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Foxvwhulqj ri Lqlwldo Sxeolf R�hulqjv/ Lqirupdwlrq

Uhyhodwlrq dqg Xqghusulflqj

Xoulnh Kr�pdqq0Exufkdugl �

Wkh Orqgrq Vfkrro ri Hfrqrplfv

Ilqdqfldo Pdunhwv Jurxs|

Wklv Yhuvlrq= Pd| 48/ 4<<<

Devwudfw

E| surylglqj dq dqdo|vlv ri vhtxhqwldo jrlqj0sxeolf ghflvlrqv wkh sdshu rxwolqhv

frqglwlrqv xqghu zklfk ckrw lvvxh pdunhwv* dulvh/ l1h1 xqghu zklfk wkh olnholkrrg

ri d vhfrqg lqlwldo sxeolf r�hulqj lqfuhdvhv diwhu d �uvw �up kdv jrqh sxeolf1 Wzr

h�hfwv fdq wuljjhu wkh ulvh ri krw lvvxh pdunhwv lq d vhwwlqj zlwk dv|pphwulf dqg

frvwo| lqirupdwlrq derxw erwk �up txdolw| dqg lqgxvwu| survshfwv1 Wkh ulvn0dyhuvh

hqwuhsuhqhxu fdq eh vxemhfw wr ulvn0lqgxfhg vhoolqj suhvvxuh ehfdxvh ri xqfhuwdlq

lqgxvwu| survshfwv frqyh|hg e| d �uvw LSR lq wkh lqgxvwu|1 Dovr/ lqyhvwruv fdq

iuhh0ulgh rq wkh lqgxvwu| qhzv/ dqg lqfuhdvh wkhlu ydoxdwlrq iru d vhfrqg �up e|

devwdlqlqj iurp ixuwkhu frvwo| lqirupdwlrq surgxfwlrq1 Ilqdoo|/ wkh prgho r�huv dq

h{sodqdwlrq iru wkh hpslulfdo �qglqj wkdw krw lvvxh pdunhwv h{klelw d kljkhu ghjuhh

ri xqghusulflqj wkdq frog lvvxh pdunhwv1

MHO Fodvvl�fdwlrq= J65

Nh|zrugv= Lqlwldo Sxeolf R�hulqjv/ Dv|pphwulf Lqirupdwlrq/ Foxvwhulqj/ Xq0

ghusulflqj1

�L zrxog olnh wr wkdqn Vxglswr Ekdwwdfkdu|d/ Pdunxv Euxqqhuphlhu/ Ydvvlolv Kdmlydvvlolrx/ Pdunxv

Luqjduwlqjhu/ Ere Qred|/ Gdylg Zhee dqg Glun Zloohu iru khosixo frpphqwv dqg vxjjhvwlrqv1 L dp yhu|

judwhixo wr Md| Ulwwhu iru surylglqj ph zlwk gdwd rq XV lqlwldo sxeolf r�hulqjv1 Wkh xvxdo glvfodlphu

dssolhv1
| Orqgrq Vfkrro ri Hfrqrplfv/ Ilqdqfldo Pdunhwv Jurxs/ Krxjkwrq Vwuhhw/ Orqgrq ZF5D 5DH/

Who1= .7704:40<8809; <7/ ID[= .7704:40575043 39/ h0pdlo= X1Kr�pdqq0ExufkduglCovh1df1xn
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Qrq0whfkqlfdo vxppdu|

Wkh pdlq remhfwlyh ri wkh sdshu lv wr ghwhuplqh wkh gulylqj irufhv zklfk fdxvh wkh
hylghqw vzlqjv lq wkh txdqwlw| ri lqlwldo sxeolf r�hulqjv +LSRv, ryhu wlph1 E| surylglqj
dq dqdo|vlv ri vhtxhqwldo jrlqj0sxeolf ghflvlrqv wkh sdshu rxwolqhv frqglwlrqv xqghu zklfk
krw lvvxh pdunhwv dulvh/ l1h1 wr gh�qh frqglwlrqv xqghu zklfk wkh olnholkrrg ri d vhfrqg
LSR lqfuhdvhv diwhu d �uvw �up kdv jrqh sxeolf1 Wkh ihhg0edfn phfkdqlvp iurp rqh LSR
wr wkh qh{w frqvlvwv ri lqirupdwlrqdo h{whuqdolwlhv derxw d frpprq ydoxh idfwru +lqgxvwu|
rxworrn, frqyh|hg e| wkh �uvw LSR1

Lq wkh prgho wkhuh duh wzr ulvn0dyhuvh xwlolw| pd{lplvlqj rzqhu0hqwuhsuhqhxuv zkr
vxffhvvlyho| ghflgh zkhwkhu wr xqghuwdnh dq LSR ru wr uhpdlq sulydwh1 Wkhuh duh srwhqwldo
jdlqv wr dq LSR/ vlqfh wkh hqwuhsuhqhxu fdq vhoo klv �up wr ulvn0qhxwudo lqyhvwruv1 Dw
wkh vdph wlph hqwuhsuhqhxuv dqg lqyhvwruv kdyh wr ryhufrph iulfwlrqv gxh wr elodwhudo
dv|pphwu| ri lqirupdwlrq1 Wkh djjuhjdwh ydoxh ri wkh �up ghshqgv 0lq d pxowlsolfdwlyh
zd|0 rq d �up0vshfl�f dqg dq lqgxvwu|0zlgh idfwru1 Zkhuhdv wkh hqwuhsuhqhxu nqrzv
wkh �up0vshfl�f idfwru/ lqyhvwruv duh qhlwkhu dzduh ri wkh �upv* txdolw| qru wkh lqgxvwu|
survshfwv1 Wkh| fdq/ krzhyhu/ sxufkdvh d qrlv| vljqdo derxw wkh ryhudoo �up ydoxh1

Wkh vljqdo uhdol}dwlrq lq wkh zdnh ri wkh �uvw LSR doorzv lqyhvwruv wr xsgdwh wkhlu
h{shfwdwlrq derxw wkh lqgxvwu|0zlgh idfwru dqg wkxv wkh ydoxh ri wkh vhfrqg �up lq wkh
lqgxvwu|1 Wkhuh duh wzr nh| idfwruv lq wkh prgho zklfk lqfuhdvh wkh olnholkrrg ri d vhfrqg
LSR= ulvn0lqgxfhg vhoolqj suhvvxuh dqg lqirupdwlrqdo iuhh0ulglqj1 Iluvw/ li wkh xqfhuwdlqw|
derxw wkh vwdwh ri wkh lqgxvwu| ulvhv diwhu wkh �uvw LSR/ wkh ulvn ri vwd|lqj sulydwh lqfuhdvhv
vr wkdw wkh hqwuhsuhqhxu*v sulydwh ydoxdwlrq ghfuhdvhv uhodwlyh wr wkh pdunhw ydoxdwlrq1
Vhfrqg/ wkh vxshulru nqrzohgjh derxw lqgxvwu| survshfwv diwhu wkh �uvw LSR uhgxfhv wkh
pdujlqdo ehqh�w ri ixuwkhu lqirupdwlrq surgxfwlrq1 Li lqyhvwruv iuhh0ulgh rq wklv dgglwlrqdo
lqirupdwlrq dqg devwdlq iurp ixuwkhu frvwo| lqirupdwlrq surgxfwlrq/ wkh pdunhw ydoxdwlrq
fdq lqfuhdvh wr d odujhu h{whqw wkdq wkh hqwuhsuhqhxu*v sulydwh ydoxdwlrq1
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4 Lqwurgxfwlrq

Zkloh xqghusulflqj dqg orqj0whup xqghushuirupdqfh ri lqlwldo sxeolf r�hulqjv +LSRv,
kdyh uhfhlyhg frqvlghudeoh dwwhqwlrq lq wkh olwhudwxuh/ wkh wlplqj ri wkh LSR ghflvlrq kdv
rqo| uhfhqwo| ehhq wkh vxemhfw ri wkhruhwlfdo lqyhvwljdwlrq1 Wklv lv vxusulvlqj vlqfh wkhuh
h{lvwv dpsoh hpslulfdo hylghqfh wkdw wkh pdunhw iru LSRv lv vxemhfw wr gudpdwlf vzlqjv1
cKrw* skdvhv zlwk dq xqxvxdoo| kljk yroxph ri r�hulqjv dqg vhyhuh xqghusulflqj dowhuqdwh
zlwk cfrog* shulrgv zklfk duh fkdudfwhul}hg e| orzhu lvvxdqfh dfwlylw| dqg ohvv surqrxqfhg
xqghusulflqj1 Lq dgglwlrq/ wkhuh vhhpv wr eh vrph hylghqfh rq lqwhu0lqgxvwu| yduldwlrq lq
wkh wlplqj ri LSR ghflvlrqv1 Wklv sdshu ghyhorsv d prgho wr h{dplqh wkh gulylqj irufhv
iru wkhvh hylghqw vzlqjv lq lvvxdqfh dfwlylw|1

Wkh prgholqj ri foxvwhulqj ehkdylrxu kdv ehfrph lqfuhdvlqjo| lpsruwdqw lq �qdqfldo
hfrqrplfv +vhh Ghyhqrz dqg Zhofk ^4<<9` dqg Euxqqhuphlhu ^4<<:` iru dq ryhuylhz,1
Wklv sdshu lv uhodwhg wr khuglqj prghov zlwk lqirupdwlrq h{whuqdolwlhv e| irfxvlqj rq wkh
uhyhodwlrq ri d frpprq0ydoxh frpsrqhqw lq wkh zdnh ri sulfh ghwhuplqdwlrq1 D frpprq
ydoxh idfwru pljkw uhsuhvhqw wkh survshfwv iru d vshfl�f lqgxvwu| ru wkh ryhudoo vwdwh ri
wkh hfrqrp|1 Wkh LSR sulfh ri rqh �up vhuyhv dv d ihhg0edfn phfkdqlvp wr rwkhu LSRv
vlqfh lw fdq uhyhdo lqirupdwlrq derxw wkh frpprq ydoxh idfwru dqg wkhuhiruh fkdqjh wkh
ydoxh ri rwkhu �upv1 Lq wkh suhvhqfh ri frvwo| lqirupdwlrq dftxlvlwlrq dqg dv|pphwulf
lqirupdwlrq ehwzhhq d ulvn0dyhuvh rzqhu0hqwuhsuhqhxu dqg ulvn0qhxwudo lqyhvwruv/ qhzv
derxw wkh frpprq ydoxh idfwru fdq frqwulexwh wr wkh foxvwhulqj ri LSRv lq wzr zd|v1 Iluvw/
wkh ulvn ri uhpdlqlqj sulydwh fdq lqfuhdvh lq wkh zdnh ri qhz lqirupdwlrq dqg lqgxfh wkh
hqwuhsuhqhxu wr vhoo0r� klv �up wr ulvn0qhxwudo lqyhvwruv1 Vhfrqg/ lqyhvwruv pljkw uhiudlq
iurp uhqhzhg lqirupdwlrq surgxfwlrq dqg iuhh0ulgh rq wkh lpsolflw lqirupdwlrq frqyh|hg
e| wkh sulfh ri d suhylrxv LSR1 Ehfdxvh lqyhvwruv gr qrw lqfxu lqirupdwlrq surgxfwlrq
frvwv wkhlu ydoxdwlrq pljkw lqfuhdvh wr d odujhu h{whqw wkdq wkh hqwuhsuhqhxu*v sulydwh
ydoxdwlrq dqg wkhuhiruh ohdg wr d kljkhu suredelolw| ri d vhfrqg LSR1

414 Hpslulfdo hylghqfh rq LSR foxvwhulqj

Wkh LSR dfwlylw| ri elrwhfkqrorj| �upv dw wkh Orqgrq Vwrfn H{fkdqjh lq wkh 4<<3v
surylghv vrph dqhfgrwdo hylghqfh rq wkh exqfklqj ri lvvxhv dffruglqj wr lqgxvwulhv1 Wkh
LSR ri Eulwlvk Elr0Whfkqrorj| lq plg 4<<5 zdv iroorzhg e| wkh  rwdwlrq ri Hqylurphg/
Dqdjhq dqg Fhovlv Lqwhuqdwlrqdo lq 4<<61 Dqrwkhu uhfhqw h{dpsoh lv wkh zdyh ri LSRv ri
idvklrq ghvljqhuv1 Diwhu wkh vxffhvvixo LSR ri Lwdoldq ghvljqhu krxvh Jxffl/ lwv qdwlrqdo
frpshwlwru Sudgd zhqw sxeolf/ dv glg XV ghvljqhuv Grqqd Ndudq dqg Fdoylq Nohlq lq
Mxqh 4<<9 iroorzhg e| Udosk Odxuhq zklfk zdv  rdwhg lq plg 4<<:1

Lq d uhfhqw sdshu Khozhjh dqg Oldqj ^4<<9` grfxphqw wkdw lq wkh XV 8:8 �upv zhqw
sxeolf lq wkh krw lvvxh |hdu ri 4<;6/ zkhuhdv lq wkh frog lvvxh |hdu ri 4<;; wkh qxpehu
ri �upv vkuxqn wr d txduwhu ri wkh 4<;6 �jxuh1 Xqghusulflqj +wkh sulfh uxq0xs iurp
wkh lvvxh sulfh wr wkh vhfrqgdu| pdunhw sulfh, dyhudjhg �e�SI lq 4<;6 dqg rqo| S�SI

lq 4<;;1 Omxqjtylvw ^4<<:` dovr uhsruwv wkdw d srvlwlyh pdfurhfrqrplf folpdwh udlvhv
wkh dyhudjh dprxqw ri xqghusulflqj1 Ixuwkhupruh/ wkhuh h{lvwv hylghqfh wkdw krw lvvxh
pdunhwv w|slfdoo| dulvh iurp wkh exqfklqj ri LSR dfwlylw| lq d ihz lqgxvwulhv +Ulwwhu ^4<;7`/
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Khozhjh dqg Oldqj ^4<<9`,1 Wkh idfw wkdw irxu ri wkh wzr0gljlw VLF fdwhjrulhv4 uhsuhvhqw
ryhu d kdoi ri wkh yroxph ri wkh 4<;6 vdpsoh/ lqglfdwhv wkdw krw LSR pdunhwv duh/ dw ohdvw
wr vrph h{whqw/ uhodwhg wr lqgxvwu|0vshfl�f vkrfnv +Khozhjh dqg Oldqj ^4<<9`,1

Wdeoh D1L dqg D1LL jlyh ixuwkhu hylghqfh wkdw lvvxdqfh dfwlylw| lv foxvwhuhg lq erwk d
wlph vhulhv dqg furvv0vhfwlrqdo glphqvlrq1 Wkh wdeohv ghslfw wkh qxpehu dqg shufhqwdjh
ri LSRv lq wzr0gljlw VLF fdwhjrulhv lq wkh XV gxulqj 4<:804<;7 uhvshfwlyho|1 Erwk wdeohv
pdqlihvw d vwurqj exqfklqj ri LSRv lq 4<;6 dqg wr d vpdoohu h{whqw lq 4<;4 dqg 4<;71
Wdeoh D1L1 vkrzv wkdw wkh vljq whvw ri dq htxdo sursruwlrq ri LSRv gxulqj wkh 430|hdu
shulrg fdq eh uhmhfwhg iru doprvw doo lqgxvwulhv gxulqj 4<;61 Vlploduo| wkh shufhqwdjh
ri LSRv lq 4<;6 lv iru prvw lqgxvwulhv pruh wkdq wzr vwdqgdug ghyldwlrqv dzd| iurp
wkh furvv0vhfwlrqdo vdpsoh dyhudjh1 Furvv0vhfwlrqdo gl�huhqfhv duh pruh hylghqw lq Wdeoh
D1LL1 Hohfwulfv dqg jdv +VLF 7<, dv zhoo dv irrg dqg nlqguhg surgxfwv +VLF 53, h{klelw
vxevwdqwldo furvv0vhfwlrqdo ghyldwlrqv iurp wkh vdpsoh phdqv lq 4<;3 dqg 4<:8/ 4<:9 dqg
4<:; uhvshfwlyho|1 Vlploduo|/ d odujh shufhqwdjh ri LSRv lq ideulfdwhg phwdo surgxfwv +VLF
67, wrrn sodfh gxulqj 4<:;04<;3 frxqwhu wr wkh ryhudoo lqwhu0lqgxvwu| frqfhqwudwlrq lq
4<;61 Rwkhu lqgxvwulhv zlwk lqgxvwu|0vshfl�f wlplqj ehkdylrxu duh wudqvsruwdwlrq htxls0
phqw +VLF 6:, dqg rlo dqg jdv h{wudfwlrq +VLF 46, dqg wr d vpdoohu h{whqw zkrohvdoh ri
qrq0gxudeoh surgxfwv +VLF 84, dv zhoo dv lqvwuxphqwv dqg uhodwhg surgxfwv +VLF 6;,1

415 Ryhuylhz

Zkloh wkhvh h{dpsohv pljkw vxjjhvw luudwlrqdo khuglqj ehkdylrxu/ wklv sdshu h{sodlqv wkh
foxvwhulqj ri LSRv e| wkh uhohdvh ri srvlwlyh lqgxvwu| +ru hfrqrp|0zlgh, lqirupdwlrq lq
wkh zdnh ri dq LSR15 Wkh sdshu ghyhorsv d wkhruhwlfdo prgho zklfk lv xvhg wr dqdo|vh d
vhtxhqfh ri jrlqj0sxeolf ghflvlrqv61 Lw lghqwl�hv frqglwlrqv xqghu zklfk wkh olnholkrrg ri d
vhfrqg LSR lqfuhdvhv diwhu d �up �uvw lq wkh lqgxvwu| kdv jrqh sxeolf +ckrw lvvxh pdunhwv*,1
Wkh prgho ihdwxuhv wzr �upv lq dq lqgxvwu|/ zklfk duh rzqhg e| xwlolw|0pd{lplvlqj ulvn0
dyhuvh hqwuhsuhqhxuv1 Wkh hqwuhsuhqhxu jrhv sxeolf li wkh xwlolw| kh ghulyhv iurp wkh ulvn|
fdvk0 rzv ri wkh �up duh vpdoohu wkdq wkh +vdih, surfhhgv kh rewdlqv e| vhoolqj wkh �up
wr ulvn0qhxwudo lqyhvwruv +zkr lqglylgxdoo| sxufkdvh rqo| dq duelwudulo| vpdoo iudfwlrq ri
wkh �up*v vwrfn,1 Vlqfh lw lv dvvxphg wkdw wkh hqwuhsuhqhxu �uvw vhoov klv �up wr dq
xqghuzulwhu zkr fdq glyhuvli| ulvn ryhu wlph/ wkh hqwuhsuhqhxu grhv qrw ehdu dq| ulvn
zklfk pljkw dulvh ehfdxvh ri lqvx!flhqw ghpdqg iru wkh lvvxh71

Wkh ryhudoo �up ydoxh ghshqgv 0lq d pxowlsolfdwlyh zd|0 rq d �up0vshfl�f dqg dq
lqgxvwu|0zlgh idfwru1 Wkh rzqhu0hqwuhsuhqhxu rqo| nqrzv wkh uhdol}dwlrq ri wkh �up0
vshfl�f idfwru/ exw kdv qr sulydwh lqirupdwlrq derxw lqgxvwu| survshfwv1 Lqyhvwruv nqrz

4Wzr0gljlw VLF fdwhjrulhv uhsuhvhqw wkh vhfrqg ohyho ri wkh XV lqgxvwuldo fodvvl�fdwlrq vfkhph frp0
sulvlqj ;4 lqgxvwuldo vxevhfwlrqv/ vhh Dsshqgl{ D1L1

5Dq h{dpsoh iru wkh sudfwlfdo vljql�fdqfh ri lqgxvwu| lqirupdwlrq iru wkh foxvwhulqj ri LSRv surylghv d
txrwdwlrq iurp Qhlo Dxvwlq/ qhz lvvxh vshfldolvw zlwk NSPJ= �Wkh Judqdgd2Iruwh elg irfxvhg dwwhqwlrq
rq wkh vhfwru dqg wklv kdv khoshg wkh vxffhvvixo ghexwv ri Pdfgrqdog Krwhov dqg Ploohqqlxp ) Frswkruqh
lq Dsulo ^4<<9`�1

