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1. Introduction

Modified Bessel functions and in particular the ratios of the first and second kind modified Bessel functions
I,_1(z)/I,(x) and K,11(z)/K,(x) are mathematical functions appearing in a huge number of applications.
In many of these applications, sharp bounds for estimating these ratios are important; for recent references
(later than 2019) where these bounds play an important role see for instance [3-5,7,11,21] for applications
where bounds for the ratios of first kind Bessel functions appear and [4-6,9,13,18] for the case of second
kind Bessel functions. The ratios of modified Bessel functions are important functions on their own and it
is no surprise that bounding these ratios has been a topic of interest for many authors; see for instance
[1,2,8,10,14-17,19,20].
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In most of the aforementioned papers (with the exception of [14,16]) the bounds are of the form

a+ /% + y2a?

B(o, B,7v,x) = -

(1)

These bounds are widely used because they can be quite sharp, they are simple and it is easy to operate
with them; other type of bounds (like in [14,16]) can be sharper but are not so easy to handle. The present
paper culminates these previous studies on algebraic bounds of the form B(«, 3,7, x) in two senses: firstly,
we summarize the previous algebraic bounds and classify and collect them in a table according to the
accuracies at * = 0,+00. Such classification will reveal that the set of most accurate bounds at x = 0
and/or x = 400 is complete for the ratio I,_1(z)/I,(z), with bounds earlier described in [1,17,19], but not
so for K, +1(x)/K,(x); this second case is completed in this paper. In the second place, we will recover the
idea considered in [8] of building the best possible (and close to best possible) bounds around any given
fixed positive value of x, but we go beyond the particular case of best lower bounds for first kind Bessel
functions and we discuss both lower and upper bounds, and for both the first and second kind functions.

The main results we will obtain can be stated in a simple way (not counting details on the range of
validity with respect to v, which we later describe carefully). Namely, if «, 8 and v are chosen such that
B(w, 8,7, ) is a sharp approximation for @, (xz) = I,_1(z)/[,(x) as x — 0T (respectively z — 400) and
the graphs of the functions B(a, 8,7, z) and ®,(z) are tangent at some x = x, > 0, then B(«, 3,7, ) is
an upper (respectively lower) bound for ®,(z); the same is true for the ratio ®,(z) = K,11(z)/K,(x) but
interchanging lower and upper bounds.

This analysis will complete the description of the best possible upper and lower bounds of the form
B(a, 8,7, z) around any given z, € [0,400]. It will not be possible to give simple expressions for the
coefficients «, 8 and v as a function of z, when z, € (0,+00), but we will see how it is possible to give
explicit bounds which are close to the best bounds (in fact, we will first derive the close to best bounds and
later the best bounds). Bounds with maximal accuracy at 0 and +oco are recovered in the limits z, — 0t
and x, — +00, both for the best and close to best bounds, and these limiting cases are contained in the
previously mentioned table of bounds.

The structure of the paper is as follows. We start by summarizing the existing bounds for the ratios of
modified Bessel functions in section 2, and in section 3 we classify them in a systematic way according to
their accuracy at x = 0 and x = 400, filling a gap in this classification for the second kind functions. This
classification, on the other hand, will reveal a mirror symmetry between the bounds for the first and second
kind functions. Additionally, we will discuss two additional bounds with enhanced accuracy which result
from modifying slightly the expression B(a, 3,7, x). In section 4 we build uniparametric families of bounds
which are close to the best algebraic bounds of the form B(«, 3,7, z), and which also exhibit the mirror
symmetry. These close to best bounds are the starting point for proving the existence of the best bounds in
section 5. For the best bounds, properties of the coefficients «, 5 and ~ as functions of the tangency point
x4 are also discussed.

2. Review of previous results

Most of the sharp bounds for ratios of modified Bessel function available so far can be obtained using
very similar ideas, starting from the difference-differential system [12, 10.29.2]

I, () = L1 (z) — FLu(2),

T,y (2) = T,(x) + L3517, 1 (z)
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(where Z,,(z) denotes I, (z), ™ K, (x) or any linear combination of them), together with the unique behavior
of I,,(z) as x — 0T and of K,(x) as x — +o0.
Starting from the DDE (2) we can obtain the Riccati equation satisfied by

— — qul(x)
h#,l/(x) =T M(I)l/(m) = " Iy(.'L') ) (3)
which is
_ 2v—p—1
o) = a0+ () = 2y (@) 4

As described in [14,16], solving hj, ,(z) = 0 for h, , () (which gives the nullclines of the Riccati equation),
we get bounds for h, ,(x) for certain values of y, and in particular for 1 = —1,0, 1. Next we summarize
such bounds together with those that can be extracted from the application of the recurrence relation

2v
Iy+1(x) + ?Iy({ﬁ) — Il,,l(l') =0. (5)
2.1. Bounds from the Riccati equation and the recurrence relation

From the analysis of the Riccati equation satisfied by h, ,(z), the following result can be proved ([16,
Thm. 1]; see also [14]):

2
Theorem 1. Let A, ,(z) = % {I/ — 'u—éli + \/(l/ - “—_2|_—1) + xQ}, the following bounds hold for real posi-

tive x:
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Remark 1. K, (z)/K,_1(z) = Ao p(z) =1if v =1/2.

Remark 2. The first three bounds were first proved in [1] for v > 1. The validity of the first and third
bounds was extended to v > 0 in [20] and the range for the second bound was extended in [15] to v > 1/2
(see also [14]). The fourth bound was first proved in [10], the fifth in [15] and the last one in [14].

The recurrence relation (5) can be used to generate further bounds, as considered in [15]. For this purpose
we write the recurrence as

2 (0) = 2 4 @y (2), (

1 In this section the same compact notation for the bounds as in [16] is used, which is later droped in favor of the more general
notation B(a, 3,7, z) (for all the bounds in this section v = 1).
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I, (x)

and using an upper (respectively lower) bound for ®,,q(z) = Ty (2) we obtain a lower (respectively
v+1

upper) bound for ®,(x) if v > 0. In particular, considering the bounds of the form given in Theorem 1 we
have:

Lemma 1. If A, , (x) is a positive upper (respectively lower) bound for ]7(30) when v > vy (v9 > 1) then
1%

2
- 1 -1 -1
)\#’V(x):E V"‘M—‘F\/( —MT> +£U2)

is a lower (respectively upper) bound for v > 0.

Remark 3. Taking the case p = 1, that is, starting from the bound 3 of Theorem 1 we obtain the first bound
of this same theorem; both bounds are then related by the recurrence. The cases p = —1,0 provide two
additional bounds, which were already described in [1].

We can also rewrite the recurrence in the forward direction
2(V -1
_@V(‘T) = (Pu 1 (7)

and using an upper (respectively lower) bound for —®,_1(z) = K,_1(z)/K,_2(x) we obtain a lower (re-
spectively upper) bound for —®, (). Then we have:

Lemma 2. If A\, ,(x) is a positive upper (respectively lower) bound for K{(”i(a(j)x) when v > vy then 5\#7,,(30),
v—1

where

is a lower (respectively upper) bound for v > vy + 1

Remark 4. Taking the case p = —1, that is, starting from the bound 4 of Theorem 1 we obtain the sixth
bound of this same theorem; both bounds are then related by the recurrence. The cases p = 0,1 provide two
additional bounds, which correspond to the bounds of Eq. (34) (1 = 1) and Eq. (35) (u = 0) of reference
[15].

2.2. Other bounds

We end this section summarizing other bounds that will be important in the classification of the best
algebraic bounds of the form B(«, 3,7, z).

Theorem 2. The following bounds hold for positive x:

1.I,1(x)/1,(x) > (V R VL i —|—w2> ,v>1/2

v
<u+ v2 4+ x2>,V20
v+1

3. I,_1(x)/1,(x) < % (V—2+ \/(1/+2)2 i V+2x2> ,v>0

8l

8=

2. I,_1(x)/L,(x) >

v+1
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4. Kpp1(2)/ K, (z) < % (Z/—I— V2 +av/(v— 1)) ,v>1

The first bound in the previous theorem appeared in [17] and its range of validity was extended in [8].
This is the only bound we have described so far that is not a direct consequence of the Riccati equation
and the recurrence relation. However, the method of proof is similar in that it involves simple arguments
regarding the monotonicity. Later, we improve this result and provide and analogous (upper) bound for
Kyi1(2)/ Ky ().

