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Abstract

This paper presents a modeling approach to analyze the flexural response of

hybrid reinforced concrete beams with localized corrosion. A new mechanical

model based on extensive uniaxial testing is proposed to describe the stress–strain
relationship of corroded bars with a single pit. The proposed mechanical model is

then incorporated into a sectional analysis to determine the moment curvature

relationship of hybrid reinforced concrete sections with pitting corrosion. The

actual crack pattern is used to divide a beam into discrete hinge elements which

are then combined to compute the load–deflection response of statically determi-

nate beams. The modeling approach is evaluated with available experimental

data showing good predictive capabilities. A parametric study revealed the impor-

tance of the interaction between the tensile reinforcement ratio and the concrete

postcracking residual stress. Furthermore, the deformation capacity of reinforce-

ment bars with pitting corrosion levels beyond 0.25 was shown to have a domi-

nant effect on the ultimate deflection of hybrid reinforced concrete beams.

KEYWORD S
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1 | INTRODUCTION

Corrosion of reinforcement is the main degradation pro-
cess affecting the durability and safety of reinforced con-
crete (RC) structures worldwide. Among the consequences
of reinforcement corrosion, localized pitting has been
found particularly detrimental as the deformation capacity
of the reinforcement is rapidly decreased due to strain

localization at the pits.1–3 As such, corrosion has a severe
negative impact on the structural performance of corroded
structures which in turn may compromise the safety of the
users.

It is generally accepted that too large cracks lead to pre-
mature corrosion initiation. As a result, the use of fiber
reinforced concrete (FRC) in combination with traditional
rebar, also referred to as hybrid reinforced concrete
(hybrid-RC), leads to a reduced crack spacing and lower
stresses in the rebar, resulting in smaller crack widths com-
pared to traditional RC.4–9 Additional reported benefits of
hybrid-RC include a slower ingress of external agents due
to multiple internal microcracks,10 delayed corrosion
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initiation,11,12 an enhanced residual bond13,14 as well as the
suppression of corrosion-induced spalling.13,15 Moreover,
the greater corrosion resistance of steel fibers compared to
conventional rebar16,17 results in a slower degradation of
the load capacity in hybrid-RC elements, as experimentally
observed for beams containing a moderate steel fiber con-
tent (<1% vol.).18 Furthermore, hybrid-RC has also been
recently shown to be a more sustainable solution for crack
control than RC from a life cycle perspective.19 Despite the
positive effects of hybrid-RC, to completely suppress corro-
sion is a challenging pursuit. To that end, developing tools
and models to estimate the residual structural behavior of
corroding RC members is crucial.

In the past, several studies have outlined different
strategies to analyze the residual behavior of corroded RC
structures, most of which were based on finite element
(FE) analyses. For instance, Jnaid and Aboutaha20 used
finite FE analyses where the yield strength of the cor-
roded reinforcement was reduced proportionally to the
corrosion level and complete loss of bond was assumed
for corroded bar regions. Similarly, Lee et al.21 used FE
analyses with modified yield strength, elastic modulus
and bond properties of the reinforcement where the pro-
posed relationships were expressed as a linear function of
the average corrosion level with different scaling factors
for uniform and pitting corrosion. Lim et al.22 investi-
gated the effect of the spatial variability of reinforcement
corrosion on the structural behavior of RC beams. In
their approach, the local variation of corrosion along the
reinforcement was explicitly considered in the FE models
and a bilinear stress–strain relationship, scaled by the
local corrosion level, was used to describe the mechanical
properties of the corroded reinforcement. In a recent
study by Habibi et al.23 FE analyses were also adopted to
investigate the flexural response of corroded RC members
but including an explicit reduction of the ultimate strain
of the corroded bars expressed as a linear function of the
corrosion level. In the work by Nasser et al.,24 FE ana-
lyses were carried out where specific consideration was
given to the deformation capacity of the bar taking into
account the pit length and the uncorroded bar length.
Similarly, Haefliger and Kaufmann,25 extended an exist-
ing model to include the effects of corrosion, where the
effect of strain localization due to pitting and the concept
of critical corrosion level were introduced while steel
reinforcement was modeled using a nonlinear stress–
strain law including the yielding plateau and strain
hardening.

Due to the strong influence that the position of trans-
verse cracks has on the formation of corrosion pits,26,27 it
has been observed that hybrid-RC elements present a
greater number of corrosion pits but with a lower corro-
sion level than for traditional RC elements.27 However, it

is unclear whether and how different corrosion pit distri-
butions, including the number of pits, their location, the
distribution of local corrosion and the position along the
rebar of the most severe pit, could influence the flexural
behavior of hybrid-RC elements. Therefore, a model that
can conveniently incorporate the position of preexisting
cracks and the corrosion distribution along the member
would be useful. To the authors' knowledge, no model
(empirical or theoretical) has yet been proposed to study
the residual flexural behavior of hybrid-RC elements with
corroding reinforcement.

The nonlinear hinge model, initially proposed by Ulfk-
jaer et al.,28 was developed to study the sectional behavior
of FRC beams. The original idea of the nonlinear hinge
model is that the flexural behavior of a beam can be
approximated by describing the cracked section as a non-
linear hinge and assuming that the rest of the structure
behaves elastically. The description of the crack propaga-
tion in concrete is based on nonlinear fracture mechanics
through the “fictitious crack model” as suggested by Hil-
lerborg for plain concrete29 and FRC.30 The nonlinear
hinge model is well suited to describe unreinforced con-
crete or FRC concrete sections with tension softening
behavior where a single crack develops and it has been
used by several researchers to study the flexural behavior
of FRC beams.31–33 In later work by Olesen,34 the non-
linear hinge model was extended to analyze the sectional
behavior (moment–curvature) of hybrid-RC elements
including the variation of stresses along the reinforcement
due to bond action. In that work, the length of the non-
linear hinge, which had been initially suggested to be half
of the beam depth, was assumed as the length of debonded
reinforcement on each side of the crack. However, since
the debonded length is a function of the load, the length of
the hinge must adapt over the analysis, hence the
approach was named the adaptive hinge element.

In this work, a model to analyze the global flexural
behavior (force–deflection) of hybrid-RC beams with
localized corrosion is proposed. The approach adopted is
to discretize a beam into a series of nonlinear hinges
based on available information about the position of pre-
existing transverse cracks. Subsequently, the sectional
behavior of each hinge is analyzed, where the effect of
discrete pits on the stress–strain relationship of corroding
rebar is considered based on previous work by the
authors.35 In the following sections, the model is
described and evaluated against different experimental
results including both RC and hybrid-RC, with and with-
out corrosion. Subsequently, a parametric study is carried
out to investigate the influence of several aspects, includ-
ing the maximum corrosion level, the postcracking
behavior of FRC and the corrosion distribution, on the
load and deformation capacity.
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2 | MODELING STEEL
REINFORCEMENT WITH
LOCALIZED CORROSION

2.1 | Effect of corrosion on steel
reinforcement

When corrosion occurs simultaneously along a large sur-
face area of a reinforcing bar, it is often referred to as
general or uniform corrosion. This type of corrosion is
usually ascribed to a generalized reduction of the pH in
the concrete pore solution due to carbonation. In
quenched and self-tempered (QST) steel reinforcing bars,
often referred to as TempCore® bars, uniform corrosion
can have a severe effect on the strength. This is due to
the heterogeneous microstructure of the material which
consists of a high-strength outer-martensitic tempered
ring and a ductile ferritic–perlitic inner core.36 However,
due to the volumetric expansion of the corrosion prod-
ucts, uniform corrosion can often be detected early in the
degradation process due to the formation of longitudinal
cracking and the appearance of conspicuous rust stains
on the concrete surface.

