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Abstract: We perform a detailed study of a class of irregular correlators in Liouville
Conformal Field Theory, of the related Virasoro conformal blocks with irregular singu-
larities and of their connection formulae. Upon considering their semi-classical limit,
we provide explicit expressions of the connection matrices for the Heun function and a
class of its confluences. Their calculation is reduced to concrete combinatorial formulae
from conformal block expansions.
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1. Introduction

In this paper we perform a detailed study of irregular correlators in Liouville Conformal
Field Theory (CFT), of the related Virasoro conformal blocks with irregular singulari-
ties and of their connection formulae. Upon considering their semi-classical limit, we
provide explicit expressions of the connection matrices for the Heun function and a
class of its confluences. These result from the semi-classical limit of Virasoro conformal
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blocks for the five-point correlation function of four primaries and a degenerate field
and a class of its coalescence limits to irregular conformal blocks. While the five-point
correlator satisfies a linear PDE, namely the BPZ equation [1], its confluences satisfy
a PDE obtained by an appropriate rescaling procedure. As we will discuss in detail in
the paper, BPZ equations reduce in the semi-classical limit to ODEs. For the partic-
ular five-point correlation function mentioned above, this gets identified with Heun’s
equation upon a suitable dictionary. Let us also mention that the method we use can be
generalised to general Fuchsian equations and their confluences upon considering the
relevant conformal blocks.

Heun’s equation [2] is the most general second order linear differential equation with
four regular singularities on the Riemann sphere. It is the next case in the Fuchsian series
after the hypergeometric equation, which displays three regular singularities [3]. The
Heun equation—along with its confluences—enters many problems in theoretical and
mathematical physics, geometry and other branches of quantitative sciences1 (see for
example [4,5]). For this reason, many studies appeared in the literature about it, see for
example [6] for a general introduction and [7,8] for studies on the connection problem.
Let us stress that the approach we follow in this paper allows to provide an explicit
calculation of the local expansions of Heun functions and their connection coefficients
in terms of combinatorial formulae for convergent perturbative series, which derive from
the relation with conformal block expansions.

Let us notice in particular that Heun’s equation enters the computation of surface
operators2 [9,10] in N = 2 SU (2) supersymmetric gauge theory with N f ≤ 4 [11].
Moreover, the problem of linear perturbations of cylindrically symmetric black holes,
governed by the Teukolsky equation [12], is solved in terms of the confluent Heun func-
tion. Indeed, the technique that we implement in this paper has already been developed
for the confluent Heun function for linear perturbations of Kerr black holes in [13] and
here it is further refined and generalised. By its very definition, Heun function solves
the classical Poincaré uniformisation problem of a Riemann sphere with four punc-
tures [14,15] We also remind that Heun’s equation arises from the linear system whose
isomonodromic deformation problem is described by the Painlevé VI equation [16–18].

Following a class of coalescences of the singularities and/or specific parameter scal-
ings, from the configuration of four regular points one naturally obtains a set of confluent
irregular blocks satisfying the corresponding confluent BPZ equations. The Heun func-
tions and its confluences are solutions of the resulting semiclassical reduced equations.

According to the Alday–Gaiotto–Tachikawa (AGT) correspondence [19], a precise
gauge theoretical counterpart of Liouville CFT is given by the BPS sector of four di-
mensionalN = 2 SU (2) gauge theory in the so-called�-background [20]. In particular
the four-point conformal block of Liouville primary fields on the Riemann sphere gets
identified with the Nekrasov partition function [21] of SU (2) gauge theory with four
fundamental hypermultiplets. In this context, the confluence procedure is interpreted
as the decoupling of massive hypermultiplets [22] or the limit to strongly interacting
Argyres-Douglas theories [23,24] in the SU (2) Seiberg-Witten theory. Degenerate field
insertions in the CFT correlator correspond to surface operator insertions in the gauge
theory [25]. The latter therefore satisfy BPZ equations and their confluent limits. The
importance of the AGT correspondence is that it maps more complicated aspects of
one side to easier ones of the other, basically it provides a proof of gauge theory du-
alities once reinterpreted as modular properties in CFT [1]. Moreover, it provides an

1 For a huge bibliography take a look at https://theheunproject.org.
2 See the following coalescence diagram for a precise dictionary.

https://theheunproject.org
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explicit combinatorial expression for Virasoro conformal blocks in terms of Nekrasov
partition function. We exploit this correspondence to provide concrete formulae for the
connection matrices for the relevant conformal blocks and their confluences. The semi-
classical limit of CFT coincides via AGT correspondence with an asymmetric limit in
the �-background parameters known as the Nekrasov–Shatashvili (NS) limit [26]. This
provides a quantization procedure of the classical integrable systems associated to the
Seiberg-Witten theory [11]. From this viewpoint Heun equations can be interpreted as
Schrödinger equations for these quantum systems.

All in all, the connection problem for (confluent) Heun equations can be restated as
a connection problem for semi-classical conformal blocks. The latter can be computed
in very explicit terms via AGT correspondence by equivariant localisation in supersym-
metric gauge theory in the NS limit. Let us here notice that the classifying group of the
solutions of the Heun equation [27] is the D4 Coxeter group, generated by the permu-
tations of the four regular singular points and by the swaps of each couple of indices of
the local solutions but a reference one. This concretely realises in the NS limit the action
of the D4 group on the vevs of surface operators in the N f = 4 SU (2) gauge theory.

Asmentioned above, the analysis of the confluences of theBPZequations involves the
appearance of irregular conformal blocks [22,24,28], which arise from the collision of
regular singularities and suitable rescaling of their parameters. In this paper we perform
a detailed analysis of the irregular conformal blocks involved in the confluence process,
of the related three-point functions and of their connection matrices.

The mathematical interest of Liouville quantum field theory has been highlighted
by Polyakov [29] who proposed to interpret it as a quantum extension of the Poincaré
uniformisation problem. A consequence of the above interpretation is that one can make
use of the classical limit of Liouville theory to obtain new exact solutions of classical
uniformisation [30]. This inspired the work of several authors [31–34] and received a
renewed interest after the discovery of AGT correspondence [35–41].

Open questions:. There is a number of open questions left for further investigation.

• The generalization to n−point conformal blocks can be done along the same lines
as the ones we have been following. This produces explicit connection formulae for
n-point Fuchsian systems in terms of Gamma functions and Nekrasov partition func-
tions of linear quiver gauge theories. Via coalescence, this will provide connection
formulae for higher rank singularities.

• In this paperwe considered the class of confluences producing irregular singularities
up to Poincaré rank one. This is implied by the fact that their gauge theory description
can be given in a weakly coupled frame. It would be interesting to extend our analysis
to higher rank singularities. These are related to Argyres-Douglas points in the gauge
theory.

• As already mentioned, Heun functions play a relevant rôle in the study of linear
perturbations of spinning black-holes. This topic was recently explored in connection
to quantum Seiberg-Witten geometry in [42–45] and isomonodromic deformation
theory [46–52]. In our viewpoint this intriguing correspondence could be further
clarified in CFT terms, as started in [13], and other massive gravitational sources can
be studied along the same lines by making use of the results of this paper. For related
topics, see also [53–58].

• Our analysis can be extended to irregular blocks on Riemann surfaces of higher
genus. For example the genus one case is related to circular quiver gauge theories
[59,60]
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• By considering BPZ equations corresponding to higher level degenerate vertices,
one can extend our analysis to higher order linear ODEs with rational coefficients.

• The uplift to q-difference equations can also be considered. This corresponds to
consider q-Virasoro blocks and supersymmetric gauge theories in five dimensions
[61]. This is related to q-Painlevé equations and topological strings [62,63]

The paper is organised as follows. In section two, as a warm-up, we recall the relation
between four-point conformal blocks with the insertion of three primary fields and
one level 2 degenerate field and hypergeometric functions and we study in detail the
confluences to irregular conformal blocks and the related special functions. We obtain
the connection formulae for the latter as solutions of the constraints imposed by crossing
symmetry. In section three we systematically study the five point conformal blocks with
the insertion of four primary fields and one level 2 degenerate field. We focus on the
explicit computation of the connection formulae as solutions of the constraints imposed
by crossing symmetry for the regular case and a class of its confluences. In each case, we
also compute the semi-classical limit. In section four we provide a dictionary between
semiclassical CFT data and Heun equations in the standard form, we apply the results
of the previous section identifying the relevant semiclassical CFT blocks with Heun
functions and provide the connection formulae. Few technical points are relegated to the
Appendices. A final list of symbols should help the reader in following our computations
(Fig. 1).

The accompanying table collects the dictionary between (irregular) conformal blocks,
supersymmetric gauge theories and the corresponding Heun functions.

CFT - CB SU (2) gauge theory Heun

F Regular N f = 4 HeunG
1F Confluent N f = 3 HeunC
1
2
F Reduced confluent N f = 2 asymmetric HeunRC

1D1 Doubly confluent N f = 2 symmetric HeunDC
1E 1

2
Reduced doubly confluent N f = 1 HeunRDC

1
2
E 1

2
Doubly reduced doubly confluent N f = 0 HeunDRDC

Fig. 1. Confluence diagram of conformal blocks
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2. Warm-Up: 4-Point Degenerate Conformal Blocks and Classical Special
Functions

We start reviewing standard facts about four-point degenerate conformal blocks on the
sphere and their confluence limits. In particular we review their relation to the hyperge-
ometric function and its confluent limits, namely Whittaker and Bessel functions.

The hypergeometric function is the solution to the most general second-order linear
ODEwith three regular singularities.On theCFTside it arises as the four-point conformal
block on the Riemann sphere when one of the insertions is a degenerate vertex operator.

2.1. Hypergeometric functions. Consider the four-point conformal block on the sphere
with one degenerate field insertion �2,1 of momentum α2,1 = − 2b+b−1

2 (corresponding

to �2,1 = − 1
2 − 3b2

4 ):

〈�∞|V1(1)�2,1(z)|�0〉. (2.1.1)

In the following we will drop the subscript 2, 1 and just denote by �(z) this degenerate
field. The corresponding BPZ equation takes the form

(
b−2∂2z −

(
1

z − 1
+
1

z

)
∂z +

�1

(z − 1)2
+

�0

z2
+

�∞ − �1 − �2,1 − �0

z(z − 1)

)

〈�∞|V1(1)�(z)|�0〉 = 0. (2.1.2)

This equationhas regular singularities at 0, 1,∞.Asmentioned above, the corresponding
conformal blocks should therefore be expressed in terms of hypergeometric functions.
Indeed, the above differential equation by definition is solved by the conformal blocks
corresponding to the correlator (2.1.1),which in turn are given in termsof hypergeometric
functions. In particular, the conformal block corresponding to the expansion z ∼ 0 is

F

(
α1
α∞α0θ

α2,1
α0

; z
)

= z
bQ
2 +θbα0(1 − z)

bQ
2 +bα1

2F1
(
1

2
+ b (θα0 + α1 − α∞) ,

1

2
+ b (θα0 + α1 + α∞) , 1 + 2bθα0, z

)
, (2.1.3)

where θ = ± and α0± = α0 ± −b
2 are the two fusion channels allowed by the de-

generate fusion rules. Similar formulae hold for the expansions around z ∼ 1 and ∞.
Conventionally, this conformal block is denoted diagrammatically by

F

(
α1
α∞α0θ

α2,1
α0

; z
)

=
α1

α∞

α2,1

α0
α0θ

. (2.1.4)

We now want to expose the interplay between crossing symmetry, DOZZ factors and
the connection formulae for the hypergeometric functions. To this end, let us expand the
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correlator once for z ∼ 0 and once for z ∼ 1:

〈�∞|V1(1)�2,1(z)|�0〉 =
∑
θ=±

Cα0θ
α2,1α0

Cα∞α1α0θ

∣∣∣∣F
(

α1
α∞α0θ

α2,1
α0

; z
)∣∣∣∣

2

=
∑
θ ′=±

C
α1θ ′
α2,1α1Cα∞α1θ ′α0

∣∣∣∣F
(

α0
α∞α1θ ′ α2,1

α1
; 1 − z

)∣∣∣∣
2

.

(2.1.5)

HereCαβγ are the DOZZ three-point functions, andCα
βγ = G−1

α Cαβγ are the OPE coef-
ficients (see Appendix A.1). Equation (2.1.5) is just the statement of crossing symmetry,
due to the associativity of the OPE. The two expansions are related by the connection
matrixMθθ ′ as follows

F

(
α1
α∞α0θ

α2,1
α0

; z
)

=
∑
θ ′=±

Mθθ ′(bα0, bα1; bα∞)F

(
α0
α∞α1θ ′ α2,1

α1
; 1 − z

)
.

(2.1.6)

Plugging the latter into (2.1.5) determines Mθθ ′ to be

Mθθ ′(bα0, bα1; bα∞) = 
(−2θ ′bα1)
(1 + 2θbα0)



( 1
2 + θbα0 − θ ′bα1 + bα∞

)


( 1
2 + θbα0 − θ ′bα1 − bα∞

) ,
(2.1.7)

which is indeed the connection matrix for hypergeometric functions. Diagrammatically,
we can express the connection formula as

α1

α∞

α2,1

α0
α0θ

=
∑
θ ′=±

Mθθ ′

α0

α∞

α2,1

α1
α1θ ′

. (2.1.8)

2.2. Whittaker functions. Colliding the singularities at 1 and ∞ of the hypergeometric
functions we obtained theWhittaker functions, which are simply related to the confluent
hypergeometric function. They have a regular singularity at 0 and an irregular singularity
of rank 1 at ∞. To describe the confluence of two regular singularities in CFT we
introduce the rank 1 irregular state, denoted by 〈μ,�|. It lives in a Whittaker module
and it is defined by the following properties

〈μ,�|L0 = �∂�〈μ,�|
〈μ,�|L−1 = μ�〈μ,�|
〈μ,�|L−2 = −�2

4
〈μ,�|

〈μ,�|L−n = 0 , n > 2.

(2.2.1)
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Note that the action of L0 is not diagonal, and hence 〈μ,�| makes no reference to any
Vermamodule. Equivalently, one can describe this state by a confluence limit of primary
operators:

〈μ,�| ∝ lim
η→∞ t�t−�〈�|Vt (t) (2.2.2)

with3

� = Q2

4
−
(μ + η

2

)2
, �t = Q2

4
−
(

μ − η

2

)2

, t = η

�
. (2.2.3)

We fix the normalization of the irregular state by giving its overlap with a primary state,
namely

〈μ,�|�〉 = |�|2�Cμα, (2.2.4)

with

Cμα = e−iπ�ϒb(Q + 2α)

ϒb

(
Q
2 + μ + α

)
ϒb

(
Q
2 + μ − α

) . (2.2.5)

The �-dependence is fixed by the L0-action, and Cμα is a normalization function that
only depends onμ and α, and is calculated in Appendices A.2, B.1. The notation reflects
the fact that C can be interpreted as a collided three-point function [24]. The correlator

〈μ,�|�(z)|�〉 (2.2.6)

satisfies the BPZ equation

(
b−2∂2z − 1

z
∂z +

�

z2
+

μ�

z
− �2

4

)
〈μ,�|�(z)|�〉 = 0, (2.2.7)

that has a rank 1 irregular singularity at z = ∞ and a regular singularity at z = 0. Cor-
respondingly, we expect this correlator to be given in terms of confluent hypergeometric
functions. Indeed, for z ∼ 0 one finds by solving the differential equation that the cor-
responding confluent (or irregular) conformal block is given by a Whittaker function.

In particular, the two solutions are z
b2
2 Mbμ,±bα(b�z), where the Whittaker M-function

has a simple expansion around z ∼ 0:

Mbμ,bα(b�z) = (b�z)
1
2 +bα (1 +O(b�z)) . (2.2.8)

We can compute the confluent conformal block as

1F

(
μαθ

α2,1
α

;�z

)
= ��θ (b�)−

1
2−θbαz

b2
2 Mbμ,θbα(b�z). (2.2.9)

by expanding the OPE between �(z) and |�〉 and projecting on 〈μ,�|. Comparing this
with the expansion of M one obtains the prefactors written above. Here the subscript

3 Note that this procedure mimics the decoupling of a mass in the AGT-dual gauge theory.
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1 indicates the presence of a rank 1 irregular singularity at infinity. We represent this
block diagramatically by

1F

(
μαθ

α2,1
α

;�z

)
=

μ

α2,1

α
αθ

. (2.2.10)

The double line denotes the rank 1 irregular state, and the fat dot the projection onto a
primary state. For z ∼ ∞ we get an intrinsically different kind of confluent conformal
block since we are now expanding z near an irregular singularity of rank 1, dubbed in
[64] confluent conformal block of 2nd kind. We denote such a conformal block by the
letter D and find

1D

(
μ

α2,1 μ+ α; 1

�z

)
= ��+�2,1e−iπbμbbμ(�z)

b2
2 W−bμ,bα(e−iπb�z),

1D

(
μ

α2,1 μ− α; 1

�z

)
= ��+�2,1b−bμ(�z)

b2
2 Wbμ,bα(b�z),

(2.2.11)

where W is the Whittaker function with a simple asymptotic expansion around z ∼ ∞.
This block is obtained by doing the OPE between the irregular state and the degenerate
field, which is derived in Appendix B.1, and then projecting on |�〉. Once again, the
prefactors are fixed by comparing with the expansion ofW . We represent this conformal
block diagramatically by

1D

(
μ

α2,1 μθ α; 1

�z

)
=

μ

α2,1

α
μθ

. (2.2.12)

Crossing symmetry now implies

〈μ,�|�(z)|�〉 =
∑
θ=±

Cαθ
α2,1,α

Cμαθ

∣∣∣∣1F
(

μαθ
α2,1
α

;�z

)∣∣∣∣
2

=
∑
θ ′=±

B
μθ ′
α2,1,μCμθ ′α

∣∣∣∣1D
(

μ
α2,1 μθ ′ α; 1

�z

)∣∣∣∣
2

.

(2.2.13)

Here B is the irregular OPE coefficient arising from the OPE between the irregular state
and the degenerate field. We calculate it in Appendices A.2, B.1, and it is given by

Bμ±
α2,1,μ = e

iπ
(
1
2±bμ+ b2

4

)
. (2.2.14)

As for the hypergeometric function, we can make an Ansatz for the connection formula
for these irregular conformal blocks of the form
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bθbα
1F

(
μαθ

α2,1
α

;�z

)
=
∑
θ ′=±

b− 1
2−θ ′bμNθθ ′(bα, bμ) 1D

(
μ

α2,1 μθ ′ α; 1

�z

)
.

(2.2.15)

The constraints coming from crossing symmetry (2.2.13) are solved by the irregular
connection coefficients

Nθθ ′(bα, bμ) = 
(1 + 2θbα)



( 1
2 + θbα − θ ′bμ

)eiπ
(
1−θ ′
2

)(
1
2−bμ+θbα

)
. (2.2.16)

These are just the connection coefficients for Whittaker functions. In fact, in Appendix
B.1we argue the otherway around, namelywe determine the normalization functionCμα

and the irregularOPEcoefficient Bμ±
α2,1,μ byusing the knownconnection coefficientsNθθ ′

for Whittaker functions. This shows the consistency of our approach. Let us emphasize
for latter purposes that the functionsNθθ ′ solve the constraint (2.2.13), whichwill appear
later in a different context. We represent this connection formula diagrammatically by

μ

α2,1

α
αθ

=
∑
θ ′=±

Nθθ ′

μ

α2,1

α
μθ ′

.

(2.2.17)

2.3. Bessel functions. There is a natural limiting procedure which reduces a rank 1
irregular singularity to a rank 1/2 one. To describe the latter in CFT, let us introduce the
rank 1/2 irregular state 〈�2| via defining properties

〈�2|L0 = �2∂�2〈�2|
〈�2|L−1 = −�2

4
〈�2|

〈�2|L−n = 0, n > 1.

(2.3.1)

It can be obtained from the rank 1 irregular state via the limit4

〈�2| = lim
μ→∞〈μ,−�2

4μ
|. (2.3.2)

We see that reducing a rank 1 to a rank 1/2 singularity corresponds to further decoupling
a mass in the AGT dual gauge theory. We normalize the rank 1/2 state as

〈�2|�〉 = |�2|2�Cα, Cα = 2−4�e−2π i�ϒb(Q + 2α). (2.3.3)

This normalization function is calculated inAppendicesA.3, B.2. Consider the following
correlation function involving the rank 1/2 state:

〈�2|�(z)|�〉. (2.3.4)

4 Note that this limit corresponds to the well known holomorphic decoupling limit of a massive hypermul-
tiplet in the AGT dual gauge theory.
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which correspondingly displays a rank 1/2 singularity at infinity. This is reflected in the
BPZ equation

(
b−2∂2z − 1

z
∂z +

�

z2
− �2

4z

)
〈�2|�(z)|�〉 = 0. (2.3.5)

Solving this differential equation one finds that the corresponding rank 1/2 irregular
conformal block is given by a modified Bessel function Iν(x) as

1
2
F
(
αθ α2,1 α; �

√
z
) = 
(1 + 2θbα)�2�θ

(
b�

2

)−2θbα

z
bQ
2 I2θbα(b�

√
z).

(2.3.6)

Here the subscript 1
2 indicates the presence of a rank 1/2 singularity at infinity. This

conformal block is obtained by doing theOPEbetween� and |�〉 and then projecting the
result on 〈�2|. The prefactors are fixed by comparing this with the following expansion
of the Bessel function

I2θbα(b�
√
z) = (b�

√
z/2)2θbα


(1 + 2θbα)

(
1 +O(b�

√
z)
)
. (2.3.7)

We represent this conformal block diagramatically by

1
2
F
(
αθ α2,1 α; �

√
z
) =

α2,1

α
αθ

. (2.3.8)

Here the wiggly line denotes the rank 1/2 irregular state, and the fat dot represents the
pairing with a primary state. For z ∼ ∞ we get a different kind of irregular conformal
block, since we are now expanding for z near an irregular singularity of rank 1/2. We
denote such a conformal block by the letter E

1
2
E(+)

(
α2,1 α; 1

�
√
z

)
=
√
2b

π
e− iπ

2 (�2)�− b2
4 z

bQ
2 K2bα(e−iπb�

√
z),

1
2
E(−)

(
α2,1 α; 1

�
√
z

)
=
√
2b

π
(�2)�− b2

4 z
bQ
2 K2bα(b�

√
z),

(2.3.9)

where K is the modified Bessel function of the second kind, which has a nice asymptotic
expansion for z ∼ ∞. This block is obtained from the OPE between the irregular rank
1/2 state and the degenerate field which we derived in Appendix B.2, and then by taking
the scalar product with |�〉. We represent this block diagramatically by

1
2
E(θ)

(
α2,1 α; 1

�
√
z

)
=

α2,1

α
θ

. (2.3.10)
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Crossing symmetry implies that

〈�2|�(z)|�〉 =
∑
θ=±

Cαθ
α2,1,α

Cαθ

∣∣∣ 1
2
F
(
αθ α2,1 α; �

√
z
)∣∣∣2

=
∑
θ ′=±

Bα2,1Cα

∣∣∣∣ 12E(θ ′)
(

α2,1 α; 1

�
√
z

)∣∣∣∣
2

. (2.3.11)

Here Bα2,1 is the irregular OPE coefficient arising from the OPE between the irregular
rank 1/2 state and the degenerate field:

Bα2,1 = 2b
2
e
iπbQ
2 . (2.3.12)

These functions are derived in Appendix B.2. We can now make an Ansatz for the
connection formula for these irregular conformal blocks:

b2θbα 1
2
F
(
αθ α2,1 α; �

√
z
) =

∑
θ ′=±

b−1/2Qθθ ′(bα) 1
2
E(θ ′)

(
α2,1 α; 1

�
√
z

)
.

(2.3.13)

The crossing symmetry condition (2.3.11) gives constraints on the irregular connection
coefficients, which are solved by

Qθθ ′(bα) = 22θbα√
2π


(1 + 2θbα)e
iπ
(
1−θ ′
2

)(
1
2 +2θbα

)
. (2.3.14)

These are of course nothing else than the connection coefficients for Bessel functions,
including the relevant prefactors. Similar constraints of the form (2.3.11) will reappear
later. We represent the connection formula by

α2,1

α
αθ

=
∑
θ ′=±

Qθθ ′

α2,1

α

θ ′

.

(2.3.15)

3. 5-Point Degenerate Conformal Blocks, Confluences and Connection Formulae

In this sectionwe consider the relevantCFT correlators obeying theBPZequationswhich
reduce to Heun equations in the appropriate classical limit. Notice that for more than
three vertix insertions BPZ equations on the sphere are richer than the corresponding
ODE due to the presence of the corresponding moduli. This implies that a suitable
classical limit (NS limit), engineered to decouple the moduli dynamics, is needed to
recover the corresponding ODE.

We derive explicit connection formulae for the relevant conformal blocks by making
use of crossing symmetry of the CFT correlators. In the classical limit, these generate
explicit solutions of the connection problem for the Heun equations.
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3.1. Regular conformal blocks

3.1.1. General case The five-point function with one degenerate insertion in Liouville
CFT satisfies the BPZ equation(

b−2∂2z +
�1

(z − 1)2
− �1 + t∂t + �t + z∂z + �2,1 + �0 − �∞

z(z − 1)

+
�t

(z − t)2
+

t

z(z − t)
∂t − 1

z
∂z +

�0

z2

)
〈�∞|V1(1)Vt (t)�(z)|�0〉 = 0.

(3.1.1)

The five-point function can be expanded in the region z � t � 1 as follows

〈�∞|V1(1)Vt (t)�(z)|�0〉 =
∑
θ=±

∫
dα Cα0θ

α2,1α0
Cα

αtα0θ
Cα∞α1α

× F

(
α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)
F

(
α1
α∞ α

αt α0θ
α2,1
α0

; t̄, z̄
t̄

)
.

