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ABSTRACT: We used molecular dynamics simulations to investigate
the statics and dynamics of poly[n]catenanes for different bending
rigidities of the constituent rings. We show that stiffer rings yield
catenanes with more extended and, at the same time, more flexible
backbones. The softening of the backbone reflects the decreasing
steric interactions of catenated rings as their shape becomes more
oblate due to increased rigidity. The internal dynamics of catenanes is
affected too. Going from flexible to rigid rings causes a several-fold
slowing of different processes, from segmental rotations and size
fluctuations to Rouse modes. Finally, by considering the statics and dynamics of crowded solutions of catenanes, we isolate another
emergent property controlled by the rigidity of the rings. Specifically, we show that catenanes with rigid rings hinder each other’s
motion more than those with flexible rings. Thus, in equally crowded solutions, the diffusion coefficient is smaller for catenanes with
stiffer rings.

■ INTRODUCTION
Supramolecular constructs formed by entangled molecules are
increasingly studied for their relevance in a broad range of
contexts, such as living cells, soft matter systems, and synthetic
meta-materials.1−15 For instance, the intertwining of linear
polymer chains is the distinctive feature of domain-swapped
protein assemblies,16,17 it defines the rheological and
mechanical properties of dense polymer solutions,18−24 and
it is harnessed to stabilize self-assembled meta-materials.25−29

Perhaps the most intriguing forms of molecular intertwining
are offered by extended systems made of interlocked ring
polymers. Notable examples include networks of linked DNA
rings, both natural12,30−33 and artificial,34,35 and non-DNA
based topological materials,29,36−41 molecular motors, and
molecular electronics.7,42

In all such systems, the interlockings of molecules with a
closed covalently bonded backbone have been aptly named
“mechanical bonds”, a term that simultaneously conveys the
permanent character of the intermolecular topological
constraint as well as the more tolerant distance fluctuations
afforded by the linking constraint compared to covalent
bonding.
Linear catenanes, or poly[n]catenanes, are the simplest

systems where the emergent properties of mechanical bonding
can be addressed and contrasted with those of conventionally
bonded linear polymers.4,6,43 Starting from the seminal study
of ref40, where linear catenanes of up to 27 macrocycles were
successfully synthesized, several efforts have been spent in this
direction. We now know how catenanes respond to mechanical
stretching,24,40 how their relaxation dynamics in isolation or in
solution varies at different scales,44−46 and how metric scaling

is defined by the interplay of the size and number of linked
rings.47−49

Despite these advancements, key questions about the
emergent properties of linear catenanes remain open. In
particular, the effects of the macrocycles bending rigidity on
the static and dynamics of linear catenanes are still largely
unknown.
Motivated by these considerations, here we present a first

systematic study of the statics and dynamics of linear
catenanes, both in isolation and in solutions, formed by
interlocked rings of varying size and bending rigidity. We
consider extensive sets of configurations obtained from
Langevin dynamics simulations and carry out a comparative
multiscale analysis of various metric and dynamical properties.
By isolating the effects of mechanical bonding and structural

rigidity we identify novel emergent properties. We show that
increasing ring rigidity yields catenanes whose backbone has a
larger metric size but is also more flexible. In addition, various
internal dynamical processes, from segmental relaxation to
Rouse modes, are progressively slowed down by the stiffening
of the interlocked rings. Finally, the diffusion coefficient in
crowded solutions is shown to decrease too. By using a
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multiscale analysis, we provide a microscopic rationale for the
above properties.

■ MODEL AND METHODS
Model Definition and Simulation Setup. We considered linear

catenanes of n semiflexible rings, each ring being made of m
monomers, see Figure 1a. A single poly[n]catenane thus comprises a
total of n · m monomers of nominal diameter σ. A standard truncated
and shifted Lennard-Jones potential is used for the excluded volume
interaction of all pairs of monomers in the same or different rings,
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where r is the distance of the two monomers, and the characteristic
energy scale ϵ is set equal to the system thermal energy, kBT. In
addition to ULJ, consecutive monomers on the ring contour also
interact via a bonding FENE potential,19 which provides the backbone
connectivity:
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where kFENE = 30ϵ/σ2 and R0 = 1.5σ.
The rings rigidity was set via a standard bending energy term for

triplets of consecutive monomers, i i i, 1, 2{ + + }, along the
(periodic) ring contour,

U u u(1 ),b i ibend 1κ= − ⃗ · ⃗ + (3)

where κb is the bending rigidity and ui⃗ is the normalized
(adimensional) bond vector of monomers i and i + 1.
Langevin dynamics simulations of the system were carried out with

the LAMMPS50 simulation package. The friction coefficient ζ was set
as in ref19 and the integration time step was equal to 0.005τLJ, where

M/LJτ σ= ϵ is the characteristic Lennard-Jones time and M is the
monomer mass.
We first addressed isolated catenanes in a periodic cubic box. For

any given combination of model parameters, see further below, we
collected 10 independent trajectories of duration between 1.25 × 106

τLJ and 2 × 107τLJ. The initial configurations were obtained by
relaxing a straight catenane arrangement over a timespan of 5 ×
105τLJ, which is much larger than the system autocorrelation time. For
the latter, we considered the orientation of the end-to-end vector, that
is, the distance vector of the centers of mass of the first and last rings,

which takes a maximum value of 6 × 104τLJ among all structures and
rigidities.

