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On plethysms and Sylow branching
coefficients

Stacey Law & Yuji Okitani

ABSTRACT We prove a recursive formula for plethysm coefficients of the form a encom-

I
A,(m)?
passing those which arise in a long-standing conjecture of Foulkes. This also genera(dis)es results
on plethysms due to Bruns—Conca—Varbaro and de Boeck—Paget—Wildon. From this we de-
duce a stability result and resolve two conjectures of de Boeck concerning plethysms, as well
as obtain new results on Sylow branching coefficients for symmetric groups for the prime 2.
Further, letting P, denote a Sylow 2-subgroup of Sy, we show that almost all Sylow branching
coefficients of Sy, corresponding to the trivial character of P, are positive.

1. INTRODUCTION

Symmetric groups lie at the intersection of a number of central topics of research in
the representation theory of finite groups. In this article, we focus on two key themes:
plethysms and Sylow branching coefficients.

Plethysm coeflicients form an important family of numbers arising in the theory
of symmetric functions as the multiplicities a) , appearing in the decompositions
of plethystic products of Schur functions sy o :s,, into non-negative integral linear
combinations of Schur functions s,. The setting can be translated to the character
theory of symmetric groups using the characteristic map: see Section 2 below, for
example.

Finding a combinatorial rule for plethysm coefficients remains a major open prob-
lem in algebraic combinatorics [30, Problem 9], as does resolving the long-standing
conjecture of Foulkes [10] that the induced module 1g ;s TSm" is a direct summand of
1s, s, TS’"" whenever m < n. Here 1 denotes the trivial representation, and Foulkes’
Conjecture may equivalently be stated as a?n),(m) > aﬁm),(n) for all partitions u.

Our first main result below is a recursive formula for plethysm coefficients of the
form a‘;’(m) for arbitrary partitions p and A. We extend the notation for plethysm coef-
ficients from being indexed by partitions to being indexed by general skew shapes: see
(4) for the full definition in terms of Littlewood-Richardson coefficients and plethysms
indexed by bona fide partitions.
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THEOREM A. Fizn € N. Let m e N, k € {0,1,...,n— 1} and A+ n. Let u F mn
with I(u) = n — k, and set fi == p— (1""*) = (m — 1)n+ k. Then
k
Wy = 2D DT e Al )
i=0 akk+(m—1)i
Bri
Here )\ denotes the conjugate partition of A\, and we note that Theorem A only
concerns partitions g+ mn with I(p) < n, since a’;\b,)(m) = 0 whenever [(p) > n
(Lemma 2.12). We further remark that the case of k¥ = 0 in Theorem A coincides
with [4, Proposition 1.16], and also with the p = (1™) and r = 1 special case of [7,
Theorem 1.1], although our full Theorem A is a generalisation in a different direction.
We prove Theorem A as a consequence of a striking factorisation result concern-
ing characters of symmetric groups (Theorem B below). In order to state this, we
note that the irreducible characters of the symmetric group 5,, are naturally indexed
by partitions of n, and for a partition A the corresponding character will be de-
noted by x*. This extends more generally to a useful class of characters x** indexed
by skew shapes A\/u, whose decompositions into irreducible constituents gives the
Littlewood—Richardson coefficients (see (2)). For any partition 8 and any character
¢ of a symmetric group S,, we let ¢/x® = Y abnl® XY) x*/#. For 6 a character of

Sm we also write ¢ X 6 :== (¢ x 0) Sntm Finally, for any skew shape a/f of size

SnXSm
n we let pﬁ/ F= X/ ﬁTZ";”S , where here xy*/# also denotes its inflation from S,, to

the imprimitive wreath product S,, ! S,,. Then we may factorise such characters as
follows.

THEOREM B. Let m,n,k € N withm > 2 and k € {0,1,...,n —1}. Let \Fn. Then

n—k \ /8
o X =3 @
8Fk

We apply our Theorem A to deduce a new stability result for plethysm coefficients
investigated in [1], and in the course of our work also resolve two conjectures of de
Boeck [6]. In addition to applications to plethysm coefficients, Theorem A allows us
to deduce several new results on Sylow branching coefficients for symmetric groups.
Motivated by connections to the McKay Conjecture [12, 18] and the study of the
relationship between characters of a finite group and those of its Sylow subgroups [26,
16], Sylow branching coefficients describe the decomposition of irreducible characters
restricted from a finite group to their Sylow subgroups. Specifically, let Irr(G) denote
the set of (ordinary) irreducible characters of a finite group G. Then for x € Irr(G)
and ¢ € Irr(P), where P is a Sylow p-subgroup of G for some given prime p, the
Sylow branching coefficient Z;‘ denotes the multiplicity <Xl )

Divisibility properties of Sylow branching coefficients were recently shown in [15,
Theorem A] to characterise whether a Sylow subgroup of a finite group is normal.
Furthermore, the positivity of Sylow branching coefficients Z;f for symmetric groups
and linear characters ¢ was determined in the case of odd primes p in [13, 14]. However,
relatively little is known about these coefficients when p = 2.

Using Theorem A, we are able to explicitly calculate several families of Sylow
branching coefficients when p = 2. In fact, we show that when p = 2, there are very
few Sylow branching coefficients of the symmetric group S,, which take value zero as
n tends to infinity, countering a prediction made in [13].

THEOREM C. For n a natural number, let P, denote a Sylow 2-subgroup of the sym-
metric group S,. Then almost all irreducible characters x of S, have positive Sylow
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branching coefficient fop . That is,
‘{X € Irr(Sn) | Zi(pn > 0}‘
im =
n—oo | Trr(S,)|

The structure of the article is as follows. In Section 2, we record the necessary back-
ground and notation. In particular, letting P,, denote a Sylow 2-subgroup of S,,, we

abbreviate Z]’f; to Z*. In Section 3 we collect together a number of elementary results
on Sylow branghing coefficients for symmetric groups. Specifically, in Section 3.1 we
compute Z* for various ‘special’ shapes of partitions A, and the primary tools in this
section will be the Littlewood—Richardson rule and Mackey’s theorem for induction
and restriction between subgroups. Theorem C is then proved in Section 3.2.

In the second half of the article (Sections 4-6), we focus primarily on plethysm
coefficients, motivated by the connections between plethysms and Sylow branching
coefficients via wreath product groups. In Section 4 we recall some useful results on
plethysms in the literature. In particular, we give a proof of the k = 0 case of Theorem
A in the language of character deflations introduced by Evseev—Paget—Wildon in [9],
and resolve two conjectures of de Boeck on plethysm coefficients involved in Foulkes’
Conjecture in Section 4.1. We then illustrate some applications of Theorem A to
plethysms in Section 5 before proving Theorems A and B in full in Section 5.1. For ease
of reference, Theorem A is numbered as Theorem 5.1 and Theorem B as Theorem 5.13
below. Finally, in Section 6 we apply Theorem A to deduce further results on Sylow
branching coefficients for the prime 2.

2. PRELIMINARIES

Throughout, we use N to denote the set of natural numbers, and Ny for the set of
non-negative integers. As stated in the introduction, for a finite group G we use Irr(G)
to denote a complete set of the ordinary irreducible characters of G. Further, we use
Char(G) to denote the set of all ordinary characters of G, and 14 to mean the trivial
character of G (omitting the subscript when the meaning is clear from context). For
a subgroup H < G and ¢ € Irr(H), we let Irr(G | ¢) denote the set of x € Irr(G)
such that the restriction of x to H contains ¢ as a constituent.

For g € G and H < G, let H9 := gHg™'. Given ¢ € Char(H), the character
¢y € Char(HY) is defined by ¢,(z) = ¢(g~'xg). Mackey’s Theorem allows us to
describe restrictions and inductions between subgroups of a finite group (see [17,
Chapter 5], for example).

THEOREM 2.1 (Mackey). Let G be a finite group and H, K < G. Let ¢ € Char(H).

Then o X
‘bTHiK = Z ¢9TH90K’

geK~G/H
where the sum runs over a set of (K, H)-double coset representatives.

2.1. REPRESENTATION THEORY OF SYMMETRIC GROUPS. Next, we recall some key
facts concerning the representation theory of symmetric groups, and refer the reader
to [20, 19] for further detail. It is well known that Irr(S,) is naturally in bijection
with the set P(n) of all partitions of n. By convention, P(0) = {&} where & denotes
the empty partition. The irreducible character of S,, corresponding to the partition
A F n will be denoted by x*. In particular, x(" = 1g, , the trivial character of S,
and ") = sgng , the sign character of S,. If « is a (finite) sequence of integers but
is not a partition, then we interpret x® to be the zero function.

The Young diagram of a partition A will be denoted by [A], and that of a skew
shape A/u by [A/u] = [A\]\[p] for p a subpartition of A (written 1 C A). The boxes in
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a Young diagram will sometimes be referred to as nodes, and we refer to skew shapes
and skew diagrams interchangeably when the meaning is clear. We denote the length
of the partition A by I(\), and the conjugate partition of A by ). Note

(1) XN =sgng, - x*

for all A+ n (see [19, 2.1.8]).

We record some operations on partitions. Let A = (A1, Ag,...) and p = (u1, p2, .. .)
be two partitions. Then + denotes component-wise addition, i.e. A+p = (A1 +p1, Ao+
la, ... ), and AU u denotes the partition obtained by taking the disjoint union of the
parts of A and p and reordering so that parts are in non-increasing order. When clear
from context, we abbreviate (a’) := (a,a,...,a) where there are b parts of size a; in
general we will specify (a®) - ab to avoid confusion with the single part partition of
al.

We also make use of skew characters for symmetric groups, i.e. those indexed by
skew shapes. For partitions p and A such that || < ||, the skew character x*/* of
S\/\|—|M| satisfies

. BT
(2) O = O O <X Tgd ) Y v A= ul.

Note if 4 € A then y*/#* = 0. This can be seen from the Littlewood-Richardson
rule, which gives an explicit combinatorial description of the decomposition into irre-
ducibles of the induced character appearing in the above expression, with Littlewood—
Richardson coefficients arising as the multiplicities. These appear in many contexts,
so we shall now fix the notation which will be used throughout this article (see [20]).

DEFINITION 2.2. Letn € N, A = (A1,..., ) FnandC = (¢, ca,...,c,) be a sequence
of positive integers. We say that C is of type X if

\{i€{1,2,...,n}|ci:j}\ Z/\j
forallj € {1,2,...,k}. Moreover, we say that an element ¢; of C is good if c; =1 or
if
Hie{l,2,....,5 -1} |ci=c; =1} > {i e{1,2,...,5 — 1} | c; = ¢, }|.
Finally, we say that C is good if c; is good for all j € {1,...,n}.

THEOREM 2.3 (Littlewood—Richardson rule). Let m,n € Ny. Let p = m and v - n.
Then
v Sm n
O x X s, = Z o X
AFm4n

where the Littlewood—Richardson coefficient c;}yy equals the number of ways to replace

the nodes of the skew Young diagram of \/p by natural numbers such that

(i) the sequence obtained by reading the numbers from right to left, top to bottom
is good of type v;
(ii) the numbers are non-decreasing (weakly increasing) left to right along rows;
and
(iii) the numbers are strictly increasing down columns.

We call the order in Theorem 2.3(i) the reading order of a skew shape. Let v be a
partition and 7 be a skew shape of size |v|. We call a way of replacing the nodes of ~y
by numbers satisfying conditions Theorem 2.3(i)—(iii) a Littlewood-Richardson (LR)
filling of v of type v. Clearly C;)l,u = c,))7 ,.- Using Littlewood-Richardson coefficients, we

can also rephrase (2) as x* =Y ¢}, - x”. Moreover, we can extend this notation
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to generalised Littlewood—Richardson coefficients c;}l s describing the constituents
of

1 LN N T
(X" x - x x* )Tsniwxsm’

for any » € N and n; € Ny, and partitions pf - n; and A F ny + - - - 4 n,.. Similarly,
Co = 020(1) o™ for any o € S,.. Furthermore, for A C P(n) and B C P(m)

we define the operation x as follows:
AxB:={AFm+n|3IpeA ve Bs.t. 027u>0}.

We note that % is both commutative and associative.

Finally, for a partition A = (A1, Aa,..., i) F n, we let Sy =2 Sy, x -+ x Sy, denote
the corresponding Young subgroup of .S,,. The permutation module 1g, TS" induced
by the action of S,, on the cosets of S\ will be denoted by M*. Young’s Rule (see
[19, 2.8.5]) tells us the decomposition of these permutation modules into irreducibles.
Denoting the character of M?* by &, we have that (%, x) equals the number of
semistandard Young tableaux of shape o and content A, for any a F n. Moreover, this
multiplicity is positive if and only if o > A, where > denotes the dominance partial
order on partitions.

