with closer
relation to our paper, in particular [4, 130, 31], on directional sparsity, and [8] on a general theorem
for second-order conditions. Moreover, we refer to some new trends in the investigation of sparsity,
namely, infinite horizon sparse optimal control (see, e.g., [34) [35]) and fractional order optimal control
(cf. [38], [37]).

These papers concentrated on first-order optimality conditions for sparse optimal controls of single
elliptic and parabolic equations. In [6, [7], first- and second-order optimality conditions have been dis-
cussed in the context of sparsity for the (semilinear) system of FitzHugh—Nagumo equations. More
recently, sparsity of optimal controls for reaction-diffusion systems of Cahn—Hilliard type have been
addressed in [22, 28 [40]. Moreover, we refer to the measure control of the Navier—Stokes system
studied in [5].

However, to the best knowledge of the authors, second-order sufficient optimality for sparse controls for
the Allen—Cahn equation with dynamic boundary conditions have never been studied before. We also
improve a result on second-order sufficient conditions of [23] for the case without sparsity functionals.

The paper is organized as follows. In the next section, we list and discuss our assumptions, and we
collect known results concerning the well-posedness of the state system (1.1)—(1.3) and of the optimal
control problem that have been established in [2] and [23].

In Section 3, we employ the implicit function theorem to give a new proof of the known fact that
the control-to-state operator (u, ur) — (y,yr) is twice continuously Fréchet differentiable between
appropriate Banach spaces. The final Section 4 then brings the main results of this paper, namely
the derivation of first-order necessary and second-order sufficient optimality conditions for the optimal
control problem (CP). In an appendix, we prove auxiliary results that are needed for the main theorem
on second-order sufficient conditions.

Prior to this, let us fix some notation. For any Banach space X, we denote by || - ||x, X*, and
(-, )x, the corresponding norm, its dual space, and the related duality pairing between X* and X.
For two Banach spaces X and Y that are both continuously embedded in some topological vector
space Z, we introduce the linear space X MY that becomes a Banach space when equipped with its
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J. Sprekels, F. Tréltzsch 4

natural norm ||v||xny = ||v]|x + [[v]ly forv e X NY.

The standard Lebesgue and Sobolev spaces defined on a set G (where here G = Q or G = 1) are,
for 1 < p < ooand k > 0, denoted by LP(G) and W*P(G), respectively. If p = 2, they become
Hilbert spaces, and we employ the standard convention H*(€2) := W*2({2). For convenience, we
also introduce the notation

H:=L*Q), Hp:=L*I), H:=H x Hr,
V.= Hl(Q), r = Hl(F), V.= {(U,UF)EVXVFIUF:U|F},
W= H*(Q), Wp:=HT), W:=W x Wr.

All of these spaces are Banach spaces when endowed with their natural norms. We denote by (-, - )y
the natural inner product in H. As usual, H is identified with a subspace of I* according to the identity

(u,v)v = (u,v)y foreveryu € Handv € V.

We then have the Hilbert triple (V, H, V*) with dense and compact embeddings. In the same way,
using the canonical inner products

(vr, wr) gy :/vap and ((’U,'Ur),(ﬂ),ﬂ)[‘))g{:/Uw+/Urwr
r Q r

in the spaces Hr and JH, respectively, we can construct the Hilbert triples (Vi, Hr, V1*) and (V, K,
V*) with dense and compact embeddings. We also recall the following version of Green’s formula for
functions vr € H?(T') and wr € H'(T'), which is valid since the compact hypersurface I" has an
empty boundary (for details, see, e.g., [25]):

—/prpvp = /err'VFUr. (1.11)
T Iy

We close this section by introducing a convention concerning the constants used in estimates within
this paper: we denote by C' any positive constant that depends only on the given data occurring in the
state system and in the cost functional, as well as on a constant that bounds the (L>°(Q) x L>(X))-
norms of the elements of U.q. The actual value of such generic constants C' may change from
formula to formula or even within formulas. Finally, the notation Cjs indicates a positive constant that
additionally depends on the quantity 9.

2 General assumptions and the state system

In this section, we formulate the general assumptions for the data of the state system (1.1)—(1.3), and
we collect some known results for the state system. Throughout this paper, we generally assume:

(A1) f = fi+ foand fr = fr1 + fra, where f1, fr1 : R — [0, 400] are lower semicontinuous
and convex with f;(0) = 0 and fr1(0) = 0. Moreover, fs, fro : R — R have Lipschitz
continuous first derivatives on RR. In addition, we require fo, fro € C*[—1,1] and f1, fr1 €
C*(—1,1), and assume that

Jim fi(r) = lm fr(r) = —co, lim fi(r) = lim fr,(r) = +oo, (2.1)

3 M, >0, My >0 suchthat |fi(r)] < My + My |fr,(r)] Vre(=1,1). (2.2)
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Second order conditions with sparsity for an Allen—Cahn system 5

(A2) (yo,y0.) € VN (L>®(Q) x L>(T)), and it holds that

— 1 < essinfiequo(z), esssup,eqyo(z) < 1. (2.3)

(A3) R > 0is a fixed constant such that

Uaa € U = {(u,ur) € L¥(Q) x L¥(E) : ulliwigy + lurllim) < R} @4

Remark 2.1. We observe that the condition (A1) is fulfilled if both f and fr are given by logarithmic
expressions of the same type as the potential fi., defined in (1.5). The condition is of technical
nature; it is needed in the proof of the existence result of Theorem 2.2 below. From the viewpoint of
physics, it means that the thermodynamic force exerted on the surface somehow dominates the one
acting in the bulk. Moreover, the condition implies that

—1 < essinfyer yo.(z), esssupger Yor () < 1.

Therefore, the state (y, yr) is initially strictly separated from the endpoints of the interval (—1,1).
This means that initially there are no pure phases within the container and on its surface. Finally, the
condition (A3) just fixes once and for all a bounded open subset of the control space L>((Q)) x L> (%)
that contains U, 4.

Next, we specify our notion of solution: for any given (u, ur) € H, we call a pair (y, yr) a solution to
-6 i

y € HY0, T;V*)N L*(0,T;V),

yr € HY(0,T; Vi) N L*(0,T; Vr),

yr(t) = y(t)r forae. t € (0,7),

y(0) =0, yr(0) = yor,

and if, for almost every ¢ € (0,7") and every (v, vr) € 'V, it holds

{Oy(t), v)v + /Q Vy(t) - Vo + (Giyr(t), vr)ve + /F Vryr(t) - Veor

:Lw@—fmmw+/wm—ﬁ@mmw. 25)

T

Note that the identity (2.5) is formally derived as follows: test (1.1) by v and (1.2) by vr, integrate by
parts using (1.11), and add the resulting identities.

We have the following well-posedness result that follows from [23, Thm. 2.1 and Lem. 2.3].

Theorem 2.2. Suppose that the conditions (A1)—(A3) are fulfilled. Then the state system (1.3)
has for any (u,ur) € L*(Q) x L*(X) a unique solution (y, yr) with the regularity

y € HY(0,T; H)N L>(0,T;V) N L*0,T; W), (2.6)
yr € H'(0,T; Hy) N L>®(0,T; Vr) N L*(0, T; Wr).
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J. Sprekels, F. Tréltzsch 6

Moreover, there is a constant K1 > 0, which depends only on R and the data of the state system,
such that

Hy H H'(0,T;H)NL> (0,T;V)NL2(0,T;W)

+ lyrll g 0,050 L 0, 75v0) L2 0wy < K1, (2.8)

whenever (y, yr) is the solution to the state system associated with some (u, ur) € Ug. In addition,
a uniform strict separation property is satisfied: there are constants —1 < r_ < r+ < 1, which
depend only on R and the data of the state system, such that

r_ <y(z,t) <ry forae (z,t) € Q, r_ <yp(z,t)<ry forae (z,t) € X, (2.9)
whenever (y, yr) is the solution to the state system associated with some (u, ur) € Ug.

Remark 2.3. 1. By virtue of Theorem 2.2, the control-to-state operator S : (u, ur) — 8(u,ur) =
(y, yr) is well defined as a mapping between L?(Q) x L?(X) and the Banach space H'(0, T; H) N
L*>(0,T;V) N L*(0,T; W), which also encodes the condition that yr(¢) = y()r for almost every
t € (0,7). In particular, (y, yr) is a strong solution to the state system that satisfies the equations
(1.1)—(1.3) almost everywhere.

2. Observe that the separation condition holds only for (bounded) controls in Ug. If it is satisfied,
then, by condition (A1), we may without loss of generality assume that

(i (i
Ihax max (Ilfj W= + Hfl“,j(yF)HLOO(Z)) < Ky, (2.10)

for every solution (y, yr) associated with some (u, ur) € Ug.

3. We cannot expect ¥ to be continuous on @, in general. However, we have that y € L2(0,T; C°(Q))
by the embedding H2(Q2) C C°(€2). This fact justifies our denotation for the trace on I': indeed, we
have for almost all t € (0, T) that y(t) € V N C°(€2), and therefore the trace yr(t) coincides with
the restriction of y(t) to the boundary.

4. Since the embedding (H'(0,7;3) N L*(0,T;V N'W)) c C°([0,T];V) is continuous, the
terminal observation (y(7°), yr(7")) in the functional is well defined.