6Zkloh wkh edvlf prgho dvvxphv wkdw wkh rughulqj ri wkh LSR ghflvlrq lv h{rjhqrxv/ wkh odvw sduw ri
wkh sdshu vkrzv wkdw wkh uhvxowv fdq dovr krog li wlplqj lv hqgrjhqrxv1

7Wkh odvw sduw ri wkh sdshu uhod{hv wklv dvvxpswlrq dqg frqvlghuv wkh fdvh lq zklfk wkh hqwuhsuhqhxu
lv h{srvhg wr wkh yroxph0uhodwhg ulvn dv zhoo1
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qhlwkhu wkh �up txdolw| qru wkh lqgxvwu| survshfwv/ exw fdq sxufkdvh d qrlv| vljqdo derxw
wkh devroxwh �up ydoxh/ wkh surgxfw ri wkh lqgxvwu|0 dqg �up0vshfl�f frpsrqhqw1 Lq
wklv vhwwlqj lqyhvwruv fdq eh ehwwhu lqiruphg derxw wkh vwdwh ri wkh lqgxvwu| wkdq wkh
hqwuhsuhqhxu1 Wklv grhv qrw vhhp dq xquhdvrqdeoh dvvxpswlrq/ vlqfh lqyhvwruv vxfk dv
pdqdjhg ixqgv ru edqnv zkr frqvlvwhqwo| prqlwru wkh frpshwlwlyh g|qdplfv ri lqgxvwulhv
fdq eh uhdvrqdeo| eholhyhg wr kdyh vxshulru nqrzohgjh derxw ixwxuh survshfwv ri wkh
lqgxvwu|1 Dovr/ lqyhvwruv duh pruh olnho| wr rewdlq lqirupdwlrq iurp rwkhu �upv lq wkh
lqgxvwu|/ iurp zklfk wkh hqwuhsuhqhxu lv vklhoghg ehfdxvh ri frpshwlwlyh frqvlghudwlrqv1
Wkh olqn iurp wkh �uvw LSR wr d vhfrqg lq wkh lqgxvwu| lv hvwdeolvkhg yld lqirupdwlrq
surgxfwlrq ri lqyhvwruv ehiruh wkh �uvw LSR1 Wkh sod|huv xvh wkh vhfrqgdu| pdunhw sulfh
ri wkh �uvw lvvxh wr xsgdwh wkhlu eholhiv derxw wkh lqgxvwu| dqg/ lq sduwlfxodu/ derxw wkh
ydoxh ri wkh vhfrqg �up1 Wkhuh duh wzr h�hfwv dw sodfh zklfk ghwhuplqh wkh hphujhqfh
ri ckrw lvvxh pdunhwv*1

Iluvw/ wkh ulvh ri krw lvvxh pdunhwv ghshqgv rq krz wkh ulvnlqhvv ri wkh �up fkdqjhv lq
uhvsrqvh wr qhzv frqyh|hg derxw wkh vwdwh ri wkh lqgxvwu| +cyduldqfh h�hfw*,1 Li qhzv derxw
lqgxvwu| survshfwv duh gl�huhqw iurp wkh sulru eholhi ri wkh hqwuhsuhqhxu/ wkh yduldqfh ri
klv �up ydoxh pljkw lqfuhdvh dqg wkh hqwuhsuhqhxu ehfrphv pruh lqfolqhg wr jr sxeolf1
Iru h{dpsoh/ li wkh d sulrul survshfwv ri wkh lqgxvwu| duh udwkhu srru +wkhuh lv dq HfI

suredelolw| ri wkh lqgxvwu| ehlqj edg/ dqg d 2fI suredelolw| ri wkh lqgxvwu| ehlqj jrrg,/
exw vxevhtxhqw lqirupdwlrq uhyhdov d DfI suredelolw| ri wkh lqgxvwu| ehlqj jrrg/ wkh
yduldqfh ri wkh lqgxvwu| idfwru lqfuhdvhv dqg ulvn0lqgxfhg vhoolqj suhvvxuh prxqwv1 Lq d
vlplodu yhlq/ Vwrxjkwrq/ Zrqj dqg ]hfkqhu ^4<<:` dvvxph wkdw wkh qxpehu ri �upv wudghg
sxeolfo| d�hfwv wkh yduldqfh ri lqyhvwruv* hvwlpdwh ri wkh wrwdo pdunhw vl}h1 Zkhuhdv lq
wkhlu vhw0xs exqfklqj fdq rffxu li wkh pdunhw yduldqfh vkulqnv/ wkh suhvhqw sdshu dujxhv
wkdw d ulvh lq wkh �up ydoxh*v yduldqfh lqfuhdvhv wkh ulvn ri uhpdlqlqj sulydwh dqg lqgxfhv
wkh hqwuhsuhqhxu wr vhoo r� klv �up wr ulvn0qhxwudo lqyhvwruv1

Vhfrqg/ lw ghshqgv rq zkhwkhu wkh h{shfwhg LSR surfhhgv ulvh wr d odujhu h{whqw wkdq
wkh h{shfwhg sulydwh �up ydoxh +ch{shfwhg ydoxh h�hfw*, diwhu wkh �uvw LSR1 Wklv fdq eh
wkh fdvh li wkh ohyho ri lqirupdwlrq frvwv qr orqjhu mxvwl�hv ixuwkhu lqirupdwlrq surgxfwlrq
dqg lqyhvwruv iuhh0ulgh rq wkh dydlodeoh vljqdo uhdolvdwlrq diwhu wkh �uvw LSR1 Wkh pdujlqdo
ehqh�w ri ixuwkhu lqirupdwlrq froohfwlrq lv sduwlfxoduo| vpdoo/ li lqyhvwruv fdq uho| rq wkh
lqirupdwlrqdo rxwfrph ri wkh �uvw LSR/ l1h1 li vljqdo suhflvlrq lv uhodwlyho| kljk1 Wklv
clqirupdwlrqdo iuhh0ulglqj ehkdylrxu* fdq lqfuhdvh wkh pdunhw ydoxdwlrq pruh wkdq wkh hq0
wuhsuhqhxu*v sulydwh ydoxdwlrq1 Wkh hqwuhsuhqhxu qr orqjhu kdv wr frpshqvdwh lqyhvwruv
iru lqirupdwlrq dftxlvlwlrq wkurxjk d orzhu lvvxh sulfh1 Dovr/ wkh ohyho ri sduwlflsdwlrq lq0
fuhdvhv frpsduhg wr lqiruphg elgglqj/ vlqfh doo lqyhvwruv/ qrw rqo| lqyhvwruv zlwk srvlwlyh
vljqdov/ sxufkdvh d vkduh lq wkh LSR1 Lq wklv uhvshfw wkh sdshu lv uhodwhg wr Pdnvlprylf
dqg Slfkohu ^4<<9` zkhuh dq LSR lv qhhghg wr udlvh wkh uhtxluhg �qdqfh lq rughu wr vwduw
ixoo0vfdoh surgxfwlrq/ exw kdv wkh glvdgydqwdjh ri surylglqj ydoxdeoh lqirupdwlrq wr sr0
whqwldo hqwudqwv lq wkh lqgxvwu|1 Foxpslqj ri LSRv lq wkhlu prgho rffxuv li rwkhu �upv
iroorz zlwk dq LSR wr wdnh dgydqwdjh ri eljjhu jurzwk rssruwxqlwlhv1 Lq wklv prgho d
vhfrqg LSR dovr ehfrphv pruh olnho| lq wkh zdnh ri idyrxudeoh lqgxvwu| qhzv/ exw udwkhu
wkurxjk kljkhu surfhhgv wkh hqwuhsuhqhxu fdq rewdlq e| h{sorlwlqj wkh vxshulru lqirupd0
wlrqdo vwdwh lq zklfk lqyhvwruv duh ghwdlqhg iurp lqirupdwlrq surgxfwlrq1 Frqwudu| wr
rwkhu prghov ri LSRv zlwk dv|pphwulf lqirupdwlrq ehwzhhq �up lqvlghuv dqg lqyhvwruv

8





wkh txdolw| ri wkh �up*v surmhfwv1 Erwk wkh �up dqg wkh lqgxvwu| pd| eh ri wzr w|shv=
U ' � +jrrg survshfwv, zlwk suredelolw| k ru U ' f +edg survshfwv, zlwk suredelolw|
� � k1 Wkh �up fkdudfwhulvwlfv fdq vlploduo| eh 8� ' � +kljk txdolw|, zlwk suredelolw| 0

dqg 8� ' f +orz txdolw|, zlwk suredelolw| �� 01 Wkh gudzlqjv iru wkh ydoxh ri wkh �up 8�

duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg1 Ixuwkhupruh wkh glvwulexwlrq ri lqgxvwu|
survshfwv lv lqghshqghqw ri wkh glvwulexwlrq ri �up fkdudfwhulvwlfv1 Wkh ryhudoo �up ydoxh
lv jlyhq e| wkh surgxfw ri lqgxvwu| dqg �up vshfl�f fkdudfwhulvwlfv/ l1h1 T� ' U � 8�1 Wkh
�up fdq wkhuhiruh rqo| eh ri kljk ydoxh T� ' � li erwk wkh �up0vshfl�f dqg lqgxvwu|0zlgh
idfwru duh idyrxudeoh1 Lq doo rwkhu wkuhh fdvhv wkh ryhudoo ydoxh ri wkh �up lv }hur hlwkhu
ehfdxvh ri edg �up fkdudfwhulvwlfv/ orz lqgxvwu| survshfwv ru erwk1 Wkxv wkh �up lv ri
kljk ydoxh T� ' � zlwk suredelolw| k0 dqg ri orz txdolw| T� ' f zlwk suredelolw| � � k01

515 Wlplqj

Wkh wlplqj vwuxfwxuh frqvlvwv ri wzr shulrgv lq zklfk wkh wzr �upv ghflgh vhtxhqwldoo|
derxw dq LSR1 Ilup 4 lv h{rjhqrxvo| fkrvhq wr �uvw ghflgh derxw jrlqj sxeolf lq shulrg 41
Wkh lqirupdwlrq vhw ri wkh sod|huv lv ghqrwhg e| X� zkhuh � 5 i�c 2j vwdqgv erwk iru wkh
uhvshfwlyh �up dqg shulrg1 Lq wkh �uvw urxqg wkh lqirupdwlrq vhw ri wkh sod|huv frqvlvwv
ri wkh d sulrul h{shfwdwlrqv derxw �up dqg lqgxvwu| fkdudfwhulvwlfv dv rxwolqhg lq 514/
l1h1 X� ' l1 Wkh LSR ri hdfk �up lv dvvrfldwhg zlwk irxu gdwhv1 Li wkh hqwuhsuhqhxu
ghflghv wr xqghuwdnh dq LSR dw |� ' � kh vhwv d sulfh R� iru klv �up/ dqg lqyhvwruv ghflgh
zkhwkhu wr surgxfh lqirupdwlrq derxw wkh ydoxh ri wkh �up dw |� ' 21 Dw |� ' �/ wudglqj
frpphqfhv lq wkh vhfrqgdu| pdunhw dqg wkh qxpehu ri sduwlflsdqwv lq wkh LSR/ B�c lv
uhyhdohg1 D qhz pdqdjhphqw wdnhv ryhu wkh �up dw |� ' e

8/ dqg wkh txdolw| ri �up 4 lv
pdgh sxeolf19

ILJXUH L
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shulrg 5

LSR ri �up 5

uhshwlwlrq ri vhtxhqfh

iru �up 5

Erwk wkh qxpehu ri sduwlflsdqwv lq wkh LSR dqg wkh txdolw| ri wkh �uvw �up doorz wkh
sod|huv wr xsgdwh wkhlu h{shfwdwlrq derxw lqgxvwu| survshfwv dqg wkh ydoxh ri wkh vhfrqg

8LSRv duh riwhq dvvrfldwhg zlwk htxlw| vdohv e| frqwuroolqj vkduhkroghuv +vhh Sdjdqr hw do ^4<<9`,1
9Lw lv qrw qhfhvvdu| wr dvvxph wkdw wkh djhqwv ohduq wkh wuxh txdolw| ri wkh �up vkruwo| diwhu vhfrqgdu|

wudglqj vwduwv1 Lq h�hfw/ wkh uhyhodwlrq ri �up w|sh fkdqjhv wkh idfwru e| zklfk wkh sod|huv xsgdwh wkhlu
lqirupdwlrq rq wkh survshfwv ri wkh vhfrqg �up1 Vlqfh wkh hqwuhsuhqhxu kdv dq lqirupdwlrqdo dgydqwdjh
derxw wkh txdolw| ri klv �up kh fdq dgydqfh klv lqirupdwlrqdo ohds hyhq ixuwkhu li lqirupdwlrq derxw wkh
txdolw| ri wkh �uvw �up lv uhyhdohg1 Lq wklv vhqvh/ wklv sdshu irfxvhv rq d vshfldo fdvh zlwk wkh pd{lpxp
dprxqw ri dv|pphwulf lqirupdwlrq ehwzhhq wkh hqwuhsuhqhxu dqg lqyhvwruv1 Wkh uhvxowv ri wklv sdshu
krog hyhq pruh vr lq wkh pruh jhqhudo lqirupdwlrqdo vhwwlqj1

:



�up lq wkh lqgxvwu|1 Wkh| kdyh d qhz lqirupdwlrq vhw/ X2/ ghshqglqj rq wkh w|sh ri wkh
�uvw �up/ 8�/ dqg wkh qxpehu ri sduwlflsdqwv lq wkh LSR/ B�1 Wkh lqirupdwlrq vhw X2

wkhuhiruh frqvlvwv ri d vshfl�f uhdol}dwlrq ri wkh wxsoh ~8�c B�j� Wkh vhtxhqfh ri hyhqwv
iurp |2 ' � wr |2 ' e lv uhshdwhg iru d srwhqwldo vhfrqg LSR1 Iljxuh 4 vkrzv wkh wlph
vwuxfwxuh ri wkh prgho iru wkh �uvw dqg vhfrqg �up*v LSR ghflvlrq1

Wkh htxloleulxp frqfhsw hpsor|hg lv d Shuihfw Ed|hvldq Htxloleulxp zklfk lpsolhv
edfnzdug lqgxfwlrq ri wkh sod|huv* rswlpdo vwudwhjlhv1 Wkxv/ lqyhvwruv* lqirupdwlrq sur0
gxfwlrq ghflvlrq lv ghulyhg ehiruh dqdo|vlqj wkh jrlqj0sxeolf ghflvlrq ri wkh hqwuhsuhqhxu1
Iluvw/ frqglwlrqv iru srrolqj htxloleuld duh ghulyhg xqghu zklfk wkh �uvw �up zloo jr sxe0
olf1 Vhfrqg/ htxloleulxp frqglwlrqv duh ghwhuplqhg xqghu zklfk lw lv pruh olnho| iru wkh
vhfrqg �up lq wkh lqgxvwu| wr jr sxeolf diwhu dq LSR lq wkh �uvw shulrg1

516 Lqyhvwruv

Wkhuh duh ? ulvn0qhxwudo/ shuihfwo| frpshwlwlyh lqyhvwruv zkr qhlwkhu nqrz wkh txdolw|
ri wkh �upv qru wkh survshfwv ri wkh lqgxvwu|1 Lqyhvwruv fdq/ krzhyhu/ sxufkdvh d qrlv|
vljqdo 7 derxw wkh ryhudoo �up ydoxh/ T� ' 8� � U / dw frvw S1 Wkh vljqdo fdq eh hlwkhu jrrg
+7 ' C, ru edg +7 ' �, zlwk wkh iroorzlqj ghjuhh ri suhflvlrq=

� E7�& ' C m T� ' �� ' �c & 5 i�c � � � c ?j

� E7�& ' C m T� ' f� ' �c � 	 �

Lw lv dvvxphg wkdw lqyhvwruv rqo| sxufkdvh d vkduh li wkh| rewdlq d jrrg vljqdo1 Wkh
lqirupdwlrqdo vhw0xs ri wklv prgho lv edvhg rq Fkhppdqxu +4<<6, zlwk wkh pdlq gl�huhqfh
ehlqj wkdw �up ydoxh lv d frpsrvlwh ri lqgxvwu| dqg �up survshfwv1 Wkh lqirupdwlrq
surgxfwlrq ghflvlrq lv ghulyhg lq lwv jhqhudo irup/ zklfk doorzv iru gl�huhqw lqirupdwlrqdo
suhfrqglwlrqv lq wkh �uvw dqg vhfrqg shulrg1 Zh dvvxph wkdw wkh qxpehu ri vkduhv htxdov
wkh qxpehu ri lqyhvwruv/ l1h1 wkh ydoxh ri wkh �up lv glylghg lqwr ? vkduhv:1 Lqyhvwruv
zloo rqo| dftxluh lqirupdwlrq li wkh ehqh�wv ri dgglwlrqdo lqirupdwlrq dw ohdvw rxwzhljk
lwv frvwv1 Li R� lv wkh lvvxh sulfh ri wkh �up*v vkduhv wkhq xqlqiruphg elgglqj zloo |lhog
wkh iroorzlqj djjuhjdwh sd|r� iru wkh ? lqyhvwruv;

� ET� ' � m X��E�� R�� n � ET� ' f m X��E�R��� +4,

Zlwk suredelolw| � ET� ' � m X�� wkh �up ydoxh lv 4 dqg lqyhvwruv jdlq E�� R��1 Rwkhuzlvh
wkh ydoxh ri wkh �up lv f dqg lqyhvwruv lqfxu d orvv dprxqwlqj wr wkh sulfh wkh| sdlg
iru wkh �up1 Wkh ehqh�w ri lqiruphg frpsduhg wr xqlqiruphg elgglqj lv wkdw lqiruphg
lqyhvwruv rqo| sxufkdvh d }hur0ydoxh �up li wkh| plvwdnhqo| uhfhlyh d jrrg vljqdo/ zklfk
kdsshqv zlwk suredelolw| �1 Wkh sd|r� iurp lqiruphg elgglqj lv wkhuhiruh

� ET� ' �c 7 ' CcX��E� � R�� n � ET� ' fc 7 ' CcX��E�R��� S

:Lw vhhpv uhdvrqdeoh wr dvvxph wkdw wkh qxpehu ri vkduhv wr eh vrog lv ghwhuplqhg sulru wr wkh LSR
dqg wkdw lw vkrxog wdnh wkh qxpehu ri srwhqwldo lqyhvwruv lqwr dffrxqw1

;Qrwh wkdw wkh q lqyhvwruv duh khuh frqvlghuhg lq wkhlu djjuhjdwh> iru dq lqglylgxdo lqyhvwru wkh
frqglwlrq +dqg dovr vxevhtxhqw h{suhvvlrqv, kdyh wr eh glylghg e| q1

;



zkhuh S ghqrwhv wkh djjuhjdwh lqirupdwlrq surgxfwlrq frvwv ri wkh ? lqyhvwruv1 Uhvwdwlqj
wklv h{suhvvlrq lq whupv ri nqrzq frqglwlrqdo suredelolwlhv/ zh rewdlq

� ET� ' � m X��E�� R�� n �� ET� ' f m X��E�R��� S1 +5,

E| vhwwlqj wkh sd|r� iurp xqlqiruphg elgglqj ^4` htxdo wr wkh sd|r� iurp lqiruphg
elgglqj ^5` rqh rewdlqv wkh plqlpxp LSR vkduh sulfh zklfk zloo lqgxfh lqiruphg elgglqj1
Wklv sulfh R

�
lv jlyhq e|

R
�
'

S

E�� ��� ET� ' f m X��
1 +6,

Wklv lv wkh sulfh zkhuh wkh frvwv ri lqirupdwlrq surgxfwlrq h{dfwo| r�vhw wkh ehqh�w iurp
qrw sxufkdvlqj wkh vwrfn li wkh lqyhvwru uhfhlyhv d edg vljqdo1 Wkh orzhu sulfh erxqg iru
lqiruphg elgglqj lv kljkhu wkh juhdwhu wkh frvwv ri lqirupdwlrq surgxfwlrq1 Wkh orzhu wkh
suredelolw| ri wkh �up ehlqj ri }hur ydoxh dqg wkh orzhu wkh suhflvlrq ri wkh vljqdo/ wkh
kljkhu wkh orzhu erxqg iru lqiruphg elgglqj1 Iru R� kljkhu wkdq R

