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1. INTRODUCTION

In this paper we are concerned with the existence of positive homoclinic
solutions of the second order equation
' —a(x)u+b(@)u®+c(x)u*=0, zecR. (I)

where the coefficient functions a (z),b (x) and ¢ (x) are continuous and there
are positive constants a, A, b, B, c and C verifying

0 < a<a(z)<A 0<c<c(zr)<C, (1)
0 < b<b(x)<B. (2)

We study also the existence of periodic solutions of the equation

u' +a(r)u—b(x)u®+c(z)u® =0, (II)

where a (x), b(x), c¢(z) are continuous 27—periodic functions satisfying (1)
and instead of (2)

b(z)| < B. (3)
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PRAXIS/PCEX/P/MAT/36/96 and PRAXIS/2/2.1/MAT/125/94.

2Supported by NATO fellowship, INVOTAN, and National Research Foundation in
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At first assuming that a(x),b(z) and c(z) are 2r—periodic, we prove
the existence of a nontrivial positive homoclinic solution of equation (I)
whenever

B? — b* < 4ac. (4)

Next we suppose that a (z),b(x) and c(z) are even differentiable func-
tions. Assuming moreover that

za' (x) >0, b () <0, zd(x)<0, (5)

we prove the existence of a unique nontrivial even positive homoclinic solu-
tion of equation (I).

Existence results are obtained via variational method. In the first exis-
tence theorem, we find the homoclinic solution v as the limit, as n — +oo, of
periodic extensions of positive solutions u,, of approximating periodic prob-
lems defined in the intervals [—nm, nr| , n € N. Such approximating solutions
are obtained as critical values of associated functionals, by using Mountain
Pass Theorem. The variational characterization of the respective critical val-
ues allow us to derive some estimates and pass to the limit. This problem
was suggested by the paper of Grossinho and Sanchez [4], where existence of
periodic solutions of equation (I) is considered.

In the second existence theorem, we use a similar approximating proce-
dure but for a boundary value problem and apply a lemma of Korman and
Ouyang [7] (see also Gidas, Ni and Nirenberg [5]). This study was motivated
by the paper of Korman and Lazer [6], where equation (I) is considered with
b (z) identically 0. Our second result extends the existence theorem estab-
lished there for that case.

This type of procedure has been used by different authors to study the
existence of homoclinics, namely in the case of Hamiltonian systems. We
refer to Rabinowitz [9], Ambrosetti and Bertotti [1], Korman and Lazer [6],
Ariolli and Szulkin [2]. However those results do not apply to equation
(I). Essentially, not only the nonlinearity we consider does not satisfy the
hypotheses assumed there, but also [1], [9] and [2] do not concern positive
solutions.

The study of the equation (II) was suggested by a paper of Cronin [3].
Existence of periodic solutions of equation (II) is considered by Grossinho
and Sanchez [4] using a critical point theorem in finite dimensional spaces



due to Rabinowitz [10], Galerkin type procedure and Gagliardo—Nirenberg
inequalities. Main assumptions are

m2<a§a(:v)§A<(m+1)2,32§g(a—m2)c. (6)

We prove the result using a saddle point theorem in infinite dimensional
spaces due to E.A. Silva [8]. This approach allows to extend the result to
equations of the form

u" +a(x)u+ g(z,u) =0, (7)

under assumptions on G (z,u) = [ g (z,t)dt :
0

1) a(z), g(z,u) are measurable, 2 periodic in x functions,
2) clul* — Blu]? < G (z,u) < Clul* + Blu|?,
3)ymP<a<a(r) <A< (m+1)>,

4) B? < 2¢(a —m?),

5) 0 <0G (z,u) < ug(x,u), if|u| > R, where 6 > 2.
Moreover the result can extend to equations of the form

u’ +a(x)u—b(x)u? +c(z)u® ™ =0,

changing (6) by a natural way.
Also we prove existence of periodic solutions of the equation (II) with

period 2n7 for sufficiently large n.
We suppose 0 ¢ o (L) where L : H' (R) — H! (R) is the operator defined
by

(Lu, v) = / (Wt — a (z) uv) dz,

and B? < 9c¢)g, where )\ is a positive constant independent of n.