(3.1.2)

As usual the conformal blocks can be computed via OPEs. The result is naturally an
expansion in the variables t and z/t . Conformal blocks are usually denoted diagram-
matically as

α1

α∞

αt α2,1

α0
α α0θ

= F

(
α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)
.

(3.1.3)

An explicit combinatorial formula for this conformal block is given in Appendix D. The
same correlator can be expanded for z ∼ t and small t after the Möbius transformation
x → x−t

1−t , yielding

〈�∞|V1(1)Vt (t)�(z)|�0〉
= ∣∣(1 − t)�∞−�1−�t−�2,1−�0

∣∣2 〈�∞|V1(1)V0
(

t

t − 1

)
�

(
z − t

1 − t

)
|�t 〉

=
∑
θ=±

∫
dα Cαtθ

α2,1αt
Cα

α0αtθ
Cα∞α1α

∣∣∣∣(1 − t)�∞−�1−�t−�2,1−�0F

(
α1
α∞ α

α0 αtθ
α2,1
αt

; t

t − 1
,
t − z

t

)∣∣∣∣
2

.

(3.1.4)

Diagramatically, this conformal block is

α1

α∞

α0 α2,1

αt
α αtθ
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= F

(
α1
α∞ α

α0 αtθ
α2,1
αt

; t

t − 1
,
t − z

t

)
. (3.1.5)

We notice that the diagrams just represent the order in which the OPEs are performed,
neglecting factors such as Jacobians that arise from the Möbius transformations. By
crossing symmetry the two expansions should agree, so that

∑
θ=±

∫
dα Cα0θ

α2,1α0
Cα

αtα0θ
Cα∞α1α

∣∣∣∣F
(

α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)∣∣∣∣
2

=

=
∑
θ=±

∫
dα Cαtθ

α2,1αt
Cα

α0αtθ
Cα∞α1α

∣∣∣∣(1 − t)�∞−�1−�t−�2,1−�0F

(
α1
α∞ α

α0 αtθ
α2,1
αt

; t

t − 1
,
t − z

t

)∣∣∣∣
2

.

(3.1.6)

which can be conveniently recast as

∫
dα Cα∞α1α

∑
θ=±

(
Cα0θ

α2,1α0
Cα

αtα0θ

∣∣∣∣F
(

α1

α∞
α

αt
α0θ

α2,1

α0
; t, z

t

)∣∣∣∣
2

+

− Cαtθ
α2,1αt

Cα
α0αtθ

∣∣∣∣(1 − t)�∞−�1−�t−�2,1−�0F

(
α1

α∞
α

α0
αtθ

α2,1

αt
; t

t − 1
,
t − z

t

)∣∣∣∣
2 )

= 0.

(3.1.7)

By imposing the vanishing of the integrand we get a constraint analogous to (2.1.5),
which analogously to (2.1.6) we solve as5

F

(
α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)

=
∑
θ ′=±

Mθθ ′(bα0, bαt ; bα)eiπ(�−�0−�2,1−�t )(1 − t)�∞−�1−�t−�2,1−�0

F

(
α1
α∞ α

α0 αtθ
α2,1
αt

; t

t − 1
,
t − z

t

)
,

(3.1.8)

where Mθθ ′ are the hypergeometric connection coefficients defined in (2.1.7). Note
indeed that in (3.1.8) the functional form of the connection coefficients depends on the
local properties of the conformal block in the vicinity of the degenerate vertex insertion

5 The phase appearing in the RHS of Eq. (3.1.8) is fixed imposing that the overall leading powers of

(1 − t)�∞−�1−�t−�2,1−�0F

(
α1
α∞ α

α0 αtθ
α2,1
αt

; t

t − 1
,
t − z

t

)

∼ e−iπ(�−�t−�2,1−�0)t�−�0−�tθ (t − z)�tθ −�2,1−�2,1 (1 + . . . )

agree with the leading powers of the OPEs of the full correlator, where no explicit phase appears.
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as can be seen form the factorized form of (3.1.7). Diagrammatically, the connection
formula (3.1.8) reads

α1

α∞

αt α2,1

α0
α α0θ

=
∑
θ ′=±

Mθθ ′

α1

α∞

α0 α2,1

αt
α αtθ ′

. (3.1.9)

Conformal blocks for small z can also be connected to the expansion for z ∼ 1, z ∼ ∞
passing through the region t � z � 1. The conformal block in that region is

α1

α∞

α2,1 αt

α0
α αθ

= F

(
α1
α∞ α

α2,1 αθ
αt
α0

; z, t
z

)
.

(3.1.10)

Then, crossing symmetry relates this block to the expansion for z ∼ 0 via

〈�∞|V1(1)Vt (t)�(z)|�0〉 = 〈�∞|V1(1)�(z)Vt (t)|�0〉, (3.1.11)

therefore, by comparing (3.1.11) with (3.1.3) we get

∑
θ=±

∫
dα Cα0θ

α2,1α0
Cα

αtα0θ
Cα∞α1α

∣∣∣∣F
(

α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)∣∣∣∣
2

=
∑
θ=±

∫
dα Cα

α2,1αθ
Cαθ

αtα0
Cα∞α1α

∣∣∣∣F
(

α1
α∞ α

α2,1 αθ
αt
α0

; z, t
z

)∣∣∣∣
2

,

(3.1.12)

and following the same argument as for the previous case we find

F

(
α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)
=
∑
θ ′=±

Mθθ ′(bα0, bα; bαt )F

(
α1
α∞ α

α2,1 αθ ′ αt
α0

; z, t
z

)
.

(3.1.13)

Now we can connect expansions in the intermediate region to expansions for z ∼ ∞
again invoking crossing symmetry. Performing the transformation x → t/x on the LHS
of (3.1.11) we get

〈�∞|V1(1)�(z)Vt (t)|�0〉 =
∣∣∣t�∞+�1+�2,1−�0−�t z−2�2,1

∣∣∣2

×〈�0|Vt (1)V1(t)�
(
t

z

)
|�∞〉, (3.1.14)
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that implies

∑
θ=±

∫
dα Cαtα0αC

α
α2,1αθ

Cαθ
α∞α1

∣∣∣∣F
(

α1
α∞ αθ

α2,1 α
αt
α0

; z, t
z

)∣∣∣∣
2

=
∑
θ=±

∫
dα Cαtα0αC

α∞θ
α2,1α∞Cα

α∞θ α1

×
∣∣∣∣t�∞+�1+�2,1−�0−�t z−2�2,1F

(
αt
α0

α
α1 α∞θ ′ α2,1

α∞ ; t, 1
z

)∣∣∣∣
2

,

(3.1.15)

and finally

F

(
α1
α∞ αθ

α2,1 α
αt
α0

; z, t
z

)

=
∑
θ ′

Mθθ ′(bα, bα∞; bα1)t
�∞+�1+�2,1−�0−�t z−2�2,1F

(
αt
α0

α
α1 α∞θ ′ α2,1

α∞ ; t, 1
z

)
.

(3.1.16)

Combining Eqs. (3.1.13) and (3.1.16) we can write

F

(
α1
α∞ α

αt α0θ1
α2,1
α0

; t, z
t

)
=
∑
θ2θ3

Mθ1θ2(bα0, bα; bαt )M(−θ2)θ3

× (bα, bα∞; bα1)t
�∞+�1+�2,1−�0−�t z−2�2,1

× F

(
αt
α0

αθ2

α1 α∞θ3

α2,1
α∞ ; t, 1

z

)
.

(3.1.17)

Diagrammatically, this reads

α1

α∞

αt α2,1

α0
α α0θ1

=
∑
θ2θ3

Mθ1θ2M(−θ2)θ3

αt

α0

α1 α2,1

α∞
αθ2 α∞θ3

.(3.1.18)

The diagrams provide a straightforward way to generalize the connection formula to an
arbitrary pair of points. Indeed, writing down the diagram it is immediate to guess the
correct Mθθ ′ factors and the conformal blocks that will enter the connection formula.
As an example, the connection formula for the expansions for z ∼ 1 and z ∼ ∞ with
t � 1 are given by
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αt

α0

α∞ α2,1

α1
α α1θ

=
∑
θ ′

Mθθ ′

αt

α0

α1 α2,1

α∞
α α∞θ ′

, (3.1.19)

that is

t�∞+�1+�2,1−�t−�0 (1 − t)�∞+�0+�2,1−�t−�1 (z − t)−2�2,1F

(
α0

αt
α

α∞
α1θ

α2,1

α1
; t, z − 1

z − t

)

=
∑
θ ′

Mθθ ′ (bα1, bα∞; bα)t�∞+�1+�2,1−�0−�t z−2�2,1F

(
αt

α0
α

α1
α∞θ ′

α2,1

α∞
; t, 1

z

)
.

(3.1.20)

Note that combining all the previous formulae we manage to analytically continue the
expansion in z ∼ 0 of the conformal block in all the complex plane for t � 1. It is
straightforward to generalize the previous formulae for t ∼ 1, t ∼ ∞. All in all, for any
value of t we can connect all the possible expansions in z. The analytic continuation in
the t−plane is more involved and can be done via the fusion kernel. As a concluding
remark, note that there is a Möbius tranformation in each region of expansions of the
correlator, say z � t � 1 for reference, that only exchanges α∞ and α1 and that does
not change the region of validity of the expansion. This transformation is usually called
braiding. This gives, up to a Jacobian,

α∞

α1

αt α2,1

α0
α α0±

= F

(
α∞
α1

α
αt α0θ

α2,1
α0

; t

t − 1
,
z

t

t − 1

z − 1

)
. (3.1.21)

Braiding changes the expansion variables in the conformal blocks according to the new
positions of the insertions and as such can be used to generate other expansions and the
related connection coefficients.

3.1.2. Semiclassical limit Let us consider the semiclassical limit of Liouville theory,
that is the double scaling limit

b → 0, αi → ∞, bαi = ai finite. (3.1.22)

In this limit the conformal blocks and the corresponding BPZ equation greatly simplify.
The divergence exponentiates and the z dependence becomes subleading, namely6

F

(
α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)

6 Here and in the following we do not indicate the dependence of F and W on the rescaled momenta.
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= t�−�t−�0θ z
bQ
2 +θbα0

[
1

b2

(
F(t) + b2W (z/t, t) +O(b4)

)]
. (3.1.23)

Here F(t) is the classical conformal block, related to the conformal block without
degenerate insertion via

F

(
α1
α∞α

αt
α0

; t
)

= t�−�t−�0eb
−2
(
F(t)+O(b2)

)
. (3.1.24)

The divergences in the conformal blocks can be cured by dividing by the conformal block
without the degenerate insertion. We denote the resulting finite, semiclassical conformal
block by the letter F :

F
(
a1
a∞ a

at a0θ
a2,1
a0

; t, z
t

)
= lim

b→0

F

(
α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)

F

(
α1
α∞α

αt
α0

; t
)

= t−θa0 z
1
2 +θa0e− θ

2 ∂a0 F(t) (1 +O(t, z/t)) . (3.1.25)

Note that the conformal block with the degenerate insertion and z, t ∼ 0 contains a
classical conformal block depending on a0θ = a0 − θ b2

2 . Dividing by the four-point
function without the degenerate insertion, which depends on a0, gives an incremental
ratio that in the limit (3.1.22) becomes the derivative ∂a0F (t). The BPZ equation (3.1.1)
simplifies in the semiclassical limit as well. The t−derivative acting on the conformal
block gives

t∂tF

(
α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)
= b−2

(
−1

4
− a2 + a2t + a20 + t∂t F(ai , a, t) +O(b2)

)

× F

(
α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)
, (3.1.26)

therefore the t−derivative becomes a multiplication by a z-independent factor at leading
order in b2 and the BPZ equation becomes an ODE. Defining

u(0) = lim
b→0

b2t∂t logF

(
α1
α∞α

αt
α0

; t
)

, (3.1.27)

where the superscript indicates that the block is expanded for t ∼ 0, the BPZ equation
(3.1.1) in the semiclassical limit reads

(
∂2z +

1
4 − a21

(z − 1)2
−

1
2 − a21 − a2t − a20 + a2∞ + u(0)

z(z − 1)
+

1
4 − a2t
(z − t)2

+
u(0)

z(z − t)
+

1
4 − a20
z2

)

× F
(
a1
a∞ a

at a0θ
a2,1
a0

; t, z
t

)
= 0.

(3.1.28)
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The solution of the previous ODE for z ∼ t is given by the semiclassical block

(t − 1)
1
2 F
(
a1
a∞

a
a0 atθ

a2,1
at

; t

t − 1
,
t − z

t

)
= lim

b→0
(t − 1)−�2,1

F

(
α1

α∞
α

α0
αtθ

α2,1

αt
; t
t−1 , t−z

t

)

F

(
α1

α∞
α

α0

αt
; t
t−1

)

= lim
b→0

eiπ(�−�0−�2,1−�t )(1 − t)�∞−�1−�t−�2,1−�0F

(
α1

α∞
α

α0
αtθ

α2,1

αt
; t
t−1 , t−z

t

)

F

(
α1

α∞
α

αt

α0
; t
) ,

(3.1.29)

therefore the connection formula (3.1.8) descends to the semiclassical blocks to be

F
(
a1
a∞ a

at a0θ
a,2,1
a0

; t, z
t

)

=
∑
θ ′

Mθθ ′(a0, at ; a)(t − 1)
1
2F
(
a1
a∞ a

a0 atθ ′ a2,1
at

; t

t − 1
,
t − z

t

)
.

(3.1.30)

Note that the intermediate momentum a can be computed as a function of the parameters
appearing in the semiclassical BPZ equation inverting the relation (3.1.27). Similarly,
keeping t ∼ 0 we can analytically continue the solution to the other singularities, that is
for z ∼ 1 and z ∼ ∞. In particular, we can directly connect z ∼ 0 and z ∼ ∞ passing
though the intermediate region. The semiclassical block for z ∼ ∞ reads

t−
1
2 zF

(
at
a0

a
a1 a∞θ

a2,1
a∞ ; t, 1

z

)

= lim
b→0

t�∞+�1+�2,1−�0−�t z−2�2,1F

(
αt
α0

α
α1 α∞θ ′ α2,1

α∞ ; t, 1
z

)

F

(
α1
α∞α

αt
α0

; t
)

= lim
b→0

t�2,1 z−2�2,1F

(
αt
α0

α
α1 α∞θ ′ α2,1

α∞ ; t, 1
z

)

F

(
αt
α0

α
α1
α∞; t

) .

(3.1.31)

The connection formula (3.1.17) from z ∼ 0 to z ∼ ∞ involves a conformal block with
two shifted momenta, that is

F

(
αt
α0

αθ ′ α1 α∞θ
α2,1
α∞ ; t, 1

z

)
= t�θ ′−�1−�∞θ

(
t

z

) bQ
2 +θbα∞

exp

[
1

b2
F

(
a − θ ′ b2

2
, t

)
+W

(
a − θ ′ b2

2
, t

)
+O(b2)

]
. (3.1.32)

At first order in b2

F

(
a − θ ′ b2

2
, t

)
+ b2W

(
a − θ ′ b2

2
, t

)
= F(a, t) − θ ′b2

2
∂a F(a, t)
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+b2W (a, t) +O(b4), (3.1.33)

therefore in the semiclassical limit

F

(
αt

α0
αθ ′

α1
α∞θ

α2,1

α∞
; t, 1

z

)
∼ t−θ ′αe− θ ′

2 ∂a F(t)F

(
αt

α0
α

α1
α∞θ

α2,1

α∞
; t, 1

z

)
, as b → 0.

(3.1.34)

This is consistent with the fact that we expect only two linearly independent z behaviors.
The connection formula (3.1.17) simplifies to

F
(
a1
a∞ a

at a0θ
a2,1
a0

; t, z
t

)

=
∑
θ ′

(∑
σ

Mθσ (a0, a; at )M(−σ)θ ′(a, a∞; a1)t−σae− σ
2 ∂a F

)
t−

1
2 z

× F
(
at
a0

a
a1 a∞θ ′ a2,1

a∞ ; t, 1
z

)
.

(3.1.35)

Explicitly, the connection coefficients are
∑
σ=±

Mθσ (a0, a; at )M(−σ)θ ′ (a, a∞; a1)t−σae− σ
2 ∂a F

=
∑
σ=±


(1 − 2σa)
(−2σa)
(1 + 2θa0)
(−2θ ′a∞)t−σae− σ
2 ∂a F



( 1
2 + θa0 − σa + at

)


( 1
2 + θa0 − σa − at

)


( 1
2 − σa − θ ′a∞ + a1

)


( 1
2 − σa − θ ′a∞ − a1

) .
(3.1.36)

For future reference, the semiclassical block for small t and z ∼ 1 is given by

(t (1 − t))−
1
2 (t − z)F

(
a0
at

a
a∞ a1θ

a2,1
a1

; t, 1 − z

t − z

)

= lim
b→0

(t (1 − t))�2,1 (t − z)−2�2,1

F

(
α0
αt

α
α∞ α1θ

α2,1
α1

; t, 1−z
t−z

)

F

(
α0
αt

α
α∞
α1

; t
) . (3.1.37)

Similarly one can obtain the connection coefficients for the other t−expansions. As an
example, let us schematically consider the case t � 1. The semiclassical block for z ∼ 0
reads

t
1
2F
(
at
a∞ a

a1 a0θ
a2,1
a0

; 1
t
, z

)
= lim

b→0

t−�2,1F

(
αt
α∞ α

α1 α0θ
α2,1
α0

; 1
t , z

)

F

(
αt
α∞α

α1
α0

; 1
t

) . (3.1.38)

Still the t−derivative decouples, leaving behind

u(∞) = lim
b→0

b2t∂t log t
�−�t−�1−�0F

(
αt
α∞α

α1
α0

; 1
t

)
. (3.1.39)
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Note that the semiclassical BPZ equation formally remains the same, with the substi-
tution7 of u(0) with u(∞). Indeed, the intermediate momentum α is now determined in
terms of u(∞). The z ∼ 1 expansion gives

(t − 1)
1
2 eiθπaF

(
at
a∞ a

a1 a0θ
a2,1
a0

; 1

t − 1
, 1 − z

)

= lim
b→0

(t − 1)−�2,1eiθπbα
F

(
αt
α∞ α

α0 α1θ
α2,1
α1

; 1
1−t , 1 − z

)

F

(
αt
α∞α

α0
α1

; 1
1−t

) , (3.1.40)

and the corresponding connection formula reads

t
1
2F
(
at
a∞ a

a1 a0θ
a2,1
a0

; 1
t
, z

)

=
∑

θ ′=±1

Mθθ ′ (a0, a1; a) (t − 1)
1
2 eiθπaF

(
at
a∞ a

a1 a0θ ′ a2,1
a0

; 1

t − 1
, 1 − z

)
.

(3.1.41)

All other connection formulae at t � 1 can be obtained similarly. The same can be done
when t ∼ 1. Note that again the semiclassical BPZ equation looks formally as (3.1.28)
upon the substitution8 of u(0) with

u(1) = lim
b→0

b2t∂t logF

(
α0
α∞α

αt
α1

; 1 − t

)
. (3.1.42)

3.2. Confluent conformal blocks

3.2.1. General case Consider the correlation function

〈μ,�|V1(1)�(z)|�0〉. (3.2.1)

It solves the BPZ equation

(
b−2∂2z −

(
1

z
+

1

z − 1

)
∂z +

�∂� − �2,1 − �1 − �0

z(z − 1)

+
�1

(z − 1)2
+

�0

z2
+

μ�

z
− �2

4

)
〈μ,�|�(z)V1(1)|�0〉 = 0,

(3.2.2)

and can be decomposed into confluent conformal blocks in different ways. They are all
given as collision limits of regular conformal blocks.

7 From the gauge theory viewpoint this amounts to a change of frame from the electric to the monopole
one.

8 This is the dyon frame.
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Small � blocks. We focus first on the case where the conformal blocks are given as an
expansion in �. The block for z ∼ 0 is defined as9

1F

(
μ α

α1 α0θ
α2,1
α0

;�, z

)
= ��z

bQ
2 +θbα0

1F̃

(
μ α

α1 α0θ
α2,1
α0

;�, z

)

= ��z
bQ
2 +θbα0 lim

η→∞ F̃

(
η−μ
2

η+μ
2

α
α1 α0θ

α2,1
α0

; �

η
, z

)
. (3.2.3)

This is nothing but the standard collision limit of 〈�∞| and Vt (t) as defined in (2.2.3).
The tilde on the conformal block means it has no classical part, i.e. is normalized such
that the first term is 1. This conformal block can also be computed directly by doing the
OPE of �(z) with |�0〉, then the OPE of V1(1) with the result which we specify to be in
the Verma module �α , and then contracting with 〈μ,�|. In the diagrammatic notation
introduced in Sect. 2.2, we represent it by

1F

(
μ α

α1 α0θ
α2,1
α0

;�, z

)
=

μ

α1 α2,1

α0
α α0θ

.

(3.2.4)

The double line represents the rank 1 irregular state, and the dot the pairing with a
primary state. For z ∼ 1, the corresponding block can be expressed as

eμ�
1F

(
−μ α

α0 α1θ
α2,1
α1

;�, 1 − z

)

=
−μ

α0 α2,1

α1
α α1θ

, (3.2.5)

where the exponential factor and the argument−μ arise from the correspondingMöbius
transformation10. In the intermediate region, where z � 1 but �z � 1, the correspond-
ing block is

z−�2,1−�1−�0
1F

(
μ αθ

α2,1 α
α1
α0

;�z,
1

z

)

=
μ

α2,1 α1

α0
αθ α

. (3.2.6)

9 The argument η+μ
2 should appear with a minus sign as in Appendix A.2. Here and in the following we

don’t write it due to the symmetry of the conformal block. The reader wishing to compare with the Nekrasov
partition function should take this sign into account as in Appendix C.
10 Actually, doing the Möbius transformation one gets −� but since the block depends only on μ� and �2

except for the classical part, one can trade −� for −μ.
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In the deep irregular region where z � 1 and �z � 1, the conformal block is given by
a different collision limit, proposed in [64]:

1D

(
μ

α2,1 μθ α
α1
α0

;�,
1

�z

)
= eθb�z/2��2,1+� (�z)−θbμ+ b2

2 ×

× lim
η→∞

(
1 − η

�z

)− bQ
2 −θ b

2 (μ−η)

F̃

(
α1
α0

α
μ−η
2 μ+η−θb

2

α2,1
μ+η
2

; �

η
,

η

�z

)
. (3.2.7)

Whenever z approaches an irregular singularity of rank 1, we denote the corresponding
conformal block byD. This conformal block can also be computed directly by doing the
OPE between 〈μ,�| and �(z), then the OPE of the result with V1(1) and contracting
with |�0〉. Diagramatically, we write

1D

(
μ

α2,1 μθ α
α1
α0

;�,
1

�z

)
=

μ

α2,1 α1

α0
μθ α

.

(3.2.8)

The connection problem between 0 and 1 is solved in the same way as for the regular
conformal blocks, since we are never near the irregular singularity. The result is

1F

(
μ α

α1 α0θ
α2,1
α0

;�, z

)
n

=
∑
θ ′=±

Mθθ ′(bα0, bα1; bα)eμ�
1F

(
−μ α

α0 α1θ ′ α2,1
α1

;�, 1 − z

)
. (3.2.9)

Diagrammatically:

μ

α1 α2,1

α0
α α0θ

=
∑
θ ′=±

Mθθ ′

−μ

α0 α2,1

α1
α α1θ ′

. (3.2.10)

Instead, to solve the connection problembetween 1 and∞ one has to do two steps: from1
to the intermediate region, and then to∞. At each step we decompose the correlator into
conformal blocks in the different regions and then use crossing symmetry to determine
the connection coefficients. The relevant formulae for the irregular state are reviewed in
Appendix B.1. We have
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〈μ,�|�(z)V1(1)|�0〉

=
∫

dα Cμα

∑
θ=±

Cα1θ
α2,1α1

Cα
α1θ α0

∣∣∣∣eμ�
1F

(
−μ α

α0 α1θ
α2,1
α1

;�, 1 − z

)∣∣∣∣
2

=

=
∫

dα Cμα

∑
θ ′=±

Cα
α2,1αθ ′C

αθ ′
α1α0

∣∣∣∣z−�2,1−�1−�0
1F

(
μ α

α2,1 αθ ′ α1
α0

;�z,
1

z

)∣∣∣∣
2

.

(3.2.11)

We recognize this condition from the hypergeometric function (2.1.5). Therefore we
can readily solve it in terms of the hypergeometric connection coefficients M and the
connection formula between 0 and the intermediate region is then

eμ�
1F

(
−μ α

α0 α1θ
α2,1
α1

;�, 1 − z

)
=
∑
θ ′=±

Mθθ ′(bα1, bα; bα0)z
−�2,1−�1−�0

1F

(
μ α

α2,1 αθ ′ α1
α0

;�z,
1

z

)
. (3.2.12)

Diagrammatically:

−μ

α0 α2,1

α1
α α1θ

=
∑
θ ′=±

Mθθ ′

μ

α2,1 α1

α0
α αθ ′

.

(3.2.13)

If one decomposes the correlator into conformal blocks in the intermediate region and
near ∞, one obtains the crossing symmetry condition

〈μ,�|�(z)V1(1)|�0〉

=
∫

dα Cα
α1α0

∑
θ=±

CμαθC
αθ
α2,1α

∣∣∣∣z−�2,1−�1−�0
1F

(
μ αθ

α2,1 α
α1
α0

;�z,
1

z

)∣∣∣∣
2

=

=
∫

dα Cα
α1α0

∑
θ ′=±

Cμθ ′αB
μθ ′
α2,1μ

∣∣∣∣1D
(

μ
α2,1 μθ ′ α

α1
α0

;�,
1

�z

)∣∣∣∣
2

.