On the other hand, localized corrosion, also referred
to as pitting corrosion, describes a type of corrosion char-
acterized by the formation of a corrosion macrocell that
leads to a rapid and highly localized loss of cross-
sectional area. Pitting corrosion occurs as a result of the
local breakdown of the steel passive layer due to the pres-
ence of chlorides and, unlike for uniform corrosion, cover
cracking might be delayed, thereby concealing the actual
condition of the reinforcement and making corrosion
harder to detect. The local loss of cross-section in a QST
reinforcing bar does not significantly affect the apparent
strength of the material as both the outer ring and the
inner core are often affected. However, it has been

experimentally observed35,37,38 that localized pitting
strongly reduces the deformation capacity of reinforcing
bars due to strain localization. This effect is illustrated in
Figure 1, where the difference between the local strain at
each section of the bar and the engineering strain mea-
sured over a gauge length, lg, that includes a pit of length,
lp, is highlighted. Since engineering strain is always
linked to a certain reference gauge length, the steel strain
is denoted and defined as:

ε
lg
s ¼ΔL

lg
ð1Þ

where ΔL is the length change of the measuring device,
for example, an extensometer, and lg is the reference
gauge length.

In a recent study by Franceschini et al.,39 a stress–
strain relationship for prestressing steel strands with local-
ized pitting corrosion was derived based on 3D scanning
data of naturally corroded strands where the maximum
penetration depth of the pit was used as main parameter.
In this work, a similar approach was adopted where exper-
imental results from a previous study35 were analyzed to
derive the parameters required to define the engineering
stress–strain relationship of steel reinforcement bars with
localized corrosion, although as a function of the maxi-
mum corrosion level in a pit, μ, defined as:

μ¼As�Apit

As
ð2Þ

where As and Apit are the uncorroded cross-sectional area
of the bar and the minimum residual cross-sectional area
at the pit, respectively.

In Chen et al.,35 the mechanical behavior of more
than 50 TempCore® B500B steel reinforcement bars with
a single major pit of varying corrosion levels was
obtained experimentally through uniaxial tensile tests.
Before the tensile tests, a 3D laser scanner was used to
determine the residual cross-section area of the corroded
bars, Apit with high accuracy. In the uniaxial tests, an
extensometer with a gauge length of 50mm was used to
measure the average strain. Henceforth, when a super-
script is not specified, strain will be referred to a 50mm
gauge length, that is, εs ¼ ε50s .

The force–strain diagram for all the tested bars with
maximum corrosion levels between 0 and 0.337 is pre-
sented in Figure 2a. As observed, uncorroded rebars dis-
played a behavior that can be described by four different
stages: (i) elastic stage, (ii) yield plateau, (iii) hardening
stage, and (iv) necking or softening stage. The schematic
representation of the stress strain diagram for an uncor-
roded bar is shown in Figure 2b, where the characteristic

lp

lg

local strain
average strain
over lg

Strain localisation
at pit

FIGURE 1 Schematic representation of the distribution of

local strain along a bar with a pit of length lp and the engineering

strain over the pit measured with a gauge length of lg. Note that the

local effect of the ribs has not been included.
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points defining the boundaries of the different stages of
the diagram have been identified.

According to previous findings, in addition to a
decrease of the load capacity, reinforcement bars with
localized corrosion exhibited a sharp reduction of their
deformation capacity. Moreover, the shape of the diagram

was also affected, and the yield plateau became less and
less obvious with increasing corrosion levels, until it was
no longer discernible. For steel without a yield plateau,
such as cold formed steel, the concept of yield strength is
usually replaced by proof strength, which is defined as the
stress at a prescribed plastic or total strain.40 Consequently,

(a) (b) (c)

FIGURE 2 (a) Experimental results of force–strain diagram for 53 reinforcing bars with varying maximum corrosion levels, after.35

Schematic representation of the stress–strain diagram of TempCore® reinforcement bars for (b) uncorroded rebar and (c) rebar with

significant corrosion. The subscripts in (b) and (c) stand for yield “y,” strain hardening “sh,” ultimate “u,” rupture “r,” and proof “p.”

(a) (b)

(c) (d)

FIGURE 3 Variation of parameters describing the mechanical behavior of steel reinforcement bars with increasing localized corrosion

level: (a) ultimate and proof strength; (b) strain at the onset of steel hardening; (c) ultimate strain across the pit measured with a 50 mm

extensometer and ultimate strain outside the pit measured with a 25 mm extensometer; and (d) ratio between the strain at rupture and the

ultimate strain across the pit.

4 BERROCAL ET AL.
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since the pronounced effect of corrosion on the force–strain
diagram made it difficult to accurately determine the force
and stress at yielding, a proof strain of 0.5% (measured also
by an extensometer with a gauge length of 50 mm) was
used in this study to analyze the mechanical behavior of
heavily corroded rebars. It should be noted that for uncor-
roded bars and lightly corroded bars exhibiting the yield
plateau, the proof strength at 0.5% strain is virtually the
same as the yield strength. The schematic representation of
the stress strain diagram for a bar with significant localized
corrosion is presented in Figure 2c.

In Figure 3, the variation with the maximum corro-
sion at the pit of some of the characteristic points shown
in Figure 2b,c is presented. Figure 3a shows the proof
strength, f p, and ultimate strength, f u, calculated as:

f p ¼
Fp

As 1�μð Þ ð3Þ

f u ¼
Fu

As 1�μð Þ ð4Þ

where Fp and Fu are the proof and ultimate force of the
bar, respectively.

As observed, neither the ultimate nor the proof
strength appeared to depend on the corrosion level; they
were both scattered around a value close to the one mea-
sured for uncorroded bars. Consequently, both strengths
were assumed independent of the corrosion level at the
pit and were taken as the average value of the measured
points, namely f p ¼ 530 MPa and f u ¼ 640 MPa.

The variation of the strain at the onset of strain hard-
ening with increasing corrosion is shown in Figure 3b. It
can be seen that for lightly corroded bars with a maximum
corrosion level below approximately 0.085, the value is
also scattered around the initial value of the strain at the
onset of hardening, εsh,0 ¼ 0:027. However, beyond a cor-
rosion level of 0.085, an abrupt drop occurs which seems
to stabilize at a value equal to the initial yield strain
εy,0 ¼ 0:0027 for corrosion levels greater than 0.2. This
means that for corrosion levels beyond 0.2 the yield pla-
teau is no longer discernible, although the observed trend
still needs to be verified for very large corrosion levels,
that is, μ>0:5. The strain at the onset of strain hardening
as a function of the corrosion level is defined as:

εsh μð Þ¼
εsh,0 μ<0:085

εy,0þ εsh,0� εy,0
� � 0:2�μ

0:2�0:085

� �αh

0:085< μ<0:2

εy,0 μ>0:2

8>><
>>:

ð5Þ

where the exponent αh = 5 is a fitting parameter.

As already mentioned, the deformation capacity of
corroded reinforcement bars is dramatically affected by
corrosion. However, when the concept of engineering
strain according to Equation (1) is used, the value of the
ultimate strain (strain at the maximum force) of a cor-
roded rebar has also been reported to depend strongly on
the gauge length and the position of the extensometer
(bridging or excluding the pit).35 As a result, the ultimate
strain measured across the corrosion pit and outside the
pit region display clearly distinct relations with the corro-
sion level. This is evident in Figure 3c, where ε50u and
ε25_outu are the ultimate strains measured with a 50mm
extensometer across the pit and with a 25mm extensome-
ter outside the pit, respectively. Note that for an exten-
someter placed outside the pit, the gauge length has no
significant effect on the measured strain as long as it is
greater than the rib spacing.35

While the strain across the pit decreases smoothly
with increasing corrosion levels, a critical corrosion level
exists beyond which the ultimate strain outside the pit
exhibits a sudden drop. This can be explained by the fact
that when the cross-section in the pit is reduced to a cer-
tain point, the maximum force reached in the pit is lower
than the force required to reach yielding in the originally
uncorroded cross-section. Based on that and as previously
reported by Chen et al.,35 the critical corrosion level, μcrit,
can be defined as:

μcrit ¼ 1� f y,0
f u,0

ð6Þ

where f y,0 and f u,0 are the yield and ultimate strengths,
respectively, of the uncorroded rebar. The empirical rela-
tions of ε50u and ε25_outu are35:

ε50u μð Þ¼ ε50u0e
�4:27μ ð7Þ

ε25outu μð Þ¼ ε50u0e
�9:46μ μ< μcrit

ε50u0 0:0262ð Þ 1�μð Þ μ≥ μcrit

�
ð8Þ

where ε50u0 ¼ 0:129 is the ultimate strain of an uncorroded
bar measured with a 50mm gauge length extensometer.
Note that ε50u0 is also used in Equation (8) since this value
of the ultimate strain outside of the pit region is in princi-
ple independent of the gauge length for an uncorroded
rebar.

