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1. INTRODUCTION

This paper is devoted to existence results for one-dimensional parabolic and telegraph
equations

U, — U, = nu + glx, u) + hx, t) a.e. in Q,
u0,) =u(x,t) =0 on [0, 27},
u(x, 0) = u(x, 2n) on [0, 7],

and
au, + u, — Uy, = *u + glx,u) + h(x,t)  a.e. inQ,

u@,1) = u(n,t) =0 on [0, 27],
u(x,0) = u(x,2n), u,(x,0) = u(x,2n) onl0,x],

with asymmetric nonlinearities g(x, #) and forcing term A(x, ¢), where a € R\{0}, n € N,
Q = [0, n] x [0, 2n]. Second-order and higher-order multi-dimensional equations also
will be considered.

By asymmetric nonlinearities we mean that the asymptotic behavior of u~'g(x, )
when u —  may be different from what it is when ¥ — —o. Moreover, by jumping
nonlinearities, we mean that one of the afore-mentioned guantities may lic above one or
more (real) eigenvalues of the corresponding linear part, while the other lies below those
same eigenvalues.

In recent years much work has been devoted to existence results for second-order scalar
ordinary differential equations, in the nonresonance or resonance case, when the non-
linear term is a jumping nonlinearity in the sense described above; we refer to the papers
[1-11] and references therein.

As for partial differential equations we refer, e.g. to the papers by Dancer [2], Fudik
and Mawhin [12], Gallouét and Kavian [13], Stastnova and Fu&ik [14], which are more or
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less concerned with existence results, in the nonresonance or resonance situation, for
problems with jumping nonlinearities in the framework of partial differential equations.
(A telegraph equation without jumping is considered in [15].)

Nevertheless, in [13], the linear part of the partial differential equations must be self-
adjoint and the range of #~'g(x, 1) must contain only one eigenvalue of simple multiplicity.
Moreover, in [2], there is no explicit crossing of eigenvalues at higher eigenvalues in the
multi-dimensional case. In [16-18] and references therein, elliptic problems with jumping
nonlinearities at consecutive (possibly multiple) eigenvalues are studied. The authors take
advantage of the variational structure of the problems and apply critical point theory to
obtain more or less multiplicity results.

The evolution equations considered in this paper have nonself-adjoint linear parts,
and the range of u~'g(x, ) may include one or more (not necessarily simple) eigenvalues
of the corresponding linear parts. Moreover, we do not require that the quantities
lim,_, , # " 'g(x, u) and lim, , _, u~'g(x, u) exist, as is required in [2, 12-14]. We work,
instead, with the quantities liminf,_, 4., #"'g(x, ¥) and lim sup,_., +,, #~g(x, u). This allows
us to consider oscillatory nonlinearities with possibly different and (asymptotically) large
amplitudes. In this paper, we shall concentrate on the situation concerning resonance
results; the nonresonance case follows along similar lines (see e.g. [S, 7, 19-23] for
additional references on nonresonance and resonance problems).

Let, us also mention that the evolution equations considered need not be dissipative
(see e.g. [24]) in the sense that the corresponding initial-boundary value problems do not
necessarily have (local) attractors. Indeed, the initial-boundary value problem

U, 1) = Uy, 8) = (0 + Wu(x, t)  in (0, 1) X (0, o),

u, = u(n,t) =0 on [0, o),
u(x, 0) = rsinnx on [0, ],
(resp.
au, + u, — Uy, = (0 + au + pHu  in (0, 1) X (0, ), a > 0,
u©0,f) = u(n,t) =0 on [0, «),
u(x,0) = rsinnx on [0, 7],
u,(x,0) = ursin nx on [0, n])

has a unique unbounded solution given by u(x, £) = rsin nxe* for u, r e R with u > 0
and r # 0. Note however that, for 0 < u < 2n + 1 (resp. 0 < au + u* < 2n + 1), the
only (bounded) time-periodic solution to the above equation(s) is the trivial solution
u = 0. Thus, the zero solution is not (asymptotically) stable as 1 — .

This paper is organized as follows. In Section 2, we collect the notation and basic
assumptions that we shall suppose fulfilled throughout this paper. Section 3 is devoted to
second order nonlinear one-dimensional parabolic and (linearly) damped hyperbolic
equations. We compare, in some sense, the nonlinearity g(x, v) with the Fu¢ik spectrum
of the corresponding piecewise linear differential equations with homogeneous Dirichlet
boundary conditions, and a resonance condition of Landesman-Lazer type with respect
to the forcing term A(x, ¢). More specifically, we assume that (the asymptotic behavior of)
u~'g(x, u) lies in a rectangle located in what we should call the Fu¢ik-Landesman-Lazer
“‘resolvent’’ set. In Section 4, we take up the case of second-order multi-dimensional
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equations, and we prove results on crossing at not necessarily simple (higher) eigenvalues.
Finally, in Section 5 we indicate the conditions under which one can extend our results to
higher-order multi-dimensional equations.

2. PRELIMINARIES

Let Q = Q x [0, 27] where Q C R" is a bounded domain whose boundary 4Q is of
class C2. Throughout this paper we shall make use of the anisotropic Sobolev spaces
H? Q) = HY([0, 2n]; H?(£2)) where p and g are nonnegative integers (see e.g. [6, 12,
25-27] for definitions and properties). Here H* are the classical Sobolev spaces with the
usual Hilbert space structure. (Of course, H® = I? the classical Lebesgue space, and
HPP(Q) = H?(Q).) Hy(Q) denotes the subspace of all functions in H'(€2) which vanish on
0Q in the sense of trace.

Let u € IX([0, 2n]; H(0, m)). If u(x, {) = ¥5_, be(?) sin kx is an eigenfunction expansion
of u(x, t), then we shall set

n—1 o
Y by (f)sin kx, wWl(x, 1) = b,()sinnx, @, )= Y be(t)sinkx
k=1

k=n+1

ix, t)

and u' = i + @. For a.e. t € [0, 27], the notation (-, t), u°(-, f) and #(-, f) has an
obvious meaning. Similar notation will also be used for multi-dimensional expansions and
we shall make it more precise in Section 4.

