
Western University Western University 

Scholarship@Western Scholarship@Western 

Digitized Theses Digitized Special Collections 

2009 

Reconciling conflicting clinical studies of ANTIOXIDANT Reconciling conflicting clinical studies of ANTIOXIDANT 

SUPPLEMENTATION AS HIV THERAPY: A MATHEMATICAL SUPPLEMENTATION AS HIV THERAPY: A MATHEMATICAL 

APPROACH APPROACH 

Rolina D. van Gaalen 
Western University 

Follow this and additional works at: https://ir.lib.uwo.ca/digitizedtheses 

Recommended Citation Recommended Citation 
van Gaalen, Rolina D., "Reconciling conflicting clinical studies of ANTIOXIDANT SUPPLEMENTATION AS 
HIV THERAPY: A MATHEMATICAL APPROACH" (2009). Digitized Theses. 3916. 
https://ir.lib.uwo.ca/digitizedtheses/3916 

This Thesis is brought to you for free and open access by the Digitized Special Collections at 
Scholarship@Western. It has been accepted for inclusion in Digitized Theses by an authorized administrator of 
Scholarship@Western. For more information, please contact wlswadmin@uwo.ca. 

https://ir.lib.uwo.ca/
https://ir.lib.uwo.ca/digitizedtheses
https://ir.lib.uwo.ca/disc
https://ir.lib.uwo.ca/digitizedtheses?utm_source=ir.lib.uwo.ca%2Fdigitizedtheses%2F3916&utm_medium=PDF&utm_campaign=PDFCoverPages
https://ir.lib.uwo.ca/digitizedtheses/3916?utm_source=ir.lib.uwo.ca%2Fdigitizedtheses%2F3916&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:wlswadmin@uwo.ca


R e c o n c il in g  c o n f l ic t in g  c l in ic a l  st u d ie s  o f

ANTIOXIDANT SUPPLEMENTATION AS H IV  THERAPY: 

A MATHEMATICAL APPROACH

(Spine Title: Antioxidants as HIV therapy: a mathematical approach)

Graduate Program in Applied Mathematics

A thesis submitted in partial fulfillment 
of the requirements for the degree of 

Master of Science

The School o f Graduate and Postdoctoral Studies 
The University of Western Ontario 

London, Ontario, Canada

(Thesis Format: Integrated Article)

by

Rolina D. van Gaalen

©Rolina D. van Gaalen 2009



THE UNIVERSITY OF WESTERN ONTARIO 
SCHOOL OF GRADUATE AND POSTDOCTORAL STUDIES

CERTIFICATE OF E XA M IN A TIO N

Supervisor

Dr. Lindi M. Wahl

Examiners

Dr. Pei Yu

Dr. Rob Corless

Dr. Greta Bauer

The thesis by

Rolina D. van Gaalen

entitled:

R e c o n c i l i n g  c o n f l i c t i n g  c l in ic a l  s t u d ie s  o f
ANTIOXIDANT SUPPLEMENTATION AS HIV THERAPY: A 

MATHEMATICAL APPROACH

is accepted in partial fulfillment of the 
requirements for the degree of 

Master of Science

Date Chair of the Thesis Examination Board

il



Abstract

Small highly reactive molecules called reactive oxygen species (ROS) play a cru

cial role in cell signalling and infection control. However, high levels of ROS can 

cause significant damage to cell structure and function. Studies have shown that 

infection with the human immunodeficiency virus (HIV) results in increased ROS 

concentrations, which can in turn lead to faster progression of HIV infection, and 

cause CD4+ T-cell apoptosis. To counteract these effects, clinical studies have 

explored the possibility of raising antioxidant levels, with mixed results. In this 

thesis, a mathematical model is used to explore this potential therapy, both ana

lytically and numerically. For the numerical work, we use clinical data from both 

HIV-negative and HIV-positive injection drug users (IDUs) to estimate model 

parameters; these groups have lower baseline concentrations of antioxidants than 

non-IDU controls. Our model suggests that increases in CD4+ T  cell concentra

tions can result from moderate levels of daily antioxidant supplementation, while 

excessive supplementation has the potential to cause periods of immunosuppres

sion. We discuss implications for HIV therapy in IDUs and other populations 

which may have low baseline concentrations of antioxidants.

Keywords: HIV, CD4+ T cell, mathematical model, antioxidant supplementation, 

vitamins, reactive oxygen species, therapy, treatment
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Chapter 1

Introduction

According to the World Health Organization (WHO), the human immunodefi

ciency virus (HIV) currently infects about 33 million people worldwide -  with 

more than three-fifths residing in Africa -  and millions more are indirectly af

fected (W H O  2008). Despite concerted efforts to improve global access to an

tiretroviral drugs, in 2005, only 20% of persons in low- and middle-income coun

tries were receiving the required treatment (W H O  2006). Injection drug users 

form a particular group of interest due to the endemic nature of HIV infection in 

this population (Kerr et al. 2007). According to the WHO, the global popula

tion of injection drug users (IDUs) consists of approximately 15.9 million people, 

of which 3 million are HIV-positive. The spread of the virus is particularly ram

pant in populations where injecting equipment is re-used and shared. Of the new 

HIV infections, one in ten is caused by the use of injection drugs. In Eastern 

Europe and Central Asia, 80% of all HIV infections can be attributed to drug 

use (W H O  2009).

The need for improved access to therapy and therapeutic options which support 

increased adherence is clear. Even amongst persons who have access to antiretro- 

vial medications, two-thirds do not adhere to the treatment regimen (W H O  

2003). Furthermore, in HIV-positive IDUs vitamin deficiencies have been impli
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cated in faster disease progression (Tang and Smit 2000). In this thesis, the use 

of vitamin supplements in IDUs as a potential HIV therapy is explored. A brief 

review of the révélant immunology, findings of clinical studies, and modelling 

techniques is provided below.

1.1 The immune system

A layered defense system protects the body from infection through three lines of 

increasing specificity. The first prevents foreign pathogens from entering the body 

and consists of the skin, mucous membranes, and secretions of the skin and mu

cous membranes. Pathogens that penetrate these surface barriers encounter the 

second line of defense which is also non-specific and innate. This defense mecha

nism (1) utilizes phagocytic white blood cells: i.e., neutrophils and macrophages 

which ingest invading organisms and (2) triggers an inflammatory response which 

shuts down protein synthesis in host cells, recruits immune cells to the area of 

infection, and promotes healing. The aforementioned immune cells, called lym

phocytes, constitute the third line of defense, the adaptive immune system. This 

mechanism, consisting of B lymphocytes (B cells) and T  lymphocytes (T cells), 

enables an efficient and selective immune response which eliminates a particular 

invader, or pathogen, from the body. Both B cells and T  cells recognize pathogens 

by means of their plasma membrane-bound antigen receptors.

Upon infection of a cell by a pathogen, a fragment of this invader, called an 

antigen, is presented to nearby T  cells. Two main types of T  cells respond: 

cytotoxic T  cells by initiating a sequence which results in the death of the infected 

cell, and helper T  cells by activating and directing other immune system cells. 

The interactions between the infected cells and T  cells are greatly enhanced by 

the presence of T  cell surface proteins, CD8 and CD4, which are present on the
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surface of most cytotoxic and helper T  cells, respectively.

1.2 The human immunodeficiency virus

As a virus, HIV is dependent upon the replication machinery of cells for repro

duction, specifically those that bear surface CD4 receptors. The life cycle of HIV 

can be divided into eight stages:

1. The virus attaches to the CD4 receptor of a potential host T  cell. The CD4+ 

T  cell’s coreceptors, CCR5 or CXCR4, interact with the virus’ glycoproteins 

gpl20 and gp41.

2. The encapsulated genetic material of the virus enters the cell.

3. The viral capsule, containing two viral RNA strands and three replication 

enzymes (integrase, protease, and reverse transcriptase), is uncoated.

4. Reverse transcriptase begins with the transcription of the viral RNA into 

a DNA double helix. Next, integrase cleaves a portion off of the 3’ end of 

each strand of DNA, making it “sticky” and integrates it into the host cell’s 

genome.

5. The machinery of the cell is used to multiply the viral genome: cell activa

tion induces transcription of the DNA into messenger RNA.

6. The messenger RNA initiates the production of viral proteins which will be 

used to envelop new virus particles. In order to create an infectious virus, 

some of these proteins are cleaved into smaller core proteins by the viral 

protease.

7. The new virions are assembled: two RNA strands and three replication 

enzymes are surrounded by core proteins.
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8. As they bud from the cell, new virions axe encapsulated in host and viral 

proteins. Over time, this process eventually results in the death of the host 

cell through apoptosis (programmed cell death).

It is unfortunate that HIV uses the antigen-recognizing receptors of and targets 

the cells that are meant to fight infection. Whereas a healthy adult has a con

centration within the range of 800-1200 CD4+ T  cells//xL plasma, this level is 

substantially decreased over several years as a result of HIV infection, the pro

gression of which can be categorized by three phases. (1) During the initial phase, 

in the weeks following infection, patients develop a high viral load and flu-like 

symptoms. Their CD4+ T  cell concentrations drop and subsequently rise again, 

causing the viral load to decrease and the symptoms to disappear. (2) In the 

second phase of the disease, which can last for an average of ten years, patients 

generally remain asymptomatic. However, the virus continues to replicate and 

CD4+ T  cell levels progressively decline. (3) A patient enters the final phase of 

infection once the CD4+ T  cell concentration drops below 200 cells//iL, which is 

the definition of AIDS, and opportunistic infections become more common.

Throughout the first and second phases of infection, HIV-infected patients have 

a strong immune response. Nevertheless, as well as appropriating the immune 

cell’s own machinery, the virus poses further challenges for the immune system, 

rendering it nearly impossible to eliminate: (1) the viral genome is encapsulated 

within the cell’s DNA for the life of the cell and can therefore not be eliminated 

without killing the cell, and (2) each replication of the virus results in muta

tional changes which may allow the virus to escape immune surveillance. Both 

characteristics also pose problems for drug development and treatment.

