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Abstract

The object of this paper, we establish the concept of integral type of
common fixed point theorem for new type of generalized C*-valued
contractive mapping. The main theorem is an existence and unique-
ness of common fixed-point theorem for self-mappings with (¢, §)-
contractive conditions on complete C*-algebra valued b-metric space.
Moreover, some illustrated examples are also provided.
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1 Introduction

In 2002, Branciari [2002] introduced the concept of integral type contraction
on fixed point solution. Many writers researched at the presence of fixed points for
a variety of integral type contractive mappings, see Liu et al. [2018]. Especially,
Liu et al. [2014] several more fixed point theorems for integral type contractive
mappings in complete metric spaces. After that Ma et al. [2014] and Ma and
Jiang [2015] presented the notion of C*-algebra-valued metric space, C*-algebra-
valued b-metric space and investigated certain fixed point results for self-mapping
under certain contractive conditions. Alsulami et al. [2016] investigated that fixed
point theorem in the classical Banach fixed point theorem can be used to produce
(C*-algebra-valued b- metric space in fixed point results Kamran et al. [2016]. We
symbolize A as an unital C*-algebra, and A,= {a €A :a =a*}. Especially, an
element a €A is a positive factor, if a = a*. A natural partial order on .4, given
by a <bif f6 < (b — a), where ¢ signifies the zero element in .A. Then, let A"
and A’ symbolize the set {a €A :0 < a} andtheset {a €A :ab = ba, V be A},

respectively and |a| = (a*a)%.

2 Preliminaries

Definition 2.1 (Ma and Jiang [2015]). Let x be a non-empty set and we A such
that w > I. Suppose that the mapping D, : X x X — A is held, the following
constraints exist.

(”l) Db(C7 77) < W(Db<g7 19) + Db(197 77))f0” all C? 7, (S X-

Then, Dy, is called C*-algebra-valued b-metric on X and (x, A, D) is called
C*-algebra-valued b-metric space.

Definition 2.2 (Ma and Jiang [2015]). Let (x, A, Dy) be C*-algebra valued b-
metric space. Assume that {(,} is a sequence in x and ( € x. If for each € > 0,
there exists N suchthatN'n > N, ||d (¢, Q|| < ethen{(,} is alleged to be con-
vergent with regard to A, and {(,} converges to (, i.e., we take lim,_,, ¢, = (.
If for each € > 0, there exists N such that ¥V In,m > N, ||d (¢, Cn)|| < €, then
{Cu} is referred to as a Cauchy sequence in x. (x, A, Dy) is referred to as a com-
plete C*-algebra-valued b-metric space if every Cauchy sequence is convergent

iny.
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Definition 2.3 (Mustafa et al. [2021]). Let the non-decreasing function § : AT —
AT be positive linear mapping satisfying following constraints:

(i) § is continuous;
(ii) §(a) =0 iffa=0;
(iii) lim, . §" (a) = 6.

Definition 2.4 (Mustafa et al. [2021]). Suppose that A and B are C*-algebra. A
mapping § :A— B is said to be C*-homomorphism if :

(i) §(aC + bn)=aF(C) + bF(n) forall a,b €C and {,n € A;
(ii) §(Cn) = F(C)8(n) forall ¢,n € A;
(iit) §(¢7) = §(Q)" forall ¢ € A;

(iv) § maps the unit in A to the unit in B.

Lemma 2.1. Let (x,.A, D,) be a C*-algebra valued b-metric space such that
Dy(¢,n) € A, forall {,n € x where { # 1. Let ¢ : AT — A" be a function with
the following properties:

(i) ¢ (a) =0 ifand only if a = 0;
(ii) ¢(a) <a,forallac A;

(iii) either ¢ (a) < Dy((,n) or Dy(¢,n) < ¢(a), where a € Aand (,n € x.

Corolary 2.1. Every C*-homomorphism is bounded.
Lemma 2.2. Every x-homomorphism is positive.

Definition 2.5 (Branciari [2002]). The function & : x — X is called sub-additive
integrable function iff ¥V a,b € ¥y, Ou+b &dy < f5 Edy + fob £dy.
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3 Main Results

Definition 3.1. Let (x,.A, Dy) is a complete C*-algebra valued b-metric space.
Let £ 9N, :x — x be a integral C*-valued contractive mapping and

Dy (£¢,Mn) J3(¢m) Dy(¢,m)
3(/0 5@)33(/0 gdt>—¢(/o 5@) (1.1)

/J(C ,}7) - o Db ¢m) fd _._,yf[Db(CEO‘f‘Db(nfm’] é‘d
’ — +5f[Db Cimn'f‘Db??LC]gd

Forall (,n € X, wherew € A, a+y+§ > 0withwa + v(w + 1) +
d(ww+1) <1 FeVand p € ®and & : x — X is the Lebesgus-integral
function.