We shall always assume that the (nonlinear) function g: Q x R = R satisfies
Carathéodory conditions and that it grows at most linearly, that is, g(-, «) is measurable
for all u € R, g(x, -) is continuous for a.e. x € Q, and there exist a constant ¢ > 0 and a
function b € L*(Q) such that

le(x, | < clul + b(x) (1)
for a.e. x € Q and all u € R. The expressions g +(0) will denote the quantities

g.(x) = liminf g(x, ©) and g_(x) = lim sup g(x, u). 2)

Finally, the forcing term A(x, t) will be assumed to be such that 4 € [¥(Q).

However, in the case of the telegraph equation, slightly stronger regularity conditions
on the forcing term 4 and the (nonlinear) function g will be assumed throughout this
paper. More precisely, we shall assume that, in addition to the above conditions,
h e H*'(Q) and (for a.e. x € Q) the function g(x, -): R = R is differentiable (a.e.) in u
with bounded and measurable (partial) derivative; that is, there exists a constant C > 0
such that for a.e. x € Q,

'ag_(x,_) = C. 3)

ou

Note that inequalities (1) and (3) ensure that g(-, u(-, -)) € H*(Q) if u € H*'(Q); which
implies that generalized solutions to the telegraph equation belong to A 2(Q). We refer to
Vejvoda et al. [27, Chapter II, Section 2 and Chapter IV]. (It is known that generalized
solutions to the telegraph equation belong to H'(Q), see e.g. Brézis and Nirenberg
[28, pp. 308-309].)
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3. ONE-DIMENSIONAL EQUATIONS

Let n e N and Q = (0, n). We shall consider the one-dimensional heat and telegraph
problems
ux, 1) — u,(x, ) = n*u(x, t) + g(x, u(x, t)) + hix, 1) a.e. in Q,
u0,) =u(n,t) =0 on [0, 27}, eY)
u(x, 0) = u(x, 2m) on [0, ],
and
au, + Uy — Uy, = n*u + glx,u) + h(x,t)  a.e.in Q,
u@©,1) = u(n,t) =0 on [0, 27], )
u(x, 0) = u(x, 2n), u,(x,0) = u,(x,2mn) on [0, 7],
where @ € R with @ # 0 and compare, in some sense, the nonlinearity g(x, #) with the Fucik
spectrum of the corresponding piecewise problem. A resonance condition of Landesman-

Lazer type with respect to the forcing term A(x, ¢) is also assumed.
For (u, v) € R?, let us consider the (positively homogeneous) piecewise linear problems

Uy — Uy = uu™ — vu~ in Q
u,8) = u(n,t) =0 on {0, 2],
u(x, 0) = u(x, 2n) on [0, 7],
and
au, + Uy — Uy, = pu™ — vu” in Q,
u0,t) =u(n,t) =0 on [0, 2x],

u(x,0) = u(x,2n), u,(x,0) = u,(x,2m) on [0, 7],

where u*(x, t) = max{u(x, 1), 0} and u~(x, t) = max{—u(x, 1), 0). Multiplying both sides
of these equations by u, and using Fubini’s theorem, integration by parts and the
boundary and periodicity conditions, it follows that each term is equal to zero with the
exception of the first one, so that |u,|}2, = 0 (resp. alu,l72) = 0).

Therefore, these piecewise linear equations have a nontrivial solution if and only if the
piecewise linear scalar second order Dirichlet problem

v'(X) + uvtx) — vo(x) =0 in (0, n), v(0) = v(n) = 0, 6)

has a nontrivial solution.

It is well known (see e.g. Fudik [6]) that, for (u, v) € R?, the piecewise linear scalar
second order Dirichlet problem (6) has a nontrivial solution if and only if the pair
(u ,v) e US| C; where

Cy={uveR:(u- - 1=0,
Cy = R+ ) =1
2=, v) R :j wiw) T

_ 2. .1 1 1 1 1 1
Cojr1 = {(ﬂ, v)e R -j<—‘/— + —\/—> + = 1 or j(——\/— + —\/—> + == 1}
for j € N.
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We recall that the set of (u, v) € R? such that (u, v) e UZ | C; is called the Fugik
spectrum of the above second-order differential equations and that it reduces to the usual
spectrum when y = v,

We shall consider nonlinearities g(x, u) such that the asymptotic behaviour of
u~'g(x, u) lies in a rectangle located in what we should call the Fu¢ik-Landesman-Lazer
““resolvent’’ set; the eigenvalue pair (n?, n?) € R? is a vertex of this rectangle, whereas the
opposite vertex is located on the consecutive Fudik eigenvalue curve.

We state the main result of this section.

TueorEM 1. Suppose that there exist a real number r > 0 and a function B e ([0, n])
such that

(sgn u)g(x, u) = B(x) ¢
for a.e. x € [0, 7] and all u € R with |u| = r.
Moreover, assume that
lim sup g(—xu’”—) < 8,9 ®)

u— too

uniformly for a.e. x € [0, 7] with 8, € I*([0, 7)) such that

ﬂ+(X) = Upyy — I12 and ,3_()() = Vny1 — n2 (9)

for a.e. x € [0, nr] with strict inequalities on subsets of [0, 7] of positive measure, where
either the pair (#,,, V,41) € C,,, (the upper Fulik eigenvalue curve) if # is odd or the
(open) rectangle 1%, u, ([ X 172, v, [ € RAUS | C,, if n is even.

Then equation (4) (resp. equation (5)) has at least one solution u € H*'(Q) (resp.
u € H*(Q)) provided

n

J ‘g+(x)v+(x) dxdt — g g_(v (x)dxdr + j h(x, Ho(x) dxdt > 0 (10)
Q Q Q
for all v e Span{sin nx]\{0}.

In order to prove this theorem, we shall establish some auxiliary results. We define
Qu = u, — u,, — n*u (respectively Qu = au, + u, — u,, — n*u)

with Dom(®) = H, ([0, 2n]; H(0, 7) N H*(0, 1)) (respectively HZ.([0, 2x]; HL(0, m) N
H*(0, m))) where the subscript 27 indicates that the involved functions are 2m-periodic in
the variable 7 and consider Gu(t, x) = g(x, u(t, x)) to be the Nemytskii operator associated
with g.