2.2. WREATH PRODUCTS AND SYLOW SUBGROUPS OF SYMMETRIC GROUPS. In or-
der to describe the Sylow subgroups of symmetric groups, we briefly introduce some
notation for wreath products. Let G be a finite group and let H < S, for some
n € N. The natural action of S,, on the factors of the direct product G*" induces
an action of S,, (and therefore of H) via automorphisms of G*", giving the wreath
product G H = G*" x H. As in [19, Chapter 4], we denote the elements of G H by
(g1,---,9n;h) for g; € G and h € H. Let V be a CG—-module and suppose it affords
the character ¢. Let V®™ be the corresponding CG*"—module. The left action of GIH
on V®" defined by linearly extending

(G159 h) 1 VI Uy G1UR-1(1) @ @ GnUp—1(n)

turns V" into a C(G' t H)-module, which we denote by yen (see [19, (4.3.7)]), and
we denote its character by ¢. For any 1) € Char(H), we define X' (¢;1) as follows:

X(¢;9) = ¢- IS () € Char(G 1 H).

The inflation InﬂfIZH(w) of ¢ from H to G ! H (identifying H with the quotient
(GVH)/G*™) is sometimes abbreviated to simply v, for convenience.

LEMMA 2.4. Let G, H and ¢ be as above. Let L < H and 7 € Char(L). Then

X(@:m) G = X&) )

Proof. For any a € Char(H) and 8 € Char(L), it is easy to check that « - (ﬁTH)
H
(alL -8)]". Hence

GWH | 7 GUH GW'L GH bt GW\L G H
X(p;7) L = (¢leL -Infly 7') i :¢~(InﬂL (T)) QL
But induction and inflation of characters commute, so (Inﬁgw(r)) gZILLI =

G\H

Inﬂng(TTf)‘ Thus X (¢; ) Gl

=¢- InﬂfIZH(TTf) = X(¢; TTf), as claimed. O

Furthermore, if ¢ € Irr(G) then Gallagher’s Theorem [17, Corollary 6.17] gives
Irr(GUH | *™) = {X(d;¢) | ¢ € Irr(H)}, where Irr(GUH | ™) = {x € Ir(GVH) |
<XlGM,¢X"> # 0}. For a full description of Irr(G 1 H), we refer the reader to [19,
Chapter 4]; in the case H = S5, we use the notation below.
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NOTATION 2.5. Let G be a finite group and suppose Irr(G) = {x* | i € I'}. Then
(G Sy) = {w™ | i # j € TYU{w}, o

iel}

where
P = (X X)) [ gee =7 P = X(X G Ls,) and U= X (X sgng,)-
It will be useful to describe the decomposition of the permutation character
]leSZTGZSZ, for finite groups H < G.

LEMMA 2.6. Let G be a finite group and let Irr(G) and Trr(G1S2) be as in Notation 2.5.

Let H < G and let w := ]lHTG. Then 7 = ]lmszTGIS2 decomposes into irreducible
constituents with multiplicities given by

<7?7'(/1i7j> = <7TaXi> : <7T’Xj> and <7~Ta¢ll> = % : ((7T7Xi>2 + <7T7Xi>)'

Proof. The first part follows from Mackey’s theorem applied to the subgroups G x G
and H1Sy of G1.S3: since (G X G)-(H1S2) =G1Sy and (GxG)N(H1S2) =H X H,

we have
~ i G1S i i GxG ; i ;
<7Ta'l/} ’]> = <]]'HZSQT 2~LG><G’X X XJ> = <I]-H><HT ) X X XJ> = <7T7X > : <7Tan>'
Next, we use the wreath product character formula [19, Lemma 4.3.9] to obtain

Vi (g1,92:1) = X' (91) X' (g2) and ¥y (g1,92;(1,2)) = £x'(9192) Y g1,92 € G.

Hence

<77r, ¢lz> = <1H25'2a ¢ii7ilH152>
1

= v, () ) ) = 3 )

as claimed. O

To describe Sylow subgroups of symmetric groups, fix a prime p and let n € N.
Let P, denote a Sylow p-subgroup of S,,. Clearly P, is trivial while P, is cyclic of
order p. More generally, Pyx = (Pyr-1)*? x P, = P11 P, =2 P,---1 P, (k-fold
wreath product) for all £ € N. Now suppose n € N and let n = Zle a;p™ be its
p-adic expansion, i.e. ny > -+ > ng > 0 and a; € {1,2,...,p — 1} for all i. Then
P, = (Pyny )% X - oo X (Pyng ) ¥k,

To fix a convention for denoting such wreath products involving Sylow subgroups
of symmetric groups more generally, we have the following.

NOTATION 2.7. Let G be a finite group and p a prime. We use the convention that P,
will always be viewed as a subgroup of S,, in the notation G P,,, that is, G! P, is a
semi-direct product G*" x P,.

REMARK 2.8. Suppose p = 2 and n = 2™ + --- 4+ 2™ for some n; > --- > ngi = 0.
With the convention of Notation 2.7, we observe that

PQngP2n1+1 X"'XP2nk+1g(PQ?PQ'ﬂq)X"'X(PQ?Pan)
ngZ(Pgnl ><-~-XP2nk)gP22Pn,

viewing Poni X -+ X Pyni =2 P, naturally as a subgroup of S,,. Inductively, we also
have Pst,, = Pyt ! P, for all t € N. On the other hand, we clarify for example that
P P3 %2 P> P in this notation, even though P; = Ps.
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We now return to an arbitrary prime p. Following the notation introduced in [14],
given x € Irr(S,) and ¢ € Irr(F,), the Sylow branching coefficient Z} denotes the
non-negative integer

Zy={x]p .0
In this article, we will be particularly interested in the case where ¢ = 1p, , and
abbreviate fopﬂ to ZX. Moreover, if x = x* for a partition ), then we shorten 73
to Z*.
We record one more lemma which will be useful later.

LEMMA 2.9. Let A and B be finite groups, and let n € N. Then

A1S, x BIS,,
U axsps, = Y. X(ai0) X(1p;0).
P€lrr(Sy)

Proof. Let ¢ € Irr(S,,). By Frobenius reciprocity,

(U e X (L5 @) - X (1 6)) = (L, (X(1436) - X (155 0)) | 4, y,5.)

= e 2 X (1a;6)(x) - X (1g; 9) (@),

where the sum runs over all z € (A x B)1S,,. But this equals |(AxB|ﬁJ; | > ges, Oy )2

by [19, Lemma 4.3.9]. As symmetric group characters are real-valued (in fact, integer-
valued), this simplifies to ﬁ deSn #(g) - o(9) = (¢, ¢) = 1. O

2.3. PLETHYSMS AND DEFLATIONS. When ¢ and 1 are characters of symmetric
groups, the characters X (¢;1) introduced above are closely related to plethysms of
Schur functions: we give a brief description here and refer the reader to [7, 23, 29]
for further detail. Let s denote the Schur function corresponding to the partition A,
and o the plethystic product of symmetric functions. Using the characteristic map
(see e.g. [29, Chapter 7]) between class functions of finite symmetric groups and the
ring of symmetric functions, we have the correspondence

S
X (x"; X)\)TS:V:;SA:M < S8)08,

for all partitions A and v. Therefore the plethysm coefficient a , satisfies

v Sy
(3) a’&,l/ = <3)\ O Sy, S,u> = <X(X ;X)\)TS:V:Z‘SA“M’XN>

for all partitions p (and note that this is zero if |u| # |v| - |A]). We also introduce
plethysm coefficients indexed by skew shapes: for partitions 8 C a, 6 C v and v,

a/B . _ o
(4) g, = Z cn75'0?7ﬁ~af7’l,
n=|y[—14]
CHal—=|8]

In other words, if ¢ and 6 are skew shapes and v is any partition, then ag)V =

(X(xY; XG)TE::H;:H ,x?), extending the equality in (3). We also remark that if ¢ and 7

are partitions, then a%yg = 1if ( = @ and n = (n) for some n, and afhg = 0 otherwise.
A well known symmetry property of plethysm coefficients involving the conjugation
involution is the following (see e.g. [23, Ex. 1, Ch. 1.8]):

LEMMA 2.10. Let A\, p and v be partitions. Then

A if |p| s even,

v v’ *
ay , = ax« 1, where X\ = : )
o o N if || is odd.
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Character deflations were introduced in [9, Definition 1.1], and used to prove re-
sults generalising the Murnaghan—Nakayama rule for computing symmetric group
character values and (special cases of) the Littlewood-Richardson rule, as well as to
verify new cases of the long-standing Foulkes’ Conjecture. We observe that they give
another language in which to describe certain plethysm coefficients. We first record
the definition of these deflations in notation which we have introduced thus far.

DEFINITION 2.11. Let m,n € N and 0 € Irr(Sy,). Let £ € Irr(Sp 1 Sy). Then

Def§ (£) = X" if &= X(0;x") for some v mn,
! 0 otherwise,

which then extends linearly to all class functions of S;m 0 Sn. If x is a class function
of Smmn then set
Defres?, (x) = Det? (Xlg 5.)

When n € N is fized and v F mn for some m € N, we use the notation

1 m 1 m mn
67 = Defresg* (x7) = Def ¢° ( A{lsmzs

In this article, we will sometimes refer to 67 as the deflation of v with respect to S,
(where the m is understood from |y|/n and we suppress m from the notation).

In particular, if A F n then we have that a) (my = (07, x*). This relation between
plethysm coefficients and deflations can immediately be extended to skew shapes
using Littlewood—Richardson coefficients. Namely, if a, 3, v, A are partitions such that

|a] — |8] = n and |V\ |A| = mn, then we may define 6*/* := Defres]ls’"( vIN) =
Defg® Lom ( ”/)‘ls 's, ). Then xP =3, ¢§ X7 and v =3 X, 07 give

V/A v/ «
(5) Anyg,(m) = = (0 A x /ﬁ>

The following is a straightforward result on plethysm coefficients involving ‘tall’
partitions. We include a proof for convenience.

LEMMA 2.12. Let myn € N, A\Fmn and v b n. If [(\) > n, then a;}w(m) =0.

Proof. Let a == a;}’(m /\lSW;S X (™M), Let Vo= (S,,) %" < Sy 1Sy, Let
X = X (x"™); x¥) and write ls s, = aX + A for some A € Char (S, 1.5,). Since
X, =x"(1) - (") = x"(1) - Ly, it follows that (x*|,,1y) > (a- X |, ,1y) =
a-x"(1). But by the Littlewood-Richardson rule, I(A) > n implies (x*| ., 1y) = 0
since 1y = (x(™)", which gives a = 0. O
Finally, we record the following result of Thrall [31]. We note that a partition is
even if all of its parts are of even size.
PROPOSITION 2.13. Let n € N. Then

(i) s(n) ©8(2) = >_x Sx where the sum runs over all even partitions X = 2n, and
(i) s2)08m) = Z“ s, where the sum runs over all even partitions p b= 2n with
at most two parts.

In other words, af‘ 2 = 1if A F 2n is even and az\n)’(z) = 0 otherwise, while
Ay (ny = 1 if 4+ 2n is even and I(u) < 2, and a(2) (n) = 0 otherwise.

3. SYLOW BRANCHING COEFFICIENTS FOR THE PRIME 2

Throughout Section 3, we fix p = 2 and consider Sylow branching coefficients Z* =
A
Z]’fp for symmetric groups for the prime 2.
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3.1. SPECIAL SHAPES. In this section we provide a survey of facts involving Z* for
partitions A of various ‘special’ shapes: namely when A is an even partition; when I())
is large; when A has at most 2 columns; when A is a hook; and when A is of the form
(a,2,1°).

In general, the strategy is to first consider the case when A - n = 2¥ and to
induct on k, before considering the case of general n € N. The results follow from a
combination of elementary applications of the Littlewood—Richardson rule, Mackey’s
theorem and known results on character restrictions for symmetric groups. We include
full proofs for the convenience of the reader.

LEMMA 3.1. Let A be any partition. Then Z** > 0.
Proof. Suppose A - n. Then Z?* > <x2>‘l5225’ ,Lsns,) = 1 since Py, & Pyl P, <

Szn > uFn x?* by Proposition 2.13. [

So1 Sy, where the equality follows from ]lT S8, =

LEMMA 3.2. Let n € N and A= n. If n is even and [(\) > 5, then Z* = 0. If n is odd
and I(\) > 2L then Z* = 0.
Proof. (i) First we consider the case n = 2* and proceed by induction on k, noting
that the claim is clear for small k € N. Suppose p b 2% with () > 28=1 and Z* > 0.
Let S == Sor, P = Por = Por-1 1 P, < S and Q = Por—1 X Por—1 < P. Let Y be the
subgroup of S isomorphic to Sor-1 X Syr-1 containing Q.