(3.2.14)

This condition is analogous to the one we found for the Whittaker functions (2.2.13) so
that the connection formula between the intermediate region and ∞ reads

bθbαz−�2,1−�1−�0
1F

(
μ αθ

α2,1 α
α1
α0

;�z,
1

z

)
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=
∑
θ ′=±

b− 1
2−θ ′bμNθθ ′(bα, bμ)1D

(
μ

α2,1 μθ ′ α
α1
α0

;�,
1

�z

)
(3.2.15)

with irregular connection coefficients as in (B.1.18):

Nθθ ′(bα, bμ) = 
(1 + 2θbα)



( 1
2 + θbα − θ ′bμ

)eiπ
(
1−θ ′
2

)(
1
2−bμ+θbα

)
. (3.2.16)

In diagrams:

μ

α2,1 α1

α0
αθ α

=
∑
θ ′=±

Nθθ ′

μ

α2,1 α1

α0
μθ ′ α

.

(3.2.17)

Let us write explicitly the more interesting connection formula between 1 and∞, which
is obtained by concatenating the two connection formulae above. Since the F block in
the intermediate region has different arguments in formula (3.2.12) and (3.2.15), we
need to rename some of them. In the end we obtain the following connection formula
from 1 directly to ∞:

eμ�
1F

(
−μ α

α0 α1θ1
α2,1
α1

;�, 1 − z

)
=

=
∑

θ2,θ3=±
b− 1

2 +θ2bαθ2−θ3bμMθ1θ2(bα1, bα; bα0)N(−θ2)θ3(bαθ2 , bμ)

1D

(
μ

α2,1 μθ3 αθ2

α1
α0

;�,
1

�z

)
.

(3.2.18)

Again, in diagrams this is represented by:

−μ

α0 α2,1

α1
α α1θ1

=
∑

θ2,θ3=±
Mθ1θ2N(−θ2)θ3

μ

α2,1 α1

α0
μθ3 αθ2

,

(3.2.19)

where we have suppressed the arguments of the connection coefficients for brevity.
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Large � blocks. The conformal blocks considered up to now are expansions in �. One
can however play the same game using expansions in 1

�
. For example, for large � and

for z ∼ 0, we have

1D

(
μ

α1
μ′ α0θ

α2,1

α0
; 1

�
,�z

)
=

μ

α1 α2,1

α0

μ′ α0θ

.

(3.2.20)

One can compute it via OPE as in (B.1.1) or as a collision limit of a regular conformal
block as proposed in [64]:

1D

(
μ

α1 μ′ α0θ
α2,1
α0

; 1

�
,�z

)

= e−(μ′−μ)���0θ+2μ′(μ′−μ)z
bQ
2 +θbα0×

× lim
η→∞

(
1 − η

�

)�1−(μ′−μ)(η−μ′)
F̃

(
α1
η+μ
2

η−μ
2 +μ′

η−μ
2 α0θ

α2,1
α0

; η

�
,
�z

η

)
.

(3.2.21)

Similarly, we have a conformal block for large � and z ∼ 1, which as usual we can
write in the same form as the one for z ∼ 0 by doing a Möbius transformation:

eμ�
1D

(
− μ

α0 μ′ − μ α1θ
α2,1
α1

; 1

�
,�(1 − z)

)

=
−μ

α0 α2,1

α1

μ′ − μ α1θ

=

=

μ

α1

α2,1

α0

α1θ

μ′

.

(3.2.22)

The first line of (3.2.22) is the diagrammatic representation of the conformal block,
while the second line is an equality of two a priori seemingly different conformal blocks,
which can be checked by explicit computation. This is consistent with the fact that the
corresponding DOZZ factors are equal:

Bμ′−μ
−μα0

Cμ′−μ,α1θ = Bμ′
μα1θ

Cμ′,α0 , (3.2.23)
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as can easily be proven by using their explicit expressions given in Appendix A.2. The
most exotic block is the one for large � and large z, which by a slight abuse of notation
we still denote by D:

1D

(
μ

α2,1
μθ

α1
μ′ α0; 1

�
,
1

z

)
=

μ

α2,1 α1

α0
μθ μ′

.

(3.2.24)

This block is fully irregular in the sense that to calculate it, we have to perform two
irregular OPEs as indicated by the diagram. It is more convenient to calculate it as a
collision limit of a regular block:

1D

(
μ

α2,1 μθ
α1 μ′ α0; 1

�
,
1

z

)

= eθb�z/2��2,1 (�z)−θbμ+ b2
2 e−(μ′−μθ )���0+�1+2μ′(μ′−μθ )×

× lim
η→∞

(
1 − η

�z

)�2,1−(μθ−μ)(η−μθ ) (
1 − η

�

)�1−(μ′−μθ )(η−μ′)−(μ′−μθ )(μθ−μ)

F̃

(
α2,1
η+μ
2

η−μ
2 +μθ

α1 η−μ
2 +μ′

η−μ
2
α0

; η

�
,
�z

η

)
.

(3.2.25)

Having defined all the necessary conformal blocks we now derive their connection
formulae. Let us start by connecting z ∼ 1 with ∞. Expanding the correlator in these
regions, we get the crossing symmetry condition

〈μ,�|�(z)V1(1)|�0〉
=
∫

dμ′ ∑
θ=±

Bμ′−μ
−μα0

Cμ′−μ,α1θC
α1θ
α1α2,1

×
∣∣∣∣eμ�

1D

(
− μ

α0 μ′ − μ α1θ
α2,1
α1

; 1

�
,�(1 − z)

)∣∣∣∣
2

=

=
∫

dμ′ ∑
θ ′=±

B
μθ ′
μα2,1B

μ′
μθ ′α1Cμ′,α0

∣∣∣∣1D
(

μ
α2,1 μθ ′ α1 μ′ α0; 1

�
,
1

z

)∣∣∣∣
2

.

(3.2.26)

Using the following remarkable identity, which can easily be proven using the explicit
expression of the structure functions given in Appendix A.2,

B
μθ ′
μα2,1B

μ′
μθ ′α1Cμ′α0 = Bμ′−μ

−μα0
B

μ′−μθ ′
μ′−μ,α2,1

Cμ′−μθ ′ ,α1 , (3.2.27)
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we find that the above crossing symmetry condition (after relabelling the dummyvariable
θ ′ → −θ ′) becomes:

〈μ,�|�(z)V1(1)|�0〉 =
∫

dμ′Bμ′−μ
−μα0

∑
θ=±

Cμ′−μ,α1θC
α1θ
α1α2,1

×
∣∣∣∣eμ�

1D

(
− μ

α0 μ′ − μ α1θ
α2,1
α1

; 1

�
,�(1 − z)

)∣∣∣∣
2

=

=
∫

dμ′Bμ′−μ
−μα0

∑
θ ′=±

B
μ′

θ ′−μ

μ′−μ,α2,1
Cμ′

θ ′−μ,α1

∣∣∣∣1D
(

μ
α2,1 μ−θ ′ α1 μ′ α0; 1

�
,
1

z

)∣∣∣∣
2

.

(3.2.28)

We recognize this constraint from theWhittaker functions (2.2.16), and can readily write
the connection formula from 1 to ∞:

bθbα1eμ�
1D

(
− μ

α0 μ′ − μ α1θ
α2,1
α1

; 1

�
,�(1 − z)

)

=
∑
θ ′

b− 1
2 +θ ′b(μ′−μ)Nθ(−θ ′)(bα1, bμ

′ − bμ)1D

(
μ

α2,1 μθ ′ α1 μ′ α0; 1

�
,
1

z

)
,

(3.2.29)

whereN are the connection coefficients for the Whittaker functions (2.2.16). Diagram-
matically this is clear:

μ

α1

α2,1

α0

α1θ

μ′

=
∑
θ ′=±

Nθ(−θ ′)
μ

α2,1 α1

α0
μθ ′ μ′

. (3.2.30)

To connect 0 and ∞ we expand the correlator in the relevant regions. By crossing
symmetry we have:

〈μ,�|V1(1)�(z)|�0〉

=
∫

dμ′ ∑
θ=±

Bμ′
μα1

Cμ′α0θC
α0θ
α2,1α0

∣∣∣∣1D
(

μ
α1 μ′ α0θ

α2,1
α0

; 1

�
,�z

)∣∣∣∣
2

=
∫

dμ′ ∑
θ ′=±

B
μθ ′
μα2,1B

μ′
θ ′

μθ ′α1Cμ′
θ ′ ,α0

∣∣∣∣1D
(

μ
α2,1 μθ ′ α1 μ′

θ ′ α0; 1

�
,
1

z

)∣∣∣∣
2

,

(3.2.31)
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for later convenience we have labelled the intermediate channel in the second line by
μ′

θ ′ instead of μ′. By using an identity similar to (3.2.27):

B
μθ ′
μα2,1B

μ′
θ ′

μθ ′α1Cμ′
θ ′ ,α0 = Bμ′

μα1
B

μ′
θ ′

μ′α2,1Cμ′
θ ′α0 , (3.2.32)

the above crossing symmetry equation then becomes:

〈μ,�|V1(1)�(z)|�0〉
=
∫

dμ′Bμ′
μα1

∑
θ=±

Cμ′α0θC
α0θ
α2,1α0

∣∣∣∣1D
(

μ
α1 μ′ α0θ

α2,1
α0

; 1

�
,�z

)∣∣∣∣
2

=
∫

dμ′Bμ′
μα1

∑
θ ′=±

B
μ′

θ ′
μ′α2,1Cμ′

θ ′α0

∣∣∣∣1D
(

μ
α2,1 μθ ′ α1 μ′

θ ′ α0; 1

�
,
1

z

)∣∣∣∣
2

.

(3.2.33)

We recognize this constraint from theWhittaker functions (2.2.13) and can readily write
the connection formula from 0 to ∞:

bθbα0
1D

(
μ

α1 μ′ α0θ
α2,1
α0

; 1

�
,�z

)

=
∑
θ ′=±

b− 1
2−θ ′bμ′Nθθ ′(bα0, bμ

′)1D
(

μ
α2,1 μθ ′ α1 μ′

θ ′ α0; 1

�
,
1

z

)
.

(3.2.34)

Combining (3.2.34) with the inverse of (3.2.29) we obtain the connection formula from
0 to 1:

bθ1bα0
1D

(
μ

α1 μ′ α0θ1
α2,1
α0

; 1

�
,�z

)
=

=
∑

θ2,θ3=±
b− 1

2−θ2bμ′Nθ1θ2(bα0, bμ
′)b

1
2−θ2b(μ′

θ2
−μ)+θ3bα1N−1

(−θ2)θ3

× (bμ′
θ2

− bμ, bα1)e
μ�

1D

(
− μ

α0 μ′
θ2

− μ α1θ3
α2,1
α1

; 1

�
,�(1 − z)

)
.

(3.2.35)

Diagrammatically:

μ

α1 α2,1

α0

μ′ α0θ1

=
∑

θ2,θ3=±
Nθ1θ2N−1

(−θ2)θ3

μ

α1

α2,1

α0

α1θ

μ′
θ2

. (3.2.36)
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One might expect the existence of conformal blocks expanded in an intermediate region,
aswas the case for small�. Indeed, in the case of large� one can define a block expanded
in the intermediate region 1

�
� z � 1. However, by the identity (3.2.32), this block

is actually the same as the block (3.2.24) corresponding to z ∼ ∞, in the sense that
the analytic continuation between the two is trivial. Similarly, one can define another
intermediate block in the region 1

�
� 1 − z � 1 which is also the same as (3.2.24) by

virtue of the identity (3.2.27).

3.2.2. Semiclassical limit In the semiclassical limit b → 0 and αi , μ,� → ∞ such
that ai = bαi , m = bμ, L = b� are finite. We denote the quantities which are finite in
the semiclassical limit by latin letters instead of greek ones.
Small L blocks The conformal blocks in this limit are expected to exponentiate, and the
z-dependence becomes subleading: schematically they take the form

F(�, z) ∼ e
1
b2

F(L)+W (L ,z)+O(b2)
, (3.2.37)

and they diverge in this limit. The classical conformal block F(L) is related to the
conformal block F without the degenerate field insertion, i.e.

1F

(
μα

α1
α0

;�

)
= ��e

1
b2

(
F(L)+O(b2)

)
. (3.2.38)

Normalizing by this block, we obtain finite semiclassical conformal blocks. Consider
for concreteness the block corresponding to the expansion for z ∼ 0. We define the
corresponding (finite) semiclassical conformal block by

1F
(
m a

a1 a0θ
a2,1
a0

; L , z

)
= lim

b→0

1F

(
μ α

α1 α0θ
α2,1
α0

;�, z

)

1F

(
μα

α1
α0

;�

)

= e− θ
2 ∂a0 F z

1
2 +θa0(1 +O(L , z)). (3.2.39)

The term exp− θ
2 ∂a0F on the RHS of the above equation comes from the fact that the

leading behaviour of the numerator is exp b−2F(a0θ ) while the denominator behaves as
exp b−2F(a0). The fact that the z-dependence is subleading means that to leading order,
the �-derivative in the BPZ equation (3.2.2) becomes z-independent, since we have
�∂�F(�, z) ∼ b−2�∂�F(�)F(�, z). Then the BPZ equation in the semiclassical limit
reduces to an ODE. In particular, multiplying (3.2.2) by b2, this semiclassical conformal
block now satisfies the equation

(
∂2z +

u − 1
2 + a20 + a21
z(z − 1)

+
1
4 − a21

(z − 1)2
+

1
4 − a20
z2

+
mL

z
− L2

4

)
1F
(
m a

a1 a0θ
a2,1
a0

; L , z

)
= 0.

(3.2.40)

We have introduced

u = lim
b→0

b2�∂� log 1F

(
μα

α1
α0

;�

)
= 1

4
− a2 +O(L) (3.2.41)
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Similarly, we define the semiclassical block for z ∼ 1 to be

1F
(

−m a
a0 a1θ

a2,1
a1

; L , 1 − z

)
= lim

b→0

eμ�
1F

(
−μ α

α0 α1θ
α2,1
α1

;�, 1 − z

)

1F

(
μα

α1
α0

;�

)

= lim
b→0

1F

(
−μ α

α0 α1θ
α2,1
α1

;�, 1 − z

)

1F

(
−μα

α0
α1

;�

) = e− θ
2 ∂a1 F (1 − z)

1
2 +θa1(1 +O(L , 1 − z)),

(3.2.42)

and in the deep irregular region:

1D
(
m
a2,1 mθ a

a1
a0

; L ,
1

Lz

)
= lim

b→0
b− 1

2−θm
1D

(
μ

α2,1 μθ α
α1
α0

;�, 1
�z

)

1F

(
μα

α1
α0

;�

)

= e− θ
2 ∂m FeθLz/2L− 1

2−θmz−θm(1 +O(L , 1/Lz)). (3.2.43)

The explicit power of b is needed to combine with � to form L . All these blocks
satisfy the same Eq. (3.2.40). Note that in the connection formula (3.2.18) we have four
different conformal blocks on the right hand side. Since in the semiclassical limit the
BPZ equation becomes a second-order ODE, these four different blocks have to reduce
to the two linearly independent solutions near the irregular singular point. They are given
by

1D

(
μ

α2,1 μθ α
α1
α0

;�,
1

�z

)
= eθb�z/2��2,1+� (�z)−θbμ+ b2

2 e
1
b2

F(a)+W (a)+O(b2)
,

(3.2.44)

where we have suppressed the dependence of F andW on the other parameters. Instead,
in (3.2.18) we have

1D

(
μ

α2,1 μθ αθ ′ α1
α0

;�,
1

�z

)

= eθb�z/2��2,1+�θ ′ (�z)−θbμ+ b2
2 e

1
b2

F(aθ ′ )+W (aθ ′ )+O(b2)
. (3.2.45)

Since we are taking the limit b → 0, we can safely substitute W (aθ ′) → W (a). This is
not true for F(aθ ′) however, since it multiplies a pole in b2. Instead, in the semiclassical
limit we have

1D

(
μ

α2,1 μθ αθ ′ α1
α0

;�,
1

�z

)

∼ �θ ′ae− θ ′
2 ∂a F(a)

1D

(
μ

α2,1 μθ α
α1
α0

;�,
1

�z

)
, as b → 0, (3.2.46)
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as in (3.1.34). Therefore, we can simplify the connection formula from 1 to ∞ (3.2.18)
in the semiclassical limit and state it as

1F
(

−m a
a0 a1θ

a2,1
a1

; L , 1 − z

)

=
∑
θ ′

(∑
σ=±

Mθσ (a1, a; a0)N(−σ)θ ′(a,m)Lσae− σ
2 ∂a F

)

×1D
(
m
a2,1 mθ ′ a

a1
a0

; L ,
1

Lz

)
, (3.2.47)

with connection coefficients∑
σ=±

Mθσ (a1, a; a0)N(−σ)θ ′(a,m)Lσae− σ
2 ∂a F

=
∑
σ=±


(1 − 2σa)
(−2σa)
(1 + 2θa1)e
iπ
(
1−θ ′
2

)(
1
2−m−σa

)
Lσae− σ

2 ∂a F



( 1
2 + θa1 − σa + a0

)


( 1
2 + θa1 − σa − a0

)


( 1
2 − σa − θ ′m

) .
(3.2.48)

Note that all the powers of b appearing in (3.2.18) have been absorbed to give finite
quantities.11

The connection formula from 0 to 1 trivially reduces to the semiclassical one:

1F
(
m a

a1 a0θ
a2,1
a0

; L , z

)
=
∑
θ ′=±

Mθθ ′(a0, a1; a)1F
(

−m a
a0 a1θ ′ a2,1

a1
; L , 1 − z

)
.

(3.2.49)

Large L blocks For the conformal blocks valid for large �, the story is analogous.
Taking the semiclassical limit, the conformal blocks are expected to exponentiate and
the z-dependence becomes subleading. Schematically we have

D(�−1, z) ∼ e
1
b2

FD(L−1)+WD(L−1,z)+O(b2)
. (3.2.50)

Here FD is the classical conformal block for large 12 � and is related to the conformal
block without the degenerate field insertion, i.e.

1D

(
μ

α1 μ′ α0; 1

�

)
= e−(μ′−μ)���0+�1+2μ′(μ′−μ)e

1
b2

(FD(L−1)+O(b2))
.

(3.2.51)

We use this block as a normalization for large �. For z ∼ 0 we have

1D
(
m
a1 m′ a0θ

a2,1
a0

; 1

L
, Lz

)
= lim

b→0
bθa0

1D

(
μ

α1 μ′ α0θ
α2,1
α0

; 1
�

,�z

)

1D

(
μ

α1 μ′ α0; 1
�

)

11 Note also that the Gamma functions in the denominator precisely correspond to the one-loop factors of
the three hypermultiplets of the corresponding AGT dual gauge theory.
12 As the notation suggests, it is nothing else but the dual prepotential of the gauge theory.
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= Lθa0e− θ
2 ∂a0 FD z

1
2 +θa0(1 +O(L−1, Lz)).

(3.2.52)

This block and all the other large-L blocks defined in the following satisfy the same Eq.
(3.2.40) as the small-L blocks, with the substitution

u → uD = lim
b→0

b2�∂� log 1D

(
μ

α1 μ′ α0; 1

�

)
. (3.2.53)

For z ∼ 1 we have the block

1D
(

− m
a0 m′ − m a1θ

a2,1
a1

; 1

L
, L(1 − z)

)

= lim
b→0

bθa1

eμ�
1D

(
− μ

α0 μ′ − μ α1θ
α2,1
α1

; 1
�

,�(1 − z)

)

1D

(
μ

α1 μ′ α0; 1
�

)

= lim
b→0

1D

(
− μ

α0 μ′ − μ α1θ
α2,1
α1

; 1
�

,�(1 − z)

)

1D

(
−μ

α0 μ′ − μα1; 1
�

)

= Lθa1e− θ
2 ∂a1 FD (1 − z)

1
2 +θa1(1 +O(L−1, L(1 − z))),

(3.2.54)

and for z ∼ ∞:

1D
(
m

a2,1 mθ
a1 m′ a0; 1

L
,
1

z

)

= lim
b→0

b− 1
2 +θ(m′−m)

1D

(
μ

α2,1 μθ
α1 μ′ α0; 1

�
, 1
z

)

1D

(
μ

α1 μ′ α0; 1
�

)

= eθLz/2e−θL/2e− θ
2 ∂m FD L− 1

2 +θ(m′−m)z−θm(1 +O(L−1, z−1)).

(3.2.55)

In the connection formula from 0 to 1 for large � (3.2.35), there appear four different
conformal blocks on the right hand side. In the semiclassical limit these four reduce to
two, by the same argument as for small �. Indeed we have

eμ�
1D

(
− μ

α0 μ′
θ2

− μ α1θ3
α2,1
α1

; 1

�
,�(1 − z)

)

= e−(μ′
θ2

−μ)�
�

�1θ3+2μ
′
θ2

(μ′
θ2

−μ)
(1 − z)

bQ
2 +θbα1e

1
b2

FD(μ′
θ2

)+WD(μ′
θ2

)

∼ eθ2L/2�−θ2(2m′−m)e− θ2
2 ∂m′ FD(m′)eμ�

1D

(
− μ

α0 μ′ − μ α1θ3
α2,1
α1

; 1

�
,�(1 − z)

)
, as b → 0.

(3.2.56)
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The connection formula (3.2.35) from 0 to 1 in the semiclassical limit then becomes

1D
(
m
a1 m′ a0θ

a2,1
a0

; 1

L
, Lz

)

=
∑
θ ′=±

(∑
σ=±

Nθσ (a0,m
′)N−1

(−σ)θ ′(m′ − m, a1)e
σ
2 L L−σ(2m′−m)e− σ

2 ∂m′ FD(m′)
)

1D
(

− m
a0 m′ − m a1θ ′ a2,1

a1
; 1

L
, L(1 − z)

)
,

(3.2.57)

where explicitly the connection coefficients read:
∑
σ=±

Nθσ (a0,m
′)N−1

(−σ)θ ′(m′ − m, a1)e
σ
2 L L−σ(2m′−m)e− σ

2 ∂m′ FD(m′) =

=
∑
σ=±


(1 + 2θa0)
(−2θ ′a1)e
σ
2 L L−σ(2m′−m)e− σ

2 ∂m′ FD(m′)e
iπ
(
1−σ
2

)
(θa0−θ ′a1−2m′+m)



( 1
2 + θa0 − σm′)
 ( 12 − θ ′a1 − σ(m′ − m)

) .

(3.2.58)

Again, all the spurious powers of b and � have beautifully recombined to give the finite
combination L .

The connection formula from 1 to ∞ (3.2.29) on the other hand becomes

1D
(

− m
a0 m′ − m a1θ

a2,1
a1

; 1

L
, L(1 − z)

)

=
∑
θ ′=±

Nθ(−θ ′)(a1,m
′ − m)1D

(
m

a2,1 mθ ′ a1 m′ a0; 1

L
,
1

z

)
, (3.2.59)

where N is:

Nθ(−θ ′)(a1,m
′ − m, ) = 
(1 + 2θa1)



( 1
2 + θa1 + θ ′(m′ − m)

)eiπ
(
1+θ ′
2

)(
1
2−(m′−m)+θa1

)
.

(3.2.60)

3.3. Reduced confluent conformal blocks

3.3.1. General case Consider the correlation function

〈�2|V1(1)�(z)|�0〉, (3.3.1)

which solves the BPZ equation
(
b−2∂2z −

(
1

z
+

1

z − 1

)
∂z +

�2∂�2 − �2,1 − �1 − �0

z(z − 1)
+

�1

(z − 1)2
+

�0

z2
− �2

4z

)

〈�2|�(z)V1(1)|�0〉 = 0.

(3.3.2)
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We can decompose it into irregular conformal blocks in different ways. The blocks
corresponding to the expansion of z around a regular singular point can be given as a
further decoupling limit of the confluent conformal blocks. For the blocks corresponding
to the expansion of z around the irregular singular point of rank 1/2, no closed form
expression presently known to us. The block for z ∼ 0 can be defined as

1
2
F

(
α

α1 α0θ
α2,1
α0

;�2, z

)
= lim

η→∞(4η)� 1F

(
−η α

α1 α0θ
α2,1
α0

; �2

4η
, z

)
.

(3.3.3)

We multiply by the factor of (4η)� to take care of the leading divergence in the limit.
In the diagrammatic notation of Sect. 2.3, we represent it by

1
2
F

(
α

α1 α0θ
α2,1
α0

;�2, z

)
=

α1 α2,1

α0
α α0θ

.

(3.3.4)

As indicated by the diagram, all OPEs are regular in this case. The wiggly line represents
the rank 1/2 irregular state, and the dot the pairing with a primary. The block for z ∼ 1
is then simply

eiπ�e
�2
4 1

2
F

(
α

α0 α1θ
α2,1
α1

; e−iπ�2, 1 − z

)

=
α0 α2,1

α1
α α1θ

.

(3.3.5)

The overall phase compensates the sign in e−iπ�2 such that the classical part is still
�2�. In the intermediate region where 1 � z � 1

�2 the corresponding block is

z−�2,1−�1−�0 1
2
F

(
αθ

α2,1
α

α1

α0
; �2z,

1

z

)
=

α2,1 α1

α0
αθ α

.

(3.3.6)

Instead, in the deep irregular region, where z � 1
�2 � 1, a decoupling limit of the form

(2.3.2) does not work. Of course one can still calculate this block by solving the BPZ
equation iterativelywith a seriesAnsatz, or directly using theWard identities determining
the descendants of the OPE with the irregular state (see Appendix B.1). In any case we
will denote the conformal block in this region by
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1
2
E(θ)

(
α2,1 α

α1

α0
; �2,

1

�
√
z

)
∼ (�2)�2,1+�(�

√
z)

1
2 +b

2
eθb�

√
z
[
1 +O

(
�2,

1

�
√
z

)]
.