We also considered solutions of catenanes and collected 5
independent trajectories, each of duration 106τLJ, at any considered
value of κb. The initial configurations were obtained by relaxing a
regularly spaced and nonoverlapping arrangement of compact
catenanes, sampled from the fully flexible (κb/ϵ = 0) ensemble.

Model Parameters. We considered isolated poly[n]catenanes of
n = 20 rings with m 10, 20, 40= { } monomers each and varied the
bending rigidity in the 0 ≤ κb/ϵ ≤ 20 range. The side of the periodic
simulation box was set equal to 300σ, which is several-fold larger than
the mean gyration radius of all simulated catenanes. Additionally, to
study the effect of inter-ring interactions, we switched off the excluded
volume interactions between monomers belonging to rings at
sequence separation |i − j| larger than |i − j|max = 1, 2, 3, and so
forth, where i and j are the sequential indexes of the rings along the
catenane.

For the solutions, we considered 27 catenanes with n = 20 and m =
40, for a total number of 21,600 monomers, and varied κb/ϵ in the
0.6−20 range. The side of the periodic box was set to L = 85σ.

Equivalent Linear Chain Model. To better study the effects of
mechanical bonding, we compared the dynamics of catenanes with
that of linear chains of equivalent overall size and mobility. The
correspondence is informed by different criteria than used before44

and maps a catenane of n rings of m monomers and rigidity κb onto a
semiflexible linear chain of n equivalent monomers interacting via LJ,
FENE, and bending rigidity potentials analogous to those of eqs 1−3.

Specifically, to match the static metric properties, the effective size
of the equivalent monomers was set so as to match the mean squared
(mechanical) bond length and the bending rigidity was next chosen to
match the gyration radius of the catenanes backbone. To match the
overall dynamical properties, the effective mass of the equivalent
monomers and the effective friction coefficient were both set to be m
times larger than for the monomers of the catenane rings. This
mapping ensures that the CoMs of isolated catenanes and isolated
equivalent linear chains have identical diffusivities and velocity
autocorrelation times.

Catenane Backbone. Most of the analysis was carried out for the
so-called linear image of the catenanes, that is their virtual backbone
obtained by connecting the centers of mass of consecutive rings, see
the sketch of Figure 1b. Linear images were used to compute salient
global metric properties, such as the gyration radius and the end-to-
end vector of a catenane, and more local ones related to the

mechanical bond vectors, b ⃗, that is, the vectors joining the CoMs of
consecutive rings, see Figure 1c. As sketched in the same figure, we
analyzed how the rings rigidity, κb, affects the length of mechanical
bonds, b. We also computed the tangent−tangent correlation function
of mechanical bonds at different separation s along the catenane,

C s b b b b( ) /( )i i s i i s= ⟨ ⃗ · ⃗ | ⃗ || ⃗ | ⟩+ + , where the average is taken over all

Figure 1. Model catenane, effective backbone and mechanical bonds. (a) Typical configuration of a model poly[n]catenane of n = 20 rings, each
with m = 40 monomers and with bending rigidity κb = 5ϵ. (b) The statics and dynamics analysis was mostly based on the catenane effective
backbone, the virtual linear chain connecting the centers of mass (CoMs) of the rings. (c) The vector connecting the CoMs of two consecutive

rings, i and i + 1 defines the corresponding mechanical bond, b⃗ibi
→
. The decay of the mechanical bonds orientational correlation is used to establish

the effective persistence length of the catenanes backbone, and thus the overall rigidity of the catenanes. In all panels, an alternating gray and orange
coloring of the rings was used for visual clarity.
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sampled configurations and by sliding the ring index i in the
admissible range. The effective persistence length, lp of the catenane
was evaluated as the integral of C(s) computed from s = 0 up to when
C(s) first falls below 10−2. Notice that lp, is dimensionless, as it
describes the number of mechanical bonds over which the catenane
backbone directionality decays. This appears to be the natural
generalization of the usual definition of persistence length for
covalently bonded chains, given that mechanical bonds do not have
a fixed length.
Rings Size and Shape. To address the impact of mechanical

bonding and structural rigidity on ring size and shape we considered
the gyration tensor,