The second and fourth bounds were proved in [15] as a consequence of the Turdn-type inequalities satisfied
by modified Bessel functions; such Turan inequalities were again obtained as a consequence of the analysis
of the Riccati equation. The second bound appeared earlier in [2].

Finally, the third bound is the bound (4.10) of [19] (notice that the index v has to be shifted and an
extra factor x appears because they are bounding xI,(x)/I,1(x) instead of I,,_1(x)/I,(x)). This bound
appeared in [19] as the best of a set of uniparametric bounds; the use of the Frobenius series for first kind
Bessel functions was considered in the proof. We note that this bound is a direct consequence of the second
bound in the previous theorem and the application of the recurrence relation. Indeed, denoting by L, (z)
this upper bound for I,_1(z)/I,(z) and using (6) we have

I, 2 1 2
1(2) <?V+LV+1($)_1=E (V—2+\/(V+2)2+Z+ x2>,l/20.

The recurrence relation can also be applied in the forward relation (7), but then, as we will discuss, the
bound will be weaker. We have in this case

I,_s(z) _ (_2(1/— O Iy_z(a:)>_1 < <_@ +LV1(;(;)> _1,

which gives

3. Classification of the bounds

It will be helpful in clarifying the status of the known bounds so far to classify them in some way. A
neat way to do this is to analyze the sharpness of the bounds at x = 0 and x = +o0, for this purpose, we
compare the expansions

2 4 3

Blaw fyx) = O E + 5F — LLr 4+ 0(), 2 = 0, o
2

B(a,B,v,2) =v+ $ + B 5+ O(z™*), x = +o0,

2vx

(assuming, without loss of generality, that S > 0, v > 0) with the expansions for I,,_1(z)/I,(z) (41) and
(43) (and similarly for the second kind function). We will say that a bound B(«, 3,7, x) has accuracy n € N
at & = 0 if the first n terms of the expansion of B(«, 3,7, x) are the same as the first n terms in (41); we
define in an analogous way the accuracy at x = +o0.

We first classify the bounds for the first kind Bessel function, and we will see that with respect to the
accuracy at x = 0 and = = +00, the set of bounds described so far is complete in a sense to be described
later. However, this will not be the case of the second kind Bessel function, and the completion of the set of
bounds will lead to finding new bounds. Later, we will enhance these sets of bounds with new bounds which
are more accurate for intermediate values of x, completing the description of the best algebraic bounds.
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Table 3.1

Bounds for the ratio I,,_1(z)/I,(x) of the type B(a, 8,7, x) = (a + /B2 + v2x2)/x classified
according to their accuracies at z = 0 (n) and x = +o00 (m). The range of validity of the bounds
is given, and the type of bound is labeled as L for the lower bounds and U for the upper bounds.

(n,m) « B v Range Type
(0,1) v—1 v—1 1 v>0 L
(2,0) v v V/(v+1) v>0 L
(0,2) v—3 v—3 1 v> 1 L
(2,1) v—1 v+1 1 v>0 L
(0,3) v—3 v2 -1 1 v>1 L
(1,0) v v Vv/(v —1) v>1 U
(1,1) v v 1 v>0 U
(1,2) v—3 v+ 3 1 v>0 U
(3,0) v—2 v+ 2 Vi +2)/(v+1) v>0 U

3.1. Bounds for I,,_1(x)/1,(x)

The bounds B(a, 3,7, z) we have described for I,,(z)/I,_1(z) are classified in Table 3.1 according to the
accuracy at x = 0 and & = +o00. We assign to each bound a pair (n,m), where n is the accuracy at z = 0
and m the accuracy at x = +o0.

All the bounds of this table have been described earlier in this paper. The bounds (0, 1), (0,2) and (1,1)
are given in Theorem 1; the bounds (2,1) and (1,2) are described in Lemma 1 and Remark 3; (0, 3), (2,0)
and (3,0) are collected in Theorem 2 and finally (1,0) is Eq. (8).

Remark 5. Some important observations related to this table are:

1. There may exist more bounds B(«, 8.7, x) with accuracies such that n +m < 3 apart from those given
in the table. For example, considering (6) we see that B(2v,0,0, ) is a lower bound, and this is a bound
of the type (1,0).

2. Bounds B(a, 8,7, x) with n +m > 3 do not exist because the bounds depend of three parameters, and
then it is not possible to reproduce more than three terms in the corresponding expansions.

3. The bounds with n +m = 3 are unique, and they are all contained in the table, as we next prove in
Theorem 3

Theorem 3. Let

a+ /B2 + y2z2
B(a, B,7,) = T

T

B(a, 8,7,z) is a bound for I,_1(z)/1,(x) for all x > 0 and v > vy, with vy not larger than 1/2, for
each of the selections of «, B, v such that three terms of the development of B(«, 8,7,x) in power series
as © — 0% and/or x — +oo coincide with the corresponding expansions for I,_1(x)/I,(z) (three terms in
total for both expansions). These correspond to the bounds with accuracies (n,m), n+m = 3.

Proof. Comparing the expansions for I,_1(z)/I,(z) (41) and (43) with (9) we see that the conditions for
the first three terms to coincide with the expansion (43) are (we take 5 > 0 and v > 0):

atB=2w, B2 =v+1, B/t = (v + 12w +2) (10)

(in increasing order) while the three conditions for the coincidence as  — 400 are (starting from the first
term)

y=1,a=v—-1/2, g2/y=v*—1/4 (11)
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Considering, for instance, that the three conditions of (10) are satisfied we obtain

v+ 2
a V 7ﬂ V+ 7’7 l/—’—l,

which is the bound (3,0) of the table. Similarly for (2,1), (1,2) and (0, 3), the coefficients «, 8 and v are
univocally determined and are as shown in Table 3.1. O

Let us denote by BY"™ (x) the bounds with accuracies (n,m) of Table 3.1, then

Lemma 3. A bound Bﬁnl’ml)(x) is sharper for all x > 0 than a bound Bﬁnz’mﬂ(x) of the same type (upper
or lower) if and only if the following conditions are met: ny > ng, my > ma, Ny +my > ng + Mma.

Proof. Assume that n; > no, my > mo, ny + my > no + mo. First, it is easy to check that under these
conditions the bounds in Table 3.1 are such that B(nl’ml)( ) # Bl(,m’mZ)(ac) for all > 0. With this it is
obvious that B{"™"™") (x) is necessarily sharper than B;, (n2, mz)( ). Indeed, the first bound is sharper at least
at one of the end points z = 0 0 x = +o00 and because Bl(,m’ml)(x) # B£n2’m2)(x) for all > 0 then it is

sharper for all x. O

A consequence of Theorem 3 and Lemma 3 is that the bounds with n + m = 3 are the best possible of
the form B(a, §,v,z) at © = 0 or £ = 400. The set of bounds for the ratio I,_(z)/I,(z) is complete in
the sense that all four best bounds at x = 0 or x = +o00 are given. The next results gives the region when
each of these bounds is the best.

Corollary 1. For v > 1/2 the sharpest lower bound of Table 3.1 is either B(Q’l)( )=Bv—-1Lvrv+1,1,x)

or B 3)( ) = B(v—1/2,1/v? — %,1,2), depending on the value of x. B 1)( ) is the sharpest bound for

<y, 1 =+/3+1/2)(v+5/6) and B,(,O’B)(x) for x > x. B )(x) is also walid for v € [0,1/2).

For v >0 the sharpest upper bound is either BS-? () =B(v—-1/2,v+1/2,1,2) or B3O (x) = B(v —
2,v+2,4/(v+2)/(v+1), B(3 O) is the sharpest bound for © < x,, x, = /3(v+1)(v+2) and
B(1 2)(z) for x> .

We stress, as commented earlier in the introduction, that the best possible bounds of the form B(«, 8,7, x)
at © = 0 or x = 400 for the ratio I,_1(z)/I, (z) were already known, with the bounds Bl(,l’z)(x) and B,S2’1)(3:)
first described in [1], the bound B,(jo’3)(x) in [17] (the range validity was extended in [8]) and the bound
BP9 (z) in [19].