(3.3.7)

The ∼ refers to the fact that this expansion is asymptotic. In diagrams we represent this
block by

1
2
E(θ)

(
α2,1 α

α1
α0

;�2,
1

�
√
z

)
=

α2,1 α1

α0
θ α

.

(3.3.8)

The solution of the connection problems goes in the same way as for the (unreduced)
confluent Heun equation (Sect. 3.2). In particular the connection problem between 0 and
1 works in the same way as for the general Heun equation. We have

1
2
F

(
α

α1 α0θ
α2,1
α0

;�2, z

)

=
∑
θ ′=±

Mθθ ′(bα0, bα1; bα)eiπ�e
�2
4 1

2
F

(
α

α0 α1θ
α2,1
α1

; e−iπ�2, 1 − z

)
.

(3.3.9)

To solve the connection problem between 1 and ∞ one has to do two steps: from 1 to
the intermediate region, and then to ∞. In each step we decompose the correlator into
conformal blocks in the different regions and then use crossing symmetry to determine
the connection coefficients. The relevant formulae for the rank 1/2 irregular state are
reviewed in Appendix B.2. We have

〈�2|�(z)V1(1)|�0〉

=
∫

dα Cα

∑
θ=±

Cα1θ
α2,1α1

Cα
α1θ α0

∣∣∣∣eiπ�e
�2
4 1

2
F

(
α

α0 α1θ
α2,1
α1

; e−iπ�2, 1 − z

)∣∣∣∣
2

=
∫

dα Cα

∑
θ ′=±

Cα
α2,1αθ ′C

αθ ′
α1α0

∣∣∣∣z−�2,1−�1−�0 1
2
F

(
α

α2,1 αθ ′ α1
α0

;�2z,
1

z

)∣∣∣∣
2

.

(3.3.10)

This is precisely the same condition as for the hypergeometric functions (2.1.5). The
connection formula between 1 and the intermediate region is then

eiπ�e
�2
4 1

2
F

(
α

α0 α1θ
α2,1
α1

; e−iπ�2, 1 − z

)

=
∑
θ ′=±

Mθθ ′(bα1, bα; bα0)z
−�2,1−�1−�0 1

2
F

(
α

α2,1 αθ ′ α1
α0

;�2z,
1

z

)
.

(3.3.11)
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Diagrammatically:

α0 α2,1

α1
α α1θ

=
∑
θ ′=±

Mθθ ′

α2,1 α1

α0
α αθ ′

. (3.3.12)

Now we decompose the correlator into conformal blocks in the intermediate region and
near ∞, obtaining the crossing symmetry condition

〈�2|�(z)V1(1)|�0〉

=
∫

dα Cα
α1,α0

∑
θ=±

CαθC
αθ
α2,1α

∣∣∣∣z−�2,1−�1−�0 1
2
F

(
αθ

α2,1 α
α1
α0

;�2z,
1

z

)∣∣∣∣
2

=
∫

dα Cα
α1α0

∑
θ ′=±

CαBα2,1

∣∣∣∣ 12E(θ ′)
(

α2,1 α
α1
α0

;�2,
1

�
√
z

)∣∣∣∣
2

.

(3.3.13)

We recognize this condition from the Bessel functions (2.3.11). We then immediately
find the connection formula between the intermediate region and ∞:

b2θbαz−�2,1−�1−�0 1
2
F

(
αθ

α2,1 α
α1
α0

;�2z,
1

z

)

=
∑
θ ′=±

b− 1
2Qθθ ′(bα) 1

2
E(θ ′)

(
α2,1 α

α1
α0

;�2,
1

�
√
z

)
(3.3.14)

with irregular connection coefficients as in (B.2.15):

Qθθ ′(bα) = 22θbα√
2π


(1 + 2θbα)e
iπ
(
1−θ ′
2

)(
1
2 +2θbα

)
. (3.3.15)

In diagrams:

α2,1 α1

α0
αθ α

=
∑
θ ′=±

Qθθ ′

α2,1 α1

α0

θ ′ α

. (3.3.16)
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Let uswrite explicitly themore interesting connection formulae between 1 and∞, which
is obtained by concatenating the two connection formulae above. Since the F block in
the intermediate region has different arguments in formula (3.3.11) and (3.3.14), we
need to rename some arguments. In the end we obtain the following connection formula
from 1 directly to ∞:

eiπ�e
�2
4 1

2
F

(
α

α0 α1θ1
α2,1
α1

; e−iπ�2, 1 − z

)

=
∑

θ2,θ3=±
Mθ1θ2(bα1, bα; bα0)Q(−θ2)θ3(bαθ2)b

− 1
2 +θ2bαθ2

× 1
2
E(θ3)

(
α2,1 αθ2

α1
α0

;�2,
1

�
√
z

)
. (3.3.17)

Diagrammatically we have
α0 α2,1

α1
α α1θ1

=
∑

θ2,θ3=±
Mθ1θ2Q(−θ2)θ3

α2,1 α1

α0
θ3 αθ2

,

(3.3.18)

where we have suppressed the arguments of the connection coefficients for brevity.

3.3.2. Semiclassical limit The story works the same way here as for the confluent case.
In the semiclassical limit the BPZ equation becomes

(
∂2z +

u − 1
2 + a21 + a20
z(z − 1)

+
1
4 − a21

(z − 1)2
+

1
4 − a20
z2

− L2

4z

)
1
2
F(z) = 0, (3.3.19)

for any semiclassical block. Here u is given by

u = lim
b→0

b2�2∂�2 log 1
2
F

(
α

α1
α0

;�2
)

= 1

4
− a2 +O(L2) (3.3.20)

by the same argument as before. The finite semiclassical conformal blocks are defined
by normalizing by the same block without the degenerate field insertion, i.e. the semi-
classical block for z ∼ 0 is

1
2
F
(
a
a1 a0θ

a2,1
a0

; L2, z

)
= lim

b→0

1
2
F

(
α

α1 α0θ
α2,1
α0

;�2, z

)

1
2
F

(
α

α0
α1

;�2

)

= e− θ
2 ∂a0 F z

1
2 +θa0(1 +O(L2, z)). (3.3.21)
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Here F = limb→0 b2 log

[
�−2�

1
2
F

(
α

α1
α0

;�2
)]

.

1
2
F
(
a
a0 a1θ

a2,1
a1

;−L2, 1 − z

)

= lim
b→0

eiπ�e
�2
4 1

2
F

(
α

α0 α1θ
α2,1
α1

; e−iπ�2, 1 − z

)

1
2
F

(
α

α1
α0

;�2

)

= lim
b→0

1
2
F

(
α

α0 α1θ
α2,1
α1

; e−iπ�2, 1 − z

)

1
2
F

(
α

α0
α1

; e−iπ�2

)

= e− θ
2 ∂a1 F (1 − z)

1
2 +θa1(1 +O(L2, 1 − z)).

(3.3.22)

In the deep irregular region we define the semiclassical block as

1
2
E (θ)

(
a2,1 a

a1
a0

; L2,
1

L
√
z

)
= lim

b→0
b− 1

2

1
2
E(θ)

(
α2,1 α

α1
α0

;�2, 1
�

√
z

)

1
2
F

(
μα

α1
α0

;�2

)

= (L
√
z)−

1
2 eθL

√
z(1 +O(L2,

1

L
√
z
)). (3.3.23)

All these blocks satisfy the sameEq. (3.3.19). As for the confluent case, in the connection
formula between 1 and ∞ we have four different E blocks appearing, which should
reduce to two in the semiclassical limit. Indeed, we have

1
2
E(θ)

(
α2,1 αθ ′ α1

α0
;�2,

1

�z

)

∼ (�2)θ
′ae− θ ′

2 ∂a F 1
2
E(θ)

(
α2,1 α

α1
α0

;�2,
1

�z

)
, as b → 0, (3.3.24)

as in (3.1.34). Now that we have defined the semiclassical conformal blocks, we state
the connection formulae. The connection formula from 0 to 1 (3.3.9) reduces trivially
in the semiclassical limit to

1
2
F
(
a
a1 a0θ

a2,1
a0

; L2, z

)
=
∑
θ ′=±

Mθθ ′(a0, a1; a) 1
2
F
(
a
a0 a1θ

a2,1
a1

;−L2, 1 − z

)
.

(3.3.25)

The connection formula from 1 to ∞ (3.3.17) becomes

1
2
F
(
a
a0 a1θ

a2,1
a1

;−L2, 1 − z

)

=
∑

θ ′

(∑
σ=±Mθσ (a1, a; a0)Q(−σ)θ ′(a)L2σae− σ

2 ∂a F
)



674 G. Bonelli, C. Iossa, D. P. Lichtig, A. Tanzini

× 1
2
E (θ ′)

(
a2,1 a

a1
a0

; L2,
1

L
√
z

)
, (3.3.26)

with connection coefficients13

∑
σ=±

Mθσ (a1, a; a0)Q(−σ)θ ′(a)L2σae− σ
2 ∂a F

=
∑
σ=±


(1 − 2σa)
(−2σa)
(1 + 2θa1)2−2σa L2σae− σ
2 ∂a Fe

iπ
(
1−θ ′
2

)(
1
2−2σa

)
√
2π


( 1
2 + θa1 − σa + a0

)


( 1
2 + θa1 − σa − a0

) .

(3.3.27)

3.4. Doubly confluent conformal blocks

3.4.1. General case Via a further collision limit we reach a correlator that solves the
BPZ equation

(
b−2∂2z − 1

z
∂z +

μ1�1

z
− �2

1

4
+

�2∂�2

z2
+

μ2�2

z3
− �2

2

4z4

)
〈μ1,�1|�(z)|μ2,�2〉 = 0.

(3.4.1)

This correlator can be expanded in the intermediate region �2 � z � �−1
1 and near

the two irregular singularities, that is either z � �−1
1 � 1 or z � �2 � 1. Note that in

(3.4.1) one of the three parameters �1,�2, z is redundant. Indeed the conformal blocks
will only depend on two ratios. The conformal blocks in these regions can easily be
computed as a collision limit. Explicitly, in the intermediate region �2 � z � �−1

1

1F1

(
μ1 αθ

α2,1α μ2;�1z,
�2

z

)

= �
�θ

1 ��
2 z

bQ
2 +θbα lim

η→∞ 1F̃

(
μ1 αθ

α2,1 α
η−μ2
2

η+μ2
2

;�1z,
�2

zη

)
. (3.4.2)

This conformal block is the result of the projection of the Whittaker module |μ2,�2〉
on a Verma module � and of 〈μ1,�1| on �θ . We represent this block by the diagram

1F1

(
μ1 αθ

α2,1
α μ2;�1z,

�2

z

)
=

μ1

α2,1

μ2
αθ α

.

(3.4.3)

13 Note that the Gamma functions in the denominator precisely correspond to the one-loop factors of the
two hypermultiplets of the corresponding AGT dual gauge theory.
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The expansion near the irregular singularity at infinity can be obtained by colliding
in (3.2.7) the insertions far from the Whittaker state in the confluent conformal block.
This gives

1D1

(
μ1

α2,1 μ1θ α μ2;�1�2,
1

�1z

)

= eθb�1z/2�
�+�2,1
1 ��

2 (�1z)
−θbμ1+

b2
2 lim

η→∞

×1D̃

(
μ1

α2,1 μ1θ α
η−μ2
2

η+μ2
2

; �1�2

η
,

1

�1z

)
. (3.4.4)

We represent this block diagrammatically by

1D1

(
μ1

α2,1 μ1θ α μ2;�1�2,
1

�1z

)

=
μ1

α2,1

μ2
μ1θ α

.

(3.4.5)

Finally, the expansion near the irregular singularity at zero is easily obtained from (3.4.4)
by exchanging �1 and �2 and sending z → 1/z, up to a Jacobian. The corresponding
conformal block is

z−2�2,1
1D1

(
μ2

α2,1 μ2θ α μ1;�1�2,
z

�2

)

=
μ1

α2,1

μ2
α μ2θ

. (3.4.6)

Expanding now the correlator first near 0 and then in the intermediate region, crossing
symmetry implies

〈μ1,�1|�(z)|μ2,�2〉
=
∫

dα G−1
α Cμ1αG

−1
α

∑
θ=±

Bμ2θ
α2,1,μ2

Cμ2θ α

×
∣∣∣∣z−2�2,1

1D1

(
μ2

α2,1 μ2θ α μ1;�1�2,
z

�2

)∣∣∣∣
2

=

=
∫

dα G−1
α Cμ1α

∑
θ ′=±

C
αθ ′
α2,1αCμ2αθ ′

∣∣∣∣1F1

(
μ1 α

α2,1αθ ′ μ2;�1z,
�2

z

)∣∣∣∣
2

.

(3.4.7)

We recognize this condition from (2.2.13), and we can readily write down the solution
to the connection problem:

bθbα
1F1

(
μ1 α

α2,1αθ μ2;�1z,
�2

z

)
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=
∑
θ ′=±

b− 1
2−θ ′bμ2Nθθ ′(bα, bμ2)z

−2�2,1
1D1

(
μ2

α2,1 μ2θ ′ α μ1;�1�2,
z

�2

)
.

(3.4.8)

In diagrams:

μ1

α2,1

μ2
α αθ

=
∑
θ ′=±

Nθθ ′

μ1

α2,1

μ2
α μ2θ ′

. (3.4.9)

A similar argument works for the connection between the intermediate region and in-
finity. We obtain

bθbα
1F1

(
μ1 αθ

α2,1α μ2;�1z,
�2

z

)

=
∑
θ ′=±

b− 1
2−θ ′bμ1Nθθ ′(bα, bμ1)1D1

(
μ1

α2,1 μ1θ ′ α μ2;�1�2,
1

�1z

)
.

(3.4.10)

Or, diagrammatically:

μ1

α2,1

μ2
αθ α

=
∑
θ ′=±

Nθθ ′

μ1

α2,1

μ2
μ1θ ′ α

.

(3.4.11)

Concatenating the previous connection formulae we can connect 0 directly with ∞ as
follows

b− 1
2−θ1bμ2 z−2�2,1

1D1

(
μ2

α2,1 μ2θ1 α μ1;�1�2,
z

�2

)
=

=
∑

θ2,θ3=±
bθ2bαN−1

θ1θ2
(bμ2, bα)b− 1

2 +θ2bα−θ ′bμ1N(−θ2)θ3(bαθ2 , bμ1)

1D1

(
μ1

α2,1 μ1θ3 αθ2 μ2;�1�2,
1

�1z

)
.

(3.4.12)
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In diagrams:

μ1

α2,1

μ2
α μ2θ1

=
∑

θ2,θ3=±
N−1

θ1θ2
N(−θ2)θ3

μ1

α2,1

μ2
μ1θ3 αθ2

.

(3.4.13)

3.4.2. Semiclassical limit Let us now consider the semiclassical limit of the doubly
confluent conformal blocks. Once again, the divergence as b → 0 is expected to expo-
nentiate, that is

z−2�2,1
1D1

(
μ2

α2,1 μ2θ α μ1;�1�2,
z

�2

)

= z−2�2,1e
θb�2
2z �

�+�2,1
2 ��

1

(
�2

z

)−θbμ2+
b2
2

× exp
(
b−2F (L1L2) +W

(
L1L2, zL

−1
2

))
, (3.4.14)

where F is the classical conformal block defined by

1F1 (μ1 α μ2,�1�2) = (�1�2)
� exp

(
b−2F +O(b0)

)
, (3.4.15)

and the 1F1 block is given by

〈μ1,�1|μ2,�2〉 =
∫

dα Cμ1αCμ2α |1F1 (μ1 α μ2,�1�2)|2 . (3.4.16)

We define the semiclassical block near zero to be

z 1D1

(
m2

a2,1 m2θ a m1; L1L2,
z

L2

)

= lim
b→0

b− 1
2−θbμ2+

b2
2 z−2�2,1

1D1

(
μ2

α2,1 μ2θ α μ1;�1�2,
z

�2

)

1F1 (μ1 α μ2,�1�2)
, (3.4.17)

The semiclassical blocks satisfy the equation
(

∂2z +
m1L1

z
− L2

1

4
+

u

z2
+
m2L2

z3
− L2

2

4

1

z4

)

z1D1

(
m2

a2,1 m2θ a m1; L1L2,
z

L2

)
= 0, (3.4.18)
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with the u parameter defined as usual to be the leftover of the �2 derivative, that is

u = 1

4
− a2 + L2∂L2F (L1L2) . (3.4.19)

Similarly, the semiclassical block near the irregular singularity at infinity is defined to
be

1D1

(
m1

a2,1 m1θ a m2; L1L2,
1

L1z

)

= lim
b→0

b− 1
2−θbμ1+

b2
2

1D1

(
μ1

α2,1 μ1θ α μ2;�1�2,
1

�1z

)

1F1 (μ1 α μ2,�1�2)
, (3.4.20)

and satisfies the same Eq. (3.4.18). In Eq. (3.4.12) 4 different blocks near infinity appear
in the RHS. However they collapse to two of them in the semiclassical limit as in the
previous cases. That is,

1D1

(
μ1

α2,1 μ1θ αθ ′ μ2;�1�2,
1

�1z

)

∼ (�1�2)
θ ′a e− θ ′

2 ∂a F
1D1

(
μ1

α2,1 μ1θ α μ2;�1�2,
1

�1z

)
, as b → 0,

(3.4.21)

as in (3.1.34). Finally, the connection formula (3.4.12) in the semiclassical limit becomes

z 1D1

(
m2

a2,1 m2θ a m1; L1L2,
z

L2

)

=
∑
θ ′

(∑
σ=±

N−1
θσ (m2, a)N(−σ)θ ′(a,m1) (L1L2)

σa e− σ
2 ∂a F

)

1D1

(
m1

a2,1 m1θ ′ a m2; L1L2,
1

L1z

)
,

(3.4.22)

where explicitly the connection coefficients read

∑
σ=±

N−1
θσ (m2, a)N(−σ)θ ′(a,m1) (L1L2)

σa e− σ
2 ∂a F

=
∑
σ=±


(1 − 2σa)
(−2σa) (L1L2)
σa e− σ

2 ∂a F



( 1
2 + θm2 − σa

)


( 1
2 − θ ′m1 − σa

) eiπ
(
1+θ
2

)(
− 1

2−m2−σa
)

× e
iπ
(
1−θ ′
2

)(
1
2−m1−σa

)
,

(3.4.23)
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3.5. Reduced doubly confluent conformal blocks

3.5.1. General case Consider the correlation function

〈μ,�1|�(z)|�2
2〉, (3.5.1)

which solves the BPZ equation

(
b−2∂2z − 1

z
∂z +

μ�1

z
− �2

1

4
+

�2
2∂�2

2

z2
− �2

2

4z3

)
〈μ,�1|�(z)|�2

2〉 = 0. (3.5.2)

One of the parameters among �1,�2, z is redundant and can be set to an arbitrary
value via a rescaling. We keep them all generic for convenience. We have three different
conformal blocks, corresponding to the expansion of z near the two irregular singular
points, and for z in the intermediate region. The block for z ∼ ∞ is given by the
decoupling limit of the corresponding doubly confluent block (3.4.4):

1D 1
2

(
μ

α2,1 μθ α ;�1�
2
2,

1

�1z

)

= eθb�1z/2�
�+�2,1
1 (�2

2)
� (�1z)

−θbμ+ b2
2 lim

η→∞

×1D̃1

(
μ

α2,1 μθ α η;−�1�
2
2

4η
,

1

�1z

)
. (3.5.3)

Equivalently, this block can be computed by doing the OPE 〈μ,�1|�(z), projecting
the result onto the Verma module �α and contracting the result with |�2

2〉. We denote it
diagrammatically by

1D 1
2

(
μ

α2,1 μθ α ;�1�
2
2,

1

�1z

)
=

μ

α2,1

μθ α

.

(3.5.4)

Also for the intermediate region�2
2 � z � 1

�1
we have a closed form expression, given

by

1F 1
2

(
μ αθ

α2,1α ;�1z,
�2

2

z

)
= �

�θ

1 (�2
2)

�z
bQ
2 +θbα lim

η→∞

×1F̃1

(
μ αθ

α2,1α η;�1z,− �2
2

4ηz

)
.

(3.5.5)

This conformal block can also be computed directly by projecting |�2
2〉 onto the Verma

module �, then doing the OPE of �(z) term by term with the resulting expansion and
then contracting with 〈μ,�1|. In diagrams
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1F 1
2

(
μ αθ

α2,1
α ; �1z,

�2
2

z

)
=

μ

α2,1

αθ α

.

(3.5.6)

For the expansion around the irregular singular point of half rank no explicit, closed
form expression is known to us. In any case one can calculate the expansion iteratively
via other methods as for (3.3.7). We denote the corresponding conformal block in this
region, where z � �2

2 and �1�
2
2 � 1 by

1E
(θ)
1
2

(
μα α2,1 ;�1�

2
2,

√
z

�2

)
∼ eθb�2/

√
z
(√

z

�2

)− 1
2−b2

z−2�2,1��
1 (�2

2)
�2,1+�

×
[
1 +O

(√
z

�2
,�1�

2
2

)]
. (3.5.7)

Diagrammatically,

1E
(θ)
1
2

(
μα α2,1 ;�1�

2
2,

√
z

�2

)
=

μ

α2,1

α θ

.

(3.5.8)

To connect 0 with the intermediate region we decompose

〈μ,�1|�(z)|�2
2〉 =

∫
dα CμαG

−1
α

∑
θ=±

CαBα2,1

∣∣∣∣1E(θ)
1
2

(
μα α2,1 ;�1�

2
2,

√
z

�2

)∣∣∣∣
2

=

=
∫

dα CμαG
−1
α

∑
θ ′=±

Cαθ ′C
αθ ′
α2,1,α

∣∣∣∣∣1F 1
2

(
μ α

α2,1αθ ′ ;�1z,
�2

2

z

)∣∣∣∣∣
2

.

(3.5.9)

We recognize this constraint from (2.3.11). Its solution is

b− 1
2 1E

(θ)
1
2

(
μα α2,1 ;�1�

2
2,

√
z

�2

)
=
∑
θ ′=±

b2θ
′bαQ−1

θθ ′(bα)

×1F 1
2

(
μ α

α2,1αθ ′ ;�1z,
�2

2

z

)
. (3.5.10)

In diagrams we write

c (3.5.11)
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Instead, to connect from the intermediate region to ∞ we decompose

〈μ,�1|�(z)|�2
2〉 =

∫
dα CαG

−1
α

∑
θ=±

CμαθC
αθ
α2,1α

∣∣∣∣∣1F 1
2

(
μ αθ

α2,1
α ; �1z,

�2
2

z

)∣∣∣∣∣
2

=

=
∫

dα CαG
−1
α

∑
θ ′=±

Cμθ ′ αB
μθ ′
α2,1μ

∣∣∣∣1D 1
2

(
μ

α2,1
μθ ′ α ; �1�

2
2,

1

�1z

)∣∣∣∣
2

.

(3.5.12)

This is just the same constraint as for the Whittaker functions (2.2.13). The solution is

bθbα
1F 1

2

(
μ αθ

α2,1α ;�1z,
�2

2

z

)

=
∑
θ ′=±

b− 1
2−θ ′bμNθθ ′(bα, bμ)1D 1

2

(
μ

α2,1 μθ ′ α ;�1�
2
2,

1

�1z

)
. (3.5.13)

Diagrammatically

μ

α2,1

αθ α

=
∑
θ ′=±

Nθθ ′

μ

α2,1

μθ ′ α

(3.5.14)

To connect from 0 to ∞ we just need to concatenate the two connection formulae above
to obtain

b− 1
2 1E

(θ1)
1
2

(
μα α2,1 ;�1�

2
2,

√
z

�2

)

=
∑

θ2,θ3=±
b2θ2bαQ−1

θ1θ2
(bα)b− 1

2 +θ2bα−θ3bμN(−θ2)θ3(bαθ2 , bμ)

1D 1
2

(
μ

α2,1 μθ3 αθ2 ;�1�
2
2,

1

�1z

)
. (3.5.15)

In diagrams

μ

α2,1

α θ1
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=
∑

θ2,θ3=±
Q−1

θ1θ2
N(−θ2)θ3

μ

α2,1

μθ3 αθ2

.

(3.5.16)

3.5.2. Semiclassical limit The BPZ equation in this limit becomes
(

∂2z − L2
1

4
+
mL1

z
+

u

z2
− L2

2

4z3

)
1F 1

2
= 0. (3.5.17)

for any semiclassical block. Here u is given by

u = lim
b→0

b2�2
2∂�2

2
log 1F 1

2

(
μα;�1�

2
2

)
= 1

4
− a2 +O(L1L

2
2), (3.5.18)

where 1F 1
2

(
μα;�1�

2
2

)
is the conformal block corresponding to 〈μ,�1|�2

2〉with inter-
mediate momentum α. The finite semiclassical conformal blocks are defined as before
by normalizing by the same block without the degenerate field insertion, i.e. for z ∼ 0

1E (θ)
1
2

(
m a a2,1 ; L1L

2
2,

√
z

L2

)

= lim
b→0

b− 1
2

1E
(θ)
1
2

(
μα α2,1 ;�1�

2
2,

√
z

�2

)

1F 1
2

(
μα;�1�

2
2

)

∼ eθL2/
√
z L

− 1
2

2 z
3
4 (1 +O(L1L

2
2,

√
z/L2)) (3.5.19)

For z ∼ ∞ instead we have

1D 1
2

(
m
a2,1 mθ a ; L1L

2
2,

1

L1z

)

= lim
b→0

b− 1
2−θm

1D 1
2

(
μ

α2,1 μθ α ;�1�
2
2,

1
�1z

)

1F 1
2

(
μα;�1�

2
2

)

∼ e− θ
2 ∂m FeθL1z/2L

− 1
2−θm

1 z−θm(1 +O(L1L
2
2, 1/L1z)).