We shall prove the existence of at least one solution to the above problem by applying
degree theory arguments to the study of the operator equation

Qu = Gu + h.
T'hroughout this section, we shall set
Lu(-, 1) := —u, (-, 1) — n*u(-, 1),

‘or u e Dom(®) and denote by (-, -) the usual inner product in L*(Q).
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LemMa 1. There exists a constant §; > O such that
—(Qa, @) = &,|ia|4po.

Proof. For a.e. te|0,2n], the function i(-,t) € H*(0, ) N Hy(0, m) N ZE(O, 7).
Then it follows from Lemma 1 in [29] that

—(La(-, 0, 4, Npzon = olac-, t)|%11(0,1r)

for a.e. t € [0, 27], where the constant §, > 0 is given in [29]. Therefore, taking the inner
product of —@a with @ in I3(Q), the conclusion of the lemma follows since H*%(Q) =
I%([0, 27); H'(0, 7). The proof is complete.

LeMMA 2. There exists a constant d, > 0 such that

(Rit, @) = 8,)d|%.0
for the heat operator, and
Qa,d) =z 52lﬁ|%{1.0 - |ﬁt|L2(Q)
for the telegraph operator.

Proof. For a.e. tel[0,2n] the function #(-,t) € H*0, m) N Hy(0, ) N 17(0, 7).
It follows from Lemma 2 in [29] that
Lal,n,a(:, Nee,n = o, lac, t)l%-ll(O,w)

for a.e. t € [0, 2], where the constant §, > 0 is given in [29]. Therefore, taking the inner
product of @i with # in I2(Q), the conclusion of the lemma follows since H"°(Q) =
I*([0, 2n); H'(0, n)). The proof is complete. W

LemMA 3. Let (1,,) C Dom(®) and (p,,) C L*(Q) be sequences, and let C € L*(Q) be a
nonnegative function such that
0=<p,xt) < Ckt) a.e.on Qforallme N,
D=0 in I2(Q) as m = oo,
|Gim)el 200 = 21 forallme N,

where p; > 0 is a constant,
Then, there are (common) subsequences, relabeled (u,,), (p,,), satisfying the above
conditions such that one has

(Qup ~ Pty Uy — u?n = Up) 51”;'%—11'0 - P/
for the heat operator and
(G‘um — Pmlm, lZm - u?n - ﬁm) = 5|u’t|%_11,0 - 2p%

for the telegraph operator, where § = min{d,, d,/2} > 0.
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Proof. By the definition of u°, we have (Qu°, u°) = 0. Therefore, applying Lemmas 1
and 2, we easily derive, in the case of the parabolic operator, that

~ 0 _ = =12 ~ 12 .
(Qutyy, — Py Upy — Upy — um) = 51|um|H"° + 52|um|H1'0 - (pmum’ i)

If |d,,]z1.0 is bounded (independently of m), it follows from our assumptions that
|i,,| 1.1 is also bounded and (for a subsequence) #,, — i in L°(Q). Then, since p,, — 0, we
have that, for m sufficiently large,

(pmam1 ﬁm) = P>

given that (p,, 4,,, #,,) = 0 as m — c. This implies that, for m sufficiently large,

~ o _ - = (2 - 12
(Gu,, — Pl Uy — Uy — um) = 51|um|H1'° + 52|um|H1'° - P

Thus, the conclusion of the lemma holds.
If |di,,| g0 is not bounded, then there is a subsequence similarly relabeled such that
|0, 1.0 = 0. Setting
. iy
Y

m= |am|H1‘0 ’

it follows that |J,,| ;.1 is bounded. Therefore, one can proceed as before and obtain

6
(Dn T ) < 72

Multiplying by |i,,]%1.0 we get
5,

(pmam9 lzm) = |aml%-11-°’

2

which, as above, clearly implies the conclusion of the lemma. The case of the telegraph
operator is analogous. The proof is complete.

Proof of Theorem 1. To prove the existence of at least one solution to the above
problem(s) is equivalent to solving the respective operator equation(s)

Qu=Gu+h
or equivalently
u—(@—-al) ™ (Gu — au+ h) =0,

with @ € R such that 0 < @ < min{g,,, — 1%, Vpy, — n%/2.

The linear operator (@ — &l)~': H%(Q) » H°(Q) is compact {(see [27, 28] for the
regularity of the heat and telegraph operators, respectively). Therefore, if we show that
there is a constant p > 0 such that for every possible solution u# € Dom(@) of the
homotopy of problems

Ht,u):=u — «(®@ — &)™ (Gu — au + h) = 0, 7 € [0, 1],
we have
lulgr1 < p, (11)
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then the result follows directly from topological degree theory (see e.g. [20]). Rewriting
the homotopy
H(t,u) =0

in the equivalent form

Qu = 1Gu + (1 — 1)au + 1h,
and multiplying both sides by «, and using Fubini’s theorem, integration by parts and the
boundary and periodicity conditions, it follows that each term on the left-hand side is

equal to zero except the first one, so that (Qu, u,) = |u,Z2q, (resp. (Qu, u,) = alu ).
Moreover, by using the same argument in the right-hand side and the fact that

(&Cx, u(x, 1), u,) = g £0x, u(x, N5 dx
0

= S [8(x, u(x, 2m)) — g(x, u(x,0))]dx = 0

0

by 2n-periodicity, where g(x, u) = [“g(x, s) ds is an antiderivative (the potential) of
g(x, u) with respect to u, it follows that

(Qu, u,) = lult2q = t(h, u). (12)

Therefore, by Cauchy-Schwarz inequality, one has that there is a constant p; > 0,
depending only on 4 (resp. on 4 and |a|), such that

‘utlLZ(Q) =p (13)

for all possible solutions ¥ € Dom(Q®) to the above homotopy of problems. Hence, it
remains to show that there exists a constant p, > 0 such that

|ulgio < p,. (14)

Now, suppose that the claim (14) does not hold. Then, one can find sequences
(t,x) C (0, 1] and (u,,) C Dom(®) with |u,,|z1.0 = m € N such that

H(t,,, u,) = 0.
For each m e N, let us set

" il po”

V,

Then |v,y|gn.0 = 1. Moreover, by (13), |v,u|p.1 is bounded and |v,, ;2 = 0 as m — 0.
Dividing the equation H(t,,, #,,) = 0 by |u,,|z1.0, one gets

h
om — (@ = @D CHm G+ ) .
lumlHl’0 |um|H1'0



Periodic solutions of parabolic and telegraph equations 195

Since (v,,) is bounded in H'' (for a subsequence), (v,) converges strongly to some
v € I?(Q). Since g has linear growth and (@ — &I)~! is compact, passing to the limit in the
above equation and applying (4 — &l) to both sides, we get
Qv =1y + (1 — ™av,
where 7* € [0, 1] and y denotes the weak limit in L*(Q) of the sequence Gu,,/|up,|g1.0.
An analysis of this equation will show that
v € Spanf{sin nx}\{0} and x = 0a.e. in Q;

that is, v € NM(@)\{0}, where N(®) denotes the nullspace of Q.