3.2. Bounds for K, 1(z)/K,(x)

We will denote by BS"™ (z) the bounds with n correct terms in the expansion as z — 0 and m correct
terms as © — +oo for the ratio K, 11(x)/K,(x). Taking into account the bounds described so far, we notice
that the table analogous to Table 3.1 is not complete and that, in particular, the bounds El(,g’o)(a:) and
B}Eo,g) (x) are missing. That these bounds of the form B(a, 3,7, z) exist is guaranteed by the next theorem,
which is analogous to Theorem 3:

Theorem 4. B(«, 3,7, x) is a bound for K,1(x)/K,(z) for all x > 0 and v > vy, with vy not smaller than
2, for any of the selections of a, B, v such that the three terms of the development of B(a, 3,7, x) in power
series as x — 0% and/or x — +00 coincide with the corresponding expansions for K, 1(x)/K,(x) (three
terms in total for both erpansions).
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Proof. Using (9) and comparing with (45) and (43) (see the Appendix), the conditions for the coincidence
of the first three terms of the expansion for K, 11(z)/K,(z) at z = 0 are

at+B=2w /7 =v-1 /7" =@v-1)>*v-2) (12)

We observe that the first condition only makes sense if v > 0 because for smaller v the first term in
the expansion for K,1(x)/K,(x) is no longer O(z~!) (see the Appendix, Eq. (45)). Similarly, the second
condition is meaningful only for v > 1 and the third condition for v > 2.

Regarding the conditions as x — 400 we have, considering (42):

1
7:1,azy+§,ﬁ2/yzy2—1/4. (13)

Let us observe the symmetry between these conditions and the analogous conditions for the bounds of
I,_1(z)/I,(x), which will imply that the bounds have very similar expressions.

Let us now consider the 4 different cases:

3,(,3’0)(33): we solve the system formed by the three equations in (12), and we get:

v—2
v—1°

a=v+2,f=v—-2v=

This gives

. 1 -2
B3O () = <l/—|—2+ \/(1/—2)2 +Z 1332) )

x v—
which is an upper bound for v > 2. Indeed, we consider the fourth bound of Theorem 2 and use the

recurrence in the form

Koi(x) 2v K,_1(x)

1 1
o\ 22y vme 14
K, (z) x K,(z) "’ (14)
yielding
Ky—i-l(x) > 2_1/ + X _ 31(13’0)(1‘)
K (@) 1+\/( et V71
v v L
Ef’l)(m): a=v+1,8=v—1,~v =1 which is the case 4 = 1 of Lemma 2.

351’2)(@: a=v+1/2, =v—1/2,v=1, case px = 0 of Lemma 2.
350’3)(m): a=v+ %, B =+/v?—1/4,v =1, and one can prove that

1
1/24 4 /v2 + 22 — -
K, - v \
Kyti(z) < BO3) (1) 4’ v>1/2.

Ku(ﬂc) x

In fact, we are giving in Theorem 5 a sharper bound. O

The bounds appearing in Table 3.2 either have already been described in the paper or a direct consequence
of the application of the recurrence. Firstly, the (0, 1), (0,2) and (1,1) bounds are the results 4, 5 and 6 of
Theorem 1; the cases (0,1) and (1,1) are related by the recurrence (case p = —1 of Lemma 2). Similarly,
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Table 3.2

Bounds for the ratio K, 41(z)/K, (z). For the (0.3) and (1,2) bounds the equality holds when

v=1/2.
(n, m) a B ¥ Range Type
(0,1) v+1 v+1 1 veR U
(2,0) v v Vv/(v —1) v>1 U
(0,2) v+ 3 v+ 3 1 v>—1/2 U
(2,1) v+1 v—1 1 veR U
(0,3) v+ v2 -1 1 v>1/2 U
(1,0) v v Vv/(v+1) v>0 L
(1,1) v v 1 v eR L
(1,2) v+ 3 v—1 1 v>1/2 L
(3,0) v+2 v—2 v—2)/(v—-1) v>2 L

the case (1,2) is connected with (0,2) and the case (2,1) with (1,1) (cases u = 0,1 of Lemma 2). The case
(2,0) is the result 4 of Theorem 2 and the case (3,0), as shown in the proof of Theorem 4, is related to (2, 0)
through the recurrence relation; similarly, (1,0) can be obtained from (2,0) but applying the recurrence if

the opposite direction. Finally, the (0, 3) case is proved in Theorem 5, which in fact gives and improvement
of this (0, 3) bound.

Remark 6. We note the clear symmetry between Tables 3.1 and 3.2. If we take an upper (or lower) bound
for I,,_1(x)/1,(x) and when v + p appears we replace this value by v — u then we have a lower (respectively
upper) bound for K, 1(z)/K,(x).

Remark 7. Considering the (1,1) bounds both in 3.1 and 3.2 we conclude that K,iq(z)/K,(z) >
I,_1(z)/I,(x), v > 0. Therefore, the lower bounds for I,_i(z)/I,(x) are also lower bounds for
K, 4+1(z)/K,(z) (though not as sharp) and the upper bounds for K, ;(z)/K,(z) are also upper bounds for
I,_1(z)/I,(z) (but, again, not as sharp).

Remark 5 also holds for the results of Table 3.2. Lemma 3 holds for the bounds B&”m)(x) of Table 3.2
too, while Corollary 2 holds with the appropriate replacements (see Remark 6) and minor modifications.
Next we give this last result explicitly:

Corollary 2. For v > 1/2 the sharpest upper bound of Table 5.1 is either 3(,2’1)(96) =Brv+1,v—1,1,x2)
or B%O’B)(:c) = B(v+1/2,/v? — 1,1,2), depending on the value of x. If v > 5/6, E£2’1)(x) is the sharpest

bound for x < m, v = \/3(v —1/2)(v —5/6) and 350’3)(95) for x > x;. For v € [1/2,5/6] 350’3)(95) is
sharper for all positive x. Bl(,Q’l)(:r) is valid for all real v.

For v > 2 the sharpest lower bound is either 351’2)(:10) =Bv+1/2,v—1/2,1,2) or B,SS’O)(x) =B(v+
2,v—2,v/(v—2)/(v—1),x). Eﬁg’o)(x) is the sharpest bound for © < x,, x, = /3(v—1)(v —2) and

B () for x > x,. B () is valid for v > 1/2.

3.8. Two additional bounds of the type (1,3)

We end this section discussing a slightly different type of bound to the rest of the paper. These two
bounds are not of the form (1), but are a minor modification. These new bounds improve the bounds of the
type (0,3) in Tables 3.1 and 3.2.

Theorem 5. Let ¢_ ,(x) = zI,_1(x)/1,(z) and ¢4, (x) = K, +1(x)/K, (), then both functions satisfy the
following properties for v > 1/2 and x >0

0<¢l ,(x) <1,
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B @) =v+ 2tz —1) < ¢, (z) <v+V/v2+z(x+1) = BE (),

where the equalities only take place for ¢4 ,(x) when v = 1/2. The upper bound for ¢4 ,(x) and the lower
bound for ¢_ ,(x) are of accuracy (1,3).

Proof. The case v = 1/2 is trivial. Let us assume that v > 1/2.
We have that

oy ) (2) = F (2 + ¢4 0 (x) — dr0(2)?). (15)

We observe that the inequalities (1,1) of Tables 3.1 and 3.2 together with (15) imply that ¢/ ,(z) > 0.
Next we prove the inequalities for ¢4 ,(x), from which the upper bound for the derivatives follows
immediately. Considering Remark 7 we have that ¢_ , () < ¢4 ,(x) and we only need to prove the upper
bound for ¢4 ,(x) and the lower bound for ¢_ ,(z).
Now let 64 ,(z) = hy ,(2) — ¢+ (), where hy ,(z) = v + /v + z(x £ 1). Taking the derivative and
using (15) we can write:

+1/2 1
8 (x :x—:F—:E2+2V¢ (@) — g o (2)?
L) = e T L 20k (0) 00 0))
which we can write as
+1/2 1
& (z zx——li—é () (04 () +2(ht () — V).
() e LID) 2 0x(2) (020 (2) + 2(har 0 (2) = V)

Then, if o > 0 is a value such that 0+ ,(z9) = 0, because x £1/2 < \/v?2 +z(z£1) if v > 1/2, we would
have that ¢’ , (7o) < 0. But this, as we see next, leads to a contradiction, which means that such xo can
not exist.