2. POSITIVE HOMOCLINIC SOLUTIONS OF EQUATION (I)

In this section we consider the existence of positive solutions of the
problem

" —a(x)u+b(z)u®+c(x)u =0, r€R,
{ u (Foo) = u' (£o0) =0, (P)

3



known as homoclinic solutions.
Suppose a (x),b(x),c(x) are continuous 27 periodic functions such that
there are positive constants a, b, B, c and C verifying

0<a<a(z),0<b<b(zr)<B,0<c<c(z)<C, (8)

and

4ac > B? — b*. 9)
For every n € N, we consider the following periodic problem
(Fn)

{u"—a(m)u—l—b(m)u2+c(x)u3:O, x € (—nm,nm),
u(—nm) =u(nm).

Set I, = [—nm,nw] and consider the Sobolev space
H,={ue H'(I,) : u(—n7) =u(nm)},

with the norm

nm 2

ul], = / (u? (z) + u* (2)) do
We solve (P,) using mountain pass theorem and obtain uniform estimates
for their solutions.We need the following technical proposition of [9].

Proposition 1 Let u € H. (R). Then:

(i) If T > 1, forxe|T —1,T+1]

T+1 1/2
xe{j{riz%?;ﬂl lu(x)| <2 /1 (W (t) +u?(t)) dt : (10)
(ii) For every u € H,
||| oo (—nmnmy < 2[|ul]n- (11)

We have



Lemma 2 Let assumptions (8), (9) hold. Then, for every n € N, the prob-
lem (P,) has a positive solution u, (x). Moreover, there is a constant K > 0,
independently of n, such that

Julln < K. (12)

Theorem 3 Let assumptions (8), (9) hold. Then the problem (P) has a
positive homoclinic solution.

Sketch of proof. For every n € N, consider the solution w, of problem
(P,), given by Lemma 2. By (12) and the embedding of H,, in C [—nm, nx|,
there is K such that ||u,||cj—nrna < K1. By the equation of (P,), it follows
that there is Ky such that ||u,||c2j—prnr < K2, where K, Ky are positive
constants independent of n. Consider the periodic extension of u, to R and
denote it by the same symbol. Then u, a 2nm-periodic solution of equation

(I). There exists a subsequence of (u,) which converges in C?_ (R) to a
solution u of (P) that satisfies
/ (u? 4 u?) dz < occ. (13)

It remains to show that u is nonzero and u (+o0) = ' (£oo) = 0. Let
T, € [—nm,n7] be a point of where u, attains its maximum value. Since
Up () > 0 and u! (x,) < 0, it follows by the equation (I)

Unp (mn) (_a (xn) +0 (In) Unp (In) +c (mn) Ui (xn))
> 0.

= —uy, ()
Then, by assumptions (1), (2) and (4),

_ 2
S B++b +4ac>07

Up () > 50 (14)

independently of n.

Let us denote by H} the space that consists of the periodic extensions of
the functions of H,, and by f* the functional defined on H* by f*(u) = f, (u).
Observe that as the coefficient functions a (x),b(x),c(x) are 2w periodic
functions, if u, (x) is 2n7 periodic solution of (I), then u, (x + 2j7) is also



2nm periodic solution for every integer j. Therefore, replacing u,, (x) by some
Uy (z + 2j,m) if necessary, we still obtain 2nm-solutions of (I), satisfying the
above bounds derived by using variational arguments, such that, moreover,
have maximum points z,, appearing in the interval [—m, 7|. Therefore we
can assume r, — o in [—m, 7]. By the uniform convergence of {u,} on
[—m, 7] and by (14), it follows that u (xg) > 0. So, the solution u (x) of (I) is
nontrivial and nonnegative.