Since Z* > 0, then considering X“lQ = (X“lp)lQ gives ()(”lQ7 1g) > 0. On the
other hand, by considering X”l 0= (X“ly)l o e obtain

Wlglal= Y ey 2,
a,fH2k-1

If ¢, 5 > 0, then by the Littlewood-Richardson rule we must have (1) < I(«) +1(5),
and so either I(a) > 2572 or I(8) > 2¥~2. But then by the inductive hypothesis
Z% =0 or Z” = 0 for each such Ci,ﬁ > 0, giving (x“lQ, 1g) = 0, a contradiction.
(ii) Now consider general n € N. Suppose n = 2" 4 --- 42" withny > -+ >np >0
and A F n. Then ) .

Z)\:ZC;);l /e

pik2mi

But cﬁl x> 0 implies I(A) < I(ph) + -+ 1(u¥). If n is even and I(A) > Z, then
there exists 1 < i < k such that I(u") > 2", and so Z* = 0 follows from case (i) as
Zr =0.If nis odd and [(A) > 2, then I(u') + -+ 1(p*" 1) +1> 2 4+ 1 and so
there exists 1 < < k — 1 such that I(u?) > 27~1. That Z* = 0 follows from case (i)
similarly. O

REMARK 3.3. The bounds on the number of parts of A cannot be improved. For
instance, from Lemma 3.4 below we see that A = (2,2,...,2,¢) - n where € € {0,1}
satisfies Z* =1 and I(\) = 2 if n is even, respectively [(A) = 2L if n is odd.
LEMMA 3.4. Let \ be a partition with at most two columns. Then Z» = 0 unless
A=(2,2,...,2,¢) where € € {0,1}, in which case Z* = 1.

Proof. First suppose |A| = 2% where k € Ny and proceed by induction on k. Clearly
the claim holds for small k, so now suppose A - 2¥*1 and \; < 2. We immediately
deduce from Lemma 3.2 that if A # (22k) then Z* = 0, so we may suppose A = (22k).
We have that

A A _ A w v
7 < (x lpzkprk,HPQkxp2k>_ E RPNV AS
w2k
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Let o := (22}671) F 2k If cfw > 0, then p1,v1 < A1 < 2. By the inductive hypothesis,
ZM = b, and Z¥ = 6,4 (here § denotes the Kronecker delta). Also ¢ , = 1, so
we have shown that Z* < 1. On the other hand, Z* > 0 by Proposition 2.13, so we
conclude that Z* = 1.

Next, we consider the general case, i.e. suppose A - n = 2™ + ... 4+ 2™ with
ny > -+ >n, > 0and A\ < 2. Then

1 k
Z* = E Cﬁl,...,#k LZn gk

piE2mi
If cl/)l k> 0 then each ,ui also has at most two columns, in which case Zr =1
if ut = (22nrl), or ut = (1) if n; = 0, or Zr = 0 otherwise. Hence Z* = 1 if
A=(2,...,2,€) where € = §,, o, and Z* = 0 otherwise, as claimed. O

We deduce the values of Z* for hooks A from [11].

PROPOSITION 3.5. Let n € N and let A = (n —t,1*) for some 0 <t < n — 1. Suppose

n=2" 4 ... 42" wheren; > --->n; = 0. ThenZA:(kzl).

Proof. The case of n = 27 for j € Ny follows immediately from [11, Theorem 1.1],
since Irro/(Sy;) = {x* € Irr(Ss;) | 2 1 x*(1)} consists precisely of those xy* where
A I 27 is a hook. In particular, Z(™ = 1 and Z*» = 0 for all hooks A # (n) when
n = 2. Thus for arbitrary n € N and A\ = (n — ¢, 1%) we have that

k

7> = Z cf;l uk Lz et = CE\in),...,(Q”k) = (’Tl)

.....

/JiFQ”'i
where the final equality follows from Theorem 2.3. 0
LEMMA 3.6. Let k € Nso. If A = (28 —4,2,1772) - 2% with 2 < i < 2% — 2, then
zr = (D).

Proof. We proceed by induction on k, and observe that the assertion holds for small
k by direct computation. Now suppose k& > 2 and let A = (21 — 4 2 1972) |- 2k+1
for some 2 <4 < 2kt — 92 Call § = Sorr1 and P = Pory1 < 5. Let W = S51 1 S5
be such that P < W < S and set Y = Syr X Sor and @ = Pyrx X Pyr such that
Q<Y <Wand Q < P. Then

2= 01T = Y 0 ) - (e ).

PYelrr(W)

Using Notation 2.5 with G = Syr and I = P(2F), we have that
Lr(W) = {"" =" | p#v e PEMYU{L" | pe P(2M)}.
Suppose ¢ € Irr(W) is such that <X>‘l§V,1/)> . (ILPTW, Py # 0.

o If tp =¥ for some pu # v, then (X’\li/,w> = (X’\lf,,xﬂ X x") = cf;)l,. Then
c;\w = 0 implies that u,v C A, and hence each of u and v is either a hook or
of the form (a, 2, 1b) F 2% for some a > 2 and b > 0. Moreover, at least one of
1 and v must be a hook, so without loss of generality we may assume that
is a hook.

If v = (28 —5,2,1772) for some 2 < j < 2¥ —2, then by Lemma 2.6 we have
<]lpTW,z/1> = ZM . Z". By assumption, <]lPTW,1/)> # 0 and hence Z" # 0,
from which we deduce that p is the trivial hook (2%) - 2% and Z* = 1 using
Proposition 3.5. If v and p are both hooks then similarly we deduce from
ZFr - ZV # 0 that u = v = (2¥) - 2F a contradiction.
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o If v = " for some p and choice of sign =+, then <><Alfv,¢> =

<X/\~L§V’ X (x";0)) ior some 0 € {x®, x(1))}. In cither case <X/\l§w X(x*; 0)) #
v

<]lpTW,z/1> = 1 ((Z")? + Z"). By assumption, <]lpTW,@/J> # 0 and hence
ZM # 0, from which we deduce that y = (2¥) = 2* using Proposition 3.5.
Then from C?Qk) (28) # 0 we deduce that i = 2, and also since 7" =1 we

0 implies that c # 0, hence p must be a hook. By Lemma 2.6,

must have 6 = y(2).

As a result, for ¢ > 3 we observe from the inductive hypothesis that

2k _9
N A L (28 —52,1972%) (28 —4,2,1772)
= D oy i Z = 4
j=2 je{i—1,i}

= (kf(;il)) + (5:11) = (((iﬁ))j)

Finally, suppose i = 2 so A = (27! — 2,2). From above, we observe that

2k _2
k_ j—2 S k
= > Qamy b jaizy Z TP 4 0 L X (P X))
j=2

k. S K
=222 4 A, XX @),
By the inductive hypothesis, 72" =2.2) (ﬁ:é) =k — 1, while by [7, Theorem 1.2],

k+1_ S k S.
(Y A x®) = (PP [ g X)) = 1,

and so Z* =k = (EZIB ;) as required. O

REMARK 3.7. In Section 6, we give an alternative proof of Lemma 3.6 using plethysms
(see Corollary 6.17), and discuss the case of general |A\| € N in Remark 6.18.

3.2. POSITIVITY OF SYLOW BRANCHING COEFFICIENTS. The main aim of this section
is to prove Theorem C. We recall the definition of the operation * was given in
Section 2.1.

LEMMA 3.8. Let n € N. Suppose A1, Ay C{\Fn | Z» > 3}. Then Ay x Ay C {u
2n | Z* > 3}.

Proof. We follow the notation of Lemma 2.6, letting G = 5,,, H = P,,, m:= 1p, TS"

and 7 =1 p%TS"zSQ. The irreducible characters of G are indexed by I = P(n). Let
1€ Ay A and take A; € A1, Ay € Ag such that cf\L e 0. By Frobenius reciprocity,

S2n

ZM_ 7TX lSZS2

Suppose first that A; # Ay. In this case, 1?12 = (X’\l X X’\Z)Ts"zsz is an irreducible
SZT:

constituent of Xﬂis 15, because W/\l’)‘zyX“ls ZSQ

c’il)\z. Thus by Lemma 2.6,
= 7'(‘ % J/S lsz < 1/)/\1’)\2>:<7T7X 1>'<7T,X)\2>:Z)\1'Z)\2 >9>3

Now suppose that Ay = Ao =: \. Then at least one of @/}j‘_)‘ and wi)‘ is a constituent

of x ls%zls , since <1/J_),‘_)‘ + 1/1_ , xH zf;&) = c‘/\ﬂ)\‘ Thus by Lemma 2.6,

7= (70N = (2 + 22 or 20 = (7™ = L((20)? - 27

and so Z* > 3 in either case as Z* > 3. O
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DEFINITION 3.9. Let n,w,h € N. We define By p(n) = {AFn| A <w, I(A) <h}.

In other words, By, 5(n) consists of those partitions of n whose Young diagram is
contained inside a w x h rectangle, i.e. the Young diagram of (w"), a rectangle of width
w and height h. Below, we let ** denote a k-fold x-product. That is, A** = AxAx- - -xA
(k times).

PROPOSITION 3.10. Let n > 4 and k > 2 be natural numbers. Then
{(2n = 2,2)}* 2 By 1yn,k(2kn).
The following observation will be used throughout the proof of Proposition 3.10.

LEMMA 3.11. Let n > 2 be a natural number and suppose that a skew shape \/u of
size 2n is such that

e no two nodes of [A\/p] lie in the same column, and
o [\/u] is not (a translation of) [(2n)], nor a disjoint union of [(2n — 1)] and
(D).
Then, [N/ u] has a Littlewood—Richardson filling of type (2n — 2,2).

Proof of Proposition 3.10. We proceed by induction on k, with base cases k = 2 and
k = 3 holding by direct application of the Littlewood-Richardson (LR) rule. For the
inductive step, suppose k& > 4 and let p = (p1, fi2, - flin)) € Br1yn,k(2kn). It
suffices to show that there exist either

(a) f € Bink—1(2(k — 1)n) such that i C p and an LR filling of [u/f1] of type

(2n —2,2), or
(b) i € B(j—1)n,k—2(2(k—2)n) such that & C p and an LR filling of [11//i] of some
type v € {(2n —2,2)} x {(2n — 2,2)}.
Observe first that p cannot be a hook as |u| = 2kn and py < (K + 1)n, I(n) < k.
Moreover, we must have ps < kn and so the number of nodes of [u] lying outside of
the rectangle [(kn)*~!] equals max{pu; — kn,0} + uy and is at most 2n. Indeed, this
is immediate if g1 < kn, and if g1 > kn then we use the inequalities u1 < (k+ 1)n
and py + (k — 1)k < 2kn to obtain
pr— k4 = 5220+ 2 (A (k= D) —kn < 222 (k+ D)n+ 222 — kn = 2n.
In order to show that there exist an appropriate partition i and an LR filling as

in either (a) or (b), we consider the following four cases (i)—(iv), depending on the
manner in which [u] lies outside of the rectangle [(kn)*~!] (if at all). Examples of
each of the four cases are illustrated in Figures 1 to 4, for n = k = 4. In each figure,
the shaded nodes indicate [u/fi], the dotted lines outline the rectangle [((k + 1)n)*],
and the dashed lines outline the rectangle [(kn)*~1].
Case (i): u1 < kn and I(p) < k — 1. The assumptions imply that (2n — 2,2) C p,
and so [p/(2n — 2,2)] has an LR filling of some type fi € By r—1(2(k — 1)n). Since
Cg,(znfz,z) = C?2n72,2),ﬂ > 0, we conclude that (a) holds. An example of case (i) is
illustrated in Figure 1.
Case (ii): p1 > kn and I(u) < k—1. Since it must be that us < kn, the nodes of [u]
lying outside of the rectangle [(kn)*~!] all lie in the first row. We choose ji I |u| — 2n
with i C p so that the skew shape [/ ] contains these 1 — kn nodes. It is clear that
it can be chosen such that the conditions of Lemma 3.11 are also satisfied, since p is
not a hook. Hence we obtain i € Bjp p—1(2(k — 1)n) as required in (a); see Figure 2,
for example.
Case (iii): p1 < kn and I(p) > k — 1. In this case, the nodes of [u] outside of the
rectangle [(kn)*~!] are precisely the ;. nodes in the kth row. Letting m = juy, we
have that 1 < m < 2n as |u| = 2kn.
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FIGURE 1. Example of case (i) with n = k = 4 and p = (14,11,7) + 32. The
dotted lines outline the rectangle [((k + 1)n)*] = [(20)4], the dashed lines outline
the rectangle [(kn)*~1] = [(16)3], and the shaded nodes indicate [11/fi] where we
have chosen fi = (9,9, 6).

FIGURE 2. Example of case (ii) with n = k =4 and pu = (18,9,5) - 32, where we
have chosen g = (16, 8).

FIGURE 3. Example of case (iii) with n = k = 4, p = (10,8,7,7) F 32 and
m = puj, = 2n — 1, where we have chosen i = (8, 8).

