Western University

Scholarship@Western

Chemistry Publications Chemistry Department

2017

Exact exchange-correlation potentials of singlet two-electron
systems

llya G. Ryabinkin
Egor Ospadov

Viktor N. Staroverov

Follow this and additional works at: https://ir.lib.uwo.ca/chempub

b Part of the Chemistry Commons


https://ir.lib.uwo.ca/
https://ir.lib.uwo.ca/chempub
https://ir.lib.uwo.ca/chem
https://ir.lib.uwo.ca/chempub?utm_source=ir.lib.uwo.ca%2Fchempub%2F278&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/131?utm_source=ir.lib.uwo.ca%2Fchempub%2F278&utm_medium=PDF&utm_campaign=PDFCoverPages

RESEARCH ARTICLE | OCTOBER 31 2017
Exact exchange-correlation potentials of singlet two-
electron systems ©©

Special Collection: JCP Editors' Choice 2017

llya G. Ryabinkin @ ; Egor Ospadov; Viktor N. Staroverov

‘ '.) Check for updates ‘

J. Chem. Phys. 147, 164117 (2017)
https://doi.org/10.1063/1.5003825

. CrossMark
@

View Export
Online  Citation

Chemical Physics

T
o
4]
c
-
=)
O

ﬂ
Q

L

-

The Journal of Chemical Physics

Special Topic: Adhesion and Friction

4. AP

AIP /. Publishing

é/_‘_ Publishing

GSG:10:L¢ €20¢ dunr 62


https://pubs.aip.org/aip/jcp/article/147/16/164117/76734/Exact-exchange-correlation-potentials-of-singlet
https://pubs.aip.org/aip/jcp/article/147/16/164117/76734/Exact-exchange-correlation-potentials-of-singlet?pdfCoverIconEvent=cite
https://pubs.aip.org/aip/jcp/article/147/16/164117/76734/Exact-exchange-correlation-potentials-of-singlet?pdfCoverIconEvent=crossmark
https://pubs.aip.org/jcp/collection/1345/JCP-Editors-Choice-2017
javascript:;
https://orcid.org/0000-0002-7679-632X
javascript:;
javascript:;
https://orcid.org/0000-0002-6828-3815
javascript:;
https://doi.org/10.1063/1.5003825
https://servedbyadbutler.com/redirect.spark?MID=176720&plid=2067147&setID=592934&channelID=0&CID=756251&banID=521002076&PID=0&textadID=0&tc=1&adSize=1640x440&data_keys=%7B%22%22%3A%22%22%7D&matches=%5B%22inurl%3A%5C%2Fjcp%22%5D&mt=1688072515783328&spr=1&referrer=http%3A%2F%2Fpubs.aip.org%2Faip%2Fjcp%2Farticle-pdf%2Fdoi%2F10.1063%2F1.5003825%2F16748767%2F164117_1_online.pdf&hc=52f77e12389520512e0c8e50a5faeec5da01a07d&location=

THE JOURNAL OF CHEMICAL PHYSICS 147, 164117 (2017)

® CrossMark
¢

Exact exchange-correlation potentials of singlet two-electron systems
llya G. Ryabinkin," Egor Ospadov,? and Viktor N. Staroverov??
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Ontario M1C 1A4, Canada

2Department of Chemistry, The University of Western Ontario, London, Ontario N6A 5B7, Canada
(Received 7 September 2017; accepted 13 October 2017; published online 31 October 2017;

publisher error corrected 1 November 2017)

We suggest anon-iterative analytic method for constructing the exchange-correlation potential, vxc(r),
of any singlet ground-state two-electron system. The method is based on a convenient formula for
vxc(r) in terms of quantities determined only by the system’s electronic wave function, exact or
approximate, and is essentially different from the Kohn—Sham inversion technique. When applied
to Gaussian-basis-set wave functions, the method yields finite-basis-set approximations to the corre-
sponding basis-set-limit vxc(r), whereas the Kohn—Sham inversion produces physically inappropriate
(oscillatory and divergent) potentials. The effectiveness of the procedure is demonstrated by com-
puting accurate exchange-correlation potentials of several two-electron systems (helium isoelectronic
series, Hy, H;) using common ab initio methods and Gaussian basis sets. Published by AIP Publishing.

https://doi.org/10.1063/1.5003825

Il. INTRODUCTION

Two-electron systems occupy a special place in elec-
tronic structure theory. On the one hand, they exhibit electron
correlation effects and thus conceptually pose the same chal-
lenge as interacting many-electron systems in general. On the
other hand, they are small enough that their Schrodinger equa-
tions can be solved with extremely high accuracy by ab initio
methods.'

In the Kohn—Sham (KS) density-functional scheme,’ the
singlet ground state of a two-electron system is mapped to
the singlet ground state of an auxiliary system of N = 2 non-
interacting electrons occupying the same KS orbital. Single-
orbital KS systems are also special because one can write down
for them a number of exact relations that do nothold for N > 2.
In particular, given a singlet ground-state density of a two-
electron system, one can invert the KS equation

1
—EVz +0(r) + op(r) + vxc(r)| ¢(r) = €p(r), (1)

where ¢(r) = p!'/?(r), and write the corresponding exchange-
correlation potential as

V2p(r)  Tw(r)
4p(r)  p(r)

Here 7y (r) = |Vp(r)|?/8p(r), v(r) is the external potential,
vy(r) is the Hartree (electrostatic) potential of p(r), and € is
the KS eigenvalue which, in the exact KS scheme, is equal
to the first ionization energy of the system, € = —1.113 A
generalization of Eq. (2) to N > 2 is easy to write (see,
for instance, Ref. 14), but the result contains KS orbitals and
hence cannot be used to determine vxc(r) from p(r) in a single
step.

vxc(r) = —o)—va()+e. (2

2Electronic mail: vstarove @uwo.ca
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Equation (2) is the most obvious method for construct-
ing exchange-correlation potentials of two-electron systems
from accurate ab initio densities.!>!>~2? It can also be extended
to the time-dependent KS scheme.?3-?” Despite its appealing
simplicity, however, this method is not as sound as it may seem.