3 Differentiability of the control-to-state operator

In this section, we study the differentiability properties of the control-to-state operator S. To this end,
we introduce the Banach spaces

U= L=(Q) x L=(%), (3.1)
Y:= H'0,T;H) N L®0,T;V)N L*(0,T; W),

endowed with their standard norms. We then know from Theorem 3.2 and Theorem 3.5 in [23] that &
is under the assumptions (A1)—(A3) twice continuously Fréchet differentiable on U as a mapping from
W into Y, where, for any control pair (u*, u}.) € U, with associated state (y*, y.) := S(u*, u}.), the
first and second Fréchet derivatives DS (u*, uj) € £L(U,Y) and D?8(u*, u}) € L(U, L(U,Y)) are
given as follows:
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Second order conditions with sparsity for an Allen—Cahn system 7

(iy Foranyincrement (h,hr) € U, (§,&r) == DS(u*,u})[(h,hr)] € Y is the unique solution to
the linearized problem

& — AL+ f"(y)e=h ae. inQ, (3.3)
Oér — Arér + Oné + ff(yr)ér = hr and & =¢r ae.on X, (3.4)
£(0)=0 ae.inQ, &(0)=0 ae.onT. (3.5)

(i) For any pair of increments (h, hr), (k, kr) € U, (n,nr) := D28(u*,uf)[(h, hr), (k, kr)] € Y

is the unique solution to the bilinearized problem
O — An+ [y )=~y )ed aein Q, (3.6)
Onr — Arnr + 0n + H(yine = =7 () ertr and e =nr aeon ¥,  (37)
n(0) =0 ae.inQ, nr(0)=0 ae.onl,

where (907 QOF) = DS(U*a ul*“)[(h’ hF)] and (¢v 1/’F) = DS(U*v u?‘)[(k’ kr)]

(iii) The mappings DS : U — L(U,Y), (u,ur) — DS(u,ur), and D?8(u,ur) : U — L(U,
L(WU,Y)), (v, ur) — D?*8(u, ur), are Lipschitz continuous in the following sense: there exists a con-
stant K, > 0, which depends only on R and the data, such that, for all controls (u, ur), (u*, u}) €
Ug and all increments (h, hr), (k, kr) € U,

(D8 (u, ur) = D8(u”, ur))[(h, hr)]lly

< Ko |[(u, ur) — (u*, up) || 220,790 || (A Br) || 2207590 » (3.9)
[(D?8(u, ur) — D28 (u*,up)) [(h, ), (k. kel
< Ko |[(u,ur) — (u*, up)|| 220,590 || (B he)l 22 0m90) [|(B, kel 22 090) - (3.10)

Remark 3.1. As U is dense in L?(0, T’; ), the operator DS (u*, u}) € £(U,Y) can be extended in
the standard way to an operator belonging to £(L?(0,T; H),Y) without changing its operator norm.
We still denote the extended operator by DS(u*, u}.), where we stress the fact that it coincides with
a Fréchet derivative only on U and not on L?(0, T'; J). However, it follows from [23, Thm. 2.2] that
the linearized system (3.3)—(3.5) has also for every right-hand side (h, hr) € L?(0,T; H) a unique
solution (£, &r) € Y that satisfies

1€ E0)lly < Kz l[(h, he)ll 220,790

with a constant K3 > 0 that depends only on R and the data. It is then easily verified that (£, &r) =
D8 (u*,u})[(h, hr)] with the extended operator, and, in the sense of the extension, the estimate
(3.9) is also satisfied for directions (h, hr) € L*(0,T; 3). An analogous result holds for the validity

of (3.10).

The above results (i)—(iii) have been proved directly in [23] without use of the implicit function theorem,
where the authors announced that an alternative proof would be possible using the implicit function
theorem. This does not seem to be obvious, since the presence of nonlinearities would require differ-
entiability properties of Nemytskii operators between L°°—spaces. It is, however, not known whether
the solutions to linear systems like (3.3)—(3.5) are bounded. Below (see Lemma 3.2), we will show
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such a boundedness result for bounded right-hand sides. Using this result, we will be able to prove
differentiability via the implicit function theorem.

To this end, we introduce the Banach space
Z:={(y,yr) eYNU: oy — Ay € L*=(Q), Owyr — Aryr + Ony € L>(X2)}, (3.11)
endowed with the norm

1(ys yr)llz == (s yr) llyee + 10y — Ayllze@) + [|10yr — Aryr + Onyllr=(s) V(y,yr) € Z.

(3.12)
Finally, we fix constants r,, r* such that
—l<r,<r_<ry<r-<l, (3.13)
with the constants 7_, r introduced in (2.9). We then consider the set
d = {(y,yp) eZ:r, < min{ess inf, neo y(x,t), essinfi, yex yp(a:,t)}
and max{ess SUD(;.eq Y(T, 1), eSSSUpP(, pes Yr (7, t)} < r*} , (3.14)

which is obviously an open subset of Z. Notice that the functions in Z are bounded and measurable,
so that the essential infimum and supremum used above are well defined.

We now prove an auxiliary result for the linear initial-boundary value problem

Oy — Ay = =\ f"(y)y+ X h ae.in Q, (3.15)
dyr — Aryr +0ay = =M1 ff(yr)yr + Ao hr and yr =yr ae.on X, (3.16)
y(0) = A3y ae.in 2, yr(0) = A3y, a.e.on T, (3.17)

which for A\ = Ay = 1 and A3 = 0 coincides with the linearization (3.3)—(3.5) of the state system at
((u*,u}), (y*, yf)). For convenience, we now introduce the Banach space of the initial data,

N = {(v0,v0r) : Yo € VN LZ(Q), yo. € Ve N L¥(T), Yo, = yo, ae.on '},  (3.18)

equipped with its natural norm. We then have the following result.

Lemma 3.2. Assume that \1, A2, \3 € {0, 1} are given and that the assumptions (A1)~A3) are
fulfilled. Moreover, let ((u*, uf.), (yv*, yi:)) € Ug x O be arbitrary. Then the system has
for every (h, hr) € W and every (o, yo.) € N a unique solution (y,yr) € Z. Moreover, the linear
mapping ((h, hr), (Yo, Yor)) — (y,yr) is continuous from U x N into Z.

Proof. At first, it is standard to show that (3.15)—(3.17) has a unique solution (y,yr) € Y for given
data (h,hr) € U and (yo,%0.) € N. The existence can be proved via an appropriate Faedo—
Galerkin approximation for which a priori estimates and a passage to the limit process are performed.
The uniqueness proof is simple. In order not to overload the exposition, we avoid writing the Faedo—
Galerkin scheme here and just give the corresponding a priori estimates formally. To this end, we
introduce the constant

M = Ao [|[(h, hr)llw + As [ (Yo, yor [Ix- (3.19)

Now we put
2= = Mf"(y" )y + Ah, zr = =M fr(yr)yr + Aohr.
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Second order conditions with sparsity for an Allen—Cahn system 9

Recalling that (y*,yy) € ®, and putting v := 1 + || f"||cor..r+)) + || /T]|co(r. ) We have the
estimates

2| < v(ly|+ M) ae.in @, |zr|] < v(lyr|+ M) ae.on X. (3.20)

In the remainder of the proof, we denote by C' > 0 constants that may depend on ~ but noton M.

Next, we add ¥ to both sides of and yr to both sides of (3.16), and we multiply the resulting
identities by O,y € L*(Q) and O,yr € L*(X), respectively. Then we integrate the results for arbitrary
t € (0,T) over QQ; and X3, respectively, integrate by parts using (T-17), and add the results. We then
arrive at the identity

1 1
/’ram?+/'|@mﬁ+—mum%+—mawm%

Q
— Jmmv ﬂw%m% // y+z@y+/] (e + )0 . @21
¢

Applying Young’s inequality appropriately to the last two summands on the right-hand side, using
(3.20), and then invoking Gronwall’s lemma, we easily conclude that

H(yayF)HHl(O,T;J{)ﬂLC’O(O,T;V) < CM. (3.22)

At this point, we observe that (g, gr) := (z — Oy, zr — Owyr) € H almost everywhere in (0, 7). It
therefore follows from the regularity result established in [18, Lem. 3.1] that for aimost every ¢ € (0,T")
it holds (y(t), yr(t)) € W, and, with a constant C, > 0 that depends only on 2,

1(y(@), yr(@)llw < Ca (I(y(®), yr(@)llv + (g(t), gr(#)llsc) -
Thus, using and (3:20), we readily conclude that (y, yr) € L*(0,T; W) with
1w, o)l 20w < C M. (3.:23)
Combining and (3.23), we therefore have (y, yr) € Y with the bound

1y, yr)lly < C M. (3.24)

Next, we are going to show that (y, yr) € U with a corresponding norm estimate

1y, yrllu < CM. (3.25)
Once this will be shown, (3:15)-(3.16) will yield that (0,y — Ay, Oyr — Aryr + 0ny) = (2, 2r) € U,
which then implies that (y, yr) € Z with ||(y, yr)||z < C M.

We argue by a Moser iteration technique. To this end, we rewrite the system (3.15)—(3.17). With
the constant v introduced above, we put w(z,t) := e My(x,t) and wr(z,t) := e Myp(x,t),
noticing that for almost every ¢ € (0,7") we have wr(t) = w(t)r. In terms of these new variables,

the system (3.15)—(3.17) becomes

Ow — Aw + (v + f"(y"))w = exp(—yt)\2h  ae.in Q, (3.26)
dywr — Arwr + Ogw + (7 + fL(yf))wr = exp(—vt)Aohr a.e.on X, (3.27)
w(0) = A3y ae.in Q, wr(0) = A3yo. a.e.on I (3.28)
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We aim at showing that (w,wr) € U and that, with a constant C > 0 not depending on M,
| (w, wr)|[u < C M. (3.29)

Once this will be shown, we will have ||(y, yr)|lu < exp(yT) C M, and the proof of the assertion
will be complete. Observe that the system (3.26)—(3.28) is suited better for proving an L>°~bound than
(3:15)—(3:17), since the coefficient functions ¢y := v+ f"(y*) and co. := v+ f{(y}:) are nonnegative
almost everywhere. In addition, the right-hand sides of and of are both bounded by M.