The last studied parameter of the mechanical behav-
ior of corroded rebars was the strain at rupture, εr, which
defines the end of the softening branch. As observed in
Figure 2a, the variation of the strain at rupture followed
a similar trend as the ultimate strain. Therefore, in

BERROCAL ET AL. 5

 17517648, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/suco.202201248 by Statens B

eredning, W
iley O

nline L
ibrary on [03/05/2023]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Figure 3d the ratio between these was investigated,
where a moderate increase can be observed for increasing
corrosion levels. Thus, the following expression is used to
describe the variation of the strain at rupture with the
corrosion level:

εr μð Þ¼ 7:84μ2þ1:6
� �

εu μð Þ ð9Þ

It is worth noting that the experimental results presented
in Figure 2a and the expressions derived thereof are
based on tests performed on bars with a single bar diame-
ter. It is here assumed that the mentioned expressions
can be extrapolated to other diameters, which needs to be
experimentally validated.

2.2 | Mechanical model for steel bars
with localized corrosion

Based on the expressions found in the previous
section given by Equation (6)–(9), the following stress–
strain constitutive law for steel reinforcement bars with
localized corrosion is suggested:

σ ε,μð Þ¼

εsEs εs ≤ εy,0

f y,0 εy,0 < εs < εsh μð Þ

f u,0� f u,0� f y,0
	 
 εu μð Þ� εs

εu μð Þ�εsh μð Þ
� �P

εsh μð Þ≤ εs ≤ εu μð Þ

f u,0� f u,0� f r,0
� � εs� εu μð Þ

εr μð Þ� εu μð Þ
� �3

εs > εu μð Þ

8>>>>>>>><
>>>>>>>>:

ð10Þ

where Es ¼ 200 GPa is the steel Young's modulus which
is assumed to remain constant based on the force–strain
results shown in Figure 2a, εy,0 ¼ f y,0=Es is the yield strain
of the uncorroded bar and P is the strain-hardening
power, as defined by Equation (11)41:

P¼Esh0
εu0 � εsh0

f u0 � f y0
ð11Þ

where Esh0 is the tangent slope at the onset of strain-
hardening, εsh0 , also referred to as strain-hardening mod-
ulus. Based on the experimental results, the strain-
hardening modulus can be estimated to vary between
0:013E0 and 0:014E0, which gives a value of P of approxi-
mately 2.5. The last expression in Equation (10) is sug-
gested in this work to describe the postpeak branch of
steel rebars in an analogous way as for the strain-
hardening branch, where the exponent has been fitted to
the experimental data.

Moreover, even though defining the exact moment
when corroded bars yielded became difficult with
increasing corrosion, the strain where a clear loss of line-
arity occurred was generally close to the yield strain of
the uncorroded rebar. Therefore, the yield strength was
used instead of the proof strength for the sake of simplic-
ity, which was assumed constant and equal to the yield
strength of the uncorroded rebar. This simplification is
expected to introduce only a small error around the yield
point.

In Figure 4, the proposed mechanical model is com-
pared against the experimental results of bars with differ-
ent levels of corrosion, which illustrate how the model
can capture the progressive degradation of the stress–
strain relationship for increasing corrosion levels. More-
over, it is worth mentioning that the proposed constitu-
tive law given by Equation (10) could be easily
implemented to describe the stress–strain relationship of
corroded reinforcement in FE analyses where reinforce-
ment is modeled as 1D elements.

3 | MODELING THE FLEXURAL
BEHAVIOR OF CORRODED HYBRID-
RC BEAMS

The model proposed in this work to evaluate the force–
deflection response of a hybrid-RC beam (or slab's strip)
with localized corrosion involves three main steps:

a. the discretization of the beam into a series of seg-
ments, each representing a nonlinear hinge.

b. the determination of the sectional behavior (moment–
curvature) of each hinge.

c. the stepwise calculation of the force–deflection
diagram.

Moreover, the proposed model also involves a number
of assumptions. First, the pits are assumed to coincide
with the position of transverse cracks, which has been
shown to be a reasonable assumption before longitudi-
nal cracking occurs.18 As such, the model is mainly
meant for the analysis of elements with dominant local-
ized corrosion where corrosion-induced longitudinal
cracking has not yet occurred. This is in line with the
assumption that the length of existing pits is less than
50 mm, as corrosion distributed over longer regions
increases the risk of longitudinal cracking. Similarly,
the bond strength of the rebar-concrete interface is
assumed to remain largely unaffected by pitting so that
anchorage failure is prevented. In the following, a
detailed description of the different steps involved in
the modeling procedure is given.

6 BERROCAL ET AL.
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3.1 | Beam discretization and
determination of corrosion input
parameters

In the present study, a hinge is defined at the position of
each of the major preexisting cracks in the beam. The
boundaries of the hinge are then determined as the mid-
point between the crack contained in the hinge and the
two adjacent cracks. For the first and last crack, a sym-
metric hinge boundary is created based on the next and
previous crack, respectively. Moreover, two additional

hinges are created at the ends of the beam, limited by the
position of the supports. Figure 5 illustrates how a beam
with a given crack distribution is discretized into Nh

hinges.
Because the model presented in this study is meant

for the assessment of corroded structures, the existing
crack pattern is assumed available. Nevertheless, in the
absence of the crack pattern, the model can be used
assuming an average crack spacing calculated according
to current design codes.42 It should be noted that since
the crack spacing may not be constant, this method

0 0.1 0.2 0.3

Strain, [-]

0

200

400

600

St
re

ss
, [

M
Pa

]

μ = 0.00-0.02

experiment

model μ = 0.00

0 0.1 0.2 0.3

Strain, [-]

μ = 0.04-0.06

experiment

model μ = 0.05

0 0.1 0.2 0.3

Strain, [-]

μ = 0.14-0.16

experiment

model μ = 0.15

0 0.1 0.2 0.3

Strain, [-]

μ = 0.32-0.34

experiment

model μ = 0.33

FIGURE 4 Comparison of the modeled stress–strain relationship for reinforcement bars with different local corrosion levels and

experimental results from Chen et al.35

FIGURE 5 Discretization of a beam segment based on the position of existing cracks and determination of the average and maximum

corrosion level in a hinge.
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generally results in hinges of different length with a non-
symmetric distribution.