By (13) and Proposition 1 it follows u (+00) = 0. By assumption (8) there
exists M > 0 such that |u” (z)| < M in R. Suppose, by contradiction, that
u' (+00) # 0 (the case u’' (—o0) # 0) is analogous). Then, there exists ¢ > 0
and a sequence ¥y, — +o0o such that |u' (y,)| > €, for all n. By Lagrange
theorem |u/ (z)| > £ for z € (yn — &, yn + 8), where § € (0, 55;) .Therefore

Yn+9 522
u (z) dr > %,

yn_6
which is a contradiction with (13). H
Note that if a (x),b(x) and ¢ (x) are positive constants, the assumption
(9) is satisfied and there exists a positive homoclinic solution of the equation

' — au+ bu® + cu® = 0.

Further, using the above method, we can prove the existence of symmet-
ric positive homoclinic solution of (I) under adequate assumptions on the
coefficient functions. Our result is based on a Lemma proved by Korman
and Ouyang [7], and is an extension of a result due to Korman and Lazer [6],
where equation (I) is considered with b (z) = 0.

Let us consider the problem

{ u'+ f(z,u) =0, ze(-T,7),
u(=T)=u(T)=0.

Assuming f € C*' ([-T,T] x R") and

(15)

f(—a:,u)zf(:c,u), $€<_T7T)>u>0a
f(ZC,O):O, T e (_T7T)7 (16)
ofy (x,u) <0, ze (=T.7),u>0.

Recall the result of Korman and Ouyang [7].



Lemma 4 Assume that f € C*([-T,T] x R") satisfies (16). Then any
positive solution of (15) is an even function such that v’ (x) < 0 for x €
(0,7).

We prove

Lemma 5 Let assumptions (1), (3) and (5) hold. Then, for any T > 1, the
problem

v —a(z)u+b(x)u+c(x)ud=0, =xe(-T,T),
{ (~T) = (T) =0, (Pr)

has a unique positive solution ur (x). Moreover, u/} (x) < 0, for x € [0,T]
and there exists a constant K > 0, such that

/ (u2 (z) + 4 (2)) d < K, (17)

independently of T.

Theorem 6 Let assumptions (1), (3) and (5) hold. Then problem (P) has
exactly one positive solution. This solution is an even function with u' (x) < 0
if v > 0.

Sketch of proof. Take T,, — oo and let u, be the solution of problem
(Pr,). By Lemma 5

Ty
/ (w? (z) + up (z)) de < K.
-T,
independently of n. Consider the extension of u,, to R that takes the value 0
in R\ [-7,,, T,,] and denote it by the same symbol. Arguing as in the proof of
Theorem 3 we can derive that v, — u in C?,(R). By Lemma 4, u, attains
its maximum at 0. Then, since

U, (0) (a(0) = b(0) u, (0) — ¢ (0)uZ (0)) = ull (0) <0,

n

it follows



—b(0) + (b2 (0) + 4a (0) ¢ (0))"/?
2¢(0)

and, therefore u (0) > p; > 0. Moreover, u is an even function that attains its
only maximum at 0, since the same holds for the functions u,,. Arguing as in
the proof of Lemma 4 of Korman and Ouyang [7], we easily obtain «' (z) < 0
if x > 0, by differentiating the equation (I).

In order to prove uniqueness, observe that if u, v are two solutions it
follows that

u, (0) > =p, >0,

o0

/uv (b(z) (u—2)+c(z) (v’ —v?))dx = 0.

—0o0
Exsitence-uniqueness theorem of Cauchy problem and last indentity imply
that v (z) and v (z) cannot be ordered and so they must intersect. Two
cases are possible: either u (z) and v (z) have at least two positive points
of intersections or only one positive point of intersection. In both cases the
proof continues as in the proof of Theorem 2.1 of Laser and Korman [6]. To
prove u (£o00) = u’ (£00) = 0, we proceed as in the proof of Theorem 3. B

2. PERIODIC SOLUTIONS OF EQUATION (II)

Existence of 27 periodic solutions of the equation (II) under assumptions
(1), (3) and (6) was studied in Grossinho and Sanchez [4] using a critical
point theorem in finite dimensional spaces due to Rabinowitz [10], Galerkin
type procedure and Gagliardo—Nirenberg inequalities. We prove Theorem

