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Abstract

We present new results on different aspects of quantum field theory, which are divided
into three main parts. In part I, we find and prove a new behavior of massless tree-level
scattering amplitudes, including the biadjoint scalar theory, the U(N) non-linear sigma
model, and the special Galileon, within specific subspaces of the kinematic space. We
also derive new formulas for the double-ordered biadjoint scalar and ¢” amplitudes, which
can be obtained as integrals over the positive tropical Grassmannian and under limiting
procedures on the kinematic invariants. This reveals surprising connections with cubic
amplitudes. We also present alternative versions of the formulas for ¢” amplitudes from
combinatorial considerations in terms of non-crossing chord diagrams. In part I, we inves-
tigate the generalization of quantum field theory introduced by Cachazo, Early, Guevara
and Mizera (CEGM) in 2019. We use soft limits to determine the number of singular
solutions of the generalized scattering equations in certain cases and propose a general
classification of all configurations that can support singular solutions. We also describe
the generalized Feynman diagrams that compute CEGM amplitudes. These are planar
arrays of Feynman diagrams satisfying certain compatibility conditions, and we propose
combinatorial bootstrap methods to obtain them. Finally, in part III, we analyze different
types of quark gluon plasmas in the presence of a background magnetic field using top-
down holographic models. We explore conformal and nonconformal theories as consistent
truncations of N' = 8 gauged supergravity and identify a universal behavior in the N' = 2*

gauge theory.

Keywords: quantum field theory, scattering amplitude, Feynman diagram, CEGM am-
plitude, tropical Grassmannian, AdS/CFT, quark gluon plasma.
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Summary for Lay Audience

Quantum field theory provides an excellent mathematical framework for explaining nat-
ural phenomena. In recent years, new approaches have emerged, allowing for the discovery
of novel properties and alternative perspectives on the framework. This thesis investigates
various aspects of quantum field theory. Firstly, we focus on scattering amplitudes, the
primary physical observables of the theory that determine the likelihood of a scattering
process, and which are tested in particle accelerators. Our research identifies new proper-
ties of scattering amplitudes for massless particles, and introduces new formulas for their
computation using the positive tropical Grassmannian space. Our study is motivated by
the fact that obtaining new information on the behavior and structure of scattering ampli-
tudes is important in order to understand what makes such functions special and relevant

to the physical world.

In addition, we explore the recent CEGM generalization of quantum field theory. Its
physical relevance is still mysterious, but we study it with the aim of developing new tools
for learning more about nature. Specifically, we analyze solutions to the equations that
govern the CEGM formula and characterize the objects that compute the corresponding

generalized amplitudes from a more familiar quantum field theoretic perspective.

Finally, we use the AdS/CFT correspondence, a duality between a quantum field the-
ory and a gravitational theory, to study aspects of the quark gluon plasma, a state of
matter similar to that which prevailed in the early universe and that can be reproduced
in experiments. We identify a universal behavior in a theory with intrinsic scale which
partially resembles the theory of quantum chromodynamics. This enables us to gain a

better understanding of the properties of more realistic quark gluon plasmas.

Overall, this thesis presents new insights into quantum field theory observables, as well
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as exploring aspects of the CEGM generalization and the potential of the AdS/CFT duality

for enhancing our knowledge of the physical world.
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“For beauty is the only thing that time cannot harm. Philosophies fall away like sand,
and creeds follow one another like the withered leaves of Autumn; but what is beautiful is a

joy for all seasons and a possession for all eternity.”

Oscar Wilde

“I've dreamt in my life dreams that have stayed with me ever after, and changed my
ideas: theyve gone through and through me, like wine through water, and altered the colour
of my mind. And this is one: I'm going to tell it — but take care not to smile at any part

of it.”

Emily Bronté
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Below is the planar collection of 5-point Feynman diagrams obtained by

pruning the leaves 1,2, ..., 6 of the above Feynman diagram, respectively.

xx111

171



2.3

5.4

2.5

6.1

6.2

An example for a 6-point initial planar matrix. Above we show a 6-point
Feynman diagram. Below there is a symmetric matrix of 4-point Feynman
diagrams obtained by pruning two leaves from the set 1,2,--- ,6 at a time
of the above Feynman diagram. The Feynman diagram from the i*" column

and j™ row has the i*" and j** leaves pruned. . . . . . ... ... ... ..

The five k = 2 planar Feynman diagrams and their corresponding collections

in (k,n) =1(3,5). . . . .

[lustration of the second combinatorial bootstrap for obtaining planar ma-
trices of Feynman diagrams. Here we choose C{l), Céz) and Cf?’) as the first
three columns and then get a symmetric planar matrix by filling in the

remaining three columns with C§4), C£5) and CéG). See also table 5.3.

Anisotropy parameter R = Pp/Pp, for conformal models CFT,, (black
curves), CFTsry (blue curves), CFT py,,—o (green curves) and CFT pyy;— oo
(red curves) as a function of 7'/v/B. RerTpy,p_o. 18 Tenormalization scheme
independent; for the other models there is a strong dependence on the renor-
malization scale ) = In %: different panels represent different choices for d;
all the models in the same panel have the same value of ¢, leading to identical

high-temperature asymptotics, T/v/B > 1. . . . . . ... ... ... ...

Renormalization scale ¢ is adjusted separately for the CFT .4, CFT g7 and
CFT pw,m—o models (see (6.7)) to ensure that in all these models the pressure
anisotropy R = 0.5 occurs for the same value of \/lg as in the CFT py =0
model (see (6.6)). This matching point is highlighted with the dashed brown

lines. . . .
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6.3

6.4

Entropy densities s in conformal models, relative to the entropy densities
of the UV fixed points sy at the corresponding temperature (see (6.8)), as
functions of 7'/v/B: CFTiag (black), CFTgry (blue), CET pym—o (green)
and CFTpw,m—oo (red). Left panel: vertical dashed lines indicate critical
temperatures T,,.;; separating thermodynamically stable and unstable phases
of CFTpw.m—o (green) and CFTpy -0 (red) models. Right panel: the
dashed black line is the small-T" asymptote of the relative entropy in the
CFTgay model, see (6.9). . . . . . .. . o

Anisotropy parameter R = Pr/Pp for nonconformal models nCFT,, for
select values of the hypermultiplet mass m, see (6.10), as a function of T'/v/B
(solid curves; from pink to dark blue as m increases). The dashed red curve
is a benchmark model CFT pyy,,—o — where the anisotropy parameter is
renormalization scale independent. In the left panel the renormalization
scale is set to § = 4 for all nCFT,, models; in the right panel it is separately
adjusted for each nCFT,, model to ensure that all the curves pass through

the matching point, highlighted with dashed brown lines. . . . . . . . ..
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6.5

6.6

Left panel: entropy densities s in nCFT,, models, relative to the entropy
density of the UV fixed point (the N' = 4 SYM in this case) syy at the
corresponding temperature (see (6.8)), as functions of T'/+/B. Color cod-
ing of the solid curves agrees with that in figure 6.4 — see (6.10) for the
set of the hypermultiplet masses. Additional dashed and dotted curves cor-
respond to additional values of m, within the same interval (6.10). Each
nCFT,, model has a terminal critical point. In the right panel we show this
for the model with m/+/2B = 1: the brown lines identify the critical tem-
perature Te it/ VB and the relative entropy at the criticality s /suv (these
quantities are presented in figure 6.7). “Top” solid black curve denotes the
thermodynamically stable branch and "bottom” dashed black curve denotes

the thermodynamically unstable branch (see figure 6.6 for further details).

nCFT,, model with m/+/2B = 1 is used to highlight phases of the anisotropic
plasma. Following (6.3) we evaluate the constant-B specific heat of the
plasma. The dashed brown lines highlight the location of the critical point.
Left panel: the specific heat diverges as one approaches the critical temper-
ature; it is negative for the branch denoted by the dashed black curve (see
also the right panel of figure 6.5), indicating the thermodynamic instability.
Right panel: (cg/s)™2 vanishes at criticality, with nonvanishing slope. This

implies that the critical exponent o = %, see (6.11). . . .. ... ... ...
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6.7

E.1

E.2

nCFT,, models as well as the conformal models CFT pyy,,—0 and CFT pyym—oo
have terminal critical temperature, separating thermodynamically stable
and unstable phases. In the left panel we present T,.;/ V/B as function
of m/ V/2B; in the right panel we present the relative entropy at criticality
v = 5" /sy (6.13). The dots represent results for the nCFT,, models; the
dashed horizontal lines (left panel) represent the critical temperature for the
CFT pw,m—o model (green) and the CFT py,m—oo model (red). The dashed
black curve (right panel) represents the asymptote of  as m/v/B — oo, see
(6.14). « o oo

Left: the first four particles are gauge-fixed. This creates 5 repelling lines,
drawn in black, and particle 7 must be on the line that passes through 1
and 4. Center: we now consider the situation in which the soft particle 7
is in the outside-right(left) of the square [0,1]?. Right: particles 5 and 6
must lie on the blue dashed lines created by particles 7, 2 and 3. This only
happens if both particles bound each other through particle 4(1) (red and
orange lines). The two grey bounded chambers are those where particles 5

and 6 can be. . ...

Left: the first four particles are gauge-fixed. This creates 5 repelling lines,
drawn in black, and particle 7 must be on the line that passes through 1
and 4. Center: we now consider the situation in which the soft particle 7 is
inside the square [0, 1]%. Right: particles 5 and 6 must lie on the blue dashed
lines created by particles 7, 2 and 3. This only happens if both particles
bound each other through particle 4(1) (red and orange lines). The two grey

bounded chambers are those where particles 5 and 6 can be. . . . . . . ..
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E.3

E.4

F.1

Left: the first four particles are gauge-fixed. This creates 5 repelling lines,
drawn in black, and particle 7 must be on the line that passes through 1
and 4. Center: we now consider the situation in which the soft particle 7
is inside the square [0, 1]%. This means that e.g. particle 5 must be in one
of the two existing bounded chambers. Right: particles 5 and 6 must lie on
the blue dashed lines created by particles 7, 2 and 3. If we choose particle
5 to be e.g. in the lower-right bounded chamber, this creates 3 additional
repelling lines, drawn in orange, which leave four bounded chambers where

particle 6 can be, shown in grey. . . . . . .. .. ... L 0L

Top-Left: particles 1, 2, 3 and 4 are gauge-fixed. This creates 5 repelling
lines, and particle 8 must be on the line that passes through the two black
points, which correspond to particles 1 and 4. Particles 2 and 3 are sent to
infinity. Top-Right: we now consider e.g. the third situation seen in E.0.1.
The two new black points correspond to particles 5 and 8, and new repelling
lines appear due to their interaction with the other particles. Bottom: if
we choose particles 5 and 6 to be e.g. on the two different original bounded
chambers (see Top-Left figure), this leaves us with 41 bounded chambers

where particle 7 can be. . . .. ... L o

Four projections from the viewpoint of particles 2, 3, 4 and 5, respectively,
of the two bounded chambers (shown in blue and red) for the topology type
3 in table 4.1 and near the soft limit. Here we represent the case in which the
soft particle is bounded by the blue chamber. The green edges correspond
to shared edges by the blue and red chambers. In the strict soft limit, the

two bounded chambers collapse to a point where the soft particle lies. . . .
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F.2

G.1

G.2

J.1

Four projections from the viewpoint of particles 2, 3, 4 and 5, respectively,
of the two bounded 4-simplices (shown in blue and red) for the topology
type 4 in table 4.1 and near the soft limit. In the strict soft limit, the two

bounded chambers collapse to a point where the soft particle lies. . . . . .

Two n-point cubic trees with pairs ¢ and j joined by the vertex a. . . . . .
Two (n—1)-point cubic trees with external edges el = ) and elB) = fB)

such that d;‘?) = dgf) ...............................

Numerical checks of the first law of thermodynamics d€ = T'ds (left panel,
fixed B and m) and the basic thermodynamic relation F = —Pp (right
panel) in the nCFT,, model with m = v/2B. The dashed parts of the curves

indicate thermodynamically unstable branches of the model. . . . . . . ..
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Chapter 1

Introduction

An important part of all the observed natural phenomena can be explained from quantum
field theory. This theoretical framework seamlessly blends two foundational pillars of the-
oretical physics, quantum mechanics and special relativity, both of which were established
in the early 20th century. Quantum field theory provides the foundation for our under-
standing of interacting physical systems, and its many remarkable scientific achievements

include the prediction of the anomalous magnetic moment of the electron [173].

Among the most fundamental physical quantities we find scattering amplitudes, which
determine the probability of a scattering process to happen, and as such they serve as the
primary physical observables in quantum field theory. Scattering amplitudes can be tested
at high energy colliders like the Large Hadron Collider (LHC), and thus build important
bridges between theory and experiments. In fact, scattering of particles at the LHC is

what triggered the discovery of the Higgs boson in 2012 [1].

In 1949 Feynman and Dyson introduced a robust way for computing scattering ampli-

tudes perturbatively by summing over diagrams which make local interactions and unitary



evolution in spacetime manifest [116, , |. Each of these diagrams represents a pos-
sible way the scattering could happen, and they evaluate to a mathematical expression.
These are known by the name of Feynman diagrams. They were originally introduced to
compute scattering between electrons and photons, described by the theory of quantum
electrodynamics (QED). Later on, Feynman diagrams were also used for calculating col-
lisions of other particles like quarks and gluons, which constitute the building blocks of

atomic nuclei, governed by the non-Abelian theory of quantum chromodynamics (QCD).

However, this diagrammatic approach turns out to be most of the time impractical
and, perhaps more crucially, it obscures properties inherent to scattering amplitudes. As
a prime example, Parke and Taylor proposed in 1986 an extremely compact formula for
the maximally helicity violating (MHV) sector of scattering amplitudes of gluons [176],
in contrast with the huge number of terms that would appear from Feynman’s method
due to the introduction of spurious terms. This important result opened the door for new
ideas for computing and understanding scattering amplitudes from different perspectives,
making new properties manifest at the cost of obscuring already known ones, and some
without even making any reference to spacetime [22]. In fact, it was in 2003, after Nair’s
work [171], when Witten introduced a groundbreaking method for computing scattering
amplitudes [206] by formulating the S-matrix of N/ = 4 super Yang-Mills (SYM) —a
supersymmetric “relative” of QCD— from correlation functions of a certain string theory
obtained by integrating over the moduli space of maps of punctured Riemann spheres
to twistor space CP** [182, 73, 79, 82]. Another major breakthrough in the field was
due to Britto, Cachazo, Feng and Witten (BCFW) in 2005 |18], when they developed
recursion relations for constructing scattering amplitudes just from knowledge about the

their analytic structure, and other physical properties [35].

There has been an increasing interest in the study of massless particle scattering in the



last years, one of the reasons being the simplifications they evoke. But there is a more
fundamental motivation for studying them: most of the particles of the Standard Model
are effectively considered massless at high enough energies, with the exception of the Higgs
boson and probably the neutrinos® [179, |. Therefore, gaining a deeper understanding

of the scattering of massless particles can be of significant physical importance.

1.1 S-matrices in QFT and CEGM amplitudes

One approach of particular interest for this thesis will come from the CHY formulation,
proposed by Cachazo, He and Yuan in 2013 [75, 76, 77, 78]. This is a unifying formula that
computes tree-level scattering amplitudes in arbitrary spacetime dimensions for different
theories of massless particles, like scalars, gluons or gravitons. The CHY formula does not
make use of Feynman diagrams, but is an integral defined in the moduli space X (2,n)?
of n points on a one-dimensional complex projective space CP'. This formula extended
Witten’s approach to formulate various quantum field theory amplitudes from a worldsheet

perspective. It has the form?

A, :/d,unILIR

! Although the neutrinos were considered massless when the Standard Model of particle physics was
established.

2This space is most famously known as M ,,, the moduli space of genus zero Riemann surfaces with n
punctures.

3Throughout the thesis we will assume that momentum conservation holds, and will therefore not write
the amplitude as a distribution.



where Z;, and Zg are theory dependent “half-integrands”, making properties like the double

copy [37] manifest. The measure can be written as

dlu’n = (‘Z]ijHkZDQ H do_aé(Ea) )
1<a<n
O/#i?j?k

with |ab| := o, — 03, being the Pliicker coordinates on X (2,n) and o, the position of the
punctures, and is independent of the choice of 7,7,k [73]. A key element in the CHY

formula are the scattering equations

Sab
E, = E - =0,
Oq — Op

1<b<n
b#a

with s. := (pa + pp)?, which connect the space of kinematic invariants to X (2,n). These
equations can also be computed as the critical points of an SL(2,C) invariant potential

function

S= Y saloglad],

1<a<b<n
and have appeared in different contexts like in the tensionless regime of string scattering
[113, , , , 14]. The scattering equations completely localize the CHY integral on

their (n — 3)! solutions {aés)}szlw (n—3) and allow us to write the amplitude as

3]

(n=3)! , .. . .
(lij]5K|[Ki])>

TS ()

I1. 1R

aa:al<f>

The weights of the measure and the half-integrands under SL(2, C) transformations on the
punctures make the CHY integral SL(2, C) invariant.



There are plenty of theories known to have a CHY representation 78], and we will
study some of them in chapter 2 in order to prove a new behavior developed by scattering
amplitudes on certain subspaces of the kinematic space. The simplest scattering amplitudes
that admit a CHY representation are those of the biadjoint scalar theory [77]. This is a
theory with a U(N) x U(N) flavour group and a scalar field in the biadjoint representation
with cubic interactions. Its tree scattering amplitudes can be color-decomposed [161] in
terms of partial amplitudes m,(«, ), which depend on two orderings o and 5. In their

CHY representation, the half-integrands are given by the Parke-Taylor functions PT(«)

and PT(5), defined as
1

T 120123 nd]

PT(12---n)

These biadjoint scalar amplitudes have also shown to be important e.g. as key elements in
the field-theory Kawai-Lewellen-Tye (KLT) relations between pure gravity and Yang-Mills
scattering amplitudes [153, 38, 40, 75, 76, 77, ]. They can also be defined in terms of

Feynman diagrams or metric trees, as described later in chapters 2 and 3.

In 2019 Cachazo, Early, Guevara and Mizera (CEGM) proposed a natural generalization
of the scattering equations to higher dimensional projective spaces CP*~* [71], showing
deep connections with tropical Grassmannians [195, , |. We will start exploring
this connection in chapter 3 for £ = 2, which is when the generalization reduces to the
quantum field theory realm, where we will construct new formulas that compute scattering

amplitudes for various massless scalar theories.

The generalized scattering equations are now computed as the critical points of an

SL(k, C) invariant potential function

k) .__
Sh) .— E Say.a9....ay, 108|a1, A, ..., ak]

1<a1<az<...<arp<n



where Sg, 45,0, are completely symmetric rank-£ tensors corresponding to generalized

k
kinematic invariants, which satisfy analogous momentum conservation and masslessness
conditions. The moduli space on which the generalized scattering equations are defined
can be written as a quotient of the Grassmannian G(k,n) by the torus action on each of
the columns of a matrix representative of a k-plane, i.e., X(k,n) := G(k,n)/(C*)", and

|ay, as, ..., ax| can be thought of as Pliicker coordinates on X (k,n). In chapter 4 we will

study the generalized scattering equations, and in particular their number of solutions.

The CEGM generalization begs for an analogous definition of the CHY integral for the
biadjoint theory, and in [71] CEGM proposed the following integral

miP(a,8) = [ auPT(@)PT® (3

994

to compute a “higher-k amplitude””, where the higher-k Parke-Taylor functions are defined

as
1

12 K||23 - k+ 1| |nl-k—1]

PT(k)(IQ o) =

In chapter 4 we will give a more extensive review of this formula, including the measure
dugﬂ), and in chapter 5 we will describe the analogous objects to Feynman diagrams that

compute these generalized CEGM amplitudes.

4Throughout this thesis we will use the terminology “higher-k amplitude”, “CEGM amplitude” or “gen-
eralized amplitude” to refer to the CEGM generalization of biadjoint amplitudes. But it is well to keep
in mind that there might exist an analogous generalization for other theories, especially after the recent
introduction of color factors [72]. The study of this possibility is, however, beyond the scope of this thesis.



1.2 Holographic Quark-Gluon Plasmas

One of the peculiarities of QCD is that at low enough energies the theory becomes strongly
coupled, and quarks and gluons find themselves forming hadrons. This phenomenon goes
by the name of confinement, and in this situation perturbation theory is not useful anymore.
It is at much higher energies when the coupling becomes very small (at energies way above
a characteristic energy scale of roughly 300 MeV [207]) and perturbation theory can be
used. Moreover, deep in the past the universe was in a very high temperature state, one
in which quarks and gluons were deconfined and formed a strongly coupled state of matter
known as the quark gluon plasma (QGP). In fact, this plasma is currently created at
particle accelerators like RHIC or the LHC from high-energy collisions, where after some

time it cools down back to the hadronic phase.

It is therefore important to use nonperturbative methods for studying strongly coupled
non-Abelian plasmas if we want to have a better general understanding of QCD. For that
purpose, one can resort to one of the deepest discoveries in theoretical physics of the last
decades: the AdS/CFT correspondence, also known as holography or the gauge/string
duality [160, , , 8]. AdS/CFT is a conjectured duality between a quantum field
theory and a string theory living in a higher dimensional spacetime. The first example
of an AdS/CFT correspondence was due to Maldacena in 1997 [160], which relied on the
physics of D3-branes [178]. The duality involves N' = 4 SU(N.) SYM on 4-dimensional
Minkowski spacetime, which is a conformal field theory (CFT), and type IIB string theory
on AdSs x S°. This duality is an example of a theory of quantum gravity, which can be

described in terms of an ordinary quantum field theory.

While /' = 4 SYM is characterized by the coupling constant g and the rank of the gauge
group N, (i.e. the number of colors), type IIB string theory on AdSs x S® is characterized



by the string scale [, in units of the curvature radius L, and Newton’s constant G. One
can show that the following relations between parameters follow®

L& L8 L4

G 13 4
where [p is the Planck length and A\ = ¢?N, is 't Hooft’s coupling constant. One of the
powers of AdS/CFT is that in the limit ¢ — 0 and N, — oo, such that A — oo, the theory
simplifies and can be approximated by classical (super)gravity, i.e. described by Einstein’s

general relativity equations.

The duality suggests the following identity for the partition functions on both sides

Zerr(¢) = Zstring(Ploads) »

where ¢ is a source on the CFT side and ®|ya45 = ¢ is the value of a string field ® at
the AdS boundary. Note that Zcpr(¢) allows for the computation of correlation functions
of gauge invariant operators, and therefore includes all the physical information about the
theory. Moreover, in the large NN, limit the right hand side reduces to0 Zgying(P|oads) ~
exp[—Sgrav(¢)], Where Sgray(¢) is the on-shell supergravity action. This means that we can
study a strongly coupled gauge theory with a large number of colors, i.e. in the planar limit
[200], from a classical theory of gravity living in a higher spacetime dimension. Since S°
is a compact manifold, it is convenient to dimensionally reduce and get a tower of Kaluza-
Klein modes in AdSs. In this way the holographic principle is realized [201, , A1), with
the extra dimension in the bulk being related to the direction of the renormalization group

flow of the gauge theory.

Despite the fact that N' = 4 SYM is different than QCD, e.g. in the number of

SHere we are omitting numerical factors, which are irrelevant for the argument.



colors or in that it is conformal and highly supersymmetric, studying this theory and other
holographic models has led people to infer important ideas in the understanding of the
properties of the QGP and the strongly-coupled dynamics of QCD, including predictions
for real world physics [155, , 50, 33, , , , , , b7, 58, 51, 34, 91, ,

, 24, , , b9, , , , , |. In fact, by introducing a finite temperature
one obtains a deconfined thermal state for the strongly coupled gauge theory, keeping
some qualitative resemblance with QCD, which is nowadays understood to be dual to a
black brane background on the gravity side [128]. One can even generate confinement, e.g.
from D4-branes followed by compactifying one dimension on a circle [205]. In chapter 6
we will perform an analysis for different QGPs under a background magnetic field, using
holographic models for both conformal and nonconformal gauge theories with N =4 SYM
as their ultraviolet fixed point. For example, we will focus on the N' = 2* gauge theory,

which is a mass-deformed version of N' =4 SYM, and is therefore nonconformal.

The advancements quantum field theory has brought into the understanding of the
natural world can only be seen with admiration, and the unknown yet to be discovered is
approached with excitement. In this thesis we take a modest step towards a better un-
derstanding of some quantum field theoretic aspects, from both the perturbative and the
nonperturbative approach. The thesis is divided into three differentiated parts: part I con-
sists of chapter 2, in which we discover and study a novel behavior developed by scattering
amplitudes that we call 3-splits; and chapter 3, where we present novel formulas for com-
puting scattering amplitudes from the positive tropical Grassmannian Trop™G(2,n). In

part IT we depart from the quantum field theory realm and analyze aspects of the CEGM



generalization of quantum field theory, where we study the solutions of the generalized
scattering equations using soft limits in chapter 4, and in chapter 5 we describe the gen-
eralized Feynman diagrams that compute CEGM amplitudes for any k. Finally, in part
1T we study strongly coupled QGPs from various holographic models under a background

magnetic field, whose analysis is presented in chapter 6.
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PART 1
Scattering Amplitudes

The first part of the thesis will explore novel aspects of massless tree-level scattering am-

plitudes for different quantum field theories.

In the first chapter of this part we discover and present a novel behavior developed by
certain tree-level scalar scattering amplitudes, including the biadjoint, the U(N) non-linear
sigma model (NLSM), and the special Galileon, when a subset of kinematic invariants
vanishes without producing a singularity. This behavior exhibits properties which we call
smooth splitting and semi-locality. The former means that an amplitude becomes the
product of exactly three amputated currents, while the latter means that any two currents
share one external particle. We call these smooth splittings 3-splits. As they cannot be
obtained from standard factorization, they are a new phenomenon in quantum field theory
(QFT). Along the way, we also show how smooth splittings naturally lead to the discovery
of mixed amplitudes in the NLSM and special Galileon theories and to novel BCFW-like
recursion relations for NLSM amplitudes. Finally, we present a discussion of potential

future research directions based on the insights gained from our results.

In the second chapter we present new formulas for computing tree-level scattering ampli-

11



tudes as integrals over the positive tropical Grassmannian Trop*tG(2,n), thus producing
a global Schwinger parameterization. In particular, we present formulas for the double-
ordered partial biadjoint scalar and for ¢* theories. The new formulas are obtained by
applying a limiting procedure on the kinematic invariants. We perform a combinatorial
study of this procedure, start the exploration of analogous formulas for general ¢P theories
and discover that ¢P amplitudes can be expressed as a sum of products of cubic amplitudes.
We also investigate physical properties like factorization and soft limits, and end with a

discussion on various ideas related with our results.
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Chapter 2

Smoothly Splitting Amplitudes and

Semi-Locality

2.1 Introduction

Unitarity and locality are the basic pillars of quantum field theory. Using them as con-
straints on the S-matrix allows for the construction of scattering amplitudes using recursion
relations such as the BCFW [48, 47, 46| or Berends-Giele [93] techniques. At tree-level',
unitarity implies that scattering amplitudes have simple poles of the form 1/(P? —m? +ie),
with P the sum of momenta of a subset of particles participating in the process and m
the mass of a particle in the spectrum of the theory. Moreover, the residues are also com-
pletely determined to be the product of two smaller scattering amplitudes; this property is

called factorization. The original set of particles is partitioned into two sets, often called

nstead of restricting to tree-level, the correct way to describe this is by saying that one-particle states
in the completeness relation imply the presence of poles. In this chapter we only work at tree-level so the
restriction is enough.

13



“left” and “right”. The two amplitudes in the residue only share an “internal” particle, with
momentum P, which is taken to be on-shell, i.e. P? =m?2. Now, locality is the statement
that tree-level amplitudes do not have any other kind of singularities which makes clear the
power of the constraints in their computation. There is an important caveat; unitary and
locality constrain singularities at finite momenta and unless emergent symmetries at large
momenta are present [19], there could be singularities at infinite momenta which prevent

the complete reconstruction of the amplitude [35, 110].

Scattering amplitudes in theories with color/flavour are dramatically simplified by the
color decomposition into partial amplitudes [93]. The main reason for the simplification
is that each partial amplitude can only contain a certain subset of all possible poles the
full amplitude can have. These are called planar poles. For the canonical ordering I =
(1,2,...,n), the only possible poles are of the form 1/(p; + pir1 + ... + Pirm)?. From
now on we restrict our attention to massless theories and only to the canonical ordering.

Therefore we will simply refer to it as the planar ordering.

Conventional wisdom would say that in regions where kinematic invariants of the form
(pi + p;)? vanish and are not planar then a partial amplitude would not have any inter-
esting behavior. In this chapter we show that in fact there are subspaces in the space of
kinematic invariants where some non-planar kinematic invariants vanish and the partial
amplitude becomes the product of lower point objects without becoming singular. We call
the resulting behavior of amplitudes a smooth splitting and the corresponding subspace of

kinematics invariants split kinematics.

Unlike standard factorizations, smooth splittings are semi-local, i.e., a particle can
participate in two of the factors. Each factor is not an amplitude but an amputated
Berends-Giele current (see e.g. [159]) as they possess one emerging leg which is off-shell.

The current is said to be amputated because the propagator corresponding to the off-shell

14



leg is not present.

We find that amplitudes factor in exactly three pieces and we call the corresponding
behavior a 3-splitting. When one of the amputated currents only has two on-shell external
legs, it becomes trivial, i.e. it is a constant. In such degenerate 3-splits, all original particles
but one are either in the “left” or “right” currents while exactly one on-shell external particle
is in both. In general 3-splits, each pair of currents shares an external on-shell particle.

We call this phenomenon semi-locality.

A very important property of 3-splits is that they cannot be obtained from standard
unitarity or factorization arguments and thus they do not have any close analog within
the standard QFT literature. However, in the recent generalization of QFT amplitudes
known as CEGM amplitudes [71], analogous 3-split behavior is common but it appears as

the residue of a pole.

A simple way to define split kinematics is by using the structure of the matrix of
Mandelstam invariants with entries s,;. Start by introducing three rows and columns
labeled by (i, j, k) with i < j < k with non-zero entries and not all three labels cyclically
adjacent. Without loss of generality we often set ¢ = 1. This gives the matrix a “tic-tac-toe”
structure. In other words, the matrix now has nine chambers. Split kinematics simply sets
to zero the elements s,; in the six non-diagonal chambers. A schematic representation is

given in figure 2.1.

Here the dark entries are non-zero while white entries are zero. Of course, since we are
dealing with massless particles any invariant of the form s, , is zero and hence the white

diagonal.

There are exactly (g) — n 3-splits. Incidentally, this is also the dimension of the space

of kinematic invariants of generalized £k = 3 CEGM amplitudes and in particular it is the
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Figure 2.1: Matrix of Mandelstam invariants s, for the n = 27 split kinematics (1, 10, 19),
having set to zero all s,;’s in the unshaded regions.

number of planar basis elements, each of which characterizes a pole [107]. Degenerate 3-

splits are achieved when two of the labels (i, j, k) are consecutive in the canonical ordering.

The simplest non-trivial 3-split is obtained from the n = 6 biadjoint partial amplitude
me(I,T) under the (1,3,5) split kinematics, i.e, by setting soqy = s46 = Sg2 = 0 and the

result is given by

1 1N/1 1\/1 1
rnl (L YL, 1N (L, 1Y 2.1
mﬁ( ) )‘sphtkln. (812 + 823> (334 T 845) (356 + 861) ( )

This example is discussed in detail in section 2.2. Here we only point out the semi-local
character of the expression since particle 3 participates in the first and second factor,
particle 5 in the second and third, and particle 1 in the third and first. It is also clear
that any of the three factors are obtained from a four-point (three on-shell) Berends-Giele

current by amputating the propagator of the off-shell leg. For example, in the first factor
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the off-shell leg has momentum P; = —p; — ps — p3 and P? = s193 # 0.

2.1.1 Main Results

Now we present the main results in the chapter. We show that on the (4, 7, k) split kine-

matics subspace, the biadjoint partial amplitude becomes the product
Mo (LD piowin, = T Gi+ 10 =10 T (G +1, . k=1L k)T (k k41, ... i—1,4). (2.2)

We further show that J(1,2,...,m) denotes an amputated current with the off-shell leg

carrying momentum —(p; + pa + -+ - + Py)-

Surprisingly, we find that not only biadjoint amplitudes exhibit smooth splitting but
so do non-linear sigma model (NLSM) [151] and special Galileon amplitudes [78]. The
special Galileon theory does not have color/flavor ordering and thus it seems to be outside
the scope of the construction. However, the derivative interactions manage to keep the
amplitude finite in the limit as split kinematics is approached. In both NLSM and special
Galileon amplitudes, smooth splitting produces currents in their corresponding extended
theories, as defined by Cachazo, Cha, and Mizera (CCM) [65]. In fact, the smooth splitting
behavior provides a new approach to discover the extended theories without resorting to

soft limits.

In very schematic form, NLSM and special Galileon amplitudes split as follows,

AELSM(]I)‘SPlit i, = JNESM(T) JNLSME? (L[ B1) JNLSME? (I2[B2) (2.3)
and
AZGal split kin. = jSGal jSGBJGB(f?B (ﬂl) jSGal®¢3 (52) (24)
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where I; and ; are planar orderings of certain subsets of particle labels. These formulas

are derived in section 2.4.

As explained above, having knowledge of the behavior of amplitudes in regions of the
space of kinematic invariants can be used to partially or totally reconstruct them. Split
kinematics provides novel regions that can be used in addition to unitarity to constrain
amplitudes. In fact, NLSM amplitudes are examples where standard recursive techniques
do not work [151]. This motivated the use of soft-limits in their recursive construction [37].
Here we show how smooth splitting leads to novel BCFW relations for NLSM amplitudes

that do not require knowledge of soft limits.

More precisely, the new BCFW construction induces split kinematics at two points on
the one-dimensional deformation space, chosen to be z = 1 and z = —1. We prove that

the following formula,

NLSM
AELSMGI) _ L d,zA (2)7
z(1—22)

271 |z|=€

provides a recursion relation without contributions at infinity. As an example we obtain a

new formula for the six-point amplitude

(S12 + S23 — S123)(S45 + Ss6) n (S23 + S34)(S56 + S61 — S234) n
5123 5234
2.5
(S34 + Sa5 — S345)(Se1 + S12 — S345) (2:5)

5345

ARSI =

+ 834 + S45 — S345-

The chapter is organized as follows. We start in section 2.2 with examples that motivate
and illustrate smooth splitting and split kinematics. This kinematics generically leads to
smooth 3-splits but we also point out the border cases in which it produces smooth 3-
splits with only two nontrivial factors. In section 2.3, we study 3-splits in the biadjoint

theory. We prove the general formula in terms of three amputated currents using the CHY

18



formalism. In section 2.4, we consider NLSM and special Galileon amplitudes. In section
2.5, we use smooth splittings to derive novel BCFW-like recursion relations for NLSM
amplitudes in which soft limits are not required. In section 2.6 we discuss relations to
soft limits, generalizations to other theories, soft triangulations and conncetions to CEGM

amplitudes.

2.2 Split Kinematics

The purpose of this section is to give a presentation of our main results with the biadjoint
theory as an example; further discussion and proofs are given in subsequent sections,

including extensions to other theories.

We first introduce split kinematics in Definition 2.2.1 for Mandelstam invariants s; ;
and later for planar basis invariants s; ;11 ;. We shall always assume that a triple (¢, j, k)

has the cyclic order ¢ < 7 < k.

Definition 2.2.1. Given any triple of distinct indices i, j, k that is not a (cyclic) interval
in {1,...,n} of the form (a,a + 1,a + 2), say with with 1 < i < j < k < n, the split
kinematics subspace is characterized by the following condition: s, = 0 whenever the pair

(a,b) interlaces the triple (i, j, k), having modulo cyclic rotation

a<i<b<j<k, or
a<j<b<k<i, or (2.6)
a<k<b<i<y.

For example, for n = 7 particles and the triple (1,3,6), the split kinematics subspace is
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cut out by the equations

894 = 0, 895 =0, S97 =0, s47 =0, 857 =0.

We first formulate the notion of a smooth split in full generality, in the prototypical

case, the biadjoint scalar partial amplitude m,, (I, I), and then show that only the case of

a smooth 3-split can be achieved by a suitable restriction of the amplitude to a subspace

of the kinematic space.

The definition of the biadjoint theory can be found e.g. in [78]. Here we only provide

the definition of m,, (I, I) as it is our main object of study.

Definition 2.2.2. Let T be the set of all planar unrooted binary trees with n leaves. A

momentum vector, p € RYP~L with p? := p-p = 0, is assigned to each leaf such that

Sab = (Pa+pp)? and p1+pa+...+p, =0. Given a tree T € T, each edge e of T partitions

the leaves into two sets L. U R. = [n|. Clearly,

The partial biadjoint amplitude then given by

ma(ILI) =) !

TeT HeGE(T) P62
where E(T) is the edge set of T'.

Definition 2.2.3. For any d > 2, a smooth d-split is a decomposition

mn(]L H)‘splitkin. = j(jla v 7j2)l-7<j27 s 7j3) o 'j(jda .o 7j1)7
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where each J(a,...,b) is an amputated current, with exactly one off-shell leg.

In fact, we claim that in Definition 2.2.3, only the case d = 3 is possible. Assuming

this for now, then we have the following cases.

1. No pair of labels is cyclically consecutive, that is

{(j17j2>a (j27j3)7 (j37j1)} N {(172)7 (273>’ T (nv 1)} = @

In this case, all three factors are nontrivial amputated currents.

2. If exactly one pair is cyclically consecutive, say (j3, 1) = (Js,js+1) (modulo n), then

J(Js,---,j1) = 1 and equation (2.8) reduces to
mn(]L H)‘splitkin. = j(jl? v aj2)‘-7<j27 CIE ajl - 1) (29)

3. If two pairs are cyclically consecutive, so the triple is a single cyclic interval (j, 7 +

1,7 + 2), then no condition is imposed on the kinematics.

Evidently, the (’;) —n nontrivial smooth 3-splits are in in bijection with the interior tripods
in a polygon with cyclic vertices, or equivalently, collections of triples (i, 7, k) such that no

two pairs of indices are cyclically adjacent.

Now we show that only d = 3 can be achieved by restricting m,, (I, 1) to some subspace

of the kinematic space?.

The argument is very simple. First note that by equation (2.7), a biadjoint amplitude

my, (I, I) must have degree —(n—3) in the Mandelstam invariants (or in physics terminology,

2Here we are assuming that the s,; are formal variables; later we shall specialize to the case when they
are inner products of momentum vectors.
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mass dimension —2(n — 3)). Now, an amputated current is nothing but an amplitude with
one leg off-shell, i.e. such that one of the corresponding momentum vectors does not have
zero Minkowski norm. Therefore the degree of a current agrees with that of an amplitude

with the same number of legs.

Supposing that we had a smooth d-split as in equation (2.8), then the degree of the
product would be

(Jer1 —Je — 1) = =(n —d), (2.10)

d
=1

t

where the indices are cyclic modulo n, which matches the degree of m, (I,1) only when

d = 3. Thus, smooth d-splits cannot occur for d # 3 as such.

2.2.1 Split Kinematics: Planar Poles

Here we describe how the conditions imposed by split kinematics translate into planar pole
decomposition. All relations between planar basis elements that occur when imposing split

kinematics have the form

8a17a27---7am - Sa17a2a---7ar + Sa’/"'?a/r‘f’l ----- am

for a; < a, < a,, modulo n. To state the criterion determining which planar poles decom-
pose in this way it is convenient to draw the n indices 1,...,n on the boundary of a disk.
Given a split (4, j, k), then we connect the three legs 7, j, k in the center of the disk to form
a tripod, as in figure 2.2, which partitions the disk into three connected components which
we identify with the amputated currents themselves. The split kinematics conditions in
terms of planar pole decomposition are given by the following. One has to draw all possible

arcs joining two labels on the disk so that they cross one leg of the tripod. For example,
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Figure 2.2: The tripod (1,4,8) for n = 12 particles.

an arc joining labels 2 and 6 in figure 2.2 is a valid arc since it crosses leg 4. If we call an
arc joining labels a; and a,, as {ai,as,...,an}, with a; < ay < -+ < a,, modulo n, and

provided the arc only crosses the tripod leg r, this corresponds to the condition

8a17a27---7am - Sa17a2a---7ar + SaryarﬂLl ----- am *

This is pictorially expressed in figures 2.3 and 2.4, where the arcs are represented in red

curved lines.

Figure 2.3: Planar basis relations for the n = 6 split kinematics given by the split (1, 3,5).
The conditions are given by So34 = S93 + S34, Sas6 = Sa5 + Ssg, and Sgio = Sg1 + S12.
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Figure 2.4: Conditions imposed in the planar kinematic invariants for the split (1,5,7).
These translate into sagus6 = S2345 + S56, S3456 = 5345 + S56, S456 = S45 + S56, Se78 = S67 + 5785
5812 = Sg1 + S12, Sg123 = Sg1 + S123 and Sgia34 = Sg1 + S1234-

We conclude our discussion of split kinematics with some issues that require further
exploration. We caution that we know very little about the preimage of split kinematics
as a subvariety of the Cartesian product of n copies of Minkowski space RMP~1  as it is the

intersection of a large number of hypersurfaces of the form

D
Da " Pb = —Tq,1Tp1 + E TqTp5 =0,
Jj=2
where
Pa = (l‘a,la cee 7xa,D)
for a = 1,...,n. Moreover, we do not know in general the minimum dimension D which
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makes the intersection nontrivial, nor do we know the topology of the subvariety. Such

questions are beyond the scope of this thesis and are left to future work.

2.3 Smoothly Splitting Biadjoint Amplitudes

In this section we prove the formula obtained by smoothly splitting biadjoint amplitudes.
In many standard quantum field theory arguments Feynman diagrams make properties
manifest and they are the standard tool for proofs. However, due to the semi-locality of
smooth splits we choose to proceed using the Cachazo-He-Yuan (CHY) formalism, intro-

duced in chapter 1.

Recall that in the CHY formalism, partial amplitudes m,, (I, I) are obtained as an inte-
gration over the moduli space of n punctures on CP*, My, using the scattering equations
[75, 76, 77, 78]. Consider the following parameterization of My, using inhomogeneous
coordinates for the punctures

o1 0y O3 O On
b /SL(2,C). (2.11)
1 1 1 1 - 1
The CHY potential is defined as a function of the Pliicker coordinates |a b| = o, — 03, and

takes the form

Sy = salogladl (2.12)

a<b

It is not difficult to show that S, is invariant under SL(2, C) transformations and therefore

one can fix the location of three punctures.

We are interested in studying the behavior of amplitudes on the (i, j, k) split kinematic
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subspace. Therefore it is natural to fix 0; = 0, 0; = 1, and 0, = oo. Recall that

1<i<j<k<n.