By modeling the beam as a series of hinge elements,
it is convenient to consider the local variation of stiffness
along the beam due to localized pitting corrosion. To that
end, every hinge can be described by its own moment–
curvature relationship which depends on the corrosion
level at the hinge. The cross-section of a beam is, how-
ever, always reinforced with several rebar where each
rebar may be potentially affected to a very different
extent by corrosion. For that reason, the model input
regarding the corrosion level of each hinge needs to be
determined. Corrosion affects both the load capacity and
the deformation capacity of the hinge, but these two
mechanisms are driven by different corrosion parame-
ters. On the one hand, when the deformation capacity of
the hinge is limited by the rupture of the reinforcement,
the governing parameter is the maximum corrosion level
of the most corroded rebar, as the failure of any of the
bars can be also considered the failure of the hinge. On
the other hand, the load capacity of the hinge is governed
by the sum of the individual contributions of each rebar.
Therefore, the following two corrosion parameters are
defined:

μi,max ¼ max μi,j

n o
for j¼ 1,…,nbars ð12Þ

μi,mean ¼
1

nbars

Xnbars
j¼1

μi,j ð13Þ

where μi,j is the maximum corrosion level in the pit
of the jth bar in the ith hinge, nbars is the number of ten-
sile reinforcement bars in the hinge, μi,max is the maxi-
mum corrosion level at the ith hinge to be used in
Equations (3)–(5) and Equations (7)–(10) and μi,mean is
the average corrosion level of the bars at the ith hinge.
It should be noted that the model requires knowledge
about the maximum corrosion level at the pits of
each hinge, which should be estimated based on best
current existing practices. Alternatively, in the absence
of detailed information, various corrosion scenarios
may be investigated to evaluate the impact of
localized corrosion on the global behavior of hybrid-RC
beams.

3.1.1 | Cross-sectional analysis: Nonlinear
hinge model for hybrid-RC

In the present work, a simplified model for sectional
analysis based on the nonlinear hinge model as described

by Löfgren43 following the recommendations of RILEM
TC 162-TDF44 is adopted. In order to determine the dis-
tribution of stresses and strains in the cross-section, the
following assumptions regarding the kinematics of the
hinge are introduced:

a. The average strain in the reinforcement is related to
the average elongation of the hinge at the level of the
reinforcement.

b. Tension stiffening and the variation of stresses within
the hinge element are not considered.

c. The crack surfaces remain plane and the crack open-
ing angle, θ*, equates the overall angular deformation
of the nonlinear hinge.

The principle of the analysis for a structural element
subjected to a combination of bending moment and axial
force and the resulting distribution of strain and stress
along the height of the hinge are shown in Figure 6.

The mean curvature of the hinge, χm, is given by:

χm ¼ θ

s
ð14Þ

where θ is the angular deformation, that is, the rotation
of the hinge, which is assumed equal to the angular
deformation of the crack, θ*, and s is the length of the
nonlinear hinge.

Based on the kinematic assumption, the average
strain distribution is linear across the section height.
Thus, at any horizontal layer of the hinge, the average
longitudinal strain is expressed as:

ε yð Þ¼ χm � y� y0ð Þ ð15Þ

where y is the vertical coordinate measured from the top
of the cross-section and y0 is the depth of the neutral axis.
The average strain at the bottom and top reinforcement
can then be calculated as:

εs ¼ χm � ds� y0ð Þ ð16Þ

ε0s ¼ χm � d0s� y0ð Þ ð17Þ

where ds and d0s denote the distance of the center of the
bottom and top rebar, respectively, to the top surface of
the beam, as depicted in Figure 6. The stress in the steel
reinforcement can be calculated according to
Equation (10), where the stress in tensile reinforcement
σs εs,μmaxð Þ is a function of the maximum corrosion level
in the hinge whereas the stress of the reinforcement in
compression σ0s ε0s,0

� �
is based on the mechanical

8 BERROCAL ET AL.
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behavior of an uncorroded rebar (i.e., the compressive
reinforcement is assumed to be uncorroded).

It is important to recall that the stress–strain constitu-
tive law defined by Equation (10) is based on the rela-
tions investigated using strain measurements with a
50 mm extensometer. However, as previously mentioned,
the value of the ultimate strain is very sensitive to the
gauge length used to measure it. To address this issue, a
semi-analytical model proposed by Chen et al.35 is used
to calculate the ultimate strain over any gauge length lg
greater than 50mm, where the pit length is assumed
smaller than 50mm:

ε
lg
u μmaxð Þ¼ 50ε50u μmaxð Þþ lg�50

� �
ε25outu μmaxð Þ

lg
ð18Þ

where ε50u and ε25_outu are the values defined by Equa-
tions (7) and (8), respectively, and the gauge length lg ¼ s
is given in mm. The adjusted ultimate strain, εlgu , is then
used in Equation (10) to account for the influence of the
hinge length on the ultimate strain of the corroded rebar
segment.

In the compressive zone of the hinge, where y≤ y0,
the stresses in the concrete are related to the strain
through the constitutive law of concrete under compres-
sion, σc εð Þ. In this study, the model proposed by Thoren-
feldt et al.45 was chosen to describe the complete stress–
strain relationship of plain concrete under compression.
For FRC in compression, however, it has been experi-
mentally observed that the fibers provide a slower post-
peak degradation. Consequently, the constitutive law
proposed by Ruiz et al.46 was used. Both models are illus-
trated in Figure 7a. It should be noted that the postpeak
branch of both models is modified as shown in Figure 7b
to account for the size effect of the hinge length com-
pared to reference fracture zone in a 300mm cylinder.47

In the tensile zone of the hinge, y≥ y0, the concrete is
assumed to remain linear until the tensile strength of the
concrete, f ct, is reached. Thereafter, a cohesive law or
stress-crack opening relationship is used to describe the
postcracking stress:

σc ¼
ε yð Þ �Ec, ε yð Þ≤ f ct=Ec

σct w yð Þð Þ, ε yð Þ> f ct=Ec

�
ð19Þ

where Ec is the modulus of elasticity of the concrete and
w yð Þ is the crack width along the height of the crack,
which can be approximated by Equation (20):

w yð Þ¼ χm y� y0ð Þ� f ct
Ec

� �
� s ð20Þ

The contribution of the process zone in plain concrete
is considered negligible and, consequently, cracks are
considered stress-free after the concrete reaches its tensile
strength, that is, σct wð Þ¼ 0. Conversely, the postpeak
behavior of FRC in tension is described by a stress-crack
opening relationship in the form of a multilinear curve
according to Equation (21):

σct wð Þ¼ αiþ αiþ1�αið Þ w�wi

wiþ1�wi

� �
f ct forwi <w≤wiþ1

ð21Þ

where αi ¼ σi=f ct is the stress corresponding to the crack
width wi normalized with respect to the tensile strength
of the concrete and wuis the ultimate crack width beyond
which the crack becomes stress-free. The constitutive
relationship of concrete in tension for plain concrete and
FRC are illustrated in Figure 8. It is worth mentioning
that in the past, either drop-constant or bilinear-

FIGURE 6 Principle of analysis for a structural element subjected to bending moment and axial force: kinematic relationships and

stress and strain distribution in a cracked section.

BERROCAL ET AL. 9
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relationships have been adopted to describe the post-
cracking response of FRC, which enabled obtaining
closed-form solutions for the curvature-moment relation-
ship of the section. However, according to Barros et al.,48

four branches of a multilinear stress-crack opening rela-
tionship are needed to describe with sufficient accuracy
the postcracking behavior of most FRC mixes used in
practice. Therefore, in this work, the number of branches
of the multilinear stress-crack opening relationship can
be selected as an input parameter. It is worth mentioning
that the mechanical degradation of FRC due to corrosion,
which has been experimentally observed and discussed
by several, see for example,49–51 was not considered in

the model due to the current lack of comprehensive
understanding and experience. However, including this
phenomenon in the model is straightforward provided
the constitutive law of the FRC with fiber corrosion is
available in the future.

Once the stress over the height of the hinge
section is determined, the internal axial force and bend-
ing moment can be calculated according to Equations (22)
and (23):

N int ¼
Z h�a

0
σc yð Þ �b yð Þ �dyþ

Z h

h�a
σct w yð Þð Þ �b yð Þ �dy

þσs 1�μmeanð ÞAsþσ0sA0
s ð22Þ

FIGURE 7 (a) Thorenfeldt et al.45 and Ruiz et al.46 models for the constitutive law of concrete and FRC, respectively, in compression.