0.2 of [4] using a saddle point theorem in infinite dimensional spaces due to
E.A. Silva [8], [11]

Theorem 7 Let E = X; @ X5 be a real Banach space, with X1 finite dimen-
sional. Suppose f € C' (E,R) satisfies (PS) condition and

i) f(u) <0, for every u € X;.

ii) There exists p > 0 such that f (u) > 0, for every u € Xy with ||u|| = p.
i11) There exists £ € Xy, ||€|| = 1 and f € R such that f (u) < 3, for every
u e X1 S5 R+€

Then f possesses a critical point in E other than zero.



Theorem 8 Assume a(z),b(x) and c(z) are measurable 2w periodic func-
tions such that there are positive constants a, A, B,c and C such that:

b(z)| < B, 0<c<c(zx)<C,
m?*<a<a(z)<A<(m+1),

9
B*<Z(a—m?)ec.
<3 (a—m?)c
Then the equation (II) has a nontrivial 2 periodic solution.

Sketch of proof. Consider the Sobolev space

E=H"(0,27) = {u:cheik’:,ck =G Z(l—i—kZ) c <oo}

kEZ keZ

with usual norm and the functional over F

g(u) = 7(% (u? —a(z)u?) + %b (z)u® — ic(m) u4> dr.

It is clear that g € C'* (E, R) and critical points of f are weak solutions of (IT).
They are classical solutions if a (x), b(x), ¢(z) are continuous functions. Let

Xi=Ruek:u= g cre®® ey =

k2<m?

and

Xo=<quek:u= E c€* ¢ ) =
k2> (m+1)2

Let u € X;. By assumptions of theorem
gu) < = Z i (K* —a) +/ 1b(x)u?)—lc(x)u4 dx
- 3 4
0

2
o (m*—a 1 1,

—Blu| — - <0.

/u( ) +3 |ul 4c]u|)dx_()

IN



Let u € X5. Then

1b (z)u® — }LC (x) u4) dx  (18)

2m
F12-A4 1 1
Y A3 Vit S IS DI S
> /u( 5 3B|u| 4C’|u|>dx

By (18) it follows g (u) > 0 for u € X5 and ||u|| < p, where p is sufficiently
small.

L = —L1 2)z € X,. For it = ika
et & (x) o) cos(m+2)x € X,. For u k2§7ﬂ cpe™ + A,

with A > 0,we obtain

g(@) < wt*(m+1)° /|u|3dx——/

g (u)

vV
3
ey
=
|
=
+
—
A/~
w

(m+1) ~ c

< 5+ Hu||§—;lHu||i (19)
(m+1) B

< iz + agllal - e [ Jull3,

with ¢1,¢2 € RT. The function ¢ (t) = (m+1) £ + 1 213 — go5t* is bounded
from above by a constant 5 > 0. By (19) 1t follows g( ) < p.

The function ¢ (z,u) = ¢(z)u® — b(x) u* under assumptions (1),(2) sat-
isfies the Rabinowitz’s condition 0 < 0Q (z,u) < uq (x,u), if |u| > R,where

Q (z,u) = [q(x,t)dt, 2 < 0 and R is sufficiently large. By a standard way
0

it follows that there are constants C;, Cy such that Q (z,u) > Ci|ul? —
The last allows to prove that the functioniol g satisfies (PS) condition. The
assertion follows by Theorem 7 W

Considered approach allows to extend the result to equations of the form

v +a(x)u+ g(x,u) =0,

under assumptions on G (z,u) = [ g (z,t)dt :
0

10



1) a(x),g(z,u) are measurable, 27 periodic in x functions,
2) clu|* — Blul]® < G (z,u) < C]u\4 + Blul?,
ym?<a<a(zr)<A<(m+1)?,

4) B* < 2c(a—m?),

5) 0 <0G (z,u) < ug(x,u), if |u| > R, where 0 > 2.
Moreover the result can extend to equations of the form

w

u” +a(x)u—b(x)u? +c(x)u® ™ =0.