Q
m
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where, ri
( )α is the αth Cartesian coordinate of the ith bead in a ring, and

m is the number of beads per ring. We identified the eigenvectors, or
principal directions, and the corresponding eigenvalues 2λα , custom-
arily ranked in descending order, 1

2
2
2

3
2λ λ λ≥ ≥ . The spectrum of Q

was used to compute two shape parameters: the asphericity, Δ, and
the nature of asphericity, Σ. Their definitions are as follows:51
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whereQ Q QTr /3ijδ̂ = − . The asphericity satisfies the inequality 0 ≤
Δ ≤ 1, with Δ = 0 for a spherically symmetric object and Δ = 1 for a
rigid rod. The nature of asphericity instead ranges from −1 to 1, with
negative and positive values indicating oblate and prolate shapes,
respectively, while the modulus quantifies the oblateness/prolateness
degree. A planar circle corresponds to Δ = 1/4 and Σ = −1.
The same definition of the gyration tensor, but computed for the

backbone coordinates, was used to characterize the size and shape of
catenanes.
Direct Analysis of Catenanes Segmental Dynamics. To

characterize the global relaxation of isolated chains, we considered the
autocorrelation functions for the squared gyration radius and of the
end-to-end vector orientation,52 which we integrated to obtain the
corresponding time scales, Rg

2τ and τrot for backbone segments of

varying length |i − j|. The segments were taken with the midpoint in
the center of the catenane and symmetrically extended along the
contour to minimize chain ends effects. The same quantities were
computed for equivalent linear chains too.

The κb-dependent mobility of interacting catenanes in solutions
was characterized via the mean squared displacement of the
catenanes’ centers of mass.

Rouse Mode Analysis. We performed a Rouse mode analysis of
the dynamics both for catenanes backbone and for the equivalent
chains. The Rouse modes of a given backbone conformation are
defined as53
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where R t( )i⃗ is the coordinate vector of the ith site of the catenane
backbone at time t. In the above expression, p = 0···(n − 1) is the
index of the mode and the associated wavelength is n/p. The p = 0
mode, associated with the motion of the backbone CoM, was not
considered. The characteristic relaxation time of the pth mode, τp, is
given by,

C p( , ) dp
0

∫τ τ τ=
∞

(8)

where C p X t X t X t X t( , ) ( ) ( ) / ( ) ( )p p p pτ τ= ⟨ ⃗ + · ⃗ ⟩ ⟨ ⃗ · ⃗ ⟩ is the mode
correlation function, and ⟨⟩ denotes the average over time, t. For
the numerical evaluation of the integral, τ was varied from 0 up to
when C(τ) first falls below 10−2.

The viability of the Rouse mode analysis for catenanes with
different ring rigidities was assessed by testing the Gaussianity and
statistical independence of the distributions of the modes
amplitudes.44

■ RESULTS

Statics of Isolated Catenanes. We first considered
isolated catenanes of n = 20 rings, each of m = {10, 20, 40}
monomers. We analyzed the static properties of the catenanes
backbone as the rings bending rigidity, κb/ϵ, was systematically
varied in the 0−20 range.
The results, summarized in Figure 2, present two contrasting

properties. First, the mean gyration radius of the catenanes
backbone, Rg, increases with the rings bending rigidity. The
monotonic increase is observed at all rings sizes and is more
prominent for the largest considered rings, m = 40. Second, the
persistence length, lp, of the catenane backbone is found to
decrease with the rings rigidity. Again, this effect is observed at
all values of m, though is largest for m = 40. Notice that lp is
dimensionless and measures the number of consecutive linked
rings or, equivalently, of mechanical bonds, over which the

Figure 2. Stiffer rings yield more flexible and larger catenanes. (a) The root mean squared gyration radius, Rg, and (b) the persistence length, lp, of
the catenane backbone are shown as a function of the ring bending rigidity, κb. The three curves are for three different ring sizes, m = 10, 20, 40.
Increasing the bending rigidity of the rings thus yields catenanes that are larger in size, but also more flexible, as graphically summarized in panel
(c). In the upper part of the panel, two typical configurations for m = 40 at κb = 0.6ϵ and κb = 20ϵ are portrayed at the same scale. The different
effective flexibility is conveyed by the different smoothness of the corresponding backbones that, for a more direct comparison, have been rescaled
so that the average bond length is the same.
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orientation of the catenane backbone is correlated, see
Methods.
The data of Figure 2 thus establish the first main result of