�
/ lqiruphg elgglqj lv

vwulfwo| suhihuuhg/ dv wkh orvv iurp elgglqj iru d edg �up lqfuhdvhv1 Rq wkh rwkhu kdqg/ wkh
pd{lpxp sulfh wkh �up fdq fkdujh iru lwv vwrfn lv jlyhq dw wkh srlqw zkhuh wkh ehqh�wv
iurp sduwlflsdwlqj lq wkh LSR zlwk d jrrg vljqdo lv htxdo wr wkh sd|r� iurp qrw elgglqj
zklfk lv 31 Wkhuhiruh wkh pd{lpxp sulfh zklfk wkh �up pljkw fkdujh iru lwv vwrfn lv

7R� '
� ET� ' � m X�� � S

� ET� ' � m X�� n �� ET� ' f m X��
1 +7,

Wkh xsshu sulfh olplw iru lqiruphg elgglqj lv kljkhu wkh pruh olnho| wkh �up lv ri kljk
ydoxh dqg wkh vpdoohu wkh huuru suredelolw| ri rewdlqlqj d edg �up ghvslwh d jrrg vljqdo1
Wkh vpdoohu wkh lqirupdwlrq surgxfwlrq frvwv wkh kljkhu wkh pd{lpxp sulfh wkdw wkh �up
fdq fkdujh lq wkh suhvhqfh ri lqiruphg elgglqj1 Lq rughu iru lqiruphg elgglqj wr rffxu
wkh iroorzlqj sdudphwulf uhvwulfwlrq rq wkh frvw dqg suhflvlrq ri wkh vljqdo kdv wr krog=

S 	 E�� ��� ET� ' � m X��� ET� ' f m X�� � S� +8,

Wklv frqglwlrq lv pruh olnho| wr krog li wkh frvwv ri lqirupdwlrq surgxfwlrq/ S/ duh vpdoo/
wkh suhflvlrq ri wkh vljqdo lv kljk +� vpdoo, dqg � ET� ' � m X�� lv forvh wr �*2 lpso|lqj
d kljk ulvn ri xqlqiruphg elgglqj1 Wkh frqglwlrq lv htxlydohqw wr srvwxodwlqj wkdw R

�
	

.ET� m X�� 	 7R�1 Li frqglwlrq +D, krogv/ wkhq wkhuh duh wkuhh srvvleoh uhjlrqv ri lqyhvwru
ehkdylrxu ghshqglqj rq wkh sulfh ri wkh LSR= iru R

�
9 R� 9 7R� lqyhvwruv ex| d vljqdo dqg

sxufkdvh d vkduh lq wkh LSR li wkh| uhfhlyh d jrrg vljqdo1 Li R� : 7R�/ wkh| zloo uhiudlq iurp
sduwlflsdwlqj lq wkh LSR/ vlqfh wkh| h{shfw wr pdnh d orvv1 Iru R� 	 R

�
wkh sulfh lv wrr

orz wr zduudqw lqirupdwlrq surgxfwlrq/ khqfh lqyhvwruv hqjdjh lq xqlqiruphg elgglqj1
Li frqglwlrq +D, grhv qrw krog/ lqyhvwru ehkdylrxu fdq rqo| idoo lqwr wkh wzr fdwhjrulhv

ri xqlqiruphg elgglqj ru qr elgglqj1 Wkh pd{lpxp lvvxh sulfh wkh hqwuhsuhqhxu fdq
fkdujh lv wkh sulfh zkhuh wkh sd|r� iurp xqlqiruphg elgglqj lv htxdo wr wkh sd|r� iurp
qr elgglqj/ l1h1 wkh �up*v d sulrul h{shfwhg ydoxh .ET� m X��1

517 Hqwuhsuhqhxuv

Wkh wzr �upv duh ixoo| rzqhg e| xwlolw| pd{lpl}lqj/ ulvn dyhuvh hqwuhsuhqhxuv1 Wkh
rzqhu0hqwuhsuhqhxuv idfh wkh fkrlfh ehwzhhq uhpdlqlqj sulydwh dqg jrlqj sxeolf1 Wkh
surfhhgv iurp jrlqj sxeolf ghshqg rq wkh �up*v sulfh vhwwlqj vwudwhj| zklfk lv lq xhqfhg
e| wkh vl}h ri lqirupdwlrq surgxfwlrq frvwv1

<



51714 Uhpdlq sulydwh

Hqwuhsuhqhxuv duh dvvxphg wr h{klelw dq h{srqhqwldo xwlolw| ixqfwlrq zkhuh 4 vwdqgv iru
wkh frh!flhqw ri frqvwdqw devroxwh ulvn dyhuvlrq1 Li wkh hqwuhsuhqhxu ri d kljk0txdolw| �up
ghflghv wr uhpdlq sulydwh/ kh zloo rewdlq wkh iroorzlqj h{shfwhg xwlolwlhv .EL�

�
� frqglwlrqdo

rq wkh txdolw| ri klv �up

.EL�

�
m 8� ' �cX�� ' � EU ' � m X��� 4� EU ' � m X�� � � EU ' f m X��� +9,

.EL�

�
m 8� ' fcX�� ' �� +:,

Ehfdxvh ri wkh qrupdolvdwlrq ri wkh �up ydoxh wr T� 5 ifc �j dqg wkh frpsrvlwh qdwxuh
ri wkh ryhudoo �up ydoxh wkh h{shfwhg xwlolw| iru d kljk0txdolw| �up uhgxfhv wr wkh deryh
suredelolw| whupv1 Wkh hqwuhsuhqhxu nqrzv wkh txdolw| ri wkh �up*v surmhfwv 8�/ exw kdv
qr lqvlgh lqirupdwlrq derxw lqgxvwu| survshfwv1 Wkh rzqhu ri d kljk0txdolw| �up idfhv
vrph xqfhuwdlqw| derxw wkh uhdol}dwlrq ri wkh lqgxvwu|0zlgh idfwru zklfk pdqlihvwv lwvhoi
lq wkh yduldqfh whup ri klv xwlolw| ixqfwlrq1 Wkh h{shfwhg xwlolw| ri dq hqwuhsuhqhxu zlwk
d orz0txdolw| �up lv }hur lqghshqghqw ri lqgxvwu|0zlgh survshfwv/ vlqfh wkh �up ydoxh lv
d surgxfw ri wkh lqgxvwu| dqg �up0vshfl�f idfwru1

51715 Jrlqj sxeolf

Xqlqiruphg elgglqj1 Li wkh hqwuhsuhqhxu ghflghv wr  rdw klv �up/ wkhuh duh wkuhh
srvvleoh rswlpdo sulfhv ghshqglqj rq wkh vl}h ri lqirupdwlrq surgxfwlrq frvwv1 Li S :

S�/ lqirupdwlrq surgxfwlrq frvwv zloo lpshgh lqyhvwruv iurp froohfwlqj lqirupdwlrq1 Wkh
kljkhvw sulfh wkh hqwuhsuhqhxu fdq fkdujh zloo eh wkh �up*v d sulrul h{shfwhg ydoxh1 Klv
h{shfwhg xwlolw| iurp dq LSR xqghu xqlqiruphg elgglqj dprxqwv wr

.EL U��

�
m S : S�cX�� ' � ET� ' � m X��� +;,

lqghshqghqw ri �up txdolw|1 Vlqfh lqyhvwruv gr qrw surgxfh lqirupdwlrq/ doo ? lqyhvwruv
zloo sxufkdvh wkh vwrfn dqg wkhuh lv qr yduldqfh dvvrfldwhg zlwk wkh txdqwlw| ri vkduhv
vrog1

Lqiruphg elgglqj1 Li S 	 S�/ wkhq wkh hqwuhsuhqhxu idfhv wzr fkrlfhv= kh fdq hlwkhu vhw
7R� lq zklfk fdvh rqo| lqyhvwruv zlwk srvlwlyh vljqdov zloo sxufkdvh vkduhv/ ru kh fdq vhw R

�

lq zklfk fdvh lqyhvwruv zloo uhiudlq iurp dftxlulqj lqirupdwlrq dqg doo ? lqyhvwruv sxufkdvh
vkduhv1 Lq rughu wr ghulyh wkh h{shfwhg xwlolw| lq wkh iruphu fdvh/ zh �uvw kdyh wr ghwhuplqh
wkh h{shfwhg qxpehu ri lqyhvwruv sxufkdvlqj vkduhv1 Dowkrxjk wkh hqwuhsuhqhxu nqrzv
wkh txdolw| ri klv �up/ wkh qxpehu ri sduwlflsdqwv lq wkh LSR/ B�/ lv d udqgrp yduldeoh
iru klp1 Klv dfwlrq dw |� ' f zloo wkhuhiruh ghshqg xsrq klv h{shfwdwlrq ri wkh qxpehu ri
vkduhv sxufkdvhg/ frqglwlrqdo rq klv �up w|sh dqg lqgxvwu| survshfwv1 Wkh hqwuhsuhqhxu
nqrzv wkdw ? lqyhvwruv sxufkdvh lqirupdwlrq dqg wkdw zlwk suredelolw| � }hur0ydoxh �upv
fdq eh plvwdnhq iru kljk0ydoxh �upv1 Wkh h{shfwhg qxpehu ri lqyhvwruv f plvwdnhqo|
sxufkdvlqj d orz0ydoxh �up lv wkxv jlyhq e| wkh phdq ri wkh elqrpldo glvwulexwlrq �E?c ��/
.Ef� ' ?�1 Hyhq wkh rzqhu ri d orz0txdolw| �up fdq vwloo h{shfw surfhhgv ri �7R� iurp
wkh  rwdwlrq li klv �up lv plvwdnhq iru d kljk0ydoxh �up1 Wkh hqwuhsuhqhxu ri d edg �up
nhhsv d iudfwlrq ri E� � �� vkduhv/ exw vlqfh wkh w|sh ri klv �up lv uhyhdohg wkhvh vkduhv
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zloo eh zruwkohvv dqg wkh yduldqfh lv uhgxfhg wr }hur1 Wkxv/ li wkh hqwuhsuhqhxu vhwv 7R�
dqg lqyhvwruv hqjdjh lq lqiruphg elgglqj/ wkh h{shfwhg xwlolw| iru d �up zlwk kljk dqg
orz txdolw| surmhfwv uhvshfwlyho| lv jlyhq e|

.EL U��

�
m 8� ' �c R ' 7R�cX�� ' 7R� � � EU ' � m X�� n � 7R� � � EU ' f m X�� +<,

.EL U��

�
m 8� ' fc R ' 7R�cX�� ' �7R�1 +43,

Lqgxfhg xqlqiruphg elgglqj1 Li wkh hqwuhsuhqhxu/ rq wkh rwkhu kdqg/ vhwv d sulfh
htxdo wr R

�
/ kh zloo lqgxfh xqlqiruphg elgglqj lq zklfk fdvh doo ? lqyhvwruv sxufkdvh d

vkduh1 Wkh h{shfwhg xwlolw| iurp lqgxfhg xqlqiruphg elgglqj lv wkhuhiruh

.EL U��

�
m R ' R

�
cX�� ' R

�
+44,

iru erwk kljk0 dqg orz0txdolw| �upv1 Htxdwlqj htxdwlrqv +<, dqg +44, zh �qg wkdw �upv
zloo lqgxfh lqiruphg elgglqj l�

S 	
E� � ��� ET� ' � m X��� ET� ' f m X��d� EU ' � m X�� n �� EU ' f m X��o

� ET� ' � m X�� n � ET� ' f m X��d� n E� � ��E� EU ' � m X�� n �� EU ' f m X���o
� SW

�

+45,

Lw fdq eh hdvlo| vhhq wkdw SW
�
	 S�/ vr wkdw rqh fdq gl�huhqwldwh wkuhh gl�huhqw rswlpdo sulfhv

ghshqglqj rq S1 Iru vpdoo lqirupdwlrq surgxfwlrq frvwv/ wkh �up zloo vhw 7R� lq zklfk fdvh
rqo| lqyhvwruv zkr uhfhlyh srvlwlyh vljqdov zloo sxufkdvh wkh vwrfn1 Zlwk ulvlqj frvwv ri
lqirupdwlrq surgxfwlrq/ wkh �up kdv wr vhw d orzhu sulfh lq rughu wr frpshqvdwh lqyhvwruv
iru wkh kljkhu lqirupdwlrq surgxfwlrq frvwv1 Dw S ' S


�
/ lw ehfrphv qr orqjhu rswlpdo iru

wkh �up wr lqgxfh lqyhvwruv wr surgxfh lqirupdwlrq vlqfh wkh surfhhgv iurp wkh LSR zloo
eh juhdwhu lq wkh suhvhqfh ri xqlqiruphg elgglqj1 Wklv lv ehfdxvh zlwkrxw lqirupdwlrq
surgxfwlrq doo lqyhvwruv zloo sxufkdvh d vkduh lq wkh LSR dqg qrw rqo| lqyhvwruv zkr
uhfhlyhg srvlwlyh vljqdov1 Zlwk S : S�/ wkh pd{lpxp sulfh wkh �up zloo eh deoh wr vhw lv
.ET� m X�� ' � ET� ' � m X��1

518 Htxloleulxp frqglwlrqv iru �uvw LSR zlwk lqiruphg elgglqj

Dq LSR ri d �uvw �up lq wkh lqgxvwu| rqo| kdv lpsolfdwlrqv iru wkh jrlqj0sxeolf ghflvlrq
ri d vhfrqg �up lq wkh lqgxvwu| zkhq lqyhvwruv zloo hqjdjh lq lqiruphg elgglqj1 Zh
zloo wkhuhiruh rqo| ghulyh htxloleulxp frqglwlrqv iru dq LSR zlwk lqirupdwlrq dftxlvlwlrq1
Rqh ri wkh wzr �upv lq wkh lqgxvwu| lv h{rjhqrxvo| fkrvhq wr �uvw ghflgh derxw dq LSR1
Wkh �up xqghuwdnhv dq LSR li wkh h{shfwhg xwlolw| wkh hqwuhsuhqhxu ghulyhv iurp dq LSR
lv juhdwhu wkdq wkh xwlolw| kh ghulyhv dv wkh rzqhu ri wkh �up1 Vlqfh wkhuh duh qr frvwv
ri plplflqj d kljk0txdolw| �up +dqg qr ehqh�wv iurp vhsdudwlrq,/ wkhuh lv qr vfrsh iru
vhsdudwlqj htxloleuld1 Wkh iroorzlqj sursrvlwlrq vwdwhv wkh frqglwlrqv xqghu zklfk dq
hqwuhsuhqhxu ghflghv wr wdnh klv �up sxeolf lq wkh �uvw shulrg1<

Sursrvlwlrq 41 Wkhuh h{lvwv d srrolqj htxloleulxp zkhuh jrrg dqg edg �upv fkrrvh wr jr

sxeolf lq wkh �uvw shulrg dqg lqyhvwruv surgxfh lqirupdwlrq l� S 	 S

�
dqg

kE�� k�4 :
k�E�� "� n Sdk n �E�� k�o

"kn �E�� "k�
� +46,

<Surriv wr wklv dqg rwkhu Sursrvlwlrqv dqg Ohppdv duh uhohjdwhg wr wkh Dsshqgl{/ h{fhsw iru vwudljkw0

iruzdug dssolfdwlrqv ri Ed|hv* Uxoh1
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Lq wkh jrlqj0sxeolf htxloleulxp LSR surfhhgv duh dozd|v vpdoohu wkdq wkh h{shfwhg
sulydwh ydoxh ri d kljk0txdolw| �up/ k/ zklfk lv uh hfwhg e| wkh idfw wkdw wkh uljkw kdqg
vlgh ri wkh lqhtxdolwlhv/ wkh gl�huhqfh ehwzhhq h{shfwhg �up ydoxh dqg LSR sulfh lv dozd|v
srvlwlyh1 Wklv gl�huhqfh/ krzhyhu/ vkulqnv wkh kljkhu wkh suredelolw| ri wkh �up ehlqj
jrrg/ vlqfh d kljk 0 uhgxfhv wkh lqirupdwlrqdo dv|pphwu| ehwzhhq hqwuhsuhqhxuv dqg
lqyhvwruv1 Wkh wuljjhu ri wkh LSR lv wkh ulvn0dyhuvlrq ri wkh hqwuhsuhqhxu/ 4c dqg wkh
yduldqfh ri wkh �up ydoxh/ kE� � k�1 D �up lv pruh olnho| wr jr sxeolf wkh kljkhu 4/ dqg
kE��k�1 Wkh pd{lpxp yduldqfh lv rewdlqhg zkhq k lv f�D/ l1h1 zkhq xqfhuwdlqw| derxw
lqgxvwu| survshfwv lv dw lwv shdn1

519 Vhfrqgdu| pdunhw wudglqj

Wkh lqirupdwlrqdo uroh ri wkh vhfrqgdu| pdunhw sulfh wdxwrorjlfdoo| ghshqgv rq zkhwkhu
lqyhvwruv surgxfhg lqirupdwlrq gxulqj wkh LSR1 Wkh vhfrqgdu| pdunhw sulfh fdq gl�hu
iurp wkh lvvxh sulfh iru wzr uhdvrqv= �uvw/ lqirupdwlrq froohfwhg gxulqj wkh LSR lv qrw lq
olqh zlwk sulru h{shfwdwlrq dqg vhfrqg/ lqyhvwruv kdyh wr eh frpshqvdwhg iru lqirupdwlrq
surgxfwlrq frvwv1 Iru sxusrvhv ri wklv prgho lw lv xvhixo wr gl�huhqwldwh ehwzhhq revhuyhg
dqg h{shfwhg xqghusulflqj1 Lq wkh iruphu fdvh lvvxhv duh rq dyhudjh qrw +ryhu0, xqghu0
sulfhg/ exw +ryhu0, xqghusulflqj rffxuv iru lvvxhuv ri +}hur, kljk0ydoxh �upv1 Wklv lv wkh
fdvh li S 	 S


�
/ zkhuh ghshqghqw rq wkh qxpehu ri elgghuv wkh vhfrqgdu| pdunhw sulfh

lv kljkhu ru orzhu wkdq wkh lvvxh sulfh1 H{shfwhg xqghusulflqj/ krzhyhu/ uhtxluhv wkdw
R� 	 .ET�� rq dyhudjh1 Iru S


�
	 S 	 S�/ wkh hqwuhsuhqhxu lqgxfhv xqlqiruphg elgglqj

e| vhwwlqj R
�
/ dqg lvvxhv zloo eh rq dyhudjh xqghusulfhg/ vlqfh R

�
	 .ET��1 Lq fdvh S lv

surklelwlyho| kljk +S : S�,/ lqyhvwruv zloo hqjdjh lq xqlqiruphg elgglqj dqg elg qr pruh
wkdq .ET�� lq zklfk fdvh qhlwkhu revhuyhg qru h{shfwhg xqghusulflqj uhvxowv1

Vlqfh zh dvvxph lqirupdwlrq surgxfwlrq iru wkh �uvw LSR/ zh fdq rqo| frqvlghu fdvhv
zlwk revhuyhg xqghusulflqj1 Diwhu wkh LSR wkh qxpehu ri sduwlflsdqwv lq wkh LSR +zklfk
duh wkh rqhv wkdw rewdlq 7 ' C,/ B�/ ehfrphv sxeolf nqrzohgjh1 Wkh vhfrqgdu| pdu0
nhw sulfh ri wkh �up zloo wkhq htxdo T� frqglwlrqdo rq wkh djjuhjdwh ri wkh lqirupdwlrq
surgxfhg e| doo lqyhvwruv1

Ohppd 41 Lq d srrolqj htxloleulxp/ zkhuh lqyhvwruv rqo| sduwlflsdwh lq wkh LSR li wkh|