We first assume that m < 2n — 2. It is straightforward to choose fi - |u| — 2n with
£ C p so that [u/fi] contains the m nodes in the kth row and satisfies the conditions
in Lemma 3.11. We are then done as in case (ii), as this shows that (a) holds.

Now suppose instead that m = 2n — 1. Then the nodes of [u] outside of the
rectangle [((k — 1)n)*~2] are precisely the x := px_1 + p nodes lying in the k — 1
and kth rows. In particular, pup—1 € {2n — 1,2n} since if pr—1 > 2n + 1 then |pu| >
(k—1)(2n+1)+2n—1 > 2kn, a contradiction. If p;_1 = 2n — 1 then we can choose
& F |u| — 4n with i C p so that [u/f] consists of the 2 = 4n — 2 ‘outside’ nodes,
and two more nodes which can be chosen to lie in different columns to the right of
column 2n — 1 as py > 2n. If g1 = 2n then p = (2n+1,(2n)*2,2n — 1), so we can
take fi = ((2n)*~2). In both instances we observe that [11//i] has an LR filling of type
2n+1,2n—1) e {(2n—2,2)} x{(2n — 2,2)}, and so (b) holds. An example is given
in Figure 3.

Finally, suppose m = 2n. Then u = ((2n)¥), for which we can take ji = ((2n)*~2)
and [p/f] has a (unique) LR filling of type (2n,2n) € {(2n — 2,2)} x {(2n — 2,2)},
and so again (b) holds.

Case (iv): p1 > kn and () > k — 1. The nodes of [p] outside of the rectangle
[(kn)*~1] lie in the first and kth rows. As in case (ii), we can choose fi F |u| — 2n
with i C u so that [p/f] contains all u; — kn + py of these nodes and satisfies the
conditions of Lemma 3.11. Thus (a) holds, as desired (see Figure 4, for example). [

COROLLARY 3.12. For each k € N33, we have Bg(x41),,(16k) C {16k | Z* > 3}.

Proof. We note that Z (14"2) = 3 and so iterated application of Lemma 3.8 shows that
for each r € Ny, (14,2)** C {ut 16-2" | Z* > 3}. Now, suppose k = 2" + - .. 4 27
where nq > --- > n; > 0. Since P, = Pyny X -+ X Pon,, we obtain

(14,2)F C{ur16-2™ | Z# > 3} x- - {uk 16-2" | ZH > 3} C {u+ 16k | Z" > 3}.
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FIGURE 4. Example of case (iv) with n = k =4 and p = (19,9, 3,2) F 32, where
we have chosen i = (16,6, 2).

The assertion then follows from Proposition 3.10. 0

Proof of Theorem C. By [8, (1.4)], we have

I Bs(k+1),1(16k)[
m —— = 1
S T P(16k)]

Now, for each n € N, write n = 16k + r where k := [{5| and 0 < r < 16. By

the Littlewood—Richardson rule, we have Zn+() > Zi for each © F 16k. Hence
HAFn| Z* >0} > [{ut 16k | Z* = 3}|.
Moreover, the partition function |P(n)| is subexponential, so

. |P(16k)]
hm —— =1
nse [P)]

Putting these together with Corollary 3.12,

(A En| 2> >0} _ [PA6K)| [{ph 16k| 2" >3} _ [P(16k)| [Bsr).£(16K)]
[P(n)] ~ P P(16K)| ~ [P0 P(16)]

as n — oo. O

EXAMPLE 3.13. We consider those partitions p F 32 such that Z# = 0. We note that
|P(32)] = 8349, and |{u F 32 | Z* = 0}| = 879. Of these 879 partitions, we can
identify the following using the results in Section 3.1 (note the different properties
are not mutually exclusive):

Property ‘ # of such p 32 ‘ Zr =0

I(p) > 16 684 from Lem 3.2
1 has < 2 columns 16 e p=(2%,132729) 0 < a < 15| from Lem 3.4
@ is a non-trivial hook | 31  i.e. p= (32 —1,1!),1 <1< 31 | from Prop 3.5
w is of form (a,2,1%) 25 for2<a<26 from Lem 3.6

In total, the above partitions cover 710 out of 879 of those u F 32 such that Z# = 0.

In the next section, we move on to the second half of this article centering on
plethysm coefficients. Using applications of plethysms to Sylow branching coefficients
in Section 6, we will in fact be able to identify almost all of the remaining 169 parti-
tions; see Example 6.19.

4. PLETHYSMS AND CHARACTER DEFLATIONS

We record a result of Briand-Orellana—Rosas on plethysm coefficients from which
we can deduce the k¥ = 0 case of Theorem A (Theorem 4.4), as well as resolve two
conjectures of de Boeck in Section 4.1 (Theorems 4.5 and 4.6).

DEFINITION 4.1. Let A be a partition and w, h € Ng such that X C (w"). Then Oy, 1 (N)
denotes the partition of size wh — |\| whose Young diagram is the 180° rotation of the
complement of the Young diagram of A in a rectangle of width w and height h.
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THEOREM 4.2 ([2, Theorem 12]). Let m,n € Ny and let X\, u and v be partitions such
that 1 C (w") and l(v) < h. If v € ((w|A])") then

0O, (v)
v _ w|X|,h
B = O\ Dyon(p) -

Otherwise aiu =0.

Let m,n € N and u F mn. We recall the definition of §* = Defilgi’" (X“lg"”;s ), the
deflation of u with respect to S, from Definition 2.11.

PropoOSITION 4.3. Fix n € N and my,my € N. Let uy = min and suppose p1 C
((m1 + mg)”). Set o = Oy 1myn(p1) F man. Then

sh o2 if m1 4+ mo is even,
sgng - 0M2 if my +mgy is odd,

where 6% refers to the deflation of p; with respect to Sy, fori € {1,2}.

Proof. Since (1™*) C (1™1+™2) and [(u}) < my+mg, as well as pf C ((1-|A[)™+m2),
we see from Theorem 4.2 that

’

Onymy+ms (1) T VAR

Hy
a myy — =a m
)\’(1 1) A7D1,77L1+77L2 ((1”11 )) )\7(1 2)

Applying Lemma 2.10 and observing that A — )\ is an involution on the set of
partitions of n, we obtain

M1 _ M2
X (m1) = xx (mo)

for all A F n, where A\* denotes A (resp. ') if my + mso is even (resp. odd). Since
(01, x*) = aX (m)» We have shown that

<5M»X/\> _ (012, X’\? if my + me is even,
(02, XY if my + mo is odd.

Since Y = sgng - X*, we have §#1 = §H2 if my + my is even (resp. 6#1 = sgng, - 612
if my 4+ mq is odd), as required. O

The following result was first proven in [4, Proposition 1.16], and is a special case

of [7, Theorem 1.1]. It also forms the k = 0 case of Theorem A, since 3_, 4 (ag,/?m) :
fife

a)\/ﬂ’(m_l)) = a§7(m_1). We give a short proof in the language of deflations.

A _ AT
THEOREM 4.4. Let m,n € N, A\ mn and v Fn. Then Ay (m) = Qo (mi1)"
Proof. From Lemma 2.12, a) (m) = al),‘,'k((s;zl) = 0 if I(\) > n, so we may now as-
sume [(A\) < n. Since XV/ = sgng - X", the assertion is equivalent to proving that

= sgng - M) Choose k € N such that A\ C (k"), say k = mn. Then by
Proposition 4.3,

5 = 51 - 5k (N) — S1- 8o - SH+En k(X)) — S1- 8o - 5)\+(1n)7

where {s1,s2} = {]lSn7SgnSn,}' -
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4.1. RESOLVING CONJECTURES ON PLETHYSM COEFFICIENTS. In [32], Weintraub
conjectured that if m,n € N with m even, and A\ + mn is an even partition with
I(A) < n, then a(An)7(m) > 0. An asymptotic version of the conjecture was proven in
[24], and the conjecture was first proven in full in [5] using techniques from quantum
information theory, and reproven in [25] by considering highest weight vectors. The
following sharpening of Weintraub’s conjecture was posed in [6, Conjecture 6.5.1].

THEOREM 4.5. Let m,n € N and let A\ F mn with [(\) < n and \y = m + 2.

(a) Suppose m is even. If X has all parts even, then af\n),(m) = 1. Otherwise,
@y (m) = 0
(b) Suppose m is odd. If A\ has all parts odd, then aE\1n),(m) = 1. Otherwise,

A
@), (m) = O
Proof. Let v == Oypta n(N).
(a) By Lemma 2.10 and Theorem 4.2, noting that (1™) C (1™%2), [(X') = m + 2 and
N C (nerQ)7

A Y _ Onm 2(A/) 7 v
A(n),(m) = %(n),am) = “(nmf,m“((m) = A(n),12) = Y(n),(2)-

Since m is even then A is an even partition if and only if v is an even partition.
Moreover, a(vn)’@) = 1 when v F 2n is an even partition by Proposition 2.13 and
a?n)’@) = 0 otherwise. The assertion follows.

(b) Similarly to case (a), we obtain from Lemma 2.10 and Theorem 4.2

A Y _ Dn,m+2()‘/) _ _ v
Ay, (m) = Un),m) T Un),Ormaa (@) = Hn),(12) = %n),(2)"
Since m is odd, A has all parts odd if and only if v has all parts even, whence the
assertion follows again from Proposition 2.13. O

The maximal and minimal partitions A with respect to dominance labelling a Schur
function sy in a plethysm of two arbitrary Schur functions were determined combi-
natorially using certain collections of tableaux in [28] and [7]. Below, we prove a
conjecture of de Boeck [6, Conjecture 6.5.2] describing certain minimal constituents
satisfying a parity restriction on the parts of the partition.

THEOREM 4.6. Let m,n € N3s.
(a) Suppose m is even. Then the lexicographically smallest partition A - mn such
that af‘n)y(m) > 0 and X\ has an odd part is A = (m + 3,m" "2, m — 3).
(b) Suppose m is odd. Then the lexicographically smallest partition A = mn such
that aE\1n),(m) > 0 and A has an even part is A\ = (m + 3,m" "%, m — 3).

Proof. We note by Lemma 2.12 that ai‘n))(m) = a?l”),(m) = 0 whenever I[(\) > n.

(a) First, let A\ == (m + 3,m""2,m — 3). We show that az\n)’(m) > 0. Applying
Lemma 2.10 and Theorem 4.2, noting that (1™) C (1™*3), I(N) = m + 3 and
N C (n™*3) we obtain

A N _ Onmts(\) _ ((n=1)313%) _ (6,3"72)
An),(m) = Hn),(1m) T Un) Oy ys(@m) =~ Yn),(13) = %an),)
But by [6, Theorem 5.1.1],
(6,3"72) (6,3"7%) (6,3)

Vv

Afiny,(3) 2 On-1y,(3) 27 Z a3y (3) = 1

Next, since (m'™) itself has no odd parts, it remains to show that af‘n) (m) = 0 for every
A F mn lying strictly between (m™) and (m + 3, m"~2,m — 3) in lexicographical order
and containing an odd part. We may further assume that I(\) < n, using Lemma 2.12
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as noted above. Such A must satisfy one of the following: Ay = m + 1; Ay = m + 2;
A= (m+3,m" % (m—1)3) where n > 4; or A= (m+3,m" 3, m—1,m — 2).
We show that af‘n) (m) = 0 in each of these cases when A has an odd part:
e If \y = m + 1, then similarly to above we have

A N _ Onymtr(V) _ A
), (m) = Gn),(1m) = Ay Ty mgr (1)) = O, (1)

where v = 041, (A). But Ay = m + 1 so v # (1) and hence v # (n),
o ' _
giving a,,) ) = 0.
e If \y = m + 2, then af‘n) (m) = 0 by Theorem 4.5 since A has an odd part.
o Ifn>4and A= (m+3,m" % (m—1)3), then

A Y ~ Onmas(X) v
A(n),(m) = %n),am) = )01 mis((1m) = Hn),(13)

where v == ((n — 1)3,3). But then applying Theorem 4.2 again gives
On,a(v) (n—3,1%)

), (13) = Uy O, 4((19) = Yn), (1) = O-
e Finally, if A\ = (m + 3,m" =3, m — 1,m — 2) then

A _ )\l _ Dn,m+3()‘l) _ v
A(n),(m) = %n),a1m) = Yn),01 mis((1m) = Hn),(13)
where v := ((n — 1)3,2,1). But then

5(v n—1,n—2,1% n—3
@, 15 = GG B n(ao = iy = Ay =0
where the final equality holds by Proposition 2.13.
(b) Let X\ := (m + 3,m" 2, m — 3). Similarly to case (a), we have
’ ’ 3 13 n—2
@i, m) = G, 1m) = B B a7 = Bty = Ay ) > 0
where we note the first equality holds since m is now odd. Since (m™) itself does not
contain an even part, it remains to consider all A - mn strictly between (m™) and
(m + 3,m" 2, m — 3) in lexicographical order. By the same argument as in (a), we
obtain af‘ln)’(m) = aé‘;))(lm) = 0 for such A when X\ has an even part, noting that A
has an even part if and only if v := 0,42 ,,(A) has an odd part as m is now odd. O

REMARK 4.7. In fact, we need not have used [6, Theorem 5.1.1] in the proof of The-

(63" %) 5 0: we show that /%> ) =1 forall n > 3 in

) _
orem 4.6 to deduce that A1), (3) (17),(3) =

Example 5.2 below.