(b) Example of modified Thorenfeldt constitutive law accounting for the size effect of the hinge length, after Hanjari et al.47

FIGURE 8 Tensile behavior of concrete in tension: (a) linear stress–strain relationship in tension before cracking and perfectly brittle

behavior assumed for plain concrete after cracking; (b) example of a possible FRC postcracking stress-crack width relationship described by

a multilinear curve with four branches.

10 BERROCAL ET AL.
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Mint ¼
Z h�a

0
σc yð Þ � y �b yð Þ �dyþ

Z h

h�a
σct w yð Þð Þ � y �b yð Þ �dy

þσs 1�μmeanð ÞAsdsþσ0sA0
sd

0
s

ð23Þ

where As and A0
s are the cross-sectional areas of the ten-

sion and compression reinforcement, respectively and
a is the crack height, as illustrated in Figure 6.

The procedure used to obtain the cross-sectional
response of the hinge element and the moment–

curvature diagram follows an iterative approach. For a
given curvature, or rotation, of the hinge, the position of
the neutral axis y0 is found from Equation (22) by impos-
ing the force equilibrium condition N int�Next ¼ 0. Once
the position of the neutral axis is known, Equation (23)
gives the corresponding bending moment. By progres-
sively increasing the value of the curvature, the entire
moment–curvature diagram of the hinge can be obtained.
In this model, the sectional analysis of a hinge is inter-
rupted when the strain in the reinforcement exceeds the
ultimate strain of the steel (steel rupture) or when

hmid

F F

Mmid

M(x)

M(x)~

χi

Mi
 k 

 k 

δmax
 k 

χmid

Mmid
 k 

 k 

 k 

 k  k 

FIGURE 9 Analysis procedure of the proposed model for the calculation of the force–deflection diagram of statically determined beams

with localized reinforcement corrosion.
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equilibrium can no longer be reached due to insufficient
capacity in the concrete (concrete crushing).

3.2 | Global analysis: Procedure for the
evaluation of the force–deflection
relationship

The analysis procedure presented in this section and
illustrated in Figure 9 is valid for statically determinate
beams simply supported on both ends and failing in
bending. However, the procedure may be adapted with
minor modifications to other types of statically determi-
nate beams, for example, cantilever beams. Once the
crack pattern is determined and the beam is discretized
into Nh hinges, the moment–curvature Mi χið Þ relation-
ship of each hinge is first calculated based on the geome-
try, material and corrosion input parameters μi,j

	 

of the

hinge. Next, the global analysis is initialized by incre-
mentally varying the curvature of one of the hinges. In
this study, the hinge chosen to steer the analysis is
the one where the largest bending moment is expected
to occur. Since the midspan of a simply supported
beam is the most loaded section for symmetrical load dis-
tributions, the analysis is steered using the mid-hinge,
denoted as hmid, which is defined as the hinge closest to
the mid-span coordinate. At the kth loading step, the sec-
tional moment at the mid-hinge Mk

mid is obtained from
the moment–curvature relationship of the mid-
hinge, Mmid χmidð Þ.

For statically determined beams, the shape of the
moment distribution is only a function of the number of
external loads and their position while the magnitude of
the moment distribution is proportional to the magnitude
of those loads. Assuming that the ratio between the mag-
nitude of the loads is kept constant when more than one
point load acts on the beam, the entire moment distribu-
tion can be obtained if the moment at one single point of
the distribution is known. Therefore, Mk

mid is used to find
the theoretical moment distribution at the kth loading
step, M xð Þ, which in turn can be used to determine the
sectional moment at each of the remaining hinges, where
Mk

i (i¼ 1,…,Nh; i≠mid) is the moment of the ith hinge
at the kth loading step.

Subsequently, the corresponding curvature of every
hinge, χki , can be obtained from the corresponding
moment–curvature relationship, Mi χið Þ, of each hinge. It
should be noted that the curvature may not be unequivo-
cally determined from the bending moment due to the
existence of one or more descending branches in the
moment–curvature diagram. In that case, the curvature
is determined as the smallest of all curvatures with the
target moment, provided the moment of the hinge in the

kth step is greater than the moment in any previous step,
Mk

i >M1:k�1
i . If the previous condition is not fulfilled, it

means that the steering hinge is advancing through a des-
cending branch of the moment–curvature diagram which
entails that rotation localizes in the mid-hinge and the
remaining hinges undergo unloading. However, to avoid
returning elastically by the original loading path, an
unloading path must be defined. Since unloading/
reloading was not defined at the material level in this
work, a simplified approach is adopted to account for the
unloading and reloading of the hinges according to
Equation (24):

χki ¼ χk�1
i þ Mk

i �Mk�1
i

� �
=Kunload ð24Þ

where Kunload is the bending stiffness of the hinge upon
unloading/reloading, which can be chosen to describe
the intended behavior of the hinge from full elastic recov-
ery Kunload¼Mk�1

i =χk�1
i

� �
to fully inelastic χki ¼

�
χk�1
i whenKunload !∞Þ. In this study, Kunload was given
an intermediate value of 10 �KII, where K II is the average
bending stiffness of the hinge in state II, that is, after
cracking and before yielding of the reinforcement.

To calculate the rotation and deflection distribution,
an auxiliary mesh of element size Δx is generated along
the beam. This step is implemented to obtain the rotation
and deflection at specific locations, for example, at mid-
span and avoid having to interpolate the results later.
Each element is assigned the curvature of the hinge in
which the element is positioned. Subsequently, the curva-
ture of the auxiliary mesh, χ0 xð Þ, is integrated, in its dis-
crete form, once to obtain the rotations and once more to
obtain the deflections according to:

θ xð Þ¼
Xx=Δx
i¼1

χ0 xið Þ �Δxð ÞþC1 ð25Þ

δ xð Þ¼
Xx=Δx
i¼1

θ xið Þ �Δxð ÞþC1 �xiþC2 ð26Þ

where θ xð Þ and δ xð Þ are the rotation and deflection distri-
butions, respectively, and C1 and C2 are integration con-
stants determined by the boundary conditions.

4 | MODEL EVALUATION

In this section, the performance of the proposed model is
evaluated in terms of its ability to predict the global load-
deflection behavior of four beams tested experimentally
by the authors in previous studies.18,52

12 BERROCAL ET AL.
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Two RC and two hybrid-RC beams were investi-
gated, where one of the beams in each group was uncor-
roded and the other presented pitting corrosion. The
hybrid-RC beams, that is, Beam2 and Beam4, included a
fiber dosage of 0.25% vol. (20 kg/m3) and 0.5%
vol. (40 kg/m3) of steel fibers, respectively. The fiber
type used in both cases was a hooked-end steel fiber
Dramix 3D from Bekaert with a length of 35 mm a
diameter of 0.55 mm. The stress-crack width opening
relation of the fiber reinforced concrete matrix was
obtained through an inverse analysis of wedge-splitting
tests and three point bending beam tests for Beam2 and
Beam4, respectively, as described.53,54 The beams with
localized pitting corrosion, namely Beam3 and Beam4,
were corroded through cyclic exposure to a chloride
solution with a 16.5% NaCl concentration for 3 years
while loaded under three-point bending to achieve a
maximum crack width opening of 0.2 mm at the surface.
After loading the beams to failure, the rebars were
extracted and the maximum local corrosion level in the
pits was determined by 3D-scanning, obtaining a
detailed description of the residual cross-sectional area
which was then corrected to account for the area reduc-
tion due to necking as described.18

Since the beams were tested in different experimen-
tal programs, the geometry and material properties of
the concrete and the reinforcement as well as the load
configuration varied among the beams. Moreover, the
actual crack pattern, which was carefully documented
for the corroded beams is used as input for Beam3 and
Beam4 whereas an average crack spacing is used as
input for Beam1 and Beam2. Figure 10 illustrates the
parameterized geometry and reinforcement layout of a
typical reinforced concrete beam loaded in four point
bending configuration while the input values for each
parameter is given in Table 1 for the different beams
investigated.