�qg 7 ' C/ dqg doo lqyhvwruv uhfhlyh jrrg vljqdov B�/ wkhq wkh vhfrqgdu| pdunhw sulfh ri

wkh �uvw �up zloo eh

�� ' .ET� m ? ' B�� '
k0

k0n E�� k0��?
�

Li krzhyhu/ lqyhvwruv uhfhlyh ohvv wkdq ? jrrg vljqdov/ wkh �up fdqqrw eh ri kljk ydoxh dqg

wkh vhfrqgdu| pdunhw sulfh .ET� m ? : B�� ' f1

Wklv Ohppd ghulyhv gluhfwo| iurp Ed|hv* Uxoh1 Wkh suhflvlrq vwuxfwxuh ri wkh vljqdo

lpsolhv wkdw kljk0ydoxh �upv duh dozd|v uhfrjql}hg dv vxfk/ exw }hur0ydoxh �upv fdq eh

plvwdnhq iru d kljk0ydoxh �up1 Rqfh rqh edg vljqdo lv rewdlqhg e| dq lqyhvwru/ wkh pdunhw

lqihuv wkdw wkh uhvshfwlyh �up fdq qr orqjhu eh ri d kljk0ydoxh1 Lw fdq eh vkrzq wkdw

Ohppd 51 Li doo lqyhvwruv rewdlq jrrg vljqdov wkh vhfrqgdu| pdunhw sulfh lv kljkhu wkdq

wkh lvvxh sulfh vr wkdw xqghusulflqj 7� : R
�
uhvxowv lq dq htxloleulxp lq zklfk ? ' B�1
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Wkh kljkhu wkh lqirupdwlrq surgxfwlrq frvwv dqg wkh orzhu wkh vljqdo suhflvlrq wkh

odujhu wkh h{whqw ri xqghusulflqj1 Wkh lpsdfw ri S lv/ krzhyhu/ e| idu vwurqjhu wkdq wkh

lpsdfw ri �1 Lqirupdwlrq surgxfwlrq frvwv xqhtxlyrfdoo| lqfuhdvh wkh h{whqw ri xqghu0

sulflqj/ zkhuhdv dq lqfuhdvh lq � kdv gxdo lpsolfdwlrqv= lw qrw rqo| ghfuhdvhv 7R�/ exw dovr
wkh vhfrqgdu| pdunhw sulfh/ vlqfh wkh txdolw| ri sulydwh lqirupdwlrq lv grxewixo1 Lqiru0

pdwlrq surgxfwlrq frvwv kdyh ohvv dqg � pruh lpsdfw rq wkh ohyho ri xqghusulflqj wkh

kljkhu wkh suredelolw| ri wkh �up ehlqj ri kljk ydoxh1 Zlwk lqfuhdvlqj survshfwv ri wkh

LSR �up ehlqj ri kljk ydoxh/ S orvhv lq vljql�fdqfh dqg wkh txdolw| ri wkh vljqdo ehfrphv

pruh lpsruwdqw1 Rq dyhudjh/ ri frxuvh/ wkhuh lv qr xqghusulflqj/ vlqfh lq doo rwkhu fdvhv

lq zklfk ? : B lvvxhv zloo eh ryhusulfhg1 Vr/ lq wkh fdvh ri lqiruphg elgglqj/ revhuyhg

xqghusulflqj rqo| dulvhv zlwk srvlwlyh lqirupdwlrq vkrfnv1

6 Lpsolfdwlrqv iru wkh vhfrqg �up*v LSR ghflvlrq

Diwhu lqyhvwruv ohduq wkh w|sh ri wkh �uvw �up dw |� ' e/ wkh| fdq xvh wklv lqirupdwlrq

wrjhwkhu zlwk wkh qxpehu ri sduwlflsdqwv lq wkh LSR/ B�c wr xsgdwh wkhlu eholhiv derxw wkh

suredelolwlhv ri T2 ' � dqg T2 ' f1 Ghshqglqj rq wkh w|sh ri wkh �uvw �up dqg wkh qxpehu

ri sduwlflsdqwv lq wkh LSR zh rewdlq irxu srvvleoh lqirupdwlrqdo rxwfrphv ghshqglqj rq

wkh frpelqdwlrq ri 8� dqg B�= 41 X2� � i? ' B�c 8� ' �j/ 51 X22 � i? : B�c 8� ' �jc 61
X2� � i? ' B�c 8� ' fjc dqg 71 X2e � i? : B�c 8� ' fj� Wkh irxu fdvhv dqg wkh uhvshfwlyh

dgmxvwhg h{shfwdwlrqv ri wkh lqyhvwruv dqg wkh hqwuhsuhqhxu derxw wkh ydoxh ri wkh vhfrqg

�up duh mx{wdsrvhg lq Wdeoh L1

WDEOH L

uhylvhg h{shfwdwlrqv ri vhfrqg ilup ydoxh diwhu iluvw lsr

Vljqdo Uhyhdohg w|sh ri �uvw �up

uhdol}dwlrq 8� ' � 8� ' f

Lqyhvwruv Hqwuhsuhqhxu Lqyhvwruv Hqwuhsuhqhxu

82 ' � 82 ' �

? ' B�
k0

knE�3k��?
k

knE�3k��?
k0 k

? : B� f f k0 k

Vlqfh iru X2� dqg X2e wkh h{shfwhg ydoxh uhpdlqv xqfkdqjhg diwhu wkh �uvw LSR/
wkhvh fdvhv gr qrw ohdg wr d kljkhu suredelolw| ri d vhfrqg �up jrlqj sxeolf1 Lq X22 wkh
hqwuhsuhqhxu zloo eh lqgl�huhqw ehwzhhq jrlqj sxeolf ru uhpdlqlqj sulydwh/ vlqfh lq erwk
fdvhv klv sd|r� zloo eh }hur1 Wkh fdvh zklfk ghvhuyhv ixuwkhu frqvlghudwlrq lv wkh rqh
zkhuh doo lqyhvwruv rewdlq srvlwlyh vljqdov dqg wkh �up lv uhyhdohg dv d kljk0txdolw| �up/
8� ' �� Lq wklv fdvh lqyhvwruv dqg wkh hqwuhsuhqhxu ri d kljk0txdolw| �up xsgdwh wkhlu
eholhiv derxw wkh h{shfwhg ydoxh ri wkh vhfrqg �up wr .ET2 m X2�� ' � ET2 ' � m X2�� '
k0*Ek n E� � k��?� dqg .ET2 m 82 ' �cX2�� ' � EU ' � m X2�� ' k*Ek n E� � k��?�
uhvshfwlyho|1 Lw fdq eh hdvlo| vhhq wkdw wkh h{shfwhg ydoxh ri wkh vhfrqg �up lv juhdwhu
diwhu wkh �uvw �up lq wkh lqgxvwu| kdv xqghuwdnhq dq LSR1
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Lw ehfrphv reylrxv wkdw erwk lqyhvwruv dqg wkh hqwuhsuhqhxu ri d kljk0txdolw| �up fdq
h{wudfw wkh vdph uhodwlyh dprxqw ri lqirupdwlrq iurp wkh vhfrqgdu| pdunhw sulfh/ qdpho|
�*Ek n E� � k��?�/ exw wkdw wkh hqwuhsuhqhxu fdq h{sorlw wklv lqirupdwlrq wr d odujhu
h{whqw lq devroxwh whupv1 Wklv vkrzv wkdw wkh dv|pphwulf lqirupdwlrq ehwzhhq lqyhvwruv
dqg wkh hqwuhsuhqhxu dfwxdoo| lqfuhdvhv diwhu wkh �uvw LSR/ vlqfh wkh hqwuhsuhqhxu fdq
ehwwhu ghfrgh wkh lqirupdwlrq frqyh|hg e| wkh vhfrqgdu| pdunhw sulfh ri wkh �uvw �up*v
LSR1 Wkxv/ dv|pphwulf lqirupdwlrq lqfuhdvhv diwhu dq lqirupdwlrq uhohdvh1 Li exqfklqj
vwloo rffxuv/ wkhq lw pxvw eh wuljjhuhg e| rwkhu irufhv wkdq d ghfuhdvh ri dv|pphwulf
lqirupdwlrq dv sxw iruzdug e| Nrudmf}|n/ Oxfdv/ dqg PfGrqdog +4<<4,1

614 Lqyhvwru ehkdylrxu dqg lqirupdwlrq frvwv

Djdlq/ iru wkh vhfrqg LSR/ lqyhvwru ehkdylrxu ghshqgv rq wkh lqirupdwlrq surgxfwlrq
frvwv dqg wkh sulfh vhwwlqj vwudwhj| ri wkh hqwuhsuhqhxu1 Wdeoh LL ghvfulehv lqyhvwru
ehkdylrxu lq wkh vhfrqg LSR ghshqglqj rq wkh ohyho ri lqirupdwlrq surgxfwlrq frvwv1
Ehfdxvh ri lqirupdwlrq surgxfwlrq lq wkh �uvw shulrg/ frvwv iru lqirupdwlrq dftxlvlwlrq
pxvw eh vpdoohu wkdq S


�
1 Lq wkh vhfrqg shulrg/ S


2
dqg S2 duh wkh uhvshfwlyh fxw0r� ydoxhv

iru lqiruphg yv1 lqgxfhg xqlqiruphg dqg lqgxfhg xqlqiruphg yv1 xqlqiruphg elgglqj
uhvshfwlyho|1 Lw fdq hdvlo| eh vhhq wkdw S 	 S� grhv qrw qhfhvvdulo| lpso| S 	 S21

Ohppd 61 Wkh xsshu frvw erxqg iru lqiruphg elgglqj lq wkh vhfrqg LSR lv vpdoohu wkdq

wkh xsshu frvw erxqg iru lqiruphg elgglqj lq wkh �uvw LSR/ l1h1 S2 	 S�/ l�

k0 :
k n E�� k��?

k n E�� k��? n �
�

Wkh lqhtxdolw| lq Ohppd 6 krogv wkh kljkhu wkh suhflvlrq ri wkh vljqdo/ � � �c dqg
wkh kljkhu wkh suredelolw| ri wkh �up ehlqj jrrg1 Li 0 lv kljk/ wkhq wkh vhfrqg �up lv
olnho| wr eh ri kljk ydoxh1 Wkh pdujlqdo ehqh�w ri ixuwkhu lqirupdwlrq froohfwlrq lv orz
dqg xqlqiruphg elgglqj pruh olnho|1 Htxdoo|/ wkh kljkhu wkh suhflvlrq ri wkh vljqdo/ wkh
pruh uholdeoh wkh lqirupdwlrq frqyh|hg lq wkh �uvw LSR dqg wkh kljkhu wkh lqfhqwlyh wr
iuhh0ulgh rq wklv lqirupdwlrq1

Vlqfh vlploduo| wkhuh lv qr suhghwhuplqhg rughulqj ri S

�
dqg S


2
/ lqiruphg elgglqj lq

wkh vhfrqg LSR rqo| frphv derxw li wkh frvwv ri lqirupdwlrq surgxfwlrq duh vpdoohu wkdq
4�?iS


�
c S


2
j1 Wklv vkrxog eh wkh fdvh iru �upv dqg lqgxvwulhv zkhuh wkh frpsoh{lw| ri wkh

surgxfw lv plqru dqg wkh frpshwlwlyh vwuxfwxuh fohdu0fxw/ vxfk dv uhwdlolqj/ hdwlqj dqg
gulqnlqj sodfhv dqg srvvleo| pdqxidfwxulqj1

Wkhuh duh wzr udqjhv iru srvvleoh ydoxhv ri S iru zklfk lqgxfhg xqlqiruphg elgglqj

dulvhv diwhu lqiruphg elgglqj lq wkh �uvw LSR1 Iru lqgxfhg xqlqiruphg elgglqj wr dulvh
lq wkh vhfrqg LSR/ S kdv wr eh kljkhu wkdq S


2
/ exw vpdoohu wkdq S21 Rqh frqvwhoodwlrq

ri S ydoxhv zklfk suryrnhv lqgxfhg xqlqiruphg elgglqj lq d vhfrqg LSR diwhu lqiruphg
elgglqj lq d �uvw LSR lv S


2
	 S 	 S2 	 S


�
1 Lq wklv vlwxdwlrq wkh frvw erxqg iru lqgxfhg

xqlqiruphg elgglqj lq wkh vhfrqg LSR lv pruh uhvwulfwlyh wkdq wkh frvw uhvwulfwlrq iru
lqiruphg elgglqj lq wkh �uvw LSR1 Wklv lv wkh fdvh li wkh lqirupdwlrq frqyh|hg lq wkh �uvw
LSR lv vr uholdeoh +� orz, wkdw rqo| orz lqirupdwlrq surgxfwlrq frvwv frxog suryrnh ixuwkhu
lqirupdwlrq froohfwlrq derxw wkh ydoxh ri wkh vhfrqg �up1 Lqirupdwlrq surgxfwlrq frvwv
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duh/ krzhyhu/ vwloo kljk hqrxjk vr wkdw lw lv pruh sur�wdeoh iru wkh hqwuhsuhqhxu wr lqgxfh
xqlqiruphg elgglqj lqvwhdg ri frpshqvdwlqj lqyhvwruv iru wkhlu lqirupdwlrq surgxfwlrq
frvwv1 Wklv vwuxfwxuh ri lqirupdwlrq frvwv prvwo| dssolhv wr �upv zklfk rshudwh lq d
frpsoh{ whfkqrorjlfdo hqylurqphqw +h1j1 elrwhfkqrorj|,/ exw zkhuh wkhuh duh hqrxjk
lqghshqghqw uhvhdufk oderudwrulhv deoh wr dvvhvv wkh vwdwh ri surgxfw ghyhorsphqw lq wkh
lqgxvwu|1 Rq wkh rqh kdqg/ lqirupdwlrq dftxlvlwlrq lv qrw wulyldo/ exw wkh lqirupdwlrq
rewdlqhg wkurxjk lqghshqghqw vrxufhv lv yhu| uholdeoh1

D vhfrqg frqvwhoodwlrq ri S ydoxhv iru lqgxfhg xqlqiruphg elgglqj lq wkh vhfrqg LSR
dulvhv iru S


2
	 S 	 S


�
	 S21 Lq wklv fdvh erwk S


2
	 S


�
dqg S


�
	 S2 lpsrvh uhvwulfwlrqv rq wkh

sdudphwhu ydoxhv1 Wkh odwwhu uhvwulfwlrq lpsolhv wkdw iru lqgxfhg xqlqiruphg elgglqj lq
wkh vhfrqg LSR lqirupdwlrq surgxfwlrq frvwv duh doorzhg wr eh kljkhu wkdq iru lqiruphg
elgglqj lq wkh �uvw1 Wklv vlwxdwlrq fdq dulvh li lqyhvwruv h{shfw wkh �up wr eh jrrg +0
forvh wr 4,/ lqgxvwu| survshfwv wr eh srru +k 9 �*2,/ dqg d jrrg vljqdo wr eh doprvw
frpsohwho| plvohdglqj +� forvh wr 4,1 Vlqfh wkh srvlwlyh qhzv frqyh|hg diwhu wkh �uvw LSR
duh yhu| xquholdeoh wkh hqwuhsuhqhxu fdq rewdlq kljkhu LSR surfhhgv lq wkh devhqfh ri
lqirupdwlrq surgxfwlrq1 Wklv lv wuxh ehfdxvh lq fdvh lqyhvwruv rewdlq d srvlwlyh vljqdo
wkh| plvwuxvw wkh vljqdo dqg devwdlq iurp wkh LSR vr wkdw hyhq d kljk0ydoxh �up zloo
rewdlq plqxvfxoh LSR surfhhgv1 Lq rughu iru wkh vhfrqg frqglwlrq S


2
	 S


�
wr krog/ djdlq

wkh pdujlqdo ehqh�w ri ixuwkhu lqirupdwlrq froohfwlrq kdv wr eh qhjoljleoh1 Wklv fdq hlwkhu
eh wkh fdvh zkhq lqirupdwlrq derxw lqgxvwu| survshfwv lv yhu| suhflvh +� forvh wr 3, ru/
rq wkh yhu| frqwudu|/ li lqirupdwlrq lv vr edg +� forvh wr 4, wkdw hyhq ixuwkhu lqirupdwlrq
froohfwlrq gxulqj wkh vhfrqg LSR grhv qrw dgg vljql�fdqwo| wr lqyhvwruv* nqrzohgjh1 Wkh
odwwhu lv suhgrplqdqw lq lqgxvwulhv zlwk d kljk sdfh ri whfkqrorjlfdo dgydqfhphqw/ zkhuh
lw lv frvwo| wr rewdlq lqirupdwlrq rq wkh survshfwv ri vxffhvv iru dq lqglylgxdo frpsdq|
ru wkh lqgxvwu| dv d zkroh1 Dq h{dpsoh pljkw eh hohfwurqlf htxlsphqw dv zhoo dv wkh
whohfrppxqlfdwlrqv dqg vriwzduh lqgxvwulhv1

Li S

2
	 S2 	 S 	 S


�
/ wkhq lqyhvwruv zloo devwdlq iurp lqirupdwlrq surgxfwlrq dqg hqjdjh

lq xqlqiruphg elgglqj1 Zlwk lqirupdwlrq surgxfwlrq frvwv kljkhu wkdq S2c lqyhvwruv yro0
xqwdulo| devwdlq iurp ixuwkhu lqirupdwlrq froohfwlrq dqg suhihu wr ehw eolqgo| wkh �up*v
h{shfwhg ydoxh � ET2 ' � m X2��1 Khuh/ lqirupdwlrq dftxlvlwlrq frvwv duh vxevwdqwldoo|
kljkhu/ exw djdlq wkh ydolglw| ri lqirupdwlrq vsduhv lqyhvwruv uhqhzhg lqirupdwlrq froohf0
wlrq1 Ilupv lq lqgxvwulhv olnh hohfwulfdo hqjlqhhulqj/ ideulfdwhg phwdo dqg wudqvsruwdwlrq
htxlsphqw duh olnho| wr idoo lqwr wklv fdwhjru|1

WDEOH LL

lqirupdwlrq dftxlvlwlrq frvwv dqg lqyhvwru ehkdylrxu

Fdvh Lqirupdwlrq Sdudphwhu uhvwulfwlrqv Lqyhvwru ehkdylrxu

frvwv lq vhfrqg LSR

4 S 	 4�?iS

�
c S


2
j � lqiruphg

5d S

2
	 S 	 S2 	 S


�
0( � a � ) f lqgxfhg xqlqiruphg

5e S

2
	 S 	 S


�
	 S2 0( � a � ( � a k( �*2 lqgxfhg xqlqiruphg

6 S

2
	 S2 	 S 	 S


�
0( � a � ) f xqlqiruphg
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61514 Krw lvvxh pdunhwv gxh wr ulvn0lqgxfhg vhoolqj suhvvxuh

Zlwk lqiruphg elgglqj lq wkh vhfrqg LSR/ l1h1 S 	 4�?iS

�
c S


2
j/ wkh h{shfwhg sulydwh �up

ydoxh ulvhv wr d odujhu h{whqw wkdq h{shfwhg LSR surfhhgv vr wkdw wkh ch{shfwhg ydoxh

h�hfw* lv qhjdwlyh ru dw prvw qhxwudo1 Krw lvvxh pdunhwv fdq wkhuhiruh rqo| eh wuljjhuhg

e| dq lqfuhdvh lq wkh �up*v yduldqfh=

Sursrvlwlrq 51 Fdvh 4= Krw lvvxh pdunhwv zlwk lqiruphg elgglqj dS 	 6�?iSW
�
c SW2jo=

Wkh vhfrqg �up lv pruh olnho| wr xqghuwdnh dq LSR diwhu wkh �uvw �up lq wkh lqgxvwu| lv
 rdwhg li wkh �up lv olnho| wr eh ri kljk txdolw| +0 lv forvh wr 4,/ dqg k

2

E�3k�2
	 �?1

Wkh frqglwlrqv hqvxuh wkdw d srvlwlyh cyduldqfh h�hfw* grplqdwhv wkh qhjdwlyh ch{shfwhg
ydoxh h�hfw*1 D kljk suredelolw| wkdw wkh �up lv ri kljk txdolw| uhgxfhv wkh qhjdwlyh lpsdfw
ri wkh ch{shfwhg ydoxh h�hfw*1 Wkh odwwhu frqglwlrq |lhogv d srvlwlyh cyduldqfh h�hfw* e|
lpsrvlqj sdudphwhu frqglwlrqv zklfk lqfuhdvh wkh hqwuhsuhqhxu*v ulvn ri uhpdlqlqj sulydwh1