We now consider for s > 0 the cutoff-functions

w® := max {—s, min{w, s}}, wj := max {—s, min{wr, s}}. (3.30)
We notice that y € L2(0,T;C°(Q)), by the embedding H2(Q2) C C°(Q). Hence, for almost all

€ (0,T), we have w*(t) € V N C°(Q), which means that the trace of w*(t) on I' is given by the
restriction of w*(t) to I. In other words, it holds w*(t);r = wg, and (w*,wp) € V. Moreover, we
obviously have that (w®, wi) € U. We therefore may for arbitrary integer n > 2 test the equations
(3:26) and (3.27) by the admissible functions v = w*(¢)**~1 and vr = wi(t)*"~!, respectively.
Integration by parts and over [0, t], where ¢ € (0, T, addition of the resulting equalities, and the fact
that |e~7*| < 1, yield the inequality

/ 8tw( 3)27171 / atwl‘( )Zn 1 2n— 1 // ‘w |2n 2 ‘VU) |2
Zt t
+ (QTL— 1)/ ’wF|2n 2 ’V wF‘Z // cow 2n 1 // COpr 2n 1
Y t Xt
S // |>\2h| |ws|2"_1 +// |>\2hr| |w1‘i|2”_1 . (3.31)
t 3t

Now note that 2n — 1 is an odd integer, and thus the signs of w, w® and (ws)2”_1 are equal. But
then, owing to the fact that c; > 0 by construction, the product cow(ws)%_1 is nonnegative almost
everywhere. Hence, the fifth summand on the left-hand side of is nonnegative, and, by the same
token, also the sixth summand. Moreover, we have

/ 8tw (w5)2n71 — / atws (ws)anl +/ 815(11) . ws) (ws)2n—1
Q¢ Q¢ Q¢

= O —zinwmum o+ [ @O o)

- [ ) = v @) wio) //w w) (w1

Obviously, the integrand of the last summand on the right-hand side is zero almost everywhere, and if
we choose

s > A3 ([1yoll o=y + lvor [l o= (ry) (3.32)

which will henceforth be assumed, then w(0) = w?*(0), and also the integrand of the fourth summand
on the right-hand side vanishes. Finally, we easily check that the integrand of the third term on the
right-hand side is nonnegative. In summary,

1 1
/ dw ()™ = o w (D)) — 5= 1w (O) |22 ) (3.33)
Q1
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and, by the same token, an analogous estimate holds true for the second summand on the left-hand
side of (3.31). Hence, omitting several nonnegative terms on the left-hand side of (3.31), we obtain

from (3.31)—(3.33) the inequality

1 1 1 1
5 [0 O @) + 5 lwb Ol ey < o= 1w O[22 0) + 5~ lwr(O)[23 )

/]\&mww%l /yIMMMMV”l 334
t p3M

It remains to estimate the terms on the right-hand side. At first, denoting by x the maximum between
the volume of 2 and the surface area of I, we have that

[w(0)l ) = s lwollzen) < &7 Agllyolloei) < &Y/ M,
lwr(O)l[z2nmy = As lgor lzeny < &Y A3 lyop lzory < £V M. (3.35)
In addition, we obtain for the third term on the right-hand side (which we denote by /), using Young’s

- : 1 1 G2 _
inequality ab < Jlal” + ;[b]? with p = 2n’j1 and ¢ = 2n,

2
I </ M| sl2n—1 < 2n /Q ’ |2n |Q|t

2n — 1 519 2n
g |w?| (3.36)

An analogous estimate can be performed for the last summand on the right-hand side. Consequently,
combining the estimates (3.34)—(3.36), and multiplying the resulting inequality by 2n, we arrive at the
estimate

lw* Ol @) + Wb O3 ry < 26(1+T)M™"

n—l/Wm ity do + @n=1) [ (o)l
whence, by virtue of Gronwall’s lemma,
[l (D)1 750 @) + Ilop (Ol 5y < 26(1 + T) M @00,
Therefore,
e ()] zoney < (26(1+T))C exp(T) M,
and, by the same token,
(D) 2y < (26(1+T))® exp(T) M.
Taking the limit as n — oo in the last two inequalities, we find that
[w* ()| ooy + [[wh(O)l|Lery < 2 exp(T) M, (3.37)
for almost every t € (0,7T"), provided that s satisfies (3.32). At this point, we choose
s > 2exp(T)M + A3 ([[yoll @) + llvorllzo=(r))-
Then, owing to (3:37), w® = w and w}. = wr, whence we conclude that, for almost every ¢t € (0,7),
lw @z~ + llwe(@)l[ze@) < 2 exp(T) M.

Hence (3.29) is shown, which concludes the proof of the assertion. O
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Having proved Lemma 3.2, we can now prepare for the application of the implicit function theorem. To
this end, we introduce for convenience abbreviating denotations, namely,
u = (U,U[‘), ut = (U*,U;), y ‘= (y7yr)7 y* = (y*7y1i>7
Yo '= (y07y0r)a 0 = (070)

We consider two auxiliary linear initial-boundary value problems. The first,

Oy — Ay = h ae.in Q, (3.38)
&gyp — Aryr + 8ny = hr and yr = y‘p a.e. on Z, (3.39)
y(0) =0 ae.inQ, yr(0)=0 ae.onT, (3.40)

is obtained from B.15)—(3.17) for Ay = A3 = 0, Ay = 1. Thanks to Lemma 3.2, it has for each
h = (h, hr) € Ua unique solutiony = (y,yr) € Z, and the associated linear mapping G : U —
Z, h —y,is continuous. The second system reads

Oy — Ay =0 ae.in Q, (3.41)
Owyr — Aryr + Opy = 0 a.e.on X, (3.42)
y(0) = yo ae.in Q, yr(0) = yo. ae.on T, (3.43)

and results from (3.15)—(3.17) for Ay = Ay = 0, A3 = 1. For each y, € N, it has a unique solution
y € Z, and the associated mapping G : N — Z, yo — Yy, is linear and continuous as well. In
addition, we define on the open set A := (Ug x ®) C (U x Z) the nonlinear mapping

G:A—=U, (uy)—h:=(—f(y)+u,—fl(yr) + ur) (3.44)

as a mapping from U x Z to U.

The solution y = (y, yr) to the nonlinear state equation (T.7)—(1-3) is the sum of the solution to the

system (3:38)—(3.40), where h = (h, hr) is given by (3.44) (with (v, yr) considered as known), and
of the solution to the system (3.47)—(3.43), that is, the state y associated with the control u = (u, ur)
is the unique solution to the nonlinear equation

y = 50(S(u,y)) + Sa(yo). (3.45)

Let us now define the nonlinear mapping & : A — Z,
F(u,y) = Go(5(u,y)) + Galyo) — v (3.46)
With &, the state equation can be shortly written as
F(u,y) =0. (3.47)

This equation just means that y = (y,yr) is a solution to the state system (T-1)—(1-3) such that
(u,y) € A. From Theorem 2.2 we know that such a solution exists for every u € Ug. A fortiori, any
such solution automatically enjoys the separation property (2.9) and is uniquely determined.

We are going to apply the implicit function theorem to the equation (3.47). To this end, we need the
differentiability of the involved mappings. Observe that, owing to the differentiability properties of the
involved Nemytskii operators (see, e.g., [43, Thm. 4.22, p. 229]), the mapping G is twice continuously
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Fréchet differentiable in U x ® as a mapping from U x U into U, and for the first partial derivatives at
any point (u*,y*) € A, andforallu € Uandy € Z, we have the identities

DyS(u”,y")[u] = (u,ur), DyS(u*,y")[y] = (—f"(¥")y, —fr(yr)yr)- (3.48)

At this point, we may apply the chain rule, which yields that & is twice continuously Fréchet differen-
tiable in U x ® as a mapping from U x (Y N'U) into Z, with the first-order partial derivatives

DuF(u",y") = Goo DuS(u",y"), DyF(u’y) = Ggo DyS(u*,y") — Iz,  (3.49)
where [ denotes the identity mapping on Z.

We want to prove the differentiability of the control-to-state mapping u +— y defined implicitly by
the equation F(u,y) = 0, using the implicit function theorem. Now let u* € Ug be given and
y* = 8(u*). We need to show that the linear and continuous operator D, J(u*, y*) is a topological
isomorphism from Z into itself.

To this end, let v € Z be arbitrary. Then the identity DyF(u*,y*)[y] = v just means that
So (DyG(u*,y*)[y]) — ¥y = v, which is equivalent to saying that

w =y v =50 (DyS(uty)wl) - Go (DyS(u',y")v))

The latter identity means that w is a solution to (3.175)—(3.17) for Ay = Ay = 1, A3 = 0, with the
specification (h, hr) = —DySG(u*, y*)[v] = (f"(y*)v, f{(yf)vr) € U. By Lemma 3.2, such a
solution w € Z exists and is uniquely determined, which shows that Dy F(u*,y*) is surjective. At
the same time, taking v = 0, we see that the equation D, F(u*,y*)[y] = 0 means that y is the
unique solution to (8.75)—(3.17) for Ay = 1, Ay = A3 = 0. Obviously, y = 0, which implies that
D,J(u*,y*) is also injective and thus, by the open mapping principle, a topological isomorphism
from Z into itself.

We may therefore infer from the implicit function theorem (cf., e.g., [3, Thms. 4.7.1 and 5.4.5] or
[24] 10.2.1]) that the control-to-state mapping S is twice continuously Fréchet differentiable in Uy
as a mapping from U into Z. The explicit form of the first and second Fréchet derivatives is given
as in Theorem 2.2: in the case, where the directions (h, hr), (k, kr) belong to the space U, the
corresponding solutions (&, ) and (1, r) to the linearized system (3.3)—(3.5) and to the bilinearized
system (3.6)—(3.8), respectively, belong to the space Z. In summary, we have shown the following
result.