Despite these challenges, certain drugs have been made available to interfere with 

four of the key steps in viral replication: fusion inhibitors which prevent viral 

entry into the host cell; nucleoside (nRTI) and non-nucleoside (nnRTI) reverse
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transciptase inhibitors; integrase inhibitors which prevent the integration of the 

viral genome into a cell’s DNA; and protease inhibitors (PI) which prevent the 

cleavage of core proteins causing uninfective virions to bud from the cell. When 

they were first used in monotherapy treatment, nucleoside reverse transcriptase 

and protease inhibitors were found to have limited benefits. Due to the rapid 

rate of random mutation of the virus, it was (and remains) extremely likely that 

a strain less vulnerable to the effects of these drugs would emerge in patients 

on monotherapy. Therefore, although a patient’s viral load would decline for a 

period of time, pre-treatment levels could once again be observed within weeks 

or months because of drug resistance to any one drug. The development of 

different classes of drugs made combination therapy, the simultaneous usage of 

drugs from multiple classes, possible. Currently, it is recommended that this 

multidrug therapy, called highly active antiretroviral therapy (HAART), consist 

of two nRTIs and one nnRTI or one PI, and should commence in patients with 

symptomatic HIV or a CD4+ T  cell count below 350 cells//zL plasma (Hammer 

et al. 2008).

For several reasons, this current line of HIV medications has been found want

ing. First, with the annual price ranging from US$12,000 - 21,000 per person 

in the United States, US$22,110 in Switzerland, US$12,813 - 14,587 in Canada, 

and US$675 - 1622 in South Africa (Fang et al. 2007), these costly medications 

place a huge financial burden on individuals and governments alike and may not 

be sustainable on a global scale (Richman et al. 2009). Happily, new initia

tives axe seeking to make certain generic HIV medications more affordable at 

$210 per patient per annum in low- to middle-income countries (Kaiser Daily 

H IV /A ID S  Report 2009). Second, although the toxicity of new HAART med

ications is very low, prolonged treatment may result in an accumulation of toxic

ity. In the medical community, there is concern about the increased rates of heart 

disease, diabetes, liver disease, and cancers in treatment-receiving HIV-positive
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individuals (Richman et al. 2009). Third, patients can suffer from several side 

effects such as anxiety, fatigue, lipodystrophy, diarrhea, nausea, anorexia, insom

nia (Amm ass ari et al. 2001), and depression (Ammassari et al. 2004) which 

have been linked to adherence rates substantially lower than the 95% required for 

optimal treatment. Fourth, drug resistance has developed in many patients and 

is a constant concern. Therefore, as a therapy to be used alongside a drug treat

ment regimen, the use of antioxidants has been proposed to potentially alleviate 

some concerns associated with HlV-infection and drug therapy.

1.3 Antioxidant supplementation as HIV therapy: Clini
cal studies

In examining possible therapeutic regimens for HIV-positive individuals, various 

mechanisms have been and continue to be studied by researchers from a wide 

range of disciplines. As we have seen, the pharmaceutical side is of particular 

interest. In this section, a potential therapy that has seemingly received less at

tention is briefly explored: the use of antioxidant supplementation. The relevant 

immunology is left for the following chapter.

It has been elucidated that HIV-positive persons suffer from micronutrient defi

ciencies (Stephenson et al. 2006; Miller 2003) which are caused by a combinar 

tion of decreased nutrient intake, gastrointestinal malabsorption, increased nutri

tional requirements, and psychosocial factors (Carbonnel et al. 1997; Miller 
2003). Extensive reviews of observational studies and intervention trials of such 

nutritional shortfalls in HIV-positive individuals not receiving HAART reveal that 

low serum concentrations of micronutrients such as thiamine, selenium, zinc, and 

vitamins A, B-3, B-6, B-12, C, D, and E have been independently linked to a 

weakened immune system and a higher risk of the following: vertical (mother-to-
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child) transmission (Fawzi and Hunter 1998), faster disease progression (Fawzi 
et al. 2005), low CD4+ T  cell counts, HIV-related diseases, and mortality (Drain 

et al. 2007). Intervention trials have shown that such persons can benefit from 

micronutrient supplementation (Jiamton et al. 2003; Drain et al. 2007; Mehta 

and Fawzi 2007).

Among their other benefits, certain micronutrients have antioxidant properties: 

carotenoids and vitamins A, C, and E (Gropper et al. 2009). As such they re

move potentially harmful reactive oxygen species (R.OS) from the system. Height

ened serum concentrations of ROS (Gil et al. 2003; Israel and Gougerot- 

P ocidalo 1997; Li and Karin 1999; Schwarz 1996), called oxidative stress, 

and lowered antioxidant concentrations (Stephenson et al. 2006) have been at

tributed to HIV infection. Since elevated ROS levels have been linked to more 

rapid HIV progression (Baruchel and Wainberg 1992; Schwarz 1996), an

tioxidant supplementation has been suggested (Garland and Fawzi 1999; Gil 

et al. 2003) and studied (Allard et al. 1998; Jaruga et al. 2002; de Souza Jr . 

et al. 2005; Drain et al. 2007) as a potential, though contested, HIV therapy. 

Representative intervention trials are discussed below. In addition, a summary 

of the 2002 Jaruga et al. study can be found in Chapter 2.

A llard  el al. find vitam in C  and E  supplem entation to  be  a beneficial 

H IV  therapy: The 1998 randomized, double-blind placebo-controlled trial by 

Allard et al. (1998) studied 49 stable HIV-positive patients who were on any 

combination of drug therapy. Participants were placed on a control diet two 

weeks prior to and for the duration of the study. A random assignment was 

made to one of two groups: the first received daily supplements of 800 IU of 

vitamin E and 1000 mg of vitamin C (two tablets); the second received matching 

placebo tablets. The characteristics of both groups were measured at the start of 

the study, finding no significant differences between them with respect to demo

graphics, diet, drug therapy, CD4 count, and plasma HIV viral load. After three



8

months of supplementation, a significant drop in plasma viral load was observed 

in the group receiving vitamins, while the placebo group saw their viral loads 

rise. The authors concluded by emphasizing the benefits of vitamin supplements 

in viral load and oxidative stress reduction; indicating that although there was no 

difference observed between the groups regarding HIV-associated infections, this 

ought to be further studied; and noting the potential benefits of supplementation 

in the developing world (Allard et al. 1998).

d e  Souza et al. report lim ited benefits o f  vitam in E supplem entation 

during H IV  infection: With the aim of investigating the potential restoration 

capabilities of vitamin E on lymphocytes, de Souza et al. (2005) conducted 

a double-blind study on 29 HIV-positive, antiretroviral-receiving individuals in 

which patients were divided into two group»: the control group received a placebo, 

while the study group received 800 mg of daily vitamin E supplementation for 

six months. It was found that supplementation increased lymphocyte viability, 

but no significant differences in the CD4+ T  cell count, CD8+ T  cell count, 

CD4+/C D 8+ ratio or viral load markers were observed (de Souza Jr. et al. 
2005).

C oncerns regarding antioxidant supplem entation: It has been suggested 

that antioxidant supplementation may not be beneficial in all HIV-positive indi

viduals (Drain et al. 2007). For example, although vitamin A supplementation 

reduced two-year mortality in infants who became HIV-infected in the late in

trauterine or early postnatal period, it increased two-year mortality in infants 

infected more than six weeks after birth (Humphrey et al. 2006). The admin

istration of vitamin A supplements to women has been implicated in increased 

vaginal viral shedding (no effect on risk was observed from vitamins B, C, and E) 

(Fawzi et al. 2004) and a heightened risk of mother-to-child HIV transmission 

(Fawzi et al. 2002). In addition, high doses of vitamin C supplementation have 

been shown to reduce the bioavailability of the protease inhibitor indinavir (Slain
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et al. 2005). These findings, among others, undoubtedly necessitate concern, and 

have led authors to question the benefits of universal vitamin A  supplementation 

for women in HIV-endemic areas (Fawzi et al. 2004; Humphrey et al. 2006). 

Despite these concerns, Fawzi et al. (2004) maintain that prenatal supplemen

tation of vitamins B, C, and E should be continued due to their many reported 

positive effects on maternal and fetal health.

In summary, studies have shown a range of potential implications of antioxi

dant supplementation. Some have found reasons for concern, others have shown 

negligible effects, and still others have been very positive about the potential of 

antioxidant supplementation as a therapy for HIV-infected persons. Despite this 

range of opinions, the 2007 review by Drain et al. maintains that supplemen

tation in persons not receiving HAART is clearly beneficial; however, there are 

not sufficient data to indicate whether the same can be said for persons receiving 

HAART.

Surrounding the treatment of HIV, there are still many things that need to be 

further studied. However, due to the nature of this virus and the possible eth

ical limitations of clinical studies that could arise, the potential for theoretical 

work is significant. In the next sections, mathematical modelling techniques are 

introduced and some basic HIV models are examined.

1.4 A brief review of early mathematical models

In the years following the discovery of HIV, research focusing on immunological 

and epidemiological aspects of the virus took off in a multitude of directions. 

By the late 1980s, early mathematical models were being constructed and anal

ysed even before the required parameter estimates were available. Nevertheless, 

pertinent qualitative information could be gleaned from these simple models. In
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particular, in 1989, Anderson and May used a mathematical model to examine 

whether the assumption that the infectivity of an HIV-positive individual re

mained constant throughout his or her lifetime was reasonable. It was found that 

this may not be the case. Seeking to utilize their mathematical tools to their 

greatest potential, Anderson and May underlined the importance of both an 

improved understanding of the immune system and reliable parameter measure

ments (Anderson and M ay  1989). Over the next two decades, mathematical 

models proved to be an indispensable tool, the results of just a few of which are 

detailed below. First, however, it is useful to review a very simple mathematical 

model of HIV infection.

The basic, in-host HIV model as presented and expanded upon in, for exam

ple, Nowak and Bangham (1996), Perelson ef al. (1996), and Bonhoeffer et al. 
(1997) involves three populations: uninfected cells (a;), infected cells (y), and free 

infectious virus particles, called virions (v):

x =  A -  dxx -  (3xv 

y = (3xv -  dvy 

v = k y -cv ,

where A is the rate of generation and dx is the death rate of uninfected cells, dy 
is the death rate of infected cells, k is the rate at which infected cells produce 

virions, and c is the viral clearance rate. The mass action /? term simply denotes 

the rate at which uninfected cells become infected, accounting for the probability 

of a virion finding an uninfected cell, the rate of entry, and the probability of 

successful infection. As a system of ordinary differential equations, this model 

assumes that the interactions between the populations occur in a well-mixed com

partment, such as the bloodstream. In so doing, spatial dynamics such as those 

that would occur in tissues are ignored, as is the stochastic variability between in
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fected individuals. Nevertheless, much information can be gleaned from a model 

such as this. For example:

D isease-free equilibrium : In the absence of infection, the system will reach 

the disease free equilibrium: x =  A/dx, y =  0, and v =  0.