Theorem 3.1. Let (x, A, Dy) is a complete C*-algebra valued b-metric space.
3.1 are x—homomorphisms and with the constraint § (a) < ¢( a) and € : x — X
is a Lebesgus-integral mapping which is summable, non-negative and such that
forall e > 0, fos &dy > 0. Then £ and M have a unique common fixed point in x.
Proof. Let (y € x and define (,= £(,—1, (pr1= M, we have

g<fD” <n<n+1)£d>_3<be £n-1,MCn) édt>
<S< I(¢n—1,6n) fdt> —¢< ODbcn 1<n>£d>

-3 afoD ) &d, + f[Db ¢,2¢)+ Dy (n,Mn)] ¢d, ¢ /Db(gnl,gn) ”
+5 f[Db Cimn)+Db 7,80)] ¢d, i

a 3 (j‘Db(Cnfl» ¢n) gd ) _}_3 S (fO[Db(Cnfl:2<n71)+Db(Cn:5m<n)] gdt
_’_3(( )g ( [Db(Cn 1 mC’n)'f‘Db C'n £<n 1 é-d ) ¢ ( ODb(Cn—hCn) gdt) )

Therefore,
Dy (GnsCnt1) Dy (£6n—1,9M¢n)
5[ ) s( ) ) |
0 0

IS 1§ (J < edd) |
HIQ ) (ool ) |
@ § (e leq,) |

— | qb( Dp(én—16n) dt) | = 0asn — +o0.
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Give that ¢ (2.1) and § (2.4) are strongly monotone functions. We have
be(Cn <n+1 é‘d — Db(LCn 1 D:RCTL) é‘dt

0

<

a Db gn 1 Cn é—d + f Db(Cn—l:£<7L—1)+Db(Cn7m<n)] é—dt
0 0
+5 fODb(Cﬂ 1 an)+Db(<n,£Cn—1)] é—dt

_ o ODb(Cn 1 Cn) é—d + f[Db(Cn 1 Cn)‘f’Db(Cn <n+1 Ed
- +(5 fODb(Cn 1 <n+1)+Db(Cn Cn ] gd

(Oé—i_'y) Db(C’ﬂ 1, Cn gd _|_,y‘/‘Db(Cn Cn+1) gd +5be(Cn 1<n+1 édt

(Oé + f}/) Db((n 1, Cn fd + foDb Cns <n+1 é&d + w5 f(Db Cn—1 Cn)“l‘Db(Cn Cn+1)) fdt

(Oé—i-’}/—i-W(S)beCn L C”)gd —i—(’y—l—wé)beC"C”“)ﬁdt.

This implies that

Db(Cnu§n+1) o _|_ + W5 Db Cn Cn 1)
/ ed, < LW ¢d,
0 ¥+ wd 0

Db(Cnan+1) Db(<n7Cn—1)
/ f@gh/ d,
0 0

where, h = %ﬁs‘“s < 1. Thus, we have

Db(Cnflvcn) Db(<n7Cn+1) Db(Cn:Cnfl)
|| / éd, || / edN<| h | / £d, |-+ 0,

asn, m — +oo. If n > m

Db(C'rqu) Db(Cn,Cn 1 Db Cn 1 Cn 2
w di +w dy
/ L €n m (Dol Gm) .
0 + ... +w 0 fd

Applying the constraint of theorem then,

Dy(Crm) 3 (w [[PolGntns fdt) 45 <w2 Dy (Gn—1,6n—2 5dt)
3(/0 fdt>§ 0_|_m+g( ODmelcm §d>
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S (7 ed) +5 @A) § (2 ea,)

o F T F (7 )

S (w Oj(Canfl) fdt) ¢ (w j‘Db CnsCn— 1) gdt
+1’§ <w2 foj(<7L717C7L72) gdt> _ ¢ <w 0 (<n717<n72) fdt)
+...+38 (w”_m foj(cm_l’g’") édt) —¢ (w”_m OD”(C’"‘I’C’”) £dt)