5. A RECURSIVE FORMULA FOR PLETHYSM COEFFICIENTS

The main result of this article is Theorem A, a recursive formula for plethysm coeffi-
cients of the form a’;, .y for arbitrary m € N and partitions p and A. Together with
Lemma 2.12, it describes the deflations §* of u = mn with respect to S,,, noting that
af\ﬂ7(m) = (sgng, - 6", x*) for A F n. We restate Theorem A here as Theorem 5.1 for
ease of reference for the reader, and recall that plethysm coefficients indexed by skew
shapes were defined in (4):

THEOREM 5.1 (Theorem A). Fixn € N. Let m € N, k € {0,1,...,n — 1} and A+ n.
Let i+ mn with [(u) =n —k, and set i ==y — (1""%) = (m — )n + k. Then
k

P i o/(k—i) /e
(6) Ay = DM Al - ahg -

=0 akFk+(m—1)t
B

Algebraic Combinatorics, Vol. 6 #2 (2023) 337



S. Law & Y. OKITANI

We first illustrate some of the uses of our main theorem in Example 5.2 and in
proving a stability result (Proposition 5.3), before proving Theorem 5.1 in full in Sec-
tion 5.1. We present further applications to Sylow branching coefficients in Section 6.

EXAMPLE 5.2. We illustrate how to compute aE\G’(“g_z) for all n > 6 and A F n using
Theorem 5.1. Let = (6,3"2). Since {(u) = n — 1, Theorem 5.1 gives

PR VIO R Ye)
@\ = T 2) T AN /),@)

(4 2n 2) (5 2n 31) (271 1) ( 71 31) (4 271 3)
—axy TNy e T O T O

since ag 3) = 1 and a(l) 3) = da,(3)- Applying Theorems 5.1 and 2.3, we obtain

a2 _ {1 if M € {(n),(n—1,1),(n —2,2)},

“.(2) 0 otherwise,

(5,2"‘3,1) 1 if N € {(nf 131)7('”*272)7(77'72712)7(77'737231)},
a , =
A (2) 0 otherwise.

/

Similarly, since ai,/(l)@) => 1 C?,(U . ag’(z), we have that

ey :{1 if X € {(n), (n—1,1)},

A /(1),2) = Cn=1),(1) 0 otherwise,

@2 _ 1 if N e{(n—1,1),(n—272),(n—212)},
Oy, = C(" 2.0~ otherwise,

(4,2"7%) Y
axy(1),2) = Cln—2.1), W T e + s 2.)

2 iftNe{(n-1,1),(n—-2,2)},
=<1 ifNe{ln),(n—-21%),(n-3,3),(n—3,2,1)},
0 otherwise.
Putting this together, we obtain
2 if N =(n—1,1),
a’;,(s) =<1 if N e{(n),(n—-2,2),(n—-2,1%),(n—3,3)},
0 otherwise.

In particular, this gives an alternative method for one of the steps in the proof of
n—2
Theorem 4.6 by showing that aE?;?) (3)) = 1for all n > 3 (note when n < 5 this follows

by direct computation).

A corollary of Theorem 5.1 is the stability of the following sequence of plethysm
coefficients, whose monotonicity was predicted in [1, Conjecture 1.2].
PROPOSITION 5.3. Let A and p be partitions. For all j € Ny, define partitions N o=

AU (1 ) and (i = (u+ () U (17). Then the sequence (a)\J (2))
constant.

jemo is eventually

To prove Proposition 5.3, we first record a stability property of Littlewood—
Richardson coefficients. For convenience we include a proof in our present notation.

LEMMA 5.4. Let o, 3,7 and & be partitions. Define v(j) == v+(j) and 6(3) == 6+(j) for
all j € Ng. Then the sequence ((XWU)/O‘, X‘S(j)/5>)j€N0 s non-decreasing and eventually
constant.
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Proof. For a skew shape p, let £(p) denote the set of all Littlewood—Richardson fillings
of p. Let f; : L(v(j)/a) = L(7(j + 1)/c) be the map given by filling the additional
box in v(j +1)/a —~(j)/a with the number 1. Clearly f; is well-defined and injective
for all j, and furthermore, bijective for all sufficiently large j (for example, j > a1 +72
will suffice). Similarly define g; : £(6(5)/8) = L(6(j +1)/B). For s € L(v(j)/c) and
t € L(6(j)/8), note that s and t have the same type if and only if f;(s) and g;(t) have
the same type. The assertion of the lemma follows since (x70)/@ °W/8) = |{(st) €
L(y(5)/a) x L(6(4)/B) | s,t have the same type}|. O

Proof of Proposition 5.53. We may assume that A = n, u = 2n and l(u) = n—k for
some n and k € Ny, else a’;j- @) = 0 for all j by Lemma 2.12. Since p/ - 2n + 25 and
I(17) = (n+ j) — k, we have from Theorem 5.1 that

k

g ki of(k—i) | pi/o
G‘M}(g) = ;(_1) : ; 'aﬁ,,@) "A3i7/8.(1)
1= QBF;&-Z
for all j, where J = pd — (1"+i=k). The proof is concluded by observing that
ai;//f;i(l) = (Xv//ﬁ, x*'/*) and using Lemma 5.4 with v := /i and § :== \. O

REMARK 5.5. A similar argument can be used to give a new proof that the sequence
(a‘;; (2))j also stabilises where A/ := A+ (j) and p/ = plI(27); this sequence is already
known to be both non-decreasing and eventually constant by [3, §2.6 Corollary 1].

5.1. PrROOF OF THEOREM 5.1. We first introduce some notation in preparation for
the proofs to come.

NOTATION 5.6. (i) Let A be a partition, n € Ny and ¢ be a virtual character of
S,,. We define

&/ =D (d X)X
pkEn
where y*/* = 0if A Z p.
(ii) For m,n € N and «/8 a skew shape of size n, define

Smn
SmiSn’

(iii) For ¢ € Char(S,,) and § € Char(S,, ), define
Snl ng
ORO= (6% 0) 12 .

(iv) Let Sy denote the Young subgroup Sy, X --- x SAM) of S,, and let

o7 = X (1,5 x7)

C’\ = ]lSATS" = X(Al) X-.- X’X(Al(x))

denote the character of the permutation module M*. (Note ¢* = ¢* if u is a
composition of n with the same parts as A but in a different order.)

Recall that the irreducible decomposition of such a permutation character ¢* is
described by Young’s Rule [19, 2.8.5]. Equivalently,

(7) C)\ = Z K’y,)\ : X’Y

yEn

where the Kostka number K, ) = (A xY) = cE’/\l) (i) equals the number of
semistandard Young tableaux of shape v and content A. In particular, we therefore
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have

A
(8) ZK"/J\ . p:n - (]]'Sm7<)\ Tsmzsn — pgnl) X - IZ' ( L(A))
yFn

We now precisely identify the i = k term of Theorem 5.1, in Theorem 5.7. We
then deduce Theorem 5.1 from Theorem 5.7. Following that, we prove Theorem 5.7,
during the course of which we will also prove Theorem B, which has been numbered
as Theorem 5.13 in this section for ease of reference.

THEOREM 5.7. Fizn € N. Letm e N, k€ {0,1,...,n—1} and A\Fn. Let v mn+k
with l(v) =n, and set U :=v — (1") F (m — 1)n+ k. Then

v/(1%)
A (m) = Z 51 (m) * “w (m—1)
a/;rrék

Proof of Theorem 5.1 from Theorem 5.7. We proceed by induction on k, observing
that the & = 0 case of Theorem 5.1 follows immediately from the £k = 0 case of
Theorem 5.7. Now assume k > 0, and fix g = mn with I(u) =n — k. Let v = pU (1%),
so l(v) =n and D = [i.

v/(1%)

7 (m)?
the constituents in the skew character X”/(l ). First, note that for any w F |v| — k, by
Theorem 2.3 we must have ¢, . € {0,1}. Moreover, ¢/, () = Lif and only if w C v

We aim to evaluate a, and compare it to Theorem 5.7. To do this, we will study

and all k boxes of [v/w] belong to different rows. We will denote by A the collection
of w with ¢/ am = 1. In particular,

weA

We partition A as a disjoint union, 4 = H?:o A;, where A; is the collection of w € A
for which I(w) = n — k + j. Notice that for each j, A; bijects to B; :== {w F || — 7 |
cﬂw’(lj)}; the map is given by removal of the first column, w +— @, and this is seen to
be a bijection by Theorem 2.3. By a similar application of Theorem 2.3,

(9) > X7 =X,

weB;

Now observe that

k
ay/ (m) =D ) = oy T D D 0y

weA j=1weA;

The idea here is that in our partition of A, the j = 0 term contributes precisely
ai,’(m). Let us set X = — Z§=1 ZueAj a3 (my- Assuming Theorem 5.7, it suffices to

show that X equals the Zf;ol (...) part of the summation on the right hand side of
(6). For 0 < j < k, we have that

k—j
(inductive_hypothesis) k—j+i ’y/(k} Jj— Z) w/w
> ) = DI Co DD WIS o8 v R

wEA; wEA; i=0 Yrk—j+(m—1)i
Bri
(b A Bj) =
ijectioni i — Bj _1\k—j+i ’Y/(k_j_i) . w/’y
= > D Yoo a0
weB; i=0 yrk—j+(m—1)¢
BFi
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k—j
3) g k 7
) O VAL D A AR S i) D))
weB; i=0 yrk—j+(m—1)1
Bri
k—j
D e D S 4 s R CCUC NG Peb)
i=0 AFk—j+4(m—1)i
Bri
k—j ,
=S DR Y T (R B D)
i=0 YEk—j+(m—1)i
B
k—j
_ k—j+i a v/(k Jj—1) o A/B a
=) (=0 DR R A <X » Pm— 1®X>
i=0 Ahk—j+(m—1)i
akk+(m—1)1t
Bhi
=
(3) k—j+i v/ (k—j=i) = A/o
= 0(—1) ! Z( )C?(v‘)' B (m) " OA/B (m—1)
1= Fk—j+(m—1)i
’Yal—k—]i-(m—l)i
BHi
It follows that
| Je—jmi) ]
_ k—j+i gV k=i=i) | i/e
X——z; 0(—1) o Z( )C%f)' gmy " ON/B(m—1)
j=1i= Fhk—j+(m—1)i
’Yal—ki(mfl)i
BHi
o= J(k=j=i) ]
_ ki j+1 V/(k=j=i) Rl
= (=) (=1) Yo S i O e
i=0 j=1 Fk—j+(m—1)i
’Yakkjr(n(lfl)i)
Bri
k—1 k—i
=2 ()RS Y
4,37
i=0 j=1 gri
where we set
k
Yo=Y S aiem ) ah s mey
YEk—j+(m—1)i
akk+(m—1)i

Next, we will simplify Y; J, for any fixed 3, i and j. To ease notation, in the rest of this
proof we will abbreviate sums over all partitions of a given size. That is, we shorten
Y wrs t0 > (the size ¢t will always be clear from context). We use (4) to obtain

_ (o ﬂ/a Y
= Z Z Cy,(19) " Oy, (m-1) Z €2 (kmji) " VB',(m)-
o @ €

By .[22, (2.1)], we have that }__ 5 W) CZ,(k—j—i) = iy ) = (%, xFI-1 K
X)), By Theorem 2.3, x* =1 R (1) = xHG) 4\ HU=1 where H(j) = (k—i—7,17),
except if j = k — i then x? @X(lkﬂ) = yH(E=i=1) only, i.e. we treat the x*~%) term
as the zero character. Hence

=33 AT x0T ag - ah)
o £
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_ (e o oo
=D D (i) + o) 8 m) G )
« 1>

(where we omit the ¢, ;) term). Since H(0) = (k — i), we obtain

k—i

j+1 B _ /o a/( —1i) /o
(=177 Y55 ZZCE (k=) " 05 () DA/t = D Aoy * OB (m—1)-
j=1
Thus, we finally obtain

i
X = Z 1)k+i . Zi(_nﬂ-l .ij
=0

Bi j=1
— (k=i) 7/
_ kJr’L a/(k—i p «
= DD Qe (m) ~ON/B,(m—1)
z:0 BHi akk+(m—1)i
as desired. m

l//(l ) _
A1) T
s, (15} which takes value 1 if v — )\ is a sequence of Os and 1s containing exactly k

To prove Theorem 5.7, we first deal with the case of m = 1. In this case, a,

many 1s, and takes value 0 otherwise. On the other hand, > Bk (ag, 1) -aiég g) =
cl’},(ln_ By which takes value 1 if A’ — 0 is a sequence of Os and 1s containing exactly
n—k many 1s, and takes value 0 otherwise. We see that these two quantities are equal
since v = © + (1™), and hence Theorem 5.7 holds when m = 1.