Internal equilibrium : Infection will cause, in the long run, the internal equi

librium to be reached with x* = y* =  ^  -  Sjjfc, and v* =  ^

B asic rep rod u ction  ratio: The basic reproduction ratio, which is simply the 

number of new infected cells caused by one infected cell immediately after the 

initial infection, can be determined as follows: (1) the total number of infectious 

virions produced by each infected cell is k /dv, where l /d „  is the average lifetime 

of infected cells, and (2) the probability of each virion infecting a cell is where, 

on average, each virion lives for 1 /c days. Multiplication of these probabilities 

yields, Bo =  When Bo <  1, each infected cell, on average, results in less than 

one infection. Therefore, the infection is eliminated. On the other hand, when 

Ro > 1, the infection persists. This can also be observed in the above model 

when the internal equilibrium is re-written as x* =  y* = jj^iRo ~ 1), and

V■ =  fr(*>  -  !)■

In what follows it will be shown through a review of certain papers, that models 

extended from this very simple model have been especially useful in (1) predicting 

various aspects of in-host HIV infection dynamics, (2) furthering our understand

ing of HIV progression, i.e., rates of virion replication and CD4+ T  cell turnover, 

and (3) the design of drug therapies.

In 1993, Perelson et al. used a system of ordinary differential equations to model 

the in-host dynamics of an HIV-infected individual. Amongst their findings were 

three key results. First, the model suggested that there exists a critical level 

of infectious virion production per infected cell, A„.it; a production rate below 

this level would lead to the stability of the uninfected state. Second, for cer

tain parameter values, a Hopf bifurcation resulting in oscillatory fluctuations
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may be observed. Similar dynamics have also been found in Anderson and May 

(1989) and were alluded to above. Third, similarities between the time courses 

of the virions, latently infected T  cells, and actively infected T  cells led to quasi

steady-state analysis. To make the model as simple as possible, but no simpler 

(Einstein 1934), Perelson et al. used this quasi-equilibrium to convert the sys

tem of four ODEs into one of two ODEs, explicitly measuring uninfected and 

latently infected CD4+ T  cell populations. They found that, although there was 

a noticeable decrease in the time needed to reach the steady state, the simpler 

system shared similar features with -  and was therefore a good summary of -  the 

full model (Perelson ef al. 1993).

Despite the vast quantities of papers published relating to HIV (over 55,000 arti

cles published between 1981-1994), it was not until the back-to-back 1995 Nature 
publications by Ho et al. and Wei et al. that the rapidity of viral turnover was 

quantified. It was known that during the asymptomatic stage of the disease, a 

balance between virus production and clearance may be observed. Using this 

information, study participants were treated with a protease inhibitor (H o et al. 
1995) or a reverse transcriptase inhibitor (W ei et ai 1995). The resulting, almost 

immediate, inhibition of infectious virion production, and the ability to actually 

quantify a patient’s plasma viral load, led to the conclusion that virions in the 

plasma have a half-life of approximately 2.1 days (H o et al. 1995; W ei et al. 
1995). This implies that the majority of circulating plasma virions are the re

sult of a continuous cycle of new lymphocyte infection, viral replication, and cell 

turnover (W ei et al. 1995). Therefore, Ho et al. suggested that while this rapid 

lymphocyte regeneration may simply be the result of an activated immune sys

tem, it cannot last forever. Therefore, instead of aiming to continuously replenish 

CD4+ T  cells, treatment should prevent their destruction (H o et al. 1995).

Eight years earlier, to the excitement of the medical and HIV communities, the 

first drug, nucleoside reverse transcriptase inhibitor azidothymidine (AZT), had
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been FDA-approved for HIV therapy and had resulted in a slower progression of 

the virus to AIDS amongst HIV-positive individuals. Over time, and after the 

approval of a few other drugs, it became apparent that monotherapy was not the 

solution for which all had hoped. The publication of the aforementioned 1995 

papers helped to solidify the conclusion in a 1996 paper by Perelson et al. that 

these observations were inevitably the result of the rapid viral mutation rate. 

In addition, the conclusion by certain studies that a combination of AZT and 

either zalcitabine (ddC) or didanosine (ddl) (both nRTIs) delayed resistance to 

AZT (Antonelli et al. 1994; Jablonowski 1995), led to the suggestion that 

potent antiretrovirals targeting different aspects of viral replication be used in 

concert (Perelson et al. 1996). To arrive at these conclusions, the basic model 

presented above was modified to incorporate drug treatment:

x — A — dxx — (1 — e)/3xv 

y =  (1 -  e)pxv -  dvy 

v =  k y -cv ,

where e is the effectiveness of the treatment. This multiplication of /? by a factor 

which is dependent upon drug effectiveness continues to be used in different types 

of models (Perelson and Nelson 1999; Heffernan and Wahl 2005; Rong 
et al. 2007; Khalili and Armaou 2008). Furthermore, the model presented by 

Perelson et al. (1996) was used to determine average values of other important 

parameters: the viral life-span, the number of virions produced per day, and the 

HIV-1 generation time.

That same year, a paper by de Jong ei al. discussed the results of a clinical study 

in which patients were prescribed AZT therapy. Treatment resulted in an initial 

decrease in HIV viral load, but within one to three months, the concentration of 

wild-type virus had rebounded independent of drug resistance. An identical result
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was observed in mathematical modelling, which showed that it was the result of 
an ever-increasing target cell concentration and an incomplete suppression of viral 

replication. In the absence of a drug-resistant mutation, the system stabilizes at 

a new equilibrium slightly above pretreatment levels, whereas mutation would 

result in a return to these levels (de JONG et al. 1996).

Further evidence of the significance of mathematical models to HIV research is 

provided in the highly-cited 1997 paper by Finzi et al., which identified in-host 

HIV-1 reservoirs and cautioned against the termination of treatment in patients 

with no evidence of residual virus. Finzi et al. cite the 1997 mathematical paper 

by Perelson et al. as making the “first rational predictions of treatment times 

required for virus eradication.” The Perelson et al. paper also receives credit 

for making note of the possibility of small, undetectable viral compartments, i.e., 

in the brain, which decay slowly (Finzi et al. 1997) and which directly affect 

the possibility of viral eradication from an infected person (Perelson et al. 
1997). Notably for the work presented in the following chapter, the paper finds 

evidence that, although only 2% of the target cells reside in the plasma and 

the remainder of infection occurs within the immune system organs (H o et al. 
1995), the infected cells in the bloodstream are representative of the population 

throughout the body (Perelson et al. 1997; Haase et al. 1996). This is likely 

due to the fact that the concentrations of these cells in the plasma are proportional 

to those in the tissues. In addition, the paper determines a quantitative estimate 

of the half-lives of long-lived infected cells and of latently infected lymphocytes, 

along with the respective pool sizes of the two populations. It also estimates the 

length of treatment given a 100%-effective treatment regimen (Perelson et al. 
1997).

Thus far, only papers dealing with ordinary differential equations have been ex

amined. While these models are sufficient for certain types of problems, they 

neglect certain temporal features, spatial patterns, and interpatient variability
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that may be relevant to other problems. To address these aspects, delay dif

ferential equations, partial differential equations, and stochastic systems may be 

used.

First, to account for the time it takes between viral infection of a cell and the pro

duction of new virus particles, models using delay differential equations (DDEs) 

have been used in several papers (for example: Herz et al. (1996), Mittler et al. 
(1998), Culshaw and Shigui (2000), and Nelson and Perelson (2002)). They have 

been instrumental in estimating the half-life of free virions and the turnover rate 

of productively infected cells during treatment with Pis or RTIs (Herz et al. 
1996; Nelson and Perelson 2002). DDEs have also been useful in the exam

ination of delay induced oscillations (Culshaw and Shigui 2000). This delay 

is of utmost importance when timing is of the essence, as in the cases indicated 

above, but may be neglected for many other features of viral dynamics (Herz 

et al. 1996).

Second, systems of partial differential equations (PDEs) have been used to ad

dress temporal and spatial patterns of the cell. For example, PDEs may be used 

in problems which include varying virion production and cell death rates in the 

model, both of which depend upon the length of time that a cell has been in

fected (Kirschner 1996; Nelson et al. 2004). PDEs have also been used by 

way of a finite element scheme to simulate spatial virion flow, T-cell interactions, 

and local HIV progression (Grazianq et al. 2008).

Third, where variability between patients is vital, stochastic models may be em

ployed. Three examples are: (1) Using stochastic modelling, Tuckwell and Le 

Corfec (1998) investigated the early stages of HIV infection and obtained a dis

tribution of the time required to reach a certain viral density. The latter could be 

useful for determining the probability of viral detection at a given point in time. 

(2) Heffernan and Wahl (2005) used Monte Carlo methods to estimate the natural
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variability in T  cell concentrations and viral load, and to determine, as a function 

of the number of virions to which an individual is initially exposed, the probabil

ity that this exposure becomes an established infection. (3) Khalili and Armaou 

(2008) examined optimal treatment strategies in early infection by predicting the 

response of the average patient using stochastic modelling techniques.

The drawback of these three classes of models is their complexity. In order to 

arrive at robust conclusions based on any mathematical model, it is crucial to 

keep the model as simple as possible, while retaining only those biological features 

that are relevant to the question at hand. To this end, a fairly simple mathe

matical model is presented in Chapter 2 with the aim of examining antioxidant 

supplementation as a potential therapy for HIV-infected patients. This is the 

first mathematical approach that has been applied to this intriguing question.

1.5 Scope of thesis

In this chapter, antioxidant supplementation in HIV patients has been intro

duced as a complementary therapy to current pharmaceutical lines of treatment. 

The need for more research in this area, especially for HIV-infected persons on 

HAART, has been outlined. The remainder of this thesis is therefore devoted 

to the development of a mathematical model which provides theoretical insight 

and reconciles the results of conflicting intervention trials. Written in manuscript 

style, the chapter in which this model is developed, Chapter 2, is completely 

self-contained and is organized as follows.

In Section 2.1, the relevant immunology is discussed. In particular, the reactive 

oxygen species pathway is reviewed, as is the mechanism whereby increased ROS 

concentrations yield increased viral replication. A dampening of this replication 

rate is shown to result from elevated concentrations of antioxidants. Furthermore,
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a specific intervention trial, described by Jaruga et al. (2002) and showing the 

benefits of antioxidant supplementation, is introduced.

In Section 2.2, a novel in-host HIV model is developed for antioxidant supple

mentation which incorporates populations of uninfected cells, infected cells, an

tioxidants, and reactive oxygen species. In addition, the infectivity rate, /?, is 

defined to be a function of a dynamic variable, which is different from the usual 

approach employed by other models.