First, Eq. (2) states the result of inverting Eq. (1) ana-
lytically. This means that if the starting p(r) is generated
using a finite one-electron basis set and vxc(r) is obtained
from that p(r) by Eq. (2), then one generally has to solve
the KS equations with that vxc(r) using a complete (infinite)
one-electron basis set to reproduce the initial p(r) exactly.
The finite one-electron basis set used for generating the initial
p(r) simply cannot do the job.?® Second, potentials obtained
by Eq. (2) from atomic and molecular Gaussian-basis-set
densities oscillate wildly and diverge as r — co,!$192932 3
result that is mathematically correct but physically inap-
propriate for a Coulombic v(r). The fact that Eq. (2) can
give very different potentials for exact (basis-set-limit) and
approximate (finite-basis-set) densities of the same system ren-
ders it impractical for calculations employing Gaussian basis
sets.

One way to obtain physically sensible potentials from rea-
sonable densities is to restrict application of Eq. (2) to densities
expanded in Slater-type basis functions.!® Another one is to
reformulate the problem so that sensible results are obtained
in any reasonable basis set. We have recently developed such
a reformulation.’=3# In our approach, vxc(r) is not fitted to
a given p(r) but is computed using a certain analytic expres-
sion that involves quantities constructed from the interacting
wave function of the system and from the KS orbitals and
their eigenvalues, all generated using the same one-electron
basis set. Since the KS orbitals and eigenvalues are initially
unknown, this expression generally needs to be iterated starting
from an initial guess for vxc(r). Just like Eq. (2), our method
would produce potentials that recover the associated ab initio

Published by AIP Publishing.
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densities exactly if implemented in a complete basis set. In
a finite basis set, it yields potentials that are close to the
basis-set-limit vxc(r), unlike Eq. (2), and can be improved
systematically by increasing the basis-set size.

The definitive version of our method is the modified
Ryabinkin—Kohut-Staroverov (mRKS) procedure,*® which
employs a small but crucial modification of the original expres-
sion for vxc(r) derived in Ref. 33. In this work, we show that,
in the special case of single-KS-orbital systems, the modified
expression reduces to an exact formula for vxc(r) which con-
tains no KS quantities whatsoever. This formula allows one to
reduce any singlet two-electron wave function directly to the
corresponding exchange-correlation potential and in practice
is much better for that purpose than Eq. (2).

Il. EXCHANGE-CORRELATION POTENTIAL

In Ref. 38, we derived the following equation for the
exact exchange-correlation potential of a singlet ground-state
N-electron system:

WE  KS
_ ,hole , -KS _ -WF p__ P
UXC = Uxo t+E €+ <5 T s 3)
J P
where each quantity is a function of r. Here
xc(r,r2)
ol (r) = / PXCL 22 o, @
Ir —ry|

is the potential of the exchange-correlation hole charge,®
pxc(r,r2), a quantity determined by the interacting two-
electron reduced density matrix (2-RDM). The next term is
the KS average local orbital energy

N

_ 1
Em= w5 D eilgil’, 5)

i=1

where ¢;(r) are the spatial parts of the respective KS spin-
orbitals, €; are the associated eigenvalues, and

N
NCEDNIOT (©)
i=1
is the non-interacting electron density. The analogous wave-

function-based quantity, called the generalized average local
electron energy,***! is given by

R 1
éVF(r) = ) ; LIE®, )

where f;(r) are the spatial parts of the spin-eigenfunctions
of the integral generalized Fock operator, G, and A; are the
associated eigenvalues. The kernel of G is>4?

R FWF —

Gx, x') = hr)y (%, x') +2 / L00Xh%) e, @)
[r — 12|

where fz(r) = —%Vz + v(r), yWF(X, x’) is the interacting 1-

RDM, and T'VF(x, x,;x’, xé) is the interacting 2-RDM. The
summation in Eq. (7) is over all spin-eigenfunctions of G (their
number is determined by the size of the one-electron basis set).
The ab initio electron density is given by

J. Chem. Phys. 147, 164117 (2017)

P = Y il mP, ©

J
where each y;(r) is the spatial part of the jth natural spin-
orbital and n; is the corresponding occupation number. The
remaining quantities in Eq. (3) are the interacting Pauli kinetic-
energy density>®

o' (r) = D nmlxi )V x5) = )V xir)

i<j

1
2pWE(r)
(10)
and its KS counterpart

1

N
RS 2 VD = OV (D

i<j

TR (r) =

Note that each distinct spatial orbital appears twice, with
different subscripts, in the sums of Egs. (5)—(11).

Equation (3) determines vxc(r) up to a constant. This
constant is fixed by the highest-occupied molecular orbital
(HOMO) condition33-3+38

enomo = —IExT, (12)
where Igkr is the first (lowest) ionization energy determined
from the interacting wave function using the extended Koop-
mans theorem*~* (EKT). In practice, we compute Iggt by
the method of Ref. 46. As the level of theory increases, IgkT
approaches*’* the exact first ionization energy, I, and thus
attains consistency with the better-known condition'%!%!3 on
the exact KS HOMO eigenvalue, EE%MO =-].

Now consider a singlet ground-state two-electron system.
For such a system, there is only one distinct spatial KS orbital
(¢1 = ¢2, where the subscripts label the corresponding spin-
orbitals), and so Eq. (5) assumes the form

EKS(I‘) = Gl]fl(s)MO = _IEKT9 (13)
while Eq. (11) becomes
h3(r) = 0. (14)
Thus, for N = 2, Eq. (3) reduces to

ey, TP )
oxc(r) = v (”*,ﬁw(r) - V() — Iexr,  (15)

where the last term is a constant. This formula contains only
quantities determined by the interacting wave function (equiv-
alently, the 2-RDM) and, therefore, allows one to compute
vxc(r) from that wave function without iterations. The KS
orbitals corresponding to this potential can also be com-
puted in a single step, by diagonalizing the KS Hamiltonian
matrix.