Next, we introduce some lemmas in preparation for proving Theorem 5.7 when
m = 2.

LEMMA 5.8. Let € N and nq,...,n, € Ny. Let v be a partition and for each i €
{1,2,...,r}, let ¥; be a virtual character of Sy,. Then

(B By) /X" = D g, /X BB (/X
Y1y Vr
summed over all sequences of partitions y1,...,7, such that |yi|+ -+ || = |7
Proof. The case r = 1 is trivial. For ease of notation we prove the statement for r = 2;

the case of general r follows by an analogous argument. Define n := ny + na, k == ||
and let 6 - n — k. Then

(1 B2) /X7, X°) = (1 X t2) Tsnlxs (X x X" Tsn xS

= ((¥1 x 1b2) Tsn XSy ¥ S0 kxsk,x xx"),
and applying Mackey’s Theorem,

Sn1><57,2 Spn—kXSk s

E (1 x ¥2) | 5 x5 o T XX XT)
ny—ty Xty XOng—tg XDty

0<ty,t2<k

t1+to=k

~ b l 61 Y1 52 Y2
C - C . 1 X gl X X X
E E T Corsn Wilg s, XVl s X0 XX XX XX

t1+to=k i=1,2

712

> Z sy 5y - (/XX - (2/X72, X2)

t1+to=k 7

vitti
Sibn;—t;
= 3 G (@A) B @/, x0),
i
b= ’Yi’l‘ti
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as claimed. O

COROLLARY 5.9. Let m,n € Nand A = (A\y, ..., \.) Fn. Let k€ {0,1,...,n—1} and
BE k. Then
; T Ai n—k r g Xi—t;

(i) (R pa”) X = 5,80, (pa” /X3 ), and

.. g r Xj—t;

(ii) (R, X )/XB =2 (tl),,‘.,(t,v).lgizl X! ),
summed over all compositions t = (t1,...,t.) of k into v parts. That is, t; € Ny for
alli and ty +---+t, = k (and we may further assume t; < \; for all ).

Proof. (i) Applying Lemma 5.8 with v = (1"~F), observe that o my €10,1} and
is non-zero only if each v; = (1%%) for some s; € Ny. By Lemma 2. 12 p()‘ ) only has
irreducible constituents x* where I(u) < A;, so we may further assume that s; < A;.
Writing ¢; = \; — s; gives the result.

(ii) Applying Lemma 5.8 with 1; = X(l Y, observe that %/X% # 0 only if v; = (1%)

for some 0 < ¢; < A;. Moreover, 6?111)7.__,(1“‘) (t1) ) € {0,1}. O

LEMMA 5.10. Let n € N and k € {0,1,...,n}. Let v be a partition with [(v) =n and
set v :=v — (1"). Let § - |v| — k with 1(6) < n. Then

k n—=k ~
O, x/0) = (x0T x ).

Proof. The determinantal form of skew characters of symmetric groups (see e.g. [19,
2.3.13)) gives x*/# = det (x(*~*=#i+7)) whenever a and 3 are partitions, where the
multiplication of characters in expanding the determinant is given by the operation
X. Applying this to « = v/ and 8 = & and expanding the determinant with respect
to the first row gives

Y = Z(—l)ﬁl N A~ (VA Z(_l)j ) ) A0
j>1 3=0

Multiplying both sides by the sign representation then gives
Y = Z(fl)j .X(1"+'f) X "/ @),

j=0
Then
k k
08, )y = (x° ®X(1 %)
n+j o -
_Z ((x gx(l ))/X(l J)7X /(J)>
7=0
(Lemma58) kj F} (1) (lk) (1S+j) v/(j)
Z (oA R X)), x
s=0
k—j

- n—s k—j—s » :
(7O xR 0y

Il
.
M-
o
Il
[}

S

k—s
<(X6/X(1“))@ S (=17 XTI AW ,xﬁ>

Jj=0

|
M=

w
I
o

n—k ~
=0/ X,

where the final equality follows since YT R @) = G 4 G
and so Z?;g(—l)j AT R 0D equals zero if k # s, and equals x? if k =s. O
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LEMMA 5.11. Let m, u and t be integers with m > 2 and u >t > 0. Then
u—t u—t
u)/X(l ) — p(t) X p(l ).
Proof. Let 6 - mu — (u — t) be arbitrary. We show that <p§f{)/x(1u%),x5> = <p£fl) X

pgul ),X ). Letting H = S, 1 S, and K = S|5 x Sy, and substituting in the
definition pm) from Notation 5.6, we have by Mackey’s theorem that

u u—t m u—t mu w—t Smu
(P /X0 = (o), X BT = (1 77, (0 < xR
Z ILHUJ/KQHUT » X XX(lu )>

c€EK~Spmu/H

u—t K
(10) = Z <]1K0H'77 (X(s X X(l ))lKﬁHU>’
c€EK\Smu/H

where the final equality follows from Frobenius reciprocity. Here o runs over a set of
representatives of double (K, H)-cosets in Sy,,,. Since K N H? are the point stabilisers
of the action of K on the set of partitions of {1,2,...,mu} into u subsets of size m,
the representatives o are parametrised by partitions of u — ¢ into exactly u parts,
including parts of size zero. Fix one such partition o of u — ¢t and suppose that ~; is
the number of parts of size 7, for each 7 € No. Then K NH? = [,y (Sm—i X Si) 1S5,
and

u—t K u— t
(O *x XN e 1) < (O x X lH (S xSy 1)
= <X6lH SX'Yij : X( . )lH S_><’Yi7 ]1>
However, X(luft) is the sign representation, so lH SX’W’ ) # 0 if and only

if v; = 0 for all i > 2. Hence there is at most one ¢ giving a non-zero contribution
to the sum in (10), namely o = (1“*,0"), and in this case K N H7 = (S,, 1 S;) ¥
((Sm—1 % S1) 1Syu—t). Substituting into (10),

(w) /(147 6 5 vty | K
(p )/X 7X )= ((x" x X( ))lsmgstx(sm,lXsl)gsu,t’ 1),

which by Frobenius reciprocity equals

<( > (- t)) Sls| X Su—t Sm?StXSm—llsu—tXSlZSu—f,>
X X SmlSt X Sm—_10Su—t XS10Su_+’ SmiSt X (Sm—1X51)1Su—¢

Noting that |d] = mu— (u—1t) = mt+ (m —1)(u—t) and X (1g,; x*) = x*, and using
Lemma 2.9 in the second equality below, we have

(u) (1u_ 4 18] a“- ’) Sm—10Su—tXS18Su—+
<pm /X ’X lsrnzstxsrn 10Su—t <X ]]'Sm?Sr x 1 Sim—1XS1)1Su—¢t ’

which in turn equals

S u—t w w
<X6ls',i'zstxsmﬂsut X XU Lgas X Y XL, 5xY) - X(Lsyi x )>-

whku—t

This last expression simplifies to

D 0 ls s usa s Vs X X(Lg, 5x)) - (X, x%).

wku—t

Now (x("™,x¥) =1 precisely when w = (1*~*) and is 0 otherwise, so

(W) /!

1‘u.t

S u—t
7X > <X J’Swnzstxsnl—lzsuft, ]]-szst x X(]]-Sm_l;x(l ))>

u—t
=’ P RpLE)
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by Frobenius reciprocity, recalling Notation 5.6(ii) and (iii). Since § was arbitrary,
then p{ /x1" ™) = p) ® pgiil ) as desired. O

REMARK 5.12. When m = 2, we can see from Proposition 2.13 that p /x 1=
s x® = p(zt) X" ") where the sum is over all § F u + ¢ with exactly v — t many
odd parts.

Next, we generalise Lemma 5.11 from the trivial partition (u) to arbitrary parti-
tions, giving Theorem B, after which it will be straightforward to deduce Theorem 5.7.

THEOREM 5.13 (Theorem B). Let m,n € N with m > 2. Let A\ - n and k €
{0,1,...,n—1}. Then

n—k A
NG Y- P
BFk
Proof. Following the notation for ¢ in Corollary 5.9 and letting r = I(\), observe that
n—k n— k n—k
S Kya- (/X)) (ZK,A pm)/x1 ( 53))/x1 )
yEn yEn
(Corollary 5.9(i)) r ) Xi—t;
= B x)

A

Lemm:a 5.11 Zlgl (psrt;) X p(l

z))
t
(8) X;—t;
= ch(ﬂtl),...,(m P X( @ PE}I 1 ))

t Brk
Lemma 5.14 3 T (12t )\ S m—1)(n—k)
Z XXO]'S"’ 1’Zc(t1)7 () i|§1x Sm-108n—k
Bk
Corolla&/ 5.9(ii) 8 . 1N B’ Sim—1)(n—k)
590§ 5 7 x(nsm,l, (8 X)) T e
Bk
@ 8= x(1 (AN B\ 18m-1)(n—k)
= Z Pm Sm—11 (C Sghg,, )/X S 1180k
Bk
(1) and (7) / 4 S(m—1)(n—
S B (L, (30 Ko X)) TS
Bk yEn
= ZK A (Zp;ﬁn Xpl /8 ) since X"’//xﬂ/ = y""/%" by Notation 5.6(1).
yEn Bk

Since the matrix (K )y a-n is invertible (in fact unitriangular if the partitions are
ordered lexicographically, see e.g. [19, Chapter 2]), we deduce that pjn/x(lnfk) =

> sk pP X pm/ﬁ for each v F n. O
LEMMA 5.14. Let m,r,a1,...,a, €N, and let n = >, a;. For each i € {1,...,r},
let v; - a;. Then Ki_pti = X(1s,;B_ ") Tom .

Proof. The case r = 1 follows from Notation 5.6(ii). For each of notation we prove
the statement for » = 2; the case of general r follows by an analogous argument. In
fact, we can prove more generally that if a,b € N and ¢ € Char(S,), #2 € Char(S),
then Xjops = Xrigne where

Xleft = |:X(]]-Sm’ ¢1) S"L;LS X(lsmﬂ ¢2 S ZSb:| TST”("-"'b)

ma X Smb
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and
atb Sm(a
Xright = X (]lsmv (¢1 % 92)Tg ;Sb) Smgsi)b’

from which we recover the case of r = 2 by setting ¢; = x**.

To prove that Xjepr = Xyigns, we first observe that S, (Sq X Sp) = Spm1Sa X S 1Sh
(viewing S, x S, as a subgroup of S,4p). Calling this group U, it is a subgroup of
both Ty = Sie X Smp and Ty, == Sy, 1 Se4p, and both T, and Ty, are subgroups of
S = Sp(atb)- Now, by Lemma 2.4 and the definition of X'(—; —),

X (L5 (1 % 62) ] 5105 = X(Ls,i61 % 02) 11" = (Wiife g, (01 x 62)) 1"
(Inﬁs 15 (1) x Inﬂs U (g ) TU = ( (Ls,,; ¢1) x X(]lsm;ébz))

Therefore

Ty 4.8
Xright = (X(Ilsm;¢1) x X(1g, ; ¢2))TU TTw
Tu1S
= (% (Ls,0501) X X(Ls,502)) Ty 17, = e
where the second equality follows from the transitivity of induction. O

Proof of Theorem 5.7 when m > 2. Take (—, x”) in Theorem 5.13 to obtain

n—k D A
(o /X", X"y = <Zpi®pm/’31,x >

Bk

By Lemma 5.10, (p;\n/x(lwk), %) = (pz‘wx”/(lk)) D/(l . On the other hand,

<Zpg®p;/ﬁ,x > D IR (A G R AP Rl SO L Ry B

Bk Brk aFmk ag';n,zck
which concludes the proof. O

We conclude this section with a conjecture based on computational data in small
cases, and which is motivated by Foulkes’ Conjecture as described below.

CONJECTURE 5.15. Let 1 < a < b be integers. Then
(i) pl(i)l X y(e—1 — pl(jafl) X x®-1 e Char(Sap—1), and
(i) (0 — pi) /XM € Char(Sap—1).

In other words, we conjecture that the two virtual characters in (i) and (ii) are
in fact genuine characters of S,;_1, i.e. the integer linear combinations of irreducible
characters only have non-negative coeflicients.