The analytical results regarding the disease free equilibrium are presented in 

Section 2.3.

In Section 2.4, estimates of the parameter values are either obtained directly from 

the literature or are computed using the equilibrium concentrations reported in 

the Jaruga et al. study (2002).

In Section 2.5, the numerical results of the model are presented and most are 

shown to agree well with clinical results. One set of clinically measured equilib

rium values, in the presence of antioxidant supplementation, cannot be obtained 

without entering a region of instability. Focusing on the region of instability, a 

maximum stable level of supplementation is found.

This maximum level is further investigated in Section 2.6, through sensitivity 

analysis. In this section, several parameters, for which there are high degrees of 

uncertainty, are varied. Furthermore, interpatient variability is examined.

A  discussion of the results of Sections 2.5 and 2.6 can be found in Section 2.7 and 

the chapter is concluded.

Chapter 3 concludes this thesis and suggests directions for future work.
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Chapter 2

Reconciling conflicting clinical studies 

of antioxidant supplementation as HIV therapy: 

a mathematical approach

2.1 Introduction

Reactive oxygen species (RQS) are highly reactive byproducts of cellular respirar 

tion. As second messengers, they play an important role in cell signaling and in 

gene regulation (e.g., cytokine, growth factor, and hormone action and secretion; 

ion transport; transcription; neuromodulation; and apoptosis) (Gloire e< al. 
2006; Lander 1997). ROS are also important for the normal function of the 

immune system; T  cells both are influenced by and influence intracellular ROS 

levels. In particular, ROS play a positive role in the proliferation of T  cells and 

immunological defence (Gloire et al. 2006; Lander 1997; Devadas et al. 2002; 

Hildeman 2004; Gropper et al. 2009).

A variety of reactive oxygen species are produced throughout the body. One 

particular species of interest, superoxide (O j )> is generated in two ways and for 

different reasons (G ropper  et al. 2009): (1) as an accidental result of incom

plete electron transfers in the electron transport chain and (2) in activated white
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blood cells with the purpose of destroying pathogens. Moreover, upon produc

tion, these O2 molecules are rapidly metabolised into hydrogen peroxide (H2O2)) 

a mild oxidant, which further helps to destroy some pathogens. Intermediate 

concentrations of H2Q2 (and certain other ROS) result in the activation of nu

clear factor kB (NF-kB ), a transcription factor that upregulates several cellular 

processes, including cell proliferation and apoptosis (Gil et al. 2003; Gloire 

et al. 2006; Khan and W ilson 1995).

Despite their positive role, reactive oxygen species can be harmful. At nor

mal ROS concentrations, cell function and structure are protected from destruc

tive interactions with ROS by various defence mechanisms. These include the 

use of both enzymatic and nonenzymatic antioxidants, substances that signifi

cantly delay or prevent the oxidation of a given substrate. Non-enzymatic an

tioxidants obtained directly from the diet (i.e., glutathione, vitamins A, C and 

E, and flavenoids) decrease oxygen concentrations, remove catalytic metal ions 

and eliminate radicals from the system (Gutteridge 1994; Martindale and 

Holbrook 2002). Enzymatic antioxidants remove ROS from the system and 

are not consumed by the reaction. These enzymes, such as superoxide dismu- 

tases, catalase and glutathione peroxide, are naturally produced by the body 

(Martindale and Holbrook 2002); oral supplements and injections are also 

available (Martindale and Holbrook 2002). In addition, antioxidants re

pair oxidative damage, eliminate damaged molecules and prevent mutations from 

occurring (Gutteridge 1994).

In the event that intracellular ROS levels increase moderately, cells respond by 

boosting antioxidant levels and by promoting proinflammatory gene expression 

(Li and Karin 1999; Sen ef al. 2000). There are two main functions of the 

resulting translated proteins: (1) signaling proteins activate the immune system 

by various cytokines, growth factors and chemokines, and (2) enzymes improve a 

cell’s response to inflammatory, growth-stimulatory and apoptotic signals (Sen
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et al. 2000). When ROS levels exceed a cell’s antioxidant capacity, oxidative stress 

is reached; this has the potential to cause significant damage to DNA, proteins, 

and lipids and can induce apoptosis. In addition, conditions favourable for the 

pathogenesis o f several diseases may be created (Gloire et al. 2006). Such high 

levels o f ROS are generally the result o f chronic and acute inflammatory diseases 

or environmental stress (Li and Karin 1999).

Individuals infected by the human immunodeficiency virus (HIV) exhibit height

ened serum concentrations of ROS (Gil et al. 2003; Israel and Gougerot- 

Pocidalo 1997; Li and Karin 1999; Schwarz 1996) and lowered antioxidant 

concentrations (STEPHENSON et al. 2006). The resulting oxidative stress affects 

disease progression in several ways. First, oxidative damage to CD4+ T  cells may 

impair the immune system’s response to HIV (Stephenson et al. 2005). Second, 

the well-known hallmark of HIV, the depletion of CD4+ T cell concentration in 

the plasma, is further exacerbated by oxidative stress-induced apoptosis. Third, 

increased HIV transcription leading to faster disease progression results from an 

increased activation of NF-kB (Gil et al. 2003). It has been found that while NF- 

kB activation is not absolutely necessary for viral replication, it accelerates the 

process 20-fold (Hiscott et al. 2001; Stephenson et al. 2005; Chen et al. 1997). 

Moreover, it has been suggested that NF-kB is itself activated by HIV (Hiscott 
et al. 2001). It has been shown that this activation of NF-kB is inhibited by 

antioxidants (such as N-acetyl cysteine and pyrrolidine dithiocarbarnate) (Khan 

and W ilson 1995).

Thus, the precise pathways by which ROS exacerbate HIV infection remain un

clear, as does the mechanism by which antioxidants prevent exaggerated HIV 

transcription and T  cell apoptosis. Although certain papers report negligible ef

fects and advise that caution be exercised (see Bowie and ONeill (2002), Drain 

et al. (2007), and Israel and Gougerot-Pocidalo (1997)), select clinical studies 

have clearly demonstrated the benefits of antioxidant therapy for HIV-positive
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patients (see Gil et al. (2003), Allard et al. (1998), Braunstein (2006), Ezimah 

et al. (2008), Jiamton et al. (2003), and Opara et al. (2007)). In particular, a 

clinical study conducted by Jaruga et al. (2002) demonstrated a clear benefit for 

antioxidant therapy in injection drug users when compared with the appropri

ate control group. In this study, samples were collected from a control group of 

10 healthy volunteers, a group of 15 HIV-negative injection drug users (denoted 

HIV(-)) and a group of 30 asymptomatic HIV-positive injection drug users (de

noted H IV(+)). The latter HIV-positive group was divided into two subgroups: 

one subgroup of 15 patients received a placebo (HIV(+)P), while the other re

ceived a daily supplement of 5000 units o f vitamin A, 100 units of vitamin E and 

50 mg of vitamin C (HIV(+)V). After six consecutive months of treatment, it 

was found that patients in groups HIV(-) and H IV(+)P had significantly lower 

blood plasma concentrations of vitamins A, C and E than the control group, while 

individuals in the H IV(+)V group had levels characteristic o f the control group. 

In addition, while there was a lack of statistical significance, the CD4+ T  cell 

count for H IV(+)V individuals was 100 cells//iL higher than for those receiving 

a placebo. In conclusion, the authors of the study reaffirm that the combination 

of infection with HIV and lifestyle factors typical of injection drug users (for ex

ample, a diet which is not rich in antioxidants) may lead to oxidative stress, a 

potential factor in AIDS development.

In the sections which follow, a mathematical model is developed to investigate 

the use of antioxidants as a treatment strategy for HIV. We use clinical data from 

Jaruga et al. to estimate parameter values for both control and HIV(+) cases, 

and then test in detail the results of varying the level of antioxidant supplemen

tation in the H IV(+)V group, largely through numerical bifurcation analysis. We 

also include an analysis of the sensitivity of our predictions to both parameter 

estimates and interpatient variability.

Note: Despite the benefits that can be obtained from antioxidant supplementa
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tion, we maintain that the need for accessible and affordable antiretrovirals in 

developing countries is of utmost importance and must not be neglected.

2.2 The model

As outlined in the Introduction, HIV-infected CD4+ T  cells can produce HIV viri

ons via two ROS-independent pathways: either directly or through the activation 

o f NF-kB. However, it has been shown that the combined effect of these path

ways accounts for a mere one-twentieth of the total virion production (C hen et al. 
1997). The more substantial fraction of virion production has been attributed 

to ROS-activated NF-kB (C hen ei al. 1997). During HIV infection, immune 

cells (such as macrophages and neutrophils) are also activated, resulting in an 

increase in ROS generation. Thus, infected cells indirectly produce high levels of 

ROS, which in turn directly increase the production of virions by infected cells. 

Antioxidants can control this vicious cycle by reducing ROS concentrations.

To model these processes, we propose a system of differential equations which 

consists of four populations: uninfected CD4+ T  cells (x), infected CD4+ T  cells 

(y), reactive oxygen species (r) and antioxidants (o):

^  =  A* -  dxx -  P(r)(l -  e)xy (2.1)

^  =  P(r)(l -  e)xy -  dvy (2.2)

=  \r + ky — mar — hTr (2.3)at
^  =  A0 +  ot -  par -  haa, (2.4)

where (3(r) is a positive, increasing function.
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Figure 2.1: Schematic diagram of the model. Reactive oxygen species, while not 
the sole means for transcription of HIV, directly increase the transcription rate. 
This results in an increased infection rate (3 (r ).

*
*

ir*
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U ninfected  C D 4+: CD4+ T  cells are produced by the thymus at constant rate 

Ax, are eliminated from the system at per capita rate dx and become infected 

through mass action kinetics at rate /?(1 — e)xy, where the infection rate /? is a 

function of r, described below, and e is the effectiveness of drug therapy.

In fected  C D 4+ : CD4+ T  cells become infected at rate (3(1 — e)xy. Infected cells 

are removed from the system at per capita rate dy.

R eactive  oxygen  species: ROS are naturally produced at constant rate Ar. In 

the event of infection, ROS are also produced by infected cells at a rate propor

tional to the number of infected CD4+ T  cells, ky. ROS are eliminated from the 

system by reacting with antioxidants at rate mar and through all other processes, 

including reactions with NF-kB and other molecules, such as enzymes, at decay 

rate hrr.