In Figure 11, a comparison is presented between the
experimentally determined force–deflection response
(black lines) and the response predicted by the proposed
model according to the data presented in Table 1 (blue
markers) for the four investigated beams. Note that for
Beam1, results from five identical specimens were avail-
able, which have been included to illustrate the disper-
sion in the tests.

As observed, the model was able to reproduce the
global response of the uncorroded beams, Beam1 and
Beam2, with very good agreement. Particularly, the model
was able to capture both the failure mode (concrete crush-
ing) as well as the ultimate deflection of Beam1 with great
accuracy. Similarly, the model was also able to reproduce
the behavior of Beam2, although in this test the beam was
unloaded before failure even though the analysis shows
that a larger deflection could have been reached.

On the other hand, the model did not show the same
level of agreement between the predicted and experimen-
tally determined response for the corroded beams when
using the input values given in Table 1. It is worth men-
tioning that the differences observed on the initial
ascending branch can be attributed to the fact that the
tested beams were preloaded to induce cracking before
and during exposure to wetting and drying cycles in chlo-
ride solution. On the other hand, the main source of dis-
agreement in the postpeak behavior was not corrosion
itself, but rather the particular geometry of the shallow
beams.

Looking at Beam3 in Figure 11c, it can be observed
that the model captured well the maximum load capacity,
although the predicted failure mode was concrete crush-
ing failure instead of the actual steel rupture and the
maximum deflection was significantly underestimated by
the model. After investigating the possible causes for the
disagreement, it was determined that the most likely
explanation was the localization of concrete crushing into

FIGURE 10 Definition of parameters describing the geometry and reinforcement of a reinforced concrete beam. Data for the different

beams is included in Table 1.

BERROCAL ET AL. 13
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TABLE 1 Summary of input data for the model.

Beam1 Beam2 Beam3 Beam4

General description

Reference n/a Löfgren52 Berrocal et al.18 Berrocal et al.18

Reinforcement Conventional Hybrid Conventional Hybrid

Corrosion No No Yes Yes

Load setup 4-PBT 4-PBT 3-PBT 3-PBT

Geometry and reinforcement

L (mm) 2700 3750 1000 1000

L1 (mm) 900 1250 500 500

h (mm) 250 250 100 100

b (mm) 200 750 180 180

ds (mm) 209 225 65 65

d's (mm) 38 – – –

As (mm2) 603 192 235 235

A's (mm2) 157 – – –

Concrete input parameters

fcc (MPa) 65.0 46.1 67.2 67.2

εc0 (�) 0.003 0.00275 0.0026 0.0026

fct (MPa) 4.2 3.3 3.6 3.6

Ec (GPa) 28.0 32.7 32.0 32.0

αfct � w (MPa, mm) n/a 0.516fct, 0.02
0, 7.88

n/a 0.597fct, 0.043
0, 5.34

Steel input parameters

εsh0 (�) 0.027 0.027 0.027 0.027

εu0 (�) 0.129 0.07 0.129 0.129

fy0 (MPa) 546 737 530 530

fu0 (MPa) 626 835 640 640

fr0 (MPa) 490 700 495 495

Es (GPa) 200 194 200 200

Crack pattern and corrosion input

xcr (μmean,μmax) (mm) ([�], [�]) 180 (0,0)
…
sr = 130 mm
…
2520 (0,0)

140 (0,0)
…
sr = 165 mm
…
3625 (0,0)

100 (0, 0)

180 (0, 0)

100 (0, 0) 241 (0, 0)

200 (0, 0) 343 (0, 0)

321 (0.03, 0.091) 395 (0, 0)

406 (0.073, 0.139) 464 (0, 0)

516 (0.124, 0.172) 535 (0.142, 0.174)

626 (0, 0) 625 (0, 0)

734 (0, 0) 711 (0, 0)

806 (0, 0) 784 (0, 0)

900 (0, 0) 820 (0, 0)

900 (0, 0)

14 BERROCAL ET AL.
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a zone that was shorter than the hinge length. As
explained in Section 3.2, the postpeak behavior of con-
crete in compression is adjusted based on the hinge
length to describe the deformation capacity of the con-
crete in compression. However, this corresponds to an
assumption that the fracture region in the compression
zone equals the entire hinge length. As shown in
Figure 12, this assumption is applicable for Beam1,
where the concrete crushing spreads beyond one single
hinge. However, in Beam3 the fracture zone localized in
a much narrower distance under the loading plate, which
was approximately half the hinge length. By introducing
an adjusted hinge length equal to s� ¼ 0:5 s in the calcula-
tion of the constitutive law of concrete in compression,
the predicted response of the model (red markers in
Figure 11c) achieved a much better agreement with the
experimental results. It must be noted that even though
crushing of concrete did occur in the experiments, it was
not considered the failure mode of the beam because the
deflection could still be increased without a significant
loss of load capacity.

For Beam4, the force–deflection response initially
predicted by the model also deviated slightly from the

experimental results. However, in this case, the main
reason for the difference was attributed to the stress-
crack opening relationship used to describe the post-
cracking behavior of FRC. The stress-crack opening
relationship was determined by inverse analysis from
bending tests in beams with a 150 � 150 mm cross-
section. However, Beam4 had a clear cover of only
30 mm which represented almost a third of the total
height of the beam. It is possible that due to the well-
known ‘wall effect’ through which fibers flowing in
the concrete tend to orient themselves parallel to the
walls of the form, the distribution and orientation of
the fibers in the cover of Beam4 differed from the one
in the material test beams. Alternatively, it may also
be possible that a bilinear relationship was not suffi-
cient to describe accurately the postcracking behavior
of the mix used. To that end, the following new rela-
tionship with five branches was determined through
inverse analysis using the proposed model which pro-
vided a better agreement, as shown by the red
markers in Figure 11d: (αfct, w) = [(0.417fct, 0.05 mm),
(0.417fct, 2 mm), (0.278fct, 5 mm), (0.139fct, 10 mm),
(0, 12 mm)].

(a)

(c) (d)

(b)

FIGURE 11 Comparison of the force–deflection diagram between experimental results from bending tests and model prediction for:

(a) Beam1—uncorroded RC beam; (b) Beam2—uncorroded hybrid-RC slab strip; (c) Beam3—corroded RC shallow beam; and (d) Beam4—
corroded hybrid-RC shallow beam. Note that the scales are varying.
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5 | PARAMETRIC STUDY

The proposed model is used in this section to assess the
influence of several parameters on the load-carrying and
deformation capacity of hybrid-RC beams with localized
corrosion. For that purpose, three main aspects are
investigated:

i. The influence of a localized corrosion pit with
increasing corrosion levels located at the most
loaded section of a beam

ii. The role of the postcracking performance of FRC
when fiber volume fractions are progressively
increased

iii. The effect of corrosion distribution, going from one
single pit to uniformly distributed corrosion, for
increasing corrosion levels.

The parametric study is applied to simply supported
beams with the reference geometry of Beam1 in Table 1.
The material properties of the steel reinforcement and
the concrete as well as the loading configuration were
also adopted according to Beam1 in Table 1. However,
since the load and deformation capacity of a beam are
strongly influenced by the amount of tensile

reinforcement, two different reinforcement layouts were
used to include the effect of the reinforcement ratio,
namely a low reinforcement ratio with 4Ø8 mm
(ρs ≈ 0.48) and a high reinforcement ratio with 4Ø16 mm
(ρs ≈ 1.91). Similarly, for each reinforcement ratio, two
cases were investigated, a RC beam and a hybrid-RC
beam, where the postcracking behavior of the FRC is
described by the following relationship corresponding to
a 0.5% vol. fiber dosage according to Jansson et al.52: (αfct,
w) = [(0.35fct, 0.035 mm), (0.1fct, 3 mm), (0, 10 mm)].