Here

F = lim
b→0

b2 log
[
(�1�

2
2)

−�
1F 1

2

(
μα;�1�

2
2

)]
. (3.5.20)

Both these blocks satisfy the same BPZ equation (3.5.17). Analogously to the previous
confluences, in the connection formula between 0 and∞we have four differentD blocks
appearing, which should reduce to two in the semiclassical limit. Indeed, we have

1D 1
2

(
μ

α2,1 μθ αθ ′ ;�1�
2
2,

1

�1z

)
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∼
(
�1�

2
2

)θ ′a
e− θ ′

2 ∂a F
1D 1

2

(
μ

α2,1 μθ α ;�1�
2
2,

1

�1z

)
, as b → 0,

(3.5.21)

as in (3.1.34). Now that we have defined the semiclassical conformal blocks, we state
the connection formula. (3.5.15) in the semiclassical limit becomes

1E(θ)
1
2

(
m a a2,1 ; L1L

2
2,

√
z

L2

)

=
∑
θ ′

(∑
σ=±

Q−1
θσ (a)N(−σ)θ ′(a,m)

(
L1L

2
2

)σa
e− σ

2 ∂a F

)

×1D 1
2

(
m
a2,1 mθ ′ a ; L1L

2
2,

1

L1z

)
. (3.5.22)

With connection coefficients14

∑
σ=±

Q−1
θσ (a)N(−σ)θ ′(a,m)

(
L1L

2
2

)σa
e− σ

2 ∂a F

= 1√
2π

∑
σ=±


(1 − 2σa)
(−2σa)



( 1
2 − θ ′m − σa

)
(
L1L2

2

4

)σa

e− σ
2 ∂a F × e

−iπ
(
1+θ
2

)(
1
2 +2σa

)
e
iπ
(
1−θ ′
2

)(
1
2−m−σa

)
.

(3.5.23)

Note that the factors of b appearing in (3.5.15) precisely combine with all the factors of
�1,�2 to give the finite L1, L2.

3.6. Doubly reduced doubly confluent conformal blocks

3.6.1. General case Decoupling the last mass we land on the last correlator of our
interest, which solves the BPZ equation

(
b−2∂2z − 1

z
∂z − �2

1

4

1

z
+

�2
2∂�2

2

z2
− �2

2

4

1

z3

)
〈�2

1|�(z)|�2
2〉 = 0, (3.6.1)

Again, one of the parameters among�1, z,�2 is redundant and can be set to an arbitrary
value via a rescaling. We keep them generic for convenience. We can decompose the
above correlator into conformal blocks in three different regions, that is for z � �2

2 � 1,
z � �−2

1 � 1, or for z in the intermediate region �2
2 � z � �−2

1 . The conformal
block in the intermediate region is again a block that can be expressed as a collision
limit

1
2
F 1

2

(
αθ α2,1 α ;�2

1z,
�2

2

z

)
= (�2

1)
�θ (�2

2)
�z

bQ
2 +θbα lim

η→∞

14 Note that the Gamma functions in the denominator precisely correspond to the one-loop factor of the
single hypermultiplet of the corresponding AGT dual gauge theory.
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1F̃ 1
2

(
η αθ

α2,1α ; −�2
1

4η
z,

�2
2

z

)
. (3.6.2)

This conformal block can also be computed directly by projecting |�2
2〉 onto the Verma

module �, then doing the OPE of �(z) term by term with the resulting expansion and
then contracting with 〈�2

1|. In diagrams we represent it by

1
2
F 1

2

(
αθ α2,1 α ;�2

1z,
�2

2

z

)
=

α2,1

αθ α

.

(3.6.3)

The block corresponding to the expansion for z � �−2
1

1
2
E

(θ)
1
2

(
α2,1 α ;�2

1�
2
2,

1

�1
√
z

)

∼ (�2
1)

�2,1+�(�2
2)

�(�1
√
z)

1
2 +b

2
eθb�1

√
z
[
1 +O

(
�2

1�
2
2,

1

�1
√
z

)]

=
α2,1

θ α

,

(3.6.4)

and similarly for the expansion for z � �2
2

z−2�2,1 1
2
E

(θ)
1
2

(
α α2,1 ;�2

1�
2
2,

√
z

�2

)

∼ (�2
1)

�(�2
2)

�2,1+�z−2�2,1

(√
z

�2

)− 1
2−b2

eθb�2/
√
z
[
1 +O

(
�1�

2
2,

√
z

�2

)]

=
α2,1

α θ

.

(3.6.5)

To connect the intermediate region with z ∼ 0 we decompose the correlator as

〈�2
1|�(z)|�2

2〉 =
∫

dα CαG
−1
α

∑
θ=±

Cαθ
α2,1,α

Cαθ

∣∣∣∣∣ 12F 1
2

(
α α2,1 αθ ;�2

1z,
�2

2

z

)∣∣∣∣∣
2

=

=
∫

dα CαG
−1
α

∑
θ ′=±

A− b
2
Cα

∣∣∣∣z−2�2,1 1
2
E

(θ ′)
1
2

(
α α2,1 ;�2

1�
2
2,

√
z

�2

)∣∣∣∣
2

.

(3.6.6)
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This is the same constraint as in (2.3.11). Therefore the connection formula is

b2θbα 1
2
F 1

2

(
α α2,1 αθ ;�2

1z,
�2

2

z

)
=
∑
θ ′=±

b− 1
2Qθθ ′(bα)z−2�2,1

× 1
2
E

(θ ′)
1
2

(
α α2,1 ;�2

1�
2
2,

√
z

�2

)
, (3.6.7)

Diagrammatically

α2,1

α αθ

=
∑
θ ′=±

Qθθ ′

α2,1

α θ ′

. (3.6.8)

Similarly, the connection formula between the intermediate region and ∞ is

b2θbα 1
2
F 1

2

(
αθ α2,1 α ; �2

1z,
�2

2

z

)
=
∑
θ ′=±

b− 1
2 Qθθ ′ (bα) 1

2
E

(θ ′)
1
2

(
α2,1 α ; �2

1�
2
2,

1

�1
√
z

)
.

(3.6.9)

In diagrams:

α2,1

αθ α

=
∑
θ ′=±

Qθθ ′

α2,1

θ ′ α

. (3.6.10)

As in the previous cases, we can easily obtain a connection formula connecting the two
irregular singularities, namely

b− 1
2 z−2�2,1 1

2
E

(θ1)
1
2

(
α α2,1 ; �2

1�
2
2,

√
z

�2

)
=

∑
θ2,θ3=±

b2θ2bαQ−1
θ1θ2

(bα)b− 1
2 +2θ2bαQ(−θ2)θ3 (bαθ2 )

× 1
2
E

(θ3)
1
2

(
α2,1 αθ2 ; �2

1�
2
2,

1

�1
√
z

)
. (3.6.11)
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Diagrammatically:

α2,1

α θ1

=
∑

θ2,θ3=±
Q−1

θ1θ2
Q(−θ2)θ3

α2,1

θ3 αθ2

.

(3.6.12)

3.6.2. Semiclassical limit The BPZ equation in this limit becomes
(

∂2z − L2
1

4z
+

u

z2
− L2

2

4z3

)
1
2
F 1

2
= 0. (3.6.13)

for any semiclassical block. Here u is given by

u = lim
b→0

b2�2
2∂�2

2
log 1

2
F 1

2

(
α;�2

1�
2
2

)
= 1

4
− a2 +O(L2

1L
2
2), (3.6.14)

where 1
2
F 1

2

(
α;�2

1�
2
2

)
is the conformal block corresponding to 〈�2

1|�2
2〉 with interme-

diate momentum α. The finite semiclassical conformal blocks are defined as before by
normalizing by the same block without the degenerate field insertion, i.e. for z ∼ 0

z 1
2
E (θ)

1
2

(
a a2,1 ; L2

1L
2
2,

√
z

L2

)

= lim
b→0

b−1/2
z−2�2,1 1

2
E

(θ)
1
2

(
α α2,1 ;�2

1�
2
2,

√
z

�2

)

1
2
F 1

2

(
α;�2

1�
2
2

) (3.6.15)

∼ eθL2/
√
z L−1/2

2 z3/4(1 +O(L2
1L

2
2,

√
z/L2)). (3.6.16)

For z ∼ ∞ instead we have

1
2
E (θ)

1
2

(
a2,1 a ; L2

1L
2
2,

1

L1
√
z

)

= lim
b→0

b−1/2
1
2
E

(θ)
1
2

(
α2,1 α ;�2

1�
2
2,

1
�1

√
z

)

1
2
F 1

2

(
α;�2

1�
2
2

) (3.6.17)

∼ eθL1
√
z L−1/2

1 z1/4(1 +O(L2
1L

2
2, 1/L1

√
z)). (3.6.18)

Here

F = lim
b→0

b2 log
[
(�2

1�
2
2)

−�
1
2
F 1

2

(
α;�2

1�
2
2

)]
. (3.6.19)
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Both these blocks satisfy the same BPZ equation (3.6.13). Analogously to the previous
confluences, in the connection formula between 0 and∞we have four differentE blocks
appearing, which should reduce to two in the semiclassical limit. Indeed, we have

1
2
E

(θ)
1
2

(
α2,1 αθ ′ ;�2

1�
2
2,

1

�1
√
z

)

∼
(
�2

1�
2
2

)θ ′a
e− θ ′

2 ∂a F 1
2
E

(θ)
1
2

(
α2,1 α ;�2

1�
2
2,

1

�1
√
z

)
, as b → 0,

(3.6.20)

as in (3.1.34). Now that we have defined the semiclassical conformal blocks, we state
the connection formula. (3.6.11) in the semiclassical limit becomes

z 1
2
E (θ)

1
2

(
a a2,1 ; L2

1L
2
2,

√
z

L2

)

=
∑
θ ′

(∑
σ=±

Q−1
θσ (a)Q(−σ)θ ′(a) (L1L2)

2σa e− σ
2 ∂a F

)
1
2
E (θ ′)

1
2

(
a2,1 a ; L2

1L
2
2,

1

L1
√
z

)
.

(3.6.21)

With connection coefficients15∑
σ=±

Q−1
θσ (a)Q(−σ)θ ′(a) (L1L2)

2σa e− σ
2 ∂a F

= 1

2π

∑
σ=±


(1 − 2σa)
(−2σa)

(
L1L2

4

)2σa

× e− σ
2 ∂a Fe

−iπ
(
1+θ
2

)(
1
2 +2σa

)
e
iπ
(
1−θ ′
2

)(
1
2−2σa

)
.

(3.6.22)

Note that the factors of b appearing in (3.6.11) precisely combine with all the factors of
�1,�2 to give the finite L1, L2.

4. Heun Equations, Confluences and Connection Formulae

In this section we derive the explicit connection formulae for Heun functions and its
confluences by identifying the semi-classical conformal blocks with the Heun functions
and using the results so far obtained.

4.1. The Heun equation. In the following we identify the semiclassical BPZ equation
(3.1.28) with Heun’s equation via a dictionary between the relevant parameters. More-
over, we establish a precise relation between the Heun functions and the semiclassical
regular conformal blocks. This is further used to obtain explicit formulae for the rel-
evant connection coefficients. WLOG, we focus on the case t ∼ 0. The connection
formulae for t ∼ 1, t ∼ ∞ can be easily derived by matching the Heun equation and its
local solutions with the corresponding semiclassical BPZ equations and the associated
semiclassical conformal blocks.
15 Note also that there are no Gamma functions in the denominator corresponding to the fact that we have

no hypermultiplets in the corresponding AGT dual gauge theory.
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4.1.1. The dictionary Let us start giving the dictionary with CFT. The Heun equation
reads (

d2

dz2
+

(
γ

z
+

δ

z − 1
+

ε

z − t

)
d

dz
+

αβz − q

z(z − 1)(z − t)

)
w(z) = 0,

α + β + 1 = γ + δ + ε,

(4.1.1)

where the condition α+β +1 = γ +δ+ε ensures that the exponents of the local solutions
at infinity are given by α, β. Here and in the following we restrict to generic values of
the parameters. Define w(z) = P4(z)ψ(z) with

P4(z) = z−γ /2(1 − z)−δ/2(t − z)−ε/2. (4.1.2)

ψ(z) then satisfies the Heun equation in normal form, which is easily compared with
the semiclassical BPZ equation (3.1.28). We get 24 = 16 dictionaries corresponding
to the (Z2)

4 symmetry associated to flipping the signs of the momenta. We choose the
following:

a0 = 1 − γ

2
,

a1 = 1 − δ

2
,

at = 1 − ε

2
,

a∞ = α − β

2
,

u(0) = −2q + 2tαβ + γ ε − t (γ + δ)ε

2(t − 1)
.

(4.1.3)

The inverse dictionary is

α = 1 − a0 − a1 − at + a∞,

β = 1 − a0 − a1 − at − a∞,

γ = 1 − 2a0,

δ = 1 − 2a1,

ε = 1 − 2at ,

q = 1

2
+ t (a20 + a2t + a21 − a2∞) − at − a1t + a0(2at − 1 + t (2a1 − 1)) + (1 − t)u(0).

(4.1.4)

The two linearly independent solutions for z ∼ 0 of (3.1.28) are related by a0 → −a0.
This corresponds to the identification of the two linearly independent solutions of (4.1.1)
for z ∼ 0 as

w
(0)
− (z) = HeunG (t, q, α, β, γ, δ, z) ,

w
(0)
+ (z) = z1−γHeunG (t, q − (γ − 1)(tδ + ε), α + 1 − γ, β + 1 − γ, 2 − γ, δ, z) ,

(4.1.5)

where by definition

HeunG (t, q, α, β, γ, δ, z) = 1 +
q

tγ
z +O(z2). (4.1.6)
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The Heun function can be identified with the semiclassical conformal blocks introduced
before. In particular comparing with (3.1.25) we get the two solutions

w
(0)
− (z) = P4(z) t

1
2−at−a0e− 1

2 ∂a0 F(t)F
(
a1
a∞ a

at a0−
a2,1
a0

; t, z
t

)
,

w
(0)
+ (z) = P4(z) t

1
2−at+a0e

1
2 ∂a0 F(t)F

(
a1
a∞ a

at a0+
a2,1
a0

; t, z
t

)
.

(4.1.7)

Note that HeunG is an expansion in z, while the semiclassical conformal blocks are
expanded both in z and t . To match the two expansions one has to express the accessory
parameter q in terms of the Floquet exponent a as a series in t . This can be done
substituting the dictionary as explained in Appendix C.
The solutions for z ∼ t are given by

w
(t)
− (z) = HeunG

(
t

t − 1
,
q − tαβ

1 − t
, α, β, ε, δ,

z − t

1 − t

)
,

w
(t)
+ (z) = (t − z)1−εHeunG(

t

t − 1
,
q − tαβ

1 − t
− (ε − 1)

(
t

t − 1
δ + γ

)
, α + 1 − ε, β + 1 − ε, 2 − ε, δ,

z − t

1 − t

)
.

(4.1.8)

Comparing with the semiclassical blocks (3.1.29) we get

w
(t)
− (z) = P4(z) t

1
2−a0−at (1 − t)

1
2−a1e− 1

2 ∂at F(t)(
(t − 1)

1
2F
(
a1
a∞ a

a0 at−
a2,1
at

; t

t − 1
,
t − z

t

))
,

w
(t)
+ (z) = P4(z) t

1
2−a0+at (1 − t)

1
2−a1e

1
2 ∂at F(t)(

(t − 1)
1
2F
(
a1
a∞ a

a0 at+
a2,1
at

; t

t − 1
,
t − z

t

))
.

(4.1.9)

The two solutions for z ∼ 1 read

w
(1)
− (z) =

(
z − t

1 − t

)−α

HeunG

(
t, q + α(δ − β), α, δ + γ − β, δ, γ, t

1 − z

t − z

)
,

w
(1)
+ (z) =

(
z − t

1 − t

)−α−1+δ

(1 − z)1−δHeunG

(
t, q − α(β + δ − 2) + (δ − 1)(α + β − 1 − tγ ), α + 1 − δ, 1 + γ − β, 2 − δ, γ, t

1 − z

t − z

)
,

(4.1.10)

and matching with (3.1.37) gives

w
(1)
− (z) = P4(z)e

±iπ(a1+at )(1 − t)
1
2−at e− 1

2 ∂a1 F(t)(
(t (1 − t))−

1
2 (t − z)F

(
a0
at

a
a∞ a1−

a2,1
a1

; t, 1 − z

t − z

))

w
(1)
+ (z) = P4(z)e

±iπ(−a1+at )(1 − t)
1
2−at e

1
2 ∂a1 F(t)(

(t (1 − t))−
1
2 (t − z)F

(
a0
at

a
a∞ a1+

a2,1
a1

; t, 1 − z

t − z

))
.

(4.1.11)
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The ± ambuiguity in the overall phase depends on the choice of branch corresponding
to

P4(z)F
(
a0
at

a
a∞ a1θ

a2,1
a1

; t, 1 − z

t − z

)
∝ (t − 1)θa1+at = e±iπ(θa1+at ) (1 − t)θa1+at .

(4.1.12)

Finally, the two solutions near z ∼ ∞ are given by

w
(∞)
+ (z)

= z−αHeunG

(
t, q − αβ(1 + t) + α(δ + tε), α, α − γ + 1, α − β + 1, α + β + 1 − γ − δ,

t

z

)
,

w
(∞)
− (z)

= z−βHeunG

(
t, q − αβ(1 + t) + β(δ + tε), β, β − γ + 1, β − α + 1, α + β + 1 − γ − δ,

t

z

)
.

(4.1.13)

Comparing with (3.1.31) we get

w
(∞)
+ (z) = P4(z)e

±iπ(1−a1−at )e
1
2 ∂a∞ F(t)(

t−
1
2 zF

(
at
a0

a
a1 a∞+

a2,1
a∞ ; t, 1

z

))
,

w
(∞)
− (z) = P4(z)e

±iπ(1−a1−at )e− 1
2 ∂a∞ F(t)(

t−
1
2 zF

(
at
a0

a
a1 a∞−

a2,1
a∞ ; t, 1

z

))
,

(4.1.14)

where again the ± in the phase depends on the choice of branch corresponding to

P4(z) = z−
1
2 +a0(1 − z)−

1
2 +a1(t − z)−

1
2 +at

= e∓iπ(1−a1−at )z−
1
2 +a0(z − 1)−

1
2 +a1(z − t)−

1
2 +at . (4.1.15)

4.1.2. Connection formulae Finally we are in the position to give the connection for-
mulae for the Heun function. Let us start with z ∼ 0 and z ∼ t . The corresponding
connection formula can be read off from (3.1.30), which in the Heun notation reads

w
(0)
− (z) = 
(1 − ε)
(γ )e

1
2

(
∂at −∂a0

)
F



(
1+γ−ε

2 + a(q)
)



(
1+γ−ε

2 − a(q)
) (1 − t)−

δ
2 w

(t)
− (z)

+

(ε − 1)
(γ )e

1
2

(−∂at −∂a0

)
F



(−1+γ+ε

2 + a(q)
)



(−1+γ+ε

2 − a(q)
) tε−1(1 − t)−

δ
2 w

(t)
+ (z), (4.1.16)

for the other solution one finds

w
(0)
+ (z) = 
(1 − ε)
(2 − γ )e

1
2

(
∂at +∂a0

)
F



(
1 + 1−γ−ε

2 + a(q)
)



(
1 + 1−γ−ε

2 − a(q)
) t1−γ (1 − t)−

δ
2 w

(t)
− (z)

+

(ε − 1)
(γ )e

1
2

(−∂at +∂a0

)
F



(
1−γ+ε

2 + a(q)
)



(
1−γ+ε

2 − a(q)
) tε−γ (1 − t)−

δ
2 w

(t)
+ (z). (4.1.17)
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Here a(q) has to be computed inverting the relation (3.1.27) and substituting the dic-
tionary as shown explicitly in Appendix C, formula (C.1.13). The result to first order
is

a(q) = 1

16

√
3−4q+γ 2+2γ (ε−1)+ε(ε−2)

×
(
8 − 4(−1+2q−ε(γ + ε − 2))(−3 + 4q+(α − β) − γ 2 − δ(δ − 2)−2γ (ε − 1) − ε(ε − 2))

(3−4q+γ 2+2γ (ε − 1) + ε(ε − 2))(2 − 4q + γ 2 + 2γ (ε − 1)+ε(ε − 2))
t

)
+O(t2).

(4.1.18)

In Appendix C we also explain how to compute the classical conformal block F and its
derivatives (see formula C.1.10). For example, to first order

∂at F(t) =
(
4a(q)2 − α2 + 2αβ − β2 − 2δ + δ2

)
(1 − ε)

2 − 8a(q)2
t +O(t2). (4.1.19)

The connection formula for w
(0)
+ (z) can be obtained from (4.1.16) by multiplying by

z1−γ , substituting

q → q − (γ − 1)(tδ + ε), α → α + 1 − γ, β → β + 1 − γ, γ → 2 − γ

(4.1.20)

as in (4.1.5), and noting that

HeunG

(
t

t − 1
,
q − tαβ

1 − t
, α, β, ε, δ,

z − t

1 − t

)
=

=
( z
t

)1−γ

HeunG

(
t

t − 1
,
q − t (α + 1 − γ )(β + 1 − γ ) − (γ − 1)(tδ + ε)

1 − t
,

α + 1 − γ, β + 1 − γ, ε, δ,
z − t

1 − t

)
. (4.1.21)

Similarly, the connection formula from z ∼ 0 to z ∼ ∞ can be read off from (3.1.35),
and gives

w
(0)
− (z)

=
⎛
⎝∑

σ=±


(1 − 2σa(q))
(−2σa(q))
(γ )
(β − α)t
γ+ε−1

2 −σa(q)e− 1
2

(
∂a0 −∂a∞ +σ∂a

)
F e

iπ
(

δ+γ
2

)



(

γ−ε+1
2 − σa(q)

)


(

γ+ε−1
2 − σa(q)

)


(
1 + β−α−δ

2 − σa(q)
)



(

β−α+δ
2 − σa(q)

)
⎞
⎠w

(∞)
+ (z)

+

⎛
⎝∑

σ=±


(1 − 2σa(q))
(−2σa(q))
(γ )
(α − β)t
γ+ε−1

2 −σa(q)e− 1
2

(
∂a0 −∂a∞ +σ∂a

)
F e

iπ
(

δ+γ
2

)



(

γ−ε+1
2 − σa(q)

)


(

γ+ε−1
2 − σa(q)

)


(
1 + α−β−δ

2 − σa(q)
)



(

α−β+δ
2 − σa(q)

)
⎞
⎠w

(∞)
− (z).

(4.1.22)

Let us conclude the section by giving the connection formulae from 1 to infinity. This
can be derived from (3.1.20), and gives

w
(1)
− (z) = −(1 − t)

1
2−at 
(β − α)
(δ)e− 1

2

(
∂a1+∂a∞

)
F(t)



(

δ−α+β
2 + a(q)

)


(

δ−α+β
2 − a(q)

)w
(∞)
+ (z) +
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−(1 − t)
1
2−at 
(α − β)
(δ)e− 1

2

(
∂a1−∂a∞

)
F(t)



(

δ+α−β
2 + a(q)

)


(

δ+α−β
2 − a(q)

)w
(∞)
− (z).

(4.1.23)

The connection formulae involving the other solutions can be read off from the previous
ones, and the formulae involving different pairs of points can be similarly derived by
considering the corresponding semiclassical conformal blocks. We conclude by stress-
ing again that the connection formulae involving different regions in the t−plane are
completely analogous to the previous ones, since all the singularities are regular. This
will not be the case in the following.

4.2. The confluent Heun equation

4.2.1. The dictionary Here we establish the dictionary between our results of Sect.
3.2 on confluent conformal blocks and the confluent Heun equation (CHE) in standard
notation, which reads

d2w

dz2
+

(
γ

z
+

δ

z − 1
+ ε

)
dw

dz
+

αz − q

z(z − 1)
w = 0. (4.2.1)

By defining w(z) = P3(z)ψ(z) with P3(z) = e−εz/2z−γ /2(1− z)−δ/2, we get rid of the
first derivative and bring the equation to normal form, which can easily be compared
with the semiclassical BPZ equation (3.2.40). We can read off the dictionary between
the CFT parameters and the parameters of the CHE:

a0 = 1 − γ

2
,

a1 = 1 − δ

2
,

m = α

ε
− γ + δ

2
,

L = ε,

u = 1

4
− q + α − (γ + δ − 1)2

4
− δε

2
,

(4.2.2)

where

u = lim
b→0

b2�∂� log 1F

(
μα

α1
α0

;�

)
= 1

4
− a2 +O(L) (4.2.3)

as in (3.2.40). This relation can then be inverted to find a in terms of the parameters of
the CHE: we denote this by a(q). We write the solutions to the CHE in standard form in
the notation of Mathematica, and their relation to the conformal blocks used before. We
focus first on the blocks given as an expansion for small L . Then, near z = 0 we have
the two linearly independent solutions

HeunC(q, α, γ, δ, ε; z),
z1−γHeunC (q + (1 − γ )(ε − δ), α + (1 − γ )ε, 2 − γ, δ, ε; z) , (4.2.4)
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where the confluent Heun function has the following expansion around z = 0:

HeunC(q, α, γ, δ, ε; z) = 1 − q

γ
z +O(z2). (4.2.5)

Comparing with the semiclassical conformal blocks in (3.2.2) we identify

HeunC(q, α, γ, δ, ε; z) = P3(z)e
− 1

2 ∂a0 F 1F
(
m a

a1 a0−
a2,1
a0

; L , z

)
,

z1−γHeunC (q + (1 − γ )(ε − δ), α + (1 − γ )ε, 2 − γ, δ, ε; z)
= P3(z)e

1
2 ∂a0 F 1F

(
m a

a1 a0+
a2,1
a0

; L , z

)
,

(4.2.6)

where

F = lim
b→0

b2 log

[
�−�

1F

(
μα

α1
α0

;�

)]
. (4.2.7)

Doing a Möbius transformation z → 1 − z we obtain solutions around z = 1, which
being a regular singularity can again be written in terms of HeunC. This amounts to
sending γ → δ, δ → γ, ε → −ε, α → −α, q → q − α. The two solutions are
therefore

HeunC(q − α,−α, δ, γ,−ε; 1 − z),

(1 − z)1−δHeunC (q − α − (1 − δ)(ε + γ ),−α − (1 − δ)ε, 2 − δ, γ,−ε; 1 − z) .