Dowkrxjk erwk wkh sulfh dqg wkh h{shfwhg shufhqwdjh ri lqyhvwruv sduwlflsdwlqj lq wkh
LSR ulvh/ wkh jurzwk lq LSR surfhhgv lv zhdnhu wkdq wkh jdlq lq wkh hqwuhsuhqhxu*v sulydwh
ydoxdwlrq1 Li 0 lv forvh wr 4/ wkh lqirupdwlrq dv|pphwu| ehwzhhq wkh hqwuhsuhqhxu dqg
lqyhvwruv lv qhjoljleoh dqg wkh ch{shfwhg ydoxh h�hfw* lv doprvw qhxwudo1 Li 0 htxdov rqh dqg
wkhuh duh qr lqirupdwlrq surgxfwlrq frvwv/ h{shfwhg sulydwh �up ydoxh dqg LSR surfhhgv
frlqflgh1 Zkloh wkhuh lv qr lqirupdwlrqdo dgydqwdjh iru wkh hqwuhsuhqhxu/ lqyhvwruv duh
deoh wr rewdlq vxshulru lqirupdwlrq derxw wkh �up ydoxh e| zd| ri wkhlu sulydwh vljqdo1
Exw wklv lv h{dfwo| r�vhw e| wkh idfw wkdw rqo| lqyhvwruv zlwk srvlwlyh vljqdo uhdol}dwlrqv
sxufkdvh d vkduh lq wkh LSR1 Wkh pruh wkh sdudphwhuv ghyldwh iurp wkhvh ydoxhv wkh
juhdwhu wkh zhgjh ehwzhhq h{shfwhg LSR surfhhgv dqg sulydwh �up ydoxh1 Vlploduo|
wkh ydoxdwlrq gl�huhqwldo zlghqv iurp wkh �uvw wr wkh vhfrqg LSR zlwk lqfuhdvlqj S dqg
ghfuhdvlqj 0�

Zlwk dq rqo| prghudwho| qhjdwlyh ch{shfwhg ydoxh h�hfw* krw lvvxh pdunhwv fdq eh
wuljjhuhg e| ulvn0lqgxfhg vhoolqj suhvvxuh1 Wkh ulvn ri uhpdlqlqj sulydwh lqfuhdvhv iru
wzr sdudphwhu frqvwhoodwlrqv= Iluvw/ li k lv forvh wr }hur/ wkhuh lv dq doprvw xqhtxlyrfdo
xqghuvwdqglqj ri jorrp| lqgxvwu| survshfwv1 Dq| vljqdo uhdol}dwlrq diwhu wkh �uvw LSR
zklfk uhyhuvhv wkh slfwxuh e| frqyh|lqj d survshurxv lqgxvwu| rxworrn/ zloo lqfuhdvh wkh
xqfhuwdlqw| derxw wkh lqgxvwu| idfwru1 Vhfrqg/ li k lv vpdoohu exw forvh wr �*2/ wkhuh lv
vwloo srwhqwldo iru dq lqfuhdvh lq wkh yduldqfh ri wkh sulydwh �up ydoxh1 Zlwk dq htxdo
suredelolw| ri d jrrg dqg edg lqgxvwu| xqfhuwdlqw| derxw wkh ixwxuh vwdwh ri wkh lqgxvwu|
uhdfkhv lwv folpd{1 Lq rughu iru wkh �up*v yduldqfh wr lqfuhdvh dq lpsuhflvh vljqdo txdolw|
E� ( �� kdv wr hqvxuh wkdw wkh h{shfwdwlrq derxw wkh lqgxvwu| idfwru grhv qrw ulvh deryh
�*21

Hyhq li wkh lqirupdwlrqdo dv|pphwu| ehwzhhq lqyhvwruv dqg hqwuhsuhqhxu lv uhvroyhg
+0 forvh wr 4, wkh olnholkrrg ri d vhfrqg LSR fdq glplqlvk li wkh �up*v yduldqfh ghfuhdvhv
diwhu wkh �uvw LSR1 Wklv srlqwv wr wkh idfw wkdw d ghfuhdvh lq dv|pphwulf lqirupdwlrq
shu vh lv qrw vx!flhqw wr jhqhudwh exqfklqj ri LSRv1 Vlqfh wkh yduldqfh ri wkh lqgxvwu|
idfwru kE��k� uhdfkhv lwv pd{lpxp dw k ' �*2/ d vx!flhqw frqglwlrq iru wkh yduldqfh wr
ghfuhdvh diwhu srvlwlyh lqgxvwu| qhzv lv k � �*21 Wkxv/ zkhq wkh d sulrul suredelolw| ri
euljkw lqgxvwu| survshfwv lv juhdwhu wkdq DfIc ixuwkhu srvlwlyh qhzv zloo uhgxfh wkh ulvn
ri uhpdlqlqj sulydwh1

4:



61515 Krw lvvxh pdunhwv gxh wr lqirupdwlrqdo iuhh0ulglqj

D frpprq ihdwxuh ri krw lvvxh pdunhw htxloleulxp frqglwlrqv lq wkh suhvhqfh ri lqgxfhg
ru �yroxqwdu|� xqlqiruphg elgglqj lv wkdw lqyhvwruv �iuhh0ulgh� rq wkh lqgxvwu| qhzv frq0
yh|hg e| wkh �uvw LSR1 Zkloh lw zdv sur�wdeoh iru lqyhvwruv wr hqjdjh lq lqirupdwlrq
surgxfwlrq lq wkh �uvw shulrg/ wkh ohyho ri lqirupdwlrq surgxfwlrq frvwv qr orqjhu mxvwl�hv
lqirupdwlrq dftxlvlwlrq jlyhq wkh lqfuhphqwdo nqrzohgjh derxw wkh lqgxvwu| idfwru diwhu
wkh �uvw LSR1 Wkh hqwuhsuhqhxu grhv qrw kdyh wr frpshqvdwh lqyhvwruv iru wkhlu lqirupd0
wlrq surgxfwlrq dfwlylw|/ dqg wkh xquhvwulfwhg sduwlflsdwlrq lq wkh LSR lqfuhdvhv surfhhgv
iurp d vhfrqg LSR1 Frqwudu| wr wkh fdvh ri lqiruphg elgglqj lq wkh vhfrqg LSR/ wkh
ch{shfwhg ydoxh h�hfw* fdq ehfrph srvlwlyh lq wkh suhvhqfh ri +lqgxfhg, xqlqiruphg elg0
glqj1 Krw lvvxh pdunhwv fdq wkxv dulvh gxh wr wkh gxdo wuljjhu ri lqirupdwlrqdo iuhh0ulglqj
+ch{shfwhg ydoxh h�hfw*, dqg ulvn0lqgxfhg vhoolqj suhvvxuh +cyduldqfh h�hfw*,1

Sursrvlwlrq 61 Krw lvvxh pdunhwv zlwk lqgxfhg xqlqiruphg elgglqj= Wkh vhfrqg �up lv
pruh olnho| wr xqghuwdnh dq LSR diwhu wkh �uvw �up lq wkh lqgxvwu| lv  rdwhg li

Fdvh 5d= SW2 	 S 	 S2 	 SW�= wkh �up lv olnho| wr eh ri kljk ydoxh +0 forvh wr 4,/ wkh
vljqdo lv vx!flhqwo| suhflvh +� forvh wr 3, dqg lqgxvwu| survshfwv duh yhu| edg +k
forvh wr 3,>

Fdvh 5e= SW2 	 S 	 SW� 	 S2= wkh �up lv olnho| wr eh ri kljk ydoxh +0 forvh wr 4,/ wkh
vljqdo lv vx!flhqwo| lpsuhflvh +� forvh wr 4,/ lqgxvwu| survshfwv duh yhu| xqfhuwdlq
+k vpdoohu exw forvh wr 425, dqg lqirupdwlrq surgxfwlrq frvwv duh vx!flhqwo| odujh
+f vpdoohu exw forvh wr SW�,1

Frpsduhg wr wkh suhylrxv fdvh ri lqiruphg elgglqj LSR yroxph lv dozd|v juhdwhu
xqghu +lqgxfhg, xqlqiruphg elgglqj1 Wkh pd{lpxp sulfh wkh hqwuhsuhqhxu fdq fkdujh/
krzhyhu/ lv orzhu li lqyhvwruv duh lqgxfhg wr devwdlq iurp lqirupdwlrq surgxfwlrq1 Qrwh
wkdw iru S 	 S2c wkh pd{lpxp sulfh xqghu lqiruphg elgglqj lv 7R2 : R

2
1 Vlqfh lq wkh

suhvhqfh ri lqiruphg elgglqj wkh ch{shfwhg ydoxh h�hfw* lv dw prvw qhxwudoc wkh sdudphwhu
frqvwhoodwlrqv zklfk wuljjhu d srvlwlyh ch{shfwhg ydoxh h�hfw* zlwk lqgxfhg xqlqiruphg
elgglqj zloo kdyh wr pdnh wkh cyroxph h�hfw* pruh wkdq rxwzhljk wkh glvdgydqwdjhrxv
sulfh gl�huhqwldo1

Lq fdvh 5d/ zlwk 0 dssurdfklqj � dqg � forvh wr }hur/ 7R2 dqg R
2
pryh forvhu wrjhwkhu44/

uhgxflqj wkh sulfh gl�huhqwldo ehwzhhq lqiruphg dqg lqgxfhg xqlqiruphg elgglqj1 Wkh
suhflvh vljqdo dqg kljk h{shfwhg �up txdolw| pdnhv dgglwlrqdo lqirupdwlrq dftxlvlwlrq
diwhu wkh �uvw LSR ohvv dwwudfwlyh dqg wkh gl�huhqfh ehwzhhq lqiruphg dqg xqlqiruphg
elgglqj vkulqn1 Dovr/ wkh frpsdulvrq ehwzhhq wkh �uvw shulrg LSR sulfh 7R� dqg R

2
vkrzv

wkdw wkh kljkhu ydoxh ri S ghsuhvvhv 7R�c exw kdv d frxqwhu0fxuuhqw h�hfw rq R
2
� Lq fdvh

5d/ d srvlwlyh ch{shfwhg ydoxh h�hfw* dgglwlrqdoo| uhtxluhv k ru � wr eh forvh wr f1 Li
k dssurdfkhv }hur/ wkh hqwuhsuhqhxu h{shfwv orz surfhhgv zlwk lqiruphg elgglqj vlqfh
rqo| lqyhvwruv zlwk zurqj vljqdov sduwlflsdwh lq wkh LSR1 Ixuwkhupruh/ jlyhq wkdw wkh
vljqdo lv yhu| suhflvh +orz �,/ wkhuh zrxog eh yhu| ihz plvjxlghg lqyhvwruv1 Wkh shufhqwloh
sduwlflsdwlrq lq wkh �uvw shulrg LSR/ kn �E��k� 	 �c lv wkxv ghfuhdvlqj iru vpdoo k dqg

44Erwk �s5 dqg s
5
lqfuhdvh zlwk ulvlqj �/ exw wkh �uvw ghulydwlyh ri s

5
zlwk uhvshfw wr � dw � @ 3 lv

juhdwhu wkdq wkh �uvw ghulydwlyh ri s
5
zlwk uhvshfw wr � iru � A 4@5=

4;



�� Zlwk lqgxfhg xqlqiruphg elgglqj/ krzhyhu/ wkh hqwuhsuhqhxu oxuhv doo ? lqyhvwruv lqwr
wkh LSR dqg wkxv pruh wkdq frpshqvdwhv iru wkh orzhu LSR sulfh1 Krw lvvxh pdunhwv duh
ixuwkhu irvwhuhg e| d srvlwlyh cyduldqfh h�hfw* zklfk lv uhohdvhg e| d frpelqdwlrq ri dq
d sulrul plvhudeoh lqgxvwu| rxworrn +k forvh wr 3, dqg d vxevhtxhqw vwduwolqjo| srvlwlyh
rxwfrph ri wkh �uvw LSR1 Wklv frqwudglfwru| lqirupdwlrqdo hylghqfh lqfuhdvhv xqfhuwdlqw|
derxw lqgxvwu| survshfwv dqg wkh ulvn dvvrfldwhg zlwk uhpdlqlqj sulydwh1

Lq fdvh 5e/ krw lvvxh pdunhwv dulvh li lqirupdwlrq dv|pphwu| ehwzhhq lqyhvwruv dqg
hqwuhsuhqhxu lv wul lqj +0 forvh wr 4,/ wkh suhflvlrq ri wkh vljqdo lv lqihulru/ wkh survshfwv
ri wkh lqgxvwu| doprvw dw wkh shdn ri xqfhuwdlqw| +k rqo| lqvljql�fdqwo| vpdoohu wkdq �*2,
dqg S forvh wr lwv xsshu olplw S


�
1 Lw lv fohdu wkdw wkh kljkhu lqirupdwlrq surgxfwlrq frvw/

wkh vpdoohu wkh sulfh wkh �uvw hqwuhsuhqhxu frxog fkdujh lq wkh suhvhqfh ri lqirupdwlrq
surgxfwlrq dqg wkhuhiruh wkh odujhu wkh sulfh lqfuhdvh iurp 7R� wr R

2
1 D vlplodu h�hfw

lv rewdlqhg e| d orz vljqdo suhflvlrq zklfk lqfuhdvhv R
2
dqg orzhuv 7R�1 Dq xquholdeoh

vljqdo E� ( �� dovr pdnhv R
2
ulvh wr d odujhu h{whqw wkdq 7R2 li 0 lqfuhdvhv1 45 D srru

vljqdo grhv qrw gudvwlfdoo| lqfuhdvh wkh ehqh�w ri lqirupdwlrq dftxlvlwlrq ryhu xqlqiruphg
sduwlflsdwlrq/ vr wkdw dq lqfuhdvh lq h{shfwhg �up txdolw| kdv d pruh surqrxqfhg h�hfw
rq R

2
� Vlqfh wkh sulfh gl�huhqfh ehwzhhq R

2
dqg 7R2 lv plqru dqg wkhuh lv vwloo d voljkw

lqfuhdvh lq LSR yroxph/ kljkhu LSR surfhhgv duh rewdlqhg e| fkdujlqj R
2
dqg ohdylqj

lqyhvwruv lq d vwdwh ri cljqrudqw ehqhyrohqfh* diwhu wkh �uvw LSR1 Wkh srvlwlyh cyduldqfh
h�hfw* glvhqjdjhv ehfdxvh ri lqfuhdvlqj xqfhuwdlqw| derxw lqgxvwu| survshfwv/ wklv wlph
lqgxfhg e| jhqhudo xqfhuwdlq lqyhvwru vhqwlphqw +k forvh wr/ exw vwloo vpdoohu wkdq �*2,
dqg srru vljqdo txdolw| +� forvh wr �,1 Wkh srru vljqdo suhflvlrq pdnhv wkh lqgxvwu|
rxworrn rqo| voljkwo| ohvv rsdtxh diwhu wkh srvlwlyh rxwfrph ri wkh �uvw LSR1 Lqgxvwu|
survshfwv duh uhylvhg xszdugv/ exw wkh lqfuhdvh lv pdujlqdo +k vwloo 9 �*2��

Sursrvlwlrq 71 Fdvh 6= Krw lvvxh pdunhwv zlwk xqlqiruphg elgglqj ^SW
2
	 S2 	 S 	 SW

�
o=

Wkh vhfrqg �up lv pruh olnho| wr xqghuwdnh dq LSR diwhu wkh �uvw �up lq wkh lqgxvwu|
lv  rdwhg li wkh �up lv olnho| wr eh ri kljk ydoxh +0 forvh wr 4,/ wkh vljqdo lv vx!flhqwo|
suhflvh +� forvh wr 3, dqg lqgxvwu| survshfwv duh yhu| edg +k forvh wr 3,1

Lq fdvh 6 wkh kljkhvw srvvleoh sulfh wkh hqwuhsuhqhxu fdq fkdujh lv .ET� m X2�c 82 '
�� zklfk iru S : S2 h{fhhgv 7R2� Khuh lw lv fohdu wkdw erwk LSR sulfh dqg yroxph duh
kljkhu frpsduhg wr lqiruphg elgglqj1 Vlqfh lqirupdwlrq surgxfwlrq frvwv duh vxevwdqwldo/
lqyhvwruv uho| rq wkh fxuuhqw uholdeoh lqgxvwu| lqirupdwlrq +� forvh wr 3, dqg devwdlq iurp
ixuwkhu lqirupdwlrq froohfwlrq1 Lq rughu iru wkh ch{shfwhg ydoxh h�hfw* wr eh srvlwlyh/
lw vx!fhv li wkh lqirupdwlrq dv|pphwu| ehwzhhq lqyhvwruv dqg hqwuhsuhqhxu lv orz/ l1h1
0 forvh wr 41 Lq wklv fdvh surfhhgv lq wkh vhfrqg LSR dqg h{shfwhg �up ydoxh wr wkh
hqwuhsuhqhxu duh doprvw wkh vdph> lq wkh �uvw LSR h{shfwhg surfhhgv zhuh/ krzhyhu/
vljql�fdqwo| orzhu wkdq h{shfwhg �up ydoxh wr wkh hqwuhsuhqhxu +zklfk zdv forvh wr k, vr
wkdw wkh ulvh lq h{shfwhg LSR uhyhqxh h{fhhgv wkh lqfuhdvh lq h{shfwhg �up ydoxh iurp
uhpdlqlqj sulydwh1 Wkh sdudphwhu uhvwulfwlrqv lpsrvhg e| wkh vhtxhqfh ri frvw erxqgv
djdlq wuljjhu d srvlwlyh yduldqfh h�hfw dv lq fdvh 51

45
Erwk �s5 dqg s

5
lqfuhdvh zlwk ulvlqj %/ exw �s5 lv frqfdyh lq %/ zkhuhdv s

5
lq frqyh{1 Wkh �uvw ghulydwlyh

ri s
5
zlwk uhvshfw wr % iru � ( 4 lv juhdwhu wkdq wkh �uvw ghulydwlyh ri s
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7 Xqghusulflqj dqg krw lvvxh pdunhwv

Djdlq/ wkh ohyho ri lqirupdwlrq surgxfwlrq frvwv ghflghv derxw wkh w|sh ri srwhqwldo xq0

ghusulflqj1 Lq fdvh S 	 4�?iS

�
c S
2j lqyhvwruv froohfw lqirupdwlrq derxw wkh ydoxh ri wkh

vhfrqg �up1 Djdlq/ lw fdq eh vkrzq wkdw wkh lvvxh sulfh lv vpdoohu wkdq wkh vhfrqgdu|
pdunhw sulfh li doo lqyhvwruv rewdlq srvlwlyh vljqdov gxulqj wkh vhfrqg LSR +crevhuyhg xq0
ghusulflqj*,1 Wkh dprxqw ri revhuyhg xqghusulflqj fdq hyhq lqfuhdvh iurp wkh �uvw wr wkh
vhfrqg LSR=

Sursrvlwlrq 81 Wkh dprxqw ri xqghusulflqj lqfuhdvhv diwhu wkh �uvw LSR/ l1h1 E�2 �
R2� : E�� � R��/ li wkh �up lv olnho| wr eh ri kljk ydoxh +0 forvh wr 4,/ wkh frvwv ri
lqirupdwlrq surgxfwlrq S duh forvh wr }hur dqg

�2?n� :
k2

E�� k�2
� +49,

Lw fdq eh vkrzq wkdw wkh orzhu wkh frvwv ri lqirupdwlrq surgxfwlrq/ wkh vwurqjhu wkh
lqfuhdvh lq xqghusulflqj iurp wkh �uvw wr wkh vhfrqg LSR1 Wkh kljkhu S/ wkh kljkhu wkh
uhvxowlqj xqghusulflqj lq erwk LSRv1 Kljk lqirupdwlrq surgxfwlrq frvwv/ krzhyhu/ kdyh d
kljkhu lpsdfw rq xqghusulflqj lq wkh �uvw LSR wkdq lq wkh vhfrqg1 Wkhuhiruh/ dq lqfuhdvh
lq xqghusulflqj lv pruh olnho| wkh vpdoohu wkh lq xhqfh ri lqirupdwlrq surgxfwlrq frvwv1