Theorem 3.3. Suppose that the conditions (A1)—A3) are fulfilled. Then the control-to-state operator
S is twice continuously Fréchet differentiable in U g as a mapping from U into Z.. Moreover, for every
(u*,u}) € Ug and (h, hr), (k,kr) € U the functions (§,&r) = DS(u*,uf)[(h, hr)] € Z and
(n,nr) = D*8(u*,u})[(h, hr), (k,kr)] € Z are the unique solutions to the linearized system
and the bilinearized system (3.6)—(3.8), respectively.

Remark 3.4. It is worth noting that for the argumentation used above the actual value of the constant
R > 0 defining U did not matter. It therefore follows that S is twice continuously Fréchet differentiable
as a mapping from U to Z on the entire space U.

4 The optimal control problem

In this section, we study the optimal control problem (CP) with the cost functional (1.9). Besides the
general postulates (A1)—(A3), we make the following assumptions:
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(A4) The constants (3;,7 = 1, 2, 3, 4, are nonnegative and not all zero, while v/, vr, o, ar are positive.
(A5) The target functions satisfy yo € L*(Q), ys € L*(%), (yar,yrr) € V.

(A6) It holds B3 = [3,.

Remark 4.1. The assumptions that 83 = (3, and that (yor, yrr) € V are useful in order to have
regular solutions to the associated adjoint system (see below). It is not overly restrictive in view of
the continuous embedding (H'(0,T;3) N L2(0, T; WNV)) € C°([0,T]; V) which implies that
(y(T),yr(T)) € V.

The following existence result can be shown with an obvious modification of the proof of the corre-
sponding theorem [23] Thm. 3.1]. It is not restricted to functions j of the special form (1.8).

Theorem 4.2. Suppose that (A1)~(A5) are fulfilled, and suppose that j : L*(Q) x L*(X) — R is
convex and continuous. Then the optimal control problem (CP) admits a solution (u*, uf) € Uag.

In the following, we often denote by (u*, uf) € U,.q an optimal control for (CP) and by (v*, y;) =
S(u*,u}) the associated state. For the corresponding adjoint state system we have the following
result.

Theorem 4.3. Suppose that (A1)—(A6) are fulfilled and let (u, ur) € Ugr be a control with associated
state (y, yr). Then the associated adjoint state system

—Oip— Ap+ f"(y)p = iy —yq) ae.in Q, (4.1)
— Oipr — Arpr + 0wp + f1(yr)pr = B2(yr —ys) and pr=pr ae.onX, (4.2)
p(T) = B3(y(T) —yor) aeinQ, ppr(T)=p3(yr(T) —yrr) aeonl, (4.3)

has a unique solution (p, pr) € Y. Moreover, there is a constant I, > 0, which depends only on R
and the data, such that

(0, po)lly < Ks (v — vollz2) + llur — ysllzes)
Hy(T) = yorllv + llyr(T) — yrrllv) - (4.4)

Proof. With the exception of (4.4), the assertion follows from [23, Thm. 3.4]. To show (4.4), we argue
as follows: we put

Q<x7t) Z:p(I,T—t), qr ::pf(maT_t)7 g(l‘,t) = y(l‘,T—t),

gr(z,t) =yr(z, T —1t), h(z,t):=p0(y(z, T —1t) —yo(z, T —1)),

hr(z,t) .= Ba(yr(x, T —t) —ys(z, T —1)). (4.5)
In terms of these quantities, the adjoint system (4.1)—(4.3) takes the form
ohqg—Ag=—f"(g)g+h ae.in Q, (4.6)
duqr — Argr + Ong = —fr(Jr) + hr and gr =qr ae.on X,

q(0) = Bs(y(T) — ya,r) ae.in Q, qr(0) = Bs(yr(T) —yrr) ae.onl, (4.8)

which is a special case of the auxiliary system 3.15)—(3.17) with A\ = Ay = A3 = 1, up to the
minor difference that the arguments of the functions f” and f{! differ from those in (3:15) and (3-76)
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by a time shift. Obviously, (h, hr) € L*(0, T; H), and it follows from the continuity of the embedding
Y C C°([0,T1]; V) and (A5) that the initial data of (¢, qr) belong to V. Therefore, if we put

M = X |[(h, hr)l[ 220,790 + A3 [ (Mo, Yor [ v,

then the estimates (3.21)—(3.24) performed in the proof of Lemma 3.2 can be repeated (notice that the
condition (¢(0), ¢r(0)) € W is not needed for these estimates), and (@.4) follows from (3.24). O

Note that — at this point — we cannot expect to have the stronger regularity (p, pr) € Z, since, in view
of assumption (AS5), the right-hand sides of (#.1) and (@.2) only belong to L*-spaces.

4.1 First-order necessary optimality conditions

In this section, we aim at deriving associated first-order necessary optimality conditions for local
minima of the optimal control problem (CP). We assume that (A1)—(A6) are fulfilled and that j :
L?*(0,T;H) — R is a general convex and continuous functional. We use the abbreviations

u:= (%Ul“)a U* = <U*7u;)7 y = (yayf)a y* = (y*ay;‘)

Next, we define the reduced cost functionals associated with the functionals J and J introduced in

and by R R

J(u) = J(8(u),u), J(u)=7(8(u),u). (4.9)
Since § is twice continuously Fréchet differentiable from U into the space C°([0,T]; H) C Z, it
follows from the chain rule that .J is a twice continuously Fréchet differentiable mapping from U into R,
where, for every u* = (u*,uf) € Uand every h = (h, hr) € U, it holds with (y*, yf) = S(u*, uf)
that

Db = & / /Q " —y0) + o / /E oyl —us) + By /Q &)W (T) - yar)

+53/F§F(T)(yi’i(T) —yrr) 4+ V//Qu*h + o //Eul’ihp, (4.10)

where (£,&r) = D8(u*)[h] € Y is the unique solution to the linearized system (3.3)—(3.5) associ-
ated with h.

Remark 4.4. Observe that the right-hand side of is meaningful also for arguments h = (h, hr)
€ L?(0,T;3), where in this case (£, &r) = D8(u*)[h] with the extension of the operator DS (u*)
to L?(0, T'; H) introduced in Remark 3.1. Hence, by means of the identity we can extend the
operator D.J(u*) € U* to L2(0, T; H). The extended operator, which we again denote by Dj(u*),
then becomes an element of (L2(0, T; H))*. In this way, expressions of the form D.J(u*)[h] have a

proper meaning also for h € L2(0,T; H).

In the following, we assume that u* = (u*,u}) is a given locally optimal control for (CP) in the
sense of U, that is, there is some € > 0 such that

~

é\(u) > J(u*) forallu € Uyg satisfying [[u —u*||y < e. (4.11)

Notice that any locally optimal control in the sense of LP((Q)) x LP(X) with 1 < p < oo is also locally
optimal in the sense of U, since the topology of U is the finest among these spaces. Therefore, a
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result proved for locally optimal controls in the sense of U is also valid for locally optimal controls in
the sense of LP(Q) x LP(X). Itis also true for (globally) optimal controls.

We claim that then the variational inequality
DJ(u")[u—u]+ju) —ju) >0 YuelUy (4.12)

is satisfied. Although this result seems to be pretty standard by now, we nevertheless provide its proof
for the reader’s convenience. To this end, note that by local optimality there is some € > 0 such that
(4.11) is satisfied.

Now let u € U,q be arbitrary. Then, for any 7 € (0, 1], we have u, := u* + 7(u — u*) € U,q. For
all sufficiently small 7 > 0, it holds in addition that ||u, — u*||y < e. Hence, for all such sufficiently
small 7 > 0, we obtain from (4.11) and from the convexity of j the following chain of inequalities:

0 < J(u,) —J(u) < J(u,) — J(u) + j(u,) — j(u)
< J(8(uy),u,) — J(S(u), u) + 7(j(u) — j(u)).

Now, we divide by 7 > 0 and take the limit as 7 \ 0. Since [[u, — u*|jy — 0 as 7 \, 0, we then
can infer that the claim (4.12) is actually valid.

The variational inequality (4.12), in turn, implies that u* solves the convex minimization problem

min (W (w) + j(u) + fy,, (1)),

with ¥(u) = Dj(u*)[u], and where I, denotes the indicator function of U,q. Hence, denoting
by the symbol O the subdifferential mapping in L?(0,T; ) (recall that j is a convex continuous
functional on L?(0, T'; (), we have the inclusion 0 € (¥ + j + Iy, ) (u*) or, by the well-known
rules for subdifferentials of convex functionals,

0 € {DJ(u*)} + 8j(u*) + Iy, (u*).
In other words, there are A* € 0j(u*) and A € 9L, (u*) such that 0 = DJ(u*) + A* + X, which
by the definition of 01y, (u*) means that
0< DJ(u)u—u]+Au—u] Vue U,

We have thus shown the following result (where we identify A* with the corresponding element of
L?(0,T;H) according to the Riesz isomorphism): if u* € U.,q is a locally optimal control for (CP) in
the sense of U, then there is some A" = (\*, A1) € 9j(u*) C L?(0, T; H) such that

DJ(u*)[u — u?] —|—// A (u—u™) +// Ab(ur —up) >0 Vu=(u,ur) € Upg. (4.13)
Q >

As usual, we simplify the expression D.J (u*)[u—u*] in @13) by means of the adjoint state variables
defined in ). A standard calculation (see [23, Thm. 3.4]) then leads to the following result.

Theorem 4.5. (Necessary optimality condition) Suppose that (A1)—A6) are fulfiled and that
J : L*0,T;H) — R is convex and continuous. Moreover, let u* = (u*,u}) € U.q be a lo-
cally optimal control of (CP) in the sense of U with associated state (y*,yt) = S(u*) and ad-
joint state p* = (p*,p}). Then there exists some X" = (\*,\}:) € 0j(u*) such that, for all
u = (u,ur) € Uag,

//p+/\*+1/u u—u" // (pp + AL+ vrup) (ur —up) > 0. (4.14)
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We underline again that (4.14) is also necessary for all globally optimal controls and all controls which
are locally optimal in the sense of LP(Q)) x LP(X) with p > 1.