(4.2.8)

Again, comparing with the semiclassical conformal blocks in (3.2.2), we identify

HeunC(q − α,−α, δ, γ,−ε; 1 − z) = P3(z)e
− 1

2 ∂a1 F 1F
(

−m a
a0 a1−

a2,1
a1

; L , 1 − z

)
,

(1 − z)1−δHeunC (q − α − (1 − δ)(ε + γ ),−α − (1 − δ)ε, 2 − δ, γ,−ε; 1 − z) =

= P3(z)e
1
2 ∂a1 F 1F

(
−m a

a0 a1+
a2,1
a1

; L , 1 − z

)
.

(4.2.9)

Around the irregular singular point z = ∞, we write the solutions in terms of a different
function HeunC∞:

z−
α
ε HeunC∞(q, α, γ, δ, ε; z−1)

e−εz z
α
ε
−γ−δHeunC∞(q − γ ε, α − ε(γ + δ), γ, δ,−ε; z−1),

(4.2.10)

where the function HeunC∞ has a simple asymptotic expansion around z = ∞:

HeunC∞(q, α, γ, δ, ε; z−1) ∼ 1 +
α2 − (γ + δ − 1)αε + (α − q)ε2

ε3
z−1 +O(z−2).

(4.2.11)

Comparing with the semiclassical conformal blocks we identify

z−
α
ε HeunC∞(q, α, γ, δ, ε; z−1) = e∓ iπδ

2 P3(z)e
1
2 ∂m F L

1
2 +m1D

(
m
a2,1 m+ a

a1
a0

; L ,
1

z

)
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e−εz z
α
ε
−γ−δHeunC∞(q − γ ε, α − ε(γ + δ), γ, δ, −ε; z−1)

= e∓ iπδ
2 P3(z)e

− 1
2 ∂m F L

1
2−m

1D
(
m
a2,1 m− a

a1
a0

; L ,
1

z

)
.

(4.2.12)

The phase e∓ iπδ
2 comes from the fact that near z = ∞

P3(z) ∼ e−εz/2z−γ /2(−z)−δ/2 = e± iπδ
2 e−εz/2z−γ /2−δ/2. (4.2.13)

The second solution around z = ∞ can be found by using the manifest symmetry
(m, L) → (−m,−L) of the semiclassical BPZ equation which according to the dictio-
nary gives the symmetry (q, α, ε) → (q − γ ε, α − ε(γ + δ),−ε) of the CHE in normal
form.
For the large-L blocks the story is analogous. The dictionary (4.2.2) is the same, up to
the substitution

u → uD = lim
b→0

b2�∂� log 1D

(
μ

α1 μ′ α0; 1

�

)

= −(m′ − m)L +
1

4
− a20 + 2m′(m′ − m) +O(L−1). (4.2.14)

This relation can be inverted to find m′ in terms of the parameters of the CHE. We will
call thism′(q). With this dictionary we can identify solutions of the CHEwith conformal
blocks as follows: near z = 0 we have

HeunC(q, α, γ, δ, ε; z) = P3(z)e
− 1

2 ∂a0 FD
1D
(
m
a1 m′ a0−

a2,1
a0

; 1

L
, Lz

)
,

z1−γHeunC (q + (1 − γ )(ε − δ), α + (1 − γ )ε, 2 − γ, δ, ε; z)
= P3(z)e

1
2 ∂a0 FD

1D
(
m
a1 m′ a0+

a2,1
a0

; 1

L
, Lz

)
,

(4.2.15)

with FD given in (3.2.51). Near z = 1 we have

HeunC(q − α,−α, δ, γ,−ε; 1 − z)

= P3(z)e
− 1

2 ∂a1 FD
1D
(

− m
a0 m′ − m a1−

a2,1
a1

; 1

L
, L(1 − z)

)
,

(1 − z)1−δHeunC (q − α − (1 − δ)(ε + γ ),−α − (1 − δ)ε, 2 − δ, γ,−ε; 1 − z) =
= P3(z)e

1
2 ∂a1 FD

1D
(

− m
a0 m′ − m a1+

a2,1
a1

; 1

L
, L(1 − z)

)
.

(4.2.16)

While near z = ∞ we have

z−
α
ε HeunC∞(q, α, γ, δ, ε; z−1)

= e∓ iπδ
2 P3(z)e

L/2e
1
2 ∂m FD L

1
2−(m′−m)

1D
(
m

a2,1 m+
a1 m′ a0; 1

L
,
1

z

)

e−εz z
α
ε
−γ−δHeunC∞(q − γ ε, α − ε(γ + δ), γ, δ,−ε; z−1)
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= e∓ iπδ
2 P3(z)e

−L/2e− 1
2 ∂m FD L

1
2 +(m′−m)

1D
(
m

a2,1 m+
a1 m′ a0; 1

L
,
1

z

)
.

(4.2.17)

As the careful reader should have noticed, we identify the small-L and large-L conformal
blocks with the same confluent Heun functions. The only difference is in the expansion
of the accessory parameter: in one case it is given in terms of the Floquet exponent a as
an expansion in L , and in the other case in terms of the parameter m′ as an expansion in
L−1.

4.2.2. Connection formulae Theconnection formula between z = 0, 1written in (3.2.49)
for the semiclassical conformal blocks can now be restated as:

HeunC(q, α, γ, δ, ε; z)

= 
(1 − δ)
(γ )e− 1
2 ∂a0 F+

1
2 ∂a1 F



(
1+γ−δ

2 + a(q)
)



(
1+γ−δ

2 − a(q)
)HeunC(q − α,−α, δ, γ,−ε; 1 − z)

+

(δ − 1)
(γ )e− 1

2 ∂a0 F− 1
2 ∂a1 F



(

γ+δ−1
2 + a(q)

)


(

γ+δ−1
2 − a(q)

) (1 − z)1−δ

HeunC (q − α − (1 − δ)(ε + γ ),−α − (1 − δ)ε, 2 − δ, γ,−ε; 1 − z) .

(4.2.18)

The quantities a(q) and F can be computed as explained in Appendix C.
The connection formula between z = 1,∞written in (3.2.47) reads in terms of confluent
Heun functions:

HeunC(q − α,−α, δ, γ,−ε; 1 − z)

=
⎛
⎝∑

σ=±


(−2σa(q))
(1 − 2σa(q))
(δ)ε− 1
2 − α

ε
+ γ+δ

2 +σa(q)e± iπδ
2 − 1

2 ∂a1 F+
1
2 ∂m F− σ

2 ∂a F(a)



(
1−γ+δ

2 − σa(q)
)



(

γ+δ−1
2 − σa(q)

)


(
1+γ+δ

2 − α
ε

− σa(q)
)

⎞
⎠

× z−
α
ε HeunC∞(q, α, γ, δ, ε; z)

+

⎛
⎝∑

σ=±


(−2σa(q))
(1 − 2σa(q))
(δ)ε− 1
2 +

α
ε
− γ+δ

2 +σa(q)e± iπδ
2 − 1

2 ∂a1 F+
1
2 ∂m F− σ

2 ∂a F(a)



(
1−γ+δ

2 − σa(q)
)



(

γ+δ−1
2 − σa(q)

)


(
1−γ−δ

2 + α
ε

− σa(q)
)

⎞
⎠

× e−εz z
α
ε
−γ−δHeunC∞(q − γ ε, α − ε(γ + δ), γ, δ,−ε; z).

(4.2.19)

Here the phase ambiguity comes from (4.2.12), i.e. corresponds to the choice (−z)−δ/2 =
e± iπδ

2 z−δ/2. A similar expression can be found connecting z = 0 and ∞. All connection
coefficients given above are calculated in a series expansion in L . Therefore they are not
valid for large L and in that case one has to use different connection formulae, which are
derived in Sect. 3.2.2 for the large-L semiclassical conformal blocks. Here we restate
those results in the language of Heun functions. The connection formula from z = 0 to
z = 1, valid for large L is given by



696 G. Bonelli, C. Iossa, D. P. Lichtig, A. Tanzini

HeunC(q, α, γ, δ, ε; z)

=
⎛
⎝∑

σ=±


(γ )
(1 − δ)e
σ
2 εε

−σ
(
2m′(q)− α

ε
+ γ+δ

2

)
e− 1

2 ∂a0 FD+
1
2 ∂a1 FD− σ

2 ∂m′ FD e
iπ
(
1−σ
2

)
( α

ε
−δ−2m′(q))



( γ
2 − σm′(q)

)


(
1 − δ

2 − σ
(
m′(q) − α

ε
− γ+δ

2

))
⎞
⎠×

× HeunC(q − α,−α, δ, γ,−ε; 1 − z)

+

⎛
⎝∑

σ=±


(γ )
(δ − 1)e
σ
2 εε

−σ
(
2m′(q)− α

ε
+ γ+δ

2

)
e− 1

2 ∂a0 FD− 1
2 ∂a1 FD− σ

2 ∂m′ FD e
iπ
(
1−σ
2

)
( α

ε
−2m′(q)−1)



( γ
2 − σm′(q)

)


(

δ
2 − σ

(
m′(q) − α

ε
− γ+δ

2

))
⎞
⎠

× HeunC (q − α − (1 − δ)(ε + γ ),−α − (1 − δ)ε, 2 − δ, γ,−ε; 1 − z) ,

(4.2.20)

where the quantities m′(q) and FD are computed as explained in Appendix C.
The connection formula from z = 1 to ∞ is simpler and reads

HeunC(q − α,−α, δ, γ,−ε; 1 − z)

= e± iπδ
2 − 1

2 ∂a1 FD− 1
2 ∂m FDε− 1

2− α
ε
+ γ+δ−ε

2 +m′(q) 
(δ)eiπ( α
ε
− γ

2 −m′(q))



(−α

ε
+ γ

2 + δ + m′(q)
) z− α

ε

HeunC∞(q, α, γ, δ, ε; z−1)

+e± iπδ
2 − 1

2 ∂a1 FD+
1
2 ∂m FDε− 1

2 +
α
ε
− γ+δ−ε

2 −m′(q) 
(δ)



(

α
ε

− γ
2 + m′(q)

)e−εz z
α
ε
−γ−δ

HeunC∞(q − γ ε, α − ε(γ + δ), γ, δ,−ε; z−1).

(4.2.21)

4.3. The reduced confluent Heun equation

4.3.1. The dictionary Here we establish the dictionary between our results of Sect. 3.3
on reduced confluent conformal blocks the reduced confluent Heun equation (RCHE)
in standard notation, which reads

d2w

dz2
+

(
γ

z
+

δ

z − 1

)
dw

dz
+

βz − q

z(z − 1)
w = 0. (4.3.1)

This is of course just the CHE specialized to16 ε = 0. The interesting difference with
respect to the CHE is the behaviour for z → ∞, which is no longer controlled by ε and
the degree of the singularity gets lowered to 1/2. By defining w(z) = P2(z)ψ(z) with
P2(z) = z−γ /2(1 − z)−δ/2, we pass to the normal form which is easily compared with
the semiclassical BPZ equation (3.3.19). The dictionary between the CFT parameters

16 This corresponds to the usual decoupling limit m → ∞, L → 0 such that mL remains finite.



Irregular Liouville Correlators and Connection Formulae 697

and the parameters of the RCHE reads:

a0 = 1 − γ

2
,

a1 = 1 − δ

2
,

L = 2i
√

β,

u = 1

4
− q + β − (γ + δ − 1)2

4
,

(4.3.2)

where

u = lim
b→0

b2�2∂�2 log 1
2
F

(
α

α1
α0

;�2
)

= 1

4
− a2 +O(L2) (4.3.3)

as in (3.3.19). This relation can then be inverted to find a in terms of the parameters of
the RCHE: we denote this by a(q). We therefore infer the relation between the solutions
of the RCHE in standard form and the conformal blocks defined before. Near z = 0 we
have the following two linearly independent solutions to the RCHE in standard form
(4.3.1):

HeunRC(q, β, γ, δ; z),
z1−γHeunRC (q − (1 − γ )δ, β, 2 − γ, δ; z) , (4.3.4)

where

F = lim
b→0

b2 log

[
�−2�

1
2
F

(
α

α1
α0

;�2
)]

. (4.3.5)

Since HeunRC is nothing else than HeunC with ε = 0, it has the following expansion
around z = 0:

HeunRC(q, β, γ, δ; z) = 1 − q

γ
z +O(z2). (4.3.6)

Comparing with the conformal blocks in (3.3.2) we identify

HeunRC(q, β, γ, δ; z) = P2(z)e
− 1

2 ∂a0 F 1
2
F
(
a
a1 a0−

a2,1
a0

; L2, z

)
,

z1−γHeunRC (q − (1 − γ )δ, β, 2 − γ, δ; z) = P2(z)e
1
2 ∂a0 F 1

2
F
(
a
a1 a0+

a2,1
a0

; L2, z

)
,

(4.3.7)

Doing a Möbius transformation z → 1− z we obtain the solutions around z = 1. Since
this is a regular singularity the solution can again be written in terms of HeunRC. This
amounts to sending γ → δ, δ → γ, β → −β, q → q − β. The two solutions are
therefore

HeunRC(q − β,−β, δ, γ ; 1 − z),

(1 − z)1−δHeunRC (q − β − (1 − δ)γ,−β, 2 − δ, γ ; 1 − z) .

(4.3.8)
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Comparig with the conformal blocks we identify

HeunRC(q − β,−β, δ, γ ; 1 − z) = P2(z)e
− 1

2 ∂a1 F 1
2
F
(
a
a0 a1−

a2,1
a1

;−L2, 1 − z

)
,

(1 − z)1−δHeunRC (q − β − (1 − δ)γ,−β, 2 − δ, γ ; 1 − z) =
= P2(z)e

1
2 ∂a1 F 1

2
F
(
a
a0 a1+

a2,1
a1

;−L2, 1 − z

)
.

(4.3.9)

The new behaviour arises for z → ∞, where we write the solutions in terms of another
function HeunRC∞:

e2i
√

βz z
1
4− γ+δ

2 HeunRC∞(q, β, γ, δ; z− 1
2 )

e−2i
√

βz z
1
4− γ+δ

2 HeunRC∞(q, e2π iβ, γ, δ; z− 1
2 ).

(4.3.10)

The function HeunRC∞ has a simple asymptotic expansion around z = ∞:

HeunRC∞(q, β, γ, δ; z− 1
2 ) ∼ 1 −

q − β +
(

γ+δ
2 − 3

4

) (
γ+δ
2 − 1

4

)
i
√

β
z−

1
2 +O(z−1).

(4.3.11)

Comparing with the conformal blocks we identify

e2i
√

βz z
1
4− γ+δ

2 HeunRC∞(q, β, γ, δ; z− 1
2 )

= e∓ iπδ
2 P2(z)L

1
2 1
2
E (+)

(
a2,1 a

a1
a0

; L2,
1

L
√
z

)

e−2i
√

βz z
1
4− γ+δ

2 HeunRC∞(q, e2π iβ, γ, δ; z− 1
2 )

= e∓ iπδ
2 P2(z)L

1
2 1
2
E (−)

(
a2,1 a

a1
a0

; L2,
1

L
√
z

)
.

(4.3.12)

Note that due to the nature of the rank 1/2 singularity at infinity, the expansion is in

inverse powers of
√
z. The phase e∓ iπδ

2 comes from the fact that near z = ∞

P2(z) ∼ z−γ /2(−z)−δ/2 = e± iπδ
2 z−γ /2−δ/2. (4.3.13)

The second solution around z = ∞ can be found by using the manifest symmetry
L → −L of the BPZ equation which according to the dictionary gives the symmetry
β → e2π iβ of the RCHE in normal form.
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4.3.2. Connection formulae Theconnection formula between z = 0, 1written in (3.3.25)
for the semiclassical conformal blocks can now be restated as:

HeunRC(q, β, γ, δ; z)

= 
(1 − δ)
(γ )e− 1
2 ∂a0 F+

1
2 ∂a1 F



(
1+γ−δ

2 + a(q)
)



(
1+γ−δ

2 − a(q)
)HeunRC(q − β,−β, δ, γ ; 1 − z)

+

(δ − 1)
(γ )e− 1

2 ∂a0 F− 1
2 ∂a1 F



(

γ+δ−1
2 + a(q)

)


(

γ+δ−1
2 − a(q)

) (1 − z)1−δ

HeunRC (q − β − (1 − δ)γ,−β, 2 − δ, γ ; 1 − z) ,

(4.3.14)

where the quantities a(q) and F are computed as explained in Appendix C.
The connection formula between z = 1,∞ written in (3.3.26) reads

HeunRC(q − β,−β, δ, γ ; 1 − z)

=
⎛
⎝∑

σ=±


(−2σa(q))
(1 − 2σa(q))
(δ)
(
eiπβ

)− 1
4 +σa(q)

e± iπδ
2 − 1

2 ∂a1 F− σ
2 ∂a F

2
√

π

(
1−γ+δ

2 − σa(q)
)



(

γ+δ−1
2 − σa(q)

)
⎞
⎠

e2i
√

βz z
1
4− γ+δ

2 HeunRC∞(q, β, γ, δ; z− 1
2 )

+

⎛
⎝∑

σ=±


(−2σa(q))
(1 − 2σa(q))
(δ)
(
e−iπβ

)− 1
4 +σa(q)

e± iπδ
2 − 1

2 ∂a1 F− σ
2 ∂a F

2
√

π

(
1−γ+δ

2 − σa(q)
)



(

γ+δ−1
2 − σa(q)

)
⎞
⎠

e−2i
√

βz z
1
4− γ+δ

2 HeunRC∞(q, e2π iβ, γ, δ; z− 1
2 ).

(4.3.15)

Here the phase ambiguity comes from (4.3.12), i.e. corresponds to the choice (−z)−δ/2 =
e± iπδ

2 z−δ/2. A similar expression can be found connecting z = 0 and ∞.

4.4. The doubly confluent Heun equation

4.4.1. The dictionary The doubly confluent Heun equation (DCHE) reads

(
d2

dz2
+

δ + γ z + z2

z2
d

dz
+

αz − q

z2

)
w(z) = 0. (4.4.1)

Again putting the DCHE in its normal form via the substitutionw(z) = P̃2(z)ψ(z)with

P̃2(z) = e
1
2

(
δ
z −z

)
z−

γ
2 (4.4.2)

we find the 22 = 4 different dictionaries with (3.4.18) corresponding to the Z
2
2 sym-

metries (mi , Li ) → (−mi ,−Li ) for i = 1, 2. For brevity we only write one of them,
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namely

L1 = 1,

L2 = δ,

m1 = 1

2
(2α − γ ) ,

m2 = 1 − γ

2
,

u = 1

4

(
−4q + 2γ − γ 2 − 2δ

)
.

(4.4.3)

and the inverse dictionary is

α = 1 + m1 − m2,

δ = L2,

γ = 2(1 − m2),

q = −1

2
(L2 + 2u + 2m2(m2 − 1)) ,

L1 = 1.

(4.4.4)

We denote the two solutions of the DCHE near the irregular singularity at zero as

HeunDC (q, α, γ, δ, z) ,

e
δ
z z2−γHeunDC (δ + q + γ − 2, α − γ + 2, γ,−δ, z) ,

(4.4.5)

where HeunDC has the following asymptotic expansion around z = 0:

HeunDC (q, α, γ, δ, z) ∼ 1 +
q

δ
z +

q(q − γ ) − αδ

2δ2
z2 +O(z3). (4.4.6)

Comparing with the semiclassical block (3.4.17) we get

HeunDC (q, α, γ, δ, z) = P̃2(z)L
1
2 −m2

2 e− 1
2 ∂m2 F

(
z 1D1

(
m2

a2,1 m2− a m1; L2,
z

L2

))
,

HeunDC (δ + q + γ − 2, α − γ + 2, γ,−δ, z)

= P̃2(z)L
1
2 +m2

2 e
1
2 ∂m2 F

(
z 1D1

(
m2

a2,1 m2+ a m1; L2,
z

L2

))
.

(4.4.7)

The solutions near the irregular singularity at infinity are given by

z−αHeunDC

(
q − α(α + 1 − γ ), α, 2(α + 1) − γ, δ,−δ

z

)
,

e−z zα−γHeunDC

(
q + δ + (γ − α)(α − 1), γ − α,−2(α − 1) + γ,−δ,−δ

z

)
.

(4.4.8)
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Comparing with the semiclassical block (3.4.20) we find

HeunDC

(
q − α(α + 1 − γ ), α, 2(α + 1) − γ, δ,−δ

z

)

= P̃2(z)e
1
2 ∂m1 F 1D1

(
m1

a2,1 m1+ a m2; L2,
1

z

)
,

HeunDC

(
q + δ + (γ − α)(α − 1), γ − α,−2(α − 1) + γ,−δ,−δ

z

)

= P̃2(z)e
− 1

2 ∂m1 F 1D1

(
m1

a2,1 m1− a m2; L2,
1

z

)
.

(4.4.9)

4.4.2. Connection formulae In this case the only connection formula is the one between
zero and infinity. This can be obtained from Eq. (3.4.22) and reads

HeunDC (q, α, γ, δ, z)

=
⎛
⎝∑

σ=±


 (−2σa) 
 (1 − 2σa) δ− 1
2 +

γ
2 +σa



( 1
2 − (

1 − γ
2

)− σa
)


(
1
2 − 2α−γ

2 − σa
)
⎞
⎠

× e
1
2

(−∂m1−∂m2−σ∂a
)
F z−αHeunDC

(
q − α(α + 1 − γ ), α, 2(α + 1) − γ, δ,−δ

z

)

+

⎛
⎝∑

σ=±


 (−2σa) 
 (1 − 2σa) δ− 1
2 +

γ
2 +σae

iπ
(
1+γ
2 −α−σa

)



( 1
2 − (

1 − γ
2

)− σa
)


(
1
2 + 2α−γ

2 − σa
) e

1
2

(
∂m1−∂m2−σ∂a

)
F

⎞
⎠

× e−z zα−γHeunDC

(
q + δ + (γ − α)(α − 1), γ − α,−2(α − 1) + γ,−δ,−δ

z

)
,

(4.4.10)

4.5. The reduced doubly confluent Heun equation

4.5.1. The dictionary Here we establish the dictionary between our results of Sect. 3.5
on reduced doubly confluent conformal blocks and the reduced doubly confluent Heun
equation (RDCHE) in the standard form, which reads

d2w

dz2
− dw

dz
+

βz − q + εz−1

z2
w = 0. (4.5.1)

By defining w(z) = ez/2ψ(z) we get rid of the first derivative and bring the equation to
the normal form which is to be compared with the semiclassical BPZ equation (3.5.17).
The resulting dictionary between the CFT parameters and the parameters of the RDCHE
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is

L1 = 1,

L2 = 2i
√

ε,

m = β,

u = −q.

(4.5.2)

The fact that L1 = 1 is of course consistent with the fact that it is a redundant parameter.
Here

u = lim
b→0

b2�2
2∂�2

2
log 1F 1

2

(
μα;�1�

2
2

)
= 1

4
− a2 +O(L1L

2
2) (4.5.3)

as in (3.5.17). This relation can then be inverted to find a in terms of the parameters of
the RDCHE: we denote this by a(q). We can now write the solutions to the RDCHE in
standard form and their relation to the conformal blocks by comparison. Near z = 0 we
denote the two linearly independent solutions to the RDCHE in standard form (4.5.1)
by:

e2i
√

ε/z z3/4HeunRDC0(q, β, ε;√
z),

e−2i
√

ε/z z3/4HeunRDC0(q, β, e2π iε;√
z).

(4.5.4)

The two solutions are related by the manifest symmetry L2 → −L2 of the BPZ equation
which according to the dictionary (4.5.2) gives the symmetry ε → e2π iε of the RDCHE
in normal form. The functionHeunRDC0 has the following asymptotic expansion around
z = 0:

HeunRDC0(q, β, ε;√
z) ∼ 1 −

3
16 + q

i
√

ε

√
z +O (z) . (4.5.5)

Note again that due to the presence of a rank 1/2 singularity, the expansion is in powers
of

√
z. Comparing with the semiclassical conformal blocks in (3.5.2) we identify

e2i
√

ε/z z3/4HeunRDC0(q, β, ε;√
z) = ez/2L

1
2
2 1E (+)

1
2

(
m a a2,1 ; L2

2,

√
z

L2

)
,

e−2i
√

ε/z z3/4HeunRDC0(q, β, e2π iε;√
z) = ez/2L

1
2
2 1E (−)

1
2

(
m a a2,1 ; L2

2,

√
z

L2

)
.

(4.5.6)

For z ∼ ∞ instead we have the two solutions

zβHeunRDC∞(q, β, ε; z−1),

ezz−βHeunRDC∞(q,−β,−ε;−z−1).
(4.5.7)

The function HeunRDC∞(q, β, ε; z−1) has the following asymptotic expansion around
z = ∞:

HeunRDC∞(q, β, ε; z−1) ∼ 1 + (q + β − β2)z−1 +O
(
z−2

)
. (4.5.8)
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Comparing with the semiclassical conformal blocks we identify

zβHeunRDC∞(q, β, ε; z−1) = ez/2e− 1
2 ∂m F

1D 1
2

(
m
a2,1 m− a ; L2

2,
1

z

)
,

ezz−βHeunRDC∞(q,−β,−ε;−z−1) = ez/2e
1
2 ∂m F

1D 1
2

(
m
a2,1 m+ a ; L2

2,
1

z

)
.