Antioxidants: Antioxidants are introduced into the system via dietary intake at 

constant rate Aa. Plasma antioxidant levels may be supplemented therapeutically 

at constant rate a. Antioxidants have natural decay rate haa. Since a large 

fraction of antioxidants are regenerated after reaction with ROS, we define a new 

rate of antioxidant consumption, par, where p is much smaller than m.

Infectivity: To capture ROS-activated transcription in our model, we would 

like (3(r) to be a saturating, increasing function of r. For simplicity, we choose a 

Michaelis-Menten equation. Therefore, we take

jS(r) = bo + (2.5)
r +  rhalf

While several other forms of (3(r) might be equally reasonable, this expression 

provides a good fit to the (limited) data derived from clinical studies (the “ROS-
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absent” , fi(r*) and /?(rp) points described in Section 2.4, and illustrated in Figure

2).

Note: Many standard HIV models also incorporate an explicit virion population. 

While virions are not directly modelled in our system, the vital role that they 

play is not neglected: since they are in quasi-equilibrium with the infected cells, 

the concentration of virions in the system is roughly proportional to that of the 

infected cells (Nowak and May 2000; Perelson et al 1993).

2.3 Analytical Results

Evaluating for the equilibria yields one biologically meaningful disease-free equi

librium:

yd =  0

rd =  (-B  +  y/B2 + 4phaXrhr)/2hrp 

ad =  (Ar -  hrrd)/mrd

where B =  Aam + am + hrha -  Arp. Thus, when Ar >  hrrd, or whenever the 

production rate of ROS exceeds their overall removal rate, an HIV-negative indi

vidual will exhibit a balanced ROS-antioxidant equilibrium.

Using the next generation matrix method from (van den Driessche and Wat- 

mough 2002), we find the basic reproductive ratio to be

Ro =
/VXl- iQA,

dxdy
(2.6)

which makes intuitive sense since a single infected cell at the uninfected equilib



34

rium will produce new infected cells at rate (3(rd)( 1 — e)xd, for mean lifetime 1 /dy. 
(We note that in practice, e is almost always zero in this situation.)

We next examine stability of the disease-free equilibrium using the following Ja

cobian:
(¿x - * b 0 0

0 dy{RO - 1 ) 0 0

0 k —mrd

0 0 p(\T-hrrd)
mrd -h a -  pr‘

This yields four eigenvalues

-d x < 0, 

d„(ilo -  1) and

(2.7)(2 .8)
p(rd)2 +  Ar +  hard ±  y/(p(rd)2 +  Ar +  hard)2 -  4rd(Xrha +  (rd)2hTp)

2rd < 0 .

(2.9)

Therefore, the disease-free equilibrium is stable when Rq <  1 (from (2.8)).

In addition to the disease-free equilibrium, two biologically meaningful internal 

equilibria exist; we omit their analytical expressions here since their complicated 

form offers little insight. Instead, following parameter estimation, we complete a 

bifurcation analysis of all three biologically meaningful equilibria in Section 2.5. 

We note that our model, and the analytical results described up to this point, 

could be generalized to other factors that are produced in proportion to infected 

T  cells (ky term), increase the in-host transmission rate (f3(r) term) and can 

be counteracted through mass action kinetics by some exogenous factor (mar 

term). However in the next section we estimate parameters specific to ROS and 

antioxidants, and further numerical results are thus specific to this case.
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2.4 Parameter Estimation

Developing reasonable (if uncertain) parameter estimates is one of the most diffi

cult aspects of theoretical immunology, and yet can be an extremely worthwhile 

endeavor (Smith? 2008). In the Tables and subsections which follow, we de

scribe our estimates for both control (HIV(-)) and HIV-positive parameters. We 

examine the sensitivity of our main results to these estimates in Section 6.

The model described above includes a total of four populations and 15 parame

ters. Estimates of six of these parameters (Ax, dx, dy, Xa, ha and e) were directly 

obtained from the literature and can be found in Table 2.1. We use Hq and the 

seven clinically measured equilibrium levels from Table 2.3 to deduce the other 

parameters (see Table 2.2), except for a, which we will vary to investigate ther

apy. Throughout this section and the numerical work which follows, we will use 

units of cells per /zL plasma (for x and y) or molecules per [iL plasma (for o and 

r). In estimating parameters related to the population r, we specifically examine 

the reactive oxygen species hydrogen peroxide as it has been shown to play an im

portant role in the activation of HIV transcription. Moreover, since ascorbic acid 

(vitamin C) has been cited as a key H2O2 scavenging antioxidant (Karyotou 
and Donaldson 2005), we use it as our antioxidant for the purpose of parameter 

estimation.

In this section and the work which follows we also refer to four cases of the infected 

equilibrium, which differ only in their parameter values. Specifically, we denote 

(1) the uninfected, control diet case with a “hat” (i.e. x), (2) the uninfected, IDU 

case with an asterisk (i.e. x*), (3) the infected, placebo case with a superscript “p” 

(i.e. xp) and (4) the infected, vitamin supplementation case with a superscript 

“v” (i.e. xv) (see Table 2.3). These populations correspond to the healthy control, 

HIV(-), H IV(+)P and H IV(+)V groups of Jaruga et al., respectively (Jaruga 

et al. 2002).



Parameter
* v »y iv  wt*t * wwiMViVv* , w Y tm w n w  t r

Value Reference
K 60.76 cells /xL_1 day-1 (K rakovska  and Wahl 2007)
d x 0.057 day“ 1 (R ibeiro et a l .  2002)
d r y 1 day-1 (Di M ascio et a l .  2004)
h r  +  m a 5.99 x 107 day-1 (half life =  1 ms) (R eth 2002)
K 5.47 x 1013 molecules p b ~ l  day-1 (G ropper  et a l .  2009)
A „ 2.74 x 1013 molecules p b ~ x day-1 estimated from 

(G ropper  et a l .  2009)
h a 0.0347 d a y '1 (half life =  8 - 4 0  days, choose 20 days) 

(H ickey  and R oberts 2004)
R o 4.5 estimated from 

(Nowak and M ay  2000)
e i

3 estimated from
(M anfredi and C hiodo 2000)

________ Table 2.2: Parameter estimates.________
Parameter Value
60 0.000211 (cell/ziL)"1 day“ 1
6max 0.00621 (cell//xL)—1 day-1
»"half 3.57 x 1013 molecules p b~ x
hT 1.66 x 107 day“ 1
Ar 1.86 x 1021 molecules fib '1 day-1
k 1.49 x 1019 molecules cell-1 day-1
m 1.27 x 10-6 (molecule//xL)-1 day-1
a variable molecules /xL-1 day-1
p__________ 5.04 x 10~14 (moleculeZ/xL) -1 day-1
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2.4.1 Literature estim ates for A0 and Aa

It has been recommended that dietary vitamin C intake for all persons exceed 

200 mg per day (Levine et al. 1996). Seventy-eight percent or about 160 mg per 

day of this amount is absorbed by the approximately 10 L volume of plasma and 

extracellular space (Graumlich et al. 1997). This corresponds to an antioxidant 

introduction rate in the control group, Aa, of 5.47 x 1013 molecules yL~l day-1

( io-iK l day x 6022 ’ 1q23 ‘"‘S '* ” x 17O 4 Sf ) ‘ In order to account for the fact 
that injection drug users (IDUs) may have a smaller vitamin C intake, we set the 

amount of dietary vitamin C absorbed in groups HIV(-), H IV(+)P and H IV(+)V 

to be 80 mg/day which yields A0 =  2.74 x 1013 molecules /xL-1 day-1 . Both of 

these estimates have a high degree of uncertainty since the pharmcokinetics and 

bioavailability of ascorbic acid are complex (Graumlich et al. 1997). These 

parameter values will be examined in the sensitivity analyses to follow.

2.4.2 Finding xp, yp, xv and yv

The clinical data in Table 2.3 give only the sum of CD4+ T  cells, xp + yp and 

xv+yv. To find each term independently, we combine equation (2.1) and equation 

(2.2), at equilibrium,

Aj. — dxx — dvy =  0, (2.10)

where Ax, dx and dv are known. Thus, for the HIV(+)P case, we find xp =  317 

and yp =  43. Likewise, for the H IV(+)V case, we find xv =  423 and yv =  37.
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2.4.3 Estim ating the function  /3(r) and e

The Jaruga et al. study which we use to estimate certain parameters was com

prised of HIV-negative individuals and patients on highly active antiretroviral 

therapy (HAART). Since HA ART reduces the rate of infection in an HIV-positive 

individual, we consider the effectiveness of this therapy in our model, denoted by 

e. To estimate this parameter, we use the results of a study by Manfredi et al. 
which examined a group of individuals of a similar mean age to those of the Jaruga 

et al. study (33.9 ±  1.6 (Manfredi and Chiodo 2000) vs 27 ± 9  (Jaruga et al. 
2002)), the majority of whom were also IDUs (Manfredi and Chiodo 2000). 

Twelve months of treatment were shown, on average, to increase these patients’ 

CD4+ T  cell counts from 231 ±  87 cells//iL to 345 ±  62 cells//xL, which is ap

proximately the same level as in the HIV(-I-) groups in Jaruga et al.. Using the 

concentration of CD4+ T  cells before and during therapy as a proxy to estimate 

effectiveness, and assuming that this effectiveness has reached equilibrium after 

twelve months, we set e to be 1 — ||| «  We note that this overall measure of 

the effectiveness of therapy includes pharmacological effectiveness, as well as the 

adherence of the IDU group.

We are ultimately interested in modelling the three IDU populations, HIV(-), 

H IV(+)P and HIV(+)V. Therefore, we take Rq to be defined at the HIV(-) case 

where e =  0. Using (2.6), we find Rq at this equilibrium to be:

d _
^  dxdy '

Given the parameter values in Table 2.1, this yields P(r*) =  0.00422. Since 

NF-kB activation results in a 20-fold increase in HIV transcription (Chen et al. 
1997), we let 0(r*) — bo +  196o and thus bo =  0.000211. From the disease-free 

IDU equilibrium we therefore have two points with which to fit the 0(r) curve, 

@(r*) and 0(0). A third point is obtained from the H IV(+)P equilibrium. In this
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case, since y ^  0, dv =  1 and y3(r)(l — e) =  £ at equilibrium (equation (2.2)), 

0(rp) =  =  0.00473.