First of all we decompose the (nonlinear) function g. Let § > 0. By (8), we can deduce
(see the proof of Theorem 1 of [30]) that there exists R, = R,(d) > 0 such that for a.e.
xe Qand all ¥ € R with |u| = R,

lgCe, ul < [Bu() + (6/2)1|u (15)
where

' {ﬁ+(x) ifu>0
Aulx) = By ifu<O

Without loss of generality we may assume that the constant » > 0 given in assumption (7)
is such that » = max{1, R,}. By Lemma 2 in [30] (also see Lemmas 3 and 4 in [31]), it
follows that we can write

g, u) = qi(x, u) + g,(x, u)
where ¢, and g, are Carathéodory functions such that, for a.e. x e Q and all ¥ € R,
0 < uqg,(x, u)
and, for a.e. x€ Q and all ¥ € R with |u| = r
lg1Cx, w)| = [B.00) + (6/2)Hul + 1.

Therefore, if we put 7 > max{r, 2/6}, it follows that, for a.e. x € Q and all ¥ € R with
lu| > F

< q(x, u)
u

0 < B,(x) + 4.

Moreover, there is a function o, € I%(Q) such that
lgi(x, )| < a,(x)
for a.e. x € Q and all ¥ € R. Therefore, by setting

Nx, u)
u

for |u| = r,

2

v u) = (sgn u)q,(x, (sgn u)r)% for 0 < lul < r,

0 foru =0,
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it follows that y is a Carathéodory function such that
0=y u)<B,x+d (L]0, n])

for a.e. x € Q and all ¥ € R. Also
lim p(x, u) = 0
u—0

for a.e. x € Q.
Then we can write the function g as

g(x, u) = y(x, wu + f(x, u), (16)

where f(x, u) = g(x, u) — y(x, wyu. It is clear that f is a Carathéodory function such that
there exists a function o € I*(Q) with

If(x, w)] < a(x)

for a.e. x € Q and all ¥ € R. Note that, by the above decomposition of g, the function y,
which is the weak limit of the sequence ((Gu,,)/ |u,y,| H0(gy) N I*(Q), is also the weak limit
of the sequence (y(-, u, (-, -))v,) and, if we denote by y, the weak limit of (p(-, u,(-, *))),
then

x(x, 1) = x,0x, Holx, ) a.e.in Q.
Therefore, by using the growth conditions derived for the function y(x, «) on [0, 7] X R,

the properties of liminf and lim sup and Fatou’s lemma as for instance in [7], it follows
that

0= y,(x, ) < lim sup g( X, 4) <= 5, a.e. on {(x, #): v(x, t) > 0},

0=<y,x0 =< 11m sup =—— g( > ) = f_ (%) a.e. on {(x, 1) : v(x, t) < 0},

As observed above, |0,/ is bounded and (v,,) converges to zero in L*(Q). Therefore
(v,} = 0 (and hence (v,) = 0), which shows that v is independent of ¢.

Setting v(x) := v(x, t), we have that the function v is a solution to the second order
ODE (with “‘parameter”’ t)

V") + nfo(x) + Ty, Dux) + (1 — ™av(x) =0 a.e.in Q,

v(0) = v(n) = 0.
For a.e. ¢t € [0, 27], let us set

*0,06, ) + (1 — )&  on fx: v(x) > 0},
X+(x’ t) = ~ .
o otherwise,
and
T, 0 + (1 — ™a  on {x:vx) <0},
x-0e0) =y )
@ otherwise,
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It follows that v is also a solution to
v"(x) + n2o(0) + x. (6, DT — x_(x, HvT(x) = 0 a.e. in Q,
v(0) = v(n) = 0.

If v does not change sign in (0, ), then it follows from the Fredholm alternative and the
unique continuation property (of v) that n = 1, * = 1 and x, = 0 a.e. in [0, x]; that is,
v € Span{sin x}\{0}. (In this case, one can finish the proof of the theorem as in [32] (also
see [33]), provided b, h € I”(Q) with p > 3. However, the arguments developed below
allow to treat the weaker case h € I*(Q) for the heat equation.)

Otherwise, it follows from the unique continuation property (or oscillatory properties)
of second-order ODEs that v(x) > 0 and v(x) < 0 on subsets of [0, 7] positive measure
which are complement of each other. (Actually, v has only finitely many zeros with
nonzero derivative in (0, 7).)

Note that if 0 < 7* < 1, then the functions [#® + X+ (+, )] satisfy the assumptions of a
lemma due to Invernizzi (see e.g. [3, p. 198; 4, p. 645 or 10, p. 287]) for a.e. ¢ € [0, 2x],
which implies that v = 0 on [0, #}. This is a contradiction.

Therefore, t* = 1. In this case, if x,(-, ) # 0 on a subset of (0, 7) of positive measure
for some t € [0, 27} (note that the ODE holds for at least all ¢ in a subset of [0, 2n] of
positive measure), then it again follows that the functions [n? + x+ (-, D] satisfy the
assumptions of the aforementioned lemma (see e.g. [3, 4, 10]), which implies that v = 0
on [0, ]. This is also a contradiction.

Hence, we have * = 1 and x,(*,¢) = 0 a.e. on [0, 7] for all ¢ € [0, 2] for which the
ODE holds; that is for a.e. ¢ € [0, 2n]. This, of course, means that t* = 1 and x, =0
a.e. in Q, which implies that v € Span{sin nx}\{0} and p,, := 7,,(*, 4,,) + (1 — 7, )& —0
in IX(Q).