Observe that for an N-electron closed-shell Hartree—Fock
(HF) wave function, Eq. (15) may be written as

HE - KS
HF _ _KS _-HF, ‘P 'P
Uxc = Us + € e+ —pHF —pKS, (16)

where vs(r) is the Slater potential*® of the HF exchange hole,
while p"F(r), é'F(r), and 7} (r) are given by the same ex-
pressions as pXS(r), é€5(r), and T}J(S(I'), only in terms of HF
orbitals and orbital energies. The first EKT ionization energy

GG:10:1Z €20T dunr 62
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for a HF wave function is Iggt = which implies that
KS

HOMO

_HF
HOMO?’
the vertical shift of vXF(r) is fixed by the condition e

HF
€HoMo"

For a closed-shell two-electron HF wave function,

et o) = et and TpF(r) = 0, while
vs(r) = ——vH Fir) = ﬁ dr’. (17)
Thus, for N = 2, Eq. (16) reduces to
vpe(r) = ——vHF(r) (18)

The exact exchange potential of any singlet ground-state two-
electron system is given by !’

1 WF(I./)

vx(r) = ——vH Fory=-= dr’. (19)

v —r’|
This gives the following explicit formula for the corresponding
correlation potential:

v (r)—v‘“"e(r)+ N () + o ®) - &) -1, (20)
c(r) = WF() EKT-

Equations (15) and (20) are the main results of this work. They
are nontrivially equivalent to older formulas of Buijse et al.,”°
namely, Eqgs. (32) and (41) of Ref. 50. The difference is in how
the term denoted here by éVF is represented and evaluated (see
Appendix A).

lll. NUMERICAL ILLUSTRATIONS
A. Computational details

All calculations reported below were performed with the
appropriately modified Gaussian 09 program’! using Gaussian
basis sets from the Environmental Molecular Sciences Labora-
tory (EMSL) Basis Set Library.’>3* The u-XZ (X = D, T, Q, 5)
basis sets used for the He isoelectronic series were con-
structed by starting with the respective cc-pVXZ basis sets
for the He atom, uncontracting them, and scaling the expo-
nents a; of the primitive functions by the same factor accord-
ing to exp(—axr?) — exp[—ax({r)*]. The optimal values
of £ for each species and basis set were obtained by mini-
mizing the corresponding full configuration interaction (FCI)
energy.

In the general mRKS procedure,®® the Hartree part of
the total KS potential is constructed in each iteration from
&S (the density computed using the current KS orbitals)
because self-consistent-field (SCF) iterations typically fail>*
to converge if vy is constructed from pVF. For N = 2, both
methods of constructing vy work but the one using p™¥ does
not require any SCF iterations, so it is the method we adopted
here. Specifically, we constructed the electrostatic part of the
KS Hamiltonian matrix by evaluating vy ([p™F ]; r) analytically
and then computing matrix elements of this potential numeri-
cally using a saturated density-functional integration grid. Use
of pKS in vy would not affect vxc for N = 2 but would result
in a marginally different total KS potential because p*S and

pWF are not exactly equal in a finite basis set.3>3436.38

J. Chem. Phys. 147, 164117 (2017)

The exchange-correlation potentials and other quanti-
ties labeled “exact” are those extracted by Umrigar and co-
workers!7>%3 from highly accurate explicitly correlated wave
functions of two-electron ions. We treat those potentials as the
basis-set-limit benchmarks.

B. Results

As a first application, consider a sequence of FCI wave
functions for the He atom computed using the cc-pVXZ
(X = D,T,Q,5) basis sets. The electron densities obtained
from these wave functions are reasonably close to the exact
(basis-set-limit FCI) density of the He atom. However, if the
FCl/cc-pVXZ densities are inserted into Eq. (2), one obtains
exchange-correlation potentials that have little resemblance
to the basis-set-limit vxc(r) (Fig. 1). By contrast, Eq. (15)
produces consistent, physically correct potentials that have
no oscillations anywhere and decay as —1/r at large r. These
potentials are visually almost indistinguishable from the exact
vxc(r) even for the cc-pVDZ basis set (Fig. 2).

In a similar manner, we generated exchange-correlation
potentials from FCI/u-XZ wave functions for several species
of the He isoelectronic series (H-, He, Li*, Be?*, C*, and
Ne®+). To assess the proximity of these potentials to the basis-
set limit, we substituted them into Eq. (1), solved it in the

4.0

vyc(r), Ep

10

FIG. 1. Exchange-correlation potentials extracted by Eq. (2) from FCl/cc-
pVXZ electron densities of the He atom.

0.0 T T
CC_pVDZ ............
cc—pVTZ -—-—-
-05 | cc-pvVQZ ———
cc-pVSZ -----
ur exact
% -1.0
X
=
=15 He atom 1
........................................ FCI
0.01 0.1 1 10

r, a,

FIG. 2. Exchange-correlation potentials extracted by Eq. (15) from FClI/cc-
pVXZ wave functions of the He atom.
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164117-4 Ryabinkin, Ospadov, and Staroverov

respective basis set, and used the resulting KS orbitals to
compute a number of properties which were then compared
to the known exact (basis-set-limit) values. The four proper-
ties we selected include (i) the kinetic part of the correlation
energy,

T.=T-T,, 2D

where T is the interacting kinetic energy from the ab initio
wave function and T'5 is non-interacting Kinetic energy com-
puted from the KS orbitals determined by vxc(r); (ii) the KS
exchange-correlation energy,

J. Chem. Phys. 147, 164117 (2017)

A, = / 1555() - pVE ()| d, 24)

where p*3(r) is constructed from the KS orbitals determined
by vxc(r); (iv) the virial-theorem®’ energy discrepancy

AEy, =W —EXS - T, (25)
where

W= / [305() +1- Vo Sm0)] oxc@yar.  (26)