our study, namely that the progressive stiffening of the rings
yields catenanes that are larger in size, but also softer. The
effect, recapitulated in the sketch of Figure 2c, is an emergent
property of mechanically bonded chains, since it has no analog
in covalently bonded ones, where backbone stiffness and size
go in parallel.
To investigate the microscopic origin of the effect, we

probed the conformational properties of catenanes at different
scales, both directly and by varying the inter-ring interactions.
We started by considering the impact of κb on the effective

length, b, of the mechanical bonds. We recall that the latter are
the vectors joining the CoMs of consecutive rings, see Figure
1c.
Figure 3a shows the probability distributions of b for rings of

m = 40 at three values of the bending rigidity. When the latter
increases, the distributions progressively shift to larger values:
raising κb/ϵ from 0.6 to 20 causes a 50% increase of the average
value of b, from 4.99σ to 7.51σ. This increase of the effective
spacing of rings with κb is clearly an important contributor to
the observed increase of Rg.
The width of the distributions increases with κb too,

indicating that stiffer linked rings have larger excursions of
their distances. This matches the expectation that the wiggle
room of two linked rings is largest when these are planar
circles, that is, for large κb. By the same token, one may expect
that the relative positional and rotational freedom of two
linked rings would be larger in the same limit, which could
explain the observed softening of the catenanes backbone with
growing κb.
Although intuitive and appealing, this explanation is not

supported by a more detailed analysis of the data and the
properties of catenanes, as we now discuss.
We first consider the distributions of the mechanical bond

length rescaled by its mean value, b/⟨b⟩. With such
regularisation, all three probability distributions of Figure 3a
appear to collapse on the same master curve, as shown in the
inset. Thus, flexible and rigid linked rings have about the same
wiggle room relative to their average separation. Equivalently,
the relative fluctuations of mechanical bonds do not vary
significantly from flexible to rigid rings. On the basis of this, it
appears unlikely that considerations based solely on pairs of
mechanically bonded rings can illuminate the observed
softening of the catenane backbone.
To directly verify this, we modified the potential energy of

the catenanes by keeping inter-ring excluded volume
interactions only for pairs of rings, i and j, at maximum
sequence separation |i − j|max = 1, that is, consecutive rings. All
other pairs of rings were treated as phantom. Such
modification preserves the mechanical bonding, or connectivity
of the catenane, but not necessarily its topology, as
nonconsecutive rings can intersect. Repeating the tangent−
tangent correlation analysis on the linear image of the modified
catenanes yields the lp vs κb curve shown in black in the lower
part of Figure 3b. Consistent with the above considerations, lp
is now approximately constant and, remarkably, is at least five
times smaller than the persistence length observed for the fully
interacting catenane case, indicated by the ochre curve on top
of Figure 3b. This indicates that, perhaps counter to intuition,
the intertwining of mechanically bonded rings is not the key
determinant of the catenane backbone rigidity. The latter, as

we ascertained, is instead mostly established by excluded
volume interactions of rings at larger sequence separations.
This is illustrated by the brown and orange lp curves in the
middle of Figure 3b, which were obtained by retaining the
excluded volume interactions up to sequence separations
|i − j|max = 2 and 3, respectively.
One notes that interactions for |i − j|max ≤ 3 already account

for more than 50% to the total lp, which clarifies that catenane
rigidity is mostly defined by excluded volume interactions of
nearby rings. The softening of the backbone for increasing κb
thus reflects a diminished steric repulsion of concatenated rings
that, as discussed further below, is brought about by changes of
their shape.

Figure 3.Microscopic origin of backbone rigidity. (a) The probability
distributions of mechanical bond lengths, b, are shown for three
different values of the ring bending rigity, κb. Data are for catenanes
with rings of m = 40 beads. When the bond length is rescaled by the
(κb-dependent) average value, the three curves collapse, see inset.
This suggests that bonds fluctuations play a secondary role in the
change of the flexibilty of catenanes. (b) The κb-dependence of the
backbone persistence length, lp, is shown for the original catenane
model and for three different variants. In these variants, excluded
volume interactions are switched off between monomers belonging to
pairs of rings i and j with sequence separation |i − j| larger than the
indicated values. lp is expressed in numbers of mechanical bonds, and
thus is dimensionless.
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Importantly, the mechanical bond length, b, and the
catenane persistence length, lp, appear sufficient to recapitulate
with good accuracy the multiscale metric properties of
catenanes across all considered ring sizes and rigidities. To
this end, we considered all backbone segments of different
length, and plotted their rescaled gyration radii, Rg/(⟨b⟩ · lp),
versus the rescaled length, |i − j|/lp. The rescaled data points,
shown in Figure 4, all collapse onto a single curve, confirming
that the softening of the catenanes backbone with κb occurs
consistently across different segment lengths and ring sizes.