These three points on the (3(r) curve allow us to fit the two other free parameters, 

yielding, 6max =  0.00621 and n..if =  3.57 x 1013. This fixes the function fi(r) (see 

Fig. 2.2) which models the rate of infection in the absence of drugs. A second 

curve modelling the effect of therapy, /?(r)( 1 — c), can be used to iteratively 

estimate a further free parameter hr. The procedure we use is to estimate a value 

of hr, then follow through the steps described in subsection 2.4.4. This allows for 

numerical estimates of four more parameters, and ultimately yields an estimate 

for rv, the concentration of ROS at the HIV(-f)V equilibrium. We then iteratively 

adjust our initial estimate of hr such that f3rv( 1 — e) =  lfxv lies along the dashed 

curve in Figure 2.2. This procedure yields hr =  1.66 x 107 day-1.

2.4.4 Estim ating Ar, p, to and k

Given that ma + hr =  5.99 x 107 day-1 (Table 2.1), knowing a and assuming hr, 
we directly compute to — 1.27 x 10-6 . In addition, since y =  0 at the uninfected 

equilibrium, equation (2.3) at equilibrium yields

Ar =  (ma +  hr)f

=  1.86 x 1021 molecules pL-1 day-1 .

We assume that Ar, the rate at which ROS are naturally produced, is constant 

for all individuals. In contrast, Aa represents the dietary influx of antioxidants, 

and we thus assume that A0 is constant for the HIV(-) and HIV(+) groups, but 

may differ for the control group. Therefore, we use a* and r* to find AQ for the
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Table 2.3: Equilibrium populations from the literature.
Parameter Value___________ Reference_______________
Healthy control group
x 1,066 cells/^L
f  51.5 ±  4.95 /xM
a 56.8 ±  4.5 /xM
H IV (-) (IDU)
x* 1,066 cells//xL
o* 12.1 ±  1.8 iM
H IV (+ )P  (IDU)
xp +  yp 360 cells//xL
yP 43 cells/¡jL
ap 8.2 ±  1.8 f/M
H IV (+ )V  (IDU)
xv + yv 460 cells/fj,h
yv 37 cells//xL
av 49.0 ±  5.0 /xM

(Mohri et al. 2001) 
(Al-G ayyar et al. 2007) 
(Jaruga et al. 2002)

(Mohri et al. 2001) 
(Jaruga et al. 2002)

(Jaruga et al. 2002) 
from equation (2.10) 
(Jaruga et al. 2002)

(Jaruga et al. 2002) 
from equation (2.10) 
(Jaruga et al. 2002)

Figure 2.2: The (3{r) curve, denoted by the solid line, represents the rate of 
infection in the absence of drug therapy. The dashed line depicts the decrease 
in the infection rate due to HAART, the /?(r)( 1 — e) curve. The dotted line 
represents the maximum rate of infection.
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IDU groups. Thus, we must first find r*. Using (2.3) at equilibrium,

r* —r =  ---------- —ma* +  hT
=  7.20 x 1013 molecules//iL or 119.56/iM. (2.11)

The parameter p, which should be constant for all individuals, is found using 

(2.4) at the control equilibrium, i.e., for y =  0 and a =  0:

Aa -  ha a
V =  -----—-----ra

=  5.04 x 10-14 (molecules//iL)-1 day-1 .

From equation (2.4) at the H IV(+)P equilibrium,

„ Aa -  haap 
maP

=  1.09 x 1014 molecules//xL or 181.00/xM. (2-12)

We find our final parameter, k, from equation (2.3) at the HIV(+)P equilibrium:

, mrpap + hTrp — Ark =  ---------------------------
yp

=  1.49 x 1019 molecules cell-1 day-1 .

Finally, from equation (2.3) at the H IV(+)V equilibrium:

rv =  Ar +  kyv 
mav +  hr

=  4.45 x 1013 molecules/^L or 73.89/iM. (2.13)
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2.5 Numerical Results

Using the parameters in Tables 2.1 and 2.2, the equilibria of our model were found 

analytically. At these parameter values and antioxidant supplementation levels, 

only one biologically meaningful internal equilibrium exists, and this equilibrium 

agrees well with the CD4+ T cell and antioxidant concentrations in Jaruga et 
al, as illustrated in Figure 2.3. In the first two columns, we compare the con

trol individuals with the HIV-negative IDUs whose lifestyle, including a poorer 

diet, is a closer control to the HIV-positive IDUs in the Jaruga et al. study. 

As expected, a significant increase in ROS and decrease in antioxidant concen

trations is observed in the HIV(-) group. Furthermore, in the presence of HIV 

infection and absence of antioxidant treatment these trends continue -  the con

centrations of ROS and antioxidants further increase and decrease, respectively, 

in the H IV(+)P group. This is combined with a sizable drop in the total CD4+ T 

cell concentration from 1066 cells//iL to 360 cells//zL. With daily antioxidant sup

plementation of approximately 116 mg, the antioxidant concentrations increase 

and ROS concentrations decrease, but neither quite reach the levels observed in 

control individuals. Although at this level of supplementation the analytically 

predicted equilibrium does reach the CD4+ T cell equilibrium of 460 cells//uL 

found for the H IV(+)V  group in Jaruga et al, it is important to note that this 

equilibrium point is unstable, as described in greater detail below.

Before examining the benefits and limitations of vitamin supplementation, we 

test our analytical results using numerical integration (ode23s, M ATLAB®, The 

MathWorks Inc.) for HIV-negative IDUs who subsequently become infected with 

HIV. In the absence of vitamin supplementation, such an individual would display 

trends similar to those observed in Figure 2.4: an initially healthy concentration 

of CD4+ T cells is followed, upon infection, by a sharp decline in the number of 

uninfected CD4+ T  cells which eventually equilibrates at a significantly lower
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Figure 2.3: The analytical results for the control, HIV(-) and HIV(+)P groups. 
We include the unstable equilibrium point of the H IV(+)V group at a total 
vitamin C supplementation level of approximately 116 mg/day. The respective 
levels of infected cells are denoted with circles, infected cells with squares, ROS 
with diamonds and antioxidants with triangles.
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x 10,14

Figure 2.4: An initially uninfected IDU who subsequently becomes infected. 
Here we observe a significant drop in uninfected CD4+ T  cell levels (solid 
line) characteristic of the infection. An equilibrium is eventually reached where 
x =  317 cells//xL, y =  43 cells//zL, r =  1.09 x IQ14 molecules/^L and a = 
4.94 x 1012 molecules/juL. The concentration of infected cells is represented by 
the dashed line and ROS by the dashed-dotted line. For clarity the time course 
of antioxidants has been scaled; the dotted line plots 10a.
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concentration of 317 cells/^L. In addition, the ROS concentration increases to an 

equilibrium value well beyond normal levels, and the antioxidant concentration 

decreases. Note that in Figure 2.5 the antioxidant concentration is scaled by a 

factor of ten so that these trends can be more clearly observed.

Next we examine the behaviour of our model when patients are given moderate 

daily vitamin supplementation. For this case, our model suggests that an HIV

positive IDU’s T  cell count can increase, with a concomitant reduction of ROS. 

However, the magnitude and nature of these changes are dependent upon the 

level of supplementation. Notice, for example, the outcomes of two different 

supplementation levels in Figure 2.5. When we supplement the diet with 58 mg 

of absorbed antioxidants per day, an increase in the level of uninfected CD4+ T 

cells (to 345 cells//iL) is observed. However, as we noted in the discussion of 

Figure 2.3, we are unable to reach the clinical mean, xv, found in Jaruga et al. 
Instead, the level o f supplementation required for a mean CD4+ count of 460 

cells//iL, 116 mg, results in the oscillatory dynamics illustrated in Figure 2.5.

We further investigate this interesting behaviour through numerical bifurcation 

analysis, substituting our parameter values into the analytically-determined eigen

values of the Jacobian. Using the vitamin supplementation level, a, as a bifur

cation parameter, we observe that increasing a causes an increase in the concen

tration of uninfected cells and a decrease in ROS concentrations, as expected 

(Figure 2.6). However, there exists a critical vitamin supplementation level, 

ac =  2.63 x 1013 molecules/ptL per day (approximately 78 mg/day), at which the 

internal equilibrium undergoes a supercritical Hopf bifurcation: the stable inter

nal equilibrium for a < ac becomes a stable limit cycle for a > ac (Figure 2.6). 

Further analysis reveals three additional bifurcations at values of a > ac, however 

these are of little clinical relevance.

These bifurcation diagrams also confirm what we found in Section 2.3: the disease-
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Figure 2.5: Uninfected (solid line) and infected (dashed line) cell concentration for 
an initially infected IDU who begins vitamin supplementation on day 50. In (a), 
a stable equilibrium results from a supplement of a  =  2.0 x 1013 molecules/(/iL 
day) which corresponds to 58 mg of daily vitamin C supplementation. In (b), a 
periodic cycle appears when a  =  4.0 x 1013 molecules/(/iL day), corresponding 
to 116 mg of daily vitamin C supplementation.
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Figure 2.6: Bifurcation diagrams of our model of the uninfected T  cells and ROS. 
A solid line implies a stable equilibrium and a dashed line implies an unstable 
equilibrium. In (a), we indicate the maximum attainable stable concentration 
of uninfected cells, xmax (dotted black line). The dotted horizontal line in (b) 
indicates the ROS level observed in non-IDU control individuals. We denote the 
ROS concentration for which the disease-free equilibrium becomes stable with the 
grey box.



48

free equilibrium is stable when Rq < 1. This occurs when r < 8.16 x 1012 molecules///L 

per day (shaded region in Figure 2.5), with a  >  4.59 x 1013 molecules//iL 

per day, or a total supplementation level greater than 134 mg/day. Our model 

therefore suggests that there exists a supplementation level at which an HIV(+) 

individual could theoretically clear all infected cells in plasma. Yet, this only 

occurs when the concentration of ROS is well below normal levels, and would 

therefore not be physiologically possible.

The behaviour of the limit cycle is further examined, in the regime a > ac, by 

integrating our system numerically for 600 days and measuring the time between 

the last two peaks. As shown in Figure 2.7, when vitamin supplementation 

levels increase above ac, the period of the oscillations increases dramatically. 

Interestingly, as a  changes, so does the behaviour of the limit cycle, depicted in 

the insets of Figure 2.7. For supplementation levels close to ac, the oscillation is 

moderate, with symmetrical peaks and troughs. Higher levels of a, on the other 

hand, result in severe oscillations, characterised by extended intervals of high 

CD4+ T  cell counts followed by sharp, short-lived periods in which the patient is 

in an immunocompromised state. Regardless of the shape of these oscillations, a 

therapeutic regimen which causes repeated periods of immunosuppression would 

not be clinically advisable. Thus our model predicts the existence of a maximum 

vitamin supplementation level, a c, beyond which further supplementation might 

be detrimental.