The basis-set-limit values of A, and AE,; are zero (this

E;gg = E)V(VCF +T,, (22) remains true for any type of wave function, not just FCI). The
exact (complete-basis-set FCI) values of the other properties
where were taken from the work of Huang and Umrigar.>
E)V(VCF = % / pWF(r)UQOCle(r) dr (23) Table I shows that the sequence of FCI/u-XZ exchange-
correlation potentials of each two-electron species steadily

is the ab initio exchange-correlation energy (i.e., the non-
Coulomb part of the electron-electron interaction energy); (iii)
the integrated density discrepancy,

approaches the corresponding basis-set limit. Note that the
magnitudes of A, and AEy; are not indicators of any numeri-
cal deficiencies of the construction procedure (as would be the

TABLE 1. Properties of selected two-electron ions computed from FCI/u-XZ wave functions and the corresponding KS potentials constructed using Eq. (15).
A, values are in units of electron charge, and the rest are in hartrees (Ep,). The exact (basis-set-limit) values are taken from Ref. 56.

Basis set (¢) Eot T EYT Tkt T. EXS Ap AEy;

-
u-DZ (0.36) -0.518 824 0.520203 -0.453910 0.0214 0.015723 -0.438 187 0.033439 0.023207
u-TZ (0.34) -0.525751 0.525 546 -0.452433 0.0260 0.025 664 -0.426769 0.007 581 0.006 161
u-QZ (0.32) -0.526976 0.526 868 —-0.451835 0.0271 0.027 304 -0.424 531 0.003 281 0.002 146
u-5Z (0.31) -0.527393 0.527434 -0.451475 0.0274 0.027 673 -0.423 803 0.001 704 0.000 904
Exact -0.527751 0.527751 -0.450774 0.0278 0.027 882 -0.422892 0 0

He
u-DZ (1.00) -2.889091 2.890 546 -1.091 341 0.8948 0.026 465 -1.064 876 0.002454 0.006 948
u-TZ (1.00) -2.900774 2.900937 -1.099776 0.9012 0.034412 -1.065365 0.000743 0.001 449
u-QZ (1.00) —2.902 582 2.902671 —1.101 945 0.9027 0.036 003 —1.065 942 0.000298 0.000332
u-5Z (1.00) -2.903 183 2.903222 -1.102636 0.9032 0.0363 90 -1.066245 0.000151 0.000 107
Exact —2.903 724 2.903724 -1.103318 0.9037 0.036 643 -1.066 675 0 0

Lit
u-DZ (1.65) —7.256 148 7.256208 -1.717138 27678 0.029252 —1.687 887 0.000758 0.001152
u-TZ (1.65) —-7.275770 7.275910 -1.729275 27767 0.037213 -1.692 062 0.000267 —0.000 635
u-QZ (1.65) -7.278 301 7.278 385 -1.732326 27786 0.038 944 -1.693382 0.000 105 —0.000 449
u-5Z (1.64) -7.279159 7.279 167 -1.733364 2.7793 0.039417 —1.693 947 0.000 055 -0.000 182
Exact —-7.279913 7.279913 —1.734 406 2.7799 0.039 828 -1.694578 0 0

B62+
u-DZ (2.31) -13.619441 13.617900 -2.341620 5.6386 0.030 599 -2.311021 0.000 360 -0.002 155
u-TZ (2.32) —-13.650 131 13.650235 -2.356224 5.6517 0.038701 —-2.317523 0.000 135 -0.002329
u-QZ (2.32) —13.653484 13.653576 -2.359 841 5.6540 0.040478 -2.319364 0.000 056 -0.001 159
u-5Z (2.30) -13.654619 13.654 634 -2.361114 5.6548 0.040988 -2.320126 0.000 028 —-0.000479
Exact —13.655 566 13.655 566 —2.362385 5.6556 0.041483 -2.320902 0 0

C4+
u-DZ (3.64) -32.334 896 32.331415 -3.589777 14.3736 0.031 868 -3.557909 0.000 138 -0.005 633
u-TZ (3.69) —-32.397588 32.397707 -3.607 850 14.4009 0.040239 —-3.567611 0.000058 -0.004 671
u-QZ (3.70) —32.403 069 32.403 220 -3.612194 14.4041 0.042070 -3.570123 0.000027 -0.002321
u-5Z (3.68) —32.404 889 32.404911 -3.613769 14.4052 0.042 620 -3.571149 0.000012 -0.001098
Exact —32.406 247 32.406247 -3.615353 14.4062 0.043175 —-3.572178 0 0

N68+
u-DZ (6.31) -93.721372 93.724178 -6.085 643 43.8201 0.032796 -6.052 847 0.000 046 -0.008 435
u-TZ (6.44) —-93.888438 93.887 942 —6.108 643 43.8970 0.041415 —6.067228 0.000 023 —0.006 693
u-QZ (6.48) —-93.900492 93.900 664 —6.113 864 43.9032 0.043 344 -6.070520 0.000011 -0.003 479
u-5Z (6.49) —-93.904 362 93.904 394 -6.115786 43.9053 0.043 955 -6.071830 0.000 006 -0.001 857

Exact -93.906 807 93.906 807 —6.117733 43.9068 0.044 555 -6.073 178 0 0
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-15 -10 -5 0 5 10 15

FIG. 3. Exchange-correlation potentials obtained by Eq. (15) from various
wave functions of a stretched H, molecule.

case with the KS inversion technique) because the construc-
tion is analytic. Rather, the non-zero values of A, and AEy;
are properties of the resulting potentials, uniquely determined
by the wave function and the basis set.

Our next application involves the H, molecule
(R, = 1.401ap). A 2-electron/2-orbital complete active space
(CAS) SCF wave function, abbreviated (2,2)CAS, is a com-
pact approximation that has all of the qualitative features of
the exact wave function for this system. Equation (15) is con-
venient for illustrating the well-known effect that, as the H,
molecule is stretched, the exact vxc(r) develops a peak at the
bond midpoint, 8- a feature that comes from the T;,VF /pWEF
term and is absent in KS potentials obtained from the HF wave
function (Fig. 3). The height of this peak for H, tends to 0.5
E}, in the R — oo limit>? (Fig. 4).