Considering the expansions as x — 400 we have

1/2—1/4

0x (x) =+
() 43

+0(z™4). (16)
Now, consider the plus sign (upper bound for the ratio of second kind function). We have that 6, ,(z) >0
for sufficiently large =, but then we must have that d4 ,(x) > 0 for all positive z because, otherwise, if xg
was that largest value of = for which ¢ ,(z¢) = 0 then we would have, as we have proved, that d1 ,(z¢) < 0,
in contradiction with the fact that d; ,(x) > 0 if x > w(. This proves the upper bound for the ratio of
second kind functions.

With respect to the lower bound for first kind functions, we see that in the limit z — 0

€ 2
d_(x) = —3, + O(z?)
and therefore 6_ , (z) < 0 for z sufficiently close to 0, and it has to stay the same for all = > 0. Otherwise,
if we let xo > 0 to be the smallest positive value of 2 such that d_ ,(xo) = 0, we would have ¢" ,(z¢) <0,
which is in contradiction with the fact that 0_ ,(z) < 0 for 0 < x < xo.
Finally, we observe that (16) shows that the corresponding expansions (lower bound for ¢_ ,(z) and
upper bound for ¢ ,(z)) have degree of exactness 3 as  — +o00. On the other hand, because hy ,,(0) = 2v,
we see that they are also sharp as # — 0. Therefore these are bounds of type (1,3). O

Now, because it is easy to prove that the bound B(1:3)(z) (respectively B(®)(z)) is sharper than the
bound B©3)(z) (respectively B(:3)(z)) in Table 3.1 (respectively Table 3.2), we have the following:
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Corollary 3. For v > 1/2 the following holds:

L,(x) = max{Bl(,Q’l)(x),Bl(,l’g)(x)} is sharper than any other lower bound for I,_1(x)/I,(x) of the type
(1) for any x > 0; Bgz’l)( ) < B(1 3)( ) if and only if x > 3(1 +v).

U,(z) = min{352’1)( ), B ( )} is sharper than any other upper bound for K, 1(x)/K,(x) of the type
(1) for any = > 0; 352,1)( ) B )( ) if and only if x > 5(1—v).

4. Close to best possible bounds

In the rest of the paper, we refer exclusively to bounds of the type (1). The goal is to characterize which
are the best possible bounds of this type, not necessarily around z = 0 or z = oc.

Restricting to the bounds of type (1), those with total accuracy n +m = 3 at 0 and +oo are the best
possible. As we will see, it is also possible to consider bounds of this form which are the best possible at
any chosen point x, > 0, although the coefficients are not explicitly computable in terms of elementary
functions. Before this, we will obtain explicitly computable bounds which are close to these best bounds,
and that are sharper than the bounds with maximal total accuracy at 0 and 4oc0 in finite positive intervals.

4.1. Bounds with interpolation at x = 400

In this section we consider bounds of the form B(a, (), 8, (M), 1,2), which are sharp as © — 4o00. We
start with the first kind Bessel function, studied in [8].

4.1.1. Close to best lower bound for I,_1(z)/1,(z)
We adapt Theorem 7 of [8] in the following way:

Theorem 6. The following holds for A € [0,1/2], v > 4 — X and z > 0

I;‘flg) > L (A 2) = B (0, 87 (V) L), (17)
where a()()\) v—1/2 =), ﬁl(,l)()\):\/ﬁ+ V2 — (A= 1)

We don’t need to prove this result, which is explained in [8] (for the sake of clarity: notice that in
[8], the function that is bounded is I, 4+1(x)/I,(x) instead of I,_1(x)/I,(z)). Our version contains minor
modifications, but for brevity we prefer not to duplicate the proof. Instead, we prove in Theorem 7 a similar
result for the ratio K,1(z)/K, ().

Remark 8. Observe that LU (1/2,2) = BV (z), v > 0 and L3Y(0,2) = BY®(z), v > 1/2. The uni-
parametric set of bounds goes continuously from the best lower bound at z = 0 (A = 1/2) to the best
lower bound at = 400 (A = 0) and for A € (0,1/2) it gives close to best bounds around finite values of
T =ux4 > 0.

For the rest of the close to best bounds we will obtain in this section the same will be true in the sense
that they will connect continuously the corresponding best (upper or lower) bounds of Table 3.1 or Table 3.2.
We will not insist in stressing these facts.

Remark 9. The validity of Theorem 6 extends to all A > 0 for v > |XA — 1/2|. However, for A > 1/2 the
bounds are less sharp than the bounds for A = 1/2.
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4.1.2. Close to best upper bound for K,11(x)/K,(x)

We are going to prove next a similar result to Theorem 6, which was proved in [8], but for the second
kind Bessel function; the proof is similar to the proof in [8, Thm. 7]. This result, as we see next, maintains
a similar type of symmetry as described in Remark 6.

Theorem 7. The following holds for A € [0,1/2], v > 1/2 — X and z > 0:

KV—H(‘T)

(K) () 2) = BlaT) (). 3K) .
K, ) < 0r (e =Bl ), A7), 1),

v

where

BN =v+1/24 X, BN = —V2A+ /12 — (A —1/2)2.

Proof. In the proof, we take A > 0 (the case A = 0 corresponds to the bound (0, 3) of Table 3.2).

Let ¢, (z) = 2K, +1(x)/K,(x), which satisfies z¢},(z) = —2% —2v¢, (z) + ¢, ()2, and let §(z) = hq p(x) —
¢u(x), where hy g(z) = a + /5% + 22.

Taking o = a,(,K)()\) we have a > v + 1/2 because A > 0 and on account of (9) and (42) we find

that 6(z) = hqpg(x) — ¢u(x) > 0 for large enough positive z. Next we prove that, for o = a,(,K)()\) and
8= Bl(,K)()\), d(x) is never zero for any x > 0 and then that it stays positive for all z > 0.
Using (15) we can write
26 () = @‘Tﬁ(s) + (=20 + 2Ry () — 8())(2), (18)
where
s =1+/p2%+ x2 (19)
and

Q(s) = —B%+ 2va — a® — BHs + (1 — 2o + 2v)s>. (20)
The discriminant of the equation Q(s) = 0 can be written
A= (Qua—ao® — B2 —26v2a — 2v — 1)(2va — o — B2 4+ 26v2a — 2v — 1).

Solving A = 0 (using the first factor on the previous expression) we find that one of the solutions is

B=-V2a—-2v—1++/(a—1)2v+1-a),

which taking o = a&K)()\) = v+ 1/2+ X is precisely the value ﬁﬁK)(/\). With o = aiK)()\), 8= ﬁﬁK)(/\) we
then have

Q) =5 =Py =2(a-v- 1) o= (21)

and v > 0.

Now, let us assume that z¢ > 0 is the largest value such that d(xg) = 0. By assuming that such value
xo exists we will arrive to a contradiction, which proves that xy does not exist and therefore §(z) does not
change sign for x > 0.
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The contradiction occurs because for o = a(uK)(/\) and g = g (M) it happens that 6(xzp) = 0 implies
that either ¢'(zg) < 0 or ¢'(xo) = §"(x0) = 0 and §"’(zo) < 0; but then the sign of the derivatives implies
that d(zo + h) < 0 for sufficiently small h > 0, which is not possible because §(z) > 0 for z > xo (because
0(x) > 0 for large enough x).

Indeed, because §(xg) = 0, by (18) and (21) we have that

208’ (r0) = Q(s0)/50 < 0, s0 = s(x0) = /5% + 2

if sp # 0. In the case sy = o we can prove that ¢’'(zg) = §”(z¢) = 0 and §"(z¢) < 0. Indeed, using again
(18) and (21) we can write

wd' () = —v

Now, 0(zg) = 0 implies §’(xg) = 0 because s(xg) = o. Taking a derivative we get that 6" (z¢) = 0, and a
further derivation leads to xod" (z¢) = —v(s'(20))?/s(z0) < 0. O

Remark 10. The validity of Theorem 7 extends to A > 0 for v > |A — 1/2|. However, for A > 1/2 the bounds
are less sharp than the bounds for A = 1/2.

Two auxiliary lemmas We now prove two auxiliary lemmas that we will used later for proving the existence
of the best algebraic bound of the type B(«, 5,7, ).