We shall reach a contradiction by applying Fatou’s lemma. Let us show that we can use
that argument. Observe that in the eigenfunction expansion of u,, we have w(x, t) =
b,,(t) sin mx. Since b,,(t) can be written as b,,(¢) = a,, + c,(f), where a,, € R and ¢, (¢)
has mean value zero, that is, [3" c,,(¢) dt = 0, we can rewrite %, as

UpX, 1) = P(X) + Wi(X, 1)
where ¢,, (x) = a,, sin nx and y,,(x, {) = ¢,,(?) sin nx. Set

() 1= @) <_ Pm(¥) )

- I(pm|H"0 - 2ﬂ|(0m|111(0,1r)

Taking the inner product in Z*(Q) of
Qu,, = 1,,Gu,, + (1 — t)au, + t,h an

with z,, and using the fact that 7,, # 0 and (U, Zm) = |@mli2l@ml 510, We get
0= S g(x, u,,(x, )z,(x) + h(x, )z,,(x) dx dt. (18)
Q

We claim that there exists a function / € L'(Q) such that, for m sufficiently large,

g(x, Uy (x, Dz,(x) = I(x, 1).
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Let us assume for the moment that this claim holds and finish the proof. Since
U (X, 1) = U (X, )|ty ;1.0 and (v,,(x, 1)) converges to v(x, t) a.e. in Q, then as m — oo,

U, (x, 1) = if v(x) > 0,
U,,(x, 1) > —c if v(x) < 0.

So, passing to the lim inf as m — o in (18), by Fatou’s lemma we get
0= j 2.0t (x) — g (v (x) + Alx, Hu(x) dx dr.
Q

This is a contradiction with the condition (10).

In order to complete the proof of Theorem 1, it remains to prove the above claim. In
what follows we shall denote by the same symbol C several constants independent of u,,.
Multiplying equation (17) by #,, — u%, — i,, and using the decomposition of g given in
(16), we get

(aum - Tmy('a um)um - (1 - Tm)a_um9 am - uom - 'zm)

= TS s ) + T, g — Upy — Gy)-

Therefore, by Lemma 3 with p,, 1= 7,,7(-, 4,,) + (I — 7,,)a = 0 in I*(Q), we have
Olulfo = ('fILZ(Q) + |h!L2(Q))(|ﬁm|LZ(Q) + |utOn|L2(Q) + |am|L2(Q)) + Py,

where p, > 0 is given in (13). Hence,

Olunlino < Clluplmo + |up|pro),
which obviously implies that

Uzl g0 = C + (C + Clutp|n0)'. 19
Furthermore, from the equality uS(x,?) = ¢,,(x) + w,,(x,t) and the fact that, by
Wirtinger’s inequality,

Wmlz < Clym |2 = Cluy, |2 < C,
it follows that

Wl = C. (20)

Hence, by (19)
ll//m|H1,1 + |u,J,',|H1,o =C+ (C + C|¢m|H1,o)1/2,

which immediately implies that
|(pm|H1'° — ®,

and
|Wml 11 + [t o

- 0, as m — oo,
|(pm|H1'°

Therefore, taking the limit in L*(Q), we easily derive that

. . . 4 .
v = lim v, = lim T = lim " = lim z,.
m-— o m—vw]um|H1.0 m—+oo|¢m|H1,0 m=» oo
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Now, observe that, by (19) and (20) and the fact that |“m,| 12 is bounded, we also have

(Wl er + il g1
‘(pm|}-1/12»0 B

Thus, by the Sobolev imbedding theorem (see e.g. [26, 27]), there is a function d € I2(Q)
such that a.e. (x,f) € Q,
L)+ Up(x, ¢
| W (X, 1) - u (x, )| < dx, 1),
,¢m|H1(o,ﬂ—)

Therefore,
Wl + 05 — (U — 9))
|(/)m‘H"1

1
(-, um)umzm = 5)’(‘, um)

(U + W)

= —l(c + b(x) + D(d(x, D).
l(pm|H"‘ 2

1
= _Ey('r um)

Moreover, there is a function e e I*([0, n]) such that, for a.e. x € [0, 7],

|Zn ()| =< e(x),
which implies that

SO up)z, = —a(x)e(x)  a.e.on Q.
Therefore, defining

I(x, 1) := —%(C + b(x) + 1)(d(x, D)’ — o(x)e(x),

and using the decomposition of g given in (16), it follows that
80X, Uy (X, )2 (X) = Y, U (X, DU (X, D2 (X, 1) + FX, (X, 1)2,(X)
= l(x,0),
which concludes the proof of the above claim. The proof of Theorem 1 is complete.
We derive many results in [1, 3, 14, 31, 34] as special cases.
CoRrROLLARY 1. Assume that conditions (7), (8) and (9) of Theorem 1 hold, and let

h € I*(0, 7). Then the second order ordinary differential equation

—u, () = n*u(x) + glx, u(x)) + h(x) a.e. in (0, ),

(21
u(0) = u(n) = 0,
has a solution u € H?*(0, n) provided
Swg+ vtx)dx — &Tg_(x)v‘(x) dx + i h(x)v(x)dx > 0 (22)
¢ 0 JO

for all v € Span{sin nx}\{0}.
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Proof. Let us consider equation (4) with A(x, t) = h(x), independent of ¢. Since (22)
implies (10), it follows from Theorem 1 that equation (4) has a solution u € H*(Q).
If we multiply both sides of the equation

U (X, 1) = Uplx, 1) = n’ulx, 1) + glx, u(x, 1)) + h(x)

by u, and integrate by parts, we get, as in (12), that |u|f2, = (A, u,). Since A is
independent of ¢, it follows that (4, #,) = 0. Hence u, = 0; that is u is also independent
of t. Thus, u is a solution of equation (21). The proof is complete.

4. MULTI-DIMENSIONAL EQUATIONS

Next, we shall look into extending our results to the more general multi-dimensional
parabolic and telegraph equations

u, — div(AX) Vu) = A,u + gx, u) + h(x, 1) a.e. in Q,
u(x,t) =0 on aQ x [0, 2x], (23)

u(x, 0) = u(x, 2m) on Q,
and
au, + u, — div(A(x) Vu) = 2,u + g(x, u) + h(x, t) a.e. in Q

u(x, £) = 0 on 3Q x [0, 27], (24)
u(x, 0) = u(x, 2m), u,(x, 0) = u,(x, 2n) on Q.