Here it is convenient to set i = 1. Note that each term in the potential function (2.12)
corresponds to an entry in the matrix of Mandelstam invariants shown schematically in
figure 2.1. This already shows that the potential function splits into three parts, each
corresponding to one of the diagonal blocks in figure 2.1 with extra terms corresponding
to the rows and columns in the set {1, 7, k}. More explicitly, the potential (2.12) can be

written as
Sn =B+ Biw + By +Ri+ R+ R+ Tij + Tji + Tia (2.13)

with the terms coming from the interior of the three blocks

B, = Z saploglabl,  Br) = Z saploglabl, By = Z Saploglab], (2.14)

1<a<b<y j<a<b<k k<a<b<n

and the extra terms

Ry = Z seiloglal|, R;:= Z sejloglajl, Ry := Z Sqplogla k|, (2.15)
ag{l.j.k} ad¢ {15k} ag{l.j.k}

7'1]' = 81j10g|1j|, 7;k = Sjk10g|j ]{5|7 721 = Sk110g|k' ]_| (216)

Using the SL(2,C) gauge fixing described above, (2.15) and (2.16) become

Ri= Z sqilog(o,), R, = Z sajlog(l —04), Ri+ T +Tjp =0, Ti; =0.
ag{1,j;k} ag{1,j;k}
(2.17)

In the last two equations we have used momentum conservation in the form s + So +
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...+ Spr = 0 and that log(oy; — 0;) = log(1) = 0, respectively. The non-vanishing terms in

(2.17) can be redistributed into the three parts from the blocks in (2.14) to define

Sy = D swloglab| + Y sulog(0a) + Y solog(l - 0a),

1<a<b<j 1<a<y 1<a<y

Stk = Z Sab log|a b + Z Sq1log(o,) + Z Sqslog(l — ), (2.18)
j<a<b<k j<a<k j<a<k

Sy =Y saloglabl+ Y salog(os) + Y sajlog(l — 04).
k<a<b<n k<a<n k<a<n

Using this the CHY potential (2.12) can be written as

S, = S(Lj) + S(j,k) + S(k:,l)- (2.19)

Close inspection of this formula reveals something remarkable. Each term only depends
on the location of the non-fixed punctures within the range specified by the labels. For
example, S is only a function of o, with j < a < k. Having analysed the behavior
of the CHY potential function, the next step is to study the CHY integral representation
of the amplitude. We start by writing the formulation with oy, 0; and o} set to generic

values,

oS
o,

a

my (L) = / ﬁ’daad (

) (113113 KlIk 1) P (D)2 (2.20)

where the prime in the product means that a ¢ {i, j, k}. Here PT stands for Parke-Taylor

function or factor and it is defined as

PT,(I) : !

= . 2.21
[12][23]---|n — 1n||n1] ( )
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Let us write the combination that appears in the integrand of (2.20) more explicitly showing

the locations of labels 1, j, k,

11 kK 1]
1202315 = Ljlljj + 1]---[k — LRk +1]---[n— Lafln1]
(2.22)

15115 Kllk TPT,(T) :=

Using the gauge fixing 07 =0, 0; = 1, and 0}, = oo one finds that (2.22) becomes

1 1
; ; X ; - X
<02!23I--~|J —2j = 1(oj-1 — 1)) <(1 —op)lj+1j+2 |k =2k - 1|>

1
<|k+1k+2|---|n—1n|an>'
(2.23)

Once again, each of the factors depends only on the variables in one of the three sets
defined by the potentials S ;), S k), and Sg,1). Reorganizing the CHY integral (2.20) one
finds that it splits into three factors, i.e.

j—1
oS ; 0
mn(H7H)|Splitkin- = (/Hd0a5 (ﬁ) PT (1,5) ) </ H dO'a ( a; k)) PT(%k))
=2 a a=j+1 a
</ T o 5(ask1>PTw>7

a=k+1

(2.24)

with PT 1 j), PT(;x) and PT 1) defined as each of the factors in (2.23) respectively. The

last step is the identification of each factor in (2.24) with amputated currents.

In order to complete the argument let us start by reinterpreting the potential functions

Sa,j)s Sy, and Sgeqy in (2.18). The first function S j) can be thought of as the CHY
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potential for a current with one off-shell particle with momentum Pg := —p; —p2—...—Dp;
and gauge fixed so that oy = 0, 0; = 1 and o = oco. Here we follow the definition given by
Naculich in [170] and reviewed in appendix A. Note that we have introduced the notation
K for the off-shell leg and should not be confused with the k' particle of the original

amplitude.

The second function S(; ) requires a rearrangement before it can be identified. Note

that

Z Sq1 log(o,) = 2 Z Pa - P110g(0,). (2.25)

j<a<k j<a<k

Using momentum conservation,

pr=—(p2+ps+-pi-1) = (pj +pjs1+ -+ k) = Prs1 + Prg2 + -+ Pn)

and noticing that on the (1, j, k) split kinematic subspace

Po D1 =—Pa-(pj+p0j1+-+p) Va: j<a<k

once can write S, x) in (2.18) as

Stk = Z Sap logla b + Z 2p, - Prlog (o,) + Z Sqjlog (1 — ag). (2.26)

j<a<b<k j<a<k j<a<k

Comparing the formula (A.4) in the appendix it is straightforward to conclude that this is
the CHY potential for a current with off-shell momentum F; := —p; —p;y1 — -+ — p, and

gauge fixed so that oy = 0, 0; = 1 and 0, = co. Finally, the function Sy 1) in (2.18) can
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be written as

Ska) = Z Sap logla b| + Z Sa1log (0q) + Z 2p, - Pslog (1 —0,), (2.27)
k<a<b<n k<a<n k<a<n
where P; := —py — pra1 — -+ — pn — p1- Comparing to (A.4) one has a current gauge

fixed so that oy = 0, 0; = 1, and 0 = oo. Let us reinterpret the factors into which
the Parke-Taylor function in equation (2.23) decomposed, i.e. PT(1 ), PT(;x) and PT 1.

Consider

1
. | 2.8
(1.7) (02|23|---|j—2j_1|(Uj—1_1)) ( |

This is indeed a standard |1j||j K||K1|PT(1,2,...,j—1, 7, K) with the gauge fixing o1 = 0,

0j =1 and o = oo. Likewise,

PT iy = [FRIRI|GPT(G, 5 + 1, k= Lk, 1)

or=0,0j=1,0,=00

and
PTu) = |k1||LJ||Jk|PT (K, kE+1,...,n,1,J)]

01=0,05=1,0p,=00 *

Combining all these results the final form of the biadjoint amplitude on the (1, j, k) split

kinematic subspace is

M (LD |splictin. = T (1,2, s DT Gy g + 1,0 )T (R k+ 1, ..,n, 1). (2.29)

The three amputated currents were defined in terms of Feynman diagrams in section 2.2

and their CHY formulations are discussed in detail in appendix A.
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2.4 Smoothly Splitting NLSM and Special Galileon Am-

plitudes

In this section we derive and study how split kinematics induces smooth splits in two
other theories of scalars that admit a CHY formulation: the U(/N) non-linear sigma model

(NLSM) and the special Galileon.

2.4.1 NLSM Amplitudes

Historically, interest in the NLSM started from studying an effective field theory of interac-
tions of Goldstone bosons known as pions [125]. It is well-known that in this theory, when
a single particle becomes soft, scattering amplitudes vanish implying that there must be
a non-linearly realized symmetry. This phenomenon is known as the Adler zero [/, .
Instead, the double soft limit is the relevant one when one tries to obtain information about
the spontaneously broken symmetries of the theory [13]. The lagrangian of the NLSM can

be written as [75]

1
Lnism = @Tr(ﬁuUTé“U) : (2.30)

where we have used the Cayley transform to write U = (Iyyxy + A®)(Iyxy — A®)~1. Here
d = ¢;T" where ¢; are the scalars carrying a flavour index, 77 are the U(N) generators,

and )\ is a constant.

The CHY formula for NLSM amplitudes, which is non-vanishing only for an even num-
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ber of particles, was proposed in [78] as

ANLSM(T) = / djt, PT,(I) det' A, , (2.31)

where we have defined the CHY measure?

oS
dp, = [] doad ( 80a)

a7£i7j7k

with dji := (|ig||jk||ki|)*dp, where o;, 0; and oy are the fixed punctures, and A, is an nxn

dimensional matrix with entries A, = - In (2.31), det’A,, is the reduced determinant
of A,, and is defined as

1
det'A,, = ———— detAlPd,

(0p — 04)
where AE’ 4 is the submatrix of A,, defined by removing the p™ and ¢'* rows and columns.
This reduction is necessary since the matrix A,, has co-rank 2 on the support of the delta
functions in the measure. It is not difficult to show that det’A,, is independent of the

choice of p and gq.

To start the study of the behaviour of NLSM amplitudes under split kinematics, let
us first repeat the argument that led to the conclusion that only d = 3-splits are possible
for the biadjoint amplitude presented in (2.10). NLSM amplitudes have degree one in
Mandelstam invariants (or equivalently, mass dimension two) for any values of n. This
immediately implies that it is impossible to smoothly split NLSM amplitudes in terms
of NLSM amputated currents which also have the same degree as the amplitudes. This
leads to the expection that NLSM amplitudes should vanish on split kinematics. However,

considering explicit examples reveals a surprising result. Directly evaluating the n = 8

3The notation here slightly differs from the one introduced in chapter 1.
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NLSM amplitude on split (1, 3,6) kinematics gives rise to

ASNLSM(H”(L&G) — (512 + 523) (534 + Su5 n S45 + 856 1) (867 + S7s " S78 + 881 1) .

5345 5456 5678 5781

(2.32)

The first factor has the form of an n = 4 NLSM amputated current and hence degree
one. The second and third factors in the split do not have the form of NLSM amplitudes.
In fact, five-point NLSM amplitudes vanish. These new currents therefore belong to a
theory that extends the NLSM and have dimension zero leading to a consistent split. It is
surprising that by simply exploring a region of the space of Mandelstam invariants one can
find amplitudes of a different theory emerging from those of the original one. Exactly the
same phenomenon was observed by Cachazo, Cha, and Mizera [65] when they computed
the coefficient of the Adler zero and found exactly the same kind of extended amplitudes.

These so-called mized amplitudes involve NLSM particles (pions) and biadjoint scalars.

The particular currents in (2.32) correspond to mixed 5-point amputated currents of
pions and biadjoint scalars [65], where particles 1, 3, 6 and the new off-shell ones with
momenta —(ps + ps + ps + ps) and —(pg + pr + ps + p1) are identified with biadjoint scalars,
while the rest are NLSM scalars. In fact, we will show that smoothly splitting NLSM
amplitudes either vanish or produce one amputated current of the standard NLSM theory
as well as two amputated currents in the extended NLSM theory, i.e. with an odd number

of biadjoint scalars and an even number of NLSM scalars.

The CHY formulation of all mixed NLSM amplitudes corresponding to the extended

theory was found in [65]. It contains an additional U(N) flavour group and a biadjoint
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scalar field. Its CHY formula is
ANESM&S® (11 5) — / dfi,PT,(I) PTs detAj . (2.33)

The notation here requires some explanation. Both species of particles share the canonical
ordering, I, but the biadjoint scalars also respect the ordering 8 in the U (N ) flavour group
indices. Here 3 represents the particles in the complement of the set 3 in [n]. It is also

common in the literature to use PTz = PT(f) in order to avoid cluttering of the formulas.

Let us present the general result for 3-splits of NLSM amplitudes postponing the proof
to section 2.4.4. At first sight there seem to be four cases to consider. As in previous
sections, cyclic invariance allows us to study (1, j, k)-split kinematics without losing gener-
ality. The cases correspond to the different choices for the parity of j and k. However, one
can check that all choices except for j € 2Z 4+ 1 and k € 27Z + 1, lead to one current with
an even number of points and two with an odd number of points. The case j € 2Z + 1 and
k € 27 + 1 requires all three currents to have an even number of points. This, however, is
not possible as discussed above and leads to a vanishing result, i.e. a zero of the amplitude,

as shown in section 2.4.3.

Let us present the explicit result for j € 2Z + 1 and k € 27, knowing that other cases

can be obtained by reflections and relabeling,

3 3
ASLSM(HNSplitkin. = ]IiIiSM(]I) X j]iLJJSJrI\;[@(b (le) X \771;]}1541:/;@(]5 (H’52)7 (234>

Here 8 = {I,4,k}, B = {1, J, k}, with I, J denoting off-shell legs, and with the currents
defined using the CHY formula (2.33) as explained in more detail in section 2.4.4. A simple

argument using degree (or mass dimension) counting reveals that having three biadjoint
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particles in each mixed current is the only possibility*.

2.4.2 Special Galileon Amplitudes

The second theory we study in this section is the special Galileon, which was discovered

in [78] (see also [88, 113]) and whose CHY formula is given by
AsGal — / dji,(det’A,,)?, (2.35)

where dji,, is the same CHY measure used in other theories and det’A,, is the same reduced

determinant appearing in the NLSM CHY formula.

This theory is a special case of some scalar theories known as Galileon theories, which
have appeared in different contexts, e.g. in cosmology and in the decoupling limit of

massive gravity [112, 99, |. The general Galileon lagrangian is given by

1 o
Loa = —50000"0 + Y gmddet{0" 0,015 (2.36)
m=3

which computes non-vanishing amplitudes for any number of particles. However, the special
Galileon amplitude (2.35) vanishes for an odd number of particles. It also vanishes when

a single particle becomes soft.

Special Galileon amplitudes have degree n — 1 in the kinematic invariants, i.e. they
have mass dimension 2(n — 1). Once again the same analysis as done in (2.10) reveals

that it is impossible to find a smooth splitting of special Galileon amplitudes in terms of

“The reason why |B1| = |B2] = 3 is the following. The degree of an amputated mixed current is
3 —n + |B;| and that of a NLSM amputated currents is 1. Using this in (2.34) imposes the constraint
1=j7—n+2+|p1] +|52|- Since |Bi|+ |f1] = k —j + 2 and |B2] + |B2] = n — k + 3, it must be that
|B1] + |B2] = 6. Mixed amplitudes only exist for |3;] > 2 and therefore |3;| = |B2] = 3.

35



special Galileon amputated currents which also have the same degree as the amplitudes.
This again leads to the expectation that special Galileon amplitudes should vanish on split
kinematics. Another reason not to expect a smooth splitting is that, unlike biadjoint scalar
and NLSM amplitudes, special Galileon particles do not have any flavour structure and
hence no ordering, i.e., the complete permutation invariant amplitude must be considered®.
This implies that it contains a permutation invariant set of poles. This means that the
Mandelstam invariants set to zero in a given split kinematics point could be producing
singularities in the amplitude. Indeed, this is the case: some individual Feynman diagrams
do diverge. All this makes it surprising that special Galileon amplitudes smoothly split.
Moreover, it is by using its CHY formulation, which re-sums Feynman diagrams, that the
behavior on split kinematics is most easily understood. For this reason, we do not need
to take a limit to produce smooth splits. Instead, smooth splits appear directly when

imposing split kinematics to its CHY formula.

From the NSLM amplitude discussion it is reasonable to expect that special Galileon
amplitudes split into products of mixed amputated currents. We recall the CHY formula
for the most general mixed amplitudes, which now involve all three kinds of particles

discussed so far [65],

ASCRAENLEMISG? (| 3) = / djin (PTo detAgs) (PT5detAg) . (2.37)

This extended theory contains a U(N) x U(N) biadjoint scalar and a NLSM field for each
of the two flavour groups. Here the biadjoint scalars correspond to labels o N while the
special Galileon particles correspond to labels @N 3. The U(N) and U(N) NLSM particles

correspond to N B and & N B3, respectively.

5Note that biadjoint and NLSM amplitudes are also permutation invariant since their fields are bosons.
However, the flavour structure allows for a decomposition in terms of color-ordered partial amplitudes.
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Once again, the behavior of sGal amplitudes on (1, 7, k)-split kinematics depends on the
parity of j and k. The amplitudes vanish when both j and k are odd and splits in terms
of an amputated current of the original theory times two mixed currents corresponding to

mixed amplitudes of the special form when o = § in (2.37), i.e.
ASGaIEd (5) — / dji,PT%(detAg)>. (2.38)

The final formula for (1, 7, k)-split kinematics with j € 2Z + 1 and k € 2Z, knowing that

other cases can be obtained by reflections and relabeling, is

3 3
A5 | i kin, = jsflal X j,f;i? (B1) x sz?ﬁqﬁ (B2) (2.39)

Here g1 = {1,7,k}, B2 = {1, J, k}, with I, J denoting off-shell legs. We present the proof

of this formula in section 2.4.5.

2.4.3 Behavior of det’A,, on Split Kinematics

In the following subsections we use the CHY argument seen for the biadjoint scalar theory
in section 2.3 to derive how 3-splits appear in NLSM and special Galileon theories under
split kinematics. In order to achieve it, we first have a look at the behavior of the reduced

determinant that enters into the CHY formulation of these theories, under split kinematics.

Recall that the reduced determinant is independent of the choice of removing any two
rows and columns. Therefore, we can remove row and column 1 and we still have to remove

one more row and column.

Without loss of generality, consider again the split kinematics (1, 7,k). Under this

37



Ay 5 Az
As 5 As k
A{27]_1} ; :
A1.5,5 A1k
Az “Agy o SAagg e At Ai2g o Ajaac A Ajune Ajae Ajsac o Agpe
-Ag,145 A1.5,k
Al — ~Aj,245 A2,k
" : A{j+17k_1} :
A, 1.k Atk
Ay Az o SAligk ALk A A e ALk 0 A ek A 2ek A,k o Aign
—Aj, 14k Ay, 1.k
-Aj,24k Ax, 24k
: ; Afk+1,n)
=Aj, 1:n =Ag, 140
*Aj,n *Ak,n

Figure 2.5: General form of the matrix A i.e. when we remove row and column 1.

kinematics, the matrix A,, after removing row and column 1 has the form of the matrix in

figure 2.5, where the entries are A, = Jsjbgb and Ay, are matrices defined as

0 Aa,a—l—l Aa,a+2 e Aa,b
_Aa,a—i—l 0 Aa+1,a+2 Aa-‘,—l,b
Afapy = , , ‘ ' - (2.40)
I —Aup  —Asi1p —Ap1p 0 |

We point out that Ay ,) = A, in this notation. The rest of the entries are zero. For the

argument we will use the following lemma:
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Lemma 2.4.1. Let M € C*™*?™ be antisymmetric and L € C™" generic, then

[ 00 0 0o |
00 0 0
M
0 0 0 0
det c1 ¢y c3 -+ ¢ | = det(M)det(L) (2.41)
0 0 0 d
0 0 0 d
2 L
00 --- 0 d

for any values of d, and c,.

The proof of the lemma is very simple and we present it in appendix B. Now recall
from the CHY proof in the biadjoint scalar that the potential splits into three terms Sy ;,
S(jk) and S 1), where S j) produces an amputated current with j+1 legs, S(; ) produces
an amputated current with k& — j + 2 legs and S 1) produces an amputated current with
n — k + 3 legs. Also recall that for non-vanishing NLSM and special Galileon amplitudes

n is always even.

Let us consider the case in which j € 2Z + 1 and k € 2Z. Motivated by the fact that in
the following subsections we send puncture o to infinity, here we remove row and column
k from the matrix to end up with the that in figure 2.6, where the upper-left block Ay, j; is
(j —1) x (j —1) dimensional, and therefore even-dimensional. We also note that Ay 1 x—1}
has dimension k£ —j — 1 and that A1,y has dimension n— k. Given the statement (2.41)

above, and the fact that the determinant of a block-diagonal matrix is the product of the
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determinants of each block, we know that detALlM = detAyojy det Ay 1y detAgppg ny.

Az,
As,;

A1}

Al1.4,5

A5 A3y o AL 9 Ajig Ag2es 0 Ajinek Adnek Agoek Ajzie o Agn

—Aj,145

Al — “Aj,245
5 Afjr1k-1)

’Aj,—1+k

-Aj, 14k
-Aj 2.k
_ Algiin)
7Aj,—1+n

A

3N

Figure 2.6: General form of the matrix A’ where we emphasize the three different blocks
that play the role in its determinant.

Now notice that if & is even then Ay ,_1y and Ay, are even-dimensional. In this
case the block Ay, ;; will give rise to the NLSM or special Galileon amputated current,
whilst each of the two blocks Ay -1y and Ay, that are embedded into a bigger one

will give rise to the mixed amputated currents.

If k£ is odd then Ay ,x—1y and Ay, are odd-dimensional and therefore the whole
determinant vanishes since the determinant of an odd-dimensional antisymmetric matrix
is zero. What this is telling us is the following. When j and k are odd, we know that all
of the three amputated currents will have an even number of external particles, since n is
even. Hence, the determinant is protecting the whole object from becoming a product of

only non-mixed amputated currents!
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2.4.4 Proof for NLSM Amplitudes

Now we are ready to prove how 3-splits are produced in NLSM amplitudes. Without loss
of generality, we consider again the split kinematics (1, j, k). Recall from section 2.3 that
under this kinematics the CHY potential &,, splits into Sy j), S¢jr) and S 1), which are
the potentials given by the parameterizations (2.42), (2.43) and (2.44), respectively, with

their corresponding particle identifications

1 2 3 4 1—1 57 K
S(I,j) : O 09 03 Oy O'j_l 1 1 , (242)
1 1 1 1 1 1 0
I 7 7+1 542 kE—1 k
S(ik) 0 1 0j41 0j42 - op1 1 (2.43)
1 1 1 1 e 1 0
and
J k k+1 k+2 n 1
Sty - I 1 okp1 Oky2 -0 on Of (2.44)
1 0 1 1 e 11

Let us consider again 7 € 2Z+ 1 and k € 27, without loss of generality. From section 2.4.3
we know that the determinant also splits like detAle} = detAyp jy det Ay k1) detAqp g ny.
Given the above separation of the moduli space and that of detAgk], one can identify ev-
ery factor in the smooth split with an amputated current. Namely, we will note that S, ;)

generates an amputated current with an even number of particles. The other two factors,
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given by S and S 1), will correspond to amputated currents with an odd number of

particles, and therefore are mixed amputated currents.

Let us see this in more detail. Before going to the split kinematics subspace, and after
gauge fixing the punctures o3 = 0, 0; = 1 and 0}, = oo, the NLSM CHY formula (2.31)
picks up two copies of the Fadeev-Popov factor |1j||jk||k1| and is expressed as

ANLSM(T) — /duﬂ(ﬂj”jk\\kl\fPTn(H)det’Ale}.

[1K] .
% to produce a finite

One copy of the Fadeev-Popov factor cancels with det’Ale] =
object. The second copy combines with the Parke-Taylor to produce the neat separation
shown in equation (2.23), given by the product of Parke-Taylors PT jy x PT(;xy X PT (1)

defined in section 2.3.

Now we go to the split kinematics subspace (1,7, k) with j € 2Z + 1 and k € 2Z.
Recall that in this kinematics the determinant of the original matrix splits as detAle} =
detAyo jy detAy;i1p—1y detAgqy ny. This implies that in this subspace the NLSM ampli-

tude separates into three pieces

( / d#(l,j>PT<1,j>detA{2,j}> ( / dﬂ(j,mPT(j,k)detA{m,k1}) ( / d#(k,nPT(k,ndetA{ka})

where dpi,p) is the CHY measure defined by S, ). Notice that any dependence on o} has
disappeared.

Let us first analyze the first factor in detail. From (2.42) and the definition of the

reduced determinant we know that det’As, | = ?;t:{_j{])}g where Ag,  is the matrix with
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elements _*«- generated by (2.42). We also note that

PTq ) = [Ll[FK|I KL PTA2- - jK)|61=0,0,=1, 01=0c -
This implies that if we start with the expression
[ s (IR PTO2 - jK)det A, ,

as we had gauge-fixed punctures oy, 0; and o, then m is what is needed to combine
with one copy of the Fadeev-Popov factor |1j||7K||K1| to make the expression finite when

ok = 00, which becomes

/ dpy)PTajdetAp ;.

Additionally, from (2.43) one can see that if the set py = {I,j,k} is identified with
the biadjoints, where the complement is given by 8 = {j +1,...,k — 1}, then we have
detAj = detAjq ,—1y. Similarly, from (2.44), if the set 5, = {1, J, k} is identified with the
biadjoints, whose complement is given by 3y = {k+1,...,n}, we have detAjs, = detA i1y

Hence, we see from (2.31) and (2.33) that we end up with the 3-split

TEW

Y

eI ( / Ay p (15115 K][K1])? PT(12 --jK)det’As(l,j))

X (/ d,u (, k)PT (j.k) PT/B1 detAB ) (/ d,u(k’l)PT(k,l)PTﬁz detA52> .

J/ [ J/

~
NLSM 3 NLSM @3
NSV () Tt (11B2)

(2.45)

To conclude, we note that, given that the only particles we identify with the biadjoint
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scalars are contained in the set {1, k, I, J, K}, since every current will contain three of
these particles, it follows that we will always have 3 biadjoints in the mixed amputated
currents. In fact, the only particle in this set which is not identified with a biadjoint scalar
corresponds to the off-shell particle in the non-mixed current. This implies that the non-
mixed current will contain two biadjoints and therefore its expression is equivalent to that

of a current with only pions.

2.4.5 Proof for Special Galileon Amplitudes

In this subsection we show that special Galileon amplitudes smoothly split under split kine-
matics. We make use of the fact that special Galileon amplitudes admit a CHY formulation

to derive this behavior in a similar fashion as with the NLSM amplitudes.

Let us consider again the case with j € 2Z+1 and k € 2Z without loss of generality and
recall the separation of moduli spaces given in (2.42), (2.43) and (2.44). From section 2.4.3

we know that the determinant also splits like detAle} = detA g jy det Ay k1) detAqpyi ny.
detA{Qy]-}
(o1—0K)?"

For the same reason as in the previous section, we identify again det’AS(lyj) =
Also, given that 5y = {[,7,k} and By = {1,J,k}, we can identify the determinants
detAs = detAyj -1y and detAs, = detAyy,y. A similar analysis as in section 2.4.4

leads to

3
sGal sGal® o
jjb+f Ti- —i+2 (B1)

™~ e

AZGal‘split kin, = (/ d,u ‘1]”][(“}(1‘ det AS(I )) ) X (/ du(%k)PT%l (detAgl)Q)

X (/ d/ﬁ(k UPTB (detA/B ) >

/

Gal®p3
Js_‘sz (82)

(2.46)
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where we stress again that the fact that the only particles we identify with §; and [
are contained in the set {1,7,k, I, J, K} shows why we will always have 3 biadjoints in
the mixed amputated currents. Again, the only particle in this set which is not identified
with a biadjoint scalar corresponds to the off-shell particle in the non-mixed current. This
implies that the non-mixed current will contain two biadjoints and therefore its expression

is equivalent to that of a current with only Galileons.

2.5 Applications: New Recursion Relations for NLSM

Amplitudes

In this section we show how to use smooth splittings of NLSM amplitudes as data to
build BCFW-like recursion relations. It is well-known that standard BCFW relations are
not applicable to the NLSM. In order to explain the reason let us review the procedure.
Consider some subset of momenta and introduce a one-complex parameter deformation
pi(z) = p; + zr; such that p;(z)> = 0 and momentum conservation remains valid for all
z. This means that the amplitude evaluated on this new kinematics can be considered
a function ANUSM(2) such that ANMSM(0) = ANUSM(T) je. it agrees with the desired

amplitude at z = 0. Now

NLSM
o = L f g A

270 2= z

Deforming the contour one gets a formula for ANYM(T) in terms of residues where propaga-
tors give simple poles. These residues are determined via unitarity to be products of smaller
amplitudes and hence the recursive structure. However, there is also the contribution of a

pole at z = oo which is in general not known.
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Thus, the condition for the recursion to work is that ANMM(z) vanishes as z — oco. In
general this is not the case in the NLSM due to the presence of contact terms. One possible
solution is to design deformations such that the kinematics becomes that of a soft-limit
for some z = z*. Let us choose z* = 1. The NLSM is known to vanish in a soft-limit and

therefore one can consider

1 ANLSM (Z)

ANLSM (T = i

271 |z]=€

Now, if the new deformation does not make the behaviour of ANSM(2) worse as z — oo

ANLSl\/I

then ()Z) has a better behavior while its residue at z = 1 vanishes. As it turns out,

z(1—z
either a combination of several of these improvements are needed [37] or knowing the

ANLSM(Z)

a7 can be used [65].

behavior of subleading terms in soft limits is needed so that

Either way, new information is needed in order to construct a successful recursion relation.

The strategy we will use is therefore to introduce a complex deformation such that at
some values z = z* split kinematics is achieved so that its behaviour can be used instead
of soft limits. Given that split kinematics is completely defined in terms of Mandelstam
invariants, it is convenient to introduce a version of the BCFW procedure for s, directly
without starting with momentum vectors. In general, given a matrix of Mandelstam in-

variants, a BCFW deformation is achieved by
Sap(2) = Sap + 2T ap- (2.47)

Imposing that sq,(2) is a valid matrix of Mandelstam invariants for any z simply implies
that so must be rq4. In a sense, (2.47) interpolates between two sets of Mandelstam

invariants, the original one at z = 0 and the new one at z = oc.
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In order to construct the desired deformation let us select a particular 3-split (i, j, k).
This is achieved by imposing that a certain subset of kinematic invariants vanish. Let us
denote such set V; j ). For example, for n = 6 and (1, 3,5) one has V1 35 = {524, 546, S62 }-
Requiring the deformed kinematics to reach the 3-split kinematics at z = 1 can be achieved

by choosing 74, = —54p if sap € V(i j k). More explicitly, one finds

1 —2)s i Su € Vi
) = { LT B (2.48)

Sab + 2Tap otherwise.
as discussed above, one must require that momentum conservation is satisfied and this

means that
n

Zrabzo for a€{1,2,...,n}.

b=1
Let us consider the NLSM amplitude under the deformation (2.48). Using the CHY for-
mulation it is easy to show that the mass dimension of ANFSM(T) is 2, i.e. it is of degree

one in Mandelstam invariants. This gives
ANBSMY = O(2) as 2z — 0. (2.49)

This behavior implies that even the modified function ANMM(2) /(1 — 2) still has a pole at
z = 00. The way to solve this problem is to change the deformation so that in addition to

reaching (i, j, k)-split kinematics at z = 1 it reaches a different split kinematics point, say
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(r,p,q), at a different point, say z = —1. A straightforward way of doing this is by using

(

(1 — Z)Sab if Sab € V(i,j,k:) and Sab ¢ V(T7p7q)
(1 + Z)Sab if Sab §é V(i,j,k) and Sab € V(KP:Q)

sap(2) = (2.50)

(1—=2)(1+ 2)Sap if sw € Vijr and sw € Vi

Sab + 2Tap otherwise.

\

However, this has the problem of making every Mandelstam invariant s.; € Vi jr) N Virp.q)
a polynomial of degree 2 in z. Such polynomials would spoil the counting and the construc-
tion. Therefore we must require that V(; jxy NV p,q = 0. A simple choice that achieves the
desired deformation is (1,2,4) and (1,3,4). It is easy to prove that V(124 N V34 = 0.

More explicitly,

Voo = {83 : a=5,6,...,n},

Vasa = {52« : a=5,6,...,n}.

Now we are ready to present the BCFW-like construction. Consider the complex deforma-

tion:
(1 — 2)s9 if a=2, be{56,...,n}

sab(2) =4q (1+2)s3 if a=3, be{56,...,n} (2.51)

Sab + 2T ab otherwise.

Here we are using momentum conservation
n
> sap(z) =0. (2.52)
b=1

The function ANMSM(2) has poles at finite values of z exactly where planar kinematic
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invariants involving an odd number of particles vanish. This is because the theory possesses
interactions vertices with only an even number of legs. Let us call the set of planar
invariants in poles

P = {Sii41,.i4m-1 1 € [n], m € 2Z}. (2.53)

The choice of rq, in (2.51) is arbitrary as long as all invariants in P,, become polynomials

of degree exactly one under the deformation (2.51).

The BCFW-like formula for the NLSM is then obtained by deforming the contour of

1 ANLSM (Z)

ANLSM I =
n ( ) < Z(l _ 22) ’

211 |z|=¢

giving rise to®

1

NLSM _1NLM 1NLM NLSM / _x*
ANSM(I) = SANBSM(1) 4 S ANRSMy 0 Y ALS(z)m

5 5 A%LSM(Z*)
s(z*)=0:s€Pn

(2.54)

In this formula

ANESM (1) = ANESM(T)| = JNSMEC (5 |1, 1(1),4) X (s12 + 823),  (2.55)

split kin. (1,3,4)

where JNWSM®# (5 |1, 1(1),4) stands for the (n—1)-point current evaluated on s,;(1).

Likewise,

ANLSM(_ 1) — AELSM(H)‘ - jNLSM@d’S(E),,,.,n|1,](—1),4) (523 + 834) . (2.56)

split kin. (1,2,4)

6Clearly the original contour |z| = € is defined to be counterclockwise. The contour deformation leads
to contours around the poles at z = 1, z = —1, etc., which are clockwise and therefore the residues pick
up an extra minus sign. Also, for contours |s(z)| = €, note that the pole in the amplitude is of the form
1/s(z) = 1/(s + az) for some a. This means that the residue of 1/2(1 — 22)(s + az) is —1/(1 — (2*)?)s.
The minus sign cancels the one needed to make the contour counterclockwise.
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Finally, AMSM(2*) and ARYSM(2*) are the amplitudes that result from the standard fac-

torization at the planar poles of the deformed amplitude.

2.5.1 Example: Six-Point NLSM Amplitude

In order to illustrate the BCFW formula (2.54) let us apply it to the six-point NLSM

amplitude. The complex deformation is given by

(1—2)sy if a=2, be {56}
sa(2) =4 (1+2)s3 if a=3, be {56} (2.57)

Sab + 2Tap otherwise.

Momentum conservation only imposes six constrains and we find that the remaining free-

dom can be used to make the following choice

{7“12 —>O, 713 —>0, 714 —>0, T15 —>O,T16 %O,
2 2
To4 —» —So5 — S26 — N7, T34 — S35 + 536 — A,
(2.58)
2 2
T45 — So6 — Sz + A°, Tag — S25 — S35 + A7,

2 2
rs6 — —S25 — Sa6 + S35 + 536 — A%, rag — A%}

Recall that the original s, are assumed to satisfy momentum conservation. In order
to use the recursion formula (2.54) it is convenient to introduce the planar invariants

S123(2), S234(2) and s345(2). These are deformations of the usual planar invariants, e.g.

5123(2) = 812(2) —+ 813(2) -+ 523(2) = S123 + ZAQ. (259)
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Now we list the contribution from each of the poles in Pg. The first contribution is from

S193(2%) = 0, i.e. 2* = —s193/A?. This is given by

1
s123(1 — (2)?)

(s12(2%) + s23(2™)) (845(2") + s56(27)) (2.60)

The other two contributions are similar. Instead of presenting their expressions as functions
of A we use the fact that the final answer must be A independent and then present their

limit as A — oco. In the order s193(2*) = 0, S234(2*) = 0 and s345(2*) = 0 the contributions

are:
(812 + S23 — 5123) (545 + S56) n (523 + 534) (556 + S61 — 5234) n
5123 5234
2.61
(534 + 845 — 5345)(S61 + S12 — S3u5) ( )
S345 '
Finally, the contributions from split kinematic points z = 1 and z = —1 are computed
using mixed currents in the NLSM @ ¢* theory defined in [65],
534(2) + 845(2)  Sa5(2) + s51(2)
J(4,5]1,1(2),3) = + —1. 2.62
(4,501 1(2). 3) = 22 S (262)
This means that
ANBSM (1) = 7(5,6[1,1(1),3) x (s93(1) + 834(1)), (2.63)
ANESM(_1) = 7(5,6[1,1(—1),3) X (s512(—1) 4 s93(—1)). (2.64)
We also present these results in the limit A — oo,
1 1
—ANLSM(l) = O, —ANLSM(—l) = S34 + S45 — S345- (265)

2 2
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Adding all five contributions gives the expression

S19 + S93 — S S45 + S So3 + S34)(S56 + Sg1 — S
AﬁNLSM(]I) :( 12 23 123)( 45 56) I ( 23 34)( 56 61 234)+

5123 5934
2.66
(S34 + Sa5 — S345)(S61 + S12 — S345) ( )

5345

+ S34 + S45 — S345,

which agrees with the well-known result

1
ATy (_ (s12 + 523) (845 + S56) 312) + perm. (2.67)

2 S123

where the permutations indicate five other terms obtained from the one shown by sending

all labels ¢ — ¢ +mmod 6 with m € {1,2,3,4,5}.

2.6 Discussion

In this chapter we have uncovered a new behavior of tree-level scattering amplitudes on
subspaces of the kinematic space. Smoothly splitting amplitudes on the (i, 7, k) split kine-
matic subspace leads to a product of three amputated currents in which the particle set
does not partition. This semi-locality is what makes smooth splits different from standard
factorization and as far as we know not derivable from unitarity arguments. In fact, the
closest behavior in the literature to smoothly splitting an amplitude seems to be the soft
limit.

Obtaining new information on the behavior of amplitudes on subspaces of the kinematic
space is important in order to understand what makes such functions special and relevant
to the physical world. The semi-local behavior we have found involves currents which have

to be turned into amplitudes in order to be observables. It is interesting to note that when
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further conditions on the kinematic space are imposed in order to require the currents
to become amplitudes at least one of them vanishes. It would be interesting to further
explore this phenomenon and perhaps associated with a mechanism for ensuring locality

in observables.

In this chapter we have only scratched the surface of this fascinating topic and therefore
there are many directions to be explored. Here we only provide a partial list (see also [69]

for more).

2.6.1 Comparison with the Soft Limit

As mentioned above, the closest behavior to semi-locality seems to be the soft limit. It
is therefore instructive to consider the similarities and differences. In a soft limit the
momentum of a particle, say the n'® particle, is taken to zero, i.e. p, — Tp, with 7 — 0.

In this limit

L + i) My (L1, I—1) + O(7°). (2.68)

Sn—l,n Sn,l

M (In, L) — <

The so-called soft factor is reminiscent of a four-particle amplitude. Of course, we have seen
in this work, this expectation is not correct since S,_1,,1/8p—1, 7 0, i.e. the momentum of
the fourth leg is off-shell. The ratio is needed in order to remove the trivial 7 dependence.
Nevertheless, this soft factor can be thought of as an amputated current J(n—1,n,1) and

once again we get a semi-local factorization
M (L, 1) — T (n—1,n, D)m, (I, 1) + O(7%) (2.69)

in which particles n — 1 and 1 participate in both factors.

While the semi-local feature is similar to that of smooth splits the main difference is
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that this is achieved in a singular limit and there are subleading corrections.

In order to compare let us consider the (1,n —2,n — 1) split kinematic subspace. This
is simply defined as the subspace with s,, = 0 for a € {2,3,...,n—3}. Here the biadjoint
amplitude smoothly splits as

Mo (Lny L) e 1, = T (0 — 1,0, 1) T (1,2,...,n — 2). (2.70)

Note that in order to reach the soft limit subspace from the (1,n—2,n — 1) split kinematic
subspace one has to impose the additional constrains s,_2, = Sp—1, = Sp1 = O(7)
with 7 — 0. In this limit the off-shell leg of J(1,2,...,n — 2) which has momentum
P; = p,_1 4+ p, becomes P; — p,_1 and therefore on-shell, turning the current into the
amplitude m,,(I,,_1,1,_1). It is also worth noticing that the direction in which the soft limit
subspace is approached is important. If we were to take the limit s,,_5, — 0 first, then
Sp—1mn + Sn1 — 0 due to momentum conservation and therefore the current J(n — 1,n,1)

would vanish.

We interpret this close connection between soft limits and how an amplitude smoothly
splits as saying that the (1,n—2,n— 1) split kinematic subspace provides a “pre-soft limit”.

It would be interesting to explore this connection further.

2.6.2 Generalization to Other Theories

One of the most pressing questions is to find out if there are other theories with amplitudes
that smoothly split. In this work only scalar theories that admit a CHY representation
were considered. One of the key ingredients was the behavior of the matrix A,, on the split

kinematic subspace. There are other theories with CHY formulations based on the same
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matrix, such as the Born-Infeld theory. In such theories a new element is also present,
it is a matrix that combines momenta and polarization vectors, known as V(p,,¢€,). It
seems reasonable to expect that imposing conditions on the polarization vectors one could
smoothly split such amplitudes. Of course, if the Pfaffian of ¥ shows a good behavior then

a whole new branch of theories could also smoothly split, such as Yang-Mills.

The attentive reader might have noticed that neither Born-Infeld nor Yang-Mills am-
plitudes can split solely in terms of currents within the corresponding theories as a degree
(dimension) counting argument reveals. This means that currents outside the theories are
needed. It is known that the Born-Infeld (BI) theory admits an extension in which BI
photons interact with emergent YM gluons. It would be interesting to further explore this

connection.

2.6.3 Relation to Causal Diamonds and the Soft-Limit Triangula-

tion

A surprising connection between solutions to the wave equations and the space of planar
Mandelstam invariants was uncovered in [16]. Properties of scattering amplitudes, such
as factorization, can be translated into properties of the causal structure of an emergent

space-time.

It is natural to consider what conditions on the causal structure are imposed on the
(1, j, k)-split kinematic subpsace. Somehow the conditions that planar invariants which
involve a chain of labels, which in the notation of [16] correspond to X, = Sqa+1,.. pp+1 OF
Xab = Nat1,p+1, can split into, e.g., X, = X,,-1 + X, p, must have a meaning in terms of
how different regions interact with each other. It would be interesting to find a geometric

interpretation of the semi-local property in this context.
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In order to give more evidence that there are interesting connections, note that a

recursion for biadjoint scattering amplitudes was presented in [130, , 10] using a novel
soft-limit triangulation. For the reader’s convenience we rewrite Equation 16 of [16] below,
~ /1 1
m, = — + | T, X My, 2.71
n ZZ4 <X173 XQ,i) nr nr ( )

In this equation the hatted amplitudes are the smaller amplitudes into which m,, factors

near the Xs; = 0 region with variables shifted so that X, ; — X5 ; — X5 ;.

Let us consider the n = 5 and n = 6 cases in order to show how degenerate 3-splits can
naturally appear from (2.71) by setting to zero all but one of the terms. The explicit form

of (2.71) for n = 5 reads (see also [16, eq. 17]),

1 1 1 1 1 1 1 1
ms(L,T) = (_ i _) (_ ; _) ; (_ T _) (_ i _> e
512 523 S51 — 523 545 512 S51 534 523 — 551

Requiring the first term to vanish by setting the second factor to zero implies that we are
exploring the subspace of kinematics space where so3 = s45 + $51. Using that for n = 5

S93 = S451 We get the condition of a (2,3, 5)-split which is a degenerate 3-split, i.e.
S451 = S45 + S51
or s41 = 0. Evaluating the second term in (2.72) on this subspace gives

ms(L D) i i, = (i + i) (i + i) = J(5.1,2)7(3,4,5).  (2.73)

512 S51 534 S45

Of course, this is a degenerate 3-split because the third amputated current is trivial, i.e.

J(2,3) =1.
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Let us now consider the n = 6 case. The formula (2.71) becomes

1 1 1 1
me(I, 1) = (— + —) m(4,5,6,1,1) + (— + —> m(2,3,4,)m(5,6,1, 1)+
S12. 523 S12 S234 (2.74)
1 1 '
<— + —> m(2,3,4,5,1).
S12 S61

As explained in the definition of (2.71) each hatted amplitude must be appropriately shifted
and the meaning of the emergent particle [ is different in each term. Let us select kinematic

invariants that set to zero the second and third terms in (2.74). This is achieved by
S934 = S23 + S34,  S2345 = S23 + S345 (2.75)

which is clearly the (6,1, 3)-split kinematic subspace, i.e., so4 = S25 = 0. As expected, the

first term in (2.74) gives the expected answer, i.e.