Consider now a fictitious heteronuclear molecule AB con-
sisting of two electrons and two nuclei with charges Z4 = 1.2
and Zp = 0.8 a.u. At large internuclear separation, the exact
vxc(r) for this system should have a step Av equal® to the dif-
ference of the ionization energies of the isolated one-electron
atoms A and B, Av = (Z} - Z3)/2 = 0.4 Ey. KS potentials
for this system generated from multireference wave functions
such as FCl/cc-pVTZ indeed exhibit such steps: the potential

0.6 T T T T T
H, Rg eeeeeees
04 | (22)CAS 2Ry = |
cc-pV6Z 3Ry ———
5Rg -----
021 10R, —— |
LIJ_C
0.0 prmmrmme—semmmngen, = ik AT
>
-0.2 J
-04 4
-0.6 - ———o-—s00--00c————0 -
-15 -10 -5 0 5 10 15

FIG. 4. Correlation potentials obtained by Eq. (20) from (2,2)CAS wave
functions of the H, molecule for various internuclear separations.

J. Chem. Phys. 147, 164117 (2017)

20 F A(Z=1.2)-B(Z=0.8)
FCl/cc-pVTZ R=5g) ==

FIG. 5. Exchange-correlation potentials computed by Eq. (15) from FCI/cc-
pVTZ wave functions of the two-electron diatomic molecule AB with nuclear
charges Z4 = 1.2 a.u. and Zg = 0.8 a.u. for various internuclear separations.

well of atom A is upshifted relative to the potential well of
atom B by a constant approaching 0.4 E, as R — oo, and
the wells are separated by a peak whose height increases with
R (Fig. 5). Similar steps and peaks in exchange-correlation
potentials of heteronuclear diatomics have been previously
reported for model and real systems.!320:01:62 A partitioning
analysis of the potential for R = 20ay shows (Fig. 6) that the
step stems from the term éVF(r), while the peak arises from
the kinetic-energy term, as was noted in a number of previous
studies.?0-379061 We stress that exchange-correlation poten-
tials of the quality seen in Figs. 3-6 would be impossible
to obtain from Gaussian-basis-set densities by KS inversion
without some sort of post-processing because Eq. (2) would
produce severely corrupted curves.'$!°

Our final illustration of the capabilities of Eq. (15)
involves a multicenter two-electron ion, H§,63 at its symmet-
rically stretched geometry, an equilateral triangle with a side
of Ryy = 2R, = 3.300ay. We have generated the exchange-
correlation potential for this system from the FCl/cc-pVTZ
wave function and visualized the result in the form of a
contour plot in the molecular plane (Fig. 7). It is interesting

20} A@Z=1.2)-B(z=08) Yo ]
R =20, Y —
15 1
FCl/cc-pVTZ
B
uf R
N S ]
[&)
X
>
-20 -15 -10 -5 0 5 10 15 20

FIG. 6. Partitioning of one of the exchange-correlation potentials of Fig. 5.
Here IEKT =0.3291 Eh.
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FIG. 7. Exchange-correlation potential computed by Eq. (2) from the FCI/cc-
pVTZ wave function of a stretched H;’ ion (D3, Ryn = 3.300ag). The plot
is for the molecular plane. The white dots mark the nuclear positions.

to note that the minima of this vxc do not coincide with the
nuclear positions.

IV. CONCLUDING REMARKS

We have shown that Eq. (3), which is generally not a
closed-form expression for vxc(r), becomes an explicit for-
mula for vxc(r) in the case of singlet ground-state two-electron
systems. This formula, Eq. (15), enables one to construct
the exchange-correlation and correlation potentials of such
systems directly from interacting wave functions. Note that
triplet two-electron systems involve two spatial KS orbitals so
that construction of exchange-correlation potentials for triplet
states would require the general (iterative) method of Ref. 38.
We deliberately chose small to moderately large basis sets for
our illustrative applications of Eq. (15) in order to emphasize
that it can routinely produce potentials of high quality. If one
wishes to generate even more accurate potentials, all one has
to do is to use a better basis set.

Exchange-correlation potentials associated with finite-
basis-set densities by Eq. (15) do not recover those densities
exactly (analogously, solutions of the Roothaan equations®*
do not satisfy exactly the Hartree—Fock integro-differential
equations). Nevertheless, potentials obtained by Eq. (15) are
consistent and physically appropriate for Coulombic systems,
in contrast to potentials obtained from Gaussian-basis-set den-
sities by Eq. (2). The two methods serve entirely different
purposes: Eq. (2) gives the potential that recovers a given den-
sity, provided that the KS equations with that potential are
solved using a complete basis set, whereas Eq. (15) gives a
finite-basis-set approximation to the system’s vxc(r) corre-
sponding to the basis-set limit of the chosen level of ab initio
theory.

In a comment® on Refs. 33-35, Baerends and Grit-
senko argued that the method proposed in those papers “does
not allow to compute the KS potential from wave-function
quantities. .. since those quantities cancel in the expression
for vxc(r)” and that it does not “progress” beyond Eq. (2).

J. Chem. Phys. 147, 164117 (2017)

Equation (15) and comparison of Figs. 1 and 2 refute those
arguments even more explicitly than the evidence presented in
our response.*!

Previously, Helbig et al.”" derived an exact formula for the
KS potential of a simplified two-electron diatomic molecule
in which each electron is tightly bound to its nucleus (a similar
model had been employed by Perdew'?). Another separated-
atom, two-electron model for studying the exact KS potential
was developed by Tempel et al.>® Equation (15), derived for
two-electron systems with no restrictions on the type of wave
function, represents a nontrivial generalization of all such for-
mulas (see Appendix B). It would be not difficult to extend
Eq. (15) to non-integer electron numbers (0 < N < 2),
as was done for the model potential of Ref. 61 by Benitez
and Proetto.%? Extension to time-dependent wave functions is
another possibility.
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APPENDIX A: FORMULA OF BUIJSE
AND CO-WORKERS

Buijse e al.>® devised an exact expression for the KS
potential which generally involves both interacting and non-
interacting wave functions, as Eq. (3), but for singlet two-
electron systems reduces to a simpler formula which involves
the interacting wave function alone, as Eq. (15). The purpose
of this section is to explain how Eq. (15) differs from the result
of Buijse et al. (The general expressions for vxc are compared
in Ref. 35.)