4.2 Sparsity of controls

The convex function j in the objective functional accounts for the sparsity of optimal controls, i.e.,
any locally optimal control can vanish in some region of the space-time cylinder (). The form of this
region depends on the particular choice of the functional 7 which can differ in different situations. The
sparsity properties can be deduced from the variational inequality and the particular form of
the subdifferential Jj. In this paper, we are mostly interested in the so-called directional sparsity with
respect to time and full sparsity, and we omit the case of directional sparsity with respect to space
which can be handled analogously. Our analysis closely follows the lines of [40], Sect. 4]. We therefore
can be brief.

In order to have directional sparsity with respect to time, we use the functionals

G¢LY0,T; L*(Q) » R, j¥:LY0,T: L*(T)) — R,
T T

) = / lal Ol o dt, 55 = / lur (- ) L2y dt. (4.15)
0 0

The associated subdifferential of j? is given by (cf., [31])

:Q w) = 2 . H)‘<7t)HL2(Q) <1 if u(,t) =0
a]T( ) = {)\ €L (Q) : { /\(-,t) — u(-’t)/HU(',t)HL?(Q) if u(.’t) 7& 0 ’ (4.16)

where the properties above are satisfied for a.e. t € (0,T). The subdifferential of ;% is obtained
analogously.

The case of full sparsity is obtained for the functionals

j2LNQ) =R, jE:LY(Z) R,

) = lul, iR = [lull ). (4.17)
In this case we have (see [32])

{1} if u(z,t) >0
i) = Ae LX(Q) : Mz, t) e [-1,1] ifu(z,t)=0 » forae (z,t)€Q |
{-1} ifu(x,t) <0
(4.18)
and the subdifferential of j? is obtained analogously.

4.2.1 Directional sparsity in time

In this section, we will focus on directional sparsity in time. To this end, we discuss the following
auxiliary variational inequality:

// (d(z,t) + kX(x,t) + vu(z,t))(v(z,t) —u(z,t))dedt >0 Yo e C, (4.19)
Q
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where \ € 95%(u) and
C={vel™Q):u<v(zt) <uae.inQ} (4.20)

with given real numbers u < 0 < u, k > 0, v > 0, and a given function d € L*(Q).

The following result is known from [31], [4 [40].

Lemma 4.6. (Sparsity) Letu < 0 < u,x > 0,v > 0, and let uw € C' be a solution to the
variational inequality (&.19). Then, fora.e.t € (0,T),

u(t) =0 <= [ld( )20 <k, (4.21)

as well as

e{ve LX) : [[vllre@ < 1} if Ju(, )|l 12@) =0

A1) u(-,t) : (4.22)
=TT if u(-, £)]l2@) # 0
[u(, 8l 2@

Remark 4.7. A corresponding sparsity result can be obtained for functions defined on the lateral
boundary ¥ if the variational inequality (4.79) and the set C' are adapted accordingly. For the sake of
a shorter exposition, and since the necessary changes are obvious, we may leave it to the reader to
formulate the details.

We apply the lemma, and its counterpart for functions defined on X, to derive sparsity properties of
locally optimal controls from the variational inequality (4.14). For directional sparsity in time, we use
the convex and continuous functional

j() = j((u,ur)) = aj (u) + ar j7(ur) = ajf (I(w) + ar j7 (Ir(w)), (4.23)

where I, It denote the linear and continuous projection mappings / : u = (u,ur) — wu and
It : u = (u,ur) — ur from L*(Q) x L*(X) to L*(Q) and L?(X), respectively. Since the convex
functionals 5% and ;3 are continuous on the whole spaces L?(Q) and L2(X), respectively, we obtain
from the rules for subdifferentials (cf., [32, Sect. 4.2.2, Thms. 1 and 2]) that

0j(u) = a " 9jE(I(w) + ar It djy (Ir(w))
- {(a/\,ozp)\p) € L2(Q) x L*(D) : A € 9j%(u), Ar € aﬁ(uF)} .

The variational inequality (4.14) is equivalent to two independent variational inequalities for «* and uy:
that have to hold simultaneously, namely,

// (p* +aX +vu*) (u—u*) > 0 Yue U™, (4.24)
Q
// (Pt + apAp 4+ vrup) (up —ul) > 0 Yur € URY, (4.25)
2
where
U = {u € L®(Q) : pmin < u(x,t) < puax forae. (z,t) € Q}, (4.26)

U = {ur € L¥(S) : pry, < ur(et) < pr,.. forae. (z,0) €S}, (427)

min
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and where, for a.e. t € (0,7),

€ {ve L2« lollz@ < 1F i lu( Ol 2@ =0
(- 1) u* (-, 1) : (4.28)

" Ol Dl £

as well as

c {UF - LQ(F) : ||UFHL2(I‘) < 1} if ||uii(-,t)||L2(p) =0
Ar(e 1) uk (-, t) . (4.29)

GOl it [l (- )| ey # 0

Applying Lemmal4.6]to (4.24), and its analogue on X to (4.25), we arrive at the following result:

Theorem 4.8. (Directional sparsity in time) Suppose that the general assumptions (A1)—(A6) are
fulfilled, and assume that pmin < 0 < pmax and pr.. <0 < pr,....Letu* = (u*,u}) € Uq be a
locally optimal control in the sense of U of the problem (CP) with the sparsity functional j defined in

(@15), and with associated state (y*, yi.) = 8(u*) solving (T-1)(1-3) and adjoint state p* = (p*, p)
solving (4.1)—{4.3). Then there are functions \*, \{. that satisfy (4.28), (4.29), and (4.24)—4.25). In

addition, for almost every t € (0,T), we have that
lur (s Ollzey =0 <= llpr( Ol < ar (4.31)

Moreover, if p* and \*, \[- are given, then the optimal controls u*, uj. are obtained from the projection
formulas

u*(2,t) = max {puin, Min {pax, v (p* + @ X*) (2,1)}} forae (z,t) € Q,
up(z,t) = max{pr,,.min{pr..,—vr " (pf +arAH) (z,0)}} forae. (z,t) € .

The projection formulas above are standard conclusions from the variational inequalities (4.24)—(4.25).
It is to be expected that the support of locally optimal controls (u*, uf) will shrink with increasing
sparsity parameters «, ar. Although this can hardly be quantified or proved, it is useful to confirm
that optimal controls vanish for all sufficiently large values of o and ar. We are going to derive a
corresponding result now.

For this purpose, let us indicate for a while the dependence of optimal controls, optimal states, and the
associated adjoint states, on the pair of weights & := (<, ar) by an index ¢, i.e., we write

u, = (Ug ur, ), Yo = Yar¥r,) and Py = (Pa: Pr,,)-
From (4.30) and (4.31) we infer that v}, = 0 holds for all & > o if

o = sup ||ph || o0,y < +00, (4.32)
a>0

and up_ = 0 holds for all ar > ar if

ar = sup ||pr, || Lo (0.1:mp) < +00. (4.33)

ar>0
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Hence the controls vanish simultaneously if the components of & = («, ar) are both larger than the
corresponding components of a* := (a*, af.) provided that both and are valid. We now
show that this is actually the case. To this end, we recall the global estimates (2.8)—(2.10), which have
to be satisfied by all possible states corresponding to controls u € U, 4. Consequently, the right-hand

sides h := [1(y* — yg) and hy == B2(yf — ys) in and (4.2) are uniformly bounded in L?(Q)
and LZ(Z), respectively, independently of ac. Moreover, owing to the continuity of the embedding

Y C C°([0,T]; V), the terminal data (p*(T), p(T)) = (B3(y*(T') — yo,r), Bs(yi(T) — yrr)) are
uniformly bounded in V. Therefore, it follows from that (p*, p}) is bounded in Y, independently
of a. In particular,

(0", pr) lcoqo,mp < C

where C' > 0 is independent of . Thus, in the case of directional sparsity in time, locally optimal
controls in the sense of U vanish for sufficiently large sparsity parameters.

4.2.2 Full sparsity
In this section, we consider the case when the sparsity functional is given by (1.8), i.e.,
j(u) = j((u,ur)) = aj(u) + ar ji(ur) = ajZ(I(w)) + or ji (Ir(w)), (4.34)
where I and It have the same meaning as in (4.23). Similarly as there, we obtain that
dj(u) = {(aX, arir) : A € 9j%(u), Ar € 95 (ur)}.

In the problem of full sparsity, the variational inequality (4.14) becomes

// (p" + aX +vu*) (u—u” // (pr + ar AL + vrup) (ur —up) > 0

forall (u,ur) € Uaq. (4.35)
We now show the following result.

Theorem 4.9. (Full sparsity) Suppose that the assumptions (A1)—A6) are fulfilled, and assume that
Pmax < 0 < pmin @nd pr,. < 0 < pr,.... Letu* = (u*,uf) € U,q be a locally optimal control in
the sense of U for the problem (CP) with the cost functional j defined in (4.34), and with associated

state (y*, yi) = 8(u*) solving T1)—1-3) and adjoint state p* = (p*, p;.) solving @)—@#.3). Then
there exist functions \* € 8j§(u*) and \;. € 0j7(u}) that satisfy (#.24)—@.25). In addition, we
have that

0 <= Pp'@t))<a, forae (z,t) €Q, (4.36)
up(z,t) =0 <= |pi(z,t)| <ap, forae (z,t)€X. (4.37)

Moreover, if p* and \*, \{. are given, then the optimal controls u*, uj. are obtained from the projection
formulas

uH(2,t) = max {pmin, Min {pax, v (p* + @ X*) (z,1)}} forae (z,t) € Q
up(z,t) = max{pr,, . min{pr..,—vr " (pf +ar ) (z,0)}} forae. (z,t) € 2.
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Proof. First, we observe that the projection formulas are a direct consequence of the variational in-

equalities (4.24) and (4.25). It thus only remains to show the validity of (4.36) and (4.37). We only

prove the former equivalence, the proof of the latter is analogous.