(4.5.9)

These solutions are related by the symmetry (m, L1) → (−m,−L1) of the semiclassical
BPZ equation. Notice that one can rescale the BPZ equation such that it only depends
on the combination L1z and the coefficient of the cubic pole is −L1L2

2/4. By setting
L1 = 1 according to the dictionary with the RDCHE, the above symmetry descends to
the symmetry (β, ε, z) → (−β,−ε,−z) of the RDCHE in normal form. Furthermore,
in the equation above

F = lim
b→0

b2 log
[
(�1�

2
2)

−�
1F 1

2

(
μα;�1�

2
2

)]
(4.5.10)

as in (3.5.20).

4.5.2. Connection formulae The connection formula between z = 0 and ∞ written in
(3.5.22) for the semiclassical conformal blocks can now be restated as:

e2i
√

ε/z z3/4HeunRDC0(q, β, ε; √
z)

=
(∑

σ=±


(1 − 2σa(q))
(−2σa(q))√
π


( 1
2 + β − σa(q)

) ε
1
4 +σa(q)e

1
2 ∂m F− σ

2 ∂a F e
−iπ

(
1
4 +σa(q)

)
e
iπ
(
1
2 −β−σa(q)

))

zβHeunRDC∞(q, β, ε; z−1)

+

(∑
σ=±


(1 − 2σa(q))
(−2σa(q))√
π


( 1
2 − β − σa(q)

) ε
1
4 +σa(q)e

1
2 ∂m F− σ

2 ∂a F e
−iπ

(
1
4 +σa(q)

))

ezz−βHeunRDC∞(q,−β,−ε; −z−1),

(4.5.11)

where the quantities a(q) and F are computed as explained in Appendix C.

4.6. The doubly reduced doubly confluent Heun equation

4.6.1. The dictionary Here we establish the dictionary between our results of Sect. 3.6
on doubly reduced doubly confluent conformal blocks and the corresponding Heun
equation (DRDCHE) which reads

d2w

dz2
+
z − q + εz−1

z2
w = 0. (4.6.1)

This already takes the normal form of the semiclassical BPZ equation (3.6.13) and we
immediately read off the dictionary:

L1 = 2i,

L2 = 2i
√

ε,

u = −q,

(4.6.2)
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where

u = lim
b→0

b2�2
2∂�2

2
log 1

2
F 1

2

(
α;�2

1�
2
2

)
= 1

4
− a2 +O(L2

1L
2
2) (4.6.3)

as in (3.6.13). This relation can be inverted to find a in terms of the parameters of the
DRDCHE: we denote this by a(q). Near z = 0 we denote the two linearly independent
solutions to (4.6.1) by

e2i
√

ε/z z3/4HeunDRDC(q, ε;√
z),

e−2i
√

ε/z z3/4HeunDRDC(q, e2π iε;√
z).

(4.6.4)

The DRDC Heun function has a simple asymptotic expansion around z = 0:

HeunDRDC(q, ε;√
z) ∼ 1 −

3
16 + q

i
√

ε

√
z +O(z). (4.6.5)

Note that in the expansion, z appears with a square-root, and therefore mapping z →
e2π i z gives another solution. Comparing with the semiclassical conformal blocks in
(3.6.2), we identify

e2i
√

ε/z z3/4HeunDRDC(q, ε;√
z) = zL1/2

2 1
2
E (+)

1
2

(
a a2,1 ;−4L2

2,

√
z

L2

)
,

e−2i
√

ε/z z3/4HeunDRDC(q, e2π iε;√
z) = zL1/2

2 1
2
E (−)

1
2

(
a a2,1 ;−4L2

2,

√
z

L2

)
.

(4.6.6)

Around z = ∞ we have the two linearly independent solutions

e2i
√
z z1/4HeunDRDC(q, ε; (εz)−

1
2 ),

e−2i
√
z z1/4HeunDRDC(q, ε;

(
e2π iεz

)− 1
2
), (4.6.7)

which we identify with the conformal blocks

e2i
√
z z1/4HeunDRDC(q, ε; (εz)−

1
2 ) = √

2i 1
2
E (+)

1
2

(
a2,1 a ;−4L2

2,
1

2i
√
z

)
,

e−2i
√
z z1/4HeunDRDC(q, ε;

(
e2π iεz

)− 1
2
) = √

2i 1
2
E (−)

1
2

(
a2,1 a ;−4L2

2,
1

2i
√
z

)
.

(4.6.8)
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4.6.2. Connection formulae The connection formula (3.6.21) from 0 to ∞ in terms of
the DRDC Heun functions is

e2i
√

ε/z z3/4HeunDRDC(q, ε;√
z)

=
(

−i

2π

∑
σ=±


(1 − 2σa(q))
(−2σa(q))ε
1
4 +σa(q)e− σ

2 ∂a F

)
e2i

√
z z1/4

HeunDRDC(q, ε; (εz)−
1
2 )

+

(
1

2π

∑
σ=±


(1 − 2σa(q))
(−2σa(q))ε
1
4 +σa(q)e− σ

2 ∂a Fe−2π iσa(q)

)
e−2i

√
z z1/4

HeunDRDC(q, ε;
(
e2π iεz

)− 1
2
),

(4.6.9)

where the quantities a(q) and F are computed as explained in Appendix C.
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A. DOZZ Factors and Irregular Generalizations

A.1. Regular case. We use conventions where � = Q2

4 − α2, i.e. physical range of the
momentum is α ∈ iR+. The formula proposed by DOZZ for the Liouville three-point
function is then [65,66]

〈�1|V2(1)|�3〉 = Cα1α2α3

= ϒ ′
b(0)ϒb(Q + 2α1)ϒb(Q + 2α2)ϒb(Q + 2α3)

ϒb(
Q
2 + α1 + α2 + α3)ϒb(

Q
2 + α1 + α2 − α3)ϒb(

Q
2 + α1 − α2 + α3)ϒb(

Q
2 − α1 + α2 + α3)

.

(A.1.1)

We neglect the dependence on the cosmological constant since its value is arbitrary and
is not needed for the following discussion.Wewill not define the special functionϒb and

http://creativecommons.org/licenses/by/4.0/
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state all its remarkable properties, instead we refer to [67]. The most important property
for us is the functional relation

ϒb(x + b) = γ (bx)b1−2bxϒb(x), γ (x) = 
(x)


(1 − x)
. (A.1.2)

The normalization of the states is obtained from the three-point function by taking
the operator in the middle to be the identity operator, i.e. with � = 0 which in our
conventions means α = − Q

2 . One finds

lim
ε→0

C
α1,− Q

2 +ε,α2
= 2πδ(α1 − α2)Gα1 , (A.1.3)

with the two-point function Gα given by

Gα = ϒb(2α + Q)

ϒb(2α)
. (A.1.4)

We use it to raise and lower indices: For example, OPE coefficients are given by

Cα1
α2α3

= G−1
α1

Cα1α2α3 . (A.1.5)

We will be interested in the case where one of the fields is the degenerate field �2,1

with α2,1 = − 2b+b−1

2 , corresponding to �2,1 = − 1
2 − 3b2

4 . The fusion rules in this case
impose that only two Verma modules appear in the OPE of this field with a primary:

�2,1(z)|�〉 =
∑
θ=±

z
bQ
2 +θbαCαθ

α2,1,α
|�θ 〉 (1 +O(z)) , (A.1.6)

with

α± = α ±
(

−b

2

)
, �± = �α± = � ± bα − b2

4
. (A.1.7)

Since the degenerate field is not in the physical spectrum, i.e. α2,1 �∈ iR+, the OPE
coefficients Cαθ

α2,1,α have to be computed by analytic continuation of the DOZZ formula.
This is tricky and ismost easily performedbyconsidering a four-point function,where the
intermediate momentum is integrated over. During the analytic continuation one picks
up residues of poles that cross the integration contour, and this in fact automatically
imposes the fusion rules. In any case, the result is [68]:

Cα+
α2,1,α

= 1, Cα−
α2,1,α = b2bQ

γ (2bα)

γ (bQ + 2bα)
. (A.1.8)
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A.2. Rank 1. In Sect. 2.2 we introduced the rank 1 irregular state, which can be given
as a confluence limit of primary operators (here we consider only the chiral half):

〈μ,�| ∝ lim
η→∞ t�t−�〈�|Vt (t) (A.2.1)

with

� = Q2

4
− α2, α = −η + μ

2
, �t = Q2

4
− α2

t , αt = η − μ

2
, t = η

�
.

(A.2.2)

This reproduces the desired Ward identities for the irregular state. To determine its nor-
malization, we perform the collision limit on a (chiral+antichiral) three-point function,
keeping track of the DOZZ factors. Although irrelevant for theWard identities, the signs
of α, αt in (A.2.2) are crucial now. We find

lim
η→∞(t t̄)�t−�〈�|Vt (t, t̄)|�0〉 = (��̄)�0 lim

η→∞ η−2�0C− η+μ
2 ,

η−μ
2 ,α0

. (A.2.3)

Note that consistently with the main text, we consider the chiral and antichiral parts
formally as independent and distinguish them by letting the "complex conjugation" for-
mally act only on the coordinates t,� and not on the momenta α0, μ, η. The asymptotic
behaviour of the ϒb function, valid for large imaginary x is:

logϒb

(
Q

2
+ x

)
= −1

2
�x log�x +

1 + Q2

12
log�x +

3

2
�x +O(x0). (A.2.4)

We therefore find the following asymptotic behaviour of the DOZZ factor:

C− η+μ
2 ,

η−μ
2 ,α0

∼ (−η2)�0−μ(Q−μ) ϒb(Q + 2α0)

ϒb(
Q
2 + μ + α0)ϒb(

Q
2 + μ − α0)

. (A.2.5)

This suggests that we get a finite limit in (320) if we substract the factor of (−η2)−μ(Q−μ)

by hand. This can also be achieved by changing the power of t that we substract in the
definition (A.2.1), but this would change the L0-action on the irregular state, which we
avoid. It is however precisely what is done in [24]. In any case, we find the following
normalization of the irregular state:

〈μ,�|�0〉 = lim
η→∞(−η2)μ(Q−μ)|t |2�t−2�〈�|Vt (t, t̄)|�0〉 = |�|2�0Cμα0 ,

(A.2.6)

with normalization function

Cμα = e−iπ�ϒb(Q + 2α)

ϒb(
Q
2 + μ + α)ϒb(

Q
2 + μ − α)

. (A.2.7)

The choice of the branch for the phase is consistent with the result found in B.1.
In the text we also consider a different kind of collision limit, which reproduces the OPE
between a primary operator and the irregular state. Performing this collision limit while
keeping track of the DOZZ factors, we can extract the corresponding irregular OPE
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coefficient. In particular, consider the following correlation function, which we expand
for large �:

〈μ,�|V1(1)|�0〉 =
∫

dμ′Bμ′
μα1

Cμ′α0

∣∣∣∣1D
(

μ
α1 μ′ α0 ; 1

�

)∣∣∣∣
2

. (A.2.8)

Here Bμ′
μα1 is the OPE coefficient corresponding to the OPE between the irregular state

and V1,Cμ′α0 is the normalization function defined above and 1D is just the correspond-
ing conformal block. Following [64], we can express an irregular three-point function
equivalently as a limit of a regular four-point function:

〈μ,�|V1(1)|�0〉 = lim
η→∞(−η2)μ(Q−μ)

∫
dμ′Cα(η)

α∞(η),α1
Cα(η),αt (η),α0×

×
∣∣∣∣∣e−(μ′−μ)�

(
−�

η

)�1−(μ′−μ)(η−μ′) (
�

η

)�∞(η)−�t (η) (
1 − η

�

)�1−(μ′−μ)(η−μ′)

F

(
α1

α∞(η)
α(η)

αt (η)

α0
; η

�

)∣∣∣∣
2

,

(A.2.9)

with

α∞(η) = −η + μ

2
, αt (η) = η − μ

2
, α(η) = −η − μ

2
− μ′. (A.2.10)

Several comments are in order: First, notice that in line with the definition of the irregular

state we have multiplied by the same factors of (−η2)μ(Q−μ) and
(
��̄/η2

)�∞(η)−�t (η)

as in (A.2.6). Second, the remaining factors which we have put by hand are equal to 1
in the limit:

lim
η→∞ e−(μ′−μ)�

(
−�

η

)�1−(μ′−μ)(η−μ′) (
1 − η

�

)�1−(μ′−μ)(η−μ′)

= lim
η→∞ e−(μ′−μ)�

(
1 − �

η

)�1−(μ′−μ)(η−μ′)
= 1. (A.2.11)

Therefore all the factors that we put by hand are the same as if we had computed (A.2.9)
by doing the OPE between V1 and |�0〉 instead of between 〈μ,�| and V1. This ensures
crossing symmetry of the irregular three-point function. Furthermore, the factors inside
the modulus square in the limit give the irregular conformal block up to an overall
divergence, i.e.:

e−(μ′−μ)�

(
−�

η

)�1−(μ′−μ)(η−μ′) (
�

η

)�∞(η)−�t (η) (
1 − η

�

)�1−(μ′−μ)(η−μ′)

F

(
α1

α∞(η)
α(η)

αt (η)

α0
; η

�

)

−→ η−�0−�1−2μ′(μ′−μ)
1D

(
μ

α1 μ′ α0 ; 1

�

)
, as η → ∞.

(A.2.12)
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This leaves us with

lim
η→∞(−η2)μ(Q−μ)(η2)−�0−�1−2μ′(μ′−μ)Cα(η)

α∞(η),α1
Cα(η),αt (η),α0

= e−iπ(�1+2μ′(μ′−μ))ϒb(Q + 2α1)

ϒb(
Q
2 + μ′ − μ − α1)ϒb(

Q
2 + μ′ − μ + α1)

e−iπ�0ϒb(Q + 2α0)

ϒb(
Q
2 + μ′ + α0)ϒb(

Q
2 + μ′ − α0)

,

(A.2.13)

which remarkably has a finite limit. We recognize Cμ′α0 and therefore we can identify

Bμ′
μα1

= e−iπ(�1+2μ′(μ′−μ))ϒb(Q + 2α1)

ϒb(
Q
2 + μ′ − μ − α1)ϒb(

Q
2 + μ′ − μ + α1)

. (A.2.14)

Specializing this formula to the case when V1 is a degenerate field is again tricky and
involves analytic continuation. It is simpler to perform the collision limit again. The
fusion rules now imply that α(η) = α∞(η) ± (−b/2), i.e. μ′ = μ± = μ ± (−b/2).
Performing the collision limit using the degenerate OPE coefficients A.1.8 one finds

Bμθ
μα2,1

= e
iπ
(
1
2 +θbμ+ b2

4

)
, (A.2.15)

in agreement with the result (B.1.17).

A.3. Rank 1/2. Unfortunately, for the rank 1/2 state the situation is not as nice. It is clear
that if we decouple another mass, the normalization function Cμα will diverge badly,
since there are no ϒb-functions in the numerator to compensate the divergence of the
denominator. Indeed, it behaves as

Cμα = e−iπ�ϒb(Q + 2α)

ϒb(
Q
2 + μ + α)ϒb(

Q
2 + μ − α)

→ const.

×e3μ
2
(−μ2)−

1+Q2
6 −μ2+�e−iπ�ϒb(Q + 2α), as μ → ∞. (A.3.1)

The constant comes from the O(x0) term in the expansion of the ϒb-function (A.2.4).
We neglect it in the following/consider it substracted by hand. This suggests we define

〈�2|�〉 = |�2|2�Cα = lim
μ→∞ e−3μ2

(−μ2)
1+Q2
6 +μ2〈−�2

4μ
|�〉

= |�2|2�2−4�e−2π i�ϒb(Q + 2α), (A.3.2)

where the factor of − 1
4 is needed to reproduce the Ward identity 〈�2|L1 = −�2

4 〈�2|.
This gives the normalization function for the rank 1/2 state as

Cα = 2−4�e−2π i�ϒb(Q + 2α), (A.3.3)

in agreement with the result (B.2.13). Since no collision limit is known that reproduces
theOPEbetween a primary and the rank 1/2 state,we cannot determine the corresponding
OPE coefficient in the way we did in the previous section for the rank 1 state. For the
case of a degenerate field however, we determine the OPE coefficient in Appendix B.2.
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B. Irregular OPEs

B.1. Rank 1. The form of the (chiral) OPE of a general vertex operator with the irregular
state introduced in Sect. 2.2 is fixed by the Ward identities to be:

〈μ,�|V�
μ,μ′(z) =

∞∑
k=0

z2μ
′(μ′−μ)−k��+2μ′(μ′−μ)e−(μ′−μ)�z〈μ′,�; k|. (B.1.1)

Here V�
μ,μ′(z) is a vertex operator of weight � which maps from the Whittaker module

specified by (μ,�), to the module specified by (μ′,�). Furthermore 〈μ′,�; k| are the
("generalized") descendants of the irregular state. They take the form

〈μ′,�; k| =
∑

ci jY�−i∂
j
�〈μ′,�|LY , (B.1.2)

where ci jY are coefficients fixed by theWard identities and the sum runs over i, j ≥ 0 and
all Young tableaux Y such that i + j + |Y | = k. Furthermore we normalize 〈μ′,�; 0| ≡
〈μ′,�|. We then write the full (chiral+antichiral) OPE between the irregular state and a
degenerate field as

〈μ,�|�(z) =
∑
θ=±

Bμθ
μ,α2,1

∣∣∣∣∣
∞∑
k=0

eθb�z/2�−θbμ+�2,1+
b2
2 z−θbμ+ b2

2 −k

∣∣∣∣∣
2

〈μθ ,�; k, k̄|,

(B.1.3)

where Bμθ
μ,α2,1 are the corresponding irregular OPE coefficients. We have anticipated the

fact that for the OPEwith the degenerate fieldμ′ = m± = μ± −b
2 as will be shown later

from the BPZ equation. Furthermore we now have both chiral and antichiral descendants
which we label by k and k̄, respectively.
We want to determine the irregular OPE coefficients B and the normalization function
C introduced in (2.2.4). To this end consider the correlation function

〈μ,�|�(z)|�〉. (B.1.4)

We can decompose it into irregular conformal blocks doing the OPE left or right as

〈μ,�|�(z)|�〉 =
∑
θ=±

Cαθ
α2,1,α

Cμαθ

∣∣∣∣1F
(

μαθ
α2,1
α

;�z

)∣∣∣∣
2

=
∑
θ ′=±

B
μθ ′
α2,1,μCμθ ′α

∣∣∣∣1D
(

μ
α2,1 μθ ′ α; 1

�z

)∣∣∣∣
2

.

(B.1.5)

Here Cαθ
α2,1,α is just the usual (regular) OPE coefficient given in terms of the DOZZ

formula, B is the irregularOPEcoefficient to be determined, andCμα is the normalization
function of the irregular state, to be determined also. It is defined by

〈μ,�|�〉 = |�|2�Cμα. (B.1.6)

To determine B and C we use the BPZ equation
(
b−2∂2z − 1

z
∂z +

�

z2
+

μ�

z
− �2

4

)
〈μ,�|�(z)|�〉 = 0. (B.1.7)



Irregular Liouville Correlators and Connection Formulae 711

This equation can be solved exactly and has the two solutions z
b2
2 Mbμ,±bα(b�z), where

M denotes the Whittaker function. It has a simple expansion around z ∼ 0:

Mbμ,bα(b�z) = (b�z)
1
2 +bα (1 +O(b�z)) . (B.1.8)

Comparing this expansion with the leading term in the OPE between �(z) and |�〉 we
can identify

1F

(
μαθ

α2,1
α

;�z

)
= ��θ z

b2
2 (b�)−

1
2−θbαMbμ,θbα(b�z). (B.1.9)

On the other hand, there exist two other solutions to the BPZ equation which have a
simple expansion around z ∼ ∞, namely the Whittaker W functions W±bμ,bα(±b�z).
They have an asymptotic expansion at ∞ given by

Wbμ,bα(b�z) ∼ e−b�z/2(b�z)bμ
(
1 +O((b�z)−1)

)
, (B.1.10)

valid in the Stokes sector |arg(b�z)| < 3π
2 . An important fact is that this function is

invariant under α → −α. We see that the expansion of the WhittakerW function (times
the factor zb

2/2) has exactly the form of the OPE between the irregular state and the
degenerate field, with

μ′ = μ± = μ ±
(

−b

2

)
. (B.1.11)

(Note that with this convention, μ± corresponds to W∓bμ,bα(∓b�z). This may seem
confusing but we like to keep the expression μ± analogous to the fusion rules with a
regular state which give α± = α ± −b

2 ).
Comparing the expansion of the W function with the irregular OPE (B.1.3), we can
identify

1D

(
μ

α2,1 μ+ α; 1

�z

)
= ��+�2,1e−iπbμbbμ(�z)

b2
2 W−bμ,bα(e−iπb�z),

1D

(
μ

α2,1 μ− α; 1

�z

)
= ��+�2,1b−bμ(�z)

b2
2 Wbμ,bα(b�z).

(B.1.12)

For simplicity we focus on the branch specified by −� = e−iπ� and use the asymp-
totic expansion (B.1.10) for both b�z and e−iπb�z → ∞. This is valid for −π

2 <

arg(b�z) < 3π
2 . The modulus squared has to be understood as acting by sending

�z → �̄z̄ and correspondingly e−iπ�z → e+iπ�̄z̄. Since we have assumed −π
2 <

arg(b�z) < 3π
2 , we also have −π

2 < arg(eiπb�̄z̄) < 3π
2 , so all the asymptotic expan-

sions are in their domain of validity. Similar expressions hold in the other Stokes sectors.
We can now restate the crossing symmetry condition (B.1.5) in terms ofWhittaker func-
tions and use the known connection formulae for them (see https://dlmf.nist.gov/13.14)
to determine the normalization function C and the OPE coefficient B. We have

Mκ,μ(z) = 
(1 + 2μ)



( 1
2 + κ + μ

)eiπ
(
1
2−κ+μ

)
Wκ,μ(z) +


(1 + 2μ)



( 1
2 − κ + μ

)e−iπκW−κ,μ(e−iπ z).

(B.1.13)

https://dlmf.nist.gov/13.14
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Plugging this into (B.1.5) using the identifications of the conformal blocks with the
Whittaker functions we obtain the condition

〈μ,�|�(z)|�〉 = |�|2�+2�2,1+b2
∑
θ=±

b−1−2θbαCαθ
α2,1,α

Cμαθ 
(1 + 2θbα)2×

×
∣∣∣∣∣∣

e
iπ
(
1
2−bμ+θbα

)



( 1
2 + bμ + θbα

) z b2
2 Wbμ,bα(b�z)

+
e−iπbμ



( 1
2 − bμ + θbα

) z b2
2 W−bμ,bα(e−iπb�z)

∣∣∣∣∣
2

= |�|2�+2�2,1+b2Bμ+
α2,1,μ

Cμ+α

∣∣∣∣e−iπbμbbμz
b2
2 W−bμ,bα(e−iπb�z)

∣∣∣∣
2

+ |�|2�+2�2,1+b2Bμ−
α2,1,μCμ−,α

∣∣∣∣b−bμz
b2
2 Wbμ,bα(b�z)

∣∣∣∣
2

,

(B.1.14)

where we have used the fact thatWκ,−μ(z) = Wκ,μ(z). Using the expression (A.1.8) for
the coefficients Cαθ

α2,1,α , the cancellation of the cross-terms in the modulus squared gives
the following functional equation for Cμα:

Cμα+

Cμα−
= e−2π ibαb2bQ+4bα γ (−2bα)γ

( 1
2 + bμ + bα

)
γ (bQ + 2bα)γ

( 1
2 + bμ − bα

) , (B.1.15)

which is solved in terms of the usual ϒb-function:

Cμα = e−iπ�ϒb(Q + 2α)

ϒb

(
Q
2 + μ + α

)
ϒb

(
Q
2 + μ − α

) , (B.1.16)

up to normalization and a periodic function of α with period b. We see however that the
minimal choice is consistent with the result obtained by the collision limit in A.2. Once
we know the expression for Cμα ,we can compute the irregular OPE coefficients Bμ±

α2,1,μ

from the diagonal terms in (B.1.14). The result is

Bμ±
α2,1,μ = e

iπ
(
1
2±bμ+ b2

4

)
. (B.1.17)

Again, we find that this is in agreement with the result found by the collision limit in
A.2. For completeness, let us write the connection formula for the conformal blocks F
and D, which solves the crossing symmetry constraint (B.1.5). Using the identification
of the conformal blocks with theWhittaker functions with the correct prefactors we find

bθbα
1F

(
μαθ

α2,1
α

;�z

)
=
∑
θ ′=±

b− 1
2−θ ′bμNθθ ′(bα, bμ)1D

(
μ

α2,1 μθ ′ α; 1

�z

)
,

(B.1.18)

with irregular connection coefficients

Nθθ ′(bα, bμ) = 
(1 + 2θbα)



( 1
2 + θbα − θ ′bμ

)eiπ
(
1−θ ′
2

)(
1
2−bμ+θbα

)
. (B.1.19)
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The inverse relation is

b− 1
2−θbμ

1D

(
μ

α2,1 μθ α; 1

�z

)
=
∑
θ ′=±

bθ ′bαN−1
θθ ′ (bμ, bα)1F

(
μαθ ′ α2,1

α
;�z

)
,

(B.1.20)

with

N−1
θθ ′ (bμ, bα) = 
(−2θ ′bα)



( 1
2 + θbμ − θ ′bα

)eiπ
(
1+θ
2

)(
− 1

2−bμ−θ ′bα
)
. (B.1.21)

As a final remark, note that the Whittaker W -functions have a non-trivial monodromy
around∞. However, since for the correlatorwe considered, themonodromyaround0 and
∞ is the same, and by construction we have no monodromy around 0, the combination
of W -functions appearing in the correlator expanded for large �z is precisely such that
the monodromy cancels. This can be checked also purely locally by carefully using the
asymptotic expansions of theW -functions and its Stokes sectors. In particular, any other
correlator involving this irregular state will have the same asymptotic behaviour and
thus the normalization function Cμα ensures also the absence of monodromies for any
other correlator.