Effect of Rigidity and Mechanical Bonding on Rings
Size and Shape. To elucidate the microscopic basis of the κb-
dependence of the self-hindrance of catenanes, we considered

various geometric observables apt to characterize the average
ring shape, namely: gyration radius, asphericity (Δ), and the
so-called nature of asphericity parameter (Σ), see the Methods
section. Further, to highlight the specific contributions of
mechanical bonding, the same quantities were calculated for
isolated rings.
The results are presented in Figure 5 and in Table S1 of the

Supporting Information (SI), and allow to draw the following
conclusions. First, increasing κb yields a substantial growth of
the overall ring size, Rg, which nearly doubles from the fully
flexible to the rigid case. Interestingly, mechanical bonding
makes only a modest contribution to ring size, causing it to
increase by at most 15%.
Mechanical bonding, however, has a major effect on ring

shape at small rigidities, as it makes catenated rings much less
prolate than in isolation. Notice, in fact, that for κb/ϵ ≤ 6, the
average values Σ varies from about 0.4 for isolated rings,
indicative of substantial prolateness,51 to about 0.1. The
reduced prolateness results from the fact that catenated rings
are entropically pulled in different directions by the
mechanically bonded neighbors, and this pulling produces a
less anisotropic shape than in isolation. This is confirmed by
the data of shape anisotropy that, at all κb’s, are smaller than for
isolated rings.
From the vis-a-vis analysis of Δ and Σ, one concludes that

upon increasing κb catenated rings, like isolated ones,51 change
the nature of their shape from a crumpled and (slightly)
prolate three-dimensional structure, to an oblate one. For m =
40 the crossover occurs at κb/ϵ ∼ 6, where Σ changes sign and
Δ is maximum. Notice that the κb/ϵ ∼ 6 is the also the rigidity
beyond which lp is only modestly affected by further changes of
κb, see Figure 2b. From the above results, we conclude that the
κb-dependent modulation of lp due to intracatenane steric
interactions reflects shape changes of catenated rings.

Orientational Order of Rings along Catenanes. We
conclude the static analysis by discussing the average
orientational order of two rings at different sequence distances,
see Figure 6. As order parameter we considered n ni j| ̂ · ̂ |, the
scalar product (in modulus) of the normals to the principal
planes of the rings i and j, the principal plane being defined by
the two principal axes of the gyration tensor.

Figure 4. Metric scaling of backbone segments for different ring size
and rigidities. The data show how the gyration radius, Rg, of backbone
segments depend on segment length. The data points are for
catenanes with different ring size, m and rigidity, κb. After rescaling by
the appropriate “mechanical persistence length”, which depends on
both m and lp as in Figure 2, the data collapse on a single curve. As
shown in the inset, the scaling is compatible with an effective metric
scaling exponent of ν ∼ 0.64, similar to the value reported in refs
47,49 for catenanes of comparable ring size and number. Unscaled
data are provided in Figure S1.

Figure 5. Effect of structural rigidity and mechanical bonding on ring size and shape. Panels (a), (b), and (c) show, respectively, the κb dependence
of the gyration radius, Rg, nature of asphericity, Σ, and asphericity parameter, Δ, for rings of m = 40 beads in poly[20]catenanes. The two
intersecting curves in panel (c) are best fits to the data points based on the asymptotic properties of isolated ring polymers:51 a1/4 b

1.3κΔ = + · at

small κb and a1/4 b
1κΔ = + · − at large κb, a being the fitting parameter. To highlight the role of mechanical bonding, the κb-dependence of Rg, Σ

and Δ are shown for nonconcatenated rings of m = 40 beads, too. The data indicate that, as κb is increased, concatenated rings become larger and at
κb ∼ 6ϵ their conformation changes from slightly prolate to oblate. Further, mechanical bonding significantly reduces ring prolateness compared to
the isolated case.
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For mechanically bonded rings, |i − j| = 1, the order
parameter is smaller than 1/2 that, together with the skewed
probability distribution (Figure S5a,d), points to a bias for
orthogonal orientations. Interestingly, the strength of the bias
is nonmonotonic with κb and, like the asphericity parameter, is
maximum at κb/ϵ ∼ 6, see panel (b). The alternating
orthogonal bias of consecutive rings, yields the observed
modest degree of coplanarity (order parameter 1/2> ) at |i − j|
= 2. The orientational order dissipates with increasing
separation and is practically negligible for |i − j| ≥ 3, when
the order parameter ( 1/2)∼ and the flatness of the probability

distribution (Figure S5c,f) are consistent with a random
relative orientation.