Wkh frqglwlrqv zklfk hqvxuh dq lqfuhdvh lq xqghusulflqj frlqflgh zlwk wkh rqhv |lhoglqj
krw lvvxh pdunhwv1 Wkh sdudphwhu frpelqdwlrq 0 forvh wr 4 dqg S forvh wr }hur vlpxowd0
qhrxvo| hqvxuh wkdw wkh ch{shfwhg ydoxh h�hfw* ehfrphv forvh wr qhxwudo1 Wkh cyduldqfh
h�hfw* frphv derxw li lqyhvwruv duh vxusulvhg e| wkh srvlwlyh rxwfrph ri wkh �uvw LSR1
Revhuyhg xqghusulflqj uhvxowv iurp wkh vdph h�hfw/ qdpho| xqh{shfwhgo| srvlwlyh lqiru0
pdwlrq derxw wkh ryhudoo �up ydoxh1 Erwk xqghusulflqj dqg krw lvvxh pdunhwv duh wkhuhiruh
skhqrphqd zklfk dulvh iurp uhdol}dwlrqv zklfk lqfuhdvh wkh �up*v d sulrul h{shfwhg ydoxh1
Dowkrxjk wklv grhv qrw h{sodlq zk| lvvxhv duh rq dyhudjh xqghusulfhg/ lw kljkoljkwv zk|
xqghusulflqj lv kljkhu wkdq dyhudjh zkhq lvvxhv duh foxvwhuhg1 Frqglwlrq ^49` lv doprvw
lghqwlfdo wr wkh frqglwlrq iru d srvlwlyh cyduldqfh h�hfw*/ �? : k2*E� � k�2� Wkh kljkhu
srzhu ri � lq ^49`/ krzhyhu/ lpsrvhv d pruh h{dfwlqj frqglwlrq rq wkh vljqdo suhflvlrq dqg
wkh lqgxvwu| idfwru1 Wklv lv gxh wr wkh idfw wkdw vhfrqgdu| pdunhw sulfhv lqfrusrudwh wkh
vljqdo uhdol}dwlrqv ri erwk urxqgv ri lqirupdwlrq surgxfwlrq1 Wkhuhiruh erwk dq lqfuhdvh
lq xqghusulflqj dqg krw lvvxh pdunhwv dulvh li xqfhuwdlqw| uhdfkhv lwv shdn hlwkhu gxh wr
d yhu| xqsurplvlqj sulru lqgxvwu| rxworrn dqg vwxqqlqjo| jrrg qhzv lq wkh �uvw LSR
+vpdoo k�/ ru e| zd| ri jhqhudo xqfhuwdlqw| derxw lqgxvwu| survshfwv dqg yhu| srru vljqdo
txdolw| +k vpdoohu exw forvh wr �*2 dqg � ( ��1

Iru lqirupdwlrq surgxfwlrq frvwv ri S
2 	 S 	 S2 wkh hqwuhsuhqhxu rswlpdoo| fkdujhv
R
2
	 .ET2 m X2�� zklfk suryrnhv lqgxfhg xqlqiruphg elgglqj Wkh lvvxh lv wkxv/ rq

dyhudjh/ sulfhg ehorz lwv h{shfwhg ydoxh1 Wkh phdvxuh iru xqghusulflqj lq wklv fdvh lv
qr orqjhu wkh gl�huhqfh ehwzhhq wkh lvvxh sulfh dqg wkh vhfrqgdu| pdunhw sulfh +zklfk
lq wkh fdvh ri lqgxfhg xqlqiruphg elgglqj lv }hur/ l1h1 qr revhuyhg xqghusulflqj/ dv qr
sulydwh lqirupdwlrq lv wudqvplwwhg lqwr wkh vhfrqgdu| pdunhw sulfh,/ exw wkh gl�huhqfh
ehwzhhq wkh dyhudjh lvvxh sulfh dqg wkh �up*v h{shfwhg ydoxh1 Lq fdvh ri h{shfwhg ru
dyhudjh xqghusulflqj wkhuh lv qr uhtxlvlwh frlqflghqfh zlwk krw LSR pdunhwv1 Jlyhq wkh
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vshfl�f frvw erxqgv iru lqirupdwlrq dftxlvlwlrq/ lvvxhv zloo dozd|v eh sulfhg ehorz wkhlu
h{shfwhg ydoxh1 Vlqfh qr qhz lqirupdwlrq jhwv lqwr sulfhv/ lqgxfhg xqlqiruphg elgglqj
zloo fxw r� wkh sdwk wr ixuwkhu krw lvvxh pdunhwv1 Wkxv krw lvvxh pdunhwv glh dzd| hlwkhu
ehfdxvh xqfhuwdlqw| fdq qr orqjhu ulvh/ ru ehfdxvh lqyhvwruv devwdlq iurp lqirupdwlrq
surgxfwlrq1 Wdeoh 5 surylghv dq ryhuylhz ri krz d srvlwlyh ch{shfwhg ydoxh* dqg cyduldqfh
h�hfw* frqfxu zlwk xqghusulflqj1

WDEOH LLL

krw lvvxh pdunhwv dqg xqghusulflqj

Fdvh Krw lvvxh pdunhwv gxh wr Xqghusulflqj

{. Sdudphwhu ydoxhv {T @o Sdudphwhu ydoxhv W|sh Sdudphwhu ydoxhv

4 0 0( � . � ( � a k( �*2 revhuyhg 0( � a � ( �a

k( �*2 a S) f

5d . 0( � a � ) f . k) f dyhudjh qr uhvwulfwlrq

5e . 0( � a S( SW
�

. � ( � a k( �*2 dyhudjh qr uhvwulfwlrq

6 . 0( � a � ) f . k) f qr 0

8 H{whqvlrqv

814 Hqgrjhqrxv wlplqj ri LSR ghflvlrq

Dq lqwhuhvwlqj sdwk ri ixuwkhu lqyhvwljdwlrq lv wr dqdo|vh zkhwkhu wkh htxloleulxp frqgl0
wlrqv iru krw lvvxh pdunhwv vwloo krog li wkh rughulqj ri wkh LSR ghflvlrq lv hqgrjhqrxv1 Lq
d fdvh zkhuh lqgxvwu| survshfwv duh udwkhu prghudwh/ dq LSR ri rqh �up lq wkh lqgxvwu|
fdq udlvh LSR surfhhgv ri frpshwlwru �upv +uhodwlyh wr sulydwh �up ydoxh, e| glvforvlqj
xqh{shfwhgo| srvlwlyh lqgxvwu| survshfwv1 Zdlwlqj iru dqrwkhu �up wr sdyh wkh zd| wr
wkh vwrfn pdunhw zlwk idyrxudeoh lqgxvwu| qhzv pd| wkhuhiruh eh sur�wdeoh1 Lq sduwlf0
xodu/ hqwuhsuhqhxuv zlwk orz0txdolw| �upv pljkw eh whpswhg wr zdlw iru d vhfrqg shulrg
lq zklfk lqyhvwruv devwdlq iurp lqirupdwlrq surgxfwlrq1 Rq wkh rwkhu kdqg/ wkh zdlwlqj
vwudwhj| lqyroyhv wkh ulvn iru erwk kljk0 dqg orz0txdolw| �upv wkdw dqrwkhu kljk0txdolw|
�up suhfhghv zlwk dq LSR dqg uhyhdov srru lqgxvwu| survshfwv1 Lq wklv fdvh wkh h{shfwhg
xwlolw| iru hqwuhsuhqhxuv ri erwk kljk0 dqg orz0txdolw| �upv vkulqnv wr }hur1 Wkh uhvshf0
wlyh ulvn dyhuvlrq frh!flhqwv ri wkh wzr hqwuhsuhqhxuv vkrxog wkhuhiruh eh d ghwhuplqdqw
iru wkh wlplqj ri wkh LSR1 Zh wkhuhiruh dvvxph wkdw hqwuhsuhqhxuv h{klelw gl�huhqw frhi0
�flhqwv ri ulvn0dyhuvlrq/ 4

�
dqg 4

2
uhvshfwlyho|1 Vx!flhqwo| ulvn0dyhuvh hqwuhsuhqhxuv zloo

lqghshqghqwo| ri �up w|sh dozd|v fkrrvh wr jr sxeolf lq wkh �uvw shulrg vr dv wr dyrlg
wkh ulvn ri d wrwdo orvv1 Lq idfw lw fdq eh vkrzq wkdw

Sursrvlwlrq 91 Wkhuh h{lvwv d srrolqj htxloleulxp/ lq zklfk lqghshqghqw ri �up w|sh dq
hqwuhsuhqhxu zlwk ulvn dyhuvlrq frh!flhqw 4

�
jrhv sxeolf lq wkh �uvw shulrg/ dqg d vhfrqg

hqwuhsuhqhxu zlwk d ulvn dyhuvlrq frh!flhqw ri 4
2
lv pruh olnho| wr iroorz zlwk dq LSR

diwhu wkh  rwdwlrq ri wkh �uvw �up/ l�

4
�
: 4Wc 4

2
	 4�?i4Wc 4WWj dqg 4

2
: 4WWW�
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Iru wkh sdudphwhu ydoxhv ri wkh krw lvvxh pdunhw htxloleuld lq fdvhv 5e dqg 6 +vhh sursrvl0
wlrqv ^6` dqg ^7`, wkhuh h{lvwv d vroxwlrq wr wkh v|vwhp ri lqhtxdolwlhv1 Li zh ixuwkhu dvvxph
wkdw S2 ' &k zkhuh & 	 �/ wkhq wklv dovr krogv iru wkh sdudphwhu frqvwhoodwlrqv ri krw lvvxh
pdunhwv xqghu lqiruphg elgglqj/ l1h1 0( � dqg k) f +sursrvlwlrq ^5`,1

D qhfhvvdu| frqglwlrq iru d srrolqj htxloleulxp ri krw lvvxh pdunhwv lv wkhuhiruh 4
�
:

4
2
� Wklv frqglwlrq hqvxuhv wkdw wkh �uvw hqwuhsuhqhxu xqghuwdnhv dq LSR ehfdxvh ri wkh

ulvn0uhgxfwlrq ehqh�w/ exw wkh ohvv ulvn0dyhuvh vhfrqg hqwuhsuhqhxu zdlwv iru d vhfrqg
urxqg zlwk kljkhu h{shfwhg surfhhgv1 Wkh ulvn0wrohudqfh ri wkh vhfrqg hqwuhsuhqhxu lv/
krzhyhu/ olplwhg e| 4

2
	 4�?i4Wc 4WWj lq rughu wr vwloo ohdyh dq lqfhqwlyh iru dq LSR lq

wkh vhfrqg shulrg1

815 Yduldqfh ri LSR surfhhgv

Lq vhfwlrq ^51715` zh dvvxphg wkdw wkh hqwuhsuhqhxu frxog vhoo klv �up wr d ulvn0qhxwudo
xqghuzulwhu zkr frxog glyhuvli| wkh ulvn ri ydu|lqj LSR surfhhgv ryhu wlph1 Wklv dvvxps0
wlrq lv reylrxvo| rqo| qhfhvvdu| li lqyhvwruv hqjdjh lq lqirupdwlrq surgxfwlrq1 Rqo| wkhq
lv lw srvvleoh wkdw ihzhu wkdq ? lqyhvwruv sduwlflsdwh ehfdxvh wkh| fdq srvvleo| rewdlq d
qhjdwlyh vljqdo1 Li wkh hqwuhsuhqhxu lv h{srvhg wr wkh ulvn ri lqvx!flhqw ghpdqg iru wkh
LSR lvvxh/ wkh yduldqfh ri LSR surfhhgv kdv wr eh wdnhq lqwr dffrxqw lq rughu wr ghwhu0
plqh wkh ehqh�wv ri dq LSR1 Hyhq li wkh yduldqfh whup lv lqfoxghg lq wkh hqwuhsuhqhxu*v
h{shfwhg xwlolw| iurp dq LSR/ krw lvvxh pdunhwv fdq dulvh=

Sursrvlwlrq :1 Krw lvvxh pdunhwv zlwk lqiruphg elgglqj S 	 4�?iSW

�
c SWW

2
j G Wkh vhfrqg

�up lv pruh olnho| wr xqghuwdnh dq LSR diwhu wkh �uvw �up lq wkh lqgxvwu| lv  rdwhg li
wkhuh lv d vx!flhqw qxpehu ri lqyhvwruv ? : ?W/ wkh �up lv olnho| wr eh ri kljk ydoxh
+0 ( �,/ wkh vljqdo lv vx!flhqwo| lpsuhflvh +� ( �, dqg lqgxvwu| survshfwv duh yhu| edg
+k) f,>

Iluvw/ d uhodwlyho| odujh qxpehu ri lqyhvwruv lv uhtxluhg lq rughu iru wkh yduldqfh ri
sulydwh �up ydoxh wr rxwzhljk wkh yduldqfh ri LSR surfhhgv lq wkh �uvw shulrg LSR1Srru
lqgxvwu| survshfwv +vpdoo k, lq frpelqdwlrq zlwk d srvlwlyh vljqdo uhdol}dwlrq diwhu wkh
�uvw LSR hqvxuh wkdw wkh yduldqfh ri sulydwh �up ydoxh lqfuhdvhv diwhu wkh �uvw LSR1 Wkh
yduldqfh ri LSR surfhhgv ghshqgv fuxfldoo| rq wkh ghjuhh ri vljqdo suhflvlrq1 Li wkh vljqdo
lv yhu| xquholdeoh E� ( ��c doprvw doo lqyhvwruv zloo sduwlflsdwh lq wkh LSR vr wkdw wkh
yduldqfh ri h{shfwhg LSR surfhhgv lv qhjoljleoh dqg ulvhv wr d vpdoohu h{whqw wkdq wkh
yduldqfh ri sulydwh �up ydoxh1

Rqh frxog dovr hdvlo| lqfoxgh wkh yduldqfh ri LSR surfhhgv iru wkh fdvh ri +lqgxfhg,
xqlqiruphg elgglqj lq wkh vhfrqg shulrg1 Xqghu wkh htxloleulxp frqglwlrqv iru krw lvvxh
pdunhwv wkh yduldqfh ri wkh sulydwh �up ydoxh lqfuhdvhv diwhu wkh �uvw LSR1 Wkh yroxph0
uhodwhg ulvn idfwru dvvrfldwhg zlwk dq LSR/ krzhyhu/ zrxog glvdsshdu dqg wkh olnholkrrg
ri d vhfrqg LSR zrxog ulvh wr dq hyhq odujhu h{whqw1

816 Urexvwqhvv ri cyduldqfh h�hfw*

Vlqfh wkh cyduldqfh h�hfw* lv fuxfldo iru wkh hphujhqfh ri krw lvvxh pdunhwv/ lw lv zruwkzkloh
lqyhvwljdwlqj zkhwkhu wkh h�hfw lv urexvw wr wkh lqwurgxfwlrq ri rwkhu glvwulexwlrqv wkdq
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wkh elqrpldo glvwulexwlrq �E�c R� xvhg lq wklv sdshu1 Wkh wuljjhu iru d krw lvvxh pdunhw lv
d vlpxowdqhrxv lqfuhdvh lq erwk wkh �up*v h{shfwhg ydoxh dqg lwv yduldqfh gxh wr srvlwlyh
qhzv derxw rqh ri wkh ydoxdwlrq idfwruv1 Li zh xvh rwkhu glvwulexwlrqdo dvvxpswlrqv wr
fkdudfwhulvh wkh �up ydoxh/ wklv ihdwxuh ri wkh �uvw dqg vhfrqg prphqwv kdv wr eh ixo�oohg1
Lq idfw/ lw fdq eh hdvlo| vkrzq wkdw

Sursrvlwlrq ;1 Wkh yduldqfh ri dq xqghuo|lqj dvvhw fdq lqfuhdvh lq olqh zlwk lwv h{0

shfwhg ydoxh li wkh glvwulexwlrq ri wkh dvvhw lv vxemhfw wr d �E?c R� elqrpldo ru d qrupdo

glvwulexwlrq1

Wklv uhvxow krogv vlqfh wkh h{shfwhg ydoxh dqg yduldqfh ri wkh �E?c R� elqrpldo glv0
wulexwlrq rqo| fkdqjh iru d frqvwdqw idfwru lq frpsdulvrq zlwk �E�c R�1 Iru odujh ?c wkh
qrupdo glvwulexwlrq dssur{lpdwhv wkh elqrpldo glvwulexwlrq dqg fdq wkhuhiruh dovr h{klelw
wkh uhtxluhg fkdudfwhulvwlf1

9 Frqfoxvlrq

Wklv sdshu kdv dujxhg wkdw wkhuh duh wzr h�hfwv dw sodfh zklfk fdq wuljjhu krw lvvxh pdu0
nhwv lq d vhwwlqj zkhuh erwk hqwuhsuhqhxuv dqg lqyhvwruv gr qrw kdyh frpsohwh lqirupdwlrq
derxw lqgxvwu| survshfwv1 Iluvw/ lw ghshqgv xsrq zkhwkhu wkh h{shfwhg LSR surfhhgv ulvh
wr d odujhu h{whqw wkdq wkh h{shfwhg sulydwh �up ydoxh diwhu rqh �up lq wkh lqgxvwu| kdv
jrqh sxeolf1 Wklv lq wxuq ghshqgv rq zkhwkhu lqyhvwruv iuhh0ulgh rq wkh lqgxvwu| lqirupd0
wlrq uhyhdohg lq wkh �uvw LSR1 Li wkh pdujlqdo ehqh�w ri ixuwkhu lqirupdwlrq surgxfwlrq
grhv qrw rxwzhljk lwv frvwv/ lqyhvwruv* cxqlqiruphg ydoxdwlrq* ri wkh �up fdq lqfuhdvh
wr d odujhu h{whqw wkdq wkh h{shfwhg sulydwh �up ydoxh1 Wklv lv ehfdxvh pruh lqyhvwruv
sduwlflsdwh lq wkh LSR +qrw rqo| wkh rqhv zlwk srvlwlyh vljqdo uhdol}dwlrqv, dqg lqyhvwruv
gr qrw kdyh wr eh frpshqvdwhg iru lqirupdwlrq dftxlvlwlrq wkurxjk d vpdoohu lvvxh sulfh1
Vhfrqg/ wkh ulvh ri krw lvvxh pdunhwv ghshqgv rq wkh fkdqjh lq wkh ulvnlqhvv ri wkh �up
lq uhvsrqvh wr qhzv frqyh|hg derxw wkh vwdwh ri wkh lqgxvwu| +cyduldqfh h�hfw*,1 Li wkh
xqfhuwdlqw| derxw wkh vwdwh ri wkh lqgxvwu| ulvhv diwhu wkh �uvw LSR/ wkh ulvn0uhgxfwlrq
ehqh�wv ri dq LSR uhqghu d  rwdwlrq uhodwlyho| pruh dwwudfwlyh1

Wkh prgho dovr r�huv dq h{sodqdwlrq iru zk| krw lvvxh pdunhwv riwhq frlqflgh zlwk
pruh surqrxqfhg xqghusulflqj wkdq frog lvvxh pdunhwv1 Erwk xqghusulflqj dqg krw lvvxh
pdunhwv dulvh iurp wkh vdph xqghuo|lqj skhqrphqrq/ qdpho| wkdw wkh ydoxh ri wkh LSR
�up lv kljkhu wkdq lqlwldoo| h{shfwhg1 Wkh prgho frxog eh jhqhudol}hg wr d vhwwlqj lq
zklfk wkhuh duh ? sulydwho| rzqhg �upv lq wkh lqgxvwu|/ hdfk zlwk d ghfuhdvlqj ghjuhh
ri ulvn0dyhuvlrq1 Ohvv ulvn0dyhuvh rzqhuv fdq rqo| eh lqgxfhg wr jr sxeolf li wkh ulvnlqhvv
ri wkhlu �up kdv lqfuhdvhg lq wkh zdnh ri dq LSR1 Zdyhv ri LSR dfwlylw| wkxv idgh dzd|
li wkh lqfuhdvh lq wkh �up*v yduldqfh lv vr vpdoo wkdw wkh uhpdlqlqj sulydwh hqwuhsuhqhxuv
zlwk wkhlu frpsdudwlyho| vpdoo ghjuhh ri ulvn0 dyhuvlrq zloo qr orqjhu wds wkh vwrfn pdunhw1
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iurp Jhupdq|�/ Hxurshdq Hfrqrplf Uhylhz/ 74+:,/ 463<0531

<1 Oxfdv/ G1 dqg U1 PfGrqdog +4<<3, �Htxlw| Lvvxhv dqg Vwrfn Sulfh G|qdplfv�/
Mrxuqdo ri Ilqdqfh/ 78/434<043761