Buijse ef al. showed that for a singlet two-electron system
[see Eq. (32) of Ref. 50],

VEXC(T) = Veond () + vkin(1) + 0V (1), (AD)

where each term is determined by the interacting wave function
W¥(x1,Xz). The first term is>%%

Deond(F) = vpa(F) + UE=(r). (A2)
The second term is given by’

in(r) = w (A3)

where 7(r) = 1 [Vr - VeyWVE(r, r’)]r:r,. Since Tp =7 — Ty in
any basis set, we identify vy, as our 7p/p term. The quantity
vV=1 is defined in Ref. 50 by Eq. (18) which involves the
(N - 1)-electron Hamiltonian, AN , and the entire interacting
wave function. To compute vV ~! by definition, one actually
needs no more than the 2- and 3-RDMs, a fact that is not
obvious from Ref. 50 but can be deduced by the method of
Ref. 66. For N = 2, however, A"~ becomes the one-electron

bare-nucleus Hamiltonian A(r), so vV~! reduces to
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2 .
oV lr) = D 2 / P (x, X2)(r2) (X, X2) dx — E) 7',

(A4
where Eév ~! is the ground-state energy of the ionized (i.e., cor-
responding one-electron) system. The right-hand side of Eq.
(A4) can be evaluated using the 2-RDM alone. Evaluation of
éVF by Eq. (7) also requires no more than the 2-RDM (but
for all N) and is arguably more convenient than that of v™~!
by Eq. (A4) even for N = 2 because the generalized Fock
matrix is readily available in most ab initio electronic struc-
ture codes as part of analytic energy gradient subroutines and
multiconfigurational SCF modules.

It can be shown™ that, in a complete basis set, v
are related by

N=1 and

gWF

V) + eVF(r) = -1 (A5)

This identity does not mean that éVF is given by the same
expression as vV ~! up to a constant, but rather that the functions
éWF and vV~! are such that their sum is a constant. It remains
to be seen whether Eq. (A5) holds pointwise in finite-basis-set
implementations.

Note that if ¥ is an eigenfunction of the all-electron
interacting Hamiltonian, then the integral in Eq. (A4) can be
evaluated® to give

7.(r)
p(r)

where I = Eév_l - Eév = —eand 7, = 7 — V?p/4. Substituting
Egs. (A2), (A3), and (A6) into Eq. (A1) and subtracting out vy,
one reverts to Eq. (2). However, Eq. (A6) is not true when its
ingredients are evaluated using a finite basis set (i.e., when ¥
is not an eigenfunction). If one ignores that and evaluates o™ !
by Eq. (A6) anyway, then Eq. (A1) proves to be no different
from the KS inversion of Eq. (2).%5 This illustrates our key
point®® that different expressions for vxc which are equivalent
on paper may not be equivalent when implemented using a
finite basis set.

Buijse et al> did use Egs. (A1)-(A4) to compute
exchange-correlation potentials for He and H, from FCI wave
functions but did not investigate the KS electron densities
recovered by those potentials. As far as we know, Ref. 50
remains the only work where KS potentials were constructed
using Eq. (A4) as written.

oM l(r) = - — Vgond(r) = o(r) = 1, (A6)

APPENDIX B: SPECIAL CASES OF EQ. (15)

Helbig and co-workers®' studied a model two-electron

system that is mathematically equivalent to a singlet system of
two non-interacting electrons occupying the first two lowest-
energy eigenstates of the one-electron Hamiltonian with an
external potential v,

1
(‘§V2 +v) Ui = exf. (B1)
For such a system,

oV = (g 1 + 1y (B2)

J. Chem. Phys. 147, 164117 (2017)

and the generalized Fock operator reduces to the actual one-
electron Hamiltonian of Eq. (B1), so fx = ¢4 and A; = ¢
(k =1, 2). Thus,

1
eV = @il + ealal). (B3)
Moreover, vy = v)};‘ge =0,
1 2
P = WWMV% -2Vl (B4)

and IgkT = e;. Substitution of these expressions into Eq. (15)
gives the three-dimensional version of Eq. (11) of Ref. 61—
the exact exchange-correlation potential for the model system
of Helbig et al.

Tempel and co-workers?® derived an analytic expression
for the total KS potential, vy, starting from a Heitler—London-
type two-electron wave function [Eq. (25) of Ref. 20]. Their
expression also has an explicit connection to Eq. (15): in the
interatomic region of a highly stretched molecule, v + vy = 0,
so vy = vxc and Eq. (25) of Ref. 20 reduces to Eq. (11) of
Ref. 61, a special case of our Eq. (15).