Dynamics of Isolated Catenanes. We next addressed the
effect of the rings bending rigidity on the internal dynamics of
catenanes, starting with the relaxation dynamics of segments of
increasing length |i − j| at or near the middle of the chain/
catenane. For any segment length, we considered two different
processes, the end-to-end vector reorientation and mean
squared size fluctuations, whose characteristic times we
indicate as τrot and Rg

2τ , respectively. In addition, we considered

the relaxation times, τRouse, of Rouse modes of different
wavelength n/p, p being the Rouse mode index.
The data are given in the log−log plots of Figure 7 (Table

1), see Figure S6 for linearly scaled versions. The main result is
that at any given length scale, all three dynamical processes are
systematically slower for catenanes with rigid rings compared
to fully flexible rings. For large segment lengths, |i − j| ≥ 14,
both τrot and Rg

2τ at κb/ϵ = 20 are three times larger than at

κb/ϵ = 0. This relative difference is approximately maintained
at all segments lengths for Rg

2τ , while it reduces to 50% for τrot
at |i − j| = 1. For Rouse times, the slowing down is about equal
to 2.6 for all wavelengths.
The data in Figure 7 further clarify that, while Rg

2τ and τRouse
remain comparable as the corresponding length scales are
decreased, there is a growing gap with segmental reorientation
times, τrot. As a matter of fact, τrot varies by only a factor of 3
across all segment lengths, while the other two time scales vary
by more than 2 orders of magnitude. The rotational time thus
emerges as the slowest relaxation process. This is because the
rotational times of even short segments is strongly coupled to
the rotation on the entire catenane. Consistent with this, no
appreciable differences of τrot are seen with equivalent linear
chains (continuous curves in Figure 7), while analogous data
for Rg

2τ and τRouse confirm the general slowing-down introduced

by mechanical bonds on more local processes and short length
scales.44

We conclude by noting that κb also affects how well Rouse
modes can describe the actual dynamics of the catenanes.

Figure 6. Ring orientational order along the backbone. (a) Average
scalar product (in modulus) of the vectors normal to the principal
planes of rings at various sequence distance, |i − j|. The data are for
catenanes with rings of m = 40 beads and different rigidity. The
horizontal dashed line at 1/2 marks the value expected for no
orientational order. The data indicate a tendency to orthogonality of
consecutive rings, |i − j| = 1. The orientational order of the latter is
nonmonotonic with κb, as shown in panel (b), the peak value being at
κb ∼ 6ϵ. The probability distributions for the orientational order
parameters are provided in Figure S5.

Figure 7. Catenane internal dynamics. The left panel illustrates the characteristic times of rotation and size fluctuations of backbone segments of
varying length, 1 ≤ |i − j| ≤ 19, of catenanes with either flexible or rigid rings. The right panel presents the characteristic times of Rouse modes of
different wavelength, n/p, where n = 20 and p = 1, ..., 19 is the mode index. To highlight the effects of mechanical bonding, the same dynamical
quantities are shown for suitably parametrized equivalent linear chains, see Table 1. The results, which are shown in linear scale in Figure S6,
establish that increasing bending rigidity causes a several-fold slowing down of all considered dynamical processes.
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Specifically, the slowest Rouse modes, whose amplitudes
deviate most from Gaussianity (see Figure S7), appear less
orthogonal at κb/ϵ = 0, when the catenane backbone is stiffer,
than at κb/ϵ = 20, see Figure S8. This observation bears
analogies with the case of ordinary worm-like chains, where
increasing corrections to the plain Rouse mode analysis are
required for stiffer chains.54

Statics of Interacting Catenanes. Finally, we discuss the
case of interacting catenanes, which we addressed by
considering solutions of 27 catenanes with rings of m = 40
monomers and different rigidity in the 0.6 ≤ κb/ϵ ≤ 20 range.
The box size, L = 85σ, was chosen to be about twice the largest
size of isolated catenanes, 2Rg, compare to Table 2, which
ensure a good packing density without a significant incidence
of catenanes’ self-interactions across the periodic boundaries.