To better understand this threshold behaviour, we look at xmax, which we define 

to be the maximum attainable stable equilibrium concentration of uninfected T 

cells, that is, the equilibrium value of x when a = ac (Figure 2.6). Using the 

parameter values as indicated in Section 2.4, xmax =  369 cells//iL, which falls 

short of the mean value xv =  423 cells/^L reported in Jaruga et al. To investi

gate this difference further, we examined the extent to which xmax is sensitive to 

assumptions regarding our parameter values.
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Figure 2.7: The period of the limit cycle as a function of vitamin supplementation 
levels. As the levels change, so do the dynamics of the limit cycles. Insets (a) and 
(b) show the limit cycle at a =  2.8 x 1013 and a — 4.45 x 1013, respectively. In the 
insets, the uninfected and infected cell concentrations are respectively represented 
by the solid and dashed lines.
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2.6 Sensitivity Analysis

We examine the sensitivity of our model to several parameters for which our as

sumed values have a high degree of uncertainty, or which may display significant 

interpatient variability. In particular, we look at how the maximum attainable 

uninfected CD4+ T  cell concentration, xmax, changes as a result of varying param

eters. In each case, to compute xmax we perform a numerical bifurcation analysis 

as illustrated in Figure 2.6, increasing a until the stability of the internal equi

librium is lost.

We test for sensitivity in two ways. First, in Section 2.6.1, we examine the sen

sitivity of xmax to the parameter values from the literature which we initially 

assumed in Section 2.4, and upon which further parameter estimates depend. 

Second, in Section 2.6.2, we look at the sensitivity of xmax to interpatient param

eter variation. In both sections, we examine the trends in xmax as well as the 

corresponding concentrations of infected T  cells, ROS, and antioxidants when a 

parameter of interest is varied.

2.6.1 Sensitivity to  initial param eter estim ates

In this section, we vary five parameters which have a high degree of uncertainty 

to test the overall sensitivity of our results to these assumed parameter values. In 

cases where the values of other parameters depend on these initial estimates, we 

subsequently recompute all other dependent model parameters, using the method 

described in Section 2.4.

D ietary  antioxidant intake o f  the controls: First, due to the natural vari

ability surrounding the diet o f control individuals and the uncertainty regarding 

the amount of antioxidants absorbed, we vary Aa, the amount of antioxidants
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absorbed from the diet of control individuals. Note that when Aa changes, our 

estimates of parameters hr, m, k, bmax, n,„if and p. In addition, equilibria r*, rp
A

and rv were altered. From Figure 2.8a, it may be observed that as A0 increases, 

our model predicts a reduction in rv, while xmax increases only slightly: a 200% 

increase in A„ causes a 21% increase in xmBx.

D ietary antioxidant intake o f  IDUs: For reasons similar to those posed above, 

we secondly analyse the sensitivity of A0, the amount of antioxidants absorbed 

from the diet of IDUs, and find that xmax decreases modestly as A„ increases 

(Figure 2.8b). Note that when Aa changes, our estimates of parameters hr, m, 
k, b,n„  and rhaif. Equilibria r*, rp and rv were altered as well. This restricts 

the range we can examine; when A„ <  0.048 g day-1 the positivity of certain 

parameter values is lost. Importantly, close to the lowest possible value of A0 we 

are able to replicate the H IV(+)V Jaruga et al. results, that is, xv + yv =  460. 

Again, a very modest change is observed: a 220% parameter increase results in a 

21% decrease in xmax.

D rug effectiveness: Thirdly, we vary drug effectiveness due to our uncertainty 

surrounding its estimate, and its dependence upon the treatment regimen. When 

e changes, our estimates of parameters hr, m, k, Rq, ¿»max and rhaif- Equilibria r* 
and rv were altered as well. In Figure 2.9a, an increasing c is shown to yield a 

decreasing xmax, although again xmex is moderately sensitive to this parameter: 

a 31% increase in e causes a 14% decrease in xmax. Note that at higher values of 

e than illustrated in Figure 2.9a the stability of the internal equilibrium is lost, 

whereas at lower values positivity of certain parameters is lost. This restricted 

range of e only applies to our estimates of mean drug effectiveness for the IDU 

group in the Jaruga et al. study; interpatient variation in e is possible over a 

much wider range, as described in detail in Section 2.6.2.
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Ao (g day *)

Figure 2.8: Sensitivity analyses of (a) A0 and (b) Aa. The equilibrium concen
tration of uninfected cells is represented by the solid line, infected cells by the 
dashed line, ROS by the dashed-dotted line and antioxidants by the dotted line. 
We also include the level of antioxidant supplementation, ac (thin, grey line). 
Levels obtained at the default parameters values (xv, yv, rv and av) are indicated 
by dots. 4



Figure 2.9: Sensitivity analyses of (a) e and (b) Rq. The concentration of unin
fected cells is represented by the solid line, infected cells by the dashed line, ROS 
by the dashed-dotted line and antioxidants by the dotted line. We also include 
the level of antioxidant supplementation, ac (thin, grey line). Levels obtained at 
the default parameter values are indicated by dots.
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B asic reproductive  ratio: Fourthly and similarly, since there is uncertainty 

surrounding the value of Rq, the results of a range of parameter values are anal

ysed. Note that when Rq changes, our estimates of parameters hr, m, k, Rq, ¿»max 

and rhaif. Equilibria r* and rv were altered as well. We observe in Figure 2.9b that 

as Rq increases 17%, xmBX increases 24%, and therefore find that xmax is some

what sensitive to changes in Rq. Values of Rq lying below the range presented in 

Figure 2.9b cause the disease-free equilibrium to regain stability, whereas those 

that are higher result in negative parameter values.

R O S rem oval: Finally, since the removal rate of ROS is extremely rapid and is 

therefore difficult to compute, we analyse the system for varying removal rates, 

hr+ma. We find that our results are completely insensitive to changes in hr+ma 
(data not shown), since the values of the subsequently computed parameters, 

namely /ir, m and k, exactly compensate for this change.

Despite these cascading changes to subsequently computed parameters in re

sponse to changes in A0, Aa or e, we find that xmax is fairly insensitive. However, 

the value of Znuw is somewhat sensitive to our initial assumption of the in-host 

Rq for HIV, which is interesting given that the value of this parameter is not well 

known (N ow ak  and M ay  2000). In contrast, the predicted ROS concentration 

at a  =  a c is very sensitive to our initial assumptions regarding these parameters. 

We are able to replicate clinical results under the assumption that the IDU group 

has a very low dietary intake of antioxidants, corresponding to 48 mg absorbed 

per day.

2.6.2 Sensitivity to  interpatient variability

In this section we quantify the sensitivity of our model to interpatient variation 

for several parameter values. Unlike in the previous section where dependent
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parameter values were recalculated in response to variation in an assumed pa

rameter, here we only vary the parameter of interest and hold all other parameters 

constant, except a  which we vary to find a c as before.

D rug effectiveness: Our first parameter of interest is drug effectiveness since 

e varies from patient to patient due to differences in HIV progression and levels 

of adherence. As anticipated, our model is sensitive to the level of effectiveness, 

with xmax (solid line) rising with increasing effectiveness (Figure 2.10a). Further

more, our model suggests that increasing a patient’s drug effectiveness from | to 

0.7 is sufficient to drive the plasma concentration of infected cells to undetectable 

levels, as is observed in aggressive HAART (Finzi et al, 1997). Increased drug 

effectiveness also results in a reduction in the level of antioxidant supplementa

tion required to realize xmax and increases the chance of oversupplementation. 

Thus our model predicts, interestingly, that antioxidant supplementation should 

be reduced in patients who exhibit strong adherence, although some level of sup

plementation would continue to be beneficial.

Basic reproductive  ratio: Secondly, we test the sensitivity of our results to Rq, 
since this parameter could also display interpatient variability due to differences 

in immunocompetence, disease progression and other factors. As we observe in 

Figure 2.10b, although the concentration of ROS decreases, Xmax is relatively 

insensitive to changes in Rq over an extremely wide range: an increase from 0 to 

35 results in a mere 3% increase in xraax.

N atural RO S production : In the formulation of our model, we made the 

assumption that the natural rate of ROS production, Ar, was the same for all 

individuals. Therefore, we thirdly examine the effect of a varying interpatient Ar. 

In Figure 2.11, it may be observed that despite an increasing Ar, ROS concentra

tions (dashed-dotted line) decrease and therefore xmax (solid line) increases.
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Figure 2.10: Sensitivity analyses of (a) e and (b) f?o for interpatient variability. 
The concentration of uninfected cells is represented by the solid line, infected 
cells by the dashed line, ROS by the dashed-dotted line and antioxidants by the 
dotted line. We also include the level of antioxidant supplementation, ac (thin, 
grey line). Levels obtained at the default parameter values are indicated by dots.
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This trend can be attributed to significant increases in antioxidant supplementa

tion levels (thin, grey line); as Ar increases, higher values of a c axe possible without 

losing the stability of the equilibrium. However, since physiological constraints 

would presumably impose some limit on the degree of the vitamin supplementar 

tion possible, we set a maximum antioxidant supplementation level of 2.0 x 1014 

molecules fiL-1 day-1 , which is approximately 586 mg/day, absorbed into the 

bloodstream. The quantitative value of this limit has been chosen arbitrarily 

to illustrate the qualitative effects of the physiological limit which presumably 

exists.

Thus, the increases in xmax continue until a reaches our imposed maximum, 

which in this example occurs when Ar =  5.65 x 1021 molecules /xL-1 day-1 . 

Further increasing Ar, combined with a constant a  level, results in a significantly 

increasing ROS concentration which causes xmax to decrease. We address this 

interesting qualitative prediction further in the Discussion.

D ietary  antioxidant intake o f  IDUs: Lastly, we examine the effect of a vary

ing dietary antioxidant intake and find that our results are insensitive to this 

variation, the only change being an alteration in the vitamin supplementation 

level required to achieve xmax (data not shown).