5.1 | Effect of a localized corrosion pit
with increasing corrosion level

To study the effect of a localized corrosion pit, the refer-
ence beam was divided into 21 hinges distributed sym-
metrically along the beam. In the mid-hinge, the
corrosion level of the four tensile bars was varied
between 0 and 0.5. The same corrosion level was set for
all the bars; thus, the average and maximum corrosion
levels were the same μmid,mean ¼ μmid,max . The remaining
hinges were assumed uncorroded.

In Figure 13, the relationship between the maximum
corrosion level in the pit and the ultimate deflection and

FIGURE 12 Horizontal strain field obtained by DIC from Beam1 and Beam3 during the loading test. The top images show the crack

pattern at a load of 40 and 12 kN, respectively. The bottom images show the strain field after crushing of concrete in the compression zone

has occurred. The fracture zone is indicated by a double-headed arrow whereas the dashed lines indicate the approximate position of the

hinge boundaries.
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maximum load achieved is compared for the different
beam configurations investigated. Regarding the load
capacity, the results presented in Figure 13 agree with
the expected response for which the load decreases pro-
portionally to the corrosion level. The contribution of the
fibers to the maximum load capacity is very limited for
the beam with a high reinforcement ratio whereas a sig-
nificantly higher load gain is observed for the beam with
a low reinforcement ratio, particularly for higher corro-
sion levels.

The deformation capacity of the beams, on the other
hand, displayed clearly different behaviors depending on
the reinforcement ratio, the presence of fibers and the
corrosion level. In the absence of corrosion, the RC beam
with a lower reinforcement ratio exhibited a ductile
behavior whereas the ultimate deflection of the hybrid-
RC was significantly lower. Conversely, the hybrid-RC
beam with a higher reinforcement ratio displayed a much

larger ultimate deflection than the RC counterpart in the
uncorroded state.

The differences observed can be explained by looking
at the corresponding moment–curvature diagrams, which
are included in Figure 13 for the case where no corrosion
is considered. The limited deformation capacity of the
hybrid-RC beam with low reinforcement ratio can be
attributed to the localization of rotation in one single
hinge. This behavior is due to the relatively high contri-
bution of the fibers to the load capacity of the beam, spe-
cially at smaller deflections, which causes that the
maximum moment in the hinge occurs when the tensile
reinforcement yields. After yielding, a further increase of
curvature results in a decrease of moment due to the
rapid loss of load contribution from the fibers, which
causes the rest of hinges to unload.55 Conversely, the
maximum moment in the RC beam with low reinforce-
ment ratio happens for a curvature well beyond the

FIGURE 13 Numerical results of the ultimate deflection and maximum force as a function of the maximum corrosion level applied into

a single corrosion pit in the center of the beam for RC and hybrid-RC beams with two different reinforcement ratios. The moment curvature

for the uncorroded case is included for the four studied beams.
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yielding point, which enables all the hinges in the con-
stant moment region to reach a larger rotation before
unloading, thus contributing significantly to the ultimate
deflection of the beam.

For the case with high reinforcement ratio, however,
the RC beam exhibited a limited rotation capacity due to
early concrete crushing. The addition of fibers granted
the concrete an increased ductility in compression which
allowed a certain amount of hardening of the tensile rein-
forcement to develop before concrete crushing occurred,
thereby providing a significant additional rotation capac-
ity and consequently a larger ultimate deflection.

Regarding the effect of corrosion, it is interesting to
note how the ultimate deflection decreases rapidly in all
cases until the maximum corrosion level reaches approxi-
mately between 0.15 and 0.2. For greater corrosion levels,
the ultimate deflection keeps decreasing at a much lower
rate but with virtually no difference between all the
beams. This observation suggests that when the local cor-
rosion exceeds 0.2, the ultimate deflection of the beam is
mainly governed by the mechanical behavior of the cor-
roded rebar, which is supported by the fact that the fail-
ure mode for all cases with a corrosion level equal or
greater than 0.25 was steel rupture.

5.2 | The role of the postcracking
behavior of FRC in hybrid-RC beams

The effect of varying the fiber dosage in hybrid-RC beams
was investigated using the same beam geometry, material
properties and loading configuration as in Section 5.1 but
modifying the stress-crack width opening relationship of
the FRC. In order to provide a realistic input for the
model, the results from Jansson et al.52 were used to fit
three stress-crack width opening relationships for three
different fiber dosages, namely 0.25%, 0.5%, and 1.0%
vol. Thereafter, additional stress-crack width opening rela-
tionships were generated by interpolation of the fitted
values at intermediate levels. In all cases, the stress-crack
width relationships were defined with three linear
branches. The experimental, fitted and interpolated stress-
crack width opening relationships used for the parametric
study are presented in Figure 14. A detail is included in
Figure 14 to illustrate that using three branches for the
entire postcracking behavior leads to an inaccurate
description of the stress contribution of FRC at very small
crack widths. Nevertheless, the proposed relationships
were considered sufficient for a comparative study.

The exact values used to define the postcracking
behavior of the different interpolated FRC were calcu-
lated as a function of the fiber volume fraction, νf , given
in percentage, according to Equation (27):

α1 vð Þ¼ 0:267v2f þ0:6vf �0:0167

w1 vð Þ¼�0:013v2f �0:01vf þ0:043

α2 vð Þ¼ 0:4v2f �0:1vf þ0:05

w2 vð Þ¼ 3α3 vð Þ¼ 0w3 vð Þ¼ 10

ð27Þ

It must be noted that even though increasing the
fiber content in an hybrid-RC beam may result in the
formation of more closely spaced cracks, this effect was
not considered in the present study. However, to
account for the stochastic nature of the crack formation
process and its impact on the hinge length, each case
was simulated 10 times with different crack patterns
generated by selecting a random crack spacing between
100 and 160 mm. The maximum load and ultimate
deflection of the beams with low and high reinforce-
ment ratios are presented in Figure 15 together with the
moment–curvature relationships for some of the fiber
contents investigated.

For the beam with a low reinforcement ratio, there
seems to be a certain fiber content threshold, around
0.4%–0.5% vol., above which a distinct change in global
response can be observed. Indeed, for very small fiber
contents, a positive effect can be seen on both the maxi-
mum force and ultimate deflection, very limited for the
former and noticeably higher for the latter. This effect
can be attributed to the ability of the fibers to prevent the
quick degradation of the postpeak stress of the concrete
in compression, which does not result in a significant
increase of the maximum moment, but does increase the
curvature at which it happens, thus enabling a larger
rotation of the hinges in the constant moment region.
Whereas a further increase of fiber content provides a
certain increase of the load capacity, as previously dis-
cussed, the curvature associated to the maximum
moment shifts toward the curvature at which reinforce-
ment yielding happens, thus concentrating most of the
rotation in a single hinge.

For the beam with a high reinforcement ratio, the
results display a trend similar to the one observed for the
low reinforcement ratio although with some differences.
First, there is no fiber content above which the response
of the beam changes significantly, although it might still
occur at even higher fiber contents. Consequently, the
effect of increasing the fiber content is less pronounced
and more gradual for both the load and deformation
capacity. A similar behavior is also observed between the
low and high reinforcement ratio beams for the ultimate
deflection when transitioning from RC to hybrid-RC.
However, because the failure mode in the high reinforce-
ment ratio beam is concrete crushing, the effect of adding
a very small fiber dosage results in a large increase of
deformation capacity. As previously explained, this
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increase is caused by the more ductile behavior of FRC in
compression as described by the constitutive law pro-
posed by Ruiz et al.46 However, even though the men-
tioned constitutive law was calibrated using a large
database including a wide range of fiber volumetric dos-
ages spanning from 0.24% to 3.0%, it could still be

questioned whether such a small fiber dosage can provide
the predicted increased ductility.

An additional observation from Figure 15 is that the
crack pattern and hence the variation of the hinge
lengths, did not have any apparent effect on the maxi-
mum load. On the other hand, a certain variability can

FIGURE 14 Experimental, fitted

and interpolated stress-crack width

opening relationships used in the

parametric study.