Lemma 4. Leta=v+A+1/2, A€ (0,1/2), v > A+1/2 andv— A —1/2< 5 < B () then both s-roots
of Q(s) =0, with Q(s) given by (20), are real and greater than § > 0.

Proof. First we notice that BﬁK)()\) (defined in Theorem 7) satisfies B,SK)()\) >v—A—1/2if XA € (0,1/2),
v > A+ 1/2. Indeed, BﬁK)()\) — (W =A=1/2)>0if /22 4+ (A —1/2)2 > V2\ + v — XA — 1/2, and squaring
both sides this is equivalent to (1 — v/2X)?(v — X\ — 1/2) > 0, which holds.

Now we check that both s-roots are real. The discriminant of Q(s) = 0 can be written

A= {8 - B} {2 - B )}

where 6,&1)(/\) = V2 + 42— (A—-1/2)2 > ﬂl(,K)(/\). Then it is obvious that the discriminant is positive,
and therefore Q(s) = 0 has two real roots.
Next we prove that the two roots are greater than 8 > 0. We write Q(s) = 0 as

2Xs2 + (B2 =2+ (A +1/2)H)s + g2 =0, (22)
and now we make the change s = 8 + o; the resulting equation is
200 + (B2 + 48— P+ (A +1/2)%) o+ B((B+ A+ 1/2)> —v%) = 0.

We know that both o-roots are real and we have to prove that they are positive. For this, on account
of Descartes rule of signs and because we already know that the two roots are real, it will be enough
to prove that the first and third coefficients are positive (which is obvious) and the second negative. For
proving that the second coefficient d(8) = 82 + 4A\3 — v + (X + 1/2)? is negative it is enough to prove
that d( ,SK)(/\)) < 0. This is so because d(+o00) = 400, d(0) < 0 and then if d( l(,K)(A)) < 0 we will have
d(B) < 0 for all B € (0,8 (N)).
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After some algebra, we find that

V2 — (A +1/2)2

VoX+ /12 — (A —1/2)%

A(BYI(N) = ~2V2A(1 ~ V2N)

and then d(8)(\)) < 0. O

Lemma 5. Under the conditions of the previous lemma and, with 8 = 5,(\) such that v —A—1/2 < 5,(\) <
(K)

v (N), the roots of Q(s) =0, s1(A) and s2(N), are such that \ liml/2 si(A) =0.
—v—
Proof. From Eq. (22) and setting 8 = (,()\) we see that s1(A\)sa(\) = B,(A)2/(2)) and s1(N) + s2(N) =
—(B? =2+ (A +1/2)?)/(2)). Combining both

51(N)sa(A) + s1(N) + s2(\) = (¥ — (A +1/2)H)/(2))

And from this expression and the fact that both roots are real and positive (as proved in the previous
lemma) the result is proved. O

4.2. Bounds with interpolation at x =0

We are now considering that the bounds are sharp as z — 07. For this purpose, we seek bounds of the
form B(a, 8,7, x) with a + 8 = 2v (see Egs. (43) and (45)), and we will write a =v — X, B =v+ A

We will establish the bounds for I,,_1(z)/I,(z) using a similar line of reasoning as for Theorem 7; we will
not give a explicit proof for the case of K, 11(x)/K,(x) because the proof is very similar and the symmetry
considerations (Remark 6) will also apply in this case.

4.2.1. Close to best upper bound for I,,_1(x)/I,(x)

As a previous step for obtaining the new upper bounds for I, _1(z)/I,(x) we need to obtain a convenient
expression for the derivative of the difference between this function and the potential bound. This is done
in the next lemma.

Lemma 6. Let 6(z) = hy o(z) — ¢ (), where hy o(x) = v—A++/(v + N)? + cz? and ¢, () = z1,_1(x)/].(z),
then

2

xd' (z) = mR(s) + (2ha,c(z) — 2v 4+ 6(x))d(z) (23)
where
R(s)=(c—1)s* +[c(v—A+1)—v—As+cv+A) (24)
and s = /(v + N)? + ca?.
Proof 28'(@) = L 0?26, (2) + 6,(2)’

=Q(s) + (2hy (z) — 2v + §(x))d(x),

where

cx? 1

Q(s) = - 2% — 20hy o(7) + hyo(2)? = » [T(s) + (c — 1)z°s],
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with

T(s) (1 =2N)2% = 2X\(v + A\)2 + 2\ (v + \)s
(1=2N)s2 +2X\(v + N)s — (v + )2

(I=2)\)(s—v—2X) (s— 2V)\+)\)
= (

cx? v+ A
1 =205+ (5_2/\—1)'

And using this last expression for 7" in the formula for @ we have the result. O

Theorem 8. The following holds for v > 0, A € [1/2,2] and = > 0:

I,
(@) UD N z) =B —\v+ /PN, 2), (25)
I,(r)
where
(I) )\ - V-'—)\
cy = .
) v—A+2VvV2A -1

Proof. In the proof we assume that 1/2 < A < 2. The cases A = 1/2 and A = 2 correspond to the bounds
B (x) and B3O (x) respectively, which are already given in Table 3.1. Therefore we don’t need to consider
this limit cases.

We are looking for a bound Ay .(z) =v — A+ /(v + A)? + ca? for ¢, (x) = xI,_1(x)/I,(z). We start by
computing the discriminant A of the equation R(s) = 0 (see the previous lemma)

A=lc +1)—v =M —4(c—1ec(v +A)

= (26)
={v+1 (\F V22le—v—AH[v+1— (VA+V2)¥ec—v — A}

Now consider the equation A = 0 and we solve for ¢ considering the first factor; this gives

v+ A
v—A+2V2N -1

For this proof, differently to Theorem 7 and similarly as for proving the lower bound in Theorem 5, the
condition that will be used is the sign of §(0) > 0, and not that of §(+00). Taking into account (9) and (43)
we conclude that for 1/2 < A < 2 we have §(0) > 0: for these parameters the first term in the expansions
of I,_1(z)/I,(z) and Uil ()\ x) at © = 0 coincide, but the second term in the expansion for the bound is
larger. Indeed, because we have 8 = v+ X and 72 = ¢/ )()\) (compare with (9)) with (25)) then

7 dPM) 1 1

= > R
B v+A oy d4+2vV20—-1 v+l

because —\ + 2v/2) — 1 is positive for A € (1/2,2) and it attains its maximum value (which is 1) at A = 2.

Because §(0"7) > 0 and §(z) is infinitely differentiable for all z > 0 if v > 0, all that remains to be
proved is that if there existed a value xy > 0 such that 6(xg) = 0 this would mean that either ¢'(xzg) > 0 or
0'(xo) = 0" (x9) = 0 and §""(xg) > 0, which implies that such zy does not exist. But with ¢ = cl(,l)()\), R(s)
has a double root and using (23) we can write

28 () = u(@)R(s(x)) + n(x)s(x)

with
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R(s(2)) = (c — 1)(s(x) — 0)%, 0 = \/z_%jl (27)

22
v+A+s
p(xo)(c—1)(s(xg) —0c)? > 0if s(xg) # 0. On the other hand, if s(x¢) = o, then §’(x¢) = 0 and differentiating

(27) we obtain 6" (z0) = 0 and 200" (z0) = 2u(x0)s’(z0)? > 0, which completes the proof. O

Now, we observe that ¢ —1 > 0 and p(z) = S ] > 0 and we have that §(x) implies §'(xg) =

Remark 11. The validity of the bound of the previous theorem can be extended for non-negative values of
A such that cl(,I)()\) > 1, which is guaranteed if v > 0 with v > (v/X\ — v/2)? — 1, however the bounds with
A € [1/2,2] are sharper than those for values of A outside this interval.

Two auziliary lemmas We now prove two additional lemmas which will be used later in section 5.
Lemma 7. If A € (1/2,2) and v > 0 the discriminant A of Fq. (26) is positive for 0 < ¢ < P (N).

Proof. The first factor in (26) is negative and the same is true for the second factor. First, if A=v +1—
(VX +v/2)? > 0 we use that ¢ < cl(,l)()\) and then

Hl—(VA+V2e—v—A< (v+ ) (Zii_ggjg;z —1)

_ ANV2\(v + \) _ oD
T T Io(ao Ve T W

and if A < 0 then, using that ¢ > 0
v+1-(VA+V22e—v—A<—v—) O

Lemma 8. If A € (1/2,2), v > 0 and max{1, %/l\—} <c< cl(,I)()\) the two roots of R(s) =0 (Eq. (24)) are
such that s > v+ A.