3| +w fO[Db(Cnfl7Cn)+Db(Cn,Cn+1)} ¢d,
+5 f Db(Cnfl:<7L+1)+Db(Cn7Cn)] gdt

_¢<

ow
I[Db(g’m Cm 1)+Db(Cm 1 Cm 2 é—d

n—m

+yw

+5wn mf(be(Cm Cm 2)+Db(Cm 1 Cm 1 ] gd

g (i

aw fODb(Cnycnfl) gdt

Db(CnCnlfd +

Dme 1Cm éd)

5 (fom(cn,cm) fdt> — 3()3(W)F ( ODb(cn,cn_l) ¢d, >

FF)F(W)F <f[Db Cn=1,6n)+D(CnCnr1)] Sdt>
HEO)FW)F (fon(C" 1:6n41)+Dp (GG fdt>
(w fOD”(C"’g"‘I)édJ
(@Scw'"s(fm“mlwhw>

5 (

W m)g f[Db CmCm—1)+Dp(Cm—1,Cm—2 ]gdt

(5) (wn m) (f[Db(Cm Cm—2)+Dp(Cm—1,Cm—1)] fdt>

¢ (wrm ) g,

Since the property of ¢ (2.1) and § (2.4) is strongly monotone, we have
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fODb(CmCm) fdt < aw fODb(Cnygnfl) fdt T yw fO[Db(Cnfl7Cn)+Db(C’an+1)} édt
L ow [Db(Cn—1,Cn+1)+Db(Cn n)] &dy+ ...
+aw

+yw
+§wn—m f Db(CmyCm—Q)‘i’Db(Cm—l»Cm—l)] é—dt

n—m be(Cm—LCm) &d,
n—m %Db(CM7Cm—1)+Db(Cm—1:Cm—?ﬂ gdt

so we get

D Cnagnf
ol ”[UJ'(!O “C | Dlgcscczt ||ﬂ
71,77TL+ nsSsn
Ay I w ) foPrlenmrentPrlenenatleg,

Db(Cn,Cm) [Db Cn71:<n+l)+Db(Cn7<n)]
/ cd, < + 10w I Sy §d || + ...
0

n—m D Cmf 7C’m
+lallw i’ ycn {0 b‘) DL )scczt [ ;
n—m mHSm— + m—1,6m—
oy e ) f%Db« < 1) Db@ 1( 2”5@ [
n—m mySm— + m—1,m—
8w ||| fyPrem e Pemmrem=l e,

as n.m — +o0.
Then {(,} is Cauchy sequence. Since (x,.A, Dy) is a complete C*-algebra
valued b-metric space there exists u € x such that (,, — uw as n — oo. Now since

Dy (u,Mu) Dy (u,Cn+1) Dy (Cnt1,9%u)
/ €, < w / ¢d, + / ¢d,
0 0 0
Dy (Cnt1,2u) Dy (u,Cn+1)
w / fdt-l-/ §dy
0 0
Dy (£¢n,MMu) Dy (u,Cnt1)
- / £dy + / d,
0 0

Dy (u,Mu) Dy (£¢n,Mu) Dy (u,$n+1)
s(/o fdt) . [s (/0 fdt) 43 (/0 5@)]
f]((:n,u) Db(cnvu) Db(uvanrl)
w[&(/ Sdt>—¢</ 5dt> s(/ 5dt>]
0 0 0

4+ w
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leo 8 (J e eds) |

Dy (Cnyu
Dy (26 00) Hlwll Sa il 5 e |
IS ( [ ) s | e gy ) RS g
0 4 ” w HH 36 H” fO[Db(Cn,mu)-i-Db(quCn)] &d, H
Dy (Cn,
— Nl o (> ea) |-

Using the property of ¢ (2.1), we get

DuCn
e IS (" eds) |
Dy (£¢n,Mu) Dy(Cot)
s AN + 0w 1l Fa ] 6 g |
' a [Dy(Cns Cn+1)+Db(u Mu)]
0 P EANNA &d, |

D g‘nmu +D ’UqLCn
+ | w || FO || fyrelem TPt eq,

Where § (2.4) is strongly monotone, then

(Dp(u,Cn
o Il 3™ ed, |

[ s | el e
. P T L

D, (Cn D'Jtu +D (u /Q«Cn
w8 faPe g &dy ||

Dy(Cnyu
(Dy(t6nsn) | o '1')” I >D§d 9|3|T
:Hw”H/ Edy || + || w || +||7||||f?b<n<n+l+ b (u, ué,d ||
: S e g |

as (, — wand (1 — uasn — oo, we get

Dy (u,Mu)
| 1—wy—ws ||| / cd, |I<
0

asn — 0oQ.