FIGURE 15 Numerical results of the ultimate deflection as a function of the fiber dosage (top) and moment curvature relationship at

different fiber dosages (bottom) for hybrid-RC beams with two different reinforcement ratios.
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be observed for the ultimate deflection, although no par-
ticular trend regarding the effect of fiber content or rein-
forcement ratio is obvious from the presented results.

5.3 | The effect of corrosion distribution
for increasing corrosion levels

One of the main advantages of the proposed model is the
possibility to easily include one or several localized corro-
sion pits at different locations in the beam. To that end,
the effect of the corrosion distribution along the rein-
forcement on the deformation capacity of RC and hybrid-
RC beams is investigated by progressively increasing the
number of pits in the beams. The same beam geometry,
material properties and loading configuration as in
Section 5.1 were used. The analysis started by considering
a single corrosion pit initially placed at the mid-hinge.
Thereafter, the number of pits was progressively
increased by including pitting in the two adjacent hinges.
This was successively repeated until pitting was consid-
ered in all the 21 hinges. As in Section 5.1, it was

assumed that all bars in a hinge had the same corrosion
level. Moreover, the same corrosion level was also consid-
ered in all hinges. However, three different corrosion
level cases were investigated, namely 0.05, 0.2, and 0.5.
Furthermore, a uniformly distributed corrosion case was
also considered where the strain localization effect on the
deformation capacity was not included. For the uniform
corrosion case, the mechanical properties of an uncor-
roded steel bar were used but reducing the cross-sectional
area of the tensile reinforcement in Equations (22)
and (23).

Figure 16 summarizes the results of the effect of cor-
rosion distribution in RC and hybrid-RC beams with low
and high reinforcement ratios for three different corro-
sion levels. As expected, having one single corrosion pit
in the most loaded section of the beam is always detri-
mental with regard to the deformation capacity compared
to the uncorroded case. Likewise, increasing the corro-
sion level of the pits resulted in a generalized loss of ulti-
mate deflection. However, increasing the number of pits
had a positive effect on the ultimate deflection which in
some cases led to a deformation capacity greater than

FIGURE 16 Numerical results of the ultimate deflection as a function of the number corrosion pits along the beam for RC (top) and

hybrid-RC (bottom) beams with two different reinforcement ratios.
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that of the uncorroded beam. The positive effect is, how-
ever, only observed up to seven pits, which corresponds
to the number of hinges located in the constant moment
region. This suggests that the effect of corrosion distribu-
tion on the deformation capacity cannot be uncoupled
from the moment distribution in the beam. Finally, the
uniformly distributed corrosion analyses predicted in
general a deformation capacity similar or higher than
that of the uncorroded beam. However, it should be
noted that for the corrosion levels considered, there is a
risk that the beam does not exhibit a typical bending fail-
ure when uniform corrosion is present. Therefore, further
analyses should be performed to ensure that bending fail-
ure is the relevant failure mode.

6 | CONCLUSIONS

In the present paper, a modeling approach based on the
nonlinear hinge model was developed to analyze the
residual flexural response of hybrid-RC elements with
localized pitting corrosion. The main findings of this
work can be summarized as follows:

A new mechanical model was presented to describe
the stress–strain relationship of steel reinforcement bars
with localized pitting corrosion including nonlinear
strain hardening and softening up to steel rupture. The
model explicitly considers the reduction of deformation
capacity due to strain localization in the pits.

The performance of the proposed modeling approach
was evaluated in terms of its predictive capabilities using
available experimental data in the form of force–
deflection diagrams from RC and hybrid-RC beams with
and without corrosion. The model showed a reasonably
good agreement with the experiments. However, it was
found that the model results were sensitive to the post-
peak behavior of the concrete in compression controlled
by the localization of concrete crushing and to a lesser
degree also to the postcracking residual stress of FRC in
tension governed by the stress-crack opening
relationship.

From a parametric study carried out with the devel-
oped modeling approach, it was verified that the load
capacity of both RC and hybrid-RC beams failing in
bending decreased almost linearly when the corrosion
level of a single pit in the most loaded section was gradu-
ally increased. The deformation capacity, on the other
hand, was strongly dependent on the combination of
reinforcement ratio and postcracking stress of the con-
crete for moderate corrosion levels up to 0.25. For local
corrosion levels beyond 0.25, the ultimate deflection was
governed by the deformation capacity of the corroded
rebar.

Small fiber volumetric ratios (<0.4% vol.) were found
to have a positive effect on the deformation capacity of
beams with low reinforcement ratios whereas increasing
the postcracking stress of concrete caused the peak
moment to occur at a lower curvature compared to the
RC case, leading to localization of rotation in a single
section and the subsequent loss of deformation capacity.

The parametric study also revealed that having corro-
sion pits of a similar corrosion level in multiple sections
may be beneficial with respect to the deformation capac-
ity of the beam compared to having one single pit. How-
ever, including corrosion pits in sections with low
moment demands had no impact on the flexural response
of the beams.

NOMENCLATURE
Latin letters
Ai,corr average residual cross-sectional area of ten-

sile reinforcement in a hinge
Apit minimum residual cross-sectional area at the

pit of a corroded bar
As,A0

s nominal reinforcement cross-sectional area
(tension, compression)

a crack height
b beam width
ds,d

0
s effective depth of reinforcement (tension,

compression)
Ec,Es elastic modulus of concrete and steel
Esh0 strain-hardening modulus of steel

reinforcement
Fy,Fp,Fu force (yield, proof, ultimate)
Fk applied force at kth loading step
f c concrete compressive strength
f ct concrete tensile strength
f y, f y,0 steel yield strength (general, uncorroded)
f p steel proof strength
f u, f u,0 steel ultimate strength (general, uncorroded)
f r,0 steel rupture strength (uncorroded)
h beam height
hi ith hinge
KII bending stiffness at stabilized cracking stage
Kunload unloading stiffness
ΔL length increment
L beam length
L1 distance of load to support in four-point

bending setup
lg gauge length
lp pit length
Mint,Mext bending moment (internal, external)
Mk

i ,M
k
mid bending moment at the kth load step (ith

hinge, mid-hinge)
N int,Next axial force (internal, external)
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Nh number of hinges
nbars number of tensile reinforcement bars
P strain-hardening power exponent
s,si hinge length (general, ith hinge)
sr average crack spacing
w,wCMOD crack width, crack mouth opening

displacement
wi ith crack width opening in the stress-crack

width relationship
y vertical coordinate with origin at the top of

the cross-section
y0 depth of the neutral axis
xw,i position of the beam's ith crack
Δx increment of length coordinate
Greek symbols
αh strain-hardening fitting parameter
αi ith stress to strength ratio in the stress-crack

width relationship
δkmax maximum deflection at the kth load step
εc,0 concrete strain at peak stress (in compression)
ε
lg
s average steel strain over a gauge length lg
εy,εy,0 steel yield strain (general, uncorroded)
εsh,εsh,0 steel strain at the onset of strain-hardening

(general, uncorroded)
εu,εu,0 steel ultimate strain (general, uncorroded)
εr,0 steel rupture strain (general, uncorroded)
εt total strain
θ,θ� rotation (general, crack planes)
νf volumetric fiber dosage
μ,μi,j corrosion level at pit (general, at the jth bar of

the ith hinge)
μcrit critical corrosion level beyond which yielding

localizes in a pit
μi,mean average corrosion level of tensile reinforce-

ment at the ith hinge
μi,max maximum corrosion level of tensile reinforce-

ment at the ith hinge
ρs steel reinforcement ratio
σc,σct concrete stress (compression, tension)
σs,σs0 steel stress (compression, tension)
χm average curvature
χki ,χ

k
mid curvature at the kth load step (ith hinge, mid-

hinge)
Δχ increment of curvature
Symbols
; bar diameter
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