First we compare the nonlinearity (at double resonance) with two consecutive
eigenvalues, and then we present results on crossing of not necessarily simple (higher)
eigenvalue(s); it should be remembered that a complete description of the Fuéik spectrum
is not available for multi-dimensional equations.

Here the differential operator

L£x, Du = —div(A(x) Vu)

is uniformly (strongly) elliptic and symmetric, with Lipschitz continuous entries on Q;
that is, the matrix A(x) is symmetric and

&, AX)EY > 0 for all x € Q and all £ € RM\{0).

Throughout this paper Vu denotes the gradient of u with respect to the space variable
x € RY only. As notation, let
Qu := u, + £(x, D)u,
and, respectively,
Qu := au, + u,, + £(x, D)u,

with the following domains Dom(®) = H2.([0, 27); Hy(Q) N H*(Q)) (respectively
Dom(®) = HZ.([0, 2n]; HY(Q) N H*())), where the subscript 27 indicates that the
involved functions are 2n-periodic in the variable ¢. As before, Gu(¢, x) = g(x, u(t, x)) is
the Nemytskii operator associated with g.
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If we consider the linear problems
u, — div(A(x) Vu) = Au a.e. in Q,
ux,t) =0 on aQ2 x [0, 27], 25)

u(x, 0) = u(x, 2n) on Q,
and

au, + u, — div(A(x) Vu) = Au a.e. in Q
ux,) =0 on aQ x [0, 2x], (26)
u(x, 0) = u(x, 2m) on Q,

and multiply both sides of the respective equations by u,, then by Fubini’s theorem,
integration by parts and boundary and periodicity conditions, it follows, as previously,
that |u|}2g) = 0, that is, #, = O (respectively, u, = 0 and u,, = 0). This means that the
eigenvalues and the eigenfunctions related to (25) and (26) are the same as those of the
Dirichlet problem

—div(A(x) Vu) = Au a.e. in Q,
27

u(x) =0 on 0Q.

More precisely, there is a countable set of eigenvalues tending to o, and each eigenvalue
is positive and has finite multiplicity. Writing the (distinct) eigenvalues indncreasing order,
we have

M<A< oo <A< e,

and the corresponding orthogonal system of eigenfunctions of (27) is a basis of I*(Q).
We recall that these eigenfunctions enjoy the unique continuation property.
Let u € I2([0, 27]; HY(©)). Then u has an eigenfunction expansion

u('at) = E Pku(.’t),
k=1

where, for (a.e.) t € [0, 2n], P, u(-, t) is the orthogonal projection onto the eigenspace
N(EL — A.I). As in Section 2, for u € I*(Q), we shall set u(x, t) = a(x, t) + u°(x, 1) +
t(x, t), where

n—-1 ©
a(-,0) = Y Peu(-,0,u’C-, 1) = Bu(-, 0,4, ) = ¥ Peu(-, 1),
k=1 k=n+1
and ut =@ + 4.
Furthermore, as notation, let

A= /ln+1 - An'
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LeEmMaA 4. Let £, (x) € L™(Q) be functions such that

0=p,()=<A a.e. in Q (28)
and

j A - Bw + j (A - B )W >0 (29)
w>0 w<0

for all we N(@ — A,,.,D\{0} = N(£ — 4,,.,\{0}.
Then there exist constants § = d(f,(x)) > 0 and 7 = 7(B.(x)) such that for all
X, € L7(Q) satisfying

O0=<x,(x,)=B,(x) +9 a.e.on Q 30)
and all ¥ e Dom(@®), we have
(Qu — Aqu+ x_u~ —y,ut,d—a—-u®=nlut|po 3D
for the heat operator and
Qu — Agtt + x_u™ = gou*, i — @ — u) = glutlipo — @k + @l + Wl (32)
for the telegraph equation.
Proof. Let u € Dom(®) and yx, satisfy (30). For a.e. ¢ € [0, 2x], the function u(-, ) €

H*(Q) N H)(Q) and x.(-, ) € L°(Q). Then it follows from Lemma 1 in [30] (with
I, = B,) that there exist constant § = d(8,) > 0, 7 = n(f.) (independent of #) such that

(Lu — Agu+ x_C,0Du" — 3, C,ud — i — uo)LZ(Q) = ’7|uL|§1‘(9)

for a.e. t € [0, 2n].

Therefore, taking the inner product of Qu — A,u + y_u~ — y,u* withi — @ — u®in
LX), the conclusion follows easily since («,, # — @ — u°%) = 0 and H"%(Q) = ([0, 2x];
HY(Q)). The proof is complete.

LEMMA 5. Assume that the conditions (28) and (29) hold. Then there exists a constant
d = d(f,) > 0 such that for all x, € L*(Q) and all v € Dom(®), with v, = 0, satisfying

0= x,(x,t) =B, (x)+ 6 a.e.on Q .

Qu — Ao+ x_(x, v - x,(x, vt =0 a.e. on Q,

one has that v e N(@ — A,1) = N(£ — 1,1).

Proof. We apply Lemma 4 which implies, by (33) and (31) in the case of the heat
equation, and by (33), (32) and the fact that v, = 0 in the case of the telegraph equation,
that v* = 0, that is, v = v°. Since v is independent of ¢, then v(:) = P,v(+), that is,
ve N@ - A,1) = N(& — 4,I). The proof is complete.
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THEOREM 2. Suppose that there exist a real number r > 0 and a function B € I*(Q)
such that

(sgn w)g(x, u) = B(x) 34)

for a.e. x € Q@ and all ¥ € R with |u| = r.
Moreover, assume that

0 < timinf £ < tim sup8® < g ) = A 35)
u— too u u—+owo u
uniformly for a.e. x € Q with f, € I3(©) such that
S (A = Bow* + S (A —BIyw? >0 (36)
w>0 w<0

for all w e N(@ — A,,,D\{0}. Then equation (23) (resp. equation (24)) has at least one
solution ¥ € Dom(Q®) provided

g g, v (x)dx dr ~ g g (v (x)dxdr + S h(x, Ho(x)dxdr > 0 37
Q Q Q

for all v € N(@ — A, 1)\{0}.