We use the first projection formula and the fact that pyin < 0 < pmax- For ae. (z,t) € @, we have:
it u*(z,t) =0,then —v~1(p*(z,t) + aX*(z,t)) = 0, where \*(z,t) € [—1, 1]. Consequently,
p*(z,t)] = a|A*(z,1)] < o

Now let us assume that [p*(z,t)| < . If u*(z,t) > 0, then \*(z,t) = 1 and —v~'(p*(z,t) +

a) > u*(z,t) > 0, which implies that p*(z,t) + o < 0 and thus |p*(x,t)| = —p*(z,t) > a, a
contradiction. By analogous reasoning, we can show that also the assumption u*(x,t) < 0 leads to
a contradiction. We thus must have u*(x,t) = 0. This ends the proof. O

We conclude this section by investigating whether optimal controls have to vanish for sufficiently large
sparsity parameters. With the denotation introduced in the previous section, we thus have to check
whether

o i=sup ||pgllz=(@) < +00, ap:=sup ||pr, [lreE) < +oo. (4.38)
a>0 ar>0
Such bounds cannot be expected to hold, in general. But they are actually valid under the following
additional assumption:

(A7) Itholds 53 = 4 = 0, as well as yg € L>®(Q) and ys, € L>®(X).

Indeed, if (A7) is fulfilled, then the quantities introduced in satisfy (4.6), (4.7), as wellas ¢(0) = 0
and gr(0) = 0, where the functions h and hr are bounded in L*>°(()) and L>°(X), respectively,
independently of a.. Now observe that in terms of these quantities the adjoint system (4.1)—(4.3)
becomes a special case of the auxiliary system 3.15)—(3.17) with A\; = Ao = 1 and A3 = 0, up
to the minor difference that the arguments of the functions f” and f{' differ from those in (3:75) and
by a time shift. Since this difference does not matter in the estimates performed in the proof of
Lemma 3.2, we may argue as there to conclude that

(e Pr)lhe = 11 go)llw < Cull(h, hr)lw < Cs,

where C'; and C5 do not depend on a. The condition (4.38) is therefore fulfilled. In conclusion, also in
this case all locally optimal controls in the sense of U vanish for sufficiently large sparsity parameters.

4.3 Second-order sufficient optimality conditions

We conclude this paper with the derivation of second-order sufficient optimality conditions. We pro-
vide conditions that ensure local optimality of pairs u* = (u*, uj.) obeying the first-order necessary
optimality conditions of Theorem Second-order sufficient optimality conditions are based on a
condition of coercivity that is required to hold for the smooth part J of J in a certain critical cone.
The nonsmooth part j contributes to sufficiency by its convexity. In the following, we restrict our-
selves to the case of full sparsity, where we generally assume that (A1)—(A6) and the conditions
Pmin < 0 < pmax and pr_. < 0 < pr,.. are fulfilled. Our analysis will follow closely the lines of
[7], where a second-order analysis was performed for sparse control of the FitzHugh—Nagumo system.
In particular, we adapt the proof of [7, Thm. 3.4] to our setting of less regularity.
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To this end, we fix a pair of controls u* = (u*, u}) that satisfies the first-order necessary optimality
conditions, and we set y* = (y*, y5:) = 8(u*). Then the cone

C(u*) = {(v,vr) € L*(0,T; H) satisfying the sign conditions a.e.inQ and ¥},

where

>0 if u*(x,t) = pmin >0 if up(r,t) = pro,,
U(m’t){ <0 if u(z,t) = pmax or(@,?) <O i u(@,t) = pro.. (4:39)

is called the cone of feasible directions, which is a convex and closed subset of L?(0, T'; ). We also
need the directional derivative of j at u € L*(0,T; H) in the direction v € L?(0,T’; }), which is
given by

j'(u,v) = lim l(j(u +7v) —j(u)). (4.40)
N0 T

Following the definition of the critical cone in [7, Sect. 3.1], we define

Cy = {v € C(u") : DJ(u)[v] + j'(u",v) = 0}, (4.41)
which is also a closed and convex subset of L?(0, T'; ). According to [7, Sect. 3.1], it consists of all
v = (v,vr) € C(u*) satisfying

=0 it [p"(a,t) + vu'(2, )] £ a

v(x,t)< >0 if u*(z,t) = ppmin or (p*(2,t) = —a and u*(z,1)
<0 if u*(x,t) = ppmaz or (p*(z,t) = and u*(x,t) =

=0) , (4.42)
0)

as well as an analogous condition for vr.

Remark 4.10. Let us compare the first condition in (4.42) with the situation in the differentiable control
problem without sparsity terms obtained for « = ar = 0. Then this condition boils down to the
requirement that v(x,t) = 0if |p*(x,t) + vu*(z,t)| > 0, or, since v = 0,

v(z,t) =0if [p*(z,t) + aX*(z,t) + vu™(z,t)| > 0. (4.43)
An analogous condition results for vr.

One might be tempted to define the critical cone using and its counterpart for vr also in the
case a > 0, ar > 0. This, however, is not a good idea, because it leads to a critical cone that
is larger than needed, in general. As an example, we mention the particular case when the control
u* = 0 satisfies the first-order necessary optimality conditions and when |p*| < o and |p}| < ar
hold a.e. in () and X, respectively. Then the upper relation of (4.42), and its counterpart for vr, lead
to Cy» = {0}, the smallest possible critical cone.

However, thanks to u* = 0, the variational inequality implies that p* 4+ aA* + vu* = 0 a.e. in
(), and hence the condition [p*(x,t) + aX*(z,t) + vu*(x,t)| > 0 can only be satisfied on a set of
measure zero. Moreover, also the sign conditions do not restrict the critical cone, and therefore
the largest possible critical cone Cy« = L2(0,T; JH) would be obtained, provided that analogous
conditions hold for uf. and p}- on X.

In this example, the quadratic growth condition below is valid for the choice as critical cone
even without assuming the coercivity condition below (here the so-called first-order sufficient
conditions apply), while the use of a cone based on leads to postulating on the whole
space L%(0,T'; H) for the quadratic growth condition to be valid. This shows that the choice of
as critical cone is essentially better than of one based on (4.43).
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At this point, we give an explicit expression for DQ:f(u) [v,w]| for arbitrary u = (u,ur),v =
(v,or),w = (w,wr) € WU. Arguing as in [43, Sect. 5.7], one obtains with (¢, ¢r) = D8(u)[v] and
(¥, 9¢r) = D8(u)[w] that

D*J(u)[v, w] / (B — pf® ) ot —l—/ (B2 — prfr (yr)) orr

Iy / S(TYG(T) + B / erl@yin(r) + v /Q oo+ [ / owr, (444)

where (y,yr) and (p,pr) are the state and the adjoint state associated with u. We claim that
D2T(w) v, wl| < €Vl IWliorso (4.45)

where the constant C > 0 is independent of u,v,w € U.,q. To prove the validity of (4.45), we
estimate the only critical term

~ [ 9w = [ i umrern.

To this end, recall that (p, pr) € Y by Theorem 4.3 and the global bound (2:10). Then, using Hélder’s
inequality, and the continuous embeddings V' C L*(€2) and Vi C L*(T"), we obtain that

T
1] < Kl/ (Ipllz2) lellzo 1¥lzag) + Iprllzam) llerliae ldrlcam) dt
0

< C (lellcoqoyvy 1¥llcoqoivy + llerlleoqomve 1¥rlleogorie)
< O, er)lly 1@, vr)lly < ClIvlizeorso 1Wllzz2o,r00

which proves the claim. This result shows that, for all u € U,q4, the functional DQj(u) can be con-
tinuously extended to a continuous bilinear functional on L?(0, T'; 7). This extension, which will still
be denoted by D?J(u), will be frequently used in the following.

We will rely on the following coercivity condition:

D*J(u)[v,v] >0 VveCy\{0}. (4.46)

Condition is a direct extension of associated conditions that are standard in finite-dimensional
nonlinear optimization. In the optimal control of partial differential equation, it was first used in [8]. As
in [7, Thm 3.3] or [8], it can be shown that (4.46) is equivalent to the existence of a constant 0 >0
such that D2.J (u*)[v,v] > & ¥ 220790 for aII v € Cy.

We have the following result.

Theorem 4.11. (Second-order sufficient condition) Suppose that (A1)—-A6) are fulfilled and that
Pmin < 0 < pmax and pr... < 0 < pr,... Moreover, let u* = (u*,uf) € WU,q, together with
the associated state (y*,y5) = 8(u*) and adjoint state (p*, pt.), fulfill the first-order necessary opti-
mality conditions of Theorem 4.5. If, in addition, u* satisfies the coercivity condition (4.46), then there
existe > 0 and o > 0 such that the quadratic growth condlition

d(u) >J(u) +ollu- 11*||2L2(0,T;5H) (4.47)

holds for allu € Uq with |[u —u*|| 20 1,50) < €. Consequently, u* is a locally optimal control in the
sense of L*(0,T; H).
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Proof. The proof follows the one of [7, Thm. 3.4]. We remark that in [7] the second-order differentia-
bility of the objective functional in some LP-space with p < oo was used, which we do not have in
our situation. However, as E. Casas pointed out to us in a private communication, this argument is not
needed.

We argue by contradiction, assuming that the claim of the theorem is not true. Then there exists a
sequence of controls {u; } C U,q such that, for all k € N,

* 1 . a Y 1 *
g = w'llzron < 7 whie 3(w) < §u) + o fw - wlagrag . (448)

Noting that uy, # u* for all k € N, we define

r = [[uy — a1 and vy = 74—I€(u;€ —u").