431 Pdnvlprylf/ Y1 dqg S1 Slfkohu +4<<9,/ �Lqlwldo Sxeolf R�hulqjv dqg Whfkqr0
orjlfdo Lqqrydwlrq�/ plphr/ Xqlyhuvlw| ri Pdu|odqg1

441 P|huv/ V1 dqg Q1 Pdmoxi +4<;7,/ �Frusrudwh Ilqdqflqj dqg Lqyhvwphqw Gh0
flvlrqv Zkhq Ilupv Kdyh Lqirupdwlrq Wkdw Lqyhvwruv Gr Qrw Kdyh�/ Mrxuqdo ri
Ilqdqfldo Hfrqrplfv/ 46+5,/ 4;:05541

451 Sdjdqr/ P1/ I1 Sdqhwwd/ dqg O1 ]lqjdohv +4<<9,/ �Wkh Vwrfn Pdunhw dv d
Vrxufh ri Fdslwdo= Vrph Ohvvrqv iurp Lqlwldo Sxeolf R�hulqjv lq Lwdo|�/ Hxurshdq
Hfrqrplf Uhylhz/ 73+608,/ 438:09<1

461 Ulwwhu/ M1 +4<;7, �Wkh cKrw Lvvxh* Pdunhw ri 4<;3�/ Mrxuqdo ri Exvlqhvv/ 8:/
54805731

471 Vwrxjkwrq/ Q1/ N1 Zrqj/ dqg M1 ]hfkqhu +4<<:,/ �LSR dqg Surgxfw Txdo0
lw|�/ plphr/ Xqlyhuvlw| ri Krqj Nrqj/ Xqlyhuvlw| ri Ylhqqd1
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D Dsshqgl{

D14 Wdeohv

WDEOH D1L

qxpehu ri lsrv lq wzr0gljlw vlf fdwhjrulhv lq wkh xv gxulqj 4<:804<;7

Wkh wdeoh olvwv wkh LSRv lq hdfk wzr0gljlw VLF fdwhjru| lq zklfk dw ohdvw 43 LSRv wrrn sodfh

gxulqj 4<:80;71 Lq rughu wr whvw iru wkh foxvwhulqj ri LSRv dfurvv wlph d ghfloh0edvhg yduldqw ri

wkh vljq0whvw lv xvhg1 Xqghu wkh qxoo k|srwkhvlv ri K
lm
3

=@ S +[lm, @ 3=4 zkhuh [lm ghqrwhv wkh

qxpehu ri LSRv lq d vshfl�f lqgxvwu| l @ 4> ===> 59 lq d vshfl�f |hdu m @ 4<:8> ===>4<;7 wkh udqgrp

yduldeoh h[lm lv glvwulexwhg elqrpldoo| E+ql> 3=4,1 Wkh qxoo k|srwkhvlv lv uhmhfwhg li [lm 9 n�@5
ru [lm � n4��@5 zkhuh n�@5 dqg n4��@5 duh wkh juhdwhvw uhvshfwlyho| wkh vpdoohvw lqwhjhuv zklfk

vdwlvi|

	
n�@5
p@3

�
ql

p

�
3=4ql 9 �@5 dqg 	

n�@5

p@n4��@5

�
ql
p

�
3=4ql 9 �@5

uhvshfwlyho|1 Qxpehuv pdunhw zlwk - lqglfdwh |hduv lq zklfk wkh qxoo k|srwkhvlv fdq eh uhmhfwhg
dw wkh 8( vljql�fdqfh ohyho1

VLF Lqgxvwu| :8 :9 :: :; :< ;3 ;4 ;5 ;6 ;7 ?�

;< Vhuylfhv/ QHF 3 3 4 3 3 3 5 3 7- 6- 43

7< Hohfwulf2Jdv2Vdqlwdu| 4 3 3 3 3 6 5 4 6 5 45

53 Irrg2Nlqguhg Surg1 5 4 3 4 3 4 5 3 4 8- 46

6< Plvf1 Pdqxidfwxulqj 3 4 3 3 3 6 8- 3 7- 4 47

95 Vhfxulw|2Frpp1 Eurnhuv 3 3 3 3 3 4 3 3 46- 3 47

96 Lqvxudqfh Fduulhuv 3 3 5 4 3 4 5 4 :- 4 48

5: Sulqwlqj dqg Sxeolvklqj 3 3 3 3 3 4 6 3 43- 5 49

89 Dssduho2Dffhvvru| Vwruhv 4 3 3 3 3 3 6 3 44- 5 4:

67 Ideulfdwhg Phwdo Surg1 3 4 3 4 4 6 7 5 8- 4 4;

6: Wudqvsruwdwlrq Htxls1 3 4 4 3 4 5 6 3 :- 7 4<

84 Zkrohvdoh= Qrq0gxudeohv 3 3 3 3 3 5 6 4 44- :- 57

8< Plvfhoodqhrxv Uhwdlo 3 4 3 3 4 4 6 4 44- 9- 57

78 Wudqvsruwdwlrq e| Dlu 3 3 3 4 3 8 ;- 5 :- 5 5;

7; Frppxqlfdwlrqv 3 3 3 3 3 8 8 7 43- 9 63

93 Ghsrvlwru| Lqvwlwxwlrqv 3 3 3 3 3 3 3 3 4:- 4;- 68

83 Zkrohvdoh= Gxudeohv 3- 4 3- 3- 3- 7 ;- 5 48- <- 6<

9: Kroglqj2Lqyhvwphqw Fr1 4 3- 3- 3- 4 8 4 5 46- 49- 6<

8; Hdwlqj2Gulqnlqj Sodfhv 3- 3- 4- 4- 4- 4- < < 56- < 87

;3 Khdowk Vhuylfhv 3- 4- 4- 3- 6 4- ; 4- 5<- 47- 8;

5; Fkhplfdo2Doolhg Surg1 5 3- 3- 5 4- 8 47- 6 65- 7 96

94 Qrq0Ghsrvlwru| Lqvwlw1 3- 3- 3- 3- 3- 3- 3- 4- 7<- 49- 99

46 Rlo dqg Jdv H{wudfwlrq 3- 4- 4- 5- 48 63- 96- 4- 5- 3- 448

6; Lqvwuxphqwv2Uhodwhg Surg1 3- 3- 6- 7- ; 8- 5<- 43 7<- 46 454

69 Hohfwurqlf Htxlsphqw 3- 6- 4- 7- 9- 48 76- 44 86- 64- 49:

:6 Exvlqhvv Vhuylfhv 4- 6- 4- 6- 6- 7- 66- 53 :3- 5<- 49:

68 Lqgxvwuldo Pdfklqhu| 5- ;- 6- 9- ;- 4: 5:- 45 96- 55 49;

?| 43 55 48 59 7< 448 5;3 ;7 84< 559 4679
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WDEOH D1LL

shufhqwdjh qxpehu ri lsrv lq wzr0gljlw vlf fdwhjrulhv lq wkh xv gxulqj 4<:804<;7

Wkh wdeoh suhvhqwv wkh shufhqwdjh ri LSRv lq wzr0gljlw VLF fdwhjrulhv lq wkh XV gxulqj 4<:804<;71
Wkh odvw wzr froxpqv vkrz wkh wlph vhulhv dyhudjhv dqg vwdqgdug ghyldwlrqv iru hdfk lqgxvwu|/
zkhuhdv wkh odvw wzr urzv ghqrwh wkh furvv0 vhfwlrqdo dyhudjhv dqg vwdqgdug ghyldwlrqv iru hdfk
|hdu1 Qxpehuv pdunhg zlwk �

�
dqg � duh wzr uhvshfwlyho| rqh vwdqgdug ghyldwlrqv dzd| iurp wkh

furvv0vhfwlrqdo dyhudjh/ qxpehuv pdunhg zlwk 5 dqg 4 duh wzr uhvshfwlyho| rqh vwdqgdug ghyldwlrqv
dzd| iurp wkh wlph vhulhv dyhudjh1

VLF :8 :9 :: :; :< ;3 ;4 ;5 ;6 ;7 f� 7(�

;< 313 313 4313W
W

313 313 313W 5313 313W 73132 63134 43 471<

7< ;16W 313 313 313 313 5813W
W

� 491: ;16 5813 491: 43 4315

53 4817W
W

:1:W
W

313 :1:W
W

313 :1: 4817 313W :1:W 6;182 43 4418

6< 313 313 313 313 313 :14 313W 313W <51<W
W

2 313W 43 5<15

95 313 :14W
W

313 313 313 5417 681:4 313 5;194 :14 43 4619

96 313 313 4616W
W

91:W
W

313 91: 4616 91: 791:2 91: 43 461;

5: 313 313 313 313 313 916 4;1; 313 95182 4518 43 4<19

89 81<W 313 313 313 313 313W 4:1: 313W 971:W2 441; 43 5315

67 3134 819W 3134 819W 819W 491:W 55154 4414W 5:1;4 819W 43 <17

6: 313 816W 816W 313 816 4318 481; 313W 691;W2 5414 43 441;

84 313 715W 313 313 715 715 4518 715 781;2 58134 43 471:

8< 313 313 313 313 313 ;16 4518 715 781;2 5<154 43 4819

78 313 313 313 619 313 4:1<W 5;194 :14 58134 4:1< 43 4416

7; 313 313 313 313 313 491:W 491: 4616W 66164 5313 43 441;

93 313 313 313 313 313 313W 313W 313W 7;194 8417W
W

43 5414

83 519 313 313 313 519 451; 519W 814 66164 7413W2 43 471<

9: 313 519 313 313 313 4316 5318 814 6;182 5614 43 4615

8; 313 313 41< 41< 41< 41< 491: 491:W
W

75192 491: 43 4619

;3 313 41: 41: 313 815 41: 461; 41: 83132 5714 43 4913

5; 615 313 313 615 419 :1< 5515 71: 831;2 917W 43 481:

94 313 313 313 313 313 313W 313W 418 :7152 5715 43 561;

46 313 31< 31< 41: 4613W
W

5914W
W

871;W
W

31< 41:W 313W 43 4:1;

6; 313 313 518 616 919W 714 57134 ;16 73182 431: 43 451;

69 319 41; 319 41; 41; 517 4<1; 4513W 741<2 4:17 43 4617

:6 313 41; 319 517 619 <13 581;4 919 641:4 4;19 43 4417

68 415 71; 41; 619 71; 4314 4914 :14 6:182 4614 43 431;

f | 417 41: 418 419 515 <13 4:1; 71; 7416 4;1;

7(| 618 518 616 516 615 :19 4417 71; 4;1; 4517
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D15 Surriv wr Sursrvlwlrqv dqg Ohppdv

D1514 Surri wr Sursrvlwlrq 4=

Iru S 	 S

�
wkh hqwuhsuhqhxu zloo vhw wkh pd{lpxp sulfh iru klv �up wkdw kh fdq rewdlq

lq wkh suhvhqfh ri lqiruphg elgglqj 7R�1 Li wkh hqwuhsuhqhxu ghflghv wr nhhs klv �up lq
sulydwh kdqgv/ kh rewdlqv kd� � 4E� � k�o li kh rzqv d jrrg �up dqg f li kh rzqv d edg
�up1 Li kh ghflghv wr jr sxeolf/ wkh hqwuhsuhqhxu ri d jrrg �up rewdlqv 7R�dk n �E�� k�o
dqg wkh hqwuhsuhqhxu ri d edg �up rewdlqv �7R�1 Vlqfh �7R� : f wkh edg �up dozd|v kdv dq
lqfhqwlyh wr jr sxeolf1 Wkh jrrg �up/ krzhyhu/ rqo| jrhv sxeolf li wkh surfhhgv iurp wkh
LSR rxwzhljk wkh xwlolw| iurp rzqlqj wkh �up zklfk lv wkh fdvh li frqglwlrq +��� krogv1

Lq wkh fdvhv zkhuh lw lv pruh sur�wdeoh iru d jrrg �up wr vwd| sulydwh lw zloo eh
lpsrvvleoh iru dq hqwuhsuhqhxu ri d edg �up wr lqfuhdvh klv xwlolw| e| zd| ri dq LSR
vlqfh lqyhvwruv iruhvhh wkdw lw zloo rqo| eh sur�wdeoh iru d edg �up wr xqghuwdnh dq LSR1
Lqyhvwruv zloo qrw sd| pruh wkdq R� ' f iru wkh vkduhv ri wkh �up vr wkdw dovr d edg �up
zloo uhpdlq sulydwh zkhq dq LSR lqfxuv lq�qlwhvlpdoo| vpdoo wudqvdfwlrq frvwv1

D1515 Surri wr Ohppd �=

Wkh gl�huhqfh ehwzhhq wkh vhfrqgdu| pdunhw sulfh dqg wkh lvvxh sulfh

�� � 7R� '
k0

k0n E�� k0��?
�

k0� S

k0n E�� k0��

fdq eh vlpsol�hg wr

k0E� � k0��E� � �?3�� n SEk0n �?E�� k0�

dk0n E� � k0��?od0k n �E�� k0�o
�

Vlqfh qxphudwru dqg ghqrplqdwru duh erwk juhdwhu wkdq }hur wkh vhfrqgdu| pdunhw sulfh
lv juhdwhu wkdq wkh lvvxh sulfh li S : f ru � 	 �1

D1516 Surri wr Ohppd �=

� Vxevwlwxwlqj iru � ET� ' � m X�� dqg � ET� ' f m X�� lq ^8` iru � ' �c 2 |lhogv
S� ' E� � ��0kE�� 0k� dqg

S2 '
0kE� � ��dE� � k��? n kE�� 0�o

dkn E� � k��?o2
�

� S� : S2 lpsolhv E&�k0�*&2 	 ��k0/ zkhuh & � knE��k��?1 Vroylqj &2� &*E��
k0� n k0*�� k � sE&� : f dv d txdgudwlf htxdolw| |lhogv

&�c2 '
�

2 � 2k0
	

v
�� Ee� ek0�k0

E2 � 2k0�2

zklfk jlyhv &� '
k0

�3k0
dqg &2 ' �1 Wkh urrwv kdyh wkh iroorzlqj fkdudfwhulvwlfv=

� Iru k0 ' �*2 wkh urrwv frlqflgh1

5:





fdq eh uhduudqjhg wr

{T @o '
4kE�� k�E� � �?�dE� � k�2�?o� k2o

dkn E�� k��?o2

vr wkdw dq lqfuhdvh lq wkh yduldqfh +{T @o : f, frphv derxw li �? : k
2

E�3k�2
zklfk lv

wkh fdvh hlwkhu iru k)3 ru dk( �*2 a � ( �o1

� Frpelqlqj wkh wzr h�hfwv lq rqh lqhtxdolw| |lhogv

4d�?E�� k�2 � k2o

dkn E� � k��?o2� ~} �
%yduldqfh h�hfw%

:
E� � 0��d� n E� � ��So

d0k n �E�� 0k�od0kn �d�?E� � k� n kE� � 0�oo� ~} �
%h{shfwhg ydoxh h�hfw%

Li 0 dqg � duh erwk forvh wr 4/ k 	 �*2 dqg iru ? qrw wrr elj/ wklv lqhtxdolw| lv
vdwlv�hg1 Vlqfh wkh gl�huhqfh ehwzhhq wkh h{shfwhg �up ydoxh wr wkh hqwuhsuhqhxu
dqg wkh LSR surfhhgv lv lqfuhdvlqj iurp wkh �uvw wr wkh vhfrqg LSR/ krw lvvxh
pdunhwv fdq rqo| eh wuljjhuhg li wkh lqfuhdvh lq �up yduldqfh rxwzhljkv wklv h�hfw1
Vlqfh doo whupv duh frqwlqxrxv dw wkh fkrvhq sdudphwhu ydoxhv/ wkh lqhtxdolwlhv dovr
krog lq dq hqylurqphqw ri wkhvh ydoxhv1 Vxppdul}lqj wkh deryh frqglwlrqv iru wkh
sdudphwhu ydoxhv zh �qg wkdw d frpelqdwlrq ri 0( �/ dqg k) fb dk( �*2a� (
�o |lhogv krw lvvxh pdunhwv1 Frog lvvxh pdunhwv dulvh li wkh yduldqfh ri d vhfrqg
�up lq wkh lqgxvwu| lv ghfuhdvlqj lq wkh zdnh ri wkh �uvw LSR1 Vlqfh h{shfwhg
LSR surfhhgv duh jurzlqj ohvv wkdq wkh h{shfwhg ydoxh/ lw lv reylrxv wkdw li wkh
yduldqfh ghfuhdvhv diwhu wkh �uvw LSR/ wkh hqwuhsuhqhxu zloo ghulyh juhdwhu xwlolw|
iurp uhpdlqlqj sulydwh1

D1518 Surri wr Sursrvlwlrq �=

Wkh surri surfhhgv lq wkh iroorzlqj vwhsv1 Iluvw/ lw zloo eh vkrzq iru zklfk sdudphwhu
ydoxhv lqirupdwlrq surgxfwlrq frvwv duh vxfk wkdw lqgxfhg xqlqiruphg elgglqj dulvhv lq
wkh vhfrqg LSR1 Wkh wzr fdvhv iru zklfk wklv vlwxdwlrq dulvhv duh +5d, S
2 	 S 	 S2 	 S
� dqg
+5e, S
2 	 S 	 S
� 	 S2 zklfk zloo eh frqvlghuhg vhsdudwho|1 Diwhu lghqwli|lqj wkh sdudphwhu
ydoxhv iru zklfk wkhvh vshfl�f frqvwhoodwlrqv ri S ydoxhv dulvh/ zh zloo lqyhvwljdwh iru zklfk
sdudphwhu ydoxhv wkh jrlqj0sxeolf ghflvlrq ri wkh vhfrqg hqwuhsuhqhxu zloo ehfrph pruh
olnho| diwhu wkh �uvw LSR1 Ilqdoo|/ wkh frpelqdwlrqv ri sdudphwhu ydoxhv duh frpsduhg wr
�qg h{lvwhqfh ri d vroxwlrq1

41 Ghulydwlrq ri S

�
= Xvlqj ^45` iru � ' �c 2 zh �qg

S
2 '
k0E�� ��d& � k0�odkn �E� � k��?o

&i&d0kn �E& � k0�o n dk n �E�� k��?oE� � ��E& � k0�j

S
� '
0kE� � ��E�� 0k�dk n E�� k��o

0kn E� � 0k�i� n E�� ��dkn E�� k��oj

zkhuh & � k n E�� k��?�

51 Fdvh 5d= S
2 	 S 	 S2 	 S
�

5<



+d, Vlqfh S
2 	 S2/ lw uhpdlqv wr eh irxqg iru zklfk ydoxhv ri 0/ k dqg �/ wkh
lqhtxdolw| S2 	 S
� krogv1 Zlwk 0( �/ wkh lqhtxdolw| vlpsol�hv wr

�?

d�?E�� k� n ko2
	

kn �E� � k�

kn E�� k�d� n E� � ��Ek n �E�� k��o
�

Furvv0pxowlso|lqj dqg froohfwlqj whupv zh rewdlq

}E�� � k� n �k2E�� k� n �k2�? � 2kE� n k2��? � 2�?n�E�� k�� n

�?n2E�� k�2 n k�2?E�� k�2 n �2?n�E� � k�� : f

Wklv lqhtxdolw| krogv li � ) f1

+e, Lq d qh{w vwhs zh kdyh wr hqvxuh wkdw iru wkh jlyhq sdudphwhu ydoxhv deryh/
{. n 4{T @o : fc vr wkdw d vhfrqg LSR ehfrphv pruh olnho|1 Iru phdqv ri
fohduhu h{srvlwlrq zh vhsdudwh wkh fkdqjh lq wkh yduldqfh ri wkh �up*v ydoxh
dqg wkh fkdqjh lq wkh gl�huhqfh ehwzhhq wkh h{shfwhg �up ydoxh dqg h{shfwhg
LSR surfhhgv1

� �H{shfwhg ydoxh h�hfw�=

� Iru S
2 	 S 	 S2/ wkh hqwuhsuhqhxu zloo vhw R
2
lq rughu wr lqgxfh doo

lqyhvwruv wr hqjdjh lq xqlqiruphg elgglqj vr wkdw LSR surfhhgv lq wkh
vhfrqg urxqg htxdo=

.EL U��

2 m 82 ' �cX2�� ' R
2
'

Sdkn E� � k��?o

E� � ��dE�� k��? n kE� � 0�o

� Wkh fkdqjh lq wkh gl�huhqfh ehwzhhq wkh h{shfwhg �up ydoxh dqg h{0
shfwhg LSR surfhhgv iurp wkh �uvw wr wkh vhfrqg LSR htxdov

{. '
k�E�� 0� n Sdkn �E� � k�o

0k n �E�� 0k�
n

S&

E� � ��E& � k0�o
�

k

&
+4:,

zkhuh djdlq & � kn E��k��?� Vhwwlqj 0( � zh �qg wkdw {. : f l�

Sdk n E2� ���?E� � k�o

E� � ���?E� � k�
:

k

k n E� � k��?