2.7 Discussion

We have developed and analysed a simple model of the interactions between 

CD4+ T  cells, reactive oxygen species and antioxidants. Verifying the results 

o f various clinical studies, our model predicts that moderate levels of antioxi

dant supplementation in HIV-positive IDUs can lead to an increase in uninfected 

CD4+ T  cell concentrations. However, our model also suggests that excessive
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x 10v

Figure 2.11: Sensitivity analyses of Ar for interpatient variability. The concen
tration of uninfected cells is represented by the solid line, infected cells by the 
dashed line, ROS by the dashed-dotted line and antioxidants by the dotted line. 
We also include the level of antioxidant supplementation, ac (thin, grey line). 
Levels obtained at the default parameter value are indicated by dots. Stability is 
lost for lower values of Ar than those illustrated.
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supplementation could cause fluctuating T  cell concentrations in these individu

als. For example, consider the limit cycle in Figure 2.5: in this case, a patient’s 

immunological response is periodically compromised -  characterized by a low 

concentration of uninfected CD4+ T cells -  leaving the individual vulnerable to 

opportunistic infections.

In an effort to understand this periodic behaviour, we take a closer look at the 

system dynamics when the level of antioxidant supplementation is above the crit

ical level, a c, in Figure 2.12. In this figure, populations during the limit cycle are 

rescaled to facilitate comparison, while white vertical bars delineate the peak and 

trough concentrations of infected T  cells. The most direct result of an increase in 

antioxidant supplementation is first an increase in the antioxidant concentration 

(dotted line) and a decrease in ROS (dashed-dotted line). These two effects pro

duce a concomitant increase in uninfected cells (solid, black line) and reduction 

in infected cells (dashed line). As the concentration of uninfected cells increases, 

the infection rate per infected cell (p(r)x, grey line), reaches high levels, allowing 

both infected cell and ROS concentrations to increase sharply. These increases 

are short lived in part because of the extremely short half-life of ROS, and due 

to a rapid reduction in (3(r)x. As ROS and infected cell concentrations plummet, 

the cycle is allowed to repeat. One hypothesis is that when the level of antiox

idant supplementation is too high, the infection rate ¡3(r)x reaches too high a 

peak to allow for a stable equilibrium.

Regardless of its cause, the appearance of a limit cycle in our model could explain 

why some clinical studies show no improvement in patients’ average CD4+ T  cell 

concentrations: it is plausible that high supplementation levels could cause fluctu

ating T  cell counts which are then sensitive to the details of measurement timing, 

leading to the conclusion that antioxidant supplementation has no immunological 

benefit for HIV-positive patients.
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Time (days)

Figure 2.12: A closer look at the dynamics of the stable limit cycle. The concen
tration of uninfected cells is represented by the solid black line, infected cells by 
the dashed line, ROS by the dashed-dotted line and antioxidants by the dotted 
line, each rescaled for comparison. The solid grey line denotes f3 (r ) x .  White 
vertical bars delineate maxima and minima in infected cell concentrations.
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Since antioxidant supplementation levels above a critical level, a c, have the poten

tial to pose difficulties for patients, we turn our attention to the stable equilibria 

obtained when a < ac. We examined in particular the maximum concentration 

of uninfected CD4+ T  cells, xmax, which could be obtained in principle as a sta

ble equilibrium via antioxidant supplementation. We found xmax to be relatively 

insensitive to moderate variation in five initial parameter estimates, particularly 

when subsequent parameter estimates were changed as a result of these alternative 

assumptions. This insensitivity is presumably because subsequent parameters act 

to compensate for alternative assumptions, since we set parameters to match the 

clinically-observed equilibria. These compensatory changes also explain why the 

results described in Section 2.6.1 seem counter-intuitive; for example as our ini

tial assumption for the in-host Ro increases, xmax also increases (Figure 2.9b). In 

contrast, interpatient variability (Section 2.6.2) results in a higher degree of sen

sitivity for certain parameters, as expected. We note that xmax is unlikely to be 

achieved in practice, since the required level o f precision in the supplementation 

level would be impossible.

Interestingly, our sensitivity analysis revealed that even when our initial param

eter estimates were varied, the mean T  cell count observed by Jaruga et al. after 

six months of antioxidant therapy was higher than any stable equilibrium value 

predicted by our model, except when considering exceptionally low values of A0. 

In the region of instability, however, values equivalent to the clinical data were 

frequently observed. For example, in Figure 2.13 we present an example in which 

the sum of uninfected and infected CD4+ T  cells at six months, 479 cells//iL, ex

ceeds the 460 cells//xL found in Jaruga et al.. This was achieved with our default 

parameters and antioxidant supplementation of 2.87 x 1013 molecules//xL per day, 

or about 84 mg of absorbed antioxidants per day. This outcome is anecdotal and 

highly dependent upon the amount of vitamin C absorbed; however, it illustrates 

the potential sensitivity of clinical results to the details of measurement timing.
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To further investigate the benefits of antioxidant supplementation, we hope that 

future work could see the model extended to include appropriate pharmacokinet

ics of antioxidants. In its present form, our model considers a to remain constant 

over time. If we included the full dynamics of antioxidant concentrations after 

an oral dose, including varying the antioxidant decay rate with plasma concen

tration (H ickey  and R oberts 2004), we predict that the oscillatory behaviour 

observed here would be exacerbated. Either standard pharmacokinetic modeling 

(W ahl and Nowak 2000) or impulsive differential equations (Smith and W ahl 

2004) could be used to examine such effects.

It would also be interesting to explore the effects of enzymatic antioxidants -  

glutathione peroxidase and catalase, for example. Both of these enzymes are 

used in the elimination of hydrogen peroxide (H2O2), but are not consumed by 

these reactions. Their short half-lives (less than 10 minutes) (D eshmukh et al. 
1997; C arpen ter  et al. 2001), however, could further exacerbate the variability 

already observed in the simple model.

In conclusion, while antioxidant supplementation may not be a long term solution 

for HIV-positive IDUs, our model suggests that moderate doses of antioxidants 

may temporarily boost uninfected CD4+ T  cell concentrations. This might enable 

HIV-positive individuals to lengthen the interval before costly drugs with severe 

side effects become necessary. These results could have implications for infected 

individuals in HIV-endemic areas, since dietary antioxidant intake depends on 

the availability of adequate antioxidant-rich produce. Moreover, where access to 

antiretroviral therapy is limited or non-existent due to economic constraints, a 

significantly more affordable vitamin supplementation therapy could potentially 

provide some limited benefit. Of course we emphasize that this in no way reduces 

the need for accessible and affordable antiretrovirals in developing countries.
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Figure 2.13: The oscillatory dynamics of the system when 84 mg of the daily 
vitamin supplement is absorbed. We see that six months after the start of sup
plementation, we reach CD4+ T  cell levels observed in the Jaruga et al. study. 
The concentration of uninfected cells is represented by the solid black line, in
fected cells by the dashed line.
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Chapter 3

Summary and Future Work

The aim of this thesis was to develop a model that would provide insight into 

the possibility of antioxidant supplementation as a complementary therapy for 

HIV-infected individuals, with a specific focus on injection drug users. Analysis 

of the resulting model suggested that moderate antioxidant supplementation can 

be beneficial for such persons; however, due to the oscillations predicted with ex

cessive supplementation, the potential for detrimental effects remains. Therefore, 

the model is able to reconcile the different findings of clinical studies as presented 

in Chapter 1. The results of this research could have implications for persons 

in developed countries -  making a case for a well-balanced, nutritious diet and, 

if necessary, antioxidant supplementation -  as well as for those in developing 

countries where antioxidant-rich produce may not be readily available.

In order to arrive at these conclusions, a simple model was presented, the simplic

ity of which is, as usual, both a strength and a potential weakness. The system of 

only four ordinary differential equations lends itself more easily to analysis; how

ever, even with the simple model, analytical results regarding the stability of the 

internal equilibrium provided no insight and the critical value of the bifurcation 

parameter could not be obtained analytically. Moreover, there are few enough 

parameters that values could be either acquired directly from the literature or
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estimated using the equilibrium population sizes reported in clinical trials. This 

might not be possible with a more extensive model. Yet, the basic model may 

have neglected or over-simplified certain details which may have been important.

In what follows, three directions for future work are presented.

Realistic pharm acokinetics: The model used in this thesis can be extended 

to further investigate the benefits of antioxidant supplementation. In particular, 

it would be useful to incorporate realistic antioxidant pharmacokinetics into the 

system as has been done in models for drug therapy. For example, Wahl and 

Nowak (2000) included a C(f)-dependent viral replication rate in the standard 

HIV model, where C(t) denoted the drug concentration as a function of time. 

Later, Smith and Wahl (2004) used impulsive differential equations to simulate 

therapy. Using this method, dose times correspond to instantaneous increases in 

drug concentration, and are followed by exponential decay. Both of these meth

ods could be used to model antioxidant supplementation, where an additional 

biological feature could be the inclusion of a variable antioxidant decay rate that 

is dependent upon the plasma concentration (Hickey and Roberts 2004).

Enzym atic antioxidants: It would also be interesting to explore the effects 

of enzymatic antioxidants -  glutathione peroxidase and catalase, for example. 

Both of these enzymes are used in the elimination of hydrogen peroxide (H2O2) 

by lowering the activation energy required, and thereby increasing the rate of 

(catalysing) a reaction. Glutathione peroxidase catalyses reactions between H2O2 
and the nonenzymatic antioxidant, glutathione, to produce water. Catalase 

speeds up reactions between H2O2 molecules which result in the production of 

water and oxygen. As enzymes, glutathione peroxidase and catalase are not 

consumed by these reactions; however, they have short half-lives (less than 10 

minutes) (Deshmukh et al. 1997; Carpenter et al. 2001), which could further 

exacerbate the variability already observed in the simple model.
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A ntioxidant supplem entation incorporated  into drug therapy m odels: 

In 2008, Magombedze et al. analysed a model in which three of the HIV vi

ral life-cycle stages are explicitly incorporated, namely: entry of the virus into 

an uninfected CD4+ T  cell, transcription of the viral RNA into DNA, and the 

production of new viral proteins. This model is further extended to include 

the effects of fusion inhibitors, reverse transcriptase inhibitors, and protease in

hibitors. Including antioxidant supplementation in a model such as this could 

prove insightful.

In conclusion, the results of this thesis, along with those of clinical trials, suggest 

that antioxidant supplementation could be an important complement to exist

ing pharmaceutical regimens in certain HIV-infected patients. The observations 

made herein -  a decrease in oxidative stress-induced HIV replication in HIV

positive IDUs due to moderate antioxidant supplementation -  can potentially be 

extended to a much wider population group. It may be hypothesized that such 

supplementation could also be used to delay the initiation of drug treatment in 

persons around the world. It is apparent, then, that alternative therapies should 

continue to be studied. Evidently mathematics has much to contribute in this 

regard.
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