Proof. The proof is very similar to the proof of Theorem 1 of Section 3. Therefore we
shall only sketch the main arguments and indicate the differences that appear in this case.
We refer to the proof of Theorem 1 for details.

We prove the existence of a solution to the above problem(s) using again topological
degree theory. Choose & € R such that 0 < & < A. So, since (@ — al)™': H(Q) = H(Q)
is a compact operator (see [27]), it suffices to show that there is a constant p > 0 such that
for every possible solution ¥ € Dom(®) of the homotopy of problems

Ht,u):=u - 1@ — al) (Gu — au + h) = 0, € [0, 1],
we have

|u|H1,o < p.

Arguing by way of contradiction, we can assume that there exist sequences (z,,) C (0, 1]
and (u,,) C Dom(®) with |u,|g.0 = m € N such that A(z,,, 4,,) = 0. Also, if we set
Uy 2= Upn/ U)o, then (v,,) is bounded in H''}(Q) and, for a subsequence, it converges
in I2(Q) to some function v independent of ¢. Using the decomposition of g given in (16),
(v,,) satisfies
Quy = A0, — (1 = 1)@, — 1,85 _ . _h
|t 1.0 || 1.0

= Qupy — ApUpy — (1 = 1)V, — TRY(X, Un)Vp,

SO )

T
"l " Mo

=0. (38)
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Taking the (weak) limit, we have

—Qu(x) + A,v00) + x. 0, DY) — x_(x, Hv (x) = 0 a.e. in Q, 39)
with

0 < x.,(x, ) < lim supg(i(u’—u) <B.(x) ae onl(x,1):vx) > 0}

40
glx,u) “0
u

0 < x_(x,?) < limsup =< B_(x) a.e. on {(x, 1) : v(x) < 0}.

At this point we apply Lemma 5. In fact, by the above asssumptions, the inequalities (28)
and (29) are satisfied. Also, by (40), it follows that (30) is trivially satisfied. Therefore,
v e N(@ — A,D\{0}. As before, we use the notation

U (X, 1) = 9(X) + Wr(X, 1), (1)
and we set
20 = 2 <= Pm®) >
|(/’mlH"° an(ﬂmlH‘(n)

Taking the inner product in Z*(Q) of (38) with z,,, and using the fact that 7,, # 0 and
(Ums Zm) = | Ol 22|0m| g0, We get

0= S 8(x, Up (X, )Z(x) + h(x, 1)2,(x) dx dr. (42)
Q
Proceeding as in the proof of Theorem 1 (with obvious modifications) we can show, using
Lemma 4 instead of Lemma 3, that an estimate analogous to (19) holds, that is,
|u,J,',lH1,o =C+(C+ Cfu,‘i,le,o)l/Z

and we can also prove that there exists a function / € L'(Q) such that, for m sufficiently
large,

8(x, U (x, D)2m(x) = I(x, 1).
Taking the liminf as m — o in.(42), and using Fatou’s lemma and (35) we get a
contradiction with the condition (37). The proof is complete. M

We derive results of [33] (also [15] in the autonomous case), [14, 30, 32, 34] as special
cases.

CoroLLARY 2. Assume that conditions (34), (35) and (36) of Theorem 2 hold, and let
h € I*(Q). Then the elliptic partial differential equation

—div(A(x) Vu) = A, u + glx, u) + h(x) a.e. in Q,

43
ux) =0 on 909, “3)

has a solution u € H*(Q) provided

j 2. 00v™ () dx — § g_ (v~ (x)dx + § h(x)v(x)dx > 0
Q Q Q

for all v e N(L — A, D\{0}.
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Proof. The proof is similar to the proof of Corollary 1 of Section 3, using, at the
appropriate step, equation (23) and Theorem 2 instead of equation (4) and Theorem 1.
The proof is complete.

Now, we shall prove results on the crossing of (not necessarily simple) eigenvalue(s).
The following lemma will be useful in obtaining these results.

LeEMMA 6. Let 6 € L™(Q) be a function such that 0 < 6(x) < A a.e. on Q. Then, there
exists a constant x = x(6, @) > A such that for all x, € L*(Q) and all v € Dom @, with
v, = 0, satisfying

O0<y_(x,)=0kx), O0=yx,(x,H=<k a.e. on Q,
~Qv + A,v + x (0, Dt = x_(x, v =0 a.e. on Q,

one has that v e N(@ — A,]) = N(& — 4,1).

Proof. Suppose the conclusion of the lemma does not hold. Then, for each m € N,
there exists functions x}' € L*(Q) and v,, € Dom(®), with v, = 0, satisfying

1
0=x"x, )<= 0(x), O0=<yxMx,H)=<A+ p a.e. on Q,

—Qu,, + AUy + X7, Out — x"(x, Dy, =0 a.e. on Q,

such that v,, ¢ MQ — A,1).

Now, taking the inner product (in Z2(Q)) of the left-hand side of the above equation
with & — & — v°, it follows from Lemma 4 (with f_ = @ and B, = A; recall that all
eigenfunctions associated with A, , change sign in Q and enjoy the unique continuation
property, so that (29) holds) that, for m sufficiently large, one has v}, = 0. But Um, = 0.
Therefore, v,,(+) = P,v,,(+). This is a contradiction with the fact that v,, ¢ N(@ — A, 1)
for each m € N. The proof is complete.

THEOREM 3. Suppose that there exist a real number r > 0 and a function B € [*(Q)
such that

(sgn u)glx, v) = B(x) 44)

for a.e. x € Q and all u € R with |u| = r.
Let 8 € R be a constant such that 0 < 8 < A and set f_(x) := f and B,.(x) := x > A,
where k¥ = k(f, @) is the constant given by Lemma 6. Assume that

0 < timinf £ < imsup &5 ? < g < A 45)
u—— U u— —co U
and
glx,w) . glx, u)

0 = liminf =— < lim sup—u— <K (46)

u— 4o u U+
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uniformly for a.e. x € Q. Then equation (23) (resp. equation (24)) has at least one solution
u € Dom(@®) provided

"

S g.(vr(x)dxdr — S g_ (v (x)dxdr + ] h(x, Hu(x)dxder > 0 47)
Q Q Q

for all v e N(@ — A,I\{0}. = N(£ — 1,\[0}.