Wklv lqhtxdolw| krogv iru � ) f1

� �Yduldqfh h�hfw�
Vhh Surri wr Sursrvlwlrq 21

Vlqfh doo whupv duh frqwlqxrxv dw wkh fkrvhq sdudphwhu ydoxhv/ wkh lqhtxdolwlhv
dovr krog lq dq hqylurqphqw ri wkhvh ydoxhv1 Vxppdul}lqj wkh deryh frqglwlrqv
iru wkh sdudphwhu ydoxhv zh �qg wkdw iru dq| duelwudulo| vpdoo k wkhuh h{lvwv
dq 0 ( � dqg � ) f wr vdwlvi| wkh lqhtxdolwlhv/ l1h1 d frpelqdwlrq ri 0 ( �/
� ) f/ dqg k) f wuljjhuv krw lvvxhv pdunhwv zlwk lqgxfhg xqlqiruphg elgglqj1

61 Fdvh 5e= S
2 	 S 	 S
� 	 S2

63





� �H{shfwhg ydoxh h�hfw�=
Wkh h{shfwhg xwlolw| iurp dq LSR lq wklv fdvh zloo eh .dL U��

2 m S : S2cX2�o '
0k

knE�3k��?
� Frqvhtxhqwo|/

{. '
k�E�� 0� n Sdkn �E� � k�o

0k n �E�� 0k�
�

kE� � 0�

kn E� � k��?

Iru 0( �/ wkh h{shfwhg ydoxh h�hfw lv srvlwlyh/ vlqfh {. : f iru doo S : f1

� �Yduldqfh h�hfw�=
Vhh Surri wr Sursrvlwlrq 21

Vlqfh doo whupv duh frqwlqxrxv dw wkh fkrvhq sdudphwhu ydoxhv/ wkh lqhtxdolwlhv dovr krog
lq dq hqylurqphqw ri wkhvh ydoxhv1 Vxppdul}lqj wkh deryh frqglwlrqv iru wkh sdudphwhu
ydoxhv zh �qg wkdw iru dq| duelwudulo| vpdoo k wkhuh h{lvwv dq 0( � dqg � ) f wr vdwlvi|
wkh lqhtxdolwlhv/ l1h1 d frpelqdwlrq ri 0 ( �/ � ) f/ dqg k ) f wuljjhuv krw lvvxhv
pdunhwv zlwk lqgxfhg xqlqiruphg elgglqj1

D151: Surri wr Sursrvlwlrq D=

Lq d srrolqj htxloleulxp/ zkhuh lqyhvwruv rqo| sduwlflsdwh lq wkh LSR li wkh| �qg 7 ' C/
dqg doo lqyhvwruv uhfhlyh jrrg vljqdov B2/ wkh vhfrqgdu| pdunhw sulfh ri wkh vhfrqg �up
zloo eh

�2 ' .ET2 m ? ' B2cX2�� '
k0

kd0n E�� 0��?o n E� � k��2?

Wkh vhfrqg LSR lq wkh lqgxvwu| lv wkxv dvvrfldwhg zlwk xqghusulflqj ri wkh iroorzlqj
dprxqw=

�2 � 7R2 '

k0�E� � �?3��d�?E� � k� n kE� � 0�o n Sikd0n �?E�� 0�o n E�� k��2?jdkE� � k��?o

i0kn �d�?E� � k� n kE� � 0�ojikd0n E� � 0��?o n E� � k��2?j

Frpsdulqj wkh dprxqw ri xqghusulflqj lq wkh �uvw LSR +vhh Ohppd �, zlwk xqghusulflqj
lq wkh vhfrqg/ dqg vhwwlqj 0( � dqg S ' f zh �qg wkdw

�2 � 7R2 : �� � 7R�

+,
�?

dk n E�� k��2?odkn E�� k��?n�o
:

�

dk n E�� k��?odkn E� � k��o

Furvv0pxowlso|lqj dqg uhduudqjlqj whupv zh �qg wkdw wklv lqhtxdolw| krogv iru

�2?n� : k2

E�3k�2
�

D vshfldo vroxwlrq wr wklv lqhtxdolw| lv k) f ru dk( �*2 a � ( �o1
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D151; Surri wr Sursrvlwlrq 9=

Lq rughu iru wkh htxloleulxp frqglwlrqv ghulyhg lq sursrvlwlrqv ^5`0^7` wr krog wuxh dovr lq
d vhwwlqj zlwk dq hqgrjhqrxv rughulqj ri wkh LSR ghflvlrq/ zh kdyh wr �qg uhvwulfwlrqv
rq 4� zklfk zloo wuljjhu dq LSR lq wkh �uvw dqg vhfrqg shulrg lqghshqghqw ri �up w|sh1
Wkhuhiruh iru doo irxu srvvleoh frpelqdwlrqv ri �up w|shv/ wkh �uvw hqwuhsuhqhxu zlwk 4�
zloo dozd|v kdyh wr eh wkh �uvw rqh wr jr sxeolf/ zkloh wkh vhfrqg rqh zlwk 42 vkrxog
iroorz lq wkh vhfrqg shulrg1 Wkh glvfrxqw udwh ehwzhhq wkh �uvw dqg vhfrqg shulrg lv
qrupdol}hg wr 41 Zh dvvxph wkdw hqwuhsuhqhxuv pd{lpl}h wkhlu shulrg 5 h{shfwhg xwlolw|1
Wkh vxevfulswv ri 4 dqg 8 vwdqg iru wkh wzr hqwuhsuhqhxuv zlwk gl�huhqw frh!flhqwv ri
ulvn0dyhuvlrq/ zkloh wkh vxevfulswv lq uhodwlrq wr L ghqrwh wkh �uvw dqg vhfrqg shulrg
xwlolw|1 Dq htxloleulxp lv gh�qhg dv d vhw ri vwudwhjlhv zkhuh wkh vwudwhj| ri 8� lv rswlpdo
jlyhq wkh vwudwhj| ri 82 dqg ylfh yhuvd1

� Frqmhfwxuh= Lqyhvwruv eholhyh wkdw dq hqwuhsuhqhxu*v jrlqj sxeolf ghflvlrq lv qrw
lq xhqfhg e| klv sulydwh vljqdo derxw �up txdolw|/ exw rqo| e| klv frh!flhqw ri
ulvn0dyhuvlrq/ 4�1

� Wkh iroorzlqj jhqhulf frqglwlrqv iru doo fdwhjrulhv ri lqyhvwru ehkdylrxu ohdg wr d
srrolqj htxloleulxp lq sxuh vwudwhjlhv/ zkhuh 8� jrhv sxeolf lq wkh �uvw shulrg dqg
82 iroorzv lq wkh vhfrqg shulrg1

8� ' � G .EL U��
� m 8� ' �� : .EL�

� m 8� ' �� +4<,

82 ' � G EL4@ tU��c��
2 m 8� ' �c 82 ' �� : .EL U��

� m 82 ' �� +53,

8� ' f G lghqwlfdo h{shfwhg xwlolw| iru doo vwudwhjlhv

82 ' f G lghqwlfdo h{shfwhg xwlolw| iru doo vwudwhjlhv

8� ' f G lghqwlfdo h{shfwhg xwlolw| iru doo vwudwhjlhv

82 ' � G .EL U��
� m 82 ' �� 	 .EL�

� m 82 ' �� +54,

8� ' � G vdph dv frqglwlrq ^4<`

82 ' f G .EL
4@ tU��c� �
2 m 8� ' �c 82 ' f� : .EL U��

� m 82 ' f� +55,

Wkh frqglwlrqv wudqvodwh lqwr wkh iroorzlqj vshfl�f uhvwulfwlrqv rq 4� dqg 42 iru wkh
gl�huhqw fdwhjrulhv ri elgglqj ehkdylrxu lq wkh vhfrqg shulrg=

41 S 	 4�?iS
�c S


2j G lqiruphg elgglqj

+d, Iru hqwuhsuhqhxu ri 8� G

k� 4�kE� � k� 	 R�dkn �E� � k�o
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+e, Iru hqwuhsuhqhxu ri 82 G

k� 42kE� � k� : R�dkn �E� � k�o +56,

Li R2
kn�E�3k��?

knE�3k��?
: k

knE�3k��?
� 42

kE�3k��?

dknE�3k��?o2
wkhq +57,

hqwuhsuhqhxu 5 zloo fkrrvh wr xqghuwdnh dq LSR lq wkh vhfrqg shulrg1 Krzhyhu/
zdlwlqj xqwlo wkh vhfrqg shulrg lqyroyhv wkh ulvn ri qhjdwlyh lqgxvwu| qhzv lq
wkh �uvw LSR1 Wkh ulvn| vhfrqg shulrg LSR surfhhgv wkhuhiruh kdyh wr rxwzhljk
wkh vdih surfhhgv ri dq LSR lq wkh �uvw shulrg=

R2dk n �E�� k��?o� 42R
2
2
dkn�E�3k��?o2

knE�3k��?
E�� k�E� � �?� : R�dk n �E�� k�o

+58,

�R2dkn E� � k��?o� 42�
2R22dk n E�� k��?oE� � k�E�� �?� : �R� +59,

Vroylqj lqhtxdolwlhv ^56`0^59` iru 42/ zh rewdlq 42 	 4�W/ 42 : 42W/ 42 	 4�W/
dqg 42 	 4eW1 Lq rughu iru d vroxwlrq wr h{lvw iru wkh v|vwhp ri lqhtxdolwlhv/
42W 	 4�Wc 42W 	 4�W dqg 42W 	 4eW/ zklfk lv htxlydohqw wr srvwxodwlqj wkdw
42W*4�W 	 �/ 42W*4�W 	 �/ dqg 42W*4eW 	 �1 Xvlqj wkh sdudphwhu ydoxhv zklfk
wuljjhu krw lvvxh pdunhwv lq Sursrvlwlrq +5,/ k) f dqg 0( � zh �qg

42W*4�W ' �? 	 �

*�4
k<"

42W*4�W ' *�4
k<"

42W*4eW ' *�4
k<"

S2�2?

k
	 � li S2 ' &k zkhuh & 	 �

Wkxv/ li 4� : 4�Wc 42 	 4�?i4�Wc 4�Wc 4eWjc dqg S2 ' &k zkhuh & 	 �c Sursrvlwlrq
+5, vwloo krogv li zh doorz iru dq hqgrjhqrxv wlplqj ri wkh LSR ghflvlrq1

51 S
2 	 S 	 S
� 	 S2 G lqgxfhg xqlqiruphg elgglqj1 Vlqfh .EL4@ tU��c��
2 m 8� ' �c 82 '

�� ' .EL4@ tU��c��
2 m 8� ' �c 82 ' f� dqg .EL U��

� m 82 ' �� : .EL U��
� m 82 ' f�/

frqglwlrq ^53` lpsolhv ^55`1 Wkxv wkh frqglwlrqv iru 82 uhgxfh wr

k� 42kE� � k� : R�dk n �E�� k�o

R
2
: k

knE�3k��?
� 42

kE�3k��?

dknE�3k��? o2

R
2
dkn E� � k��?o� 42R

2

2
dkn E�� k��?oE� � k�E�� �?� : R�dk n �E�� k�o

Xvlqj wkh sdudphwhu ydoxhv zklfk wuljjhu krw lvvxh pdunhwv lq Sursrvlwlrq +6,/
0 ( �/ � ( � dqg k ( �*2 zh �qg wkdw 42 	 eS/ 42 : �4/ 42 	 �

?S
� Wkxv/

li 4� : eS dqg 42 	 4�?ieSc �
?S
jc Sursrvlwlrq +6, vwloo krogv li zh doorz iru dq

hqgrjhqrxv wlplqj ri wkh LSR ghflvlrq1

61 S
2 	 S2 	 S 	 S
� G xqlqiruphg elgglqj1 Dv xqghu 5 42 rqo| kdv wr vdwlvi| wkh
iroorzlqj wkuhh lqhtxdolwlhv=

k� 42kE� � k� : R�dk n �E�� k�o
0k

knE�3k��?
: k

knE�3k��?
� 42

kE�3k��?

dknE�3k��?o2

0k

knE�3k��?
dkn E�� k��?o� 42

�
0k

knE�3k��?

�2

dk n E�� k��?oE� � k�E�� �?�

: R�dkn �E� � k�o
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Xvlqj wkh sdudphwhu ydoxhv zklfk wuljjhu krw lvvxh pdunhwv lq Sursrvlwlrq +7,/
0 ( �/ � ( f dqg k ( f zh �qg wkdw wkh deryh frqglwlrqv duh vdwlv�hg1 Wkxv/ li
4� : 4�W Sursrvlwlrq +7, dovr krogv li zh doorz iru dq hqgrjhqrxv wlplqj ri wkh LSR
ghflvlrq1

� Lq doo wkuhh fdvhv wkh lqyhvwruv* lqlwldo eholhiv wkdw wkh jrlqj sxeolf ghflvlrq lv qrw
lq xhqfhg e| wkh hqwuhsuhqhxu*v sulydwh vljqdo/ exw rqo| e| klv frh!flhqw ri ulvn0
dyhuvlrq/ 4�/ duh frqvlvwhqw zlwk wkh htxloleulxp vwudwhjlhv jlyhq wkh deryh sdudphwhu
ydoxhv1

D151< Surri wr Sursrvlwlrq :=

Wkh yduldqfh dvvrfldwhg zlwk LSR surfhhgv xqghu lqiruphg elgglqj lv jlyhq e|

T @oE-� m 8� ' �c R ' 7R�cX�� ' .E-2
� m 8� ' �c R ' 7R�cX��� d.E-� m 8� ' �c R ' 7R�cX��o

2

zkhuh

.E-2
� m 8� ' �c R ' 7R�cX�� '

7R2�
�
� EU ' � m X�� n � EU ' f m X��

�
?2

�
�2
�
?

�

�
�E�� ��?3� n ���n ?2

�
?

?

�
�?

��
�

Wkh odvw whup lq vtxduh eudfnhwv fruuhvsrqgv wr wkh vhfrqg prphqw �2 ri d udqgrp
yduldeoh f +qxpehu ri lqyhvwruv plvwdnhqo| uhfhlylqj d jrrg vljqdo, zklfk lv elqrpldoo|
glvwulexwhg �E?c ��� �2 fdq eh ghwhuplqhg e| zd| ri wkh jhqhudwlqj ixqfwlrq CE5� '
d�5 n E�� ��o? ri wkh elqrpldo glvwulexwlrq �E?c �� zkhuh

�2 ' CnnE�� nCnE�� ' ?dE? � ���2 n �o�

Wkxv zh rewdlq

T @oE-� m 8� ' �c R ' 7R�cX�� ' 7R2�id� EU ' � m X�� n � EU ' f m X��
�
?
dE?� ���2 n �o

� d� EU ' � m X�� n � EU ' f m X���o
2j

Lq rughu iru dq LSR wr wdnh sodfh xqghu lqiruphg elgglqj lq wkh �uvw shulrg zh kdyh
wr uhgh�qh wkh frvw erxqgv ehwzhhq lqiruphg dqg lqgxfhg xqlqiruphg elgglqj1 Vroylqj
.E-U��

� m 8� ' �c R� ' 7R��� T @oE-U��
� m 8� ' �c R� ' 7R�� : .E-U��

� m 8� ' �c R� ' R
�
�/

zh �qg wkdw wkhuh h{lvwv d SWW� vxfk wkdw iru S 	 SWW� wkh lqhtxdolw| lv vdwlv�hg1 Wkh deryh
h{suhvvlrq fruuhvsrqgv wr d txdgudwlf lqhtxdolw| ri wkh irup @�S

2 n @2S n @� : f zlwk
@� 	 f dqg @� : f� Zh rewdlq SWW� dv wkh srvlwlyh urrw ri wkh fruuhvsrqglqj txdgudwlf
htxdolw|1 Vlploduo|/ S 	 SWW2 hqvxuhv wkdw dq LSR zlwk lqirupdwlrq dftxlvlwlrq grplqdwhv
xqlqgxfhg lqiruphg elgglqj lq wkh vhfrqg shulrg1 Ixuwkhupruh/ zh kdyh wr hqvxuh wkdw

T @oET� m 8� ' �� : T @oE-U��
� m 8� ' �� zklfk lv wkh fdvh li ? :

7R2
�
E�3���

kd�37R2
�
E�3��o

' ?W1 D

srvlwlyh cyduldqfh h�hfw* jlylqj ulvh wr krw lvvxh pdunhwv �qdoo| uhtxluhv wkdw

{T @o ' T @oET� m 8� ' ��� T @oE-U��
� m 8� ' ���

dT @oET2 m 82 ' �cX2��� T @oE-U��
2 m 82 ' �cX2��o 	 f1
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Vxevwlwxwlqj iru wkh yduldqfh whupv lq wkh �uvw dqg vhfrqg shulrg dqg vlpsoli|lqj/ zh
rewdlq

R22E��k�E����
�?

dknE�3k��?o2
d�?n�E��k�nk�n?kE����o�R2�E��k�E����d�n?kE����o

	
?kE�3k��?

dknE�3k��?o2
� ?kE�� k�

Uhduudqjlqj wklv lqhtxdolw| zh rewdlq

kS��?n2d?SE� � ��E�� �?�� 2E� � �?�ESn ��� S�?n�o n k2� Ek� 	 f

zkhuh � Ek� lv d sro|qrpldo lq k� Wkh lqhtxdolw| krogv iru k ) f a � ( �� Frpelqlqj

wklv zlwk wkh frqglwlrq iru dq doprvw qhxwudo ch{shfwhg ydoxh h�hfw* zh rewdlq wkdw krw

lvvxh pdunhwv dulvh iru ? : ?W/ 0( �/ � ( � dqg k) f li S 	 4�?iSWW
�
c SWW

2
j�

D15143 Surri wr Sursrvlwlrq ;=

� Urexvwqhvv wr �E?c R� elqrpldo glvwulexwlrq= Dvvxph d udqgrp yduldeoh iru wkh �up

ydoxh f � �

?
t zlwk t ehlqj elqrpldoo| glvwulexwhg �E?c R�1 Wkh h{shfwhg ydoxh

ri wkh udqgrp �up ydoxh/ .Ef�c lv htxdo wr R zklfk lv lghqwlfdo wr wkh h{shfwhg

ydoxh ri d udqgrp yduldeoh ~ zlwk d elqrpldo glvwulexwlrq �E�c R�1 Wkh yduldqfh

T @oEf� ' �

?
RE� � R� fruuhvsrqgv wr wkh yduldqfh ri ~c T @oE~� ' RE� � R� h{fhsw

iru d frqvwdqw idfwru1 Wkxv/ hyhq li wkh �up ydoxh lv elqrpldoo| glvwulexwhg �E?c R�c
wkh yduldqfh ri wkh �up ydoxh lqfuhdvhv li R lqfuhdvhv iurp f wr �*21

� Urexvwqhvv wr qrupdo glvwulexwlrq= Vlqfh wkh elqrpldo glvwulexwlrq �E?c R� fdq eh

dssur{lpdwhg e| d qrupdo glvwulexwlrq iru ? elj hqrxjk/ l1h1 t � �E?c R� �
?<"

�E?Rc ?RE� � R��c wkh glvwulexwlrq ri f ' �

?
t fdq htxdoo| eh dssur{lpdwhg e|

�ERc �
?
RE�� R��� Vr/ hyhq li wkh �up ydoxh lv qrupdoo| glvwulexwhg/ wkhuh fdq vwloo eh

d cyduldqfh h�hfw* li wkh h{shfwhg ydoxh ri wkh �up lqfuhdvhv1
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