Proof. That both roots are real is known from the previous lemma. Now, we substitute s = v + A + ¢ in
the equation R(s) = 0 and get R(c) = 0, with

R@)=(c—1)c*+ (Bv4+A+1)c—3v =3\ + 2+ \)((v +1Dec— (v +N))

Because of the condition ¢ > max{1l, %/l\—} the first and last coefficients of the polynomial are positive.

Then, if we prove that the second coefficient is negative we conclude that the two roots of R(a) are positive.

This is shown using that ¢ < P (A), which gives

Br+A+1)c—3v—3" < @Bv+r+1)c(A)—3v—3x=

20+ ) (V2 —2)(V2X — 1)
B v—A+2V2x—1

<0
where the last inequality holds for A € (1/2,2). O

4.2.2. Close to best lower bound for K,41(z)/K,(x)

We end the description of the close to best bounds with the result analogous to Theorem 8 but for the
second kind Bessel function. The proof, which is omitted, is very similar to that of Theorem 8, but with
the difference that in this proof we start by comparing the ratio of Bessel functions with the bound at 4+oc0
and not at x = 0 (as happened in the proof of Theorem 7).
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Theorem 9. The following holds for A € [1/2,2], v > X and x > 0

Kyi1() (K) _ ENPWCL9)
@) > LV (N x)=By+\v—My\ce '(\),x),

where

v—A
vEA—2V2N+ 1

) =

Remark 12. The mirror symmetry mentioned in Remark 6 is again noticeable when we compare Theorems 8
and 9.

Remark 13. In the previous theorem the condition v > A is necessary so that CL(,K)(/\) > 0 (otherwise that
bound can not hold for all > 0). The validity of the bound can be extended to positive A, however the
bounds when A € [1/2,2] are sharper than for values outside this interval.

5. Best possible bounds

From the previous close to best bounds, we can deduce the existence of best possible bounds which
interpolate the function ratios at * = 0 or z = 400 and at an intermediate value x, > 0, with interpo-
lating conditions up to the first derivative. In [8] the corresponding lower bound was shown for the ratio
I,_1(x)/1,(x). Here we prove that the same type of result can be given for the upper bound for this ratio
and for the lower and upper bounds for the ratio K, 4+1(x)/K,(z).

The idea for proving these best bounds is to pull down (for upper bounds) or up (for lower bounds) the
close to best bound by changing one of the coefficients until the bound stops being a bound. Just before
this happens, the graph of the bound will be tangent to the graph of the ratio of Bessel functions at some
positive value of x = x,, and the resulting osculatory bound will be the best possible around such value of
L.

The following lemmas are immediate to prove and they will be used later. They give osculatory functions
which are defined for all x > 0. What we will later prove is that such functions are in fact bounds (the best
bounds).

We start with the functions which are sharp at x = +oo.

Lemma 9. Let ¢, (z) = xI,_1(x)/I,(z) and ¢} () = 2K, 11(z)/K,(z), v > 1/2, and define
ht(a,b,x) = a+ b+ x2. (28)
Given ., > 0 there exist unique values aX and b such that

¢k (@) = b (o, bF, @), 6 (1) = by (o bF ). (29)

LA * 9 Uk

As functions of the tangency point x, € RT, af and by can be written as follows

_ Ty
af = ¢f($*) - Wﬂ

(30)
b = a? (68(2) 2~ 1).

Additionally we have b > 0 and therefore hit(at,b¥,x) is real for all x > 0.
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Proof. From the conditions (29) we easily get (30), and considering Theorem 5 we see that b > 0. O
Next, we consider functions B(a, 8,7, x) which are sharp at = 0, that is, with a + 8 = 2v.
Lemma 10. Let ¢ (x) = 1, _1(x)/1,(z) and ¢} (z) = 2K, 11(x)/K,(x) and define
htE\ e z) = v+ A+ /(v T A? + ca?. (31)
Given x, > 0 there exist unique values \F and ¢t such that
Oy (22) = hy (AL el ), 0 () = hyy (N5 e ). (32)

As functions of the tangency point ., € R™, A\ and ¢, can be written in terms of ¢. = ¢, (z.) as follows

Vo O (L= 30)ed + (2w(v — 1) — aD)g, + val
o 2 +2(1 - v)gp, — 22 —dv ’

o = (6% = 2w, — a)(ds — 20)”
o w20 - v)g. — 2l - Av)

*

The expressions for A} and cf are the same, replacing v by —v in the right-hand side and taking ¢, =

—65 (2.)-

Additionally we have ¢ > 0 and therefore hr(\E,cE, z) is real for all z > 0.

Proof. We just have to use the two conditions (32) for determining . and c,.
Let us consider the case of ¢, (x); for ¢f(z) the derivation is analogous. Denoting S =

\/(V + Ax )2 + 5 22, the conditions (32) give

v S =00 S = ) (53)
Eliminating S in (33)
viey = wad, (2)(60 —v ) (34)

and squaring the first equality in (33)
wley = @0 = 2w + 20 (67 — ).

From the last two equations we get A\, and c; . Additionally, using z.¢;'(z.) = 22 + 2v¢; — ¢ 2, we get
the final expression. Similarly for ¢} (z).

Now, the fact that ¢ > 0 is a consequence of the bounds of types (1,1) and (2,1) of Tables 3.1 and
3.2. O

5.1. Best lower bound for I,,_1(x)/1,(x)

The next result is an adaptation of [8, Theorem 10], and therefore does not need a proof. Later (Theo-
rem 11) we prove a similar result for second kind Bessel functions. These two theorems will characterize the
best bounds around some x > 0 which are also sharp at x = 400. In Theorems 12 and 13 we will close the
analysis with the best bounds around any given x > 0 which are also sharp at x = 0. These four theorems
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will give the best possible upper and lower bounds of the type B(a, 8,7, z) for the ratios of both the first
and second kind Bessel functions.

Theorem 10. Let A € (0,1/2) and v > § — X, then there exists a value B,(,I)()\) > 0 such that

1
L) =~ (V —1/2 =X+ /BN + xZ)
satisfies
Lya(x)
= >
hy (z) L = LY (N z),z>0

where, for fited v and X, the equality holds at one and only one value of the variable x, = ac,(,I)()\) > 0,
where hl,(z.) = Cl(,l)/()\, Ty).
As a function of A, By)()\) is increasing while ac,(f)(/\) is decreasing and the following limits hold:

1

i DN =22 - = 1 (D)) = 2
lim BV (A) = v" — 7, Jim B, (A) =@+1)7,
lim 2 (\) = 400, lim z('(\) =0

A—0 A—1/2

5.2. Best upper bound for K, 1(x)/K,(x)

Theorem 11. Let v > 1/2 and 0 < A < a, a = min{%,v — 3}, then there exists a value B&K)()\) > 0 such
that

UK (A 2) = & <y +1/24 2+ /B0 + x2)
x
satisfies
Kyti(z) (K)
= — =<
hy (x) K, (z) = Ut (N x), x>0

where, for fited v and X, the equality holds at one and only one value of the variable T, = x(yK)(/\) > 0,
where h,(x.) = ﬁK)/()\,x*).
As a function of X\, both BﬁK)(/\) and x(VK)()\) are decreasing and the following limits hold for v > 1/2:
9 1

; (K) _ I F (K) _ _ _1)2
lim BUIO() =2 = -, lim B () = 0 — 1)(w — 1%

lim 2 (\) = 400, lim 2z (\) =0
A—=0 A—ra

with ©(x) =1 if x >0 and O(x) =0 if x < 0.

Proof. For brevity, in the proof we denote x, = m&K)(/\), by = BI(,K)()\).

In addition, we denote d,, (A, b, x) = u, (A, b, z)— ¢, (x) where ¢, (z) = zh, (x) and u, (A, b,x) = v+A+1/2+
Vb + x2. The conditions h, (r,) = UD(K)()\,a:*) and Al (x,) = ﬁK)/(/\7 x,) are equivalent to 0, (A, by, x,) =0
and ¢/, (X, by, x.) = 0.