A typical equilibrated configuration of the system is shown
in Figure 8a, where different chains are highlighted in different
colors. Although the catenanes in the shown systems have the
same number of rings, same ring length, and are packed at the
same nominal density, the overlap of the catenanes varies
noticeably with κb, see Figure 8b.
At a qualitative level, this is consistent with the κb-dependent

size of isolated chains, which have a smaller metric footprint
when the interlocked components are flexible. Quantitatively,
we observe that at all κb’s, the size of the catenanes is reduced
by their interaction in solution. The result, which is consistent
with the data of ref45 for fully flexible ring, holds at all rings

rigidities. Figure 8c especially establishes that the size
reduction is strongly modulated by the rings rigidity.
The effect is quantified in Table 2, which reports the

principal components of the gyration tensor of isolated and
interacting catenanes, and is illustrated in Figure 8c. The figure
shows how κb affects the interacting catenanes gyration
ellipsoid volume relative to the isolated case. One observes
that while the changes are modest for flexible rings, they
become very significant for rigid rings, where the effective
volume is reduced by 50% compared to the isolated case. This
indicates that, although the relative fluctuations of b are
practically identical for isolated flexible and rigid rings, the
latter endow catenanes with larger compressibility, which
becomes manifest in crowded environments.
A further effects of crowding is to induce an orientational

order of contacting rings in different catenanes. Figure 8d
shows that at all κb’s, there is a tendency for coplanarity of rings
in close spatial proximity, similarly to columnar stacking.55 The
ordering effect is however lost at distances a few times larger
than the rings gyration radius. On the contrary, the rings size
and shape and the intrachain orientational order are practically
unaffected by crowding at the considered density, see Figures
S2−S4 and Table S1 for a direct comparison with the isolated
case.

Dynamics of Interacting Catenanes. A natural question
is how exactly the dynamics of interacting catenanes is affected
by their κb-dependent metric footprint. Of particular interest is
the mobility of catenanes, or diffusion coefficient, which could
be measured experimentally, for example, by tracking
fluorescently labeled catenanes.
We accordingly analyzed the mean squared displacement of

the catenanes CoMs over timespans of 75 × 103τLJ, which are
long enough that the covered distances exceed the mean
catenane size and catenanes separation. The results are given in
Figure 8e and show that, at equal overall density, the mobility
is slowest for catenanes with rigid rings. We conclude that,
although the latter have the largest flexibility and compressi-
bility, they form a more diffuse network of intercatenane
topological constraints, which hinders their large-scale motion
relative to flexible rings. In quantitative terms, the relative
decrease of mobility from κb = 0.6ϵ to κb = 20ϵ is about 50%.

Detection of Catenanes Threadings. We finally
considered the possibility that threadings among catenanes
could occur in the crowded solutions, leading to long-lived
entangled states. For all sampled configuration of the solutions
we considered each catenane in turn and assessed whether its

Table 1. Parametrization of Equivalent Linear Polymersa

catenane equivalent chain

20 rings of m = 40 monomers 20 effective monomers

κb/ϵ ⟨b2⟩/σ2 R /g
2 2σ⟨ ⟩ τdiff/τLJ /σ σ∼ /bκ∼ ϵ M M/∼ /ζ ζ∼ b /

2 2σ⟨∼ ⟩ R /g
2 2σ⟨∼ ⟩ /diff LJττ∼

0 23.21 ± 0.16 209.9 ± 1.11 14.03 ± 0.21 4.97 1.05 40 40 23.29 ± 0.06 210.0 ± 1.02 14.06 ± 0.31
20 59.66 ± 0.23 454.0 ± 5.71 30.06 ± 0.63 7.96 0.05 40 40 59.76 ± 0.03 456.0 ± 1.38 29.84 ± 1.81

aParametrization of linear chains equivalent to catenanes with two different ring bending rigidities, κb/ϵ = {0, 20}. The equivalent linear chains have
20 effective monomers (equal to the number of catenated rings). Their size, σ∼ was set by matching the mean-squared bond length of the effective

chain, b
2

⟨∼ ⟩, with the mean-square length of mechanical bonds in the catenanes. The equivalent bending rigidity, bκ∼ was set so that the mean
squared gyration radius matched the catenanes’ one. Equivalent diffusivities for the centers of mass of the two systems were obtained by setting the
mass of the effective monomers respectively equal to the total mass of each ring, M 40M∼ = and by increasing by the same factor the effective

friction coefficient, 40ζ ζ∼ = . The kinetic mapping was verified a posteriori with the consistency of τdiff, the self-diffusion times of the two systems,
that is, the time required by the system’s center of mass to cover a mean square distance equal to Rg

2⟨ ⟩.