B.2. Rank 1/2. Let us repeat the same arguments for the rank 1/2 irregular state intro-
duced in Sect. 2.3. The (chiral) OPE between the irregular state and the degenerate field
is fixed by the Ward identities to be:

〈�2|��,±(z) =
∞∑
k=0

(�2)−
1
4− b2

4 z
1
4 +

b2
2 − k

2 e±b�
√
z〈�2; k

2
|. (B.2.1)

Here 〈�2; k
2 | are the ("generalized") descendants of the irregular state. They take the

form

〈�2; k
2
| =

∑
ci jY�−i∂

j
�〈�2|LY , (B.2.2)

where ci jY are coefficients fixed by the Ward identities and the sum runs over i, j ≥ 0
and all Young tableaux Y such that i + j + 2|Y | = k. In particular, note that only the
integer descendants (i.e. k ∈ 2Z) can contain Virasoro generators LY . Furthermore we
normalize 〈�2; 0| ≡ 〈�2|. Since both z-behaviours in (B.2.1) given by± live in the same
Bessel module specified by�, there is no canonical way of choosing a basis of solutions,
in contrast to the rank 1 case. This ambiguity does not affect the physical correlator, since
we have to sum over both solutions with the corresponding OPE coefficients. Changing
the basis of conformal blocks changes the OPE coefficients in a way that the physical
correlator is invariant. Consider the following correlation function involving the rank
1/2 state:

〈�2|�(z)|�〉. (B.2.3)

We can decompose it into conformal blocks by doing the OPE left and right:

〈�2|�(z)|�〉 =
∑
θ=±

Cαθ
α2,1,α

Cαθ

∣∣∣ 1
2
F
(
αθ α2,1 α; �

√
z
)∣∣∣2
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=
∑
θ ′=±

Bα2,1Cα

∣∣∣∣ 12E(θ ′)
(

α2,1 α; 1

�
√
z

)∣∣∣∣
2

. (B.2.4)

Here Cα is the normalization function of the irregular state, defined by

〈�2|�〉 = |�2|2�Cα, (B.2.5)

which is to be determined.We also want to determine the irregular OPE coefficient Bα2,1 .
To do so, consider the BPZ equation that the correlator obeys:

(
b−2∂2z − 1

z
∂z +

�

z2
− �2

4z

)
〈�2|�(z)|�〉 = 0. (B.2.6)

Solving this differential equation one identifies the conformal block corresponding to
the expansion near 0 with a modified Bessel function:

1
2
F
(
αθ α2,1 α; �

√
z
) = 
(1 + 2θbα)�2�θ

(
b�

2

)−2θbα

z
bQ
2 I2θbα(b�

√
z). (B.2.7)

The prefactors are fixed by looking at the OPE between � and |�〉 and using the expan-
sion of the Bessel function:

I2θbα(b�
√
z) = (b�

√
z/2)2θbα


(1 + 2θbα)

(
1 +O(b�

√
z)
)
. (B.2.8)

On the other hand there are two other solutions to theBPZ equation given by themodified
Bessel functions of the second kind K2bα(±b�

√
z). They have a nice behaviour at ∞,

given by the asymptotic formula

K2bα(b�
√
z) ∼

√
π

2b�
√
z
e−b�

√
z(1 +O((b�

√
z)−1)). (B.2.9)

Furthermore K2bα(b�
√
z) = K−2bα(b�

√
z). This expansion has precisely the form of

the OPE between the irregular state and the degenerate field (B.2.1). We can therefore
identify the necessary prefactors and defi1ne the irregular conformal blocks for z ∼ ∞:

1
2
E(+)

(
α2,1 α; 1

�
√
z

)
=
√
2b

π
e− iπ

2 (�2)�− b2
4 z

bQ
2 K2bα(e−iπb�

√
z),

1
2
E(−)

(
α2,1 α; 1

�
√
z

)
=
√
2b

π
(�2)�− b2

4 z
bQ
2 K2bα(b�

√
z).

(B.2.10)

We can now restate the crossing symmetry condition (B.2.4) in terms of Bessel func-
tions and use the known connection formulae for them (see e.g. dlmf.nist.gov/10.27) to
determine the normalization function C and the OPE coefficient Bα2,1 . We have

Iν(z) = i

π
eiπνKν(z) − i

π
Kν(e

−iπ z). (B.2.11)

Plugging this formula into (B.2.4) using the identifications between the conformal blocks
and Bessel functions, one finds that the vanishing of the cross-terms gives the condition

Cα+

Cα−
= 2−8bαb2bQ+8bαe−4π ibα γ (−2bα)

γ (bQ + 2bα)
. (B.2.12)
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We take the simplest solution, namely

Cα = 2−4�e−2π i�ϒb(Q + 2α). (B.2.13)

This is in agreement with the result found in A.3. Once we have the expression for Cα ,
we can compute the irregular OPE coefficients from the diagonal terms of the crossing
symmetry condition. The result is

Bα2,1 = 2b
2
e
iπbQ
2 . (B.2.14)

We see that the OPE coefficients are independent of ±, which is a reflection of the fact
that we have a symmetry rotating the basis of conformal blocks into each other and
leaving the physical correlator invariant.
For completeness, let us write also the connection formula for the irregular conformal
blocks:

b2θbα 1
2
F
(
αθ α2,1 α; �

√
z
) =

∑
θ ′=±

b− 1
2Qθθ ′(bα) 1

2
E(θ ′)

(
α2,1 α; 1

�
√
z

)
.

(B.2.15)

with irregular connection coefficients

Qθθ ′(bα) = 22θbα√
2π


(1 + 2θbα)e
iπ
(
1−θ ′
2

)(
1
2 +2θbα

)
. (B.2.16)

The inverse relation is

b− 1
2 1
2
E(θ)

(
α2,1 α; 1

�
√
z

)
=
∑
θ ′=±

b2θ
′bαQ−1

θθ ′(bα) 1
2
F
(
αθ ′ α2,1 α; �

√
z
)
.

(B.2.17)

with irregular connection coefficients

Q−1
θθ ′(bα) = 2−2θ ′bα

√
2π


(−2θ ′bα)e
−iπ

(
1+θ
2

)(
1
2 +2θ

′bα
)
. (B.2.18)

C. Classical Conformal Blocks and Accessory Parameters

In this Appendix we give explicit combinatorial expressions for the classical conformal
blocks used in the main text.

C.1. The regular case. Let us start with the case of regular conformal blocks. Via the
AGT correspondence [19] the four-point regular conformal block is given by

F

(
α1
α∞α

αt
α0

; t
)

= t�−�t−�0(1 − t)−2( Q
2 +α1)(

Q
2 +αt )×

×
∑

�Y
t | �Y |zvec

(
�α, �Y

) ∏
θ=±

zhyp
(
�α, �Y , αt + θα0

)
zhyp

(
�α, �Y , α1 + θα∞

)
,
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Fig. 2. Arm length AỸ (s) = 4 (white circles) and leg length LY (s) = 2 (black dots) of a box at the site

s = (2, 2) for the pair of superimposed diagrams Y (solid lines) and Ỹ (dotted lines)

(C.1.1)

where the sum runs over all pairs of Young tableaux (Y1,Y2). We denote the size of the
pair | �Y | = |Y1| + |Y2|, and [69,70]

zhyp
(
�α, �Y , μ

)
=
∏
k=1,2

∏
(i, j)∈Yk

(
αk + μ + b−1

(
i − 1

2

)
+ b

(
j − 1

2

))
,

zvec
(
�α, �Y

)
=

∏
k,l=1,2

∏
(i, j)∈Yk

E−1 (αk − αl ,Yk,Yl , (i, j))

∏
(i ′, j ′)∈Yl

(
Q − E

(
αl − αk,Yl ,Yk, (i

′, j ′)
))−1

,

E (α,Y1,Y2, (i, j)) = α − b−1LY2((i, j)) + b
(
AY1((i, j)) + 1

)
.

(C.1.2)

Here LY ((i, j)), AY ((i, j)) denote respectively the leg-length and the arm-length of the
box at the site (i, j) of the tableau Y . If we denote a Young tableau as Y = (ν′

1 ≥ ν′
2 ≥

. . . ) and its transpose as Y T = (ν1 ≥ ν2 ≥ . . . ), then LY and AY read (Fig. 2)

AY (i, j) = ν′
i − j, LY (i, j) = ν j − i. (C.1.3)

Note that they can be negative if the box (i, j) are the coordinates of a box outside the
tableau. Also, the previous formulae has to be evaluated at �α = (α1, α2) = (α,−α).
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Comparing (C.1.1) with (3.1.24) we find the explicit expression for the classical confor-
mal block F :

F(t) = lim
b→0

b2 log

⎡
⎣(1 − t)−2( Q

2 +α1)(
Q
2 +αt )

∑
�Y

t | �Y |zvec
(
�α, �Y

)

∏
θ=±

zhyp
(
�α, �Y , αt + θα0

)
zhyp

(
�α, �Y , α1 + θα∞

)]
. (C.1.4)

This turns into a combinatorial expression of the u parameter defined as

u(0) = lim
b→0

b2t∂t logF

(
α1
α∞α

αt
α0

; t
)

= −1

4
− a2 + a2t + a20 + t∂t F(t) (C.1.5)

in terms of the intermediate momentum α. After substituting the dictionary with the
Heun equation this gives a combinatorial expression of the accessory parameter q in
terms of the Floquet exponent a = bα. Inverting this relation order by order in t allows
us to compute the connection coefficients in terms of the accessory parameter. Let us
carry out explicitly a first order computation for the sake of clarity. At one instanton the
relevant pairs of Young tableaux are �Y = ((1), (0)) and �Y = ((0), (1)). The various
contributions give

zhyp (�α, ((1), (0)), μ) = Q

2
+ α + μ,

zhyp (�α, ((0), (1)), μ) = Q

2
− α + μ,

(C.1.6)

and since A(0)(i = 1, j = 1) = L(0)(i = 1, j = 1) = −1 and A(1)(i = 1, j = 1) =
L(1)(i = 1, j = 1) = 0,

E (0, (1), (1), (i = 1, j = 1)) = b,

E (2α, (1), (0), (i = 1, j = 1)) = Q + 2α,
(C.1.7)

therefore

zvec (�α, ((1), (0))) =
∏
l=1,2

E−1 (α − αl , (1),Yl , (i = 1, j = 1))

×
∏
k=1,2

(
Q − E

(
α − αk, (1),Yk, (i

′ = 1, j ′ = 1)
))−1

= 1

−2α (Q + 2α)
,

zvec (�α, ((0), (1))) =
∏
l=1,2

E−1 (−α − αl , (1),Yl , (i = 1, j = 1))

×
∏
k=1,2

(
Q − E

(−α − αk, (1),Yk, (i
′ = 1, j ′ = 1)

))−1

= 1

2α (Q − 2α)
.

(C.1.8)
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Note that and that every time (i, j) have to run into an empty tableau, the corresponding
term contributes with 1. Finally, substituting the previous results in (C.1.4) we get

F(t) =
( 1
4 − a2 − a21 + a2∞

) ( 1
4 − a2 − a2t + a20

)
1
2 − 2a2

t +O(t2). (C.1.9)

In themain text wewill need the derivatives of F expressed in terms of Heun parameters.
For example,

∂at F(t) =
(
4a2 − α2 + 2αβ − β2 − 2δ + δ2

)
(1 − ε)

2 − 8a2
t +O(t2). (C.1.10)

Moreover,

u(0) = −1

4
− a2 + a2t + a20 +

( 1
4 − a2 − a21 + a2∞

) ( 1
4 − a2 − a2t + a20

)
1
2 − 2a2

t +O(t2).

(C.1.11)

Note that the relation between u(0) and a is quadratic at t = 0, therefore we will have
two solutions for a(u(0)):

a = ±
√

−1

4
− u(0) + a2t + a20(

1 −
(−1 + 2a20 + 2a21 − 2a2∞ + 2a2t − 2u(0)

) (−1 + 4a2t − 2u(0)
)

2
(−1 + 4a20 + 4a2t − 4u(0)

) (−1 + 2a20 + 2a2t − 2u(0)
) t +O(t2)

)
.

(C.1.12)

Substituting the dictionary (4.1.3) we obtain

a = ±1

2

√
(α + β − δ)2 − 4q

∓ t
(
δ(q(α + β + 1) − γ (αβ + q)) + (q − αβ)(2q − γ (α + β − 1)) + δ2(−q)

)
√

(α + β − δ)2 − 4q(4q − (α + β − δ − 1)(α + β − δ + 1))
+ O

(
t2
)

.

(C.1.13)

Note that that all the connection formulae near the various singularity are all symmetric
under a → −a. The sign has to be carefully chosen only when connecting to the
intermediate region. Finally, we are in the position to expand the connection coefficients.
For example, one would have, choosing the lower sign in a,




(
1 + γ − ε

2
+ a

)
� 


(
1 + γ − ε −√−4q + (α + β − δ)2

2

)

×

⎛
⎜⎜⎝1 +

t
(
δ(q(α + β + 1) − γ (αβ + q)) + (q − αβ)(2q − γ (α + β − 1)) + δ2(−q)

)
ψ0

(
1+γ−ε−

√
−4q+(α+β−δ)2

2

)
√

(α + β − δ)2 − 4q(4q − (α + β − δ − 1)(α + β − δ + 1))

⎞
⎟⎟⎠ ,

(C.1.14)

where ψ0 is the Digamma function.
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C.2. The confluent case. In order to discuss the confluent classical conformal block, let
us write the four-point conformal block appearing in (3.1.39), that is

F

(
αt
α∞α

α1
α0

; 1
t

)
= t−�+�1+�0(1 − t−1)−2( Q

2 +α1)(
Q
2 +αt )×

×
∑

�Y
t−| �Y |zvec

(
�α, �Y

) ∏
θ=±

zhyp
(
�α, �Y , αt + θα∞

)
zhyp

(
�α, �Y , α1 + θα0

)
.

(C.2.1)

Note that in the decoupling limit (3.2.3), that is

αt + α∞ = −μ, αt − α∞ = η, t = �

η
, (C.2.2)

where then η → ∞,

zhyp
(
�α, �Y , αt − α∞

)
∼ (αt − α∞)2| �Y | ∼

(
�

t

)2| �Y |
,

zhyp
(
�α, �Y , αt + α∞

)
= zhyp

(
�α, �Y ,−μ

)
,

(1 − t−1)2(
Q
2 +α1)(

Q
2 +αt ) ∼ e

−
(
Q
2 +α1

)
�
.

(C.2.3)

Therefore the confluent 3-point function (3.2.38) has the following combinatorial ex-
pression

1F

(
μα

α1
α0

;�

)

= ��e

(
Q
2 +α1

)
�
∑

�Y
�| �Y |zvec

(
�α, �Y

)
zhyp

(
�α, �Y ,−μ

) ∏
θ=±

zhyp
(
�α, �Y , α1 + θα0

)
.

(C.2.4)

As for the previous case, this turns into a combinatorial expression of the u parameter de-
fined in equation 3.2.41 in terms of the intermediate momentum a, that after substituting
the dictionary with the CHE gives a combinatorial expression for the accessory parame-
ter in terms of the Floquet exponent. Again, inverting this relation is useful for computing
the explicit connection coefficients. Similarly we can give an explicit expression of the
classical conformal block for big � appearing in (3.2.51), that is

1D

(
μ

α1 μ′ α0; 1

�

)

= lim
η→∞ ��0+�1+2μ′(μ′−μ)e−(μ′−μ)�

(
1 − η

�

)�1−(μ′−μ)(η−μ′)−
(
Q
2 +α1

)
(Q+η−μ) ×

×
∑

�Y

( η

�

)| �Y |
zvec

(
�α(η), �Y

)

∏
θ=±

zhyp

(
�α(η), �Y ,

η − μ

2
+ θα0

)
zhyp

(
�α(η), �Y , α1 + θ

−η − μ

2

)
, (C.2.5)
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where

�α(η) =
(

−η − μ

2
− μ′, η − μ

2
+ μ′

)
. (C.2.6)

Again, this gives an explicit expression of the classical conformal block FD(L−1) re-
calling that

1D

(
μ

α1 μ′ α0; 1

�

)
= e−(μ′−μ)���0+�1+2μ′(μ′−μ)e

1
b2

(FD(L−1)+O(b2))
. (C.2.7)

C.3. The reduced confluent case. To obtain the reduced confluent classical block we
decouple the momentum μ starting from (C.2.1) as follows

� = −�1�2

4μ
, as μ → ∞. (C.3.1)

This gives

1
2
F

(
α

α1
α0

;�2
)

= �2�
∑

�Y

(
�2

4

)| �Y |
zvec

(
�α, �Y

) ∏
θ=±

zhyp
(
�α, �Y , α1 + θα0

)
. (C.3.2)

This gives for the classical conformal blocks

F(L2) = lim
b→0

b2 log
∑

�Y

(
�2

4

)| �Y |
zvec

(
�α, �Y

) ∏
θ=±

zhyp
(
�α, �Y , α1 + θα0

)
.

(C.3.3)

C.4. The doubly confluent case. Let us consider the following decoupling limit of
(C.2.1):

α1 + α0 = −μ2, α1 − α0 = η, � → �1�2

η
, as η → ∞. (C.4.1)

This gives

1F1 (μ1 α μ2,�1�2)

= (�1�2)
� e

�1�2
2
∑

�Y
(�1�2)

| �Y | zvec
(
�α, �Y

)
zhyp

(
�α, �Y ,−μ1

)
zhyp

(
�α, �Y ,−μ2

)
,

(C.4.2)

and

F(L1L2)

= lim
b→0

b2 log

⎡
⎣e �1�2

2
∑

�Y
(�1�2)

| �Y | zvec
(
�α, �Y

)
zhyp

(
�α, �Y ,−μ1

)
zhyp

(
�α, �Y ,−μ2

)⎤⎦ .

(C.4.3)
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C.5. The reduced doubly confluent case. We now decouple μ2 in (C.4.2) as follows

�2 → − �2
2

4μ2
, as μ2 → ∞. (C.5.1)

Again,

1F 1
2

(
μα;�1

�2
2

4

)
=
(
�1�

2
2

)�∑
�Y

(
�1�

2
2

)| �Y |
zvec

(
�α, �Y

)
zhyp

(
�α, �Y ,−μ

)
.

(C.5.2)

Therefore the corresponding classical conformal block gives

F(L1L
2
2) = lim

b→0
b2 log

∑
�Y

(
�1

�2
2

4

)| �Y |
zvec

(
�α, �Y

)
zhyp

(
�α, �Y ,−μ

)
. (C.5.3)

C.6. The doubly reduced doubly confluent case. Decoupling the last momentum μ in
(C.5.2) by setting

�1 → − �2
1

4μ1
, as μ → ∞ (C.6.1)

gives

1
2
F 1

2

(
α;�2

1�
2
2

)
=
(
�2

1�
2
2

)�∑
�Y

(
�2

1�
2
2

16

)| �Y |
zvec

(
�α, �Y

)
. (C.6.2)

The corresponding classical conformal block gives

F(L2
1L

2
2) = lim

b→0
b2 log

⎡
⎣∑

�Y

(
�2

1�
2
2

16

)| �Y |
zvec

(
�α, �Y

)⎤⎦ . (C.6.3)

D. Combinatorial Formula for the Degenerate 5-Point Block

As for the four-point blocks in the previous Appendix, we give an explicit combinatorial
expression for the degenerate 5-point conformal block introduced in Sect. 3.1 via the
AGTcorrespondence. It can be computed as the partition function ofN = 2 gauge theory
with four flavours and a surface operator, or equivalently as a quiver gauge theory with
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specific masses fixed by the fusion rules of the degenerate field. Using the representation
as a quiver gauge theory we find

F

(
α1
α∞ α

αt α0θ
α2,1
α0

; t, z
t

)

= t�−�t−�0θ z
bQ
2 +θbα0(1 − t)−2( Q

2 +α1)(
Q
2 −αt )

(
1 − z

t

)−2( Q
2 +αt )(

Q
2 +α2,1)

(1 − z)−2( Q
2 +α1)(

Q
2 +α2,1)

×
∑
�Y , �W

t | �Y | ( z
t

)| �W |
zvec

(
�α, �Y

)
zvec

(
�α0θ , �W

)

∏
σ=±

zhyp
(
�α, �Y , α1 + σα∞

)
zhyp

(
�α0θ , �W , α2,1 + σα0

)
zbifund

(
�α, �Y , �α0θ , �W ;αt

)
,

(D.0.1)

where the sum runs over two pairs of Young tableaux �Y = (Y1,Y2) and �W = (W1,W2).
�α0θ has to be understood as (α0θ ,−α0θ ) andwe recall that α2,1 = − 2b+b−1

2 . Furthermore
zvec and zhyp are defined as in (C.1.2). The new ingredient is the contribution of a
bifundamental, defined as

zbifund
(
�α, �Y , �β, �W ;αt

)
=

=
∏

k,l=1,2

∏
(i, j)∈Yk

[
E (αk − βl ,Yk,Wl , (i, j)) −

(
Q

2
+ αt

)]

∏
(i ′, j ′)∈Wl

[
Q − E

(
βl − αk,Wl ,Yk, (i

′, j ′)
)−

(
Q

2
+ αt

)]
, (D.0.2)

with E as in (C.1.2).
Since all other conformal blocks are defined in terms of this degenerate 5-point block,
the expression (D.0.1) can be used to compute any other block. In particular one can
verify explicitly that the various confluence limits are finite.

E. List of Symbols

CFT symbols

b Liouville coupling constant
Q Liouville background charge Q = b + b−1

α∞, α1, αt , α0 Liouville momenta of non-degenerate primary insertions

�∞, �1, �t , �0 Scalingdimensions of non-degenerate primary insertions,�i = Q2

4 −
α2
i

α Intermediate momentum, with corresponding scaling dimension �

α2,1 Degenerate Liouville momentum α2,1 = − 2b+b−1

2 , with correspond-
ing scaling dimension �2,1

αiθ Momentum shifted by −θ b
2 with θ = ±1, namely αiθ = αi − θ b

2
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Vαi (x) Primary operator of momentum αi inserted at x
|�i 〉 Primary state, corresponding to a primary operator of dimension �i

inserted at zero (at infinity if 〈�∞|)
μ L1−momentum of an irregular insertion of rank 1
μ′ Intermediate L1−momentum

μiθ L1−momentum shifted by −θ b
2 with θ = ±1

|μ,�〉 Irregular state of rank 1 with eigenvalues μ�,−�2

4 inserted at zero
(at infinity if 〈μ,�|)

|�2〉 Irregular state of rank 1
2 with eigenvalues −�2

4 inserted at zero (at
infinity if 〈�2|)

xFy Conformal block (CB) expanded around regular insertions, with an
insertion of rank17 x resp. y at ∞ resp. 0

xDy CB with at least one variable expanded around an irreg. singularity
of rank 1, with an insertion of rank x resp. y at ∞ resp. 0

xEy CB with at least one variable expanded around an irreg. singularity
of rank 1

2 , with an insertion of rank x resp. y at ∞ resp. 0

x F̃y, xD̃y, x Ẽy CB without classical part, i.e. normalized as 1 + . . .

Gα Liouville two point function
Cα1α2α3 Liouville three point function

Cμα Pairing of a primary and a rank 1 irregular state
Cα Pairing of a primary and a rank 1

2 irregular state
Cα3

α1α2 OPE coefficient involving three primaries

Bμ′
μα OPE coefficient involving one primary and two irregular vertices of

rank 1
Bα2,1 OPEcoefficient involving a degenerate field and two irregular vertices

of rank 1/2

CFT symbols—semiclassics

a∞, a1, at , a0 Semiclassical Liouville momenta
a Semiclassical intermediate momentum

aiθ Semiclassical momentum shifted by −θ b2
2 with θ = ±1

m Semiclassical L1−momentum
m′ Semiclassical intermediate L1−momentum
mθ Semiclassical L1−momentum shifted by −θ b2

2 with θ = ±1
L Semiclassical highest eigenvalue of irregular states

xFy Semiclassical CB expanded around regular insertions, with an in-
sertion of rank x resp. y at ∞ resp. 0

xDy Semiclassical CB with at least one variable expanded around an
irreg. singularity of rank 1, with an insertion of rank x resp. y at ∞
resp. 0

xEy Semiclassical CB with at least one variable expanded around an
irreg. singularity of rank 1

2 , with an insertion of rank x resp. y at
∞ resp. 0

F Logarithm of a classical conformal block

17 Here and in the following, if x or y are zero we drop the label for simplicity.
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W Logarithm of a semiclassical conformal block
u Log-derivative of a classical CB, up to constants

x F̃y, x D̃y, x Ẽy Semiclassical CB rescaled so that they start as 1 + . . .

Heun symbols

α, β, γ, δ, ε Parameters of the Heun equations
q Accessory parameter of the Heun equations

w(z) Solutions of the Heun equations in standard form
P−1
i (z)w(z) Solutions of the Heun equations in normal form

HeunG General Heun function
HeunC Confluent Heun function expanded near a regular singularity

HeunC∞ Confluent Heun function expanded near the irregular singularity
HeunRC Reduced confluent Heun function expanded near a regular singu-

larity
HeunRC∞ Reduced confluent Heun function expanded near the irregular sin-

gularity
HeunDC Doubly confluent Heun function expanded near an irregular singu-

larity
HeunRDC0 Reduced doubly confluent Heun function expanded near the irreg-

ular singularity at zero
HeunRDC∞ Reduced doubly confluent Heun function expanded near the irreg-

ular singularity at infinity
HeunDRDC Doubly reduced doubly confluent Heun function expanded near an

iregular singularity
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