Then ||vi||z2(0,r;30) = 1 and, possibly after selecting a subsequence, we can assume that
v, — v weakly in L*(0, T; K)

for some v € L?(0,T; H). As in [7], the proof is split into three parts.

(i) v € Cyu~: Obviously, each vy, obeys the sign conditions (4.39) and thus belongs to C'(u*). Since
C(u*) is convex and closed in L2(0, T'; H), it follows that v € C'(u*). We now claim that

DJ(u*)[v] + j'(u*,v) = 0. (4.49)

Notice that by Remark 4.4 the expression DJ(u*)[v] is well defined. For every r € (0,1) and al
v = (v,or), u= (u,ur) € L*(0,T; H), we infer from the convexity of j that

0ty =W =5

j(v) = j(u) =

= max // a(v — u) // arAr(vr — up)> (4.50)
(aX,arAr)€dj(u)

This inequality yields, with uy = (ug, uk.),

DI V] + 7/ (u,v) > DJ(u // aA*v+// arALor
:// p" +vu’ v+// pr + vup vp+//a)\*v+//ap)\l’ivp

zhm— //p + vu* + aXN) (uy — u*) // pr+i/ur—|—o¢/\r)(ukp—ur)>
k—o00 T

>0, (4.51)

by the variational inequality (4.35). Next, we prove the converse inequality. By (4.48), we have

Tlug) = Tu) + ) - (o) < o

whence, owing to the mean value theorem, and since u;, = u* + vy, we get

J(u*) + re DI (0 + Oprpvie) [vi] + (0 + revi,) < J(u*) + j(u’) + %r,%
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with some 0 < ), < 1. From (#.50), we obtain j(u* + ryvy) — j(u*) > j'(u*, rpvy), and thus
2%k

We divide this inequality by r; and pass to the limit & — oo. Here, we invoke Corollary [5.2 of the
Appendix, and we use that j'(u*, vi) — j'(u*, v). We then obtain the desired converse inequality

rij(u* + Derivie) [Vi] + g’ (0, v) <

~

DJ(u")[v] +j'(u",v) <0,
which completes the proof of (i).
(i) v = 0: We again invoke (4.48), now performing a second-order Taylor expansion on the left-hand
side,

o~ 2 o~
J(*) +rpeDJ(u")[vi] + %D2J(U*+ﬁkrkvk>[vkavk]+j(U*+TkUk>
2
< J(u*) +j(u )—l—%

We subtract J(u*) + j(u*) from both sides and use (@50) once more to find that

¢ (DT vl + 7' (u' vi)) + %’%Dﬁ(u* + Orevi) Ve, Vi) < % L (452
From the right-hand side of (4.50), and the variational inequality (4.14), it follows
DJ(u")[vi] + 5/ (0", vi) > 0,
and thus, by (4.52),
D2f(u* + D) [V, Vi] < 1 ) (4.53)

k

Passing to the limit & — oo, we apply Lemmaand deduce that DQj(u*)[V, v] < 0. Since we
know that v € C'y~, the second-order condition (4.46) implies that v = 0.

(iii) Contradiction: To finish the proof, we employ (4.44) to see that

D*J(u*)[vy, Vi) / (B =" fOY)) er / (B2 — Prfrg) (yr)) ©iy

+ ﬁ3/§290k(T)2 + ﬁs/rs@kp(T)Q + v //Q'UI?; + vr //z e (4.54)

As shown in the previous step, v = 0, and therefore v, — 0 weakly in LQ(O, T;3H). By Lemma
5.3, the sum of the four integrals containing ¢, or ¢y tends to zero. On the other hand, we have
Vil 220,r30) = 1 forall k € N, by construction. Hence,

v // vi + vp // vp. > min{v,vp} (// U,%—F// U,%F> = min{v,vr} > 0. (4.55)
Q bX Q bX

It therefore follows from the weak sequential lower semicontinuity of the last two summands on the
right-hand side of (4.54) that

lim inf DQj(u*)[vk,vk] > hmmf // vi + vp // V. | = min{v,vr} >0,

k—o00
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On the other hand, it is easily deduced from (4.53) and (3.10) that

lim inf D2J(u*)[vy, vi] <0,

k—o0

a contradiction. The assertion of the theorem is thus proved. O

For the particular case @ = ar without sparsity functional, Theorem 4.10 improves the second-order
sufficient condition [23, Thm. 3.6]: indeed, our coercivity condition is required on a smaller
critical cone (compare (4.43) with the condition [23| (3.72)]), and we have local optimality in an L?-
neighborhood, hence in a larger set than in an L°°-neighborhood as in [23].

5 Appendix

In the following, we assume that (A1)—(A6) are fulfilled.

Lemma 5.1. Let {u;} C U.q converge strongly in L*(0,T; H) to u* € U,q. Then the sequence
{yr} of associated states converges strongly in Y to y*, and the sequence {py} of associated
adjoint states converges strongly in Y to p*.

Proof. The strong convergence ||y,—y*||y — O follows directly from [23] Lem. 2.4]. By the continuity
of the embedding Y C C°([0, T]; V), we then have ||yx(T) — y*(T)||v — 0. Moreover, since the
states yr = (yr,¥r.) and y* = (y*,y5) have to obey the separation property (2.9), we can
easily infer from and the continuous embedding V C (L%(2) x L5(T")), using the mean value
theorem, that

17 (ye) = £ (W) leoqoaryzey + e (wke) — fr@r)llcoqoayzeay) =0 as k — o0, (5.1)

Next, we observe that the adjoint states px, = (px, prr) Solve the system

—Op— Ap+ f"(yr)p = Bi(ye — yg) ae.in Q,
— Oipr — Arpr + Onp + f1(Yrr)pr = Bo(Yar —ys) and pr=pr ae.on X,
p(T) = Bs(yp(T) — yQ,T) ae.in Q, pr(T) = B3(yer(T) — yF,T) ae.on I

From it follows that the sequences {|| f"(yx)|lz=)} and {||fI'(ykr)||L=(x)} are bounded.
Arguing as in the proof of the bound in Theorem 4.3, we obtain that

[Prlly < e (lyr — vallzz@) + lyer — ysllzas) + (1) = varllv + lyer(T) — yrrllv)
for all k£ € N. In view of the convergence results shown above, we thus can conclude that
lpklly < K forall k € N, with some constant K > 0. (5.2)

Now we subtract the adjoint equations for py and p* and set z;, = (z, zkr) = pr — p*. After some
rearrangement, we arrive at the system

— Oz — Dz + () = By — ) + U (wr) — f"(y")]pe ae.in Q, (5.3)
— vz — Arzir + Onzk + L (Y0 zkr = Bo(yrr — vr) + [T (Wkr) — fE W0 P
and zpp = zgr a.e.on X, (5.4)

2k(T) = B3(ye(T) — y*(T)) ae.in Q, zp(T) = Bs(ykp(T) — y(T)) ae.onI'. (5.5)
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Again, we apply Theorem 4.3 to estimate zy, in terms of the norms of the right-hand sides. Now notice
that from and it readily follows that the right-hand side of converges to zero strongly
in L?(Q). Analogously, the right-hand side of tends to zero strongly in L?(X). Therefore, and
since |lyx(T) —y*(T)|[y — 0, we can infer from Theorem 4.3 that ||z, ||y — 0 as k — oo. The
assertion is thus proved. O

Corollary 5.2. Let {u;} C W.q converge strongly in L*(0, T; ) to u* € U,q, and let {v;} con-
verge weakly tov in L*(0, T; H). Then

lim DJ(ug)[vy] = DJ(u")[v]. (5.6)

k—o0

Proof. We have, with v, = (vk, Uky.),

DJ(ug)[vi] = / /Q (pr + vug) vy, + / /E (Prr + Vi) Ukr

Owing to Lemma we have, in particular, that {pk + yuk} converges to p* + vu* strongly in
L?(0,T; ), whence the assertion immediately follows. O

Lemma5.3. Let {uy} and {v; } satisfy the conditions of Corollary[5.4, and assume that v = v = 0.
Then N N
lim D*J(uy)[vy, vi] = D*J(u*)[v,v]. (5.7)

k—o0

Proof. Let vi = (g, Uk ), V. = (v,0r), (¢r, k) = DS(ug)[vi], and (p, pr) = DS(u*)[v].
Since v = v = 0, we infer from that

lﬂﬂﬁHWmW$=/AMﬁ—MJQ@HW%+/éWrﬁM%@@wN%r

4
+ 53/ wr(T) + B / vir(T) = Z Li g,
Q@ r i=1
with obvious notation. At first, notice that

(r: oxr) = (s or) = (DS(uy) = DS(u)) [v] + DS(u")[vy — v].

By virtue of (recall Remark 3.1 in this regard) and the boundedness of {v}} in L?(0, T’; H), the
first summand on the right converges strongly to zero in Y. The second converges to zero weakly in
Y and, thanks to the compactness of the embedding Y C C°([0, T]; LP(Q2) x LP(T')) for1 < p < 6
(see, e.g., [39, Sect. 8, Cor. 4]), strongly in C°([0, T]; L*(Q) x L*(T')). In conclusion,

(¢r, e ) = (@, 0r)  strongly in CO([0,T); L*(Q2) x L>(T)). (5.8)
In particular,
klim (I3 + Lag) = 53/ 0*(T) + b5 / ep(T). (5.9)

Moreover, similarly as in (5.), we have, as k£ — oo,

1P () = £ @) leoqorrzo@ + I W) = £ G lcogomesay =0, (5:10)

DOI 10.20347/WIAS.PREPRINT.3005 Berlin 2023



J. Sprekels, F. Tréltzsch 28

and we know already from Lemma 5.1 that p;, — p* strongly in C°([0, T|; L°(Q2) x L(T")). Com-
bining this with and (5.10), and invoking Hélder’s inequality appropriately, we easily verify that

i (Bt Toe) = [ G- 19w + [[ G- f0i0e 6
o0 Q %
From and (5.11), the assertion follows. O

References

[1] T. Benincasa, L.D. Donado Escobar and C. Morosanu, Distributed and boundary optimal control of the
Allen—Cahn equation with regular potential and dynamic boundary conditions, Intern. J. Control 89 (2016),
1523-1532.