IE. A. Hylleraas, Adv. Quantum Chem. 1, 1 (1964).
2K. Frankowski and C. L. Pekeris, Phys. Rev. 146, 46 (1966); 150, 366(E)
(1966).
3A.J. Thakkar and T. Koga, Phys. Rev. A 50, 854 (1994).
4H. Nakashima and H. Nakatsuji, J. Chem. Phys. 127, 224104 (2007).
5H. Nakashima and H. Nakatsuji, J. Chem. Phys. 128, 154107 (2008).
o1, G. Ryabinkin and V. N. Staroverov, Phys. Rev. A 81, 032509 (2010).
. G. Ryabinkin and V. N. Staroverov, Phys. Rev. A 82, 022505 (2010).
8L. G. Ryabinkin and V. N. Staroverov, J. Chem. Phys. 135, 014106 (2011).
9W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).
105, P, Perdew, R. G. Parr, M. Levy, and J. L. Balduz, Jr., Phys. Rev. Lett. 49,
1691 (1982).
M. Levy, J. P. Perdew, and V. Sahni, Phys. Rev. A 30, 2745 (1984).
12C -0. Almbladh and U. von Barth, Phys. Rev. B 31, 3231 (1985).
By p Perdew, in Density Functional Methods in Physics, edited by R.
M. Dreizler and J. da Providéncia (Plenum, New York, 1985), pp. 265-308.
A A Kananenka, S. V. Kohut, A. P. Gaiduk, I. G. Ryabinkin, and V.
N. Staroverov, J. Chem. Phys. 139, 074112 (2013).
15C.-0. Almbladh and A. C. Pedroza, Phys. Rev. A 29, 2322 (1984).
16C. Filippi, C. J. Umrigar, and M. Taut, J. Chem. Phys. 100, 1290 (1994).
17C. J. Umrigar and X. Gonze, Phys. Rev. A 50, 3827 (1994).
18M. E. Mura, P. J. Knowles, and C. A. Reynolds, J. Chem. Phys. 106, 9659
(1997).
9p R. T. Schipper, O. V. Gritsenko, and E. J. Baerends, Theor. Chem. Acc.
98, 16 (1997).
20p. G. Tempel, T. J. Martinez, and N. T. Maitra, J. Chem. Theory Comput.
5,770 (2009).
21p de Silva and T. A. Wesolowski, Phys. Rev. A 85, 032518 (2012).
22D, S. Jensen and A. Wasserman, Int. J. Quantum Chem. €25425 (2017).
231, D’ Amico and G. Vignale, Phys. Rev. B 59, 7876 (1999).
24C. Ullrich, J. Chem. Phys. 125, 234108 (2006).
25p, Elliott, J. I. Fuks, A. Rubio, and N. T. Maitra, Phys. Rev. Lett. 109, 266404
(2012).
26] 1. Fuks, P. Elliott, A. Rubio, and N. T. Maitra, J. Phys. Chem. Lett. 4, 735
(2013).
2IN. T. Maitra, J. Chem. Phys. 144, 220901 (2016).
281. Mayer, 1. Pépai, I. Baké, and A. Nagy, J. Chem. Theory Comput. 13, 3961
(2017).
D, I. Tozer, V. E. Ingamells, and N. C. Handy, J. Chem. Phys. 105, 9200
(1996).
30p, J. Tozer, K. Somasundram, and N. C. Handy, Chem. Phys. Lett. 265, 614
(1997).
3IR. A. King and N. C. Handy, Phys. Chem. Chem. Phys. 2, 5049 (2000).
32A. P Gaiduk, 1. G. Ryabinkin, and V. N. Staroverov, J. Chem. Theory
Comput. 9, 3959 (2013).

GG:10:1Z €20T dunr 62


https://doi.org/10.1016/s0065-3276(08)60373-1
https://doi.org/10.1103/physrev.146.46
https://doi.org/10.1103/physreva.50.854
https://doi.org/10.1063/1.2801981
https://doi.org/10.1063/1.2904562
https://doi.org/10.1103/physreva.81.032509
https://doi.org/10.1103/physreva.82.022505
https://doi.org/10.1063/1.3603451
https://doi.org/10.1103/physrev.140.a1133
https://doi.org/10.1103/physrevlett.49.1691
https://doi.org/10.1103/physreva.30.2745
https://doi.org/10.1103/physrevb.31.3231
https://doi.org/10.1063/1.4817942
https://doi.org/10.1103/physreva.29.2322
https://doi.org/10.1063/1.466658
https://doi.org/10.1103/physreva.50.3827
https://doi.org/10.1063/1.473838
https://doi.org/10.1007/s002140050273
https://doi.org/10.1021/ct800535c
https://doi.org/10.1103/physreva.85.032518
https://doi.org/10.1002/qua.25425
https://doi.org/10.1103/physrevb.59.7876
https://doi.org/10.1063/1.2406069
https://doi.org/10.1103/physrevlett.109.266404
https://doi.org/10.1021/jz302099f
https://doi.org/10.1063/1.4953039
https://doi.org/10.1021/acs.jctc.7b00562
https://doi.org/10.1063/1.472753
https://doi.org/10.1016/s0009-2614(96)01477-7
https://doi.org/10.1039/b005896n
https://doi.org/10.1021/ct4004146
https://doi.org/10.1021/ct4004146

164117-8 Ryabinkin, Ospadov, and Staroverov

3L G. Ryabinkin, S. V. Kohut, and V. N. Staroverov, Phys. Rev. Lett. 115,
083001 (2015).

34R. Cuevas-Saavedra, P. W. Ayers, and V. N. Staroverov, J. Chem. Phys. 143,
244116 (2015).

35R. Cuevas-Saavedra and V. N. Staroverov, Mol. Phys. 114, 1050 (2016).

361, G. Ryabinkin, S. V. Kohut, R. Cuevas-Saavedra, P. W. Ayers, and V.
N. Staroverov, J. Chem. Phys. 145, 037102 (2016).

37S. V. Kohut, A. M. Polgar, and V. N. Staroverov, Phys. Chem. Chem. Phys.
18, 20938 (2016).

38E, Ospadov, I. G. Ryabinkin, and V. N. Staroverov, J. Chem. Phys. 146,
084103 (2017).

3R, G. Parr and W. Yang, Density-Functional Theory of Atoms and Molecules
(Oxford University Press, New York, 1989).

401, G. Ryabinkin and V. N. Staroverov, J. Chem. Phys. 141, 084107 (2014);
143, 159901(E) (2015).

4g v Kohut, R. Cuevas-Saavedra, and V. N. Staroverov, J. Chem. Phys. 145,
074113 (2016).

420, w. Day, D. W. Smith, and C. Garrod, Int. J. Quantum Chem., Symp. 8,
501 (1974).

43D. W. Smith and O. W. Day, J. Chem. Phys. 62, 113 (1975).