L el fi C“”sd H
lwlll Lol S ed |
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Hence || be (ww) ¢ q, ||= 0 since | 1 —wy —wd ||> 0. As a result, Mu = u
that is u is a fixed point of 9N. Similarly we are able to demonstrate that £u = u.
Hence £u = Mu = u. This demonstrates that u is common fixed point of £ and
.

Let v be a different ﬁxed point common to £ and M. (i.e) Lv = IMv = v such
that v # v we have be w) &d, = Db (Lu.Mtw) §d then

3( Dy (u,v) fdt) =3 Db (Lu, M) £dt>
<5 (e sdi) — o (S edr)

I Fall] S ¢d, |

” . /Db(ﬂu,ﬁm) d H< H 3 HH f%[Db (u,Lu)+Dy (v, M) fdt H
Dy (u,Mv)+Dy (v, Lu
0 H= +HSMWfb( gl g, |

—H¢( e, |

Using the property of ¢ (2.1), we get

D u,v
Db(Su,ﬁﬁv) | So H/U)f: Dfdtmﬂ
I5(/ I< [+ 17 1| e ol gy,
’ || gO || fiPrle s g

where § (2.4) is strongly monotone, then

Lol 7 ed, |
P e < | gy ) et g,
) 6 | e eonsal g g
éHa+26HHfm“”£mH
< wat @+ 1y +wlw + 13 || L2 ed, |
< || i e, |

Which is a contradiction. Hence || be(u’U) &dy ||[=0and u = v. Thus uis a
unique common fixed point of £ and .

Corolary 3.1. Let (x, A, D) is a complete C*-algebra valued b-metric space.
Let £ :x — x be a contractive mapping and

Dy (£7¢,£™n) 3(¢m) Dy (¢,m)
d de | — d
s(/o §t>§3</o 5) ¢(/0 §t>
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D [1+Db((,£"§)]Db(n,Snn)
Oé ) b(C,m) Sdt + 5]‘0 14+ Dy (¢m) Sdt
J(Ca 77) < + f[Db(C1£nC)+Db(”77£7l77)] gdt

+5 ngb(Cﬁﬂ"ﬂ)-ﬁ-Db(n,Q"C)] &d,

forall {,n € x,wherew € A, a+ B+ +3 > 0withwa + 8+ v(w +
1)+ 0 (w(w+1)) < 1. § and ¢ are x—homomorphisms and with the constraint
§(a)<o¢(a)and§ : x — x is a Lebesgus-integral mapping which is summable,
non-negative and such that for all € > 0, foa &dy > 0. Then £ have a unique fixed
point in x.

Example 3.1. Ler xy = [0,1] and A =R? with a norm || ¢ ||= |¢| be a real C*-
algebra. We definep = {((,n) € R* : ¢ >0, n > 0}. The partial order < with
respect to the C*-algebra R?. (; < (s and ny < mo for all (¢i,m), (Ca,m2) €
R2. Let Dy, : x xx — R?suppose that Dy(C,n) =2 (| —nl, |¢ —n|) for¢,ne
X-

Then, (x, A,D,) is a C*-algebra valued b-metric space where w = 1 in theo-
rem 3.1.

Let §,¢ : p — p be the mappings defined as follows: For T =((,n) € p

(¢,n), if¢<landn<1,
_ ) (@), if{>Tlandn <1,
§(T) = ¢,n?), if¢<landn>1,

(¢tn?), if¢>1landn>1.
and for § = (81,8,) € pwithV =min {8y, S,},

(3,3), ifV>2
Then, § and ¢ have the properties mentioned in (2.4) and (2.1). Let £, :x —
X be defined as follows:

1 1
2= {BHISEEE MO forcex

Then, £ and 9N have the required properties mentioned in theorem 3.1.

Let o = %, =0, v= 6—14and5: 6i4 . It can be verified that:

S (Dy (£¢, 7)) < F(N(C,n)) — ¢ (Dy(C,m)), YV ¢,m € x withn < ¢

. Hence, Theorem 3.1 is satisfied. Then demonstrate that 0 is a unique common

fixed point of £ and M.
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4 Conclusions

In Theorem 3.1 we have formulated a contractive conditions to modify and ex-
tend the concept of common fixed point theorem for C*-algebra valued b-metric
space via (¢, §)-integral type contractive mapping. The existence and uniqueness
of the result is presented in this article. We have also given some example which
satisfies the contractive condition of our main result. Our result may be the vi-
sion for other authors to extend and improve several results in such spaces and
applications to other related areas.
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