Table 2. Gyration Tensor Eigenvalues for Isolated and
Interacting Catenanesa

catenane in isolation catenane in solution

κb/ϵ 1
2λ⟨ ⟩ 2

2λ⟨ ⟩ 3
2λ⟨ ⟩ 1

2λ⟨ ⟩ 2
2λ⟨ ⟩ 3

2λ⟨ ⟩

0.6 186.8 38.5 13.5 168.8 38.6 13.5
2 221.8 45.6 16.4 193.2 44.9 16.3
5 295.0 60.1 22.4 236.4 57.0 21.8
10 346.8 72.0 27.1 254.4 65.6 26.3
20 377.7 79.4 30.4 272.2 70.3 28.1

aRanked eigenvalues of the gyration tensor of isolated and interacting
catenanes made of rings with m = 40 beads and bending rigidity κb, as
indicated. The eigenvalues are expressed in units of σ2 and their
statistical errors are about 2%. The interacting case corresponds to
solutions of 27 catenanes in a periodic simulation box of side L = 85σ,
as illustrated in Figure 8.
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backbone was physically linked14,23 with nearby ring of other
catenanes. As a measure of physical linking we considered the
Gaussian integral.14,16 The integral, which for closed curves
yields the linking number, is expected to deviate significantly
from 0 in case of threadings among the catenanes. No such
outlier values were found among the about one hundred
uncorrelated solution samples collected at each considered
value of κb, see Figure S9. This indicates that catenanes
threadings are rare at the considered conditions. However,
such threadings ought to become more probable at larger
crowding and/or with catenane length. We believe this point
would be worthy of future investigations as threading
probability could carry an interesting dependence on rings
rigidity.

■ DISCUSSION AND CONCLUSIONS

We considered linear poly[n]catenanes, both isolated and in
solution, and carried out the first systematic study of how the
structural rigidity of the constitutive rings affects the statics and
dynamics of these systems.
The main emergent property that we established is that

increasing ring bending rigidity yields catenanes whose
backbone is larger in size, but is also more flexible. We
observed that the effect grows with the length of the rings. For
the largest considered rings, made of m = 40 monomers, we

found that the gyration radius of poly[20]catenanes increases
by about 50% when going from fully flexible to rigid rings.
Concomitantly, the effective persistence length of the
catenanes backbone goes from 1.84 to 1.42 mechanical
bonds, a 30% decrease.
The softening of the backbone is not caused by the larger

wiggle room of stiffer concatenaned rings. In fact, the relative
fluctuations of mechanical bond length are nearly identical for
catenanes with flexible or rigid rings. Instead, by switching off
excluded volume interactions of rings at different sequence
separations, we established that the largest contribution to the
catenane backbone rigidity is the steric hindrance of nearby
rings. More specifically, it is the variation of ring shape from
slightly prolate to oblate, that modulates the steric repulsion of
the rings and ultimately the effective rigidity of the catenane.
Dynamical properties are shown to be strongly affected by

increasing ring rigidity, too. In fact, a several-fold slowing down
is systematically observed for very different processes, from
segmental dynamics to Rouse modes relaxation, throughout
the range of corresponding length scales.
Finally, we examined the implications of ring bending

rigidity on the statics and dynamics of solutions of tens of
catenanes packed at the same nominal density. Specifically, the
packing density was set so that neighboring catenanes, with
either rigid or flexible rings, were at a distance comparable to
their size in isolation. We observed that crowding conditions

Figure 8. Effects of ring rigidity on the statics and dynamics of interacting catenanes. We considered solutions of nmol = 27 catenanes, each
consisting of n = 20 rings made of m = 40 monomers, packed inside a periodic simulation box of side L = 85σ. A typical configuration of the system
for rings with rigidity κb = 5ϵ is shown in panel (a), where different colors are used for different catenanes. (b) Typical configurations at three
different ring rigidities, as indicated. A uniform color was used to better convey the varying degree of catenane intermingling with κb. (c) κb-
dependence of the average gyration ellipsoid volume, V, of catenanes in isolation and in solution. (d) Orientational order of rings in different
catenanes as a function of their CoMs distance. To better highlight the role of steric interactions, the rings’ distance was rescaled by the
corresponding average gyration radius of catenated rings. (e) The κb-dependence of catenane mobility in solution is characterized via the mean
squared distance (MSD) covered by the catenanes’ centers of mass at different time lags.
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cause a sizable shrinking in size of catenanes with rigid rings,
which loose about a third of their gyration ellipsoid volume in
isolation. Notwithstanding this crowding-induced size reduc-
tion, the metric footprint of catenanes with stiff rings remains
larger than with flexible rings, with the consequences that the
former offer a larger hindrance to each other’s motion. In fact,
we found that the diffusion coefficient of catenanes with rigid
rings is 50% smaller than those with flexible ones.
The flexibility of interlocked components thus emerges as a

key design element of supramolecular constructs to control
their, flexibility, compressibility, internal dynamics, and
mobility in crowded conditions. The observed effects on
statics and dynamics could be harnessed for practical purposes,
including sorting ones56,57 to separate polydispersed solutions
of catenanes with different ring rigidities or backbone
topologies. Further theoretical and experimental perspectives
could also be opened by systems where the rigidity of the
interlocked components can be controlled externally, that is, by
the binding of ligands or, for charged rings, by changing the
ionic strength of the solution.
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