440. W. Day, D. W. Smith, and R. C. Morrison, J. Chem. Phys. 62, 115 (1975).

4SM. M. Morrell, R. G. Parr, and M. Levy, J. Chem. Phys. 62, 549 (1975).

46R. C. Morrison and G. Liu, J. Comput. Chem. 13, 1004 (1992).

47D. Vanfleteren, D. Van Neck, P. W. Ayers, R. C. Morrison, and P. Bultinck,
J. Chem. Phys. 130, 194104 (2009).

48M. Ernzerhof, J. Chem. Theory Comput. 5, 793 (2009).

49]. C. Slater, Phys. Rev. 81, 385 (1951).

50M. A. Buijse, E. J. Baerends, and J. G. Snijders, Phys. Rev. A 40, 4190
(1989).

SIM. J. Frisch, G. W. Trucks, H. B. Schlegel, G. E. Scuseria, M. A. Robb,
J. R. Cheeseman, G. Scalmani, V. Barone, B. Mennucci, G. A. Petersson,
H. Nakatsuji, M. Caricato, X. Li, H. P. Hratchian, A. F. Izmaylov, J. Bloino,
G. Zheng, J. L. Sonnenberg, M. Hada, M. Ehara, K. Toyota, R. Fukuda,

J. Chem. Phys. 147, 164117 (2017)

J. Hasegawa, M. Ishida, T. Nakajima, Y. Honda, O. Kitao, H. Nakai,
T. Vreven, J. A. Montgomery, Jr., J. E. Peralta, F. Ogliaro, M. Bearpark, J.
J. Heyd, E. Brothers, K. N. Kudin, V. N. Staroverov, T. Keith, R. Kobayashi,
J. Normand, K. Raghavachari, A. Rendell, J. C. Burant, S. S. Iyengar,
J. Tomasi, M. Cossi, N. Rega, J. M. Millam, M. Klene, J. E. Knox,
J. B. Cross, V. Bakken, C. Adamo, J. Jaramillo, R. Gomperts, R. E.
Stratmann, O. Yazyev, A. J. Austin, R. Cammi, C. Pomelli, J. W. Ochterski,
R. L. Martin, K. Morokuma, V. G. Zakrzewski, G. A. Voth, P. Salvador, J.
J. Dannenberg, S. Dapprich, A. D. Daniels, O. Farkas, J. B. Foresman, J.
V. Ortiz, J. Cioslowski, and D. J. Fox, caussian 09, Revision E.1, Gaussian,
Inc., Wallingford, CT, 2013.

52D, Feller, J. Comput. Chem. 17, 1571 (1996).

3K. L. Schuchardt, B. T. Didier, T. Elsethagen, L. Sun, V. Gurumoorthi,
J. Chase, J. Li, and T. L. Windus, J. Chem. Inf. Model. 47, 1045 (2007).

54S. V. Kohut, I. G. Ryabinkin, and V. N. Staroverov, J. Chem. Phys. 140,
18A535 (2014).

33C. Filippi, X. Gonze, and C. J. Umrigar, in Recent Developments and Appli-
cations of Modern Density Functional Theory, edited by J. M. Seminario
(Elsevier, Amsterdam, 1996), pp. 295-326.

56C.-J. Huang and C. J. Umrigar, Phys. Rev. A 56, 290 (1997).

5TM. Levy and J. P. Perdew, Phys. Rev. A 32, 2010 (1985).

380. V. Gritsenko and E. J. Baerends, Phys. Rev. A 54, 1957 (1996).

590. V. Gritsenko and E. J. Baerends, Theor. Chem. Acc. 96, 44 (1997).

60C. 0. Almbladh and U. von Barth, in Density Functional Methods in Physics,
edited by R. M. Dreizler and J. da Providéncia (Plenum, New York, 1985),
pp. 209-231.

6IN. Helbig, 1. V. Tokatly, and A. Rubio, J. Chem. Phys. 131, 224105 (2009).

62 A Benitez and C. R. Proetto, Phys. Rev. A 94, 052506 (2016).

03A. Aguado, O. Roncero, C. Tablero, C. Sanz, and M. Paniagua, J. Chem.
Phys. 112, 1240 (2000).

64C. C. J. Roothaan, Rev. Mod. Phys. 23, 69 (1951).

5E. J. Baerends and O. V. Gritsenko, J. Chem. Phys. 145, 037101 (2016).

661, Cohen and C. Frishberg, Phys. Rev. A 13, 927 (1976).

GG:10:1Z €20T dunr 62


https://doi.org/10.1103/physrevlett.115.083001
https://doi.org/10.1063/1.4937943
https://doi.org/10.1080/00268976.2015.1131861
https://doi.org/10.1063/1.4958623
https://doi.org/10.1039/c6cp00878j
https://doi.org/10.1063/1.4975990
https://doi.org/10.1063/1.4893424
https://doi.org/10.1063/1.4961071
https://doi.org/10.1002/qua.560080855
https://doi.org/10.1063/1.430253
https://doi.org/10.1063/1.430254
https://doi.org/10.1063/1.430509
https://doi.org/10.1002/jcc.540130811
https://doi.org/10.1063/1.3130044
https://doi.org/10.1021/ct800552k
https://doi.org/10.1103/physrev.81.385
https://doi.org/10.1103/physreva.40.4190
https://doi.org/10.1002/jcc.9
https://doi.org/10.1021/ci600510j
https://doi.org/10.1063/1.4871500
https://doi.org/10.1103/physreva.56.290
https://doi.org/10.1103/physreva.32.2010
https://doi.org/10.1103/physreva.54.1957
https://doi.org/10.1007/s002140050202
https://doi.org/10.1063/1.3271392
https://doi.org/10.1103/physreva.94.052506
https://doi.org/10.1063/1.480539
https://doi.org/10.1063/1.480539
https://doi.org/10.1103/revmodphys.23.69
https://doi.org/10.1063/1.4958622
https://doi.org/10.1103/physreva.13.927

	Exact exchange-correlation potentials of singlet two-electron systems
	tmp.1688072627.pdf.h8a8a