Proof. The proof is very similar to the proofs of Theorems 1 and 2 and, therefore,
we shall be very brief. So, reasoning as in the proofs of the previous theorems, we derive,
by way of contradiction, that there exists v # 0, independent of ¢, satisfying, similarly
to (39),

—Qu(x) + A, v() + x, 0, D) — x_(x, Hv (x) = 0 a.e.in Q (48)
with
glx, u)

0=y, =<lim sup—u—— <K a.e. on {(x, t): v{x) > 0}
U+

0=<x_(x,8) <lim supg();—’u2 =0 a.e. on {(x, £): v(x) < 0}.

Here & = 8/2. Since all assumptions of Lemma 6 are fulfilled, we derive that the function
ve N@Q — A,\{0}. Thus, it follows from (48), that x, = 0 a.e. on Q. This implies that
Dm — 0in I*(Q) as m — . Therefore, proceeding as in the proof of Theorem 2 from (41)
on, we get a contradiction to condition (47). The proof is complete. H

Even in the case of elliptic partial differential equations, the following corollary on
crossing eigenvalues (directly) for higher eigenvalues (i.e. n = 2) is still new.

CoROLLARY 3. Assume that the conditions (44), (45) and (46) of Theorem 2 hold and let
h € I¥Q). Then the elliptic partial differential equation
—div(A(x) Vu) = A,u + glx, u) + h(x) a.e. in Q,
u(x) =0 on 9Q,

has a solution u € H*(Q) provided

N

j g.(vt(x)dx — g g_(v () dx + S h(x)v(x)dx > 0
Q Q Q

for all v e ML — A,1\{0}.

Proof. The proof is similar to the proof of Corollary 1 of Section 3, using, at the
appropriate step, equation (23) and Theorem 3 instead of equation (4) and Theorem 1.
The proof is complete.
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5. HIGHER ORDER EQUATIONS

In this section, we shall briefly indicate the conditions under which the results of the
previous sections can be extended to higher order equations.
Here 3Q is of class C*™ and £(x, D) is a higher-order differential operator of the form

Lx,D)y= Y (-1D""'Dia,;()D'u)

lil, 1l = m
which is assumed to be uniformly (strongly) elliptic and symmetric; i.e.

= aj;, Y a;(0EE > g forallx e Qand all & € RY,

lil=1jl=m
where a; € CV1*VI(Q) for 0 < |i[, |j| < m, and ¢ > 0 is a constant. Here i and j denote
multi-indices with |i| = Z,’I"zl i, where i, is a nonnegative integer for 1 < g < N.
Throughout this section, we shall assume that the eigenfunctions of the realization
of the linear operator £(x, D) on HI'(Q) N H*™(Q) enjoy the open set type unique
continuation property; this is particularly true if the coefficients a;; € c(Q).
We consider the higher order parabolic and telegraph equations

u, — £x,Dyu = A,u + glx,u) + h(x, t) a.e. in Q,
u(-,t) e H'(Q) on [0, 27], 49)

u(x, 0) = u(x, 2m) on Q,
and, with 0 # a € R,

au, + u, — L, Dyu = A, u + glx, u) + hix, t) a.e.in Q
u(-,t) e HJ'(Q) on [0, 2x], (50)
u(x, 0) = u(x, 2n), u,(x, 0) = u,(x, 2n) on Q.

First we compare the nonlinearity (at double resonance) with two consecutive
eigenvalues, and then we present results on crossing of not necessarily simple eigenvalue(s);
it should be remembered that a complete description of the Fucik spectrum is not
available for higher-order (multi-dimensional) equations (see e.g. Fudik [3]). We shall
present the results only in the case of equation (49), similar results may be derived for
equation (50). As before, the following notations will be used:

Qu := u, — £(x, D)u,
and, respectively,
Qu := au, + u, — L£(x, D)u,

with the following domains Dom(®) = Hj ([0, 27]; HIQ) N H*™(Q)) (respectively
Dom(®) = H3.([0, 27]; H(Q) N H*™(Q))), where the subscript 27 indicates that the
involved functions are 2zm-periodic in the variable f. Furthermore, A will denote the
quantity

A=Ay — Ay
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THEOREM 4. Suppose that there exist a real number r > 0 and a function B € I*(Q)
such that

(sgn w)g(x, u) =z B(x) (63))]

for a.e. x € Q and all u € R with |u| = r.
Moreover, assume that

0 < liminf £ < jim supy <, <A (52)

u—>too u u— feoo

uniformly for a.e. x € Q with 8, € L*(Q) such that

j (A =B ow?+ j (A-pByw*>0 (53)
w>0 w<0

for all w e N(@ — 4,,,I)\{0}. Then equation (49) has at least one solution ¥ € Dom(®)
provided

E 2.00v () dxdr — j g_ (v (x)dxdr + S A(x, Hv(x)dxdt > 0 (54)
Q Q Q
for all v e N(@ — A,1)\{0}.

We also have a result on crossing at (not necessarily simple) eigenvalues. In order to
obtain this result, we shall assume that, in addition to the conditions at the beginning of
this section, all the eigenfunctions associated with the eigenvalue 4,,, change sign in Q
(see e.g. the proof of Lemma 6).

THEOREM 3. Suppose that there exist a real number r > 0 and a function B € I*(Q)
such that

(sgn w)g(x, u) = B(x) (55

for a.e. x € Q and all u € R with |u| = r.

Let 8 € R be a constant such that 0 < § < A and set f_(x) := # and §,.(x) := k > A,
where k = k(8, @) is the constant given by a result similar to Lemma 6 adapted to the case
of higher order equations.

Assume that

0 < liminf £ < imsup 2P 2 9< A (56)
u— —o u u—>—o u
and
0 < lim inf 8w < lim supg—(xi2 <K 57)
u— +oo u u—+w u

uniformly for a.e. x € Q. Then equation (49) has at least one solution # € Dom(®)
provided

j g.00v () dxdr - S g2_(v~(x)dxdr + § h(x, Hv(x)dxdt > 0 (58)
Q Q Q

for all v € N(@ — A, D\[0} = N(L£ — 4,\{0}.
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We shall omit the proofs of these results since they are very similar to those in the
previous section. Of course, several corollaries concerning the corresponding nonlinear
higher order elliptic partial differential equations are easy to derive. We refer to Section 4
for similar details.
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