Conjecture 5.15 is motivated by Foulkes’ Conjecture, which in the present notation
predicts that p(b) — péa) € Char(S,p). We also write this as p(b) pga), viewed in the
representation ring of Sy;. Indeed, suppose a < b. Then part (ii) follows from part (i)

assuming only smaller cases of Foulkes’ Conjecture: assuming ,051 b pl()a)17 substi-

tuting into (p{” — pf,“))/x“) =pd Y R yla-D — plga_l) X x®=1 (from Lemma 5.11)
. b a a a— a— —
then gives (pg) _ Pz() ))/X(l) > Pzgjl X y(e—b — pl() 1) X &1,
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6. APPLICATIONS TO SYLOW BRANCHING COEFFICIENTS

For the remainder of this article, we fix p = 2 and again consider Sylow branching
coefficients Z* for the prime 2. In this section, we present several applications of the
results on plethysms from Section 4 as well as our main theorems in Section 5 to
the computation of Sylow branching coefficients. In particular, we make use of the
connection between plethysms and Sylow branching coefficients via various wreath
product groups: plethysms can be used to describe character restrictions from S,,, to
S USn, while the Sylow 2-subgroup P, of Sy, is isomorphic to P,, ! P, whenever
m is a power of 2. (Again, we recall Notation 2.7 and Remark 2.8 regarding wreath
products involving P,.)

We first record a simplification of Theorem A when m = 2. By observing that
ag’y(l) = 04,0 when ¢ and 6 are partitions, substituting m = 2 into Theorem A gives

k
(11) ai/,(z) = Z(_l)kﬂ Z <Z Co (ki) 'ag/,(2)> ) ( Z CTﬂ,Oc ‘ Ciﬁ) :

i=0 akFk+i \ohF27 ThFn—1
Bri

In particular,
e When k = 0, (11) simplifies to af, @

below).
e When k =1, (11) simplifies to

) \ )
a2 = Z ) Cnm Ty
TFEn—1

e When k = 2, (11) simplifies to

y = c’ig = dp,n (cf. Corollary 6.2(i)

(i A [ A L A
= D <C§,<4) Gaz s ) +C?,(2,2>'Cn<12>)
THn—2

) \ A N A
- (Ci(z)'cr,(lﬁcim,l)'%(1))”5,(2)'
TFn—1

6.1. ISOTYPICAL DEFLATIONS. Understanding isotypical deflations allows us to di-
rectly express certain Sylow branching coefficients in terms of those corresponding to
smaller partitions.

LEMMA 6.1. Fizn € N and let ut 2n. Then

() 2" =2 0rn @) 27
(i) Suppose 5" is isotypical, i.e. 5" = a - x* for some a € N and X\ - n. Then
a= a‘; @) and Z" = aZ*. In particular, if Z» = 0 then Z* = 0.

Proof. (i) Let H := P, = S and note that 1p,, | ., = (1x)" and Irr(S2 S, |
(Lg)™) ={X(1g;x") | v+ n}. Hence

San
TH — <X“~LS;ZSn PP, ]lp2”>

’ Sn
= al o (XX | 2), X (L 1p,))

~yFn
- neo oy
- Za%@) Z7
yFn
(if) If §* is isotypical then a: 2 = 0 whenever v # A, and the assertions follow
immediately from (i). O
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COROLLARY 6.2. Fix n € N. For the following partitions u = 2n, the deflation "
(with respect to Sy,) is irreducible and given as follows:

(1) L) =n: 3 = x> where A= (u—(1"))";
(ii) W= (Qn — ¢, 15)’ 0<l<n—1: §H = X(n—[,lz);
(iii) p € (3") : o = x where A = O, (1).

Proof. (i) This is precisely the case of m = 1 in Theorem 4.4.

(ii) Let H(j) = (2n — j4,19) for 0 < j < 2n — 1 and let h(j) = (n — j,17) for
0 <j <n—1. We use Theorem 5.7 with m = 2 and v = (2n—£,1""1) F 2n+k where
k:=n—{¢—1, giving » = (n+ k). When 1 < k < n — 1, this gives for all A - n that

v/(1* v o n— n—k—
ax/,((z)) — Z ¢ k) A5 (2) = <XA,SgHsn' (§H(n=k) | gH(n—k=1))
ok2n

is equal to

D e 455 ) = Guoyany = OO XME £ XMETD).
ab2k
BFk

Using (1), we hence deduce

5H(n7k) + 5H(n7k71) _ Xh(nfk) + Xh(nfkfl).

When k = 0, we similarly obtain 67— = x""=1) o inductively we deduce that
SHO) = xh“) foral0<l<n—1.

(iii) By Proposition 4.3 with m; = 1 and my = 2, we have that 6* = sgng - 6" where
A =03, (10). Hence 0* =sgng - 6 =sgng - x* =xV. O

REMARK 6.3. e Corollary 6.2(ii) describes a special case of plethysms for hook

shapes, which were computed more generally in [21]. For hooks p = (2n—/, 1¢)
where ¢ > n, we have that 6* = 0 by Lemma 2.12.

e Lemma 6.1 and Corollary 6.2 allow us to determine Z* for pu - 2n such that
I(n) = n or p C (3™) via observing that Z# = Z* for some A - n. We also
recover Z" when p is a hook of 2n, which agrees with Proposition 3.5.

e Lemmas 2.12 and 6.1(i) together also allow us to recover Lemma 3.2 in the
even case.

In addition to those described in Corollary 6.2, the deflation 6% (with respect to
Ss) is also irreducible. It would be interesting to classify all of the partitions p - 2n
such that the deflation §* is irreducible, and more generally to investigate whether
isotypical deflations are always irreducible (as is the case for all |u| < 32).

6.2. INSIDE PARTITIONS. In this section, we consider statistics N;(u) of partitions p
involving the removal of its rows and columns, and give sufficient conditions for Z#
to be zero in terms of these statistics. First, we describe the special cases of Ny(u)
(which will turn out to equal [(u)) and Nao(u), before introducing N;(u) in full in
Definition 6.9.

DEFINITION 6.4. Let p1 = (1, pta, - - - , () be a partition.

(i) Define I(p) = (2 — 1, pu3 — 1,..., ey — 1), where we remove any trailing
zeros. In other words, I(u) is obtained from p by removing its first row and
column, leaving only the ‘inside partition’.

(ii) Define fi == (u — (1)), In other words, fi is obtained from p by removing
its first column and then taking its conjugate.
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REMARK 6.5. (i) The partition I(u) equals u/Hj1(w), where Hi1(u) denotes
the largest hook of u. See [19, 27] for further background on hooks and the
combinatorics of partitions.

(ii) Using Definition 6.4, the deflation in Corollary 6.2(i) may be written as §* =
X*.

Let n € N and p F 2n. In Lemma 3.2, we showed that if the statistic {(u) was
sufficiently large (namely I(y) > n) then Z* = 0. The next statistic we consider is
I(p) — [I(w)|: if this is sufficiently large, meaning I(u) — |I(p)| > 5, then we again
show that Z* = 0 (Corollary 6.6). If n is even and I(p) — |I(p)| = %, then we use
Theorem A to compute Z* recursively (Corollary 6.8).

COROLLARY 6.6. Fix n € N and let u+ 2n.

(i) For each A+ n such that af (2) > 0, we have that IA) = 1(p) — | I(w)].
(i) Let e € {0,1} such that e =n (mod 2). If l(p) — |I(n)| > 5=, then Z" = 0.

Proof. (i) By Lemma 2.12, if I(x) > n then af 2 =0 for all A - n, so we may assume
that I(u) = n — k for some k > 0. Let fi == p— (1"%) = n+ k. We show that if A\ - n
satisfies a‘;,7(2) > 0, then Ay > I(p) — [I(p)].

First note i = [a] — [I(w)] = n +k — [1()] = I(s) — [1()| + 2k. From (11),
ak, (27 > 0 implies that there exist i € {0,...,k} and 7 = n—i such that £ , -ci‘ﬁ >0
for some oo F k + 4 and 8 F 4. That is, [A\] can be obtained by removing from [{]
a skew shape with a Littlewood—Richardson filling of type a (to produce [7]), then
adding on a skew shape with a Littlewood—Richardson filling of type . In particular,
M > fr — la] = () — [1(2)| + 26— k— i > U(s) — | (1),

(ii) This follows from part (i) of the present corollary, Lemma 3.2 and Lemma 6.1(i).

O

PROPOSITION 6.7. Let n € N be even and p = 2n. Suppose l(p) — |I(n)] = 5 and
I(p) =n —k for some k € Ng. Then for each A& n such that [(\) = %,

po_ A-m?)
AN @2) = CI(uy (k) -

Proof. Let fi == p— (1"7%) = (2 + 2k, I(u)). By Theorem A,
k

I3 _ k+i Cv/(k i) #/a
ah o) = (=DM Agri2) Oy,
=0 akk+1i
Bri
- /
k41 af(k—i A
=D DM YT Al DT eyl
1=0 akk+1 eFn—1
Bri

Now if c;\:ﬂ > 0, then e; < X] = %. On the other hand, ¢, > 0 implies % + 2k =

i1 <e1+ap.Since ak k+1i < 2k then csﬁ c’;a > 0 only if 61 = % and oy = 2k,
i.e. i = k and o = (2k). Thus

I3 2k) u/ 2k) u/ (2k) N
W) = Do) Sy = ) (m W= D R Em = Lgat.an
Bk ebn—k
where the final equality holds since we must have ¢, = 5 and i — (2k) = (5, 1(u)).

Finally, since \| = %,

“ S . ()\’ ,\’,...)_ A—(17/2)
AN @2) = C5I1w),(%) = Cru),ar) TSI,k

as desired. O
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COROLLARY 6.8. Let n, u, and k be as defined in Proposition 6.7. Then
2" =3 i an 2
vE%
In particular, if k > [%4], then ZM = 0. Moreover,
(i) Suppose I(i) = (127%). Then
g {1 ifke {51,151},

0 otherwise.
(ii) Suppose I(p) = (5 —k). Then ZH = (2), where b is the number of digits in the
binary expansion of § (i.e. § = 2" +--- 42" for someny > --- > ny > 0).

Proof. By Lemma 6.1(i), Lemma 3.2 and Corollary 6.6,

4 A
2= 3 a2

Writing A - n with [(A\) = 2 as A = (1%) + v/ for some v - 2

5, we find by Proposi-
tion 6.7 that

(™)

_ v’ 1% +v/
2" = g 20T

n
V|—2

But 6* = x” by Corollary 6.2(i), and so Z* = Z” by Lemma 6.1(ii). Combining
with the well known property c, 45 = ¢, 5 of Littlewood-Richardson coefficients, we

therefore obtain
2= Clmy 2

n
l/|—2

We note that Z* = 0if [(v) > [] by Lemma 3.2, while ¢} ;1) > 0 implies I(v) > k.
It follows that Z* =0 if & > [%].

(i) If I(p); = 1 then iy ary > 0 only if v < 2. The assertion then follows from
Lemma 3.4.

(ii) If I(u)2 = 0 then f(y,ry > 0 only if v is a hook. The assertion then follows
from Proposition 3.5. U

In fact, we can generalise from I(x) and I(u) — [I(p)| to a collection of statistics
N; () as follows.

DEFINITION 6.9. (i) For eachi € N, define m; := ‘%—+8.
(ii) Let p be an arbitrary partition.
o Define k() = B — ().
o Let (Ni(“))ieN be recursively defined by No(u) = % and N;(p) =
2N, 1 (1) — m;k(p) for all i € N, where i is as in Definition 6.4.

For example, we note that Ni(u) = I(u) since |g| = |u| — I(p), and No(p) =
2(1(w) = [I(w)]) since |p| = U(p) + (i) 4|1 ()| The statistics N;(p) can be calculated
as a weighted sum of the sizes of successive columns, rows and inside partitions as
illustrated in Figure 5.

PROPOSITION 6.10. Let u be a partition. Suppose i € N is such that 2° | |u|. If Ng(u) >

%, then Z* = 0.
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e
Ni(p) =

Ni(p) =

Na(p) = 2-
N3(p) = 2.

FIGURE 5. Visualising N;(¢) as a weighted sum of sizes of various portions of the
partition p; in the diagrams, the weights are illustrated inside the corresponding
portions. For example, 2k(u) = |pu| — 20(w) is illustrated in the top right diagram
with —1 in the first column, and 1 in the remaining part of the partition, corre-
sponding to —1 - I(x) + (|u| — (k).

REMARK 6.11. Since Ny(u) = I(u), the ¢ = 1 case of Proposition 6.10 recovers
Lemma 3.2 when the partition has even size. Since Na(u) = 2(I(u) — [I(p)]), the
i = 2 case of Proposition 6.10 recovers Corollary 6.6 when 4 | |u|.

To prove Proposition 6.10, we first describe the weighting of columns and rows
illustrated in Figure 5.