In this case assumption (10) changes, with respect to B, into

2% , g\ 2k-1
B* < c(Bk)™ fa—m . (20)
E+1 2k —1
We can prove also existence of periodic solutions with period 2nm for
n > ng to the equation (IT). Let H := H'! (R) equipped with the norm

o0

= [ (2 @)+ o @) d

Suppose L : H — H the operator defined by
(Lu,v) = / (W'v' —a(x)uww)de, (21)

and B? < 9¢)\g, where ) is a positive constant independent of n. We assume
that

0¢o(L).
Let H, = {u € H' (—nm,n7) : u(—nm) = u (nr)} with the norm ||u||? =
|l [% 5 + [|ull? 5, where |[u][P = f |u[Pdz, p > 1 is the usual L” norm. Let

L, : H, — H, be the self- adJ01nt operator defined by

(Lou,v) = / (W' — a(z)uw) d.

In
Critical points of the functional g, : H, — R defined by

11



gn (u) = % (Lyu, u) + /] <éb(:c) u® — }lc(x) u4) dz,

are weak 2nm periodic solutions of equation (II). To prove existence of critical
points to g, we use Theorem 7 and two technical lemmas appearing in the
work of Arioli and Szulkin [2]. We prove

Theorem 9 Assumea (z), b(x), c(z) are measurable 27 periodic functions
such that there are positive constants A, B,c and C' such that

0<a(x)<A |b(x)|]<B,0<c<c(x)<C.
Consider the operator L, defined in (21) and suppose
0¢o(L).
Then there exists \g > 0 and ng € N such that if
B? < 9\gc (22)

the equation (I1) has a nontrivial 2nm periodic solution for n > ny.

Acknowledgment. The third author thanks C.M.A.F., Universidade de
Lisboa, for the opportunity to prepare this paper during his visit according a
NATO fellowship. Authors thank Prof. L. Sanchez for comments and helpful
suggestions.

References

[1] A. Ambrosetti and M. Bertotti, Homoclinics for second order conserva-
tive systems, Scuola Normale Superiore, Pisa, Preprints di Matematica.
107, 1991.

[2] G. Arioli and A. Szulkin A., Homoclinic solutions for a class of systems
of second order equations, Reports, Dept. Math. , Univ. Stockholm. 5,
1995.

12



3]

[10]

[11]

[12]

J. Cronin , Biomathematical model of aneurysm of the circle of Willis,
I, The Duffing equation and some approximate solutions. Math. Biosci.,
11, 163 (1971).

M. R. Grossinho and L. Sanchez., A note on periodic solutions of
some nonautonomous differential equations, Bull. Austral. Math. Soc.
34 (1986), 253-265.

B. Gidas, W.-M. Ni and L. Nirenberg, Symmetry and related properties
via the maximum principle, Commun. Math. Phys. 68 (1979), 209-243.

P. Korman and A. Lazer A., Homoclinic orbits for a class of symmetric
hamiltonian systems, Electr. Journal Diff. Eq. 1 (1994), 1-10.

P. Korman and T. Ouyang, Exact multiplicity results for two classes
of boundary value problems, Differential and Integral Equations. 6, 6
(1993), 1507-1517.

E.A. Silva, Linking theorems and applications to semilinear elliptic prob-
lems at resonance, Nonlinear Analysis T.M.A., v.16, N 5, 455-477 (1991)

P. Rabinowitz, Homoclinic orbits for a class of Hamiltonian systems,
Proc. Roy. Soc. Edinbourgh. 114A (1990), 33-38.

P. Rabinowitz, Free vibrations for a semilinear wave equation, Comm.
Pure Appl. Math., 31, 31-68 (1978)

M. Ramos, Theoremas de enlace na teoria dos pontos criticos, Universi-
dade de Lisboa,1993. Theoremas de enlace na teoria dos pontos criticos,
Universidade de Lisboa,1993.

M. Reed and B. Simon, Methods of Modern Mathematical Physics, V.
4, Academic Press, New York, 1978.

13


https://www.researchgate.net/publication/235625255