We start by noticing that, according to Theorem 7, for v > 1/2 and for each A € (0,1/2) there exist a
value b(\) = 1(,K)(/\)2 such that 6, (A, b(A),x) > 0 for all z > 0. On the other hand, u, (), b, z) decreases as
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b decreases, and, as we see next, under the conditions of the theorem there exists a minimal value b, such
that , (A, by, x) > 0 for all x > 0, where the equality holds for only one positive value x = z, > 0.
First we notice that

B b— (v? —1/4)
oA bya) = At —————

+0(x™?),
and therefore the bound remains an upper bound for large enough x (and it is sharp as x — +00) when
A>0.As A — 0T 6,(\, b,7) can not remain positive for all x > 0 unless b > v? — 1/4, otherwise §, (), b, x)
could become negative for large z (but not too large). Therefore we conclude that b, > v? — 1/4 for small
enough A > 0.

On the other hand, as x — 0T we have:

S, (b, ) =Vh+A+1/2— v+ O(z?).

We observe that if vb < v — A —1/2 (and A\ < v — 1/2 so that v/b can be positive®) §,(\,b,0) < 0 and
therefore we no longer have an upper bound. From this, we see that /b, > v — XA — 1/2 and in fact the
inequality must be strict, as we next check. Setting vb=v — X — 1 /2 we have

A—1/2
2v=A=1/2)(v - 1)

S\ v—A—1/2,2) = >+ 0(z'), v >1

and

r(l-v)

5V(A,l/_ A — 1/2,3}) = —2ym

T\ 2V
(§> +O(z?), v € (0,1).
In both cases, because A € (0,1/2), we have that §,(A,v — A —1/2,0) = 0 but 6,(\,v — A —1/2,2) <0
for small enough x. Therefore u, (A, b, x) is no longer an upper bound for ¢,(z) at least in some positive
interval; by continuity, the same holds for v = 1. We conclude that /b, > v — X — 1/2 and therefore

v—XA—1/2 < /b.(\) < BIEO(N). (35)

We conclude that if v > 1/2 and 0 < A < a, @ = min{%,v — 1} this value b, > 0 does exist. Furthermore,
for if b = b, there must exist at least one value of z = z, > 0 such that 6, (), b, 2.) = 0 and 6., (\, by, z.) = 0;
indeed, because b, is the minimal value of b for which §, (), b, ) > 0 for all > 0, there must exist at least
one value x, > 0 such that §,(\, by, z.) = 0 and 6, (A, by — €, 24)0, (A, by + €,2,) < 0 for sufficiently small e.
From or previous discussion it is clear that . # 0 and because 6, (A, by, x,) = 0 and d, (A, by, x) > 0 for all
x > 0 necessarily 8, (X, by, z.) = 0.

The previous discussion proved that there exists a point of tangency x.(\) for each . This point, on the
other hand, must be a solution of the equation (20) with 5 = /b.()), and because we have (35) we are in
the conditions of Lemma 4, which means that both s-solutions are greater that 8 = 1/b.(\) and, therefore,
because s = /2 4 22 there are two positive real solutions x1(\) and x2(\) (and they are different because
the discriminant of Q(s) = 0 is positive). One of this two solutions gives the tangency point and the other
one plays no role, as we later prove.

Before this, we prove that b, is decreasing as a function of A. This is a consequence of the fact that
uy (A, b, z) increases both as a function of A and b. We assume the contrary and we arrive at a contra-
diction: we take A1 < Ao and we suppose that b,(A1) < b.(A2), which implies that u, (A1, b.(A1),2) <

2 Observe that the condition A < a = min{1/2,v — 1/2} is one of the hypotheses of the theorem.
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uy (A2, by (A2), x); but because u, (A1, b.(A1),z) is an upper bound for ¢, (z) then wu, (A2, bi(A2),z) can not
have a tangency point with ¢, (z), in contradiction with the definition of b,(\2).

With respect to the limits as A\ — a, we first consider the case v > 1, which implies a = 1/2. Taking into
account (35) we have limy_,1 /2 1/b«(\) = v — 1. On the other hand, using this limit in (22) we deduce that
both s-roots are such that limy_,; /o s(A\) = v — 1, and therefore limy_,; /o 2. () = 0.

For v € (1/2,1), because we have the condition A < v — 1/2, we must consider the limits A\ — v — 1/2.
In this case, taking into account Lemma 5, both roots s(A) of (22) tend to zero as A — a, and because the
variable s is defined as (19), this means that s(A) = 1/b«(A) + x.(X)2, tends to zero, with b,(A\) > 0, and
therefore we have that b,(A) and x.(\) tend to zero.

Now, we investigate the limits A — 0. Because by construction we know that b, () < B(VK)()\) and, as
discussed earlier in the proof, b.(\) > v? —1/4 as A — 0, for small \ we have

V2 —1/4 < b,(\) < BN
and

lim b (\) = v — 1/4.
lim b, () = % — 1/
In addition, using (22) we see that both roots of the equation tend to infinity in this limit.

Finally, we prove that for each A, the point of tangency z, = x.()) is unique and decreasing as a function
of A. As we mentioned before in this same proof, the point of tangency must be one of the solutions of
Q(s) = 0, which has two distinct positive z-solutions. We have already proved that

lim z,(\) = 400, lim z.(\) = 0. (36)
A—a

A—0t

Let us denote the two solutions as x&l)()\) and 2% (A), with 2 (A) > zM

gives the point of tangency, which is therefore unique.

(A). Only one of these solutions

Indeed, given a value of the tangency point ., the corresponding value of A = A(z,) is unique for any
z, (Lemma 9); however, because of (36) and the continuity of xii)()\), i = 1,2, for each z, > 0 there are at
least two values of A, say A\; and A2, A1 # Ag, such that xil)()\l) =z, and xg)()\g) = x,; either A\, = )\
or A = Ao, but not both, and therefore one of the solutions xii)()\)7 i = 1,2 plays no role. On the other
hand, it is not possible that the tangency point is given by xg)(}\) or xg)()\) depending on the value of
A, because xf)(x\) > xil)(/\), and the tangency point z, must be continuous as a function of A. We have
checked numerically that the tangency point is given by the smaller root: . () = azgf’)()\) (this fact is not
necessary for proving this theorem and we have not pursued its proof).

Finally, because of the limits (36) and the continuity of z.()), it can be proved that z.()) is decreasing
by checking that the correspondence x, — A(x,) is injective, which is, because given z., the two conditions

of tangency 0, (A, by, z+) = 0 and 0/,(X, by, z,) = 0 univocally determine A = A(z.) and d.(\). O
5.3. Best upper bound for I,_1(x)/I,(x)

Theorem 12. Let v > 0. For each A € (1/2,2), there exists a value Cl(,I)()\) > 0 such that

UD (A z) = % (u Az e mQ)

satisfies
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where, for fired v and X\, the equality holds at one and only one value of the variable x,. = x(VI)(/\) > 0,
where h,(x.) = ,SI)/()\,J‘*).
As a function of A, Cy)()\) is increasing while J:,(,I)()\) is decreasing and the following limits hold:

2
lim ¢O() =1, im D) = 272
A—1/2 A—2 v+1
lim 2 (\) = 400, lim z(D(A\) =0
A—1/2 A—2

Proof. For brevity, in the proof we denote z, = a:g)(/\), ce = C (N).

In addition, we denote d,(\, ¢,z) = by(A ¢, z) — ¢ (x) where ¢,(x) = zh,(z) and b,(\,¢c,x) = v —
A+ /(v + A2+ ca?. The conditions h,(z.) = U,EI)()\,Q:*) and h(x,) = UDI)/(/\,x*) are equivalent to
0y (A, Csy y) = 0 and 0),(A, ¢4, 4) = 0.

We start by noticing that, according to Theorem 8, for each A € (1/2,2) there exist a value c,(,I)()\) such
that 5V()\,c,(,1)()\),:c) > 0 for all > 0. On the other hand, because b, (A, ¢, x) decreases as d decreases and
Ou (A, e (A),z) > 0 while 0, (\,0,2) < 0 (because I,_1(x)/I,(x) > 2v/z) there must be a value ¢, > 0 such
that b, (A, ¢,x) > 0 for ¢ > ¢, for all  but that this does not hold for ¢ < ¢,.