[2] L. Calatroni and P. Colli, Global solution to the Allen—Cahn equation with singular potentials and dynamic
boundary conditions, Nonlinear Anal. 79 (2013), 12-27.

[38] H. Cartan, “Calcul différentiel. Formes différentielles”, Hermann, Paris, 1967.

[4] E. Casas, R. Herzog and G. Wachsmuth, Analysis of spatio-temporally sparse optimal control problems of
semilinear parabolic equations, ESAIM Control Optim. Calc. Var. 23 (2017), 263—-295.

[5] E. Casas and K. Kunisch, Optimal control of the two-dimensional evolutionary Navier—Stokes equations
with measure valued controls, SIAM J. Control Optim. 59 (2021), 2223-2246.

[6] E. Casas, C. Ryll and F. Tréltzsch, Sparse optimal control of the Schlégl and FitzHugh—Nagumo systems,
Comput. Methods Appl. Math. 13 (2013), 415-442.

[7] E. Casas, C. Ryll and F. Tréltzsch, Second order and stability analysis for optimal sparse control of the
FitzHugh-Nagumo equation, SIAM J. Control Optim. 53 (2015), 2168—2202.

[8] E. Casas and F. Tréltzsch, Second order analysis for optimal control problems: improving results expected
from abstract theory, SIAM J. Optim. 22 (2012), 261-279.

[9] L. Cherfils, S. Gatti and A. Miranville, Existence of global solutions to the Caginalp phase—field system with
dynamic boundary conditions, J. Math. Anal. Appl. 343 (2008), 557—-566.

[10] R. Chill, E. Fasangova and J. Pruess, Convergence to steady states of solutions of the Cahn—Hilliard and
Caginalp equations with dynamic boundary conditions, Math. Nach. 13 (2006), 1448-1462.

[11] P. Colli, M. H. Farshbaf-Shaker, G. Gilardi and J. Sprekels, Second-order analysis of a boundary control
problem for the viscous Cahn—Hilliard equation with dynamic boundary conditions, Ann. Acad. Rom. Sci.
Ser. Math. Appl. 7 (2015), 41-66.

[12] P. Colli, M. H. Farshbaf-Shaker, G. Gilardi and J. Sprekels, Optimal boundary control of a viscous Cahn—
Hilliard system with dynamic boundary condition and double obstacle potentials, SIAM J. Control Optim.
53 (2015), 2696—2721.

[13] P. Colli, M. H. Farshbaf-Shaker and J. Sprekels, A deep quench approach to the optimal control of an
Allen—Cahn equation with dynamic boundary condition and double obstacle potentials, Appl. Math. Optim.
71 (2015), 1-24.

DOI 10.20347/WIAS.PREPRINT.3005 Berlin 2023



Second order conditions with sparsity for an Allen—Cahn system 29

[14]

(18]

[16]

(17]

(18]

[19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

(29]

(30]

(31]

P. Colli and T. Fukao, The Allen—Cahn equation with dynamic boundary conditions and mass constraints,
Math. Methods Appl. Sci. 38 (2015), 3950-3967.

P. Colli, G. Gilardi, R. Nakayashiki and K. Shirakawa, A class of quasilinear Allen—Cahn type equations
with dynamic boundary conditions, Nonlinear Anal. 158 (2017), 32-59.

P. Colli, G. Gilardi and J. Sprekels, A boundary control problem for the pure Cahn-Hilliard equation with
dynamic boundary conditions, Adv. Nonlinear Anal. 4 (2015), 311-325.

P. Colli, G. Gilardi and J. Sprekels, A boundary control problem for the viscous Cahn—Hilliard equation with
dynamic boundary conditions, Appl. Math. Optim. 73 (2016), 195-225.

P. Colli, G. Gilardi and J. Sprekels, On a Cahn-Hilliard system with convection and dynamic boundary
conditions, Annali di Matematica 197 (2018), 1445-1475.

P. Colli, G. Gilardi and J. Sprekels, Optimal velocity control of a viscous Cahn—Hilliard system with convec-
tion and dynamic boundary conditions, SIAM J. Control Optim. 56 (2018), 1665—1691.

P. Colli, G. Gilardi and J. Sprekels, Optimal velocity control of a convectivea Cahn—Hilliard system with
double obstacles and dynamic boundary conditions: a ‘deep quench’ approach, J. Convex Anal. 26 (2019),
485-514.

P. Colli and A. Signori, Boundary control problem and optimality conditions for the Cahn—Hilliard equation
with dynamic boundary conditions, Intern J. Control 94 (2021), 1852—-1869.

P. Colli, A. Signori and J. Sprekels, Optimal control problems with sparsity for phase field tumor growth
models involving variational inequalities, J. Optimiz. Theory Appl. 194 (2022), 25-58.

P. Colli and J. Sprekels, Optimal control of an Allen—Cahn equation with singular potentials and dynamic
boundary condition, SIAM J. Control Optim. 53 (2015), 213—-234.

J. Dieudonné, “Foundations of Modern Analysis”, Pure and Applied Mathematics, vol. 10, Academic Press,
New York, 1960.

G. Dziuk and C. M. Elliott, Finite element methods for surface PDEs, Acta Numerica 22 (2013), 289-396.

C. Gal, M. Grasselli and A. Miranville, Nonisothermal Allen—Cahn equations with dynamic boundary con-
ditions, Discrete Contin. Dyn. Syst. 22 (2008), 1009—1040.

C. Gal, M. Grasselli and A. Miranville, Nonisothermal Allen—Cahn equations with coupled dynamic bound-
ary conditions, in: Proceedings of International Conference on “Nonlinear Phenomena with Energy Dis-
sipation” (P. Colli et al., eds.), 117-139, Gakuto Intern. Ser. Math. Sci. Appl., vol. 29, Gakkotosho, Tokyo
2008.

H. Garcke, K. F. Lam and A. Signori, Sparse optimal control of a phase field tumor model with mechanical
effects, SIAM J. Control Optim. 59 (2021), 1555-1580.

G. Gilardi and J. Sprekels, Asymptotic limits and optimal control for the Cahn—Hilliard system with convec-
tion and dynamic boundary conditions, Nonlinear Anal. 178 (2019), 1-31.

R. Herzog, J. Obermeier and G. Wachsmuth, Annular and sectorial sparsity in optimal control of elliptic
equations, Comput. Optim. Appl. 62 (2015), 157—-180.

R. Herzog, G. Stadler and G. Wachsmuth, Directional sparsity in optimal control of partial differential
equations, SIAM J. Control Optim. 50 (2012), 943—-963.

DOI 10.20347/WIAS.PREPRINT.3005 Berlin 2023



J. Sprekels, F. Tréltzsch 30

(32]

(33]

(34]

(35]

(36]

[37]

(38]

(39]

[40]

(41]

[42]

(43]

(44]

A.D. loffe, V.M. Tikhomirov, “Theory of extremal problems”, Studies in Mathematics and its Applications,
vol. 6, North-Holland Publishing Co., Amsterdam-New York, 1979.

H. Israel, Long time behavior of an Allan—Cahn type equation with a singular potential and dynamic bound-
ary conditions, J. Appl. Anal. Comput. 2 (2012), 29-56.

D. Kalise, K. Kunisch and Z. Rao, Infinite horizon sparse optimal control, J. Optim. Theory Appl. 172 (2017),
481-517.

D. Kalise, K. Kunisch and Z. Rao, Sparse and switching infinite horizon optimal controls with mixed-norm
penalizations, ESAIM Control Optim. Calc. Var. 26 (2020), Paper No. 61, 25 pp.

M. Liero, Passing from bulk to bulk/surface evolution in the Allen—Cahn equation, Nonlinear Differ. Equ.
Appl. 20 (2013), 919-942,

E. Otarola, An adaptive finite element method for the sparse optimal control of fractional diffusion, Numer.
Methods Partial Differential Equations 36 (2020), 302—-328.

E. Otarola and A. J. Salgado, Sparse optimal control for fractional diffusion. Comput. Methods Appl. Math.
18 (2018), 95-110.

J. Simon, Compact sets in the space LP(0,T"; B), Ann. Mat. Pura Appl. 146 (1987), 65-96.

J. Sprekels and F. Tréltzsch, Sparse optimal control of a phase field system with singular potentials arising
in the modeling of tumor growth, ESAIM Control Optim. Calc. Var. 27 (2021), suppl., Paper No. S26, 27 pp.

J. Sprekels and H. Wu, A note on parabolic equation with nonlinear dynamic boundary condition, Nonlinear
Anal. 72 (2010), 3028—-3048.

G. Stadler, Elliptic optimal control problems with L'-control cost and applications for the placement of
control devices, Comput. Optim. Appl. 44 (2009), 159-181.

F. Troltzsch, “Optimal Control of Partial Differential Equations: Theory, Methods and Applications”, Gradu-
ate Studies in Mathematics, vol. 112, American Mathematical Society, Providence, Rhode Island, 2010.

H. Wu, Convergence to equilibrium for the semilinear parabolic equation with dynamic boundary condition,
Adv. Math. Sci. Appl. 17 (2007), 67—88.

DOI 10.20347/WIAS.PREPRINT.3005 Berlin 2023



	Introduction
	General assumptions and the state system
	Differentiability of the control-to-state operator
	The optimal control problem
	First-order necessary optimality conditions
	Sparsity of controls
	Directional sparsity in time
	Full sparsity

	Second-order sufficient optimality conditions

	Appendix