1 1
m6<]17 ]I)’splitkin. = <_ + _) j<37 47 5? 6) (276>

S12 523

A similar analysis shows that setting to zero the first and third terms in (2.74) by only
imposing linear constrains leads to subspace in which the second term vanishes as well and

therefore we do not get any interesting split.

We have also considered each term in (2.74) evaluated on the (1, 3,5)-split and (2,4, 6)-
split kinematic subspaces and found that the second term always vanishes while the other

two are non-trivial functions which have to be added in order to exhibit the 3-split behavior.
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2.6.4 CEGM Amplitudes: Connections and Prospects

Let us now point out an intriguing similarity between the smooth splitting in equation (2.1)
and a particular residue of the generalized biadjoint scalar partial amplitudes mP (L 1),
proposed by Cachazo, Early, Guevara and Mizera (CEGM) in [71] and introduced in chap-

ter 1.

Recall that the CEGM construction starts with a generalization of the CHY formula
for the biadjoint theory which is an integral over the space of n marked points on CP*, also
known as X (2,n), to an integral over the space of n marked points in CP*™*, i.e. X (k,n).

The CEGM generalization of the CHY potential function is

SWi= " s gdoglii, das -kl (2.77)

J1<j2< . <jik
where |aq, as, ... a;| denote Pliicker coordinates of X (k,n). There are several important
novelties in the theory, which we recall, for the reader’s convenience. First, the kinematic
invariants for the theory are higher rank-%k analogs of Mandelstam invariants s;;; they are
indexed by k-element subsets, and we use the notation s; = s; ;. Here, the general-
ization of masslessness is imposed by requiring s; be zero whenever an index is repeated.

One also has the n linear relations which generalize momentum conservation,

ZSJZO

foreacha=1,...,n.
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In [71], the generalized biadjoint scalar m¥) (L, T) was constructed as follows

(k—1)(n—k—1) as(k
)(I,T) PT®) (1))2 2.
/ H d%cﬁ(ama) x (PTW(1) (2.78)

where PT®)(I) is the X (k,n) analog of the Parke-Taylor function PT(I) presented in
equation (2.21) and z, is some parameterization of X (k,n). In the same way that the
k = 2 formula controls the leading order in an expansion around o/ = 0 of string theory

integrals, (2.78) has been shown to control the leading order in generalized string integrals
[1]-

In order to present the connection with the smooth splitting of biadjoint amplitudes
let us specialize to the case k = 3 and n = 6. Following [71], one finds that the kinematic

invariant R, defined by

R = 5156 + S256 + 5345 + 5346 + S356 + 5456, (2.79)

is a pole of my )(]I I); it is the residue at R = 0 that is now of interest. In terms of the
planar basis of kinematic invariants, introduced and developed by Early in [10, , 106] in
the context of permutohedral and hypersimplicial blades, equation (2.79) can be rewritten

as R = 1,46(s), where

1
Tas = g (68193 + 55124 + 46125 + 38126 + 45134 + 36135 + 25136 + 26145 + S146 + 65156
+ 38934 + 25935 + Sa36 + S245 + DS256 + 65345 + DS346 + 45356 + 36456 - (2.80)

For the biadjoint scalar, which corresponds here to the case k = 2, one recovers the planar
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kinematic invariants, as

Nij = Sit1-j -

One can check directly (see for instance |71, 12, 107]), that the residue of méB) (L) at

1246 = 0 is a product of three factors

1 1 1 1 1 1
Res,. o(mP(LI) = ( + ) ( + ) ( + > - (281
mi=o(ms” (L. 1)) M236  Th2a/ \7256  Thae/ \"346 7245 251

This expression is intriguingly similar to that of (2.1). Looking forward, we focus on

an important outcome of this chapter: we have established, using the CHY formalism,
that the kind of novel behavior for residues of generalized CEGM amplitudes that has
been observed in [71], with more progress in |14, 134], has an analog in three different
quantum field theories, as a semi-local “shadow”. This shadow appears not only for the
cubic scalar partial amplitude, but also for NLSM and, more surprisingly, the special
Galileon amplitudes where a planar order is not present. One of the most significant —
and intriguing — contrasts is that the semi-local smooth 3-splits into amputated currents
that we have explored in this paper do not occur at residues of the amplitude but on
certain subspaces of the kinematic space where the amplitude does not have a singularity;
but for m{P (I, 1) it has been observed directly to occur on residues where one (or more)
compatible planar basis elements 7, ;,;, vanishes [107]. The 3-splitting behavior is not very

well-understood, and in fact it remains a very pressing open question whether it continues

to occur in any generality. What lessons need to be learned here?

Another interesting direction would be to study split kinematics in the context of
likelihood geometry and in particular likelihood degenerations [197, 6]. It is natural to
propose generalizations of split kinematics for higher rank &£ > 3; could one describe what

happens to the solutions to the CEGM scattering equations as one approaches the split
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kinematics subspace, not only for £ = 2, but for £ = 3 and beyond? In the next section

we sketch a promising and related direction for future research.

2.6.5 CEGM Amplitudes: Smooth Splits at £ =3

Here we show how generalized & = 3 amplitudes smoothly split when restricted to a
kinematic subspace analogous to the one previously studied for quantum field theory am-

plitudes.

In order to study smooth splits in generalized amplitudes we will use the CEGM for-
mulation [71]. Without loss of generality, we consider the k& = 3 split kinematics subspace
(1,2, 7, j+1) defined by setting to zero any s, whose indices do not satisfy 1 < a,b,c < j+1
or j < a,b,c <2, where the indices are understood modulo n. Due to the existing SL(3, C)

redundancy we can fix four particles, and a natural choice is the gauge fixing

1 2 j j+1
00 1 1
010 1 (2.82)
100 1

where punctures 2 and j are sent to infinity. Let us however start by writing the £k = 3

CEGM formula for punctures 1, 2, j and j + 1 fixed to generic values

n 2
. o9S®)
w00 = [ T[Tl dras (a—) (Vi PTO (D) (2:83)

a=1 t=1

where Vio;in = [1,2,412,7,7 + 1|4, + 1,1]|7 + 1,1, 2| and the prime in the product
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means a ¢ {1,2,7,7 + 1}. The k = 3 Parke-Taylor function is given by

1
PTG)(T) = .
n (D) 123]|234] - - - [n12

Using the gauge fixing (2.82) the factor Vi o 41 PT®)(I) can be written as the product

n

» (3)
V25541 PT (s g

A\

( 1124112, 5,5 + 1{|7,7 + 1,1{|7 + 1,1, 2| )
o . S (2.84)
( 17,7+ L, 1|7 + 1,1, 2)]125]|2, 7, j + 1] )
i+ 1, 7+2j+1,j4+2,5+3|---|n—1,n,1||n12][124][2, 7,5 + 1| )’

[\ J/
-~

- (3)
Vigt1,02 PTG n)

where Vi 2,41 = Vjjt11,2. The first factor corresponds to the Parke-Taylor function for a
generalized amplitude with the double ordering (1,2, ..., j + 1) multiplied by the Fadeev-
Popov factor Vi 2 ; ;41 that appears from the fixing of punctures 1, 2, j and j+1. Similarly,
the second factor corresponds to the Parke-Taylor function for the double ordering (7, j +
1,...,n,1,2) multiplied by the same Fadeev-Popov factor. Notice that the variables in each
factor and after the gauge fixing (2.82) have completely decoupled.

Now let us have a look at the £ = 3 CEGM potential

S® .= Z Sape log|abe]

1<a<b<c<n

in the split kinematics subspace (1,2, 7,7 + 1). Note that in this kinematics the potential
splits into

S® =8W 4w

n J
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where the first term

S 9(3)31 = Z Sape loglabe]

1<a<b<e<j+1
is the k = 3 CEGM potential for a generalized amplitude with particles (1,2, ...,j+ 1) and
the second term W is an object that we still have to identify. Let us look at it in more

detail. This term can be written as
W= > sacloglabe| — s15;108[12;| — 812,41l0g|1,2, j + 1| = s15,41l0g|1, 4, j + 1|
Jj<a<b<cL2
— 595+1108(2, 7,7 + 1|
(2.85)

where the indices in the sum are understood modulo n. After using the gauge fixing (2.82)
we have

log|12j] = log|1,2,5 + 1| = log|1, 4, + 1| = log|2,j,7 + 1| =0

and the variables in the two terms S](i)l and VW completely decouple. Moreover, we can
now identify W|2s2) with the & = 3 CEGM potential for a generalized amplitude with
particles (7,7 + 1,...,n,1,2), i.e.

W|(2,82) = S(S)

(j..n12) |(2~82) :

Putting all the pieces together one can see that with the gauge fixing (2.82) the CEGM
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integral (2.83) under the split kinematics (1,2, j, 7 + 1) splits into

j—1 2 88(3)|
i1+11(2.82) 3
m (L) (12,541) = (/HHdIt,a(S (gx—t> (Vi PTEL)2,---JJ+1)>2|(2'82)>

a=3t=1
n 2 88(3) |
(j..n12)1(2.82) (3)
x ( / 11 1] dzad (—8 )<vj,j+1,1,2PTU,...,H,I,Q))%(zsm
a=j+2 t=1 o
(2.86)

where from (2.83) one can see that the first factor is identified with an object that resembles
the generalized amplitude mf_’zl(al, ap) with ag = (1,2, ...,j + 1), while the second factor
is identified with an object that resembles the generalized amplitude mf’_)j +3(g, o) with
as = (j,...,n,1,2). However, these two factors in the split are not amplitudes since their
particles do not satisfy momentum conservation. We leave the interpretation of these

resulting objects for future research.

The CEGM construction turned out to reveal a rich connection between physical and
combinatorial ideas through the mathematics of the tropical spaces and, in particular,
the positive tropical Grassmannian Trop™G(k,n) [98]. In the following chapter, we will

examine part of its potential for gaining insights into quantum field theory when k = 2.
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Chapter 3

Global Schwinger Formulae

3.1 Introduction

The positive tropical Grassmannian Trop™G(2,n) [195] is the space of all planar metric
trees with n leaves and vertices of any degree. Hence, in some sense it governs the singu-
larity structure of any planar tree-level scattering amplitude of massless scalar fields with

arbitrary polynomial interactions.

For example, tree-level partial amplitudes of massless scalars in the biadjoint represen-
tation of U(N) x U(N) with only cubic interactions, m,,(«, 8), are computed by summing
over all n-particle cubic Feynman diagrams which are planar with respect to both, a and
B, orderings. The partial amplitudes with the largest number of diagrams are the ones

where both orderings coincide, e.g., m, (I, I). In a recent work by Cachazo and Early [66],

a formula for m,, (I, 1) as a single integral over Trop™ G(2,n) was presented,

my, (I, 1) = /R d" 3z exp(—F,(z)). (3.1)

n—3
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Here the function F,(x) = Za,b ta flap)(z) is a piece-wise linear function defined on
Trop™G(2,n) via the “tropical cross-ratios” fia (), and tjap = (Pa + Pas1 + -+ + pp)?
are standard planar kinematic invariants. This construction is reviewed in detail in section

3.2.

When restricted to a single cone of Trop™G(2,n), the corresponding integral becomes
nothing but the Schwinger parameterization of a single Feynman diagram. In this sense,
TroptG(2,n) provides a global Schwinger parameterization of the amplitude. The regions
in Trop™G(2,n) corresponding to trees with one or more higher-degree vertices are of

measure zero and therefore do not contribute to the integral.

In this chapter we continue the study of global Schwinger parameterizations by extend-
ing the construction to all partial amplitudes m,,(«, ) and to amplitudes in scalar theories
with ¢P-interactions and p > 3. In both cases, our construction starts with the global
Schwinger formulation of m,(I,I) and proceeds with a limiting procedure on the planar

kinematic invariants to obtain amplitudes in other theories.

In the case of m,(«,I) partial amplitudes, the limiting procedure on kinematic invari-
ants produces indicator functions in the integrand. These indicator functions describe the
regions of the original Trop™G/(2,n) that intersect with Trop™G,(2,n), defined with the

ordering «. Our first result is the following,

(0, T) = /R e (~Ga(e) L (). (3.2)

where G, (z) is a piece-wise linear function that depends on the ordering «, and 1gy,)(x)

is an indicator function. We provide a derivation and examples of this formula in section

3.3.

The next set of theories we study are a straightforward generalization of m,, (I, I) in

66



which one sums over only planar Feynman diagrams with ¢P-interaction vertices. We
denote such amplitudes by A?”. In this work we only consider planarity with respect to
the cannonical ordering I and therefore there is no need to specify it. Of course, A?" is
defined to be zero if no Feynman diagram exists for the particular number of external

particles.

In order to obtain the global Schwinger formulation of A?”, the limiting procedure on
kinematic invariants produces distributions in the integrand. In particular, the Dirac delta
functions localize the integral over R"~3 to regions of measure zero!, those where trees with

higher-degree vertices live. For example, for ¢* amplitudes we find

Ag‘l = /R d" 3z exp (— Zt[a,b]f[a,b] (@) Q(x), (3.3)

-3
" a<b

where Q(z) is the distribution obtained from the limiting procedure and the sum is over
b—a = 0 mod 2. This procedure, together with the derivation of the global Schwinger

formula for Affl7 is developed in section 3.4. In section 3.5 we provide several examples.

Our global Schwinger formula for ¢* amplitudes reveals surprising connections to cubic
amplitudes: we find that each of the C,/;_; regions that define the support of the dis-
tributions in the integrand is in bijection with a m,,/o11(c, I) amplitude. We study this
feature in section 3.6, where we propose a combinatorial procedure to obtain such regions
from non-crossing chord diagrams. This implies that Afl can also be expressed as a sum

over regions. These results motivate a formula for the general schematic structure of A%

'Each corresponds to a polyhedral cone in Trop™G(2,n).
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in terms of cubic amplitudes based on the Lagrange inversion procedure

' 2 1 h(z)\"? > A
AP = —— —% dz (—) with h(z) = )Y mo(I,I)2". 3.4
(n hgﬂ_l) o (v) Z (L) (3.4)

Here hg = my(I,1) := P? and m3(I, 1) := 1.

The fact that Afl is computed as a sum over regions is very reminiscent of the recent
constructions based on Stokes polytopes [30, 29, , 9, , |, which were motivated
by the connection between ¢ amplitudes and the associahedron [167, 12]. It is known that
some Stokes polytopes are associahedra and therefore their contribution could coincide

with that of some of the regions we find. However, we find that only associahedra or

intersections of associahedra [(4] appear in our construction.

In section 3.7 we start the exploration of ¢” amplitudes in general. We propose an

analogous limiting procedure and obtain the corresponding global Schwinger formula

Kp
Agp _ /R7L3 d" 3 exp <— Zt[a,b]f[a,b] (x)) Q(x). (3.5)

a<b

where /C, indicates that the sum is over ordered pairs (a,b) such that b—a = 0 mod p — 2.

We also propose a diagrammatic construction to find the regions that compute A?"
as non-crossing (p — 2)-chord diagrams (these are counted by the Fuss-Catalan numbers?
FCm-2)/(p—2)(p — 2,1)). The sum over all contributions leads to the expected number of

trees in A", which is also given by Fuss-Catalan numbers, FC,_2) /(p—2)(p—1,1). Moreover,

2Here FC,,(q,7) is the Fuss-Catalan number given by

FCW’L (q7 r) = . (mq + r) N

mq+r m
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we point out a connection to m,12(p—3))/(p—2) (@, I) amplitudes and provide some examples.

We also propose a formula giving the general structure of A in terms of cubic amplitudes.

Of course, A?" amplitudes have also been recently studied and found to be related to a
class of polytopes known as accordiohedra [162, , 10, , , , , | (see also
[25, 20] for related work). Some accordiohedra are associahedra and therefore as in the
case of ¢* we suspect that contributions from such accordiohedra could coincide with that

of some of our regions.

In section 3.8 we explore physical properties like factorization and soft limits for the par-
tial biadjoint amplitude and for CEGM amplitudes using their global Scwhinger formulas.
We conclude in section 3.9 with discussions on possible future research directions including
connections between our schematic formulas for A?” and those that express general Green
functions in terms of connected Green functions in planar theories, a way to connect to

accordiohedra constructions, and possible extensions to CEGM generalized amplitudes.

3.2 Global Schwinger Formula for m, (I, 1)

In this section we review the construction of the global Schwinger formula for m,, (L, I)
introduced and proved in [66]. Consider a single metric tree 7 with n leaves and all
internal vertices of degree three. We follow the mathematical convention and call these
3

binary trees’. Label the leaves of 7 so that it is planar with respect to the ordering

I:=(1,2,...,n). Its contribution to an amplitude can be constructed as follows. First,

3The name stems from the fact that when a leaf is selected as a root, then walking up along the tree
implies that at each internal vertex there are exactly two possible edges to choose from in order to continue
the walk.
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define the function

F(T) = Z dabsaba (36)

1<a,b<n

where d,;, represents the matrix of distances, i.e., the distance from leaf a to leaf b. Man-

delstam invariants sq;, := (k, + ky)? satisfy

Sab = Sba, Saa = 0, and Z sep =0 Va. (3.7)

b=1

Let e, be the length of the edge containing the a'™® leaf and write dy, = e, + e, + d% where
d™t is the length of the internal edges along the unique path connecting a and b. Due to
momentum conservation (3.7), e, drops out from the function F(7) and it can be written

as
n—3
F(T)=>_ futs,, (3.8)

where f; denotes the length of an internal edge that partitions the set leaves of T as
I'uI¢ = [n]. The kinematic invariant multiplying f; is defined as the square of the

momentum flowing through the edge under consideration, i.e.,

t[ = (Zk‘a> = Z Sab - (39)

acl

The conditions (3.7) guarantee that t; = t;c. Finally, the contribution to the amplitude is
n—3 .00 n—3 1

R(T) = [ sen(-FT) =[] [(ahew-fu) =[];- G0
o i=1 70 i=1 i
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where OT := (R7)"3 is the positive orthant in R"3. Of course, the integral formulas are
only defined for ¢;, > 0 but once the answer is in the rational function form, it is valid
for any values t;, # 0. Note that the second integral in (3.10) is the standard Schwinger

formula and the edge lengths f; are the Schwinger parameters.

Denoting the set of all binary trees which are planar with respect to an ordering of the

leaves a := (aq, g, ..., a,) by P1,(«), the amplitude is computed as

m,(LD) = Y R(T). (3.11)
TePL,(I)

In [194], Speyer and Sturmfels introduced the tropical Grassmannian Trop G(2,n) and
showed that it agrees with the moduli space of phylogenetic trees studied by Billera, Holmes
and Vogtmann (BHV) [39]. Motivated by the work of Postnikov [180] on totally positive
Grassmannians, Speyer and Williams introduced positive tropical Grassmannians [195]. In
particular, Trop* G(2,n) parameterizes the space of planar trees on n leaves. This means
that Trop™ G(2,n) must provide a global definition of Schwinger parameters which unifies

all the individual Schwinger representations into a single integral.

In order to present the formula, one starts with G*(2,n) and then tropicalizes the

Pliicker coordinates. Such a positive parameterization of G*(2,n) is given by*

10 -1 —(14&) —(14+&14+22) -+ —(14+&14+--+Tn_3)
01 1 1 1 1

(3.12)

where 7, € RT. Note that any minor A, with a < b is positive. The tropicalization
of a minor A,y of (3.12) proceeds by replacing addition, #; + ;, with the min-function,

min(z;, z;), and multiplication Z;Z; with addition x; + z;. Note that we drop the tilde to

4Here we suppress the torus coordinates which under tropicalization map to the e,’s which drop out.
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differentiate the two sets of variables. This is important since while Z, € R™, the tropical

variables are unconstrained, i.e., z, € R.

The connection to the space of planar trees is simply the identification of (minus) the

distance matrix d,, with the tropical Pliicker coordinates. It is not difficult to evaluate

AP (z) and find

min(Ty_o, Ta_1,.-.,Tp_ 2<a<b—-1,4<b<n
s ATy = { T Tt o) 31)

0 otherwise
where zy := 0 and whenever there is a single argument min(z) := z. It might seem strange
that some d,, are sent to zero, however, recall that momentum conservation makes the
physics independent of the lengths e, which can then be used to set to zero some of the
entries dg,. The choice corresponds to a choice of frame in (3.12). Using this in (3.6) one

defines the “tropical potential function”

o

n —1

F.(z) = Z Sab AGT;OP(x) = SapMIN(Tg 9, Tq 1, -+, Tp_3) - (3.14)

1<a<b<n b=4 a

[|
N

The scattering amplitude (3.11) now has a single integral representation [60]

m., (I, 1) :/R d"?z exp(—Fy(z)) . (3.15)

n—3

Note that the integral is over all R"™3. Of course, the integral in (3.15) might not exist for
some values of kinematic invariants. Let us discuss the regions of convergence. The best
approach is to write the tropical potential function F,(x) in terms of planar kinematic

invariants. This is easily done by introducing the notation [, to denote t; with I =
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{a,a+1,...,b—1,b}, a set of consecutive labels, and using

Sab = tap] — tjat1,) — tjap—1] F tjat1,6-1] - (3.16)

Here one defines t|. 4 = 0 whenever ¢ > d. For example, s14 = t;14 — tj24 — t,3 + t23
while s93 = t2,3). Using (3.16) in F,(x) and arranging by planar kinematic invariants one

finds

=t (AT (@) = AT () = ATT @) + AT (0) . (3T)
a<b

a b

a-1 b+1

Figure 3.1: In a generic tree, the combination of distances —d,p + dgp+1 + da—1p — da—1,p+1
equals twice the length of the edge which removal would split the diagram into two parts,
one containing a and b and the other a — 1 and b + 1.

The quantity in brackets has a very beautiful interpretation when thought of as —d, ; +
dop+1 + da—1p — dg—1p11 for a single planar Feynman diagram. This is nothing but twice
the length of the edge partitioning the labels as {a,a+1,...,b—1,b}U{b+1,b+2,...,a—
2,a — 1}, i.e., what used to be fl,y, see figure 3.1. Of course, for this to be the case, it
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better be that it is always non-negative. This is easily seen to be the case by noticing the

following general property for any three real numbers A, B, C,
A —min(A, B) —min(A, C) + min(A, B,C) > 0. (3.18)
The proof is left as an exercise to the reader®. It is important to mention that the condition
ATSP(2) + AT, (@) > AT, (2) + AT (2) (3.19)

is part of what is referred to as a positive tropical Pliicker relation and it must be satisfied

in order to be in Trop™ G(2,n).

Finally, the condition for the integral formula (3.15) to exist is simply that all planar
kinematic invariants be positive. In the rest of this work, only the formula with planar
invariants will be used. This why it is convenient to introduce special notation for the
combination of tropical minors in (3.17),

Fan(@) == A7 () = Agi?i (@) = AP () + A0y 1 (w). (3.20)

so that F},(7) = Y., tjas flap(z) and we arrive at the final form of the global Schwinger

formula [66]

m, (I, 1) = /Rn_sd"_% exp (— Zt[%b]f[a,b] (x)) . (3.21)

a<b
Figures 3.2 and 3.3 qualitatively represent how the standard Schwinger parameterization

is related to the global Schwinger parameterization.

SHint: A—min(A, B) = —min(4A— A, B—A) = —min(0, B—A) > 0. Repeated use leads to —min(0, B —
A) —min(0, (B — A) — min(0,C — A)).
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o

Figure 3.2: In the standard Schwinger parameterization for n = 4, the amplitude equals
to the sum of two integrals, each of them given by integrating over the positive inter-
nal length ¢, of the corresponding metric tree, and weighted by the Mandelstam as-
sociated to the propagator, i.e. my(L,I) = 0+°° dlyexp(—si21) + f0+oo dlyexp(—sg3ls).
The global Schwinger formula can be understood as the projection onto a single line,
given by the integral over e.g. x; of the piece-wise linear function Fjy(z), i.e. my(I, 1) =
fj;o driexp(—(seamin(0, z1) + S3421)).

3.3 FI'OIn mn(IL I[) to mn(aa /6)

In order to extend the global Schwinger formula (3.21) for m,(I,I) to all other partial
amplitudes, m,(«, 5), let us first review their definition. Recall that P1,(«) denotes the
set of all binary trees which are planar with respect to the ordering of the leaves defined
by o = (o, g, ..., v,). Given a second ordering 5 = (31, fa, . .., Bn), one can determine
the set of trees which are planar with respect to both orderings by simply finding the

intersection P1,(«a) NP1,(f), and therefore,

ma(a,f) = > R(T). (3.22)

T€PL,(a)NPLl,(8)
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Figure 3.3: The global Schwinger parameterization for n = 5 viewed as a projection of
TroptG(2,5). Right: A positive part of the space of binary metric trees with 5 leaves. A
point in each quadrant is in correspondence with a metric tree where the internal lengths
are the Schwinger parameters, and a point in each semi-ray is therefore in correspondence
with a planar kinematic invariant. Left: The global Schwinger formula as a unification of 5
integrals into a single two-dimensional integral, parametrized by two tropical variables x
and xo. The red lines on the plane define the domains where the tropical potential F5(z)
becomes linear.

Depending on conventions, there might be an overall sign which depends on the two or-
derings chosen. Since our main concern is the kinematic dependence of the amplitude, we

refer the reader to [77] for details on the definition of the sign®.

Without loss of generality we assume that 5 =1= (1,2,...,n). Now, recall that t; is
planar with respect to an ordering if the set I coincides with the set of labels of an interval
in the ordering. For example, if « = (1,2,5,4,3,6) then I = {1,2,5} is planar with respect
to a but not with respect to I while I = {3,4,5} is planar with respect to both orderings.

Let PK(«) denote the set of all planar kinematic invariants with respect to a.

6For example, one could decide to define partial amplitudes so that the sign is included in the traces
of the flavour groups. While convenient when individual partial amplitudes are considered, this makes
properties such as the U(1)-decoupling identity, which involves several partial amplitudes, cumbersome.
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Proposition 3.3.1. Consider the set of planar kinematic invariants PK(L), set t; = 1/e
whenever t; ¢ PK(«a), and evaluate m,(I,1) on it to get a function of € and kinematic

invariants in PK(a) N PK(I), mi (L,I). Then

My (o, 1) = limm 9 (1, 1) . (3.23)

e—0

Proof. Since all trees in my (L, T) that do not contribute to m,,(«,I) contain at least one

kinematic invariant that has been set to 1/¢, in the limit their contribution to the amplitude
vanishes. Since invariants in PK(«) N PK(I) are e-independent, so are the corresponding

Feynman diagram contributions R(7T) to (3.22). O

The construction of the global Schwinger formula for m,,(a, ) proceeds in exactly the
same way. Let us define the e-dependent tropical potential function, F),(x,¢€), by starting

with F,(z) and restricting to the kinematic space of Proposition 3.3.1. More explicitly,
1
F, = = - . )
(@)= >t fi(w) = Fu(z,e) >t fila)+ - > filx) (3.24)
I€ PK(T) TE€PK(a))N PK(I) I¢PK(a))N PK(I)

Let us define the finite and divergent parts to be F,(z,¢) = Go(z) + 1 Hy(2), ie.,

Golz):= > trfix), Halx):= >  filz). (3.25)

TePK(a)N PK(T) I¢PK(a)NPK(T)

Note that we have chosen to add the subscript « to indicate that the form of the functions

depends on the a-ordering. Using (3.23) and (3.15) one finds

my (o, ) = lim d" Pz exp(—Fy,(z,€)). (3.26)

e—0t Rn—3
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Defining the limit as a directional limit from above is necessary for the convergence of the

integral since all planar kinematic invariants must be positive. Moreover, it also allows the

limit to be taken inside the integral. Using (3.25) one finds

(0, T) = /R e (<o) lim exp (—%Ha(x)> | (3.27)

e—0t

The function resulting from computing the limit is nothing but an indicator function. In

general, given two sets S, U such that S C U,

1 ifzxels,
15: U = {0,1}, 1g(z) =

(3.28)
0 otherwise.

In the case at hand, we define the set S(H,) := {r € R"3 : H,(x) = 0} C R"3. This

leads to the final formula for the global Schwinger formula,

my (o, T) = An_3d”_3m exp (—Ga()) s, () - (3.29)

Example 3.3.2. Consider o = (1324). In this case

Go(r) = —s93min(0, 1), Ha(z) =21 —min(0,z4) . (3.30)

The set S(H,) = {x1 : 1 < 0} = (—00,0] and therefore,

[e.e]

0
my(1324,1) = / dzy exp (523 min(0,21)) 1~ 0 (1) = /

—00

1
dxyexp (s93x1) = P (3.31)
00 23

Let us present a more interesting example.
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Example 3.3.3. Consider o = (123654). In this case

Go(z) =812 (1 — min (0, 1)) — 23 min (0, 21) + S45 (2 — min (z9, 23)) +
S56 (I‘g — min (IQ, Ig)) + t123 (mln (l’g, LE3> — 131) , (332)

H,(x) =z1 — min(z, xe, 3) .

In the expression for G.(x) we have already used that x1 < min(zs,x3) is the condition
imposed by requiring H,(x) = 0 in order to simplify the expression. The set S(H,) = {x; :
1 < min(xe, x3)}. In this case it is convenient to write the indicator function as a product

of two Heaviside step functions 0(xy — x1)0(x3 — x1) so that

(123654, ) — / Pxexp (— G, 29, 23)) (s — 21)0(zs — 7). (3.33)

RB

This integral is easily evaluated to give the expected result

(123654, ) — (i 4 i) (i + i) L (3.34)

S12 Sa3 S45  Ss6 /) t123

3.4 From ¢ Amplitudes to ¢* Amplitudes

The positive tropical Grassmannian Trop™ G(2,n) is the space of all planar metric trees.
In other words, trees with vertices of any degree 3 < d < n are part of the space. In
the previous section, amplitudes of theories where only Feynman diagrams corresponding
to binary trees were discussed. At first it might be puzzling that a formula for m,, (I, I)
involves an integration over the entire Trop™ G(2,n). However, this is easily understood
by noticing that the regions in Trop* G(2,n) which correspond to trees with at least one

vertex of degree d > 3 are of measure zero and do not contribute to the integral.
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In this section we extend the idea used to obtain m,(a,I) from m,(I,I) by a limiting
procedure in order to obtain a global Schwinger formula for Aff. The main difference is that
while the limiting procedure produced indicator functions leading to m,(«, 1), here it pro-
duces Dirac delta functions that localize the integral to the regions of measure zero where
¢* planar trees are located. The process unearths a surprising connection to m,, s2+1 (o, I)

amplitudes.

Proposition 3.4.1. Consider the space of kinematic invariant of n = 2m massless parti-
cles with t,p) = 1/€ whenever b —a =1 mod 2 and let m (L, T) denote m,(I,1) evaluated
on it. Then

Afl = lim

0
ling s D). (3.35)

Proof. Consider any Feynman diagram 7™ contributing to Afl, that is, any completely
ternary planar tree on n-leaves. Such a diagram has n/2 — 1 vertices of degree 4. The
strategy is to find out how many planar binary trees give rise to 7 by collapsing edges,
i.e., taking their length to zero. This is easily done by realizing that for each degree-four
vertex of T™ there are exactly two ways, compatible with planarity, of growing an edge to
produce two degree-three vertices. This means that there are 2%/~ binary trees that give
rise to 7). Of course, not all binary trees descend to a ternary diagram. Note that under
the kinematics in the proposition, ¢® Feynman diagrams that collapse to ¢* diagrams have
exactly n/2 —2 e-independent propagators and (n—3) — (n/2—2) = n/2— 1 which become
1/t = e. Diagrams that do not produce a ¢* diagram have at least one extra propagator

of the form 1/t = €. Therefore, in the limit ¢ — 0 the ¢* amplitude is recovered. O
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3.4.1 Global Schwinger Formula for Aff

Following the same steps as in section 3.3 we start the derivation of the global Schwinger
formulation of A;’f by using Proposition 3.4.1 and the representation for m, (I, I) given in

(3.21), i.c

n—3

’ 1 o
A¢ _Eli%im/lk d 333'8Xp< Zt[ab f[ab ) . (336)

a<b
Rewrite
1
&) =D tianfian(v) = G(x) + —H(x) (3.37)
a<b

with

even Odd

2) =Y tayfan(@), H(@) =) fuyl), (3.38)
a<b a<b

where the sums are over ordered pairs (a,b) such that b—a =0 mod 2 (even) or b—a =1

mod 2 (odd).

Unlike the cases considered in the previous section, the limit ¢ — 0 of m') (I,I) does
not lead to a finite answer and therefore commuting the limit and the integration in (3.36)

must be carefully defined. We take the approach in which

Q(z) = lim ﬁexp (—%H@)) (3.39)

is to be treated as a distribution. Since H(z) > 0, it is clear that Q(z) only has support
in regions where H(z) = 0. In the next section we show that solutions to H(x) = 0 are

regions of dimension n/2 — 1 in R"~3 which are classified by non-crossing chord diagrams.
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Here we show the explicit form of H(x),

n—3 n—4 n—3
H(z) = Z To + 2 Z Z (=1)° " min(zq, Tag1, ..., Tp) - (3.40)
a=0 a=0 b=a+1

Thus, the distribution Q(z) becomes a sum over distributions that localize the integral to

the regions. This gives the first form of the global Schwinger formula for the ¢* theory,

Afl = /]R d"?z exp <— Zt[a,b]f[a,b] ($)> Q). (3.41)

-3
" a<b

In the next section we present some examples that motivate a second version of the formula

as a sum over regions labelled by non-crossing chord diagrams.

3.5 Computing ¢* Amplitudes Using the Global Schwinger

Formula

In this section we illustrate the use of the global Schwinger formula (3.41) by considering

several examples.

3.5.1 Four-Point Amplitude

The four-particle kinematic space is only two dimensional, $is,S23. Therefore G(z) = 0
and

H(z) =21 —2min(0, 21) = |4]. (3.42)
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The distribution in the integral is

Qz) = lim ~ exp (—%w) — 5(zy). (3.43)

e—0+ 2¢

This implies that (3.41) becomes

A = /dxlé(:vl) =1. (3.44)
R

3.5.2 Six-Point Amplitude

The six-particle kinematic space is nine dimensional, s12, 523, . . ., Se1, {[1,3], t[2,4], L[3,5]- Eval-

uating H(z) one finds

H(z) =21 + 22 + x3 — 2min(0, z1) — 2min(z1, x2) — 2 min(zq, 3)

+ 2min(0, 1, x2) + 2min(zq, x2, 3) — 2min(0, 1, T2, T3) . (3.45)
Setting H (z) to zero gives rise to two regions,
Ry ={x1=0,29 =23}, Ry={x1=122>0,23=0}. (3.46)
The distribution Q(z) then becomes

Q(z) = Q1(x) + Q2(x), with Q1(x) := 6(x1)d(z2 — x3), Qa(x) := 0(x1)0(x1 — 2)0(x3) .

(3.47)
Instead of computing (3.41) as a single object, let us split it by regions
o) _ [ 3 _ 1 1
Ag V= | drexp(—G(2))Q1(x) = — + —. (3.48)
R3 l123  losa

83



4, 1
AL = [ drexp(-6)Qulo) =
R3 t345
Adding up the two contributions leads to the amplitude
1 1 1
A=t Ly

t12s  losa  t345
3.5.3 Eight-Point Amplitude
The eight-particle kinematic space is twenty dimensional, s12, S23, . . ., Sg1, t123, t234, -

and t1.41,t2,5), U360, ta,7)- Evaluating H(x) using (3.40) one finds five regions:

Ry ={z, =0, o = 3, 14 = 75},

RQ :{1‘120, To = T5, T3 = T4, I’Q<£L‘3},
R3:{JI5:O,ZL’1:ZE2, T3 = T4, 5(71>O, ZE3>0},
R4:{LE3:O, X1 = T9, T4 = Ts, LU1>O},

R5:{x5:O, X1 = T4, Ty = T3, $2>$1>O}.

The distribution Q(z) then becomes

Q) = Qu(x) + Q2(z) + Q3(2) + Qa(x) + Qs(2)
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(3.50)
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(3.51)
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with

Q1(z) :=0(x1)0(22 — 23)0(24 — 25) ,

Qs() = 0(x5 — 2)6(21)5 (3 — 25)6 (x5 — 74)
Q3(x) :=0(21)0(23)0(25)0(x1 — 22)0(23 — 24) ,
Qa(x) :=0(x1)0(23)0 (21 — w2)0(24 — 25),

Qs(x) == 0(21)0(x2 — 21)0(25)0(21 — 74)3(x2 — 73)

The contributions from each region are:

a1 1 1 1 1
t123tase  taselrs1  t7g1laza tosalers  Tlerstios

) 1 1 1
ts67 \f123  to3a
} 1 1 1
AT = — (— + —) ,
lg12 \l345  tse7

actw _ L (L N L)
s tsa5 \ters  trs1/)

. 1
ALO) (3.53)

tas6ts12

The arnphtude,A§4 is the sum over all five contributions and gives rise to the familiar

expression in terms of 12 Feynman diagrams.

3.5.4 One Region for All n

In the next section we provide a diagrammatic technique for finding all regions contributing

to Afl. In this last example, we study the contribution from the analog to R; for all n.
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The region is defined in the following proposition.

Proposition 3.5.1. The function

odd
H(z) = fuy(z), (3.54)
a<b
defined in (3.38), vanishes in the region
R1 = {l’o = X1, g = T3, Ty = T5,..., Tp_yg = IL‘n_g} . (355)

Proof. Since H(x) is the sum of non-negative functions, fi,4(z), we have to show that

each such function vanishes on R;. Using the definitions (3.20), (3.13), one has

Jap(®) = min(za—2, Ta—1, ..., Tp—3) — MiN(Ta—2, Ta—1, - - -, To—3, To—2) (3.56)

- min(l‘a—Sa Tg—2;--- 7:Eb—3) + min(xa—:’n La—2;5- -+ Tb-3; wb—Q) .

By definition, H(z) only contains fi,;(x) with b —a =1 mod 2. This means that on R,
either x,_3 = x4_9 or xy,_3 = x,_o. This is easily seen by considering two cases: If a € 2Z
then b € 27Z + 1 and therefore a —3 € 2Z + 1, b — 3 € 27, and x,_3 = x,_2 on R;. The
same can be repeated when a € 2Z + 1 to conclude that x, 35 = x,_». Finally, note that if
Tq—3 = Tq_o then the first and third terms in (3.56) cancel each other while the second and
fourth do too. If x,_3 = x,_o then the first and second cancel while the third and fourth

do too. O

In order to evaluate the contribution from R; it is convenient to define the following
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combination of kinematic invariants,

Tab ‘= Sab + Sa,b+1 + Sa+1,b + Sa+1,b+1 - (357)

It is also useful to write 7,4, in terms of planar invariants using (3.16),

Tab = —tap-1) + Lap+1) + Lar2,p-1] — Uat2,041) - (3.58)

Note that if a € 2Z and b € 2Z + 1, then all four invariants in (3.58) belong to the set of

¢* invariants. Restricting the tropical potential function (3.14) to R; one finds

even odd even
F.(x) =Gy(x) = Z Z Tap MIN(To_2, Tay - -« Tp—p, Tp—3) + Z ta.a+1,a+2%a—2.  (3.59)
a=2 b=5 a=2

In sums labeled “even” (“odd”) the index only takes even (odd) values. The first equality
is due to the fact that on R; the function H,(x) = 0.

The function G, (z) has exactly the structure of a tropical potential for m,, /o1 (L, 1) if
the labels are identified as x, — 24/2. This is well-defined since a only takes even values
in (3.59). Instead of using the mapping, we keep the original labels and write the tropical

potential for my, /041 (I,I) as

even odd even
3 .
Fj/g_,_l(an Ta, ... 71:11) = Sa,b+1 Hlll’l((lfa_g, Loy y Lp—5, xb—?)) + Z Sa,a+2La—2 -
a=2 b=5 a=2
(3.60)
Matching the coefficients gives the map of kinematic invariants,
Tab = Sab+1 ta’a+]_,a+2 = Sa,a+2 a € {2, 47 6.. } s be {5, 7, 9, .. } . (361)
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We conclude that the contribution of region R; to Afl is nothing but my, /241 (L I) with

kinematic invariants given by (3.61). This result prompts the following proposition.

Proposition 3.5.2. Consider Aff evaluated on the following subspace of kinematic invari-
ants,

1
t[a7b]zz, a€{3,5...,n=3},be{a+2,a+4,...,n—1}. (3.62)

to produce a function Aﬁ%). Then,

lim A2 = m,,/0.1(L ), (3.63)

e—0

for some bijection of the set of planar kinematic invariants.

Proof. Let us start by proving the spaces of kinematic invariants possess the same cardinal-
ity. The set of planar kinematic invariants of A?" has cardinality of n(n—4)/4. For example,
it is 0,3, 8,15 for n = 4,6, 8, 10. In the statement of the proposition, (n —2)(n—4)/8 of the
kinematic invariants are set to 1/¢ so there are only (n —4)(n+2)/8 left. Let us introduce
ns :=n/2 + 1, then (n —4)(n + 2)/8 = n3(n3 — 3)/2 which is the cardinality of the set of

planar kinematic invariants for my,,—, 41 (I, I).

The rest of the proof is based on the fact that in the kinematic space of interest and
the corresponding limit, only region R; contributes to the amplitude. Since the result from
region R; was shown to be my,,—,/2+1(I, I) for some bijetion of the kinematic invariants in
this subsection, then the statement of the proposition follows. In order to actually complete
the proof, we first need to classify all regions and this is done in the next section. We
therefore postpone the completion of the proof to the end of the next section in subsection

3.6.3.
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3.6 Combinatorial Description of Regions

In the previous section we provided some examples of how the global Schwinger formula
for Afl is evaluated. The result decomposes as a sum over regions (cones) which are in
bijection with noncrossing chord diagrams. In this section we provide a systematic study of
the structure of the regions. The unexpected appearance of m,,/2.1(I, I) in the contribution
from one of the regions, explained in section 3.5.4, motivates a similar interpretation for
the other regions. Indeed, in all examples we have studied we find that all contributions are
related to m,, /211 (v, I) for some choice of ordering . In order to make the study systematic,
we propose a diagrammatic procedure for finding all the regions that contribute to Afl and

show how each such region is in bijection with a cubic m,, /241 (a, ) amplitude.

3.6.1 Regions for Af: Non-Crossing Chord Diagrams

Let us start by defining non-crossing chord diagrams in our context.

Definition 3.6.1. Place n — 2 points labeled 0,1, ..., n — 3 in increasing order on the real
line. A non-crossing chord diagram is a perfect matching of the points such that all edges
can be drawn as chords on the upper half plane without any crossings. Let us denote the

chord connecting points a and b as Oy.

Conjecture 3.6.2. The regions contributing to A;‘f are in bijection with the set of all
Cpja—1 possible non-crossing chord diagrams defined in 3.6.1. Moreover, the region R

corresponding to a particular diagram is obtained as follows:

o For each chord 0y set x, = .

e If a chord Oy surrounds another chord 0.4, then x, = x, < .= 4.
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In other words, the regions defined by non-crossing chord diagrams are all the solutions to

H(z)=0.
Let us note that the case in which no chord surrounds any other chord corresponds to
R={xo=a1,00=123, ..., Tp_y = Tp_3}. (3.64)

This is nothing but the region R; which was proven to set H(x) = 0 in Proposition (3.5.1).

Example 3.6.3. Consider two of the examples presented in section 3.5. For n = 4 there
is a single chord diagram. It has a single chord 0y and therefore the region is given by
xo = 1. Recall that xo = 0 and so vy = 0. For n = 6 there are two non-crossing chord

diagrams as shown in figure 3.4. The corresponding regions can be seen to match Ry and

AN N

0 1 2 3 0 1 2 3

Figure 3.4: Non-crossing chord diagrams for n = 6. On the right, the chord 63 surrounds
the chord 65 and therefore the condition zy < x; is imposed.

Ry in (3.46), i.e.,

Rl = {JIO =1, To = Ig}, RQ = {ZEO = T3, T1 = L9, To < Il} . (365)

Finally, we leave as an exercise to the reader to check that the five regions for n = 8

presented in (3.51) correspond to the diagrams in figure 3.5.

90



LN N N N £

0

o
-
N
w
»
(3,

LN N

1
5 0 1 2 3 4

0 1 2 3 4 5
0 1 2 3 4 5

Figure 3.5: Non-crossing chord diagrams for n = 8. In the second diagram 6,5 surrounds
034 and therefore x5 < x3. In the third diagram 65 surrounds both 615 and 634 and therefore
ro < x1 and xy < x3. In the fourth diagram 6y3 surrounds #,5 so xg < x;. Finally, in the
fifth diagram 6p5 surrounds 64 which surrounds a3 so xg < 1 < 5.

In the last example of section 3.5 we found that the contribution to region R; was
computed by a biadjoint ¢ amplitude with n/2+1 particles, i.e., m,, 241(I, ). The attentive
reader might have noticed that in all examples provided so far, the structure of the answer
resembles that of m,, /2+1(a,]l) for some permutation a. We leave the precise connection
between « and a region for future work and here we concentrate on the schematic structure

of Afl for which we have an all n proposal.

3.6.2 Products of ¢ Amplitudes: Towards m,,/o1(c,I)

In order to understand the structure of each region, it is useful to introduce an additional
chord to the non-crossing chord diagrams described above. More precisely, we introduce
two new points, which could be denoted —1 and n — 2, and we always draw a chord

between them. The point —1 is located to the left of 0 and n — 2 is to the right of n — 3
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so that the chord 6_, ,_5 surrounds the whole diagram. This can be understood as a way

of introducing into the figure the fixed particles 1 and 2 in the parameterization (3.12).

Definition 3.6.4. An extended non-crossing chord diagram (also known as indecomposable
non-crossing chord diagram) associated to Afl 1S a non-crossing chord diagram on n points
labeled by {—1,0,1,2,...,n—3,n—2} in which 0_y ,,_5 is always included. We also define a
meadow of an extended non-crossing chord diagram as any region in the diagram delimited

by more than one chord and by the line where the points lie.

The claim is that a meadow delimited by m chords and the real line corresponds to
a biadjoint (m + 1)-subamplitude participating in m,,/241(c, I). Moreover, we also claim
that any chord 6, shared by two meadows corresponds to a propagator in my, 41 (c, I) of

the form 1/t(q435+9. This also fixes the topology of the cubic double-ordered amplitude.

Before describing the consequences of this proposal, let us give some examples to illus-

trate it.

Example 3.6.5. Consider the region described by the diagram in figure 3.6 for n = 10.

Using the diagram it is easy to recognize the region as
R= {l’o =T, Tg = T5, T3 = T4, Tg = T7, Tg < 1’3} . (366)

Since the green meadow is delimited by 4 chords and the real line then it corresponds to a
5-particle subamplitude of mg(a, 1), while the blue meadow is delimited by 2 chords and the
real line and thus corresponds to a 3-particle subamplitude. The disk diagram on the right
is intended to represent the topology of me(c, 1) given the diagram on the left. The reader
famaliar with the CHY description of biadjoint partial amplitudes would recognize the disk

diagram as encoding the two orderings o and 1. Finally, notice that the chord 65 is shared
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Figure 3.6: Left: An extended non-crossing chord diagram for n = 10 where the meadows
have been coloured. The additional points —1 and 8 together with the chord 6_; g joining
them are coloured in magenta. Right: Disc diagram of an mg(ca, I) amplitude corresponding
to the contribution of the region on the left.

by two meadows, hence it generates the propagator 1/tse; in mg(a,l). The conclusion is

that the contribution of this region to A‘f; 1s schematically given by

1
msg X mgs X —. (367)
567

Example 3.6.6. Consider another region contributing to A‘f;, described by the diagram

in figure 3.7. In this case we have two 4-particle subamplitudes and one propagator of the

Figure 3.7: Left: An extended non-crossing chord diagram for n = 10 where the meadows
have been coloured. Right: Disc diagram of an mg(«,I) amplitude corresponding to the
contribution of the region on the left.

form 1/t;3 7. The contribution of this region to A“fg 1s schematically given by

1
(my)? x — . (3.68)
i3,
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Note that (m4)? stands for the product of two distinct four-point ¢ amplitudes. Since we
are only interested in the schematic structure, i.e. in the number of amplitudes of a given

type, we keep track of that using exponents.

Example 3.6.7. Consider now a region contributing to Af. The region is defined by the
diagram in figure 3.8. We leave as an exercise for the reader to show that this corresponds to

region Rs in the example given in section 3.5.3. The extended non-crossing chord diagram
Figure 3.8: Left: An extended non-crossing chord diagram for n = 8 where the meadows

have been coloured. Right: Disc diagram of an ms(«,I) amplitude corresponding to the
contribution of the region on the left.

-1 0 1 2 3 4 5 6

contains three meadows delimited by two chords (i.e. three 3-particle subamplitudes) and
two propagators corresponding to the chords 6gs and 614. Accoding to our proposal, these
propagators are 1/t;37) = 1/ts12 and 1/ts6, respectively. Once again, the schematic form
of the contribution is

(m3)” X — X —. (3.69)

If we define mg := 1 this is exactly the contribution A§4z(5) presented in (3.53).

Based on these and many other examples, we have found a formula that reproduces the
schematic structure of Aﬁ‘l in every case. The formula is based on the Lagrange inversion

procedure relating the series expansion of a function f(z) with that of its compositional
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inverse. We review some related material in appendix C. Here we simply present the final

form of the proposal. Let
h(z) = Z hix' == Z Mo’ (3.70)
i=0 i=0

where m; o represents a generic (i + 2)-particle amplitude in the biadjoint ¢* scalar theory
of the form m;;2(I, I). Since the mass dimension of m;o(I,I) is —2(i — 1) we are motivated

to define my := P? and m3 := 1. Here 1/P? represents a generic propagator.

The claim is that the schematic form of the amplitude Afl is given by

’ 2 1 h(z)\""*
A = = ) — : .
‘ () ) -

Let us compute the first few cases of (3.71),

4
AV =hy =ms,

2 2
¢t hgha + hohy 5 1
ATy Tt
+ hsh3 + 3hihoh2 + h3h 1 12
Ag _ hahg 1h82 0 1'%0 :m5+3m3m4ﬁ+m§ (ﬁ) ,

’ 1 1 1\? 1\*
A(fo =mg + 4m5m3ﬁ + 2miﬁ + 6m4m§ <ﬁ) + mg (ﬁ) )

There are several consistency checks that can be done on (3.71). The first is that the
number of non-crossing chord diagrams with n/2 — 1 chords is C,/2_1. Therefore if we

set all m, := 1 so that the contribution from each region is unity, one must find that
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A =, /2—1. This means that we must set

h(xz) = Zx’ o i . (3.72)

4 2 1 1 n/2
d) - . o - < g
A <n) 2 A:e dz (2(1 - z)) Crja-1- (3.73)

The last equality follows from the Lagrange inversion formula with f(z) = z(1 — z) and

and evaluate

g(x) = xBsy(x), where By(z) is the generating function of Catalan numbers.

The second check is that if A;’f is evaluated on “planar kinematics” [77, , 60], i.e.
on the kinematic point where all planar Mandelstam invariants that participate in Afl
are unity, f,p = 1, then A;’f simply counts the number of planar ternary trees (with all
internal vertices of degree four). The numbers are known to be given by the Fuss-Catalan
sequence, FC,,;5_1(3,1). For n = 4,6,8,10 one has FC,5_1(3,1) = 1,3,12,55. This check

can be done by realizing that on planar kinematics m,, = C,,_s and therefore

= ; 1—+1—4x
As shown in appendix C in (C.8), it is indeed the case that
1 dz (1—yT—4z2\""
FC,(3,1) = — , 75
Cr(3,1) 27i j{zlg r+1 ( 222 ) (3.75)

which gives the required relation when r =n/2 — 1.
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3.6.3 Completing the Proof of Proposition 3.5.2

In order to complete the proof of Proposition 3.5.2 we have to show that all regions that

contribute to A?*| except for Ry, are O(e) when
1
tab] = = a€{3,5,....n—3}, be{a+2,a+4,...,n—1}. (3.76)

Recall that R; is the region corresponding to n/2 — 1 non-crossing chords so that none
is surrounded by any other. According to the rules explained in this section, this means
that no propagator is generated. One the other hand, every single other region has at least
one chord surrounded by another, say 6.; and therefore there is at least one propagator
in the region’s contribution to the amplitude. The propagator is 1/tr;3 9. Clearly
f — e > 3 so that the chord can contain at least another one. This means that the chords
of interest can only have e € {0,1,...,n—6} and f € {e +3,e+4,...,n — 3}. Therefore
each region different from R; contains at last one propagator of the form 1/t with
a€{3,4,....n—3}and b € {a+2,a+3,...,n— 1}. But this is exactly the range of

propagators set to € and this concludes the proof.

3.7 From ¢ Amplitudes to ¢ Amplitudes

In this section we extend the limiting procedure used to obtain Afl from m,, (I, I) to make
a general conjecture for any A?" amplitude and its global Schwinger formulation. We also
propose a diagrammatic procedure for finding all the regions that contribute to A% and
point out a connection with m,12(p—3))/(p—2) (e, I) amplitudes. To start with, the limiting

procedure that generates A¢” from m,, (I, 1) is the following.
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Proposition 3.7.1. Consider the region of the kinematic space of n massless particles

where tjp = 1/€ whenever b—a # 0 mod p —2 and let m (I,I) denote m,(I,1) evaluated

on it. Then

1
A% = lim —m{(L 1), (3.77)
where C,, is the m! Catalan number.

Proof. The proof is analogous to that of Proposition 3.4.1. First, consider any Feynman
diagram 7® of A?" that is, any (p — 1)-ary planar tree on n-leaves. Such a diagram has
(n —2)/(p — 2) vertices of degree p. The strategy is again to find out how many planar
binary trees give rise to 7® by collapsing edges, i.e., taking their length to zero. This
is easily done by realizing that for each degree-p vertex of 7@ there are exactly Cp_2
ways, compatible with planarity, of growing a tree to produce C,_» degree-three vertices.
This means that there are C(n 2)/(p=2) binary trees that give rise to 7®. Of course, not
all binary trees descend to a (p — 1)-ary diagram. Note that under the kinematics in the
proposition, ¢* Feynman diagrams that collapse to ¢ diagrams have exactly (n—p)/(p—2)
e-independent propagators and therefore (n —3) — (n—p)/(p—2) = (p—3)(n—2)/(p—2)
which become 1/t = e. Diagrams that do not produce a ¢” diagram have at least one
extra propagator of the form 1/t = e. Therefore, in the limit ¢ — 0 the ¢” amplitude is

recovered. O

As in section 3.4, one can write the global Schwinger formula for A?" as a single integral

Aﬁpz/Rns d" xeXP( Zt[ab Jiap (@ )Q() (3.78)

a<b

where K, means that the sum is over ordered pairs (a,b) such that b —a = 0 mod p — 2.
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Here Q(z) is defined as

Q(z) = lim L o (—%H(a:)) (3.79)

with

Hz)= Y fayl@). (3.80)

a<b:(a,b)¢Kp
Note that due to the non-negativity of H(x), Q(x) only has support in regions where
H(z) = 0. Again, the distribution Q(z) becomes a sum over distributions that localize the
integral to these regions. This means that equation (3.78) can also be understood as a sum

over regions, where these as associated to diagrams as explained in the next subsection.

3.7.1 Combinatorial Description of Regions

In this subsection we conjecture that the solutions of H(z) = 0 are regions of dimension
n/(p—2) — 1 in R"3 which are classified by non-crossing (p — 2)-chord diagrams. The

definition of non-crossing (p — 2)-chord diagrams, in our context, is the following.

Definition 3.7.2. Place n — 2 points labeled 0,1, ..., n — 3 on the real line in increasing
order. A non-crossing (p — 2)-chord diagram is a perfect matching of the points such
that each matching involves (p — 2) points joined by a (p — 2)-chord and drawn on the
upper half plane without any crossings. Let us denote the (p — 2)-chord connecting points

a1, ag, ..., 0p—2 G5 gy a9,..a,_ (for general k-chord diagrams see e.g. [205].)

Conjecture 3.7.3. The regions contributing to A?" are in bijection with the set of all
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FC—2)/(p—2)(p — 2,1)7 possible non-crossing (p — 2)-chord diagrams. Moreover, the region

R corresponding to a particular diagram is obtained as follows:

o For each (p — 2)-chord 04, a,....a, o S€t Tay = Tay = -+ = Tq,_,.

o Ifa(p—2)-chord 04, ... 4, , surrounds another (p —2)-chord Oy, y,. .p, ., then x,, =

Tay =" =gy, < Ty = Tpy =+ = T, _,-

In other words, the regions defined by the non-crossing (p — 2)-chord diagrams are all the
solutions to H(x) = 0, where H(x) is given by (3.80), and the sum of their contributions
produces all the FC,_2)/p—2)(p — 1,1) trees of ¢P.

Example 3.7.4. Consider the n = 10 amplitude for ¢°. There are four non-crossing

4-chord diagrams and are shown in figure 3.9.

Reading from top to bottom and recalling that xo = 0, the four regions generated by

these diagrams correspond, respectively, to

By ={z1 =2 =23 =0, 24 = x5 = 15 = 27},
Ry ={x1 =2 =27 =0, 13 = 14 = 25 = 26, 13 > 0},
Ry ={x1 =26 =27 =0, 23 = 13 = 14 = x5, T2 > 0},

Ry={axs =26 =127 =0, 11 = 19 = x3 = x4, 71 > 0} .

"Recall that FC,,(q,) is the Fuss-Catalan number given by

FCpu(q,r) = — (mq + 7”) .

mq—+r m

Note that for ¢ = 2 and r» = 1 the Fuss-Catalan numbers coincide with the Catalan numbers, i.e.

FCn(2,1) = Cpn.
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0 1 2 3 4 5 6 7
aay
0 1 2 3 4 5 6 7

Figure 3.9: All possible non-crossing 4-chord diagrams for n = 10 and p = 6. Each diagram
contains exactly two 4-chords. In the top diagram one 4-chord joins points 0, 1, 2, 3 while
the second 4-chord joins 4, 5,6, 7. In the second diagram the 4-chord 6y;27 surrounds €s456.
In the third, 6y167 surrounds f9345. In the last diagram, fysg7 surrounds €1934.

Therefore, the distribution Q(x) is given by

Q(r) = Q1(z) + Qo) + Q3(x) + Qu(w)

with
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Q4 :
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The amplitude A‘fg is the sum over all FCy(4,1) = 4 contributions and gives rise to the

familiar expression with FCy(5,1) = 5 Feynman diagrams.

Example 3.7.5. Consider now the n = 11 case for ¢°. There are 12 non-crossing 3-chord
diagrams and are represented in figure 3.10. Reading from left to right and top to bottom,

the 12 regions generated by these diagrams correspond, respectively, to

Ry ={x1=22=0, 23 = x4 = x5, 16 = 7 = T3},
Ry={x1=29=0, 23 =27 =g, 14 = T5 = Tg, T3 < T4},
R3:{ZL‘1:ZL‘2:0,$5:$6:$7,I3:l’4:l‘8,{E3<ZL‘5},
R4:{$4:$5:0,I1:I2:I3,ZL’6:ZE7:.’L’8,$1>0},

Rs ={z1 =15 =0, 19 = 23 = 74, T = T7 = Tg, Tg > 0},

Ry ={x7 =25 =0, 21 = 29 = x3, 4 = x5 = xg, ©1 > 0, x4 > 0},
R7:{ZL‘4:ZL‘8:O7$1:$2:l’3,$5:$6:l’7,$1>0,JZ5>O},
Rgz{l'l:$8:0,$2:I3:I4,LE5:IL’6:I‘7,I2>0,I5>0},
Ry ={x7 =15 =0, 11 = 25 = T, Ta = T3 = T4, T > 11 > 0},
Ry ={r7 =13 =0, 11 = 29 = 26, T3 = T4 = 5, T3 > 11 > 0},
RH:{ZEl:ZE8:07CL’2:J}6:$7,[E3:ZE4:ZIZ5,ZL‘3>ZL‘2>O},

Ry ={z1 =28 =0, 19 = 23 = T7, T4 = x5 = Tg, T4 > T9 > 0}.

We leave as an exercise to the reader to find the distributions associated to these regions
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and to show that the contributions from each region are:

S0 1 1 1 1 1
All - + + + -+ y
tpstiei]  estee Ussites Ussitpay Usintpi

1 1 . 1 1 1
+ ) ;AR = ( + ) ,
lps 511 trrio) \t5 U511

A¢i:(4): 1 ( 1 + 1 ) A¢5:(5): 1 ( 1 + 1 )
! tse) \ts11)  tps/) H tur \ts11)  tps/

:(6 1 1 1 5:(7 1
All()_ + >7 All():—7
ti3,9) \f36 16,9 t7,101¢[3,6]
#5:(8 1 1 1 5:(9 1
All(): ( + )7 A(fl():—7
tia,10) \ta,7]  t[7,10] ta,7t13,9)
5:(10 1 5:(11 1 5:(12 1
AL _ R L | S — (3.82)
115,81t3,9] 115,81t 14,10] L16,91t[4,10]

The amplitude Aﬁ is the sum over all FC5(3,1) = 12 contributions and gives rise to the

familiar expression with FC3(4,1) = 22 Feynman diagrams.

From these examples note that even for p > 4 the structure of the contribution of
each region also resembles that of a cubic amplitude. In particular, it has the structure
of M(nt2(p—3))/(p—2)(,I) for some permutation o. Here we will only concentrate on the
schematic structure of A% for all n, leaving again the precise connection between a and

the region to future work.

3.7.2 Products of ¢ Amplitudes: Towards m, 2()—3))/(p—2) (e I)

As in the p = 4 case, in order to understand the structure of each region it is useful to
introduce an additional (p — 2)-chord to the non-crossing (p — 2)-chord diagrams from

Definition 3.7.2. This is done by adding p — 2 new points labelled —p+ 3, —p +4,...,—1
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and n — 2 so that the new set of pointsis {—p+3,—p+4,...—1,0,1,2,... ,;n—3,n— 2}

and points are located in increasing order on the real line®.

Definition 3.7.6. An extended non-crossing (p—2)-chord diagram is a non-crossing (p—2)-
chord diagram on n points labelled by {—p+3,—p+4,...—1,0,1,2,....,n—3,n—2} in
which 0_p13 _pra. —1n—2 15 always included. We also define a meadow of an extended non-
crossing (p — 2)-chord diagram as any region in the diagram delimited by more than one

(p — 2)-chord and by the line where the points lie.

From now on we will abuse notation and use 6,, to refer to the unique path in a
(p — 2)-chord joining two points @ and b. Therefore, the general claim is that a meadow
delimited by m such paths and the real line corresponds to a biadjoint (m+1)-subamplitude
participating in m,+2(p—3))/(p—2) (@, I). We also claim that the upper boundary of a meadow,
Bap, corresponds to a propagator in m,4a(p—3))/(p—2)(@, I) of the form 1/t 43549, with the
exception of the pair {a,b} = {—1,n — 2}. This also fixes the topology of the cubic

double-ordered amplitude.

Let us again give some examples to illustrate the proposal.

Example 3.7.7. Consider the extended non-crossing 4-chord diagram of ¢° for n = 14
shown in figure 3.11.

In this extended diagram the points —3, —2, —1 and 12 together with the 4-chord
0_3_2 1,12 that joins them are coloured in magenta. One can see that there are two mead-
ows coloured in green and blue. The green meadow is delimited by the real line and by 2
paths 6112 and 6y 11, thus it corresponds to a 3-point subamplitude appearing in ms(c, ).

Similarly, the blue meadow is delimited by 3 paths 0211, 03¢ and 0719 and the real line,

81n fact, any choice where at least one point is on the left of 0 and one point is on the right on n — 3 is
valid.

105



Figure 3.11: Left: An extended non-crossing chord diagram of ¢% for n = 14 where the
meadows have been coloured. Right: Disc diagram of an ms(c, I) amplitude corresponding
to the contribution of the region on the left.

thus it corresponds to a 4-point subamplitude of ms(a, ). The upper boundary of the blue
meadow is 0311 and this means that there is a propagator of the form 1/ti13. The upper
boundary of the green meadow is of the form 0_; ,_o and it does not generate a propagator.

Therefore, the schematic form of the contribution is

1

tsas)

mag X my X

Example 3.7.8. Now consider another extended non-crossing 4-chord diagram of ¢° for

n = 14 shown in figure 3.12. As in the previous example, one can see that there are

Figure 3.12: Left: An extended non-crossing chord diagram of ¢° for n = 14 where the
meadows have been coloured. Right: Disc diagram of an ms(c, I) amplitude corresponding
to the contribution of the region on the left.

three meadows coloured in green, blue and red. The green meadow is delimited by the real
line and by 2 paths 0_1 12 and 011 and gives rise to a 3-point subamplitude appearing in
ms(a, I). Similarly, the blue meadow is delimited by the real line and 2 paths 0ys and 64,

thus it corresponds to a 3-point subamplitude of ms(a, ). Likewise, the red meadow is
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delimited by the real line and 2 paths 05 19 and Og9 and gives rise to a 3-point subamplitude
of ms(a,I). We also have two propagators of the form 1/t;3 7 and 1/tis19. Therefore, the
schematic form of the contribution is

1 1

3
m X — X .
(1ms) la7 U819

3.7.3 Schematic Structure of Aﬁp

Before proposing a Lagrange inversion-like formula to reproduce the schematic structure

D
of A?”, we present more examples:

: L ! LY
AT = 2y A= s+ Gy g+ 5m (ﬁ) ’

. 1 1 1Y’ ’
A? =mg + 4miﬁ +8msmy 5 + 28myms (ﬁ) + 14mg (—) )

6 1 6 1 2
Ay =my + 3m§ﬁ . A = ms+ 9m3m4ﬁ + 12m3 (—) :

7 1
A‘fQ =mq + 4m§ﬁ ,

: 1
AL, =my + 5m§ﬁ . (3.83)

Let us make a proposal for the all n structure of A" amplitudes in terms of biadjoint cubic
amplitudes and then perform the same consistency check as done for ¢*. The proposal is
motivated by the fact, proven in appendix C, that f(z) = z/By_1(z) and g(x) = xBy(x)
are compositional inverses of each other if B,(x) is the generating function of the Fuss-

Catalan numbers FC,,(r,1). This led us to propose a recursive structure in which we
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define
hs(x) :=) Mg’ (3.84)
=0

and

o~ , =1 dz (ha(2)\'
, B o 1 J 3.85

The structure of the A?” amplitude is then given by

Pop.(n—2)/(p—
or _ _'p(n=2)/(p—2)
=3 (n-2)/(-2) (3.86)
0
The first consistency check is that the number of non-crossing (p — 2)-chord diagrams with
(n—2)/(p—2) chords is FC(,_2)/(p—2)(p — 2, 1). Therefore if one sets all m;; := 1 so that
the contribution from each region is unity, one must find that A?" = FC(,_2)/;-2)(p— 2, 1).

In section 3.6.2 we showed that setting

() = ' = L B, (3.87)

turns hy(z) into the generating function of the numbers FC,, (3, 1). Iterating the procedure

one finds that hg(x) turns into the generating function of the numbers FC,,(k — 1,1).

The second check is evaluating A?” on planar kinematics so that A®” counts the number
of unrooted planar (p — 1)-ary trees (with all internal vertices of degree p). The numbers
are known to be given by the Fuss-Catalan sequence, FC(,_2/p—2)(p — 1,1). This check

can again be done by realizing that on planar kinematics m,, = C,,_5 and therefore

1—v1—-4x

o (3.88)

hs(z) = Z C;a' = By(z) =
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Iterating one finds that hx(z) = Bg_i1(z), the generating function of the Fuss-Catalan
numbers FC,,(k — 1,1) as required. In appendix C we provide several examples that

illustrate the iteration procedure and the resulting formulas for A?".

3.8 Factorization and Soft Limits

In this section we study how physical properties like factorization and soft limits are realized
in the partial biadjoint amplitude m,, (I, I) by using the global Schwinger formula. We also
study soft limits in the CEGM amplitude from its analogous global Schwinger formulation

presented in [60].

3.8.1 Factorization

One of the basic features of tree-level scattering amplitudes is that unitarity and locality
constrain them so that the only existing poles have the schematic form 1/P? where P
is the sum of momenta of a subset of particles participating in the scattering, and the

residues at these poles correspond to the product of two lower-point amplitudes.

In this section we initiate a qualitative study of how factorization is realized from the
global Schwinger formulation perspective for the partial biadjoint amplitude. For example,
we can consider the residue of m,, (I, I) when s34, = 0, which corresponds to a factorization

of the form

me—1(3,4, .., 13,4, or, I) X my o (L, + 1, 1,2[1,r+1,...,1,2)

where [ is a new intermediate particle carrying momentum —(ps + py + -+ - + p;.).
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From the global Schwinger formula point of view, what we want to find is the region
that produces a divergence when s34, is small. We start by recalling the global Schwinger

formula

m., (I, T) :/R d" 3z exp(—F,(z)), (3.89)

n—3

where the tropical potential can be written as

n b—1

F.(z) = Z ZS“b min(z, 9, Tq_1,---,Tp-3) - (3.90)

b=4 a=2

Vand x, = 771 4+ g, for a € {2,...,7 — 3}, we

If we apply the change of variables x; = 7~
claim that the factorization is produced when 7 — 0. This means that one of the tropical
directions is flattened in the factorization limit. The way to see this is by noticing that
after applying the change of variables, using momentum conservation considering that now

s34 — 0% and at leading order in 7 we have

Fn(ZL‘) — 7'_1834“_7 + FL(’LL) + FR<(L') , (391)
where ,
r —1
Fr(u) = Z Z SapMiN(Uq_2, Ug—1, "+ , Up—3) , (3.92)
b=5 a=3
9For example, we will have (83 0411 4 +8mr11) = —(Sra2r41++ + Snrt1 +810p1 +52,41) = SIrl-
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with u; := 0 and

Fr(x) =s9,41min(0, z,_9) + Sy 41272

+ S2ﬂ“+2m1n(07 Tr_2, 137'71) + 8[,r+2m1n(xr727 377“71> + Sr41,r4+2Lr—1

(3.93)

+ 52,nm1n(0a Lr—2y .1y xn—S) + S[,nmln(xr—% B xn—B) + e+ Sn—1,nTn-3 -

Here we have expanded Fr(z) for clarity. This implies that (3.89) becomes

— / drr%exp(—1 's34.,) /R T74d’"*4uexp(—FL(u)) /R n7T72d"*’"*2xeXp(—FR(x)). (3.94)

Comparing to (3.89), we see that the second and third integrals give rise to the amplitudes
me—1(3,4, ..., I|13,4, ....;r, I) and my,_pqo(L,r+1,....1,2|1,7+1,...,1,2), respectively. The
limits of integration of the integral over 7 are from 0 to 7y, where 7y is positive and
arbitrarily small. After integrating, if we expand in s34 /70 we find that the leading
order produces the desired pole 1/s34._ .. Hence the factorization. In order to complete the
proof, one should show that the region considered here is the only one that produces the

divergence. We leave this as an exercise for the reader.

3.8.2 Soft Limits: Biadjoint Scalar Amplitudes

In order to study soft limits from the global Schwinger formula we proceed in a similar
way as in the factorization case. Now, we consider a soft particle, e.g. particle n, such that
San = TSqn with 7 — 0, and look for the regions that produce a divergence. Namely, we

consider the part of (3.89) which depends on z,,_3, since it is the part in which particle n
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appears

o 1
/ dx,_5 exp (— Sanin (T, 9, Tq 1, ..., xn_2)> , (3.95)
- a=2

3

with o = 0 and x,,_o = oo. There are two regions that contribute to the pole as 7 — 0.
One is when z,,_3 € (—oo, min(xg, 21, ..., ,—4)). If we use momentum conservation we find

that in this region we have

dx,_3exp(S1nTn_3) = = +0(79).

/mln(xo’xl""’xn“‘) exp(sy,min(xg, 1, ..., Tn_4)) 1
— 00 Sin TS1n

The second region that contributes to the pole is z,,_3 € (max(zo, x1, ..., y_4),00). In this

case we find that the contribution will come from

° exp(—s8p_1.,max(rg, T, ..., Tp_ 1
/ dIn_?,eXp(—Sn_LnZEn_g) _ p( 1, ( 0,41 4)) _ +O(TO)

max(Zo,x1,...,Tn—4) Sn—1,n TSn—1n

The remaining regions of integration will contribute O(7°). Therefore, the amplitude in

the soft limit behaves as expected

my,(I 1) = = <i + - ! ) m,_1(I, 1) + O(7°). (3.96)

T S1in Sn—1,n

3.8.3 Soft Limits: CEGM Amplitudes

One of the many fascinating properties of the still mysterious CEGM generalized ampli-
tudes is their behavior in soft limits. Using the CHY representation and the global residue
theorem, Garcia-Sepulveda and Guevara proved that k£ = 2, i.e. biadjoint scalar, am-

plitudes are the leading soft factors of £ > 2 amplitudes, after some relabellings in the
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generalized kinematic invariants [123]. In particular, they showed that in the soft limit'®

Sarag...an_1n = TSajas...ap_yns With 7 — 0, the higher-£ amplitude becomes

mE (L) — ——m{,([L 1) x mi? (L) + O(r~++2) (3.97)

k-1

Now we will perform a similar analysis than the one we did for the partial biadjoint scalar

amplitude, using the global Schwinger formula for higher-k£ amplitudes
m®(I, 1) = / ARV g exp(—FW) (2)) . (3.98)
R(k—1)(n—k—1)

In order to obtain the tropical potential F" (x), one starts with G*(k,n) and then tropi-

calizes the Pliicker coordinates to define the function

Fék) (z) = Z 5017(127~--7akA;Pf,0ap2,...,ak (),

1<ai<az<...<arp<n

Trop

where Sq; 4,....q, are the generalized kinematic invariants and A;/%

(x) are the tropi-

calized Pliicker coordinates. We refer the reader to the original paper [66] for more details.

In order to study soft limits using the global Schwinger formula for CEGM amplitudes,

it is instructive to start with the simplest example, i.e. k=3

m®(1,1) = / d"zd" "y exp(—F P (z)) . (3.99)
R2(n—4)

Consider the soft limit for particle n and the part of the integral over Trop*G(3,n) which

depends on z,_4 and ¥,_4, since it is the part in which particle n appears. We now

10Here we will say that the soft limit is for particle n. However, it is important to stress that the physical
notion of what a particle is in the CEGM generalization is not clear yet.
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want to separate the integral into regions that will contribute to the pole as 7 — 0 when
Sabn = TSapn- We claim that these regions will be given by the large z,,_4 and large vy, 4
behavior, since x, and y, for a < n — 4 will only affect subleading order contributions.
Thus we can set them to zero without affecting the leading order, and the part F®) of the

tropical potential that we are interested in is given by

n—2 n—3
f(3) — Z Slanmin(oa xn74) + S1,n—1,nTn—4 + Z Sabnmin(07 Tp—4,Tp_g4+ ynf4)
a=3 a=2
a<b<n—1 (3100)
n—3
+ Z sa,n—l,n (xn—4 + min(O, yn—4)) + sn—2,n—1,n (mn—4 + yn—4) .
a=2

This tropical function has 5 regions where it becomes linear. These correspond to

{J?n_4 < O,yn_4 < 0}, {IL’n_4 < O,yn_4 > 0}, {ZL‘n_4 > 0, Yp—q > O},

{Zn—1>0,Yn-4 <0, Zp_g + Yn—a >0}, {Tn—a>0,yp—4 < 0,T5_4 + yp—s <0} .

Integrating over the five regions one obtains the expected leading soft factor

1 1 1 1 1 1
2\ z + 3 & N A + = A ~ 7 )
T2 \S12ntb2,.. . n—1  S120Sn—2n-1n  Sp—2p—1nbi,..n—2 T n—2Si—1n1  Sn—1mi1to. -1
(3.101)

where we have used

n—2 n—2

t1,...,n—2 = E San—1,n 5 t27...,n—1 = E Sabn -
a=1 a=2
a<b<n

The rest of the regions contribute to subleading orders.
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The attentive reader may have noticed the similarity between F® and the k = 2

tropical potential for 5 particles!!

F5(w) = s94min(0, wy) + s34wq + Sosmin(0, wy, we) + Sgsmin(wy, wsy) + Sy5ws .

In fact, if we define w; = x,_4 and wy = 2,4 + Ypn_4, both F& and F5(w) map to each
other. Let us write the coefficients in F5(w) in terms of the planars poles, and using the

map we find the following identification

851 =2 n-1,812 = b1, . n-2,523 =S12n,534 = Sp—1,n,15545 = Sn—2n—1,n -

By substituting the planar poles into the n = 5 biadjoint amplitude

1 1 1 1 1
_I_

mg,(ﬂ,]l): + + +
512534 523545 534551 545512 551523

we recover the expected soft factor. This provides an alternative way to compute the

leading soft factor without having to evaluate the integral for each region.

In general, we expect that an analogous procedure will work. More concretely, if we

consider the part of the integral over Trop*G(k, n) that only depends on xs_)(k 1) xfl(k 1)
e a:flk:(grl) (where, e.g., for k = 3 we have $£Ll_)4 = x,_4 and 33512_)4 = yn_4) and set the other

variables to zero without affecting the leading order, we end up with a tropical function
F®) that splits into C'? regions where it becomes linear. Evaluating this part of the

integral over all the regions will produce the leading soft factor.

HWe will now use variables w for the k = 2 tropical integral to avoid confusion with the notation for
higher-k.
12Where C,, is the m'" Catalan number.
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Equivalently, we can map F* with the k = 2 tropical potential Fyo(z) by defining

_ ()
Wi = Z Ln—(k+1) -
a=1

Then we solve for the coefficients and substitute into the n = k 4 2 partial biadjoint

amplitude to obtain the leading soft factor.

We have checked that this works up to k£ = 5, and we conjecture that it holds in general.

3.9 Discussions

In this chapter we have extended the global Schwinger formulation to all partial amplitudes
my,(a, B), and also to amplitudes in ¢ theories. A?" is given as a sum over regions, each
of which is proposed to be in bijection with a ¢? biadjoint partial amplitude. This leads
to the statement that A?” amplitudes can be understood as a sum of products of cubic

amplitudes.

A very simple diagrammatic procedure for listing all regions contributing to an ampli-
tude was found in terms of non-crossing k-chord diagrams. Given one such diagram, we
have provided an algorithm for determining the structure of the contribution in terms of ¢?
amplitudes (meadows) and propagators (“frontiers” separating meadows). Every meadow
can be seen to be related to a cubic amplitude participating in m+2—3))/(p—2)(@, I). Our
identification so far is lacking a direct way of determining the permutation a from the non-
chord diagram. It would also be very important to find a purely combinatorial method
to determine the precise bijection between the set of planar kinematic invariants in each

object.
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Our main focus has been on a combinatorial prescription for ¢? amplitudes. How-
ever, it would be interesting to find a diagrammatic procedure, in the lines of that for ¢?

amplitudes, to determine the regions that compute m,,(«, 3) so that H,(z) =0 in (3.25).

We end the chapter with three topics for future research.

3.9.1 Relation to Green Functions in Planar Theories

The standard way of computing Green functions, G, from connected Green functions,

G¢, is via an exponentiation procedure. However, it is well-known that in planar theories

this does not work [15]. This is because planarity forces points of the Green function
Gn(x1,22,...,2,), to be on the boundary of a disk and a connected Green function for
points in a subset J C {1, x9,...,2,} can be thought of as cutting the disk into regions

so that one of them only contains the points in J. Having done this, another connected
Green function can only be constructed from the pieces left, and so on. In [15], a theory
that only admits Green functions with an even number n = 2¢ of points was considered
and gave rise to the following combinatorial problem: in how many ways can 2q points on
a disk be clustered in non-overlapping sets so that there are r; pairs, ro quadruplets, etc.

As shown in [15] this is solved by the coefficients of the formula relating Green functions

_ (20) (@)™ (@9 (G5)"
G2q_Zéq’(zi”i)@qjtl—ziri)! ol T

r; >0

(3.102)

Here the Kronecker delta guarantees that each of the 2¢ points participates in each term.

Up to this point, this discussion seems to be completely independent of the formulas

found in this work. In order to see the connection, let us list the first few cases as done in
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eq. (31) of [15],

Gy =G5 +2(G5)”,
Ge =GS +6GSGS +5(GS)°,
Gs =GS+4(GS)” +8GEGS + 28 GS (GS)” + 14 (GS)* .

Comparing to the expressions for ¢° amplitudes in (3.83), i.e.

5 1
Ag =my + 2m§ﬁ,

5 1 1)?
A(fl =mMs + 6m3m4ﬁ + 5m§ (ﬁ) s

5 1 1 1 2 3
AL =mg + 4miﬁ + 8m5m3ﬁ + 28mym3 (ﬁ) + 14mj (—> ,

it is clear that there must be a relation. The fact that the coincidence of the structure
continues to all multiplicities is shown using the Lagrange inversion formula in appendix
C. It is natural to expect that the relation extends to all ¢ amplitudes as follows. Let
m = p — 3, and place mq points on a disk. Now count all possible ways of clustering the
points in non-overlapping sets so that there are r; groups of m points each, r, groups of
2m points, etc. Then the formula that relates A" amplitudes and Green functions is given

by the natural generalization of (3.102),

_ (mq)! (Gs)" (G5,)™ (G
Gmg = Zé‘lv(zim)(mq—%l—zim)! - T

r; >0

(3.103)

We leave it as an exercise for the reader to check that the coefficients we have presented
in the text and the ones in appendix C are indeed the correct values of the combinatorial

problem and the coefficients in (3.103).
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It would be very interesting to explore this connection further, in particular to matrix

models with ®~! interactions as the one studied in [45].

3.9.2 Possible Connection with Stokes Polytopes

Recent work on the computation of ¢? amplitudes as a sum over contributions obtained
from various polytopes known as accordiohedra is very reminiscent of the structures we
have uncovered using the global Schwinger formulation. Developing a connection between
the two approaches is certainly an important problem. Here we restrict to ¢* amplitudes
and therefore to Stokes polytopes in order to point out some possible directions. Most of

the formulations using Stokes polytopes construct the amplitudes as (see e.g equation (5)
of [151])
A= Y > apm) (3.104)

Symmetry: o Primitive: P
where the sum is over all primitive Stokes polytopes and the symmetry classes into which
they fall. The mg‘rf)) are the contributions obtained from the corresponding polytope. Here

the ap are the so-called weights, which are in general rational numbers.

Consider for example,

A —a (s I ) v [ ) v (L) (3.105)
T\ Xy X "\ Xos | X4 T\ Xsg | Xos ‘

Here there are three polytopes and the weights have to be chosen to be «, = 1/2.

In [186], Salvatori and Stanojevic propose a way to simplify (3.104) by reducing the

redundancy by taking certain limits of kinematic invariants in each term. Let us rewrite
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Eq. 4.8 of [180] for n =6,

1 1 1 1
AP = li ). 3.106
6 (X1,4 * X3,6) * legoo (X2,5 * X1,4> ( )

In this formula, the first bracket comes from the Stokes polytope with reference 1,4 while
the second bracket comes from the reference 2, 5. Here X ; can be identified with the planar
invariants ¢[, 5 in a simple way. Note that (3.106) groups the three terms in the same way as
that found in our construction (3.48) and (3.49) coming from the two possible non-crossing
chord diagrams. In [180], the n = 8 amplitude is also computed. The amplitude is given
as a sum over five Stokes polytopes. Our formula (3.53) also has five regions. However,
while our regions all contribute with a factor of one, Eq. 4.10 of [186] has four terms with
coefficient +1 and one with —1. In fact, only the first region can be matched directly; it
coincides with the first polytope, i.e. the one with no limits and which gives rise, in our
language, to ms(I,T). We suspect that there exist other combinations with different limits
which could match our formula term by term. One hint is that every one of our terms is

isomorphic to either an associahedron or to intersections of two associahedra.

3.9.3 Towards Generalized ¢’ Amplitudes

Another intriguing feature of our procedure for constructing the regions from the extended
non-crossing chord diagrams for ¢* is the introduction of two additional points (—1 and
n—2) and a chord joining them. The relevance of this additional chord lies in the way each
meadow is associated to a cubic amplitude. For now we have conceived these diagrams
simply as combinatorial objects, but if one attempts to relate each of the labels 0,1, ..., n—3
in the diagram to the particles 3,4, ..., n respectively, then the new chord 6_, ,,_» has the

interpretation of identifying particles 1 and 2, which in their tropicalized variables are set
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to —oo and +o00. However, one has to be careful in that the variable x,_3 coming from the
parameterization (3.12) does not exactly correspond to a single particle a as it appears in
all rows r > a. It might seem puzzling that for a general value of p, we introduce p — 2
additional points to the non-crossing (p — 2)-chord diagrams and join them with another
(p—2)-chord. Strikingly, p—2 is precisely the number of particles with tropicalized variables
set at infinity that appear in the higher-k version of the global Schwinger parameterization
using Trop*G(k,n) for k = p — 2 (see [66] for its construction). It would be interesting
to explore if there is a connection with these generalized objects and CEGM generalized
amplitudes [71]. One direction to tackle is to try and find an analog of ¢” amplitudes
for higher-k theories, using a similar limiting procedure on the planar arrays of Feynman
diagrams that will be described in chapter 5. We provided a first step in the original paper

[71], and we refer the reader to it for details.

We will now start the second part of the thesis, in which we explore some aspects of
the CEGM generalization of quantum field theory. In fact, we will take a mathematical
detour and extend the study to higher-k£ amplitudes and their connection to some of the

topics presented in part I.
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PART 11
Higher-£ Amplitudes

The second part of the thesis will explore aspects of the CEGM generalization of quantum

field theory introduced in chapter 1.

In the first chapter of this second part we study the generalization of the scattering
equations on X (2,n), the configuration space of n points on CP', to higher dimensional
projective spaces. One of the new features of the scattering equations in X (k,n) with
k > 2 is the presence of both regular and singular solutions in a soft limit. Here we study
soft limits in X (3,7), X(4,7), X(3,8) and X (5,8), find all singular solutions, and show
their geometrical configurations. We also propose a classification of all configurations that
can support singular solutions for general X (k,n) and comment on their contribution to

soft expansions of generalized biadjoint amplitudes.

In the second chapter of this part we find and describe the analogous objects to Feynman
diagrams that compute CEGM amplitudes. Planar collections of Feynman diagrams were
first proposed by Borges and Cachazo as the natural generalization of Feynman diagrams
for the computation of £ = 3 biadjoint amplitudes. In the second chapter we introduce

planar matrices of Feynman diagrams as the objects that compute £ = 4 biadjoint ampli-
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tudes. These are symmetric matrices of metric trees satisfying compatibility conditions.
We also introduce two notions of combinatorial bootstrap techniques for finding collections
from Feynman diagrams and matrices from collections. As applications of the first, we find
all 693, 13612, and 346 710 collections for (k,n) = (3,7), (3,8), and (3,9) respectively. As
applications of the second kind, we find all 90 608 and 30 659 424 planar matrices that com-
pute (k,n) = (4,8) and (4,9) biadjoint amplitudes respectively. We also start the study
of higher dimensional arrays of Feynman diagrams, including the combinatorial version of

the duality between (k,n) and (n — k,n) objects.
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Chapter 4

Singular Solutions in Soft Limits

4.1 Introduction

Recall that in 2019, Cachazo, Early, Guevara and Mizera (CEGM) introduced and studied a
natural generalization of the scattering equations, which connect the space of Mandelstam
invariants to that of points on CP! [113, , 75, 76], to higher dimensional projective
spaces CP*1 [71]. The equations are obtained by computing the critical points of a

potential function

Sk = Z Sayag-a, 108 (a1, ag, ..., ag). (4.1)
1<ai<az-<ar<n
Here s4,4,..0, are a generalization of Mandelstam invariants while (ay,asg, - ,ax) can be
thought of as Pliicker coordinates on G(k,n). The configuration space of n points on CP*~!
is obtained by modding out by a torus action C* on each of the points, i.e., X(k,n) :=
G(k,n)/(C)" [190].
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The kinematic invariants are completely symmetric tensors satisfying

Seabe. = 0, E Sarag--a, =0 Va. (4.2)

42,a3,...,ak
These are the analogs of masslessness and momentum conservation conditions. These
conditions guarantee that the potential function is invariant under the torus action and
therefore one can choose inhomogeneous coordinates for points on CP*~!. For example,

when k = 3 one can use (z;,y;) while the Pliicker coordinates are then replaced by

1 1 1
|G,bC’ = det Ty Tp e . (43)
Yo Yo Ye

Having a higher-k version of the scattering equations, the most natural question is to
determine the number of solutions, i.e. the number of critical points of the potential
Sk. The standard scattering equations, i.e. k = 2, possess (n — 3)! solutions and the
original proof given in [77] uses that a soft particle decouples from the rest and proceeds by
induction. The argument relies on the fact that as the soft limit is approached, all solutions
stay away from boundaries of X(2,n), i.e. the n points are in a generic configuration.
These solutions are known as regular solutions. The terminology comes from the study
of factorization limits, i.e. when a physical kinematic invariant vanishes. In such a limit,
some solutions give rise to configurations where the Riemann sphere degenerates into two

spheres joined by a single, emergent puncture. Such solutions are called singular solutions.

In [71] it was found that when k > 3 regular solutions in a soft limit cannot possi-
bly account for all solutions. This was deduced by computing the regular solutions for

X(3,7) — X(3,6) and X(4,7) — X(4,6). The numbers were shown to be 1092 and
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1152 respectively. Since X (3,7) and X (4,7) are isomorphic, they must possess the same
number of total solutions. Motivated by this, Cachazo and Rojas designed a technique
for determining the number of missing solutions for X (4,7) as the rank of a matrix built
out of generalized biadjoint amplitudes thus finding 120 [21]. This implies that the total
number of solutions is exactly 1272 and that the number of singular solutions for X (3,7)

and X (4,7) must be 180 and 120 respectively.

For X(3,8) — X(3,7) and X(5,8) — X(5,7) one can also compute the number of
regular solutions and find them to be 128472 and 129 312 respectively. Once again, since
X (3,8) is isomorphic to X (5,8) there must be singular solutions. At this point there is
no technique for computing the total number of solutions from the scattering equations
or generalized biadjoint scalar amplitudes. However, the total number of solutions can
be related to the number of uniform matroids over finite fields [6]. Using this one can
reproduce the correct number for X (2,n), X(3,6), and X (3,7). Moreover, it also predicts
188 112 solutions for X (3, 8).

In this chapter we study the soft limits of scattering equations on X (3,7), X(4,7),
X(3,8), and X (5,8) and find all singular solutions. In each case, singular solutions cor-
respond to configurations where the soft particle develops some linear dependence with
subsets of the hard particles while every minor containing only hard particles remains fi-
nite. Such linear dependencies prevent the decoupling of the soft particle from the rest.
The simplest example corresponds to X (3,7) when particle 7 is taken to be soft and a
configuration where [147|, |257| and |367| vanish. This means that the terms containing
S147, So57 and szg7 cannot be dropped in the scattering equations for the hard particles as

it is usually the case for regular solutions.

We find that in every case it is possible to define a new set of scattering equations in

the strict soft limit. This is a completely novel phenomenon. The strict soft limit scat-
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tering equations can be solved or its solutions counted using some of the same techniques
developed for the original scattering equations. In fact, using a soft-limit approach one

finds again regular and singular solutions.

Based on these examples we propose a general classification of all configurations that

can support singular solutions in X (k,n) for general k and n. For example, when k = 3

n—1
2

n—1

there are L 5

J — 2 distinct topologies corresponding to 3, ..., L J lines intersecting at
the soft particle position. For higher k, there are configurations that are inherited from
lower k values as well as new ones corresponding to at least k (k — 2)-planes intersecting at
the soft particle location. The general structure hints at a recursive structure for X (k,n)

similar to that found for X (2,n).

An elegant structure of soft theorems was unearthed by Garcia-Sepilveda and Guevara
in generalized biadjoint amplitudes [123] in 2019, as reviewed in section 3.8 of chapter 3.
One of the surprising results is the fact that standard & = 2 biadjoint amplitudes serve as
soft factors for k > 2 amplitudes. They computed the leading order behavior of amplitudes
in the soft limit, i.e., as 7 — 0 with s,;,, = TSumn, assuming a decoupling of the soft particle
from the scattering equations governing the hard particles. We find that in all examples
we studied their assumption is indeed correct as singular solutions can at most contribute

to subleading terms in the soft limit expansion.

This chapter is organized as follows: In section 4.2 we review the standard argument
for k£ = 2 adding an explanation for why no singular solutions are found. In section 4.3 we
review what it is known regarding regular solutions, in particular, how this led to the pre-
diction of the existence of singular solutions. In section 4.4 we find all singular solutions in
the soft limits X (3,7) — X (3,6) and X (4,7) — X (4,6). In section 4.5 we find all singular
solutions in the soft limits X (3,8) — X (3,7) and X(5,8) — X(5,7). In the latter we

find for the first time topologically distinct configurations leading to singular solutions. In

127



section 4.6, we make our proposal for all configurations that can support singular solutions
and explain the evidence supporting it. We end in section 4.7 with discussions regarding
the contribution of singular solutions to the soft expansion of generalized biadjoint scalar
amplitudes. Moreover, in appendix E we show how the counting of the number of singular
solutions works from the bounded chambers method in some particular cases for & = 3,
and in appendix F we comment on the geometrical interpretation of some of the singular

configurations in X (5, 8).

4.2 Soft Limits in X (2,n)

Scattering equations on X (2,n) have provided a direct connection between locality and
unitarity constraints in tree-level scattering amplitudes and properties of the moduli space
of punctured Riemann spheres. The way this happens is somewhat surprising. The scat-
tering equations for n particles possess N,, = (n — 3)! solutions and when a factorization
channel, in which particles separate into two sets L, R, containing ny > 1 and ng > 1
particles, is approached, N3meular .— (n; — 2)! x (np — 2)! solutions become singular. More
explicitly, all punctures in L (or R) approach each other!. However, cross ratios involv-
ing only particles on L (or R) remain finite and lead to the blow up picture where two
Riemann spheres are joined by a new puncture with one containing particles in L and the

other particles in R.

The singular solutions are the most relevant to ensure the correct physical behavior
of scattering amplitudes in the Cachazo-He-Yuan (CHY) formulation as they produce the
kinematic pole while the remaining N8 := (n — 3)! — A/Sineular are yegular. This means

that the CHY formula remains finite on them. This is precisely the opposite to what

!This is in some SL(2, C) gauge choice.

128



happens in a soft limit. Indeed, in X (2,n) one finds only regular solutions and they are
the ones responsible for the leading order behavior of amplitudes in the limit and control
the corresponding soft theorems [203, 83, , b]. In this section we review the soft limit

analysis as preparation for X (k,n) with k& > 2.

4.2.1 Regular Solutions

Let us write the scattering equations in a form that manifestly exhibits the dependence on

particle n:
n—1 s s il S
E, = 2ab + ™ with 1<a<n-1 and E,:= Z b (4.4)
b—1 ab Lan b=1 Tnb

with x4 = z, — x, and the equations are obtained by requiring F, = 0 for all a.

The soft limit in particle n is defined by taking s,,, = 75,, with 7 — 0. Regular solutions
are defined as those where none of the punctures approach another. More explicitly, z,;, # 0
for all values of a and b. Under this assumption it is easy to see from (4.4) that all n
dependence can be dropped from the first n — 1 equations. This set of equations precisely
corresponds to that of a system of n — 1 particles and therefore can be solved to find N,,_;
solutions. In other words, in the soft limit, the n'® particle decouples from the equations
that control the rest. However, the possible values of x,, are not arbitrary since 7 drops

from the last equation in (4.4) to give

- =0 (4.5)

where 2} is any one of the AV,,_; solutions for the hard particles. At first sight this equation
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2

leads to a polynomial in z,, of degree n — 2 but the coefficient of z]~* vanishes due to

momentum conservation and hence it leads to n — 3 solutions for z,,. Since this is true for

each x! one finds NVIUar = (n — )N, _;.

Under the assumption that N5 = () one finds the recursion relation N, = (n —
3)N,—1 with N = 1 and whose solution is N,, = (n — 3)!. Now we turn to proving that
Nﬁingular =0.

4.2.2 Absence of Singular Solutions

A singular solution is one which does not obey the condition for decoupling the soft particle
from the equations determining the rest. This can only happen when z;, = 7Z;,, i.e.
vanishes in the soft limit for some values of . Let us denote the set of such particles D.
Clearly D must contain more than one element for if |[D| = 1 then the last equation in

(4.4) becomes E,, = §;,/%;, = 0 which has no solutions.

Let us assume that |D| > 2 and parameterize z; = x,, + Tu; for i € D. Here we follow
an argument originally presented in [75] for factorization limits but perfectly applicable to

the situation at hand. It is simple to show that for any a ¢ D

xanEa _ Z Lan Sap T Z (1 + 7'—> Sab- (46)

b¢D Lab beD

Of course, this must be zero when the scattering equations are imposed. Adding all these
equations one finds
2
> TanBa=0 = (Z k:) = O(7). (4.7)
a¢D

However, an implicit assumption in a soft limit is that the kinematics of the system of n—1
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particles is generic and therefore no kinematic invariant involving only hard particles is
allowed to vanish. This means that (4.7) is a contradiction and therefore singular solutions

do not exist in the soft limit X (2,n) — X (2,n — 1).

4.3 Regular Solutions in X(k,n) - X(k,n —1)

In this section we review the known results for the counting of regular solutions in the soft
limits X (k,n) — X(k,n —1). As discussed in the previous section, regular solutions are
defined as those for which the soft particle decouples from the equations determining the
configuration of the others. This means that we can assume that the system X (k,n—1) has
been solved and N,ﬁ’i)l solutions have been found. The task at hand is then to determine

the number of solutions for the position of particle n from the equations
v,Sr = 0. (48)

Here the gradient is taken only with respect to the coordinates of particle n since all other
particle positions are assumed to have been found. Let us denote the number of solutions
to (4.8) as Softy,. The notation is motivated by soft theorems. This means that the

number of regular solutions is NV 5™ = Softy,,, x N )|

In the soft limit X (2,n) — X (2,n—1) we have seen that (4.8) is a single equation with
NPrresnar — ) 3) x NP Of course, we have

seen that N2 §g also equal to the total number of solutions NP,

Softs , = n — 3 solutions and therefore

The only other case that is known for all n is the soft limit X (3,n) - X(3,n —1). In
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[71] it was found that
1
Softs,, = g(n —4)(n* — 6n% 4 11n — 14). (4.9)

The first few values are Softs 5 = 2, Softs ¢ = 13, Softs 7 = 42, and Softs s = 101. By explicit
computations it was found in [71] that M{* = 2 and A{* = 2 x 13 = 26. This means
that there are no singular solutions for n < 6. Therefore the number of regular solutions
forn =7 1is N#g):regular =42 x 26 = 1092. In [81], it was proven that the total number of
solutions for n = 7 is N7(3) = 1272 and with this the number of regular solutions in the
soft limit X (3,8) — X (3,7) is N§3):regular =101 x 1272 = 128472. In section 4.5 we show
that the total number of solutions for X (3,8) is /\/gg) = 188112. Therefore the number
of regular solutions for n = 9 is N{ V™5 = 205 x 188112 = 38562960. Since the total

number of solutions for X (3,9) is not presently known we cannot determine N> for
n > 10.
In [71], the number of regular solutions was identified with the number of bounded

chambers by real hyperplanes when the kinematics was chosen in a special region known
as the positive region (reviewed in section 4.4.1). This identification is also based on the
assumption that all solutions are real in the positive region. Using this approach Soft, ¢ = 6,
Softy 7 = 192 and Softy s = 1858 were computed. Here we have pushed the computation
of bounded chambers up to n = 16 leading to the following proposal

1
Softy, = ——(n—5)(n®*—13n"—5n°+1019n° —7934n*+29198n> ~57510n>+57276n—20736).

1296
(4.10)
These results imply that
NETesar 6199 = 1152, NIV — 1972 % 1858 = 2363 376. (4.11)
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For k = 5 much less is known: Soft;; = 24, Soft; s = 5388 and Soft; 9 = 204117. This

leads to
N8(5):regular — 24 x 5388 = 129312, j\/'9(5):regular =204117 x 188112. (4.12)

The last result uses that the total number of solutions of the scattering equations on X (5, 8)

is VP = M) = 188112,

4.4 Singular Solutions in X (3,7) — X(3,6) and X(4,7) —
X (4,6)

We have already seen that there cannot be singular solutions for k& = 2. For higher k,
however, it is possible to keep all minors without the soft particle finite while sending some
of the minors involving the soft particle to zero. This makes singular solutions possible
for £ > 2. In this section we study the first examples where singular solutions appear,
which correspond to X (3,7) — X(3,6) and X (4,7) — X (4,6). This analysis also explains
why there are not singular solutions for X (3,6) — X(3,5) explaining the agreement of the

regular soft counting of solutions with the total number of solutions found in [71].

4.4.1 Singular Solutions in X (3,7) — X(3,6)

The first explicit example where we have singular solutions is in X (3,7). In order to obtain
the singular solutions, we study the soft limit for, e.g., particle n = 7, i.e. sy — TSap7

(with 7 — 0). The singular solutions arise from configurations where three lines? in CP* (or

2In this chapter we use the word “line” to refer to a complex line, i.e., CP!, or to a real line. The
meaning should be clear from the context.
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RP? if all solutions are real), each defined by two hard particles, meet at the soft particle.

One such configuration is where lines 14, 25 and 36 meet at the particle 7 as shown in
figure 4.1. This implies that all three determinants [147|, |257| and |367| vanish. There
exist (g) (3) (3) /3! = 15 different such configurations.

For each configuration, it is possible to choose coordinates to find equations governing

the system at 7 = 0. The new scattering equations have 12 solutions. Therefore there are

N{Psingular _ 19 o 15 = 180 singular solutions.
4 4
3 6 1 3 6 1
7 T—}{] T
2 2 2 5

Figure 4.1: Configuration of singular solutions in X (3,7). Left: Near the soft limit three
lines 14, 25 and 36 almost cross the soft particle. Right: In the strict soft limit the three
lines meet at the soft particle.

The way to get the solutions is the following. Take the configuration where |147|, [257|

and |367| vanish as an example. A convenient choice of gauge fixing in projective space is

1 0 0 1 1 1 1 1001 1 1 1
gauge fixing
Ty Ty T3 Ty Ty Te T — 0101 z5 26 x7 |- (4.13)
Y1 Y2 Ys Ysa Ys Ys Y1 0011 ys ye wyr

Under the parametrization s,;; — 7Sup7, terms containing si47, Sos7 and szgz cannot be
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dropped in the equations for the hard particles

833 Téab’? 8‘6Lb7| 833 T§Qb7 8|ab7]
—0 —0, fora=1,...6 (414
024 * b;ﬂ lab?| Oz, T Oy, * b;ﬂ lab?| Oy, on e (4.14)

where S; is the potential of hard particles, S5 = Zl§a<b<c§6 Sabe log(a, b, c). They also

dominate in the two scattering equations for the soft particle

0S;  TS147 01147 78957 0]257|  TS367 0|367]
Ory  |147| Oxz;  |257| Oxr  [367| Oxr
0S; 78147 01147 78957 0|257|  TS367 0|367]
dyr 1147 dyr  [257| dyr  [367| Oyr

+O(r)=0. (4.15)

The subleading terms O(7) in the above equations (4.14) and (4.15) can be omitted in the
soft limit®. In contrast to regular solutions, where we solve the equations for hard particles
first, here the equations for the soft particle (4.15) are simpler and we solve them first. Note
that there are three dominating terms in each of the equations (4.15). Algebraically, one
can check that there would be no solutions for z7; and y; if there were only two dominating
terms in each of the equations (4.15). In fact, this is the reason why there are no singular
solutions for X (3,6) — X (3,5). The fact that at least three terms are needed has a more

intuitive geometric explanation which we give in the next subsection.
We then parametrize each determinant as [147| = 7u, |257| = Tv and |367| = 7p, that
is

6 =yYs —T(ut+v+p), Tr=ys—T(u+v), Yyr=y5—T0. (4.16)

3This is because the terms shown explicitly in (4.15) are of order O(7°) since the minors in the denom-
inators vanish as O(7) thus canceling the explicit factor of 7 in the numerators.
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In the soft limit, the new set of scattering equations, with variables x5, y5, ys, u, v and p is

. 0Ss
lim

=0, lim 055

=0, for i=1,...7. (4.17)

(4.16) (4.16)

Among the 14 equations (4.17), only 6 of them are independent. Furthermore, we can

separately solve for u, v and p from (4.17) and obtain equations involving only hard particles

’ 8275

(853 . 85;;)

T6—Y5 T6—Y5 T6—Y5

Solving these equations we find that, compared to the original scattering equations for
6 particles, which have 26 solutions, now the requirement that lines 14, 25 and 36 pass

through a common point reduces the number of solutions to 12.

Singular Solutions on Positive Kinematics

We have seen the kind of configurations that produce singular solutions in X (3,7) —
X(3,6). However, a purely algebraic approach sheds little light on why such configurations
can produce singular solutions while others cannot. Moreover, unless a more geometric

understanding is reached, it seems hopeless to uncover the general structure for all soft

limits X (k,n) - X(k,n —1).

In this subsection, we make use of kinematic data in what is known as the positive
region IC;H to study and visualize the solutions (for more the details on IC;; ,, see [80, 71]).
The main advantage is that one can develop intuition on why there are singular solutions

through explicit geometric pictures.

Let us briefly review the construction of kinematic data in the positive region K, for

general k. We start by selecting k+1 particles Ay, Ag, - -+, Axy1 to be fixed by the action of
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SL(k,C). This time k—1 particles, say A, As, -- -, Ak, can be sent to infinity in k—1 differ-

ent directions by setting their homogeneous coordinates to (0,1,0,---,0), (0,0,1,---,0)
, =+, (0,0,--+,0,1), respectively. The other two are chosen to be, in inhomogeneous
coordinates, at the origin and at (1,1,---,1) on the plane (2,25, ,zp_1) € R¥L

Since interactions in the potential function are controlled by the determinants |ajas...ax/,
a given particle is not directly sensitive to the location of any other particle but only sen-
sitive to the (k — 2)-planes defined by any other k — 1 particles. In order to find the analog

of the positive region, let us again consider the potential function

S, = Z Sayas,ax 108 a1, g, - -, agl. (4.19)

1<ai<az<-<ar<n
{a1,a2,,ar}N{A1,A2, A1} <k—1
H{a1,a2,,ai}N{A2,A3, A }|<k—2

Therefore, this positive region IC?;n is defined by requiring all invariants that explicitly
appear in (4.19) to be positive. This is possible because the set of all such invariants
form a basis of the kinematic space. Since critical points of the potential correspond to
equilibrium points, they can only lie inside the bounded chambers of this space, assuming

they are all real.

Let us define the subregion of lC;in where all solutions to the scattering equations are
real by K;»F. When k = 2, it is known that K" = K3,,. Moreover, since K, contains
all soft limits, it is possible to smoothly go from one to another without ever leaving IC; ;ILR .
In [71], it was argued that for k& = 3 it turns out that /C;;]ZR C IC}; ,, 1s disconnected. In fact,
each soft limit seems to live in its own region. For our present problem of X (3,7), it is

enough to know that sufficiently near the soft limit of particle 7 all solutions are real.

Singular solutions are called singular because they make some minors |ab7| containing

particle 7 vanish. Geometrically, this means that lines ab in RP? space will dominate. The
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remaining lines can be omitted for the soft particle at first. Therefore, in order to bound
particle 7 in RPP? space, we need at least 3 such dominating lines. That is, we need at least
three vanishing minors involving particle 7 while keeping the other minors still finite. For
n = 7, this can be achieved for example by letting |147|, |257| and |367| vanish. There
are 15 such kind of configurations. In appendix E, we further find out that there are 12
bounded chambers to bound the soft particle 7, which means there are 12 solutions for

each of the configurations.

4.4.2 Singular Solutions in X (4,7) — X (4,6)

Another simple example is X (4,7). Taking again particle 7 to be soft, i.e. Sgper — TSaper
(with 7 — 0), all singular solutions come from 30 different configurations where determi-
nants of the form [1237|, |3457|, |1567| and |2467| vanish. We can geometrically interpret
this configuration in the soft limit as having the soft particle as the intersection of four
planes, and each hard particle lying on the intersection of two of those planes. We give a

very schematic representation, i.e. drawing RP? on a plane, of this in figure 4.2.

Figure 4.2: A configuration of singular solutions in X (4, 7). Left: Near the soft limit four
2-planes 123, 345, 561 and 246 almost cross the soft particle. Right: In the strict soft limit
the soft particle lies in the intersection of the four 2-planes.

There are 4 solutions for each of these configurations, so we obtain a total amount of
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./\/’7(4):Singmar = 4 x 30 = 120 singular solutions.

The way to get the solutions is the following. For a configuration where [1237|, |3457],

|1567| and |2467| vanish, a convenient choice of gauge fixing in projective space is

1 0 1 0 0 1 1 10100 1 1
r1T T9 T3 T4 Iy Tg X7 gauge_f>ixing 01100 Tg I7 (420>
Yi Y2 Y3 Ya Y5 Ye Y1 00110 vy uyr

Z1 R2 k3 R4 Ry R <7 0 01 01 26 7

We then parameterize each determinant as [1237| = tu, |3457| = 7v, [5617| = 7p, and
|2467| = 7¢, that is

o= TWYs 1) + ys
T (g —u) + 2

, wr=Tv+1, yr=7(q—u)+2, 2=T¢+ 2. (4.21)

When we plug this into the original scattering equations and take the strict soft limit

7 — 0, we obtain a new set of scattering equations with variables u, v, p, q, ys and zg

. 08y . 08, .08,
lim =0, lim =0, lim
70 Ox; (4.21) ™0 Jy; (4.21) =0 0z (4.21)

=0, for i=1,...7. (4.22)

Among the above 21 equations, only 6 of them are independent. The system is simple
enough that all variables except one can be eliminated using resultants producing an ir-
reducible polynomial of degree 4 for the left over variable. This means that there are 4
solutions. Note that in this case one can again eliminate u, v, p and ¢ in the new scattering
equations (4.22) first and then reduce the system to one only involving hard particles
(85’4 8&)

= +268_y6 0, (85’4 8&)

+$6—

— = 4.2
9% o, 0, (4.23)

J:G—)yf6

roos i :
6 6
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where S, is the potential of hard particles, S; = Y i<acheecd<s Sabed 10g |a, b, ¢, d|. Here
we just present two independent equations and the remaining variables are yg and zg.
Compared to the original scattering equations for 6 particles, which has 6 solutions, now
the requirement that the planes 123, 345, 561 and 246 pass through a common point reduces
the number of solutions to 4. Therefore, the number of singular solutions for X (4,7) is

N7(4)rsingular =30 x 4 = 120, as expected.

Singular Solutions on Positive Kinematics

Now, we make the use of kinematic data in the positive region ICIH (or more precisely
in ICI;}Qg ) (4.19) to study the solutions. Singular solutions make some minors of the form
labc7|, i.e. containing particle 7, vanish. Geometrically, this means that planes abc in RP?
space will dominate. The remaining planes can be omitted for the soft particle at first.
Therefore, in order to bound particle 7 in RP? space, we need at least 4 such dominating
planes. That is, we need at least four vanishing minors involving particle 7 while keeping
the other minors still finite. For n = 7, this can be achieved for example by letting
|1237], |3457], |1567| and |2467| vanish. In figure 4.2 the soft particle is bounded inside a
tetrahedron whose volume is of order 7 when we use the kinematic data from the positive
region. It is not trivial for six hard particles to form such a tetrahedron while any four of
them are not allowed to lie in a common plane. One can check that this is the only kind

of configuration, up to relabelling, that achieves this goal for X (4,7).

Here we introduce another description of the tetrahedron, which can be generalized
to describe more complicated polytopes. We view each vertex of the tetrahedron as an

auxiliary point and give each of them a label, ranging from 8 to 11, see figure 4.3.

Note that particle labels are from 1 to 7. Hard particles 1-6 lie on the lines determined by
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11

10
8
9
11
11 {10,11}
{8,9} 10 8 {9.10} 8 9
View from particle 2 View from particle 4 View from particle 5

Figure 4.3: Top: The soft particle lies inside a tetrahedron. Bottom: Three projections
of the tetrahedron from the point of view of particles 2, 4 and 5, respectively, when these
are sent to infinity. In the strict soft limit, the tetrahedron as well as its three projections
collapse to a point.

{8,11}, {8,9}, {9,11}, {9,10}, {10,11} and {8,10} respectively. Using the auxiliary points,
we can understand the relative positions of the hard particles. Alternatively, now we can
ignore the auxiliary points and imagine how these hard particles form some dominating

planes to bound the soft particle.

We can also describe this tetrahedron through its projections from 3 orthogonal direc-
tions. As particles 2, 4 and 5 are sent to infinity in different directions, we can say that the
three projections in figure 4.3 are just what the tetrahedron would look like if one stands at
the position of 2, 4 and 5 respectively. In the first projection, vertices 8 and 9 are pinched
from the view of particle 2, which has been sent to infinity. We can say that particle 2 lies

on the lines determined by {8,9}. The remaining two projections are completely analogous.

There are 4 solutions for this particular configuration. For generic points in ICI7 there
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are complex solutions. However, the region ICZ;R is non-empty and therefore restricting to
it one can find all four real solutions. Looking at the new equations (4.22) for X (4,7), it
is very hard to see whether there are solutions. Using the positive kinematic data in ICZ’;R
and viewing the solutions as equilibrium points, we see at least that there are possible

solutions for the soft particle 7.

A beautiful way to count the number of solutions is from the dual limit in the dual

space X (3,7) as we explain now.

Singular Solutions from a Dual Hard Limit

One new feature of k£ > 2 kinematics is that in addition to soft limits there are also “hard
limits”. In fact, these are dual to each other under the isomorphism X (k,n) ~ X(n —k,n)
with the corresponding action on kinematic invariants |71, |. In the case at hand, the
soft limit of particle 7 in X (4,7) is dual to the hard limit of particle 7 in X (3,7). It is
important not to confuse it with the soft limit of particle 7 in X (3,7) analyzed at the

beginning of the section.

The reason for the name is easily seen from the relation among kinematic invariants.
Consider X (4,7) ~ X(3,7) and the relation s,pcq = serg with {e, f,g} = {1,2,...,7}\
{a,b,c,d}. This means that the soft limit in X (4,7), i.e. sy — 0 with the rest finite,
implies s — 0 if 7 ¢ {a,b, ¢} and finite for any invariant containing 7, i.e. su7. Going
back to the singular solutions in X (4,7), one can explicitly visualize the four solutions
for each of the 30 configurations by using the dual hard limit in X (3,7). Recall that the
singular solutions in X (4,7) come from configurations where the determinants of the form
|1237], |3457], |1567| and |2467| vanish. Just as for kinematic invariants, this corresponds
to having the determinants |456|, [126], |234| and |135| vanishing in X (3,7).
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If we gauge fix the homogeneous coordinates of particles 3 and 6 to infinity as (0,0, 1)
and (0,1,0), and of particles 4 and 1 to be the origin (1,0,0) and (1,1,1), then the
configurations that give rise to singular solutions automatically fix particles 2 and 5 to be

at (1,0,1) and (1, 1,0) respectively.

Therefore, for generic positive kinematics in RP? we are left with four bounded cham-
bers, which correspond to equilibrium points where particle 7 can be. These points cor-
respond to the 4 solutions of the system. We give a graphical representation in figure

4.4.

Figure 4.4: Four bounded chambers from the hard limit in X (4,7). Left: the gauge-fixed
particles 1, 3, 4 and 6 create repelling black lines. Right: the singular configurations
automatically fix the position of particles 2 and 5 to be in the two remaining vertices of
the square [0, 1]%, and create a new repelling (orange) line. This produces four bounded
chambers (shown in grey) where particle 7 can be.

4.5 Singular Solutions in X (3,8) — X (3,7) and X (5,8) —
X(5,7)

Now we move on to two more complicated cases, X (3,8) and X (5,8), each of which have

their own new features. In the former, the equations are complicated enough that counting
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solutions directly is not straightforward as in previous cases. Instead we use that the new
scattering equations at 7 = 0 can also be analysed in soft limits to count solutions. The
new equations also turn out to have both regular and singular solutions. In the latter case,
we find the first example in which several topologically distinct configurations contribute
to singular solutions. Of course, we expect this to be the generic behavior for higher k and

n.

4.5.1 Singular Solutions in X (3,8) — X (3,7)

In order to obtain the singular solutions, we study the soft limit for, e.g., particle n = 8,
i.€. Saps — TSaps (With 7 — 0). The singular solutions arise from configurations where
three lines in CP?, each defined by two hard particles, meet at the soft particle. In the
same spirit as for X (3,7), we let e.g. |148|, |258| and |368| vanish and we find 568 singular
solutions. The large number of the solutions is the reason this case resists a direct approach
as mentioned above. There are (7) (g) (g) /3! = 105 different configurations of this kind and

2
therefore NV — 105 x 568 = 59 640.

Let us now explain how to count the solutions for each singular configuration. The 568
solutions can be counted by taking a second soft limit, say that of particle 7. The solutions
to the new scattering equations come in three different types. The first corresponds to
regular solutions and the other two to singular solutions. Since the three kinds come from
the singular solutions for the particle 8 we can denote them as (regular,, singularg) and

(singular,, singulary) of type A and type B.

The first class of solutions, (regular,,singularg), come from decoupling particle 7
from the remaining hard particles. We obtain 12 solutions for the hard particles and each

gives 41 solutions for particle 7 leading to 12 x 41 = 492 such solutions.
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The first kind of (singular., singularg) solutions come from configurations in which
particle 7 belongs to one of the already existing three lines and lies in the intersection of
two other new lines (see left side of figure 4.5). For instance, this would correspond to
vanishing determinants of the form [147], |267| and |357|. We find 6 solutions for each of

the 6 possible configurations of this kind.

The second kind of (singular., singularg) solutions corresponds to the case where
three new lines intersect at particle 7 (see right side of figure 4.5). For instance, this would
correspond to vanishing determinants of the form |167], |247| and |357|. We find 5 solutions

for each of the 8 possible configurations of this kind.

Notice that in these last two cases there is a symmetry between particles 7 and 8.
Combining these results one finds that the number of solutions to the equations that arise in

a particular singular configuration in the soft limit of particle 8 is 41 x 12+8x54+6x6 = 568.

Figure 4.5: Left: representation of (singular.,singularg) type A configurations. Right:
representation of (singular,, singulary) type B configurations.

Let us now explain how the procedure is implemented. We can again use a similar

gauge fixing as in previous cases and parameterize the space as

o =ys—T(u+v+p), sg=ys—T(U+V), Ys=1ys— TV (4.24)
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When we take the strict soft limit 7 — 0 we obtain a set of new equations with 8 variables:

u, v, p, s, Ys, Ys, T7 and y7;. The equations are given by

oS oS
lim ——> =0, lim — =0, for i=1,...8. (4.25)
70 0x; (4.24) 70 Jy; (4.24)
More explicitly, we have
lim 283 _sses _sus g OSs| sus S
7=0 Oxg (4.24) p u ' 750 Org (4.24) u v’
lim ) _ 5258 8_33 lim 95; _ 5368 8_33 (4.26)
7—0 8y5 (4.24) v 8y5 N ! 7—0 (91'6 (4.24) P 8y5 . )

with S; defined as the potential S; = Zl§a<b<c§7 Sabe log(a, b, ¢). This allows us to easily
eliminate u, v and p and reduce the new set of equations (4.25) to ones involving fewer

particles,

{683+883 0S; 08y 0S; @33} —0. (4.27)

8y5 (91‘6 ’ 8ZE5 ’ 6y6 ' 81'7 ’ 8y7

T6—Y5
Now we have 5 independent equations and the remaining variables are s, ys, yg, ©7 and

y7. So we have reduced a problem of 8 particles to one of 7 particles.

This means we can now start with the set of equations (4.27) and study them inde-
pendently of where they came from, i.e. the eight-particle problem, just like we did in the
X(3,7) case. As mentioned above, when the soft limit s,,; — €547 (with € — 0) is taken,

there are again both regular and singular solutions for (4.27).

For the (regular., singularg) solutions, all terms involving particle 7 can be omitted
in the first three equations in (4.27), which become exactly the same equations as (4.18)
and give 12 solutions for x5, y5 and ys. We plug each solution into the last two equations in

(4.27) and obtain 41 solutions for x7 and y;. Compared to the regular solutions in X (3,7),
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roughly speaking, we can see that the requirement zg = y5 reduces the number of solutions
for x7 and y; from 42 to 41. In total, we obtain 12 x 41 = 492 solutions from this sector.

We give a graphical representation and counting of these solutions in appendix E.

For the (singular,, singulary) solutions, note that the three lines 12, 34 and 56 already
intersect at the same point (i.e. the position of particle 8, but this fact is irrelevant for our
present problem). Now we need another 3 lines intersecting at the position of particle 7 in
the CP? in the strict second soft limit € — 0. There are 2 different kinds of configurations

that we graphically represented in figure 4.5.

For the first configuration, which corresponds to requiring [147|, |267| and |357| to

vanish, we re-parameterize the CPP? space using the constraints
|147| = €q, [267| =€r, |357| =€s, (4.28)
that is

Yo =€(q+1r+s)+ax5, v7=se+x5 yYr=c¢€(lq+s)+ s (4.29)

If one plugs them in into (4.27) and takes the strict soft limit ¢ — 0, a new set of scattering
equations with variables g, r, s, x5 and ys5 arises. Again we can easily eliminate ¢, r and s

and reduce the new set of equations to those only involving the six hard particles

0S; 08, 0S; 08,

—_— 4 — =0 — 4+ — =0 4.30

dys * 0z T Oz * Dye ’ ( )
T6—Y5,Y6—>T5 T6—Y5,Y6—T5

with S; defined as the potential of 6 particles, i.e. Sz = Y 1<acbeecs Sabe 10g(a, b, ). It turns

out that there are 6 solutions to these equations.

For the second type of configuration, i.e., where |167|, |247| and |357| are taken to
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vanish, we re-parameterize the CP? space using the constraints
|167| = €q, [247| =€r, |357| =¢€s, (4.31)

that is
—e(q+1Yys) + Ys
€s+ x5 '

xr=€es+x5, yr=1—ce€r, yg= (4.32)

When we plug this into (4.27) and take the strict soft limit ¢ — 0, we obtain a set of new
scattering equations with variables ¢, r, s, x5 and y5. Again we can easily eliminate ¢, r

and s and reduce the new set of equations to those only involving 6 hard particles

(933 4 8¢§3 i x58_$'3

vos vos Ts 1’% 633 4 853
ys 0z Y5 05

=0, =SB4
Y5 05 0Ys

T6—Y5,Y6 5 T6—Y5,Y6 5

~ 0. (4.33)

These equations have 5 solutions. Therefore, we obtain a total of 6 X 6 + 8 X 5 = 76

(singular,, singulary) solutions.

Summarizing, we have proven that there are 568 solutions for the new set of equations
(4.27). Therefore, as mentioned above, we find that the total number of singular solutions
for X(3,8) is NIV — 105 % 568 = 59640. Together with the already known 128472
regular solutions, mentioned in section 4.3, we get a total of Né?’):mtal = 188112 solutions,
which is consistent to a proposal made by Lam that this should be related to the number

of representations of uniform matroids as defined in [192].

Of course, the challenge now is to reproduce the same number of total solutions for the
dual space X (5,8). Confirming that /\/;fB)ZtOtal = 188 112 would be a very strong consistency

check on our constructions and on the number itself.

148



4.5.2 Singular Solutions in X (5,8) — X (5,7)

Unlike any case considered previously, the soft limit X (5,8) — X(5,7) has four kinds
of topologically distinct singular solutions. In order to describe them let particle 8 be
soft. As summarized in table 4.1, the four kinds of singular solutions come from the
configurations where either 4, 5, 6, or 7 minors involving particle 8 vanish. Each class has

210, 420, 210, and 840 different configurations, respectively. For each of them, there are

96, 24, 8, and 32 solutions respectively, as we show below. Thus we obtain A@S):Singular =

210 x 96 + 420 x 24 + 210 x 8 + 840 x 32 = 58 800 singular solutions.

TOFOIOgy Vanishing minors N?imbert."f ‘ N}“fﬂt).er of
ype coniigurations solutions
1 157238, |57148],|53468|, |51268| 210 96
2 112358|, |12468|, |15678|, |23478], |34568)] 420 24
3 112378|, |12458|, |13568|, |23468], |25678], |34578)| 210 8
4| [12348],|12358], [12368|, [12378], [14568], |24578|, [34678] | 840 32

Table 4.1: Four different topologies of singular configurations for X (5,8) defined by the
list of vanishing minors.

Type 1 Configuration

The first configuration in table 4.1 is slightly subtler than the remaining ones so we describe
it in a separate subsection. The soft particle 8 can be thought of as being projected from
CP* space to CP? space through the particle 5 and then being crossed by four 2-planes in
the projection space just like the case X (4,7). We give a very schematic representation,
i.e. drawing RP* on a plane, of the projection in figure 4.6, where particle 5 is sent to
infinity. The four vertices of the tetrahedron in this projection actually correspond to four
parallel lines in RP* space. We can think of these four lines intersecting at the infinity

point, particle 5.
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Figure 4.6: The geometrical interpretation of the topology type 1 near the soft limit,
from the point of view of particle 5, is that the projection of the soft particle lies inside a
tetrahedron just like in X (4, 7). In the strict soft limit, in projection space, the tetrahedron
collapses to a point where the projection of the soft particle 8 lies while in CP* space, the
four 3-planes 5723, 5714, 5346, and 5128 share a common line that crosses particles 5 and
8.

There are no analogs to this case for k& = 3 because there are no singular solutions
for k = 2. Starting at £ = 4, however, the soft particle can be projected into a lower-
dimensional space and its projection satisfies the requirement of that particular dimension

as long as n is large enough.

The way to obtain the solutions in the soft limit Sypeas —> TSapeas (With 7 — 0) is the

following. First, we parameterize X (5, 8) as

1 0 0 0 o0 1 1 1 100001 1 1
Ty X9 T3 T4 Ty Tg Ty Ty 01 000 1 a7 zg
wow ws v v ue v s |00 1001 yow
21 Z9 23 24 Zs 26 27 28 00010 1 2 =z
w; Wy W3 Wq Ws Wg Wy WS 00 0O01 1 w ws

(4.34)
Notice that a direct consequence of sending particle 5 to infinity in the direction of w is

that all vanishing minors |57238|, |57148|, |53468| and |51268| become independent of ws.
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Next, we make a reparameterization under the constraints

57238| = Tu, |57148| = Tv, |53468| = 7p, |51268| = ¢, (4.35)

that is

T(—qx7 + ux; — v) + x727
TP+ 1

Yy = , xs=Tp+ 1, ys=7(u—q)+ 27, 23 =TU+ 2z7. (4.36)

We then plug this into the original scattering equations and take the strict soft limit 7 — 0

lim lim lim
70 Ox; 70 Ay; 150 Oz, 1 =0 OQw;

=0, for i=1,...8. (4.37)
(4.36)

{, 0S5 0S5 0S5 . 885}
lim

Since all vanishing minors are independent of wsg, the above 32 equations only depend
on 7 variables u, v, p, q, 7, 27 and w;. Correspondingly, only 7 of these equations are
independent since e.g. the leading order of % in 7 vanishes. Hence, we must require its

subleading contribution to vanish
lim ——— =0. (4.38)

One can solve the equations for the leading order in (4.37) and obtain 16 solutions for wu,
v, p, q, r7, 27 and w;. When each of these solutions is plugged into the subleading term
(4.38), we find 6 solutions for wg. Therefore, the total number of solutions is 16 x 6 = 96

as shown in table 4.1.

Now we can again use the kinematic data from the positive region (4.19), assuming
all solutions are real, to interpret the singular solutions. Singular solutions make some

minors |abcd8| containing particle 8 become singular. Geometrically, this means that 3-
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planes abed in RP* space will dominate. The remaining planes can be omitted for the soft
particle at first. Therefore, in order to bound particle 8 in RP?* space, it seems we need
at least five such dominating planes. This is the case for the remaining 3 configurations
in table 4.1. However, it is not the case for type 1 configuration described now. The
four dominating 3-planes do not bound the soft particle. They produce equilibrium lines

instead of equilibrium points for the soft particle.

As shown in figure 4.6, any equilibrium point in the projection space will correspond to
an equilibrium line in RP* space. The soft particle 8 can lie at any point of these equilibrium
lines and won’t be pushed to infinity by the dominating 3-planes. This corresponds to the
fact that the leading order of g—i in 7 vanishes. It has no constraints on the positions of

particle 8 in the direction from which 5 is sent to infinity.

The position of the soft particle 8 is finally determined by considering the normal 3-
planes determined by the hard particles as well. This corresponds to equation (4.38). In
each of the equilibrium lines, there are 6 equilibrium points considering both dominating

and non-dominating minors.

Other Three Types of Configurations

For the second configuration in table 4.1, we make a reparameterization of (4.34) under

the constraints

|12358| = 7Tu, |12468| = Tv, |15678| = Tp, |23478| = ¢, |34568| = 77, (4.39)
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that is

T(—ry7 + 127 — QX7 + Q27 + ULy — UYr + VT — V27 —|—p) — Y7+ 27

Wy = —
T7 — 27

B  7(rer Fuwr —ryr —uyr +p) —yr + 27 B

zg=1r+1, ys=— , 28 = —TU,
Ty — 27

T(—=ry; + 127y +uxr7y — WYy + VX7 — V2 +p) —Yr + 2
wgz—( Y7 7 7 Y7 7 7 p) Y7 7‘ (4.40)
Xy — 27

When this is plugged into the original scattering equations and the strict soft limit 7 — 0

is taken, we obtain a new set of scattering equations with variables u, v, p, q, ys and zg

. 0Ss . 0Ss . 0Ss . 0S5
lim lim lim lim

T—0 axl ’ T7—0 ay’t ’ 7—0 aZ’L ’ T—0 aw’t

=0, for i=1,...8. (4.41)
(4.21)
Among the above 32 equations, only 8 of them are independent. One can find that there
are 24 solutions by solving the system above. We can also easily eliminate u, v, p , ¢ and
r in the new scattering equations (4.41) and then reduce the system to one only involving

hard particles

=0,

Y7 —=z
w7,Ys,Wwg—> I;,;

(4.42)

{835 1 7 — 27 835 635 1 Y7 — Iy 835 (95'5 i (ZE7 — 27) 2 855 }

dyr Yr — 21 83:7’ O0z7 Y7 — 27 39077 owr 27 —yr Oz

where S; is the potential for hard particles, S; = > <acbeecd<e<t Sabede 10g @, b, ¢, d,ef. In
(4.42) we presented only three independent equations for the three remaining variables yz,
z7 and wy. Notice that even though the equations in (4.42) are different from the original

scattering equations for X (5,7), they share the same number of solutions.

It is not obvious that there are solutions for the new equations (4.41). Let’s use the

positive kinematic data to clarify it. Recall that, in the soft limit for X (3,7), the soft
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particle is bounded by a 2-simplex, i.e. a triangle, formed by three lines in RP?. For
X(4,7), the soft particle is bounded by a 3-simplex, i.e. a tetrahedron, formed by four
planes in RP? space. It turns out that for X (5, 8), we can geometrically interpret the second
configuration in table 4.1 as having the soft particle bounded by a 4-simplex formed by

five 3-planes in RP*. Tts four projections are shown in figure 4.7.

12,13}

10

View from particle 2 View from particle 3 ~ View from particle 4 View from particle 5

Figure 4.7: Geometrical interpretation for the topology type 2 near the soft limit. The soft
particle is bounded by a 4-simplex. Here we show four projections of the 4-simplex from
the viewpoint of particles 2, 3, 4 and 5, respectively. In the strict soft limit the 4-simplex
collapses to a point where the soft particle lies.

The five vertices of the 4-simplex can be seen as auxiliary points, each of them having
a label ranging from 9 to 13. The five facets of the 4-simplex, each of them corresponding
to a tetrahedron, have vertices labelled by {9,10,12,13}, {9,10,11, 13}, {9,11,12, 13},
{9,10,11,12} and {10,11, 12,13}, respectively. They are passed by the five dominating
3-planes 1235, 1246, 1567, 2347 and 3456, respectively.

In the first projection shown in figure 4.7, two points {9,10} are pinched from the
viewpoint of particle 2, which has been sent to infinity. We can say that particle 2 lies

on the line determined by {9,10}. Particles 1 and 6 lie on the line determined by {9,13}
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and {11,13} respectively. Particle 7 lies on a 2-plane determined by three vertices of the

4-simplex {9,11,12}. The remaining three projections are completely analogous.

The polytopes in the remaining two configurations in table 4.1 are slightly more compli-
cated. Actually, now there are two bounded chambers formed by the dominating 3-planes
for the configurations type 3 and type 4. The soft particle can lie in either of the two
bounded chambers. See appendix F for more details. In the following, we just show how

to get the solutions for general kinematic data.

For type 3, we make a reparameterization of (4.34) under the constraints

[12378| = Tu, |12458| = Tv, |13568| = Tp, [23468| = T¢q, [25678| = 77, |34578| = Ts,

(4.43)
that is
T(s+r—v+tvz—p)tar— 2z - 7(qzr +u) —
o T(s—p)+ar—1 ’ ! T(p—8)—x7
rxg =TS+ x7, Ys=70, 28=T(5—p)+T7, Ws=1—7g. (4.44)

When this is plugged into the original scattering equations and the strict soft limit 7 — 0

is taken, we obtain a new set of scattering equations which has 8 solutions.

Likewise for type 4, we make a reparameterization of (4.34) under the constraints

12348] = Tu, |12358] = 7o, |12378] = 7p, |14568| = ¢, |24578| = 77, |34678| = Ts,
(4.45)
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that is

_T(rv—rp+qv—qp—|—uv+sv—uvx7)—|—vx7—vy7—|—wy7—w

7 = ’
u(=7(r+q)+yr—1)

" T(r+ gt uts—ury) + a7 —yr

' T(r+q)—yr+1 7

s =—T(q+7T)+yr, Ys=yr—Tr, 2=-TU, Ws=TU, (4.46)

which will make |12368| = 7(u + v) vanish as well. When we plug this into the original
scattering equations and take the strict soft limit 7 — 0, we obtain a new set of scattering

equations which has 32 solutions.

As mentioned before, combining all these results we obtain N{™"8"% — 420 x 24 4
210 x 8 + 840 x 32 + 210 x 96 = 58800 singular solutions. In addition to the already
known ./\/'8(5):regular = 24 x 5388 = 129312 regular solutions, the total number of solutions

for X(5,8) is Ni” = 188112, which is exactly the same as the result obtained for X (3, 8).

4.6 General Configurations that Support Singular Solu-

tions

In this section we explain what we believe are all configurations of points that lead to
singular solutions in soft limits X (k,n) — X (k,n — 1) for general k and n. Our proposal
is based on the examples already computed and on many other configurations for which

we have been able to compute particular solutions.

In general, recall that singular solutions will make some minors involving the soft par-

ticle vanish while keeping all other minors non-vanishing. In particular, no subset of only
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hard particles should develop any linear dependence detected by the vanishing of a single
minor as this would imply that the hard-particle kinematics is not generic. We start by as-
signing each hard particle a position in the CP*~! and each vanishing minor will correspond

to a (k — 2)-plane determined by (k — 1) particles.

We state our conjecture distinguishing k£ = 3 from k& > 3. The reason is that k = 3 is

the base case for the rest since k = 2 does not have singular solutions.

For k =3and n =2m+1 or n = 2m + 2 with m > 3, we conjecture that singular
solutions come from configurations where 3,4, ---  m lines meet at the soft particle re-
spectively. Each line is determined by two hard particles and of course no subset of three
hard particles are allowed to be collinear. We have checked that up to n = 14 there are
indeed solutions supported by all such configurations. In figure 4.8, we show all three

configurations for n = 11.

Figure 4.8: All configurations of singular solutions in n = 11. The soft particle is rep-
resented as a red point and the hard particles are represented as blue points. Left: one
possible situation is when we have 3 vanishing minors involving the soft particle. Namely,
we have three lines, each one passing through two hard particles, intersecting at the soft
particle. The rest of the hard particles do not develop any linear dependence. Center:
another possible situation is when we have 4 vanishing minors involving the soft particle,
i.e. 4 lines. Right: the last possibility in n = 11 is when we have m = 5 vanishing minors
involving the soft particle, i.e. 5 lines.

For k > 4, we conjecture that singular solutions come from two kinds of configurations.

The first kind of configurations is obtained from the cases with lower £ and n. More
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explicitly, this kind requires that all vanishing minors share a set of hard particles. Besides,
the remaining hard particles together with the soft particle are projected by the common
hard particles to a lower dimension space and their projections satisfy the requirement of

that particular dimension.

For example, we already know there are singular solutions where three minors of the
form [14n|, |25n| and |36n| vanish for k£ = 3 and n > 7. Thus we expect that for any
k > 4 and n > k + 4, there will always be solutions coming from configurations where
three minors of the form |1478---k +3,n/|, [2578 - - -k + 3,n| and |3678 - - - k + 3, n| vanish.
The hard particles 1-6 together with the soft particle are projected to a lower dimension
space through the hard particles 7, 8, - -+, k + 3 one by one. Finally, they are projected to
CP? and the projection of the soft particle is crossed by three lines. We have numerically

checked that for any n < 12 and 4 < k < n — 4, there are indeed solutions of this kind.

Similarly, we already know there are singular solutions where four minors of the form
|123n|, |345n|, |561n| and |246n| vanish for £ = 4 and n = 7. Thus we expect that for
any k > 4 and n > k + 3, there will always be solutions coming from configurations
where four minors of the form [12378---k + 2,n|, [34578---k 4+ 2,n|, |56178---k + 2,n|
and |24678 - -k + 2,n| vanish. The hard particles 1-6 together with the soft particle are
projected to a lower dimension space through the hard particles 7, 8, - - -, £+ 2 one by one.
Finally, they are projected to CP? and the projection of the soft particle is crossed by four
planes. We have numerically checked that for any n < 11 and 4 < k < n — 3, there are

indeed solutions of this kind.

The second kind of configurations correspond to those where at least k (k — 2)-planes
meet at the soft particle location. Each of the (k — 2)-planes are determined by k£ — 1 hard
particles. Besides, by slightly changing the position of hard particles, these (k — 2)-planes

can form a polytope with infinitesimal volume around the position of the soft particle
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without any hard particle as one of its vertices. Of course, no subset of k& hard particles
can lie on a single (k — 2)-plane as this would imply an unwanted linear dependence. In
particular, any configuration that supports singular solutions must still support singular

ones for higher n and the same k.

For example, for k = 4 and n = 8, we find 7 different topologies of configurations that

satisfy the requirements to support singular solutions, as shown in table 4.2. We have

I |1478],]2578|, |3678|

I |1238],]3458|, |5618], [2468) I |1238],]3458|, |5678], [2468)

IV |1478],]2578|, |3678], |1238], |4568| Vo |1238],[1458], |1678], [2468|, |2578|
VI |1238],[1458], |1678],[2468|, [2578], |3478)

VII |1238],[1248], [1258], |1268], [1278],|3458|, |3678|

Table 4.2: Seven different topologies of singular configurations for X (4,8) defined by the
list of vanishing minors.

numerically checked that there are solutions for each of them.

The first topology belongs to the first kind of configurations which are related to that
of X (3,7) through projection. For the remaining six topologies, there are at least 4 planes

meeting at the soft particle location.

The second topology is the same configuration that supports the singular solutions in
X(4,7). The third topology has one hard particle changed in the third vanishing minor
with respect to the second topology. Note that no matter what hard particle in a single
minor in the second configuration is changed as 7, they all lead to the configuration of the

same topology.

Comparing the first and fourth topology, we see in addition to three common minors
|1478|,|2578|,|3678|, the fourth topology has two more vanishing ones |1238|, |4568|, which

supports singular solutions. However, if we just add one more vanishing minor, such as
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|1238|, to those of the first topology, there will be no singular solutions. This is because
by slightly changing the position of hard particles, the four planes 147, 257, 367 and 123
can form a polytope with infinitesimal volume around the position of the soft particle but

with the hard particle 7 as one of the vertices, which is forbidden.

Another way to think about it is to use the geometry description using positive kine-
matic data (4.19). For the first configuration, three planes 147, 257 and 367 share a
common line that crosses particles 7 and 8. The final position of the soft particle 8 in
the line is determined by both vanishing and finite minors. However, we can also fix the
position of 8 in the line by imposing two more vanishing minors. That is the case of the
fourth configuration. One can imagine that we cannot just impose one more vanishing
minor as this will push the particle 8 in the line into infinity, i.e. there will be no singular

solutions where only 4 minors of the form [1478|, |2578|, [3678| and |1238| vanish.

We have also checked many other examples up to k£ = 6, all of them having solutions

(see table 4.3).

n | Vanishing minors

9 | |123n|, |345n|,|567n|, |781n|

9 | [123n|, |124n|, |126n/|, |127n|, |345n|, |368n|

10 | [123n/, |345n],|567n|, |789n|

10 | [123n], [145n|, |167n], [246n], [257n], |347n], |389n|
9 | |1235n/|,|1246n|, |1567n|, |2347n|, |3458n|

10 | |12358n/, [12468n|, |15678n/|, |23478n|, |34589n|

O CU s W | 7

Table 4.3: Some explicit examples supporting singular solutions, where particle n is the
soft one.
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4.7 Discussions

In this chapter we started the study of singular solutions in soft limits. This is a new
phenomenon for scattering equations on X (k,n) with & > 2. We computed all singular
solutions for all cases with n < 9, except for X(4,8). This proved that studying sin-
gular solutions is an effective technique for computing the number of solutions in cases
where other known techniques cannot be applied. For example, we have proven that
N8(3) = Ns(5) = 188 112. Also, even in cases where indirect approaches are possible, singu-

lar solutions prove to be a much simpler route as seen in the alternative determination of

N = N = 1272,

One of the most pressing issues is to extend our study to all X(3,n) — X(3,n — 1)
cases with n > 8. In section 4.6, we presented a conjecture for all configurations that can
support singular solutions. It is very tempting to suggest that in this case, it would be
possible to count solutions using a recursive approach. Recall that in X(3,8) — X(3,7)
we resorted to a second soft limit in order to count solutions. Such “fibration” structure is
familiar in the k = 2 case where X (2,n) can be thought of as a fibration over X (2,n — 1)
(see e.g. [169]). For k = 3 the structure we have uncovered is much more interesting and

we leave its study for future work.

The scattering equations have been a powerful tool for studying properties of scattering
amplitudes via the CHY formalism |76, 77]. The quantum field theory whose amplitudes
have the simplest CHY formulation is a theory with a U(N) x U(N) flavour group and a
scalar field in the biadjoint representation with cubic interactions (for related developments
see e.g. |78, 19, 94, , , 12, , , 29, , 96, 12]). It is not surprising that this

is the first theory to have been generalized so that it has a CHY representation based on

X (k,n) with £ > 2 [31]. We now turn to a discussion on such biadjoint amplitudes and
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their soft limit behavior on singular solutions using the explicit cases we have computed

and the conjecture regarding the general configurations that can support them.

4.7.1 Generalized Biadjoint Scalar Soft Limit

Recall the generalized biadjoint scalar amplitude [31]

n k

1
Vol[SL(k, C)] 11 .

a=11

miPfalg) = |

-1 n k—1 88
i ! (k) (k)
| dxa] 1;[1 11 5 ( m;) PTW[a]PT® (5],  (4.47)

where the Parke-Taylor functions correspond to

1
12 k|23 k+ 1| |nl-k—1]

PT®[12.-.n] = (4.48)

Now consider the soft limit for one particle, for instance su,, = 7Su,. Following our
conjecture in section 4.6, one can analytically show that when 7 — 0 the singular solutions
for k = 3 and general n can at most contribute to order O(7~!) to the amplitude. The
argument goes as follows. For £k = 3 and n > 7 we have seen that there is always one
singular configuration with 3 vanishing minors involving the soft particle. If we choose
e.g. particle n to be the soft one, we parameterize the vanishing minors as |abn| ~ ur.
This means that the Jacobian for the change of variables will give an O(7?) factor in the
amplitude*. Moreover, given the form of the singular configurations, we can at most have
two vanishing determinants in the Parke-Taylor functions. This produces an O(7~%) factor
in the amplitude. Hence, the leading contribution of the singular solutions to the biadjoint

scalar amplitude in k = 3 is of order O(771).

4Note that for singular configurations with m vanishing minors the Jacobian gives orders of O(7™).
That’s why having only 3 vanishing minors corresponds to the leading contribution.
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Now we move on to explain the contribution to the amplitude for the cases k = 4 and
n ="7,and k = 5 and n = 8 in the soft limit. Consider again the biadjoint scalar amplitude
(4.47). For k = 4 and n = 7 the singular configurations are those where 4 vanishing minors
involve the soft particle. The Jacobian for the change of variables thus gives an order
O(7%) to the amplitude. From the Parke-Taylor functions (4.48) we again obtain a factor

of O(77%), hence the contribution to the amplitude in this case is of the order O(7°).

For k = 5 and n = 8 the analysis is slightly different. In this case the configuration
that gives a more dominant contribution to the amplitude is the one with only 4 vanishing
minors. Following the same procedure as for k = 4 and n = 7, this would naively give us
again a total contribution of order O(7°) to the amplitude. However, recall that the leading
order in 7 for one of the soft scattering equations vanished in this configuration. This means
that we get an extra factor of O(771) in the amplitude, coming from the subleading term of
the vanishing soft scattering equation (4.38). Therefore, the contribution to the amplitude

in this case is of the order O(771)°.

We haven’t obtained the whole set of singular solutions for higher values of k and n,
but in what follows we make a prediction on their contribution to the biadjoint scalar

amplitudes in the soft limit expansion based on our conjecture in section 4.6.

For any k > 4 and n > k + 3, as we have already explained, there will always be some
singular solutions from configurations where four minors of the form [12378---k + 2, n|,
|34578 - - -k + 2,n|, |56178---k + 2,n| and |24678---k + 2,n| vanish. We can use the
gauge redundancy of SL(k,C) to send 7, 8, - -+ k + 2 to infinity in different directions. A
direct consequence is that the leading order for the scattering equations of the soft particle

corresponding to these directions vanish. See section 4.5.2 as an example. This means

SSingular configurations with 5, 6 and 7 vanishing minors give orders of O(7!), O(7%) and O(r!),
respectively.
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that we get a factor of O(747%) from the subleading term of the vanishing soft scattering
equations. The Jacobian for the change of variables in this case gives an order O(7*) and
the Parke-Taylor functions (4.48) also give a factor of O(77*). Thus we expect that the
contribution to the amplitude in this case is at most of the order O(747%). Besides X (5, 8),

we have numerically checked the existence of such kind of solutions for X (6,9).

Similarly, for any & > 3 and n > k + 4, singular solutions from configurations where
three minors of the form [1278---k + 3,n|, [3478---k + 3,n| and |5678 - - - k 4 3, n| vanish
will contribute to the amplitude with order O(7%7*%) at most. The reason is as follows.
Consider the second kind of configurations conjectured in section 4.6. The Jacobian for
the change of variables in this case gives an order O(7%) at most since there are at least
k vanishing minors. Although any Parke-Taylor function has k& minors involving the soft
particles, there can be at most (k—1) vanishing ones, otherwise some minors only involving
hard particles must vanish. Since in this case all the scattering equations keep their leading
terms, the upper bound of the contribution of the singular solutions is of order O(727%).

We have numerically checked the existence of such kind of solutions for X (4, 8) and X (5,9).

The leading contribution to the biadjoint scalar theory amplitude is O(7*7*). This
actually implies that singular solutions do not contribute to leading order. We summarize

these results in table below:

k=3 k=4 k=5
Regular solutions O(r7?%) O(r73) o)
Singular solutions forn = 7 o(r™h O(79) -
Singular solutions for n = 8 o1 O(r~ 2) o)
Singular solutions for n > 9 o) O(17?) O(179)

Table 4.4: Leading order contribution in the soft limit expansion. The results in black are
obtained from analytic derivation. The results in red come from what we conjecture.

From table 4.4 one can notice an interesting pattern. For £ > 4 the singular solutions
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for n = k + 3 do not contribute to the subleading term. For n > k + 3, though, the
singular solutions will always be relevant, i.e. will contribute to the subleading term in the
biadjoint scalar amplitude. This special case £ > 4 and n = k + 3 is nothing but the case
that just comes after n = k + 2, i.e. when no singular solutions arise. This phenomenon
does not appear in kK = 3 since for n = 6 there are no singular solutions, as explained
before. Therefore, for k = 3 the singular solutions will always contribute to the subleading

term.

These results in fact resonate with the recent work of Garcia-Sepiilveda and Guevara
[123]. More precisely, they computed the leading order behavior of biadjoint scalar ampli-
tudes in the limit when a soft particle decouples from the scattering equations of the hard
particles. Hence, no singular configurations were taken into account. With this assumption,

they found that the leading soft factor for the mP amplitude is

S0 = M @y @E? - 1) (4.49)

n

where the canonical ordering is assumed and

(p.a) =

Tn = Z é12.‘.qa1...ar(n—k—i-q-l-?"—&—l)..‘n—ln (4-50)

atyemar=1
are planar kinematic invariants, 0 < r < k—2and 1 < ¢ < k—r, and r denotes the number
of summed indices. The fact that singular solutions do not contribute to the leading order
in the soft limit expansion of the biadjoint scalar amplitudes serves to corroborate their
statement (4.49) for the cases already mentioned. Indeed, they numerically checked that
only regular solutions contribute to leading order for £ = 3 and n = 7, §, for £k = 4 and

n=7and for k=5 and n =8&.
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Chapter 5

Generalized Feynman Diagrams

5.1 Introduction

In this chapter, we conclude our exploration of the CEGM generalization of quantum field
theory by approaching it from a viewpoint that is more familiar to physicists. Specifically,
we will identify the analogous objects to Feynman diagrams that contribute to CEGM

amplitudes and utilize them to perform calculations for some examples.

As pointed out in [71], these higher-k “biadjoint amplitudes” were shown to have deep
connections to tropical Grassmannians. This led to the proposal that generalized Feynman
diagrams could be identified with facets of the corresponding Trop G(k,n) [71]. Motivated
by the connection (as described in chapter 3) between Trop G(2, n) with metric trees, which
can be identified as Feynman diagrams, and that of Trop G(3,n) with metric arrangements
of trees [110], Cachazo and Borges introduced a generalization to k = 3 called planar

collections of Feynman diagrams as the objects that compute £ = 3 biadjoint amplitudes

[42].
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The computation of a k = 3 biadjoint amplitude is completely analogous to that of
the standard & = 2 amplitude but defined as a sum over planar collections of Feynman

diagrams

mP(a,8)= Y. R(), (5.1)

CeQ(a)nQ2(B)
with Q(a) the set of all collections of Feynman diagrams which are planar with respect to
the a-ordering [12]. More explicitly, the i*® tree in a collection is a tree with n — 1 leaves
{1,2,...,n} \ ¢ which is planar with respect to the ordering induced by deleting i from «.
This is why the collection is called planar and not the individual trees. The value R(C) of

a planar collection C is obtained from the following function

.F(C) = Zﬁijk Sijkz (52)

Z'7j7k

defined in terms of the metrics of the trees in the collection dyk) which satisfy a compatibility
condition dgzk) = dg) = dgf), thus defining a completely symmetric rank three tensor m;;;, :=
dyk) [110]. Recall that s;;;, is the k = 3 generalization of Mandelstam invariants, defined as

completely symmetric rank-three tensors satisfying

Siij = 0, Z sije =0, Vie{l,2,...,n}. (5.3)

J,k=1

The explicit value is then computed as

R(C) = /A d?Y frexp F(C) (5.4)

where the domain A is defined by the requirement that all internal lengths of all Feynman

diagrams in the collection be positive [12]. Figure 5.1 is an example of a planar collection
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6 2 6 1 3/2 4 5 2 3 5/4 6 ’14 5 1
=il Sl 2 e P e T T
5 45 44 6 1 6 3 \2§ 2

V=X-Z+W
u=y-z+w

Figure 5.1: An example of a planar collection of Feynman diagrams for n = 6 and with
relations between the internal lengths after imporsing the compatibility conditions ;1 =

(1) _ gk) _ 4@
D = 4% = q®.
that corresponds to a bypiramidal facet in TropG(3,6), and integrates to

R+ R

= 9 (55)
RRt1234t3456t5612

R(C) :/ dxdydzdw exp(— Z SabcTabe) =
A a<b<c
where A = {.T > O,y >0,z>0w>0u>00v> 0} and R, R, t1234, t3456 and tsg10 are

planar poles of the (k,n) = (3,6) CEGM amplitude given by

ta17a27---7am = Z Sabc )

{a’7b7c}c{al 7(12,...7(17”}

R :=ti934 + 5345 + 346, 1= t1234 + S125 + S126 -

In this chapter we continue the study of planar collections of Feynman diagrams by
exploiting an algorithm proposed in [12] for determining all collections for £ = 3 and n
points by a “combinatorial bootstrap” starting from £ = 2 and n-point planar Feynman
diagrams. We review in detail the algorithm in section 5.2 and use it to construct all 693,
13612, and 346 710 collections for (k,n) = (3,7), (3,8) and (3,9) respectively. The 693

collections for (k,n) = (3, 7) were already obtained in |12] by imposing a planarity condition
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on the metric tree arrangements presented by Herrmann, Jensen, Joswig, and Sturmfels
in their study of the tropical Grassmannian Trop G(3,7) in [110]. Also, there are deep
connections between positive tropical Grassmannians and cluster algebras as explained by
Speyer and Williams in [195] and explored by Drummond, Foster, Giirdogan, and Kalousios
in [96]. In the latter work it was found that Trop™ G(3,8) can be described in terms of
25080 clusters. Here we show that our 13612 planar collections for (3,8) encode exactly
the same information as their 25080 clusters. The cluster algebra analysis of Tropt G(3,9)
has not appeared in the literature but it should be possible to obtain them from our 346 710

collections.

We also start the exploration of the next layer of generalizations of Feynman diagrams in
section 5.3 and propose that & = 4 biadjoint amplitudes are computed using planar matrices
of Feynman diagrams. In a nutshell, an n-point planar matrix of Feynman diagrams M is
an n x n matrix with Feynman diagrams as entries. The M;; entry is a Feynman diagram
with n — 2 leaves {1,2,...,n}\ {4,j}. Each tree has a metric defined by the minimum
distance between leaves, d,(flj ). Here we use superscripts to denote the entry in the matrix of
trees and subscripts for the two leaves whose distance is given. Planar matrices of Feynman

diagrams must satisfy a compatibility condition on the metrics
ij ik il kl i kj

4P = ) = o) = 10 = ) = ) 50

This means that the collection of all metrics defines a completely symmetric rank four

R 1CY))
tensor g = d; .

Using this we generalize the prescription for computing the value R(7T) and R(C) of
k = 2 and k£ = 3 “diagrams” to R(M) for k = 4 and therefore their contribution to

generalized £ = 4 amplitudes. Moreover, we find that a second class of combinatorial
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bootstrap approach can be efficiently used to simplify the search for matrices of diagrams
that satisfy the compatibility conditions (5.6). The idea is that any column of a planar
matrix of Feynman diagrams must also be a planar collection of Feynman diagrams but
with one less particle. In the first of our two main examples, any matrix for (k,n) = (4, 8)
must have columns taken from the set of 693 (k,n) = (3,7) planar collections. Using
that the matrix must be symmetric, one can easily find 91496 matrices of trees satisfying
this purely combinatorial condition. Therefore the set of all valid planar matrices for
(k,n) = (4,8) must be contained in the set of those 91496 matrices. Surprisingly, we find
that only 888 such matrices do not admit a generic metric satisfying (5.6). This means
that there are exactly 90608 planar matrices of Feynman diagrams for (k,n) = (4,8).
We also find efficient ways of computing their contribution to mgl) (I,I). As the second
main example of the technique, we used the (3, 8) planar collections to construct candidate
matrices in (4,9). We found 33 182 763 such symmetric objects. Computing their metrics
we found that 2523 339 of them are degenerate and therefore the total number of planar
matrices of Feynman diagrams for (4,9) is 30659 424. We presented all these results in the
original paper [74] and in this chapter we will only comment on them. The 888 degenerate
matrices also appeared as good non-regular triangulations of the m = 2 amplituhedron, as

described by Lukowski, Parisi and Williams [157].

After identifying collections with (3, n) amplitudes and matrices with (4, n), it is natural
to introduce planar (k —2)-dimensional arrays of Feynman diagrams as the objects relevant
for the computation of (k,n) biadjoint amplitudes. In section 5.4 we discuss these objects
and explain the combinatorial version of the duality connecting (k,n) and (n—k, n) biajoint

amplitudes at the level of the arrays. We end in section 5.5 with some discussions.
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5.2 Planar Collections of Feynman Diagrams

In this section we give a short review of the definition and properties of planar collections
of Feynman diagrams [12]. Emphasis is placed on a technique for constructing n-particle
planar collections starting from special ones obtained by “pruning” n-point planar Feynman
diagrams and then applying a “mutation” process. Here we borrow the terminology muta-
tion from the cluster algebra literature [117, , 36]. The reason for this becomes clear
below. This pruning-mutating technique is the first combinatorial bootstrap approach we
use in this work. The second kind is introduced in section 5.3 as a way of constructing

planar matrices of Feynman diagrams from planar collections.

4 4 4 3 3 3
3: :5 3: 15 2: | :5 2: :5 2: | :4 2: :4
{2 6, 1 6’ 1 5, 1 6’ 1 6’ 1 5}
A T3 T3 Ty T5

5 TF)

Figure 5.2: An example for an initial planar collection obtained by pruning a 6-point
Feynman diagram. Above is the 6-point Feynman diagram to be pruned. Below is the
planar collection of 5-point Feynman diagrams obtained by pruning the leaves 1,2, ...,6 of
the above Feynman diagram, respectively.

Without loss of generality, from now on we only consider the canonical ordering I :=
(1,2,...,n) and every time an object is said to be planar, it means with respect to I. Recall
that for & = 2 the objects of interest are n-particle planar Feynman diagrams in a ¢? scalar

theory. There are exactly C,_s such diagrams'. When Feynman diagrams are thought of

1, is the m'" Catalan number.
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as metric trees, a length is associated to each edge and if any of the n — 3 internal lengths
becomes zero we say that the tree degenerates. Here is where the power of restricting to
planar objects comes into play; once a given planar tree degenerates, there is exactly one
more planar tree that shares the same degeneration. These two planar Feynman diagrams
only differ by a single pole and we say that they are related by a mutation. Starting
from any planar Feynman diagram, one can get all other planar Feynman diagrams by
repeating mutations. If no new Feynman diagrams are generated, we are sure we have
obtained all of the Feynman diagrams of certain ordering. Here the terminology mutation
precisely coincides with the one used in cluster algebras since planar Feynman diagrams are
known to be in bijection with clusters of an A-type cluster algebra and mutations connect
clusters in exactly the same way as degenerations connect planar metric trees. This precise
connection between objects connected via degenerations and cluster mutations does not

hold for higher k£ and therefore we hope the abuse of terminology will not cause confusion
[42].

For the computation of £ = 3 biadjoint amplitudes, planar n-point Feynman diagrams
are replaced by planar collections of (n — 1)-point Feynman diagrams. Each collection is
made out of n Feynman diagrams with the i*® tree defined on the set {1,2,--- ,n} \ i and
planar the respect to the ordering (1,2,---,i — 1,7+ 1,--- ,n). Each tree has its own
metric defined as the matrix of minimal lengths from one leaf to another. The metric for
the i®-tree is denoted as dgz) with j,k € {1,2,--- ,n} \ i. Moreover, the metrics have to
satisfy a compatibility condition d,g) = 51;) = d;lk) A necessary condition for two planar
collections of Feynman diagrams to be related is that their individual elements, i.e. the
(n — 1)-point Feynman diagrams, are either related by a mutation or are the same. Of

course, in order to prove that the collections are actually related it is necessary to study

the space of metrics and show that the two share a common degeneration. The key idea is
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that we can get all planar collections of Feynman diagrams by repeated mutations, starting
at any single collection. What is more, we can tell whether we have obtained all of the

collections when there are no new collections produced by mutations 2.

A more efficient variant of the mutation procedure described above is obtained by
introducing multiple initial collections. In fact there is a canonical set of planar collections
which are easily obtained from n-point planar Feynman diagrams. Let us define the initial
planar collections as those obtained via the following procedure. Consider any n-point
planar Feynman diagram T and denote the tree obtained by pruning (or removing) the ‘!
leaf by T;. Then the set {T},T5,...,T,} is a planar collection of Feynman diagrams. Let

us illustrate this with a simple example seen in figure 5.2.

(k,n) iﬁﬁfﬁoi Numbers of collections for each kind Nu‘f:;gis"f

(3,5) 5 Q'Igut‘ 0
4-mut. | 6-mut.

(3,6) 48 A6 9 3
6-mut. | 7-mut. | 8-mut.

(3,7) 693 595 28 70 4
8-mut. | 9-mut. | 10-mut. | 11-mut. | 12-mut.

(3.8) 13612 9672 1 488 2 280 96 76 8
10-mut. | 11-mut. | 12-mut. | 13-mut. | 14-mut.
186 147 | 61 398 | 78 402 | 12 300 7 668

(3,9) | 346 710 15-mut. | 16-mut. | 17-mut. 1

522 270 3
Table 5.1:  Summary of results for planar collections of Feynman diagrams for £ = 3

and up to n = 9. The second column gives the total numbers of planar collections. The
third column provides the numbers of collections for each kind, classified by the number
of mutations. The fourth column indicates how many layers of mutations are necessary to
find the complete set of collections starting with the C),_, initial collections.

2Here we assume that the set of all of planar collections is connected. We have checked this to be the
case up ton =9.
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Using all such C,,_5 collections as starting points one can then apply mutations to each
and start filling out the space of planar collections in n-points. When the method is applied
to (k,n) = (3,5) we obtain all planar collections without the need of any mutations since
every single planar collection in this case is dual to a (2,5) Feynman diagram. Next, we
apply the technique to reproduce the known results for (3,6) starting from the Cy = 14
initial collections. We find that after only three layers of mutations we get all planar
collections. Repeating the procedure for (3,7) we find all 693 planar collections stating

from the initial C5 = 42 collections after four layers of mutations.

Our first new results in this work are the computation of all 13612 planar collections
in (3,8) and all 346710 in (3,9). Details on the results and the ancillary files where the
collections were presented and provided in [74, section 4]. All results are summarized in
table 5.1. We classify the planar collections according to their numbers of mutations and
count the numbers of collections for each kind as well. The precise definition of metrics

and degenerations of planar collections of Feynman diagrams was given in [12].

5.3 Planar Matrices of Feynman Diagrams

In the previous section we introduced an efficient algorithm for finding all planar collections
of Feynman diagrams based on a pruning-mutation procedure. Such collections compute
k = 3 biadjoint amplitudes. The next natural question is what replaces planar collections
for £ = 4 biadjoint amplitudes. Inspired by the way a single planar Feynman diagram
defines a collection by pruning one leaf at a time, we start with a matrix of Feynman

diagrams where the 7, j element is obtained by pruning the i*" and ;™ leaves of an n-point
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planar Feynman diagrams as the relevant objects for k = 4,

0 T2 o e pln)
T 0 .. @ e
M = : (5.7)
To-th) pesty g i)
T w2 sl 0

as first proposed in [12]. We denote the Feynman diagram in the i*® row and j** column,
where labels i and j are absent, by 79, We add a metric to every Feynman diagram
T3 in the matrix, and denote the lengths of internal and external edges as f }ij ) and e
respectively. Correspondingly, we can use d;;lj ) to denote the minimal distance between
two leaves k£ and [. Up to this point, the edge lengths and hence distances dfj{ ) of different
Feynman diagrams in the matrix have no relations. We can relate them by imposing

compatibility conditions analogous to those for collections of Feynman diagrams. This

leads to the following definition.

Definition 5.3.1. A planar matriz of Feynman diagrams is an n X n matrix M with
component M;; given by a metric tree with leaves {1,2,...,n} \ {i,j} and planar with

respect to the ordering (1,2,-++ 4, ,f,--- ,n) satisfying the following conditions

e Diagonal entries are the empty tree M;; = ().

o Compatibility (5.6)

P = &) = ) = 80 = ) =

Note that the compatibility condition has several important consequences. The first is

175



that since a given metric is symmetric in their labels, i.e. d,(flj ) = dg,ij ) which is obvious from
its definition as the minimum distance from k to [, one finds that the matrix M must be

symmetric as stated in the following lemma.

Lemma 5.3.2. Planar matrices of Feynman diagrams are symmetric.

Proof. The symmetry of the matrix follows from realizing that the compatibility condition
requires that d,(jlj ) = dl(-?l) and therefore the symmetry of the metric on the left hand side
in the leave labels k& and [ implies that of the right hand side is symmetric in the matrix
labels k and [. In order to complete the proof, it is enough to note that a binary metric

tree is uniquely determined by its metric as we show in appendix G. O

Planar collections of Feynman diagrams have (n — 4)n internal edges; n — 4 for each of
the n trees in the collection. However, only 2(n—4) are independent once the compatibility
condition is imposed on the metrics as reviewed in [12]. In the case of planar matrices of
Feynman diagrams there are (Z) (n — 4) internal lengths fl(ij) with 1 <i < j <n,1<
I < n — 5 while the compatibility conditions (5.6) reduce the number down to 3(n —
5) independent ones. This means that a planar matrix has at least 3(n — 5) possible

degenerations. The precise number depends on the structure of the trees in the matrix.

In analogy with planar collections, we say that two planar matrices are related via
a mutation if they share a co-dimension one degeneration. Recall that an initial planar
collection is obtained by pruning a leaf of the same n-point planar Feynman diagram to
produce n different (n — 1)-point trees. We can also get an initial planar matriz by pruning
two different leaves at a time from the same n-point planar Feynman diagram. See figure
5.3 for an example. Using all such C),,_, matrices as starting points one can then apply

mutations to each and start filling out the space of planar matrices in n-points.
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Figure 5.3: An example for a 6-point initial planar matrix. Above we show a 6-point Feyn-
man diagram. Below there is a symmetric matrix of 4-point Feynman diagrams obtained
by pruning two leaves from the set 1,2,---,6 at a time of the above Feynman diagram.
The Feynman diagram from the i*® column and j* row has the i*" and j** leaves pruned.

The contribution to the amplitudes of every planar matrix can be calculated individu-
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ally. Consider the function of a planar matrix of Feynman diagrams M,

F(M) = Z Tijiki Sijkl (5.8)

1<i gk l<n

with 7m0 = d,(;lj ) Here sijr. are the generalized symmetric Mandelstam invariants intro-

duced in [71]. These satisfy the conditions

Siijk = O, Z Sijkl = 0 Vi (59)
gk, 1=1

At this point it is not obvious but these conditions make it possible to write F(M) in a
form free of any length of leaves ') Tn section 5.4 we explain this phenomenon in more

generality for any value of k.

An integral of (M) over independent internal lengths {fi, fa, -, f3(n—5)} gives the

contribution to k£ = 4 biadjoint amplitudes
RM) = [ @09 e FM), (5.10)
A

where the domain A is defined by the condition that all (})(n — 4) internal lengths are
positive and not only the 3(n — 5) independent ones. For future use we comment that it is
possible to consider (5.10) also for degenerate matrices and in such cases it integrates to

zero as its domain is a set of measure zero.

Another important observation is that, in the j-th column or row of a planar matrix,

all Feynman diagrams are free of particle j and the compatibility condition (5.6) requires
4 = a9 =) e
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for every three different particles i, k, [ of the remaining n — 1 particles. This means the
j-th column or row is nothing but a planar collection of Feynman diagrams. Each column
of a planar matrix is therefore made out of planar collections of (3,7 — 1). Besides, once
several columns have been fixed, the remaining columns have much less choices because of
the symmetry requirement of the matrix. This simple but powerful observation leads to

the second kind of combinatorial bootstrap, which we describe next.

5.3.1 Second Combinatorial Bootstrap

Suppose we have obtained all of the N planar collections for the ordering (1,2,--- ,n—1).
Let us denote the set of all such collections as F3,,_1 = {C1,Ca,- -+ ,Cx}. The last column
{TCn) 7@ ... TO=1n)1 (here we have omitted the trivial empty tree () of any planar
matrix M, where by definition particles 1,2,--- ,n — 1 are deleted respectively in addition

to the common missing particle n, must be an element of Es,_;.

Now we consider a cyclic permutation with respect to the order (1,2,--- ,n — 1,n) of

particle labels of the set Es,_1,

Eig:g—l = {C£G)7C§a)7 T 701(\?)} = ES,n71| (512)

i—ita’
Clearly, particle labels are to be understood modulo n. One can see that E§f2_1 is the
set of all planar collections for the ordering (1,2,---,a — 1,a + 1,--+ ,n) with parti-
cle a absent. By definition, we have Eé’"n)_l = Eé?g_l = F3,-1. The a-th column
{100 7@ ... pla=lae) platlae) .. T0=1a)l (here we have once again omitted the triv-

(a)

ial tree ()) of a planar matrix M must belong to the set E:f - Thus any planar matrix

n—
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of Feynman diagrams must take the form

M=1cP.c? ... c™, withl<iy, i, <N. (5.13)

11 2 T ) n —

Naively, we have N choices for each column and hence N" candidate planar matrices. In
principle, one could take this set of N™ matrices and impose the compatibility condition
on the metrics thus reducing the set to that of all planar matrices of Feynman diagrams.

However, this procedure is impractical already for n = 7 where N = 693.

Luckily, according to the Lemma 5.3.2, the symmetry requirement of a planar matrix
reduces this number dramatically. It is much more efficient to find possible planar matrices
from all of the symmetric matrices of the form (5.13). Using this method we have obtained

all planar matrices up to n = 9. Table 5.2 is a summary of our results.

(4,6) (4,7) (4,8) (4,9)
Planar Matrices 14 693 90 608 30659424
Degenerate Matrices 0 0 888 2523339

Table 5.2: Number of planar matrices of Feynman diagrams and number of degenerate
matrices for different values of n.

More explicitly, when this method is applied to (k,n) = (4,6), we obtain exactly all
14 planar matrices, which are dual to the Cy = 14 planar Feynman diagrams of (2,6). As
there are 693 planar collections in (3,7), the duality between (3,7) and (4,7) implies that
there should be 693 planar matrices in (4,7) as well. In fact, our combinatorial bootstrap
procedure results in exactly that number! Moreover, in section 5.4 we explain how the 693
planar matrices of Feynman diagrams map one to one onto the 693 planar collections via

the duality.

Our second set of new results corresponds to the more interesting cases of (4,8) and

(4,9), where our procedure leads to 91416 and 33 182 763 symmetric matrices respectively.
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Having the set of all possible candidate matrices, we further determined that 90 608
and 30659424 of them respectively satisfy the compatibility conditions (5.6) while not
becoming degenerate and thus get these numbers of planar matrices of Feynman diagrams.
We see that in both cases, the combinatorial bootstrap came very close to the correct
answer. We comment that the extra 888 and 2523339 “offending” symmetric matrices
are actually degenerate planar matrices. This means that if we were to use all matrices
obtained from the bootstrap in the formula for the amplitude we would still get the correct
answer since the extra matrices integrate to zero under the formula (5.10). So we can just

use all of the symmetric matrices to calculate the biadjoint amplitudes for k = 4 as well.

Below we show two explicit examples for n = 6,7 in order to illustrate the procedure.
These examples show why this is an efficient technique for getting planar matrices from
collections of (3,n — 1). Details on the results for (4,8) and (4,9) and the ancillary files

where the collections are presented are provided in the original paper |74].

5.3.2 A Simple Example: From (3,5) to (4,6)

Now we proceed to show an explicit example of how to obtain planar matrices of Feynman
diagrams for (4,6). In this example, given the duality (4,6) ~ (2,6), we could obtain the
planar matrices by picking n = 6 Feynman diagrams in & = 2 and remove two leaves in
a systematic way as shown in figure 5.3. Here, however, we introduce an algorithm to
get the matrices using a second bootstrap approach constrained by the consistency condi-
tions explained above, thus obtaining planar matrices from planar collections of Feynman

diagrams of (3,5).

This algorithm works for general n, i.e. it obtains planar matrices of (4,n) from planar

collections of (3,n—1), and is going to be particularly useful for larger n, where the number
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of matrices is considerably large.

Before going through the algorithm, let’s review the planar collections of (3,5). There
are 5 planar collections of Feynman diagrams E3s = {Ci,C2,C3,Cy,C5} [12]. These can

come from the caterpillar tree in n = 5 and its 4 cyclic permutations, shown in figure 5.4.

5
C1 4 5 4 5 1 5 14 1
3 2 3: :1 4 2 3: :2 3: :2
2
1 2

5 1 2 1 2
5 3 4 3

ot

X

CQ:. 5 2 5 1
4 3 -1 “3

C 2 3 1 3 1 2 2 3
: 5 4 5 4 i 5 31 4

<
D 8 o v < <
: 4 < —

C 3 4 4 5 3 5 3 4
é 2: o 3 :1 2 2: :1 2: :1

Figure 5.4: The five k = 2 planar Feynman diagrams and their corresponding collections
in (k,n) = (3,5).

In what follows, we will adopt the notation T'[ab|cd] for a 4-point Feynman diagram

with a,b and c, d sharing a vertex, i.e.

b C
Tablcd] = >—< (5.14)
a d



By applying cyclic permutations (5.12) on Ej35 we get the set E.

E§65) = Fs35. In the more compact notation defined above we have, for instance

1 1 1 1 1 1
B = eV, e. ¢ eV ey

E§7

T[45|63]  T[34]56]  T[45|63]
T[45(62]  T[24]56]  T[45/62]
T[23|56] , T[23[56] , T[35/62]
T[23|146]  T[34]62]  T[34]62]
T[23|145]  T[34]52]  T[23]45]
={c. ¢ e, oy

T[34|56]  T[4563]  T[34]56]
T[14]56]  T[45|61]  T[14]56]
T[13|56] , T[3561] , T[13]56]
T[34|61]  T[34]61]  T[13]46]
T[34/51]  T[13[45]  T[13[45]

- E§65) with

(5.15)

(5.16)

The idea of the second bootstrap is that each column of a planar matrix is a planar

collection. In other words, a planar matrix must take the form

M=[cD.c? ... 97, with1<iy,---,ig <5,

i1 ) Yig

(5.17)

3Here, for example, one can see the cyclic permutation {1 — 3,2 — 4,3 — 5,4 — 6,5 — 1,6 — 2} of
Cy as {T'[45|63], T'[45|62], T'[23]56], T'[23]|46], T'[23]45]} with the leaves 3, 4, 5, 6 and 1 pruned, respectively,
in addition to the common missing leaf 2. We rotate the list from right by 1 to get a planar collection Cf)
with the leaves 1, 3, 4, 5 and 6 pruned, respectively.
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where each element in M corresponds to a column, thus the i-th column belongs to the set
E:,(f% subject to the i-th permutation. There are five choices for the first column, since there
are five collections in (3,5). However, once one of the collections is chosen, the choices for
the remaining five columns get substantially reduced. For example, let’s choose the first
column of the matrix to be the first collection Cfl). The symmetry of the matrix implies
T = TED | thus the first tree of the second column Cl(j ) must be the first tree of the
first column, i.e. T[45/63] 4. By looking at (5.15) and (5.16) we find that only C{” and
Cém satisfy this requirement. Similarly, we select candidates from Eg% by again imposing

the symmetry condition T = T now for i = 3,4,5,6 (see figure 5.5 for a sketch).

BB E ) B} B3
Choosc;Cil) as \L l \L l l

the first column
o c 6 C 6 C 6
{C§2) ) C§2)} {C§3) ’ Cis)} {654)7 C§4) ) 04(14)} { 55)7 C:)(,5) ) (25(35)} { é ) ) i )7 E() )}

Choose cf) as
~ l l

the second column

fe”.e”) ey e} .y

Choose Ci:‘) as

the 1,hirg> column l l l
{ci”y ¢y (con

Figure 5.5: Illustration of the second combinatorial bootstrap for obtaining planar matrices
of Feynman diagrams. Here we choose C%l), Céz) and Cfg) as the first three columns and

then get a symmetric planar matrix by filling in the remaining three columns with C§4),
C§5) and CéG). See also table 5.3.

With this approach, the number of choices for the remaining 5 columns has been reduced
from the naive 5° = 3125 to 2 x 2 x 3 x 3 x 3 = 108. Therefore, we can now forget about

the first column and focus on the possible 108 choices for the remaining 5 columns. Let’s

4Recall that C\V = {T[45|63], T[45/62], T[23|56], T[23|46], T[23]45]}.
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for instance choose S = {T'[45|63], T[45|61], T[35|61], T[34|61], T[13]45]} for the second
column of the matrix. Because of the symmetry condition 7% = T(2) in (5.7), only one
or two candidates are selected for each of the remaining four columns, see third row in

figure 5.5.

By going on with the procedure above, we end up with a planar matrix of Feynman

diagrams

e, e e e, e, el (5.18)
0 T[45|63]  T[45(62]  T[23|56]  T[23]46] T[23|45]-
T[45(63] 0 T[4561]  T[3561]  T[34]61]  T[13|45]

| T[45162]  T[4561] 0 T[25/61]  T[24[61]  T[12]45]
T[23|56]  T[3561]  T[25|61] 0 T23161]  T[23[51] |
T[2346)  T[34|61]  T[24|61]  T[23|61] 0 T[23[41]

| T[23]45]  T[1345]  T[12[45]  T[23[51]  T[23[41] o]

which happens to be M; in table 5.3 on the next page and is also the example shown in

figure 5.3.

Had we chosen CéQ) for the second column instead of C§2), we would have found another
two planar matrices using the same procedure, which correspond to My and M3 in table

5.3. Hence, we find a total of 3 planar matrices for the initial choice Cfl).

Likewise, one finds 3, 2, 4 and 2 planar matrices for the initial choices Cél), Cél), Cil)
and Cél), respectively, thus giving 14 planar matrices in total. One can check that all these
14 matrices satisfy the compatibility conditions (5.6). Therefore, all of them contribute to
the biadjoint amplitude in £ = 3.

In table 5.3 we present all 14 planar matrices of Feynman diagrams in (4, 6), explicitly
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showing the corresponding collections in each column.

Matrix Collections Matrix Collections
M, C1,C3,C1,Ca,C1, Cy My C3,C2,C1,Cs5,Cy,Cy
My C1,C5,C4,C4,C3,Co My C4,C4,C3,C2,C1,Cs
M; C1,C5,C4,C1,C5,Cy My C4,C1,C5,C4,C1, Cs

[ ] [ ]
[ ] [ ]
[ ] [ ]
M, [C3,C4,C5,C5,Cy, G5 My C4,C5,C5,C4,C3, G
[ ] [ ]
[ ] [ ]
[ ] [ ]

M5 C Cl,C5,C4,C4, 3 M12 C C3aCQaC17C57 4

Mﬁ C CI7C27C17627 1 M13 C C4,C4,C3,CQ7 1

M7 C37CQ7C4,C,3,CQ,C4 M14 C5,C4,61,C5,C4,C1
Table 5.3: Planar matrices of Feynman diagrams in (4,6). Here we abbreviate
[Cz(ll), C22 - ,Cz(:)] as [Ciy,Ciy, - -+, Ci,] since the superscripts can be inferred from the po-

sition of C; in the brackets.

5.3.3 A More Interesting Example: From (3,6) to (4,7)

Now we comment on another example, in this case on how to obtain planar matrices of
Feynman diagrams for (4,7) using the second bootstrap again. The starting point are the
48 planar collections of (3,6), i.e. FEsg = {C1,Ca,--- ,Cys}, which can be obtained from
the first bootstrap. The cyclic permutations (5.12) give the set E?(),lg, E?()Qg R E§76) with
E§76) = F36. Then a planar matrix must take the form

M=[c.c? ....c], with 1 <iy,---,ir <48, (5.19)

11 ) T )

) Now we have 48 choices for the first column.

where the i-th column belongs to the set E(
Once again, we repeat the same procedure as before but now for 7 columns, and we get
693 planar matrices. One can check that all these 693 symmetric matrices satisfy the
compatibility conditions (5.6). Therefore, all of them are planar matrices and contribute

to the biadjoint amplitude in k£ = 4.
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After summing over every choice of the first column as well as every possible choice
for the remaining columns allowed by the candidates at each step, we get 693 symmetric
matrices in total, which are much more than the 42 initial planar matrices for (4,7) used
in the pruning-mutation procedure of section 5.2. There are 693 planar collections in (3, 7)

as well and how they are dual to 693 planar matrices is explained in section 5.4.

The ordering of collections in Ej¢ is not relevant as long as its cyclic permutations
Eé’lﬁ), e ,E§776) change covariantly. For the readers’ convenience, we borrow Table 1 from
[12] containing all 48 collections and place it as table H.1 in appendix H. We adopt the same
ordering notation as in [12] so that we can present more details of the second bootstrap.
A collection in table H.1 is given by 6 trees characterized by 6 numbers. For example,
the first collection C; expressed by [4,4,4, 3,3, 3] means the collection given in figure 5.2,
where the “middle leaves" are 4, 4, 4, 3, 3 and 3 respectively. Its cyclic permutations
give Cfl),Cf), e ,Cf” with CY) = C;, which act as the first element of Eé}g, Eé?g, e ,Eé?g

respectively.

If we choose C%l) as the first column, it happens that from each E?(fﬁ), e ,E’gg there
are 14 collections satisfying the symmetry requirement 79 = TG For example, for the

second and third column, their 14 possible choices of collections are

2 2) A2 A2) (2 A2 2) (2 2) (2 2) A(2) A(2) (2
Cf )7 C§5)7 Cfg)v 654)7 Céﬁ)v C§4)7 C{)()g); CiZ)? Ci:})v Ci4)7 Cif))? CiG)a ng?)v CZES) ’ (520>
3) AB) AB) A3) AB) AB) AB8) AB) AB3) AB) AB) AB) ~B) A3
R R« e i N G O N N ¢ ¢ ¢ G G S G Y
We see that the naive number of choices for the remaining 6 columns reduces from 485 ~
1 x 10° down to 145 ~ 8 x 106.

Now we can forget the first column and focus on the 14% candidates for the remaining

6 columns. If we choose C§2) from (5.20) as the second column, we find only one collection
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C\¥ from (5.21) that satisfies the requirement 733 = TG  Similarly, we find that
there is only one collection from 14 candidates for the remaining 4 columns satisfying the
requirement 739 = T2 as well for i =4, 5,6,7. This time we see that the naive number
of choices for the remaining five columns dramatically reduces from 145 ~ 5 x 10° to 1.

Hence the only choice that makes up a planar matrix of the form (5.19) is
1) A2 5 (6
[C§ )’ C£ )’ C48 7C41 7657)7 C§8)7 C ] (5'22)

Had we chosen the remaining collections Cg), e Cg or C48 in (5.20) as the second column
instead of Cf), we would have found 1, 2, 1, 2, 1, 2, 2, 2, 1, 2, 3, 3 and 9 planar matrices
respectively. Thus there are 32 planar matrices in total with C(I) as the first column.
Similarly, we can get all of the planar matrices with Cél), o C (7 or C ) as the first column
of the matrix. By adding them up, including the 32 ones for C1 , we obtain all the 693

planar matrices in (4, 7).

We computed all the planar collections of Feynman diagrams for the cases (3,6), (3,7),
(3,8) and (3,9) using the first combinatorial bootstrap, as well as all the planar matrices
of Feynman diagrams for (4,7), (4,8) and (4, 9) using the second combinatorial bootstrap,

and we refer the reader to |74, section 4| for a detailed explanation.

5.4 Higher £ or Planar Arrays of Feynman Diagrams
and Duality

Planar collections can be thought of as one-dimensional arrays while planar matrices as
two-dimensional arrays of Feynman diagrams satisfying certain conditions. It is natural

to propose that the computation of generalized biadjoint amplitudes for any (k,n) can be
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done using k£ — 2 dimensional arrays of Feynman diagrams.

Definition 5.4.1. A planar array of Feynman diagrams is a (k — 2)-dimensional array A

with dimensions of size n. The array has as component A;, i, 4., a metric tree with leaves

k—2
in the set {1,2,...,n} \ {i1,42,...,ik_2} and which is planar with respect to the ordering

(1,2, 4y, hay s djs, - ,n) satisfying the following conditions

e Diagonal entries are the empty tree A_,; ;. =0.

veey

(i37"'7ik)
1112

o Compatibility: d 15 completely symmetric in all k indices.

A point which has not been explained so far is why each element in a collection, matrix
or in general an array is called a Feynman diagram. We now turn to this point. The
contribution to an amplitude of a given planar array of Feynman diagrams is computed

using the function

i15i2,0esik

For k = 2 it is easy to show that this function is independent of the external edge’s lengths
by writing d;; = e;+¢; +d}}*™* and using momentum conservation. For k = 3 it was noted
in [12] that the function F(C) can also be written in a way that it is also independent of
the external edges. However, the proof is not as straightforward. In order to easily see this
property all we have to do is to treat each tree in the array as a true Feynman diagram

with its own kinematics.

The element in the array A;, ;,. ., is an (n — k + 2)-particle Feynman diagram with
particle labels {1,2,...,n} \ {i1,42...,ix_2}. As such, one has to associate the proper

kinematic invariants satisfying momentum conservation. Let us introduce the notation
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T :={i1,iy...,ir_o} and Z for its complement. Then we have

s =0, Y sP=0 viel (5.24)
JET

Using these kinematic invariants one can parametrize the (k,n) invariants as

T
Sivig..ip ‘= Z Sg»l,)h, (5.25)
Iu{j17j2}:{i177:27"'7ik}

where the sum is over all possible ways of decomposing {iy, is, . . ., it} into two sets of k —2

and 2 elements respectively. To illustrate the notation consider £ = 3 where
Sijk 1= s§2 + sg) + sgf). (5.26)
This parametrization is very redundant but as any good redundancy it makes at least one
property of the relevant object manifest. In this case it is the independence of the external

edges of F(A). Let us continue with the k& = 3 case in order not to clutter the notations

but the general k version is clear. Using (5.26) one can write
F(C) = Zsz’jkd§2 (5.27)
ijk

as

1 = 7 7
FO) =35 > sidy. (5.28)

i=1 jk
Here we used the symmetry property of dﬂ) to identify all three terms coming from using

(5.26). The new form is nothing but a sum over the functions F(T") for each of the trees

in the collection and therefore it is clearly independent of the external edges as expected.
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Let us now discuss how the two kinds of combinatorial bootstraps work for general
planar arrays of Feynman diagrams. The first kind of combinatorial bootstrap, which we
called pruning-mutating in section 5.2, is simply the process of producing C),_5 initial ar-
rays of Feynman diagrams by starting with any given n-point planar Feynman diagram and
pruning k — 2 of its leaves in all possible ways to end up with an array of (n — k + 2)-point
Feynman diagrams. Starting from these initial planar arrays, one computes the corre-
sponding metrics and find all their possible degenerations. Approaching each degeneration
one at a time one can produce a new planar array by resolving the degeneration only in the
other planar possible way. Repeating the mutation procedure on all new arrays generated

until no new array is found leads to the full set of planar arrays of Feynman diagrams.

The second kind of combinatorial bootstrap, as described in section 5.3 for planar
matrices, is the idea that the compatibility conditions on the metrics of the trees making
the array force it to be completely symmetric. This simple observation together with the
fact that any subarray where some indices are fixed must in itself be a valid planar array
of Feynman diagrams for some smaller values of & and n gives strong constrains on the
objects. As it should be clear from the examples presented in section 5.3, the second
bootstrap approach is more efficient than the first one if all planar arrays in (kK —1,n — 1)

are known. This means that one could start with (3, 6) and produce the following sequence:

(3,6) = (4,7) — (5,8) — (6,9) — (7,10) ... (5.29)

The reason to consider this sequence is that after obtaining all its elements, one can
construct all (3,n) planar collections via duality. Of course, in order to do that efficiently
one has to find a combinatorial way of performing the duality directly at the level of the

graphs.
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5.4.1 Combinatorial Duality

Let us start by defining some notation that will be used in this section. We will denote T,
as a planar tree in (2,n), C, as a planar collection in (3,7n) and M,, as a planar matrix in
(4,n). In general, a planar array A,, will correspond to a (k — 2)-dimensional array with
dimensions of size n. In order to understand how the combinatorial duality works, we also
introduce the concept of combinatorial soft limit. The combinatorial soft limit for particle
i applied to A, is defined by removing the i-th (k — 3)-dimensional array from 4,,, as well
as removing the i-th label to the remaining (k — 3)-dimensional arrays. Therefore, the

combinatorial soft limit takes us from (k,n) — (k,n — 1).

It is useful to introduce a superscript Aq(f) to refer to an array obtained from a combi-
natorial soft limit for particle . Notice that this notation slightly differs from the one we

use in earlier sections.

With this in hand, we can define the particular duality (2,n) ~ (n—2,n) as taking the
tree T,, of (2,n) and applying the combinatorial soft limit to particles iy, ..., 4,_2 in order

to remove n — 2 leaves to obtain the corresponding dual ASi’é’”i"_Q) of (n—2,n).

For general (k,n) with k& < n — 2 the duality works as follows. Consider a (k — 2)-
dimensional planar array A, of (k,n). By taking the combinatorial soft limit for particle i,
we end up with AS)_l of (k,n—1). Apply this step n times for all the n particles. Now dual-
ize each of the n objects to directly obtain the corresponding (n — k — 2)-dimensional array
A, of (n — k,n), hence the duality. The combinatorial duality can be simply summarized
as

soft

(k,n) — nx (k,n—1) —— (n — k,n) (5.30)

limit dualize
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Ilustrative example: (3,7) ~ (4,7)

Now we proceed to show the explicit example for (3,7) ~ (4,7). The combinatorial soft
limit for particle ¢ applied to a planar collection C, corresponds to removing the ¢-th tree
in C, as well as removing the i-th label in all the rest of the trees in C,. Therefore, it
implies C,, — Cﬁﬁl. Similarly, the combinatorial soft limit for particle ¢ applied to a planar
matrix M, corresponds to removing the i-th column and row in M, as well as removing

the ¢-th label in all the rest of the trees in M,,. Therefore, it implies M,, — MS)_I

Before studying (3,7) ~ (4,7) let us consider (3,6) ~ (3,6) as this will be useful below.
Using (5.30) we can see
soft

(3,6) =2 6 x (3,5) —— (3,6) (5.31)

limit dualize

where the duality (2,5) ~ (3,5) is one of the most basic ones which was used as a motivation

for introducing planar collections in [12].

Now consider one planar collection C,—7 of (3,7). By taking the combinatorial soft
limit for particle ¢, we end up with a collection CT(QG in (3,6). Given that (3,6) ~ (3,6),
this collection is dual to another collection 57(1267 which corresponds to the i-th column of a
planar matrix M,,—7 in (4, 7). This means that if we now take the combinatorial soft limit
for the other particles in C,—7 we end up with the full matrix M,,—;. Hence, the objects

Cp—7 and M, _; are dual.

We can also see this by following an equivalent path. Consider one planar matrix M, _;
of (4,7). By taking the combinatorial soft limit for particle 7, we end up with a planar
matrix M of (4,6). Notice that this matrix is dual to the planar tree T\’ of (2,6)
which is an element of C,—7, so by repeating the soft limit for all the remaining particles

we end up with the full C,—7 of (3,7).
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5.5 Outlook

Generalized biadjoint amplitudes as defined by a CHY integral over the configuration space
of n points in CP*~! with & > 2 provide a very natural step beyond standard quantum
field theory [71]. An equally natural generalization of quantum field theory amplitudes
is obtained by first identifying standard Feynman diagrams with metric trees and their
connection to Trop G(2,n). In [110], arrangements of metric trees where introduced as
objects corresponding to Trop G(3,n). A special class of such arrangement, called planar
collections of Feynman diagrams were then proposed as the simplest generalization of
Feynman diagrams in [12|. In this work we introduced (k — 2)-dimensional planar arrays
of Feynman diagrams as the all k£ generalization. One of the most exciting phenomena is

that these (k — 2)-dimensional arrays define generalized biadjoint amplitudes.

The fact that both definitions of generalized amplitudes, either as a CHY integral or
as a sum over arrays, coincide is non-trivial. In fact, a rigorous proof of this connection,
perhaps along the lines of the proof for £ = 2 given by Dolan and Goddard [94, 95], is a
pressing problem. One possible direction is hinted by the observations made in section 5.4,
where each Feynman diagram in an array was given its own kinematics along with its own
metric. Of course, what makes the planar array interesting is the compatibility conditions
for the metrics of the various trees in the array. Understanding the physical meaning of
such conditions is also a very important problem. However, this already gives a hint as
to what to do with the CHY integral. Borrowing the £ = 3 example in section 5.4, the
kinematics is parameterized as s;;;, = sglk) + sgi) + sz(-j]-c). Recall that in the CHY formulation

on CP? introduced in [71] one starts with a potential function

S =" "sijilog lijk| (5.32)

i’j’k
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with |7jk| Pliicker coordinates in G(3,n). Even though the object is antisymmetric in all
its indices, only its absolute value is relevant in S since the way it enters in the CHY
formula is only via the equations needed for the computation of its critical points. This
means that |ijk| can be used to define “effective” k = 2 Pliicker coordinates of the form
|7k|® := |ijk|. In other words, once a label is selected, say i, then all other points in CP?
can be projected onto a CP! using the i*"-point. This means that the potential 87(13) can be
written as a sum over n k = 2 potentials in a way completely analogous to F(C) in (5.28),
ie.

1 — DG
S®) = 3 ST s ik, (5.33)

i=1 jk

One can then write a £ = 3 CHY formula as a product over n k = 2 CHY integrals linked
by the “compatibility constraints” imposing that the absolute value of |jk|®, |ij|®), |ik|0)
all be equal.

The CEGM formula has paved the way for investigating a natural generalization of
quantum field theory. Another generalization of quantum field theory, known as string
theory, also also offered deep insights into various aspects of physical theories owing to
its rich structure. Omne notable contribution of string theory comes from its ability to
express a theory of quantum gravity as a conventional quantum field theory, an idea we will
explore further in the upcoming chapter. It is exhilarating to contemplate the possibility
of significant advancements resulting from the CEGM generalization. Some other recent
developments partly related to the higher-k framework, which have not been mentioned in

this thesis, can be found in [133, 97, 21, 67, , 2, , 3, , , , , , 17, 68,

]
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PART III
Holographic Quark Gluon Plasmas

In the third part of the thesis, we shift our focus from examining aspects of perturbative
quantum field theory and its CEGM generalization and delve into the non-perturbative
realm of strongly coupled gauge theories using the AdS/CFT correspondence introduced in
chapter 1. In particular, and in the only chapter of this part, we use top-down holographic
models to study the thermal equation of state of strongly coupled quark-gluon plasmas
in an external magnetic field. We identify different conformal and non-conformal theories
within consistent truncations of N = 8 gauged supergravity in five dimensions (including
STU models and gauged N' = 2* theory) and show that the ratio of the transverse to the
longitudinal pressure Pr/ P, as a function of 7'/ V/B can be collapsed to a “universal” curve
for a wide range of the adjoint hypermultiplet masses m. We stress that this does not
imply any hidden universality in magnetoresponse, as other observables do not exhibit any
universality. Instead, the observed collapse in Pr/ Py, is simply due to a strong dependence
of the equation of state on the (freely adjustable) renormalization scale: in other words, it
is simply a fitting artifact. Remarkably, we do uncover a different universality in N = 2*
gauge theory in the external magnetic field: we show that the magnetized N' = 2* plasma

has a critical point at T,.;;/v/B whose value varies by 2% (or less) as m/v/B € [0,00). At
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criticality, and for large values of m/ VB, the effective central charge of the theory scales

as oc v/ B/m.
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Chapter 6

Quark-Gluon Plasmas in a Magnetic

Field

6.1 Introduction and summary

In [112] the authors used the recent lattice QCD equation of state (EOS) data in the
presence of a background magnetic field [27, 28], and the holographic EOS results! for the
strongly coupled N/ = 4 SU(N) maximally supersymmetric Yang-Mills (SYM) to argue
for a universal magnetoresponse. While A" = 4 SYM is conformal, the scale invariance is
explicitly broken by the background magnetic field B and its thermal equilibrium stress-
energy tensor is logarithmically sensitive to the choice of the renormalization scale. It was

shown in [112] that both the QCD and the N' = 4 SYM data (with optimally adjusted

Studied for the first time in [92].
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renormalization scale) for the pressure anisotropy R,

R= B, (6.1)
i.e. defined as a ratio of the transverse Pr to the longitudinal Pj, pressure, collapse onto a
single universal curve as a function of T//v/B, at least for T/v/B > 0.2 or correspondingly
for R 2 0.5, see [112, figure 6]. The authors do mention that the “universality” is somewhat
fragile: besides the obvious fact that large-N N = 4 SYM is not QCD (leading to inherent
ambiguities as to how precisely one would match the renormalization schemes in both
theories — hence the authors opted for the freely-adjustable renormalization scale in SYM),
one observes the universality in R, but not in other thermodynamic quantities (e.g. Pr/&

— the ratio of the transverse pressure to the energy density).

So, is there a universal magnetoresponse? In this chapter we address this question in a
controlled setting: specifically, we consider holographic models of gauge theory/string the-
ory correspondence [160, 8| where all the four-dimensional strongly coupled gauge theories
discussed have the same ultraviolet fixed point: N = 4 SYM. We discuss two classes of

theories:

e conformal gauge theories corresponding to different consistent truncations of N' = 8

gauged supergravity in five dimensions? [11];

e nonconformal N/ = 2* gauge theory (N =4 SYM with a mass term for the N' = 2
hypermultiplet) [177, 61, 11] (PW).

In the former case, the anisotropic thermal equilibrium states are characterized by the

2In this class of theories there is a well motivated choice of the renormalization scale — namely, it is
natural to have it be the same for all the theories in the class.
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temperature T, the background magnetic field B and the renormalization scale y; in the

latter case, we have additionally a hypermultiplet mass scale m.

Before we present results, we characterize more precisely the models studied.
m CFTgiag: N =4 SYM has a global SU(4) R-symmetry. In this model the magnetic field
is turned on for the diagonal U(1) of the R-symmetry. This is the model of [112], see also
[92]. See section 6.2.1 for technical details.
» CFTsry: Holographic duals of N' = 4 SYM with U(1)?> € SU(4) global symmetry
are known as STU models |32, 89]. In this conformal theory the background magnetic
field is turned on for one of the U(1)’s. This model is a consistent truncation of N' = 8
five-dimensional gauged supergravity with two scalar fields dual to two dimension A = 2
operators. As we show in section 6.2.2, in the presence of the background magnetic field
these operators will develop thermal expectation values.
= nCFT,,: As we show in section 6.2.3, within consistent truncation of N' = 8 five-
dimensional gauged supergravity presented in [11], it is possible to identify a holographic
dual to N' = 2* gauge theory with a single U(1) global symmetry. In this model the
background magnetic field is turned on in this U(1). The label m € (0, +00) denotes the
hypermultiplet mass of the N' = 2* gauge theory.
» CFTpw,m=0: This conformal gauge theory is a limiting case of the nonconformal nCFT,,
model:

CFTPW,m:O = lim n(CIFTm .
m/vB—0

Its bulk gravitational dual contains two scalar fields dual to dimension A = 2 and A = 3
operators of the N’ = 2* gauge theory. As we show in section 6.2.3, in the presence of the
background magnetic field these operators will develop thermal expectation values.

® CFTpw,m=oo: This conformal gauge theory is a limiting case of the nonconformal nCFT,,
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model:

(C]FTPW,m:oo = lim nCFTm .

Its holographic dual can be obtained from the A/ = 8 five dimensional gauged supergravity
of [41] using the "near horizon limit” of [144]3, followed by the uplift to six dimensions
— the resulting holographic dual is Romans F'(4) gauged supergravity in six dimensions
[183, 90]*. The six dimensional gravitational bulk contains a single scalar, dual to di-
mension A = 3 operator of the effective CFT5. There is no conformal anomaly in odd
dimensions. Furthermore, there is no invariant dimension-five operator that can be con-
structed only with the magnetic field strength — as a result, the anisotropic stress-energy
tensor of CFT pyw,,—oc plasma is traceless, and is free from renormalization scheme ambi-
guities. Details on the CFT pyy,,—« model are presented in section 6.2.3. The renormal-
ization scheme-independence of CFT pyy,—0 is @ welcome feature: we will use the pressure
anisotropy (6.1) of the theory as a benchmark to compare with the other conformal and

nonconformal models.

And now the results. There is no universal magnetoresponse. Qualitatively, among
conformal /nonconformal models we observe three different IR regimes (i.e. when T/v/B is
small):

» In CFTy,, it is possible to reach deep IR, i.e. the T/vB — 0 limit. For T/v/B < 0.1
the thermodynamics is BTZ-like with the entropy density® [92]

N? T
s - — BT, as — —0. (6.2)
3 VB

3See appendix D of [53] for details of the isotropic (no magnetic field) thermal states of N = 2* plasma
in the limit m/T — oco. The first hint that N' = 2* plasma in the infinite mass limit is an effective five
dimensional CFT appeared in [52].

4See [36] for a recent discussion.

5We independently reproduce this result.
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= Both in CFTpw,m—0 and CFTppwm—e (and in fact in all nCFT,, models) there is a
terminal critical temperature T,.;; which separates thermodynamically stable and unstable
phases of the anisotropic plasma. Remarkably, this T,.; is universally determined by the

magnetic field B, (almost) independently® of the mass parameter m of nCFT,,,:

(CFTPI/V,m:O — n(CIFTm — (C]FTPW,m:oo
e . 0.29823(5) —  [0.29823(6),0.30667(1)] —  0.30673(9)

= 0 — [1/100, 10] — 00,

i.e. the variation of T,.;;/ v/B with mass about its mean value is 2% or less, see figure 6.7
(left panel). We leave the extensive study of this critical point to future work, and only
point out that the specific heat at constant B at criticality has a critical exponent” o = %:

0?F

cg =1 —

(0T)?

B 0s
B - OlnT

o« (T = Toi) %, (6.3)

B

where F is the free energy density, see figure 6.6.

» The CFTgry model in the IR is different from the other ones. We obtained reliable
numerical results in this model for 7'/ VB 2 0.06: we neither observe the critical point
as in the CFT pw o and CFT py ;-0 models, nor the BTZ-like behavior (6.2) as in the
CFT 4iqy model, see figure 6.3 (left panel).

6A very weak dependence on the mass parameter has been also observed for the equilibration rates in
N = 2* isotropic plasma in [55].

"The critical point with the same mean-field exponent o has been observed in isotropic thermodynamics
of N' = 2* plasma with different masses for the bosonic and fermionic components of the hypermultiplet

[60].
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Figure 6.1: Anisotropy parameter R = Pr/ P, for conformal models CFT 4, (black curves),
CFTgsry (blue curves), CFT py,m—o (green curves) and CFT py,,—c0 (red curves) as a func-
tion of T/V/B. ReFTpyy e 18 TenOrmalization scheme independent; for the other models
there is a strong dependence on the renormalization scale § = In Z: different panels rep-
resent different choices for d; all the models in the same panel have the same value of 9,
leading to identical high-temperature asymptotics, 7'/ VB> 1.

In figure 6.1 we present the pressure anisotropy parameter R (6.1) for the conformal
theories: CFTyq, (black curves), CFTgry (blue curves), CFT py,—0 (green curves) and
CFT pyw,m—oo (ted curves) as a function of® T/v/B. R is renormalization scheme independent

in the CFT py ;=0 model, while in the former three conformal models it is sensitive to

0=1In— 6.4
. (6.4)

8We use the same normalization of the magnetic field in holographic models as in [112].
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0.2 0.4 0.6 0.8 1.0 1.2

T/VB

Figure 6.2: Renormalization scale 0 is adjusted separately for the CFTg;,,, CFT sy and
CFTpw,m—o models (see (6.7)) to ensure that in all these models the pressure anisotropy
R = 0.5 occurs for the same value of lB as in the CFT pp,n— model (see (6.6)). This
matching point is highlighted with the dashed brown lines.

where g is the renormalization scale. We performed high-temperature perturbative anal-
ysis, i.e. as T/ VB > 1, to ensure that the definition of § is consistent across all the
conformal models sensitive to it, see appendix J. In the { top left, top right, bottom left,
bottom right } panel of figure 6.1 we set {§ =4,5 =2.5,0 = 3.5, = 7} (correspondingly)
for Rerry,,,, Rerrsyy and Reprpy,,,_, — notice that while all the curves exhibit the same
high-temperature asymptotics, the anisotropy parameter R is quite sensitive to J; in fact,
Rerry,,, diverges for § = 2.5 (because Pp, crosses zero with Pr remaining finite). Varying

0, it is easy to achieve Rcpr diag> PCFTs7y and Reprpy,,_, 0 the IR to be “to the left” of the

204



scheme-independent (red) curve Reprpy,,, ., (top panels and the bottom left panel); or "to

the right” of the scheme-independent (red) curve Reprpy,,, .. (the bottom right panel).

In figure 6.1 we kept § the same for the conformal models CFT4y, CFTgry and
CFT pw,m=o. This is very reasonable given that one can match ¢ across all the models
by comparing the UV, i.e. T/ VB > 1 thermodynamics (see appendix J) — there are no

other scales besides T' and B, and thus by dimensional analysis?,

Pryp =T PT/L( (6.5)

T p
VB’ ﬁ) |
If we give up on maintaining the same renormalization scale for all the conformal models,
it is easy to “collapse” all the curves for the pressure anisotropy, see figure 6.2. We will
not perform sophisticated fits as in [112], and instead, adjusting § independently for each
model, we require that in all models the pressure anisotropy R = 0.5 is attained at the

same value of T'/v/B (represented by the dashed brown lines):

T T

— = = 0.51796(7) . (6.6)
\/E CFT4iag,CFTs7u,CFT pw,m=0 \/E CFT pw,m=cc
Specifically, we find that (6.6) is true, provided
{0ckTore s OCFT iy + OCFTpwmeo } = 13-9592(4), 4.2662(0) , 4.1659(8)} . (6.7)
In a nutshell, this is what was done in [112| to claim a universal magnetoresponse for

R Z 0.5. Rather, we interpret the collapse in figure 6.2 as nothing but a fitting artifact,
possible due to a strong dependence of the anisotropy parameter R on the renormalization

scale.

9The asymptotic AdSs radius L always scales out from the final formulas.
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Figure 6.3: Entropy densities s in conformal models, relative to the entropy densities of
the UV fixed points syy at the corresponding temperature (see (6.8)), as functions of
T/V/B: CFTgiqg (black), CET g7y (blue), CET py,m—o (green) and CFT pyy,,—o0 (red). Left
panel: vertical dashed lines indicate critical temperatures 7,,.;; separating thermodynam-
ically stable and unstable phases of CFT py,m—o (green) and CFTpy,m—0o (red) models.
Right panel: the dashed black line is the small-7" asymptote of the relative entropy in the
CFT4;4y model, see (6.9).

To further see that there is no universal physics, we can compare renormalization
scheme-independent anisotropic thermodynamic quantities of the models: the entropy den-
sities, see figure 6.3. The color coding is as before: CFTy;,, (black curves), CFTgpy (blue
curves), CFTpy,—o (green curves) and CFTpy - (red curves). We plot the entropy
densities relative to the entropy density of the UV fixed point at the corresponding tem-
perature (see equation (D.13) for the CFT pyy,;—0 model in [53]):

1 432
SUv = §7T2N2T3 , (m X SUV) = @71'3]\[27_'4 . (68)

CFTgiag ,CFTstr ,CFT pwy,m=0 CFTpw,m=oco

The dashed vertical lines in the left panel indicate the terminal (critical temperature)
Terit/ V/B for CFTpw,m—o (green) and CFTpy, -0 (red) models which separates thermo-
dynamically stable (top) and unstable (bottom) branches. Notice that s/syy diverges for
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Figure 6.4: Anisotropy parameter R = Pr/Pp, for nonconformal models nCFT,, for select
values of the hypermultiplet mass m, see (6.10), as a function of T'/ VB (solid curves; from
pink to dark blue as m increases). The dashed red curve is a benchmark model CFT pyy, ;-0
— where the anisotropy parameter is renormalization scale independent. In the left panel
the renormalization scale is set to 0 = 4 for all nCFT,, models; in the right panel it is
separately adjusted for each nCFT,, model to ensure that all the curves pass through the
matching point, highlighted with dashed brown lines.

the CFT 4,y model as T'/ VB — 0 — this is reflection of the IR BTZ-like thermodynamics
(6.2); the dashed black line is the IR asymptote

2 B
= -2 as = 0. (6.9)
Suv (C]FTdmg 37T T

In nCFT,, models it is equally easy to ’collapse’ the data for the pressure anisotropy.
In these models we have an additional scale m — the mass of the A/ = 2 hypermultiplet.
In the absence of the magnetic field, i.e. for isotropic N' = 2* plasma, the thermodynamics
is renormalization scheme-independent!® [54]. Once we turn on the magnetic field, there

is a scheme-dependence. In figure 6.4 we show the pressure anisotropy for N' = 2* gauge

10Scheme-dependence arises once we split the masses of the fermionic and bosonic components of the
N = 2* hypermultiplet [54].
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Figure 6.5: Left panel: entropy densities s in nCFT,,, models, relative to the entropy density
of the UV fixed point (the N’ =4 SYM in this case) sy at the corresponding temperature
(see (6.8)), as functions of T'/v/B. Color coding of the solid curves agrees with that in
figure 6.4 — see (6.10) for the set of the hypermultiplet masses. Additional dashed and
dotted curves correspond to additional values of m, within the same interval (6.10). Each
nCFT,, model has a terminal critical point. In the right panel we show this for the model
with m/v/2B = 1: the brown lines identify the critical temperature T,,;/v/B and the
relative entropy at the criticality s /sy (these quantities are presented in figure 6.7).
“Top” solid black curve denotes the thermodynamically stable branch and "bottom” dashed
black curve denotes the thermodynamically unstable branch (see figure 6.6 for further
details).

theory for select values of m (solid curves from pink to dark blue),

\/% - {Wlo 1,2,3,4,5,6,7,8,9, 10} . (6.10)
The dashed red curve represents the anisotropy parameter of the conformal CFT pyy,m—o0
model, which is renormalization scheme-independent. In the left panel the renormalization
scale 0 = 4 for all the nCFT,, models. In the right panel, we adjusted 6 = ¢,, for each
nCFT,, model independently, so that the pressure anisotropy R,crr,, = 0.5 at the same
temperature as in the CFT pyy,,—o model, see (6.6). This matching point is denoted by

dashed brown lines.
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Figure 6.6: nCFT,, model with m/v/2B = 1 is used to highlight phases of the anisotropic
plasma. Following (6.3) we evaluate the constant- B specific heat of the plasma. The dashed
brown lines highlight the location of the critical point. Left panel: the specific heat diverges
as one approaches the critical temperature; it is negative for the branch denoted by the
dashed black curve (see also the right panel of figure 6.5), indicating the thermodynamic
instability. Right panel: (cp/s)™2 vanishes at criticality, with nonvanishing slope. This
implies that the critical exponent o = %, see (6.11).

As in conformal models, the entropy densities (which are renormalization scheme in-
dependent thermodynamic quantities) are rather distinct, see left panel of figure 6.5. The
color coding is as in figure 6.4, except that we collected more data'! in addition to (6.10):
these are the dashed and dotted curves. The entropy density of the UV fixed point is defined
as in (6.8). All the nCFT,, models studied, as well as the CFTpy ;0 and CFT pyy,—co
conformal models, have a terminal critical point T,.; that separates the thermodynami-
cally stable (top solid) and unstable (bottom dashed) branches, which we presented for the
—~ = 1 nCFT,, model in the right panel. The dashed brown lines identify the critical

V2B

temperature T, and the entropy density s

at criticality. In figure 6.6 we present results
for the specific heat c¢p in this model defined as in (6.3). Indeed, the (lower) thermody-

namically unstable branch has a negative specific heat (left panel); approaching the critical

'To have a better characterization of the critical points.
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Figure 6.7: nCFT,, models as well as the conformal models CFT py,—0 and CFT pyyn=o0
have terminal critical temperature, separating thermodynamically stable and unstable
phases. In the left panel we present T,.;;/ V/B as function of m / V2B; in the right panel we
present the relative entropy at criticality v = s /syy (6.13). The dots represent results
for the nCFT,, models; the dashed horizontal lines (left panel) represent the critical tem-
perature for the CFT pyy,,—¢ model (green) and the CFT pyy ;- model (red). The dashed
black curve (right panel) represents the asymptote of v as m/vB — oo, see (6.14).

temperature from above we observe the divergence in the specific heat, both for the stable

and the unstable branches. To extract a critical exponent «, defined as

T —a
cp X (T —1> , T—>Tm-t—i-0, (611)
crit

we plot (right panel) the dimensionless quantity ¢%/s? as a function of T//v/B. Both the
stable (solid) and the unstable (dashed) curves approach zero, signaling the divergence of
the specific heat at the critical temperature (vertical dashed brown line), with a finite slope

— this implies that the critical exponent is

(6.12)

N | —

There is a remarkable universality of the critical points in nCFT,, and conformal
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CFTpw,m—o and CFTpy,n—c models. In figure 6.7 (left panel) we present the results
for the critical temperature as a function of m/v/2B in nCFT,, models (points). The hor-
izontal dashed lines indicate the location of the critical points for the CFT py,,— (green)
and CFT py - (red) conformal models. In the right panel the dots represent the relative

entropy,

Scmt

y= y(m/\/g) = , (6.13)

Suv

at criticality for the nCFT,, models. Effectively, v as in (6.13) measures the number of
DOF at critical point in anisotropic plasma relative to the number of DOF (or the central
charge) of the UV fixed point (N = 4 SYM). The dashed black line is a simple asymptotic
for v as m/v/B — 00, Vs,

V2B

o - (6.14)

One can understand the origin of the asymptote (6.13) from the fact that nCFT,, models
in the large m limit should resemble the conformal model CFT pyy,,—oo; thus, we expect

that Yoo = YCFTpyy,_o. - Indeed,

crit

SCFTpwomeso _ 57 SUV,CFT pw,m=oo
YCFT pwmmco = = X —_—
SUV,(C]FTd'Lag SUV CFTPW m=oo SUV7CFTdiag
N ~ . _ ~—_—
1.0603(7) 864m  Torit (6.15)
8641 T..; V2B V2B
=1.0603(7) x X Lox = 0.99883(9) x ,
625v/2 VB m m
~—~—
0.30673(9)
where we extracted numerically the value of ‘ZZ: for the CFTpw -0 conformal model,

used (6.8) to analytically compute the second factor in the first line, and substituted the

numerical value for T.;/ V/B of the CFT PW,m=o0o Model in the second line.

We now outline the rest of the chapter, containing technical details necessary to obtain
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the results reported above. In section 6.2 we introduce the holographic theory of [11] and
explain how the various models discussed here arise as consistent truncations of the lat-
ter: CFT g4 in section 6.2.1, CFT g7y in section 6.2.2, and nCFT,, in section 6.2.3. The
conformal models CFTpy,,—0 and CFTpy;m—o are special limits of the nCFT,, model
and are discussed in sections 6.2.3 and 6.2.3 correspondingly. Holographic renormalization
is by now a standard technique [191], and we only present the results for the boundary
gauge theory observables. Due to the numerical character of this work, it is important
to validate the numerical results in the limits where perturbative computations (analyt-
ical or numerical) are available. We have performed such validations in appendix J, i.e.
when \/lg > 1. We did not want to overburden the reader with details, and so we did
not present the checks of the agreement of the numerical parameters (e.g. as in (6.38))
with the corresponding perturbative counterparts — but we have performed such checks
in all models. There are further important constraints on the numerically obtained energy
density, pressure, entropy, etc., of the anisotropic plasma: the first law of the thermody-
namics d€ = T'ds (at constant magnetic field and the mass parameter, if available), and
the thermodynamic relation between the free energy density and the longitudinal pressure
F = —Pp. The latter relation can be proved (see appendix I) at the level of the equations
of motion, borrowing the holographic arguments of [57]| used to establish the universality
of the shear viscosity to the entropy density in the holographic plasma models. Still, as the
first law of thermodynamics, it provides an important consistency check on the numerical
data — we verified these constraints in all the models, both perturbatively in the high-

B4

temperature limit, to O <ﬁ> inclusive, see appendix J, and for finite values of B/ VT, see

appendix J.1 — once again, we present only partial results of the full checks.

This chapter is a step in broadening the class of strongly coupled magnetized gauge

theory plasmas (both conformal and massive) amenable to controlled holographic analysis.
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We focused on the equation of state, extending the work of [I12]. The next step is to
analyze the magneto-transport in these models, in particular the magneto-transport at

criticality.

6.2 Technical details

The starting point for the holographic analysis is the effective action of [11]:

1

55 - 47TG5

R 1 _ v v — v
/M d°6\/—g [Z 1 (p41/ 4Fp(ul/)F(l)# + p4u4Fﬁ)F(2)“ +p 8Fl£l?i)p(3)u )
5
4
1 2
3D @y~ 3(00)* — (0u8)° — § sb*(260) (9,61 + (AP + AP — AD))
j=1

— ésinh2(2¢2) (0,02 + (A — AP + A®))? - ésinhz(Qqﬁg)(aM@g + (—AD + AP

© ©

I

1
+AP))? = S sinh®(2604) (9,6, — (AP + AP + AD))" - P

(6.16)

where the F(/) are the field strengths of the U(1) gauge fields, A, and P is the scalar
potential. We introduced

p=e”, v=e. (6.17)

The scalar potential, P, is given in terms of a superpotential

2[R ) )

J
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where

1
W =— 15 (14 v* = v°p°%) cosh(2¢1) + (=1 + v* + 1%p°) cosh(2¢,)
p (6.19)

+ (1= v+ 1%p°%) cosh(2¢3) + (1 + v* + *p") cosh(2¢y)

In what follows we set gauged supergravity coupling g = 1, this corresponds to setting
the asymptotic AdS5 radius to L = 2. The five dimensional gravitational constant G is

related to the rank of the supersymmetric N’ =4 SU(N) UV fixed point as

_47r

G5—m.

(6.20)

6.2.1 CFTgq,

The holographic dual to the CFT;,, conformal model is a consistent truncation of (6.16)

with
2
a=p=¢;=6,=0, AY=AD=AP="54,, (6.21)
leading to
1
ScFr,,, = d°¢\/—g|R — 4F,, F" +3 22
Cias = 167G //\45 3 9[ p +3], (6.22)

where we used the normalization of the bulk U(1) to be consistent with [112].

This model has been extensively studied in [92, 112] and we do not review it here.

214



6.2.2 CFTsry

The holographic dual to the CFTgry is a special case of the STU model [31, 32, 89], a

consistent truncation of the effective action (6.16) with

0;=¢; =0, (6.23)

leading to

1
STU = G-

/ d5€ /_g |:§ . i (p4y—4Flgi)F(1)uV + P4V4F,512,)F(2)W
M

(6.24)
1 pBF;Ei)F(S)W) -3 (8#04)2 — (@Lﬁ)Q — Psru| »

and the scalar potential

1
Psru = _Z(pQVZ +pv 2+ p ). (6.25)

We would like to keep a single bulk gauge field, so we can set two of them to zero and work
with the remaining one. The symmetries of the action allow us to choose whichever gauge
field we want. To see this, notice that the action (6.24) is invariant under Fﬁ) — F,S?,)
together with v — v~ Moreover, (6.24) with F;E,lj) = 2F), and Fﬁ) = Fﬁ) = 0 is the

same as with £, ,S‘Z) = 2F),, and F, ,5,1,) =F ,512,) = 0 for the gauge fields and with the scalar field

redefinitions p — v/2p='/2 and v — v'/2p'/2. Thus, we arrive to the holographic dual of
CFTSTU as
1 5 R 4. —4 1% 2 2
Seersry =7~ | @EV—g| 7 —p v Fu " = 3(9,2)” = (0u8)” — Psru |, (6.20)
4:7TG5 Ms 4
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where once again we used the normalization of the remaining gauge field as in [112].

Solutions to the gravitational theory (6.26) representing magnetic black branes dual to

anisotropic magnetized CFTg7y plasma correspond to the following background ansatz'?:
2
ds? = —c2 di* + & (da® + dy?) + (g) A2+ dr®,  F=Bdrndy, (6.27)

where all the metric warp factors ¢; as well as the bulk scalars p and v are functions of the

radial coordinate r,

r € [ro,+00), (6.28)

where 7( is a location of a regular Schwarzschild horizon, and r — 400 is the asymptotic

AdSs boundary. Introducing a new radial coordinate

r=2, e (01, (6.29)
r
and denoting
r ra 1/2 r 2 e —i/2
=3 - ag Co = 5 G2, Cq4 = — ) Qy
2 T 2 T T (630)
1
B = 57”3 b,

2Note that we fixed the radial coordinate r with the choice of the metric warp factor in front of dz2.
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we obtain the following system of ODEs (in a radial coordinate z, " = - ):

a
0=ad, + L

S ian (30, — 2aha) (1 — 2 (V4p4a§:m'2 ((x4 — 1)zal, — 2(z* — 3)a2)

— 22 p*aya®(z* — 1) (32(p')* + p*(V)?) — 256p°aqa™b” + 2v%a; (af (v p® + p° + 17)
- 3V2p4)) )

(6.31)
aq
0=d

Gt 3viptajz(3ag — 2dhx

x (3U2(p)* + p*(V)?) + 256a3p°z" (9as — 4aba) b — 4 azz(2a3 (v p° + p° + 1?)

1) (91/4p4a§’:z32(x4 — 1)(a})* + 6v2p?as2? (z* — 1)
x J—

+ 302 (2 — 2))dl, + 6v2ay (a2 (v p® 4 p° + 1?) — 3y2p4)> ,

(6.32)
1\2 512a2p4x2<3a2 — a/ x) a,
0 . (a2> B 1 2 2 2 4 2/ 6.4 6 2
Qs @ 3viad(zt — 1) 3xpt?(zt — 1) ey (6.33)
+3p"? (2" — D) ’
N2 256a2p*a2(2px + p) 4
0— o P 1 b2 daj(p’v" +p" + v
P PRy P T 3wt (@t — 1) ) (6.34)
32t 1)) — aj(povt + p® — 21%) |
3pPva?(zt —1)
N2 256a2pta?(3y — 20'x) v
0=1"— (") _ 1 2 Aa2( 5 4 oF 2
v » 3vtad(zt — 1) 3ptvir(zt — 1) o) (6.35)

@R 1)
va(zt —1)

+ 3p' % (2t — 1))

Notice that 7 is completely scaled out from all the equations of motion. equations (6.31)-

(6.35) have to be solved subject to the following asymptotics:
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m in the UV, ie. asxz — 04,

a;=1+as z* + O(2%Inzx), as =1+ (a272 — 320% In a:) z* + Oz,
64 4
a; =1+ <—a172 + Ebz — gnf —4r? — 2a99 + 64b% In :1:) * + O(2%), (6.36)
=1+4+r 22 +0@Y, v=1+n 224+ 0();

m in the IR, ie. asy=1—2 — 04,

a1 = ayno+O(y), as = aspo+ O(y), p=rno+ O(y), v=npo+ O(y),

2 2 .2
3a2,h,orh,0nh,0

ay = + O(y) .
" B+ B oo + 96T B T O
(6.37)
In total, given b — roughly the ratio \/—E, the asymptotic expansions are specified by 8
g ghly T ymp
parameters:
{a1,27 a22, 1, N1, 1,0, 2,00, ThO, nh,0}> (6.38)

which is the correct number of parameters necessary to provide a solution to a system of
three second order and two first order equations, 3 x 2+ 2 x 1 = 8. The parameters n; and
r1 correspond to the expectation value of two dimension A = 2 operators of the boundary

CFTgry; the other two parameters, a; 2 and ag 2, determine the expectation value of its
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stress-energy tensor. Using the standard holographic renormalization we find:

4
(Ty) =& = 512’°OG (3 — 6415 — 1286% Inrg + 1286* In 2 + 4ag s + 646 )
s
o 2 2 2
(Tye) = (Ty,) = Pr = =B (3 —6a12 — 128b* In7g + 128b* In 2 + 4as + 64b° k) |
7TG5

4
(1) = Py = g0 (3= 6o — 1280l + 12807 In2 4 dag + 6407 )
(6.39)
for the components of the boundary stress-energy tensor, and
1/2
_ Tga%,h,o T — V3 [ag,h,oni,o(”iorfb,o + 7”2,0 + "%L,o) + 32b27”1§,0] / a1,n,070 (6.40)
32G5 12775 077 005,10 ’
for the entropy density and the temperature. Note that, as in N’ =4 SYM [112],
,,,462 N2
TH)=——""—=—--—— B 6.41
< s ) s 472 ’ ( )

where we used (6.30) and (6.20). The (holographic) free energy density is given by the

standard relation

F=E-Ts. (6.42)

The constant parameter x in (6.39) comes from the finite counterterm of the holographic

renormalization; we find it convenient to relate it to the renormalization scale p in (6.4) as

k=2In(27p). (6.43)

As shown in appendix J.0.1, the renormalization scheme choice (6.43) implies that in the
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high-temperature limit 72 > B,

4B? T B* T
RCFTSTU =1- ln—2 + (9 (ﬁ ln2 ;) . (644)

We can not solve the equations (6.31)-(6.35) analytically; adapting numerical techniques
developed in [7], we solve these equations (subject to the asymptotics (6.36) and (6.37))
numerically. The results of numerical analysis are data files assembled of parameters (6.38),
labeled by b. It is important to validate the numerical data (in addition to the standard
error analysis). There are two important constraints that we verified for CFT g7y (and in

fact all the other models):

e The first law of thermodynamics (FL), d€/(Tds) — 1 (with B kept fixed), leads to

the differential constrain on data sets (6.38) (here ' = 4):

\/gr,%yoniyoagyhvo((Zagz — 3@’172)6 + 32b2 + 6011’2 — 4012’2 — 3)

<4a/2,h,0b — 3a2,1,0)01,n,0 \/ag,h,on%,o((n%,o + 1)7"g,o + ”%,o) + 32[)27“270

FL:0= —-1.

(6.45)

e Anisotropy introduced by the external magnetic field results in Pr # Pp. From
the elementary anisotropic thermodynamics (see |1 12] for a recent review), the free

energy density of the system F is given by

_E—i—PL
ST

F=-P, = 0 ~1. (6.46)

We emphasize that holographic renormalization (even anisotropic one) naturally en-

forces (6.42) (see [50] for one of the first demonstrations), but not (6.46). In appendix
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I we present a holographic proof'® of the thermodynamic relation (TR) (6.46). Ap-

plying it to CFT gy model we arrive at the constraint

V3(1 = 2a15)r} gn3

TR: 0=
a1,h,0 \/ag,h,on%,o((n%,o + 1)7"2,0 + nizz,o) + 32b27"2,0

—1. (6.47)

In appendix J.0.1 we have verified FT and TR in the CFT g7y model to order O(b*) ~
O(B*/T?) inclusive!.

Technical details presented here are enough to generate the CFTgry model plots re-

ported in section 6.1.

6.2.3 nCFT,,

There is a simple consistent truncation of the effective action (6.16) to that of the PW

action [177], supplemented with a single bulk U(1) gauge field. Indeed, setting

p=0=rv=1, G2 = P3 = X, $r=0¢4=0,

(6.48)
AN =A@ = /24, A®) =0, 0;,=0.

we find

1
47I'G5

Sn(CFTm -

R
/ ds“‘g[z—3<aua>2—<aux>2—7>PW—p4FWFW (6.49)
Ms

13The proof follows the same steps as in the first proof of the universality of the shear viscosity to the
entropy density in holography [57].

14 Additionally, as in the nCFT,,, model with m/v/2B = 1 (see appendix J.1), we checked both relations
for finite b.
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where Ppyy is the Pilch-Warner scalar potential of the gauged supergravity:

L (OWew Y 1 (OWew T 1,
PPW_ZS( da > +16( dx — 3 Wew

1 1
Wpw = — — — —p*cosh(2y) .
PW P 2PCOS(X)

(6.50)

We use the same holographic background ansatz, the same radial coordinate x, as for the

CFTgry model (6.27)-(6.30); except that now we have the bulk scalar fields o and x (here

I %)
2a1a9T aray,  ai(z*—9) 64a;aelr3h?
0= 4 /\2 3 /\2 2
G 3ag — 2ahx ()" +3(a)) + 2ay  dax(x*—1)  a3(3ay — 2dhx)(z* — 1)
2
1020y 8o —dor 8a—4 200+2 20—2 Sa+4
— 2 16 — X416 X4+ 16 X — X
8x(3a2—2a’2x)(x4—1)(6 + 106e e + 16e + 106e e )
3611(12

* 4x(3ay — 2ahx)’
(6.51)
2a4a57 3asdl,  64ade'®z®(9ay — dahw)b?

o
Bl 2ay  3ai(3ag — 2dbhx)(zt — 1)

() +3()?)
a3(3ay — 4zal)
24x(3ay — 2abx)(x* — 1)
_aq(12ap — abz(zt + 7)x)
2(x* — 1)(3ag — 2dyx)x ’

3ay — 2abx

<268a + 16e2a+2x o 680174)( 4 1662(172)( 4 16674(1 . 68a+4x)

(6.52)

(ah)? B 128a3e'x?(3ay — abx)b? ay
as 3aj(x* —1) 12x(z* — 1)

0=aj— (12@:4 — 1) +aj(2e>™
(6.53)

+ 16e20F2x — Bamdx 4 162972 4 164> — 68a+4’<)) ,
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64a2et*x?(2a/z + 1)b? N o
3aj(z* — 1) 12x(z* — 1)

0=a"+ <12(x4 — 1) + a3(2e% + 16e>*+2x

2
_ 8a—4x 16 200—2x 16 —4o _ _8a+t4x o ay
e + 16e + 16e e ) 1227

8« 2a+2 8a—4
T—l) <2€ + 4e X — (& X

4 4620472)( . 867404 o €8a+4x) ’
(6.54)
128a2y/ et x3h? X’

3az(zt — 1) * 122(2* — 1)
a (8e202x 4 eBa—ix _ ge2a=2x _ e8atix)

8x2(zt — 1)

0=y"+ (12(;54 — 1) + a3(2e® + 16eT2x — eda—ix

+ 1662a—2x + 166—4a . 6804+4x)> .
(6.55)

As in the CFTgry model, rq is completely scaled out from all the equations of motion.
equations (6.51)-(6.55) have to be solved subject to the following asymptotics:

m in the UV, ie. asx — 04,

ap =1—2a" [ 4oy + 210011 + > 3 + 2X0X1,0 + 2a220 + @120 | + O(2°),

as =1+ 24 (—32b2 Inx + a272’0) + 0 (IL‘G In :17) ,

2 8
a; =1— §x2x(2) + 2t (—404%71 In®z + (—804170041,1 + 64b* — gxé — 2ai1) Inz

+ a4,270> + O (xG In® x) ,
a =12 (11 Inz+as9)+0O (x4 In? :v) ,
X = XoT + (%Xf; Inz + XLQ) ?+0 (935 In? :E) ;
(6.56)
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m in the IR, ie. asy=1—2 — 04,
ay = a1p0+O0(y), az =a2p0+0y), a=Inr,e+0(y), x =Incyo +O(y),
ay = 4\/§a§,h,0'r}21,00}21,0 (ag,h,o(rg,o(mcg,o - 702,0(1 - 02,0)2) + 16(3}21,0(7"2,0 + Ci,a)) (6.57)

~1/2
+ 512b20i70r270) + O(y) .

The non-normalizable coefficients ;1 (of the dimension A = 2 operator) and y, (of the
dimension A = 3 operator) are related to the masses of the bosonic and the fermionic
components of the hypermultiplet of N' = 2* gauge theory. When both masses are the

same (see [54])

2
A1 =3 X - (6.58)
Furthermore, carefully matching to the extremal PW solution [177, (1] (following the same
procedure as in [51]) we find
B 2b
== (6.59)
m X0
where m is the hypermultiplet mass. We find it convenient to use
m
= — =2vVbn, 6.60

to label different mass parameters in nCFT,, models, see (6.10). In total, given n and b,

the asymptotics expansions are specified by 8 parameters:

{a2:20, @420, 10, X105 Q1,105 A2hg s Tho s ChO) (6.61)
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which is the correct number of parameters necessary to provide a solution to a system
of three second order and two first order equations, 3 x 2+ 2 x 1 = 8. Parameters oy
and X1, correspond to the expectation values of dimensions A = 2 (O;) and A = 3
(O3) operators (correspondingly) of the boundary nCFT,,; the other two parameters, as 20
and a42, determine the expectation value of its stress-energy tensor. Using the standard
holographic renormalization [31] we find:

4
Ty

TN=E=_—_"0
(Tu) = € 15367Gs

(9 — 64b° (7" + 61lnrg — 61In2 — 3k + 6) + 192011 0bn* + 7207

+ 48az2,0 + 18a420 + 48\/577X1,0) )

4

,
T..)=(T,,)=Pr=—9 (9 —640*(=7n* + 18Inry — 181In2 — 9x + 15
< > < yy) T 46087TG5( ( 77 + nTO n /{/_'_ )
— 19201 obn? + 7203 o + 144V by o + 20220 + 18a4,270) :
T‘4
T.)V=P, = —2 (94640 (Tn* + 181nre — 181In2 — 9k — 6) — 19201 obn?
(T..) 9 46087TG5( + (7n* + 181Ing n ) oy 0bn

+ 720&0 + 144\/1_)77)(1,0 + 18@4,2,0) )

(6.62)
for the components of the boundary stress-energy tensor,
re 2 re 8
0y = 2 — =n°b Oy = —— b2 6.63
A (041,0 31 ) ; 3 167Gx X1,0 + 3 ) (6.63)
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for the expectation values of the relevant operators, and

3.2
Toa \/gr a
_ 10™2,h0 _ 0%1,h,0 4 2 6 2 6 4 2.6
s = ; = 555 | @2n.0(16¢; 0(Th o + Cho) = Thol(cho — 1)7Th 0
32G5 48mas 1, oCr. 0T o

1/2
— 16020)) + 512b2ci70r2’0] ,

(6.64)
for the entropy density and the temperature. Note that, as expected [60],
o 2 4 4 2 1
(1) = — —2- (0" (1= 20" ) + by’ = —Vinxue
N? '
:—2m2 02—m03——B2,
472

where in the second equality we used (6.30), (6.20), (6.63) and (6.60). The (holographic)
free energy density is directly given by the standard relation (6.42). The constant parameter
K in (6.62) comes from the finite counterterm of the holographic renormalization; we fix it

as in (6.43).

We can not solve the equations (6.51)-(6.55) analytically; adapting numerical techniques
developed in [7], we solve these equations (subject to the asymptotics (6.56) and (6.57))
numerically. The results of numerical analysis are data files assembled of parameters (6.61),
labeled by b and 7. As for the CFT g7y model, we validate the numerical data verifying
the differential constraint from the first law of the thermodynamics d€ = T'ds (FL) and
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the algebraic constraint from the thermodynamic relation 7 = — P, (TR):

2,2
4\/§a2,h,00h,07"h,0

FL:0=
a1,n,0(3az,n,0 — 4bay ;, )

<8(4b772 + 30&1,0)(041’0 — O/I,Ob> — 4\/1_7(2)(/170(? — 3X1,0)7]

— 3a§1’2’ob — 8a’2,270b — 320 + 6ag 20+ 16as20 + 3) (aéﬂh’0(16c,2l’0(7“2,0 + 0,2%0)
~1/2

- 7’2,0((0%0 1)27"20 1602,0)) + 512b2ch 0Tn 0> -1,

(6.66)

4\/5 hO hO

a1,h,0

+18a4,2,0+9) (aé,h,0<16c%,o<r2,o+ci,o>—r2,0<<c;t,0 128~ 16¢8,)) (6.67)

TR: 0= (64b2n4 + 9601 0bn? + T2Vbnx10 + 7203 o — 384D + 36az,20

—1/2
+ 512b%¢; Orh0> —1.

In appendix J.1 we have verified FT and TR in the nCFT,, model with m/v2B =1

numerically.

Technical details presented here are enough to generate nCFT,, model plots reported

n section 6.1.

CFTpw,m=0

The CFTpw,m=0 model is a special case of the nCFT,, model when the hypermultiplet
mass m is set to zero. This necessitates setting the non-normalizable coefficients a; ; and
Xo to zero = 1 =0 in (6.60). From (6.55) it is clear that this m = 0 limit is consistent
with

n(x) =0 - X10=0, (6.68)



implying that the Z, symmetry of the holographic dual, i.e. the symmetry associated with
X <> —X, is unbroken. In what follows, we study the Z,-symmetric phase of the CFT pyy,,,—0
anisotropic thermodynamics'®,

O3=0. (6.69)

In appendix J.0.2 we verified FT and TR in CFTpyy,,—o to order O(b*) inclusive; we
also present O(B*/T*®) results for Repr,,,,,_, and confirm that the renormalization scheme
choice of k as in (6.43) leads to

B4
RC]FTPW,m:o = Rerrgry + 0 (ﬁ) : (6'7())

C]FTPW,m:oo

The holographic dual to the CFT py,,—o model can be obtained as a particular decoupling
limit x — oo of the effective action (6.49). As emphasized originally in [114], the super-
symmetric vacuum, and the isotropic thermal equilibrium states of the theory |53, 52] are
locally that of the 4 4+ 1 dimensional conformal plasma. We derive the 5 + 1 dimensional

holographic effective action Scrr,,, ... (trivially) generalizing the arguments of [144].

It is the easiest to start with the A/ = 2* vacuum in a holographic dual, the PW
geometry [177]. The IR limit corresponds to x — oo, thus, introducing a new radial

coordinate u — oo,

2 6 2 A 2 V8
eX ~ 2u, eo‘zg, e :(@) k, (6.71)

151t is interesting to investigate whether this Z, symmetry can be spontaneously broken, and if so, what
is the role of the magnetic field. This, however, is outside the scope of the current paper.
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the background metric becomes

) 3N\, 2k’
dspy ~ (2_u2> 4du® + (?> N dxtdz” | . (6.72)
The parameter k = 2m here is defined as in PW [177, 61]. Introducing [111]
16 2(a—x) L 4¢ 6at2y 4
' = eHax 2(12u4) : e =e ng, (6.73)

the metric (6.72) can be understood as a KK reduction of the locally AdSg metric on a

compact rg ~ T + Lg:

3/2 2k \ > 1
dst = e 27 dsy, + 2 dal ~ o7 4du® + (§> N datdr” + §d:c§ : (6.74)
The metric (6.74) and the scalar ¢; (6.73) is a solution [141] to d = 6 N = (1,1) F(4)
SUGRA [133]
1 1
— d 6 /— —4 2 —2¢1 201 _ _— _6¢1 75
Sk 167Cs Jun, RV (Re (01)" +e " +e ") (6.75)

where, using the PW five-dimensional Newton’s constant Gf,

Lg 1

—_— = 6.76

a. " C (6.76)
Notice that the bulk gauge field in (6.49) can be reinterpreted as a gauge field in the

six-dimensional metric (6.74)

vV —grw P4FWFWI = VvV —96 62¢1EG}MVF[léf ) (6.77)
in dsQPW in‘gsg
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leading to

1

1
S = deb /= R — 4(0dy)? 4 7201 4 201 — 6%
CFT pw,m=oo 167Gy /Ms 3 96( 6 (0¢1) € e 166

(6.78)
_ 4€2¢>1 F[G],uuﬂéf) ,

which is precisely the (truncated) effective action of the F'(4) gauged supergravity of [36]°.

Solutions to the gravitational theory (6.78) representing magnetic branes dual to anisotropic

magnetized CFT py -0 plasma correspond to the following background ansatz:
ds? = —ci dt* + ¢5 (d2* + dg*) + & (d2® + dig) +c; dr®,  Fig = Bjg d2 Adj, (6.79)

where all the metric warp factors ¢; as well as the bulk scalar ¢, are functions of the radial
coordinate r. The rescaled, i.e. ~ coordinates, are related to PW coordinates z* and the

KK direction x¢ as follows (compare with (6.74)):
{t,2} =" = —at, 3= % (6.80)

It is convenient to fix the radial coordinate r and redefine the metric warp factor, the bulk

scalar, and the magnetic field as

33/4y o 1/2 33/4y 33/4y
Clzw T ay, CQZW az, 03:W’

33/491/2 ) 1, 1. 4 (651
Cq = . (1—7‘—5) aq , B[6]:§T0 b, qﬁlzzlng—i-p

16The identification is as follows: A*=0, B=0, X =e %, m = and g* = 1.
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The radial coordinate r changes

r € [ro,+00), (6.82)

where 1 is a location of a regular Schwarzschild horizon, and r — 400 is the asymptotic
AdSg boundary'”. The bulk scalar field p is dual to a dimension A = 3 of the effective

five-dimensional boundary conformal theory. Introducing a radial coordinate x as in (6.29)

we obtain the following system of ODEs (in a radial coordinate z, ' = - ):

ay
O = ! 18 2 2 5 1 2 2/, N2 1\2
a1+36a§x<x5—1><2a2_af2x)< wPay(a® — 1)(2a3(p)? — (a3)?)

(6.83)
+ 18243 (32° — 8)d, — 4a2(27al — 8b%z")e™ — 9al(9a2e % — ePa? — 20)) :

Q4
36asx(z® — 1)(2ay — abx)

+ 2(90a3(2° — 2) + a2(32e™0%x* + 9as(12e% + 9e~2 — e%)))al, (6.84)

0=dj— (18a§x2<1 )26 + 3(a))?)

— 3ay(a2(32e0%2* + 3a (126 + 9e~ % — %)) — 60a§)) :

@2, 1
az  36(x® —1)zaj

3262pa2i)21’2
4/0..5 / 4
+ 36@2(115 — 1)) Qg — —9@§<x5 1) R

0=aj— (ai(3262pl;2:v4 + 9a3(12e* + 9% — %))

(6.85)

1 A
0=p"+ W (ai(3262pb2x4 + 902 (1262 + 9™ — %)) + 360l (2® — 1))p/
x° — 1)ra,
a? A )
+ 36a£21$2<;5 — 1) (32621)(721'4 _ 27(1421(462;) 3 2 eﬁp)> '

(6.86)

As before, ry is completely scaled out of all the equations of motion. Equations. (6.83)-

17 AdSe of radius Lags, = 33/421/2 ig a solution with ro = 0, b=0and a; =as = as = 1 and p=0.
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(6.86) have to be solved subject to the following asymptotics:

m in the UV, ie. asx — 04,

].
a; =1+ a; 52° + O(2?), ay = 1+ —b%2* + agz2° + O(z7),
N 9 N (6.87)
ay =1 — §b2x4 — (a1 5+ 2ay5)x° + O(2), p = psz’® + §b2x4 + O(2°%);
m in the IR, ie. asy=1—2 — 04,
ay = ayno+ O(y), az = azpo + O(y), p=1Inpno+O(y),
30a§,h70ph,0 L oW (6.88)
ay = - Y) .
" (5ph (903,012 — pi o) + 320) + 40503, )1
In total, given I;, the asymptotic expansions are specified by 6 parameters:
{ais, ass, p3, aino, G2n0, Pho}s (6.89)

which is the correct number of parameters necessary to provide a solution to a system
of two second order and two first order equations, 2 x 2 + 2 x 1 = 6. The parameter
p3 corresponds to the expectation value of a dimension A = 3 operator of the boundary
theory; the other two parameters, a5 and ags, determine the expectation value of its

stress-energy tensor. Using the standard holographic renormalization we find:

271
Teit) = Es = 0 (1—2
(Tis)iz) (5] 327rG6( ais +ass),
271y
(Tt5122) = (Ti5199) = Psir = 287G (1 —2a15+ 6ays), (6.90)
27ry

(T::) = (Tisjaas) = Pz

= 1287Gy (1= 2015 — das5),
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for the components of the boundary stress-energy tensor, and

4.2
277“0@2’}%0

16Gg

1/2
\/groauz,o

4 8 4 72 4
Ifs) = 487Ta%,h,oph,0 9a2,h,0(9 — Prot+ 121%,0) + 32b Pro , (6.91)

S5l =
for the entropy density and the temperature. Note that,

(T}

5] u

) =0. (6.92)

There is no renormalization scheme dependence in (6.90), and the trace of the stress-energy
tensor vanishes — there is no invariant dimension-five operator that can be constructed
only with the magnetic field strength. The (holographic) free energy density is given by
the standard relation (6.42). In (6.90)-(6.91) we used the subscript [5 to indicate that
the thermodynamic quantities are measured from the perspective of the effective five-
dimensional boundary conformal theory; to convert to the four-dimensional perspective,

we need to account for (6.80), see also [53],

2k \ * L
{S,PT,PL} = {5[5},P[5]T,P[5]L} X (3) X 36 :
——

~
3 (di-dvols)/(dt-dvoly) ~ $ 4 2 (6.93)
2k Lg 2k A 2k
§ = 8 X - X -, T:T[g)] X | =, b=b x -
3 3 3 3
—— VA —— N——
dvols/dvol3 § dis dt/dt d2Adg ) dzAdy

As for the other models discussed in this paper, the first law of thermodynamics d€ =

Tds (at fixed magnetic field) and the thermodynamic relation F = — Py, lead to constraints
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on the numerically obtained parameter set (6.89) (here ’ = %):

6(2bal, - — 4bd’, - — 5as 5 + 10ay5 — 5)v/5a
FL- 0= ( 2,5 1,5 2,5 1,5 )\/_ 2,h,0Ph,0 = (6.94)

5a1,h,0(32l;2p;1%0 - 9“3,;1,0(19%,0 - 1219%,0 - 9))1/2(a,2,h,06 — ag,n0)

6(1—2 5
TR: 0= (1~ 201,5)p1,0V5 —1. (6.95)

a17h70(3252pf‘%0 - 9a§,h,o(p%,o - 121’%,0 —9))1/2

In appendix J.0.3 we verified F'T and TR in the CFT pyy ;-0 model to order (’)(134) inclusive;

we also present O(B*/T®) results for Rerrpy, ... -
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Chapter 7

Conclusion

In this thesis we studied several aspects of quantum field theory. We started uncovering
a novel behavior developed by tree-level scattering amplitudes, finding that on the (i, j, k)
split kinematic subspace amplitudes in the biadjoint scalar, NLSM and special Galileon
theories split semi-locally into the product of three amputated currents without becoming
singular. The semi-local property of these 3-splits makes an important difference from
standard factorization, in which the particle set partitions. However, when one imposes
further conditions on the kinematic space in order to turn currents into amplitudes, i.e. into
observables, at least one of them vanishes, and in this sense locality is protected. We also
found that, for the cases of NLSM and special Galileon amplitudes, smooth splits provide
an alternative way to discover their extended theories by simply exploring subspaces of the
kinematic space. Moreover, we used 3-splits to reconstruct NLSM amplitudes from novel
recursion relations without resorting on soft limits. As far as we know, 3-splits are not
derivable from unitarity arguments and therefore represent a new phenomenon in quantum

field theory.
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The smooth split phenomenon happens in all the theories that we studied, and it is
important to ask whether other theories analogously split. Our analysis and proofs of
3-splits using CHY suggest that this could very well be the case. The reason is that the
CHY potential and the integrands in the CHY formulas had a very interesting behavior
under split kinematics, one which made the split very transparent. For example, it is
tempting to start studying smooth splits for the Born-Infeld theory, as it admits a CHY
formulation which contains the same matrix A, that appears in both the NLSM and
special Galileon representations. As we previously comment, reproducing 3-splits for Born-
Infeld amplitudes would open the door for amplitudes in other theories like Yang-Mills and
Einstein gravity to smoothly split, although new conditions on the polarization vectors are
expected for this to happen. It is also intriguing that the 3-split behavior is very similar to
the residue of one of the possible factorizations that higher-£ amplitudes can have. It would
be very interesting to dig further into this connection, and see if this behavior is indeed
coming from the CEGM generalization of quantum field theory. This would imply that we
could gain new insights into quantum field theory by studying the higher-£ framework.

We then extended the global Schwinger construction, which computes the partial biad-
joint amplitude m,, (I, T) as an integral over the positive tropical Grassmannian Trop® G(2,n),
to all amplitudes m,,(a, ) and proposed a formula for general ¢” theories, making use of
non-crossing chord diagrams along the way. We found that ¢? amplitudes can be thought of
as a sum of products of cubic amplitudes, and presented a formula for this general schematic
structure based on the Lagrange inversion procedure. The different global Schwinger con-
structions provide an alternative way for computing scattering amplitudes, from geometri-
cal and combinatorial considerations. It would be interesting to extend the study to loop
level and even to other theories. An exciting possibility would be to find a way to include

numerators, as this could provide a new transparent way to find and prove important
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properties of scattering amplitudes, like the double copy. One of the reasons to expect
this is that, as we saw in this thesis, the global Schwinger formula already proved to be
useful for studying well known properties of scattering amplitudes like factorization or soft
limits. Furthermore, as there is a global Schwinger formula for general Trop™ G(k, n), one
could try to define ¢P-like amplitudes for higher-k theories or start studying how the global
Schwinger formula for higher-k behaves at poles, as this could be instructive for learning

more about factorizations in CEGM amplitudes.

In fact, this thesis has also uncovered novel perspectives regarding the CEGM general-
ization of quantum field theory. First, let us recall that a key aspect of the CHY formula
are the scattering equations, which connect the space of n points on CP' with the space of
kinematic invariants. The scattering equations possess (n — 3)! solutions and localize the
CHY integral on them. The CEGM formulation contains analogous generalized scattering
equations on X (k,n), and one natural question was to determine their number of solu-
tions. We found all the singular solutions —i.e. the solutions in which the n points do not
remain in a generic configuration in a soft limit— for the cases X (3,7), X(4,7), X(3,8)
and X (5,8). We also proposed a general classification for all singular solutions for any k
and n. Since the scattering equations have been a powerful tool for studying properties of
scattering amplitudes via CHY, like KLT orthogonality or the color-kinematics duality, it
would be fascinating to find new physical applications from the generalized scattering equa-
tions, which could also help in constructing analogous Yang-Mills and gravity generalized

amplitudes.

Since Feynman diagrams make spacetime properties like local interactions manifest,
knowing about the analogous objects to Feynman diagrams that compute CEGM ampli-
tudes could be of physical interest. Building up on work by Borges and Cachazo, who
described generalized Feynman diagrams for k = 3, we extended the study to any k, find-
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ing that in general they correspond to planar arrays of lower-point Feynman diagrams
satisfying some compatibility conditions. These objects compute the higher-k amplitudes,
and they are in bijection with the maximal cones of the positive tropical Grassmannian
TroptG(k,n). It turns out that every Feynman diagram in quantum field theory has a dual
description in terms of planar arrays. We also found a combinatorial bootstrap approach
to obtain all these objects. One intriguing aspect of these results is that the planar arrays
actually correspond to groups of standard Feynman diagrams, each with its own kinemat-
ics and its own metric. It could be important to understand the physical meaning of the
compatibility conditions for the metrics of all the trees in the group. Moreover, as CEGM
amplitudes factorize in exotic ways, e.g. into three pieces, in contrast with factorizations
of standard amplitudes into two lower-point ones, it would be important to have a better
combinatorial understanding of how planar arrays behave at poles. This could provide
hints of what the notion of locality is in the CEGM formulation, and could help us obtain
a field theoretic-like description of it. For example, a fascinating possibility would be to

find a quantum theory that inevitably entails the planar arrays.

Finally, we moved on to study nonperturbative aspects of quantum field theory and
analyzed various holographic models under a background magnetic field. These models
describe the quark gluon plasma state of matter which shares some properties with the
deconfined phase of the QCD plasma that prevailed in the early universe. In particular, we
focused on conformal gauge theories as consistent truncations of N = 8 gauged supergravity
in 5 dimensions, and on the nonconformal N/ = 2* gauge theory. We performed numerical
simulations to show that there was no universal magnetoresponse as claimed in a previous
article, since their results were due to a strong dependence on the renormalization scale, as
well as other thermodynamic quantities did not show any universality. We found, however,

a different universality for the AN/ = 2* gauge theory in a magnetic field background: the
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corresponding plasma has a critical point for some 7./ VB, where T, corresponds to a
critical temperature and B is the magnetic field, which barely varies for different values of

m/v/B, where m is the hypermultiplet mass.
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Appendix A

Definition of Amputated Currents

Throughout chapter 2, we have used amputated currents in various quantum field theories
of scalars in order to characterize the behavior of the corresponding amplitudes when
restricted to the split kinematic subspace. In this appendix we give a formal definition of

the objects.

Currents are objects in quantum field theory which appear when one interpolates be-
tween correlation functions and scattering amplitudes. Recall that the LSZ formalism
starts with a correlation function of operators in coordinate space G(x1, =, . .., z,). Fourier
transforming to momentum space produces a distribution localized on the momentum con-

servation loci

P(pr+pat -+ p)G 01,02 Pn) -

This is due to translational invariance of the correlation function G(z1,xs,...,2,). The

function G (p1,p2; - - -, pn) has simple poles of the form 1/p? and a scattering amplitude is
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obtained by the limiting procedure (or multidimensional residue computation)

A(p17p27' .. ;pn) - <H ]-21§0p12> é<p17pQ7 AR 7p7l) (A1>
i=1P

The process of multiplying by p? is called “amputating” the i*'-leg. A current is defined by
performing all but one of the operations in (A.1). Let us assume that the n''-leg is spared.

Then,

n—1
J(p1.p2, - Pu1) = (H 12131019?) G(p1,p2; - Pne1,Dn). (A.2)
i=1Pi

Note that the current still possesses the 1/p? pole and hence the n'® leg is said to remain

off-shell, i.e. p? # 0. In chapter 2, the relevant object is the amputated current, i.e.

j(php?? s 7pn—1) = pi‘](pbp% e 7pn—1)' (AB)

In general, (amputated) currents are not unique. This is most apparent in gauge theories
where currents are not even gauge invariant. The reason is that physical observables are
obtained from scattering amplitudes and therefore any two currents that differ by some-
thing that vanishes when p? = 0 lead to the same physical consequences. Here, however,
we are using currents to determine the behavior of amplitudes and as such there can be
no ambiguity. Luckily, for scalar theories there is a natural prescription which provides
the required definition. The Feynman diagrams used to compute correlation functions
in momentum space and amplitudes are combinatorially identical. The prescription is to
write each Feynman diagram in terms of a basis of Mandelstam invariants provided by the
planar ones with respect to the canonical order . Each such invariant can be made to
depend on only a set of particles not containing label n. Each Feynman diagram is then

fully amputated.
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While this definition is precise, it is not very effective in practice as computing am-
plitudes or currents using Feynman diagrams quickly becomes impractical as n increases.
This is why we provide a definition using the CHY formalism. In fact, this definition leads

exactly to the amputated currents that appear in smooth splittings.

Consider the most general CHY potential for n particles and we will allow three of
them to be off-shell, say particles i, 7, k. Of course, we are only interested in the case with
a single off-shell particles but the construction is more uniform is we allow all three to be

off-shell. Following Naculich’s construction [170], we define the modified CHY potential®

S, = Z 2pq - pylog (0a — ov) + (9} + 5 — pi) log (0 — o)+
a<b (A4)

(0} + 1} — p3) log (o — 03) + (0} + P — p}) log (0 — o).

Note that this potential was designed as to preserve SL(2, C) invariance. This means that
three of the punctures can be fixed and it is natural to take the set {o;,0;, 01} to be

{0,1,00}. Let us choose 0; = 0,0; = 1, and o), = oco. In this case the potential becomes

Su= Y swlog(oa—0s)+ D (2pa-pilog(0a) +2pa-pilog(l—04)). (a5
a<b:a,be¢{i,jk} ag{i,j}

Note that any term containing o, drops out while log(o; — 0;) = log1 = 0.

Having constructed the CHY potential it is possible to give the CHY formula for the
five kinds of amputated currents used in the main text. We present them in the form of a
lemma. In the lemma the CHY potential S, is always the one defined in (A.5). We also
use AP to denote the submatrix of the matrix A, obtained by removing the p™ and ¢

rows and columns. The entries of the n x n matrix A,, that do not involve off-shell legs

I'Naculich works directly with the scattering equations and not with the potential but it is straightfor-
ward to translate.
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are given by the standard expression A, = Su/(0, — 0p). Likewise, Agj ' denotes the

submatrix of the matrix A, obtained by removing the i*", j** and k* rows and columns.

Before proceeding, a comment on notation is required. An amputated current is often
written in a form in which the n'" particle corresponds to the off-shell leg and to indicate
this the n'! label is not shown as in (A.3). However, in the statement of the lemma we
allow the off-shell leg to be any leg in a given set and therefore all labels are shown in the

currents.

Lemma A.0.1. Let q € {i,j, k} represent the off-shell leg of the current. Then the CHY

representation of a biadjoint amputated current is given by,

_ 0S8, [ 1 |1k ] i
j(l,Q,...,n)—/ II daaa((%) (|12||23|---|n—1n||n1| . (A.6)

a¢{ij,k}

The CHY representation of a NLSM amputated current is,

jNLSM(LQWm):/ T] dows (asn>< [i 511 [k ] ) 515Kk qa

— 2
tih) 00a ) \[12|[23] -+ |n —1n[[n1] P4l

(A.7)
Here q is arbitrary (with ¢ # p), although in practise it is convenient to choose it in the

set {i,j,k}.

Similarly, the CHY representation of a mized NLSM amputated current is given by,

- 9S, 7115 K|k ] j
NLSM@S? (| o i :/ I doud det ALTH,
J (7 ) ,7’L|Z,j, ) et Ta do, |12H23\]n—1an1] e

(A.8)
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The CHY representation of a special Galileon amputated current is,

= [ T o (85 (121250 g’ no
Do, Ipql? "

and finally the CHY representation of a mized special Galileon amputated current is,

JCA (g / H do,o (80’a) (detAijk}y. (A.10)

ag{i,jk}

Proof. To prove the lemma it is required to show that the corresponding CHY formulas
reproduce the amputated currents as defined using Feynman diagrams. However, for scalar
field theories, this is evident from the Dolan-Goddard proof of biadjoint amplitudes [94]

and from Naculich’s general construction [170].
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Appendix B

Proof of Determinantal Product

Formula: Lemma 2.4.1

In chapter 2 we proved the smooth splitting formula for NSLM and special Galileon am-
plitudes using Lemma 2.4.1. In this appendix we provide the proof. For the reader’s

convenience we rewrite the statement of the Lemma.

Lemma B.0.1. Let M € C*™2™ be antisymmetric, L € C™7, and W € CEm+r)x@2m+r)
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defined in terms of M and L as follows

0 M1,2 ce M 21 Ml,zm 0 0 0 T 0
—M1,2 0 T M2,2m71 M2,2m 0 0 0 T 0
—Miom—1 —Moom—1 - 0 Mom—19m | O 0 0 e 0
W= _M1,2m —M2,2m ce —MQm—l,Qm 0 &1 Co C3 T Cr
0 0 E 0 dy Ly Lip -+ Liy1 Ly,
0 0 T 0 ds L2,1 L2,2 T L2,r71 L2,r
0 0 U 0 dr Lr,l LT,Q e LT,T—l Lr,r
(B.1)

with d, and c, arbitrary complex numbers, then the following holds

det(W) = det(M)det(L). (B.2)

Proof. Let us compute the determinant on the LHS of (B.0.1