We have that ¢, is the minimal value of ¢ for which 6, (A, ¢, z) > 0 for all z > 0, and then there must exist
at least one value z, > 0 such that 0, (A, cs, z4) = 0 and 0, (X, cx — €,24), (A, cx + €, x,) < 0 for sufficiently
small e. We have z, # 0 because §,(),¢,0) = 0 for all ¢. Then, z, > 0 and because §, (), cs, z.) = 0 and
0y (A, iy @) > 0 for all > 0 necessarily §/, (X, ¢, z.) = 0. In other words:

hy () = U,EI)()\,x*), h:,(.%'*) = ULEI)/(A"T*)'
By construction, an upper bound for ¢, is c(VI)()\) and we can find lower bounds by comparing (9) (with
the selection of a, 8 and + in this theorem) with (41) and (43).
The first term in both expansions (9) and (43) coincides, while the second term is greater for b, (A, ¢, z)
only if ¢ > (v + A)/(v + 1), while for ¢ = (v + A\)/(v + 1) we have

A—2

o (he,@) = N2 +2)"

1 0().

Therefore, because A € (1,2), 6, (A, ci,x) < 0 close to x = 0if ¢ < (w4 A)/(v + 1) and then b, (A, ¢, x)
is no longer an upper bound for such values; hence ¢, > (v + A)/(v + 1). On the other hand comparing
the expansions as * — 400 using (41), we conclude that §, (A, ¢,xz) < 0 if ¢ < 1. Therefore ¢, > 1 so that
by (A, ¢, ) can be an upper bound. The value ¢ = 1 is also excluded because in this case

1
S

s,(\c,x) = 27 +0(z72),

and then 0, (A, ¢, z) < 0 for large .
With this we conclude that
A

max {1, %} <o < D). (37)

In addition, because c(ul)(l/Q) =1 and C(VI)(Q) = (v+2)/(v+ 1) we have, using the previous bounds, that
limy_,1/2 ¢« = 1 and limy ;0 ¢ = (v +2)/(v + 1).

Now we prove that ¢, = c.(\) is increasing as a function of A\. We notice that b, (), ¢, x) is decreasing
as a function of A and increasing as a function of ¢. Then if A\; < Ay and ¢, (A1) > ¢.(A2) we would have
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by(A1,e(M1),2) > by(A2,ce(A2),x) > ¢y (x) for al z > 0, but in the case there can not be a value x, of
tangency for b, (A1, c«(A1), ), in contradiction with the definition of the minimal value c.(A1). Therefore,
if Ay < A2 then d(\1) < d(A2).

Finally, we prove that for each A, the point of tangency . = x.()) is unique and decreasing as a function
of \. First, denoting

5:(\) = V(v + )2 + eV (A)? (38)

from the analysis of Lemma 6, we now that s, = s.(\) must be solution of the equation R(s.) = 0 (see
Eq. (24)) with ¢ = ¢« (). We notice that, for A € (1/2,2) there are two different real roots s, of (24) because
the discriminant is positive (see Lemma 7) and both roots are greater than v + A (Lemma 8). Now, using
(24) we see that both solutions satisfy

lim s.(\) = 400, im s,(A) = v+ A. 39
Aiq;ZS() +oo, lim s.(X) = v+ (39)

Now, considering (38) we see that there are two distinct positive real solutions of (24) in terms of z, and
that both satisfy

,\EI{I/Q z4(X) = 400, i1_>m2 z+(A) =0. (40)

Because, as discussed, the discriminant is positive one of the solutions will be larger than the other one
for all A € (1/2,2). Let us denote the solutions as xil)()\) and x?)()\), with xg)()\) > a:il)()\). Only one of
these solutions gives the point of tangency, which is therefore unique. This is proved similarly as was done
in Theorem 12, now considering Lemma 10. We have checked numerically that the tangency point is given
by the larger root: z.(\) = 2 (M) (this fact is not necessary for proving this theorem). Also, similarly as
in Theorem 12 it follows that the tangency point x,(\) is decreasing as a function of A\. O

5.4. Best lower bound for K,4+1(z)/K,(z)

Theorem 13. Let A € (1/2,2) and v > A. There exists a value CﬁK)()\) > 0 such that

1
LN z) = = <u A+ -2+ x2)
T
satisfies
Koa(r)
= " 7 >
hy () K, (z) > LN x), x>0

where, for fited v and X, the equality holds at one and only one value of the variable x, = mﬁK)(/\) > 0,

where hl,(z,) = ﬁ,(,K)'()\, Ty).
As a function of X\, both Cl(,K)(/\) and xE,K)()\) are decreasing and the following limits hold:

v—2
v—1

lim C)(\) =1, lim C{FO(\) =
A—1/2 A—2

3

lim z()(\) = +oo, lim z)(\) =0
A—=1/2 A—2
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5.5. Summary of the best bounds

Finally, we summarize the best bounds considered in this section, skipping some details on the range of
validity, and we show the relation with the best bounds at £ = 0 and = 400 (the bounds with accuracies
(1,2), (3,0), (2,1) and (0,3)).”

Theorem 14. Let h,(z) = I,_1(x)/L,(z) or h,(x) = K,41(z)/K,(x). Let . > 0 and B(w,B,v,z) =
(a4 /B2 +7222) /x, with «, B and v determined by the following three conditions:

1. Interpolatory conditions at z.: h,(x.) = B(a, 8,7, 2«), hl,(zs) = B'(a, §,7, ).
2. Sharpness condition: lim h,(x)/B(«, B3,v,x) = 1, where either xs = 07 or x5 = +o0.
T—T,
Denoting Bl(,j)(xs, Ty, x) = B(a, 8,7, x), where we assign the label j = I for the case h,(z) = I,_1(x)/I,(x)
and j = K for hy(x) = K,4+1(x)/ K, (x), the following holds for x > 0:

1. B (400,24, 2) < I,_1(2)/1,(x) < BS(0, 2., x).
2. BY(0,2,,2) < Kyi1(2)/ K, (z) < BY (+00, 2., 7),

where the equality only takes place at x = x,. The inequalities are valid for the values of v specified earlier
for each particular case (v > 1/2 in the worst case for I,_1(x)/I,(z) and v > 2 in the worst case for

Kyy1(z)/Ky(x)).
In addition, we have

lim B(0,z.,z) = B&Y (), lirg B0, z.,x) = BM (1),
T —+00

v v
z,—0t

lim B (+o0,z,, () = BV (z), lirﬂ B (400, z,, ) = B3 (2)
T, —400

T,—0t

in a certain range of v (at least v > 1/2) where B,Sn’m)(x) are the bounds in Table 5.1. The bounds BSX)
satisfy the same relations with respect to the bounds of Table 3.2 (for v > 2 in the worst case).
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Appendix A

Using [12, 10.4.1] we obtain the following expansion as & — +oo:

1 v—1/2 A -1/4 1*-1/4 4
LA o 41

I (2) Tt T o) (41)
and from [12, 10.4.1]

3 Animated images for these best bounds (as a function of z.) and for the close to best bounds (as a function of A) are available
at http://personales.unican.es/segurajj/bounds.html, showing how these bounds evolve from the best bound at x = 0 to the best
bound at x = +o0o with intermediate stages which constitute best (or close to best) bounds around the tangency point.
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Kyi(z) _ . v+1/2 N vi-1/4 2 -1/4

K, () T 22 227 * (’)(x_4) (42)

For v > 0 the series for the regular solution at = = 0 [12, 10.25.2] gives

_1(17) _ 2_1’ + €T _ 1‘3 + O(l‘5) (43)
v(z) r 2w+1) 8w+1)3*(r+2) '

~

For the modified Bessel function of the second kind as  — 01, because

L)~ I()

Ko@) = 2 sin(vm) (44)
we have that for v >0, v ¢ N
Kl,+1(x) - _vafl(x) 2m s
K@~ To@ (14 O(z*™)), m = min{2,2v} (45)
and the expansion (43) can be used with v replaced by —v. In particular,
Kypi(z)  2v z 3
K@) @ 2(V_1)+(9(m ), v>1, (46)
K,p(x)  [(2v P —v) rz\% a
K, () _<m 1/—1)( T(v+1) (2) +0E™) ), ve(01) (47)
and
Ko@) =0z " Hve (-1,0). (48)
K, (z) ’

Finally, for v = n € N, the first n terms in the expansion of K,1(z)/K,(z) are obtained from (45),
using the first n terms in (43) and adding a logarithmic factor to the error term in (45).
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