DEFINITION 6.12. We define a collection of sequences (agl),al(?),az(.s), ...) indezed by
i € N as follows:

(a’gj))j = (150707 e )1 a,gl) = % v Z S N, cmd
a? = 2477 — Tt VieN, jeNy,.

For each © € N, since m; € 2Z then clearly (al(»j))j is an integer sequence. We also
define w; : N> = Z by

(2j—1) N S 4
wi(z,y) = afgj) v (?"7) w?th r2 for all j € N.
a; Y (j,y) withy > j +1,

We may view w;(x,y) as a weight on the box (x,y) of a Young diagram, that is, the

box in row x and column y. As illustrated in Figure 6, a§2j_1)

(24)

i

is the weight of a box

in column j which is in a sufficiently low row, while a is the weight of a box in

row j in a column sufficiently far to the right.

The following lemma shows that we may compute N;(p) using the weights w;(z, y),
whose values are independent of p (see Figure 5 for examples when i € {1,2,3}).
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al(l) a§4)

aES) al((i)

o

FIGURE 6. The value w;(z,y) is filled into (z,y) € N2, viewed as the box in row
z and column y of a Young diagram. Each vertical (resp. horizontal) rectangular
strip depicted is one box wide (resp. tall).

LEMMA 6.13. For all i € N and partitions pu, we have Ni(pn) = 32, ) e Wi, ).

Proof. We proceed by induction on i. Fix an arbitrary partition p. First, we have that
Ni(p) = Up) = 2w yepg LT 2 ys2 2o (ey)epy 0- The assertion for i = 1 then follows
since w1 (z,y) = dy,1. Next, suppose i > 2 and N;_1(v) = 3_, ,)ep,) wi-1(z,y) for all
partitions v. Recalling Definitions 6.4 and 6.9, then

Ni(p) = 2N; 1 () = mik(u) =2 Y wia(z,y) — Bt - 2k(p)

(z.y)€eli]
=2 Z O+Z Z wi—1(y — 1,2)
(z,1)€lu] y22 (z,y)€[p]
2| Sy ¥
(z1)€[n] Y22 (z,y)€[p]
Z mz—|—Z > (le 1 —1,1;)—%).

SIS Y22 (v,y)€[p]

e For (z,1) € N?: notice 5 = agl) = w;(x,1).

e For j € N and (j,y) € N2 where y > j + 1, we have 2w;_1(y — 1,7) — 2 =
2a(2] 1) —m :at@j).

e For j € Nys and (z,5) € N? where z > j, we have 2w;_1(j — 1,7) — Bt =

202 _ e — g2,

Hence we conclude N;(p) = >, ) e(,) wil@,y), as desired. O
LEMMA 6.14. For all i € N, the integer sequence (al(j))jeN is weakly decreasing and
eventually constant, with limit agoo) =-—-m; + 2.

Proof. Tt is clear from Definition 6.12 and induction on ¢ that (a Ej )) ;j is eventually

constant. To see that (az(» 4))]- is weakly decreasing, it suffices to show that a(l) aﬁlz)

for all h € N, since (agj )) ;j is already weakly decreasing by definition. But this follows

since M > 2. Mol _ M Rinally, we observe that a\™ = 0 and a{™ = 24{™) — %
for all 7 > 2, which gives aE ) — —m; + 2 by induction on 7. O

We are now ready to prove Proposition 6.10: the ideas used in the proof extend
those in the proof of Corollary 6.6 (which can be viewed as the case of i = 2).

Proof of Proposition 6.10. We proceed by induction on 4, with base case ¢ = 1 given
by Lemma 3.2. Now suppose i > 2 and 2° | |u|. If I(u) > % then Z# = 0 by
Lemma 3.2, so we may assume that k := k() > 0.
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Suppose A F % is such that a‘)\‘,(z) > 0. By Theorem A (see also (11)), there exist
j € {0,1,...,k} and 7 % — j such that cﬁﬁa-c;\:ﬁ > 0 for some o - k + j and
B F i. In other words, [A] can be obtained by removing from [f] (recalling that f is
the conjugate of i) a skew shape with a Littlewood—Richardson filling of type « (to
produce [7]), then adding on a skew shape with a Littlewood—Richardson filling of
type (. Hence

INi—1 () = Nica ()] < (k +4) - af?y = -af>)

since (a;_ ® 1)t is weakly decreasing by Lemma 6.14. Moreover, since a( > 0 and

agiol) < 0, we obtain

Ni1(A) > Nioa (/) = k(20{Y) = af™)) = Nj oy () — -k = e,

K3

From the assumption that N;(u) > %, we obtain N;_1(A) > 7' Since 271 | |A], by
the inductive hypothesis we deduce that Z* = 0.
Finally, using Lemma 6.1(i) we conclude that Z#* = 3", aX @ ZA = 0. O

6.3. NEAR HOOK DEFLATIONS. In Example 6.16 below, we use Theorem 5.7 to com-
pute deflations of partitions of the form (a,2,1%). First we introduce a useful piece of
notation.

DEFINITION 6.15. For n,l € N such that n > 4 and 2 <1 < n — 2, define A\, =
(n—1,2,172) - n.

EXAMPLE 6.16. Fix n € N3» and suppose i := A2y, where 2 <1 < 2n—2. We wish to
compute the deflation J*; we may assume n > 5 since 6 may be calculated directly
for small n. By Lemma 2.127 0 =01if I(u) > n, so we may further assume that [ < n.
Let vi=pU (1" = (2n—1,2,1"2) and # = (2n — [ — 1, 1). Applying Theorem 5.7
with Kk =n —1 and m = 2,
v/(1%) _ /o
(12) Ayr2) = Z g, (2) " Xy, (1)
a2k
Bk
for all A F n. Recall the relationship between (skew) plethysm coefficients and defla-
tions from (5). First, we deduce from (12) that
o if Kk =0 then SgnSn . 5/\2n,n — Xﬁ — X(n—Ll); and
o if k = 1 then sgng -(§*2mn—1 4 §A2mn 4 ALY — () 4oy (n=11)
X("_2’12)+X(”_2’2), which using Corollary 6.2(ii) simplifies to sgng - dA2nn-1 =
(=1L 4y (n=2, 1) 4 (=22,

Now assume k > 2. We have that a'j/(1 ) — (§P2nt 4o §Aenitr 4 §en—t1Y 4

A (2)
5(2n7171,11+1)7x)\'> and
v/ _ (2k) A 1 I-1,1 (2k—1,1) A 1
Z ag’,@) “Ay/.1) = Z (%',(2) (X /'B»X( )+ X( )> tag 9 (x /’87X( )>)
a2k BFk

BEk

2k _
=3 (a5 - 0 G+ xR R A)

Bk
k
T N AN ECL- PG
Bk

since a C © only if a = (2k) or (2k — 1,1). Furthermore, §2*) = y(¥) and §*-1.1) =
x*=11 by Corollary 6.2(ii) (the latter is what requires k& > 2). Thus we obtain
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sgng -(62md 4 §renitr 4 g(n=l1h) 4 52n=l=11F )y () 4 (=11)) iy (1) (O gy (2157

— 21772 o (115 o (1) (=118

(13) + X(z+1,2,1’9*3) + 2X(l,2,1"‘*2) + X(171,2,1’“*1)
(we omit the x(F121° ") term if k = 2, and the y(=121""") term if | = 2), giving
sghg - 6>‘2"yl — X(l,lk) + X(l—111k+1) + X(l,2,1k’2) + X(l—17271k71) v3<i<n—2,

and sgng, - 0*2n2 = x(1") 4 (2177 £ 4 (221" Hence

x(2177%) ifl =mn,

ot @17 4\ BT 4 (2,217 ifl=n-1,
XL L (e th2017%) L (0120072 | (ne14120078) Gr g g
X 4 x (=11 4y (n—2,2) if | =2.

Using Theorem 5.7 and Example 6.16 we are able to give an alternative method
for calculating Sylow branching coefficients for the partitions Aor; = (2" —1,2,1/72)
(cf. Lemma 3.6).

COROLLARY 6.17. Let r,l > 2 be natural numbers with | < 2"—2. Then Z(2" 12,1177
-1

(i1)-

Proof. The assertion holds for small r by direct computation, so now assume r > 3 and

consider p = Agr+1; for some 2 <1 < 2" —2. By Lemma 6.1(i), Z* = 3=, (3*,X7)-
Z7. Therefore from Example 6.16 and Proposition 3.5,

0 i1 9,
g D ifl=2r -1,
ZAri 4 Zreni-n f 312 -2,
14 ZAer2 if 1 =2.
By the inductive hypothesis, we obtain Z*»+'.t = (,”,) in all cases (noting that
(7)) =0ifl—1>7r). 0

REMARK 6.18. We generalise some of the ideas from the case of n = 2" in Corol-
lary 6.17 to arbitrary n € N.

Let n € N with n > 4, and suppose n has t digits in its binary expansion (i.e. n =
2" 4... 42" forsomeng > --- >mny 2 0). Let 2 <1 < 2n—2and set g = Ao . Ifl > n
then Z* = 0 from Lemma 3.2. By Example 6.16, Proposition 3.5 and Lemma 6.1(i),

(:°5) o=
(1) | (t71) 4 pAna ifl=n-—1,
ZH = (?:12) (1577,7713) A1 An,i—1 i —
(1) + (o) + 22+ Z f3<isn=2,
(tzl) + (tal) + ZAn.2 if ] =2.

Notice (t_l):( ¢ ):Osincen>20+21+~--+2t71:2t71,andt<2t72for

n—2 n—1

all ¢ > 2 with equality only at t = 2 (but n > 4 by assumption). Hence

Z>\2n,z _ (l t 1) + Z)\n,l + Z)\n,l—l

for all 2 <1< 2n — 2, where we set Z -t :=0if [ >n — 2.
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ExAMPLE 6.19. Using the results in Section 6, we extend the description of those
partitions p F 32 such that Z# = 0 begun in Example 3.13. Recall that [{u F 32 |

ZM =0} = 879.
Property # of such p - 32 ZF =0
I(n) =16 77 p=(16,))st. Z> =0 from Cor 6.2(i)
u C (316) 2 p=(3,3,219), (3,2'4,1) from Cor 6.2(iii)
Na(p) = 16 and k(p) > 0:
k>4 7 from Cor 6.8
I(pn) = (18—F) 8 pu=(25-2a,2%17),0<a<8,a#4 | from Cor 6.8(i)
I(n) = (8 — k) 6 p=(27-2a,a,1°%%),2<a <7 from Cor 6.8(ii)
Ni(p) > 16: i=1,2,3,4,5 | 684, 640, 702, 724, 734 from Prop 6.10

In Example 3.13, we had identified 710 out of the 879 partitions using results from
Section 3. Together with the results from Section 6 listed in the above table, in total
we are able to identify 868 out of the 879 partitions y F 32 such that Z# equals zero.(!)

EXAMPLE 6.20. The proportion of Sylow branching coefficients of Sor for the prime
2 which have value zero is tabulated for small k& below.

-
n| [P()| [t n| 2+ = oy | e fmtt
4 5 3
8 22 15 0.682
16| 231 7 0.333
32| 8349 879 0.105
641741630 38531 0.022
For comparison, we also investigate p F 64 such that Z# = 0. In particular,

|P(64)] = 1741630 but |[{u F 64 | Z* = 0}| = 38531, and we are able to explain
38386 of these (leaving 145) using our results as follows.

Property # of such ut 64 Zr =0
I(u) =32 879 from Corollary 6.2(i)
wC (3%) 2 from Corollary 6.2(iii)
4 is a non-trivial hook 63 from Proposition 3.5
p=(64—14,2172), 7<i<62| 56
N2 () = 32 and k(u) > 0: from Corollary 6.8
k(p) > 8 45
I(p) = (1I1<u)\) 16
1) = (1(0)) 14
N;(pn) >32: i=1,2,3,4,5,6 | 35471, 21751, 22216, | from Proposition 6.10
22937, 23513, 23722

Finally, we conclude with a conjecture.

CONJECTURE 6.21. Let k € N and suppose A - 2F. If Ai(n) = 2, then Z* > 0 unless
A=(5,3), ork >3 and A= (3,3,22" ' ~3).

Indeed, we saw in Example 6.19 that when k£ = 5 then Z3:3.2") — 0. More generally,
suppose k > 3 and let n = 2¥~1 and pu = (3,3,22’6_1*3) F 2n. By Corollary 6.2(iii),
5" = x* where A = (3,1"73) and the deflation of y is with respect to S,. Hence
Z#" =0 by Lemma 6.1 and Proposition 3.5, explaining the exceptions in the statement
of Conjecture 6.21.

(DThe  eleven remaining partitions are (23,2,2,1%), (22,3,17), (22,2,2,1%), (20,4,18),
(17,4,2,19), (17,3,2,2,18), (13,4,23,19), (13,33,110), (11,28,1%), (10,9,1'%) and (8,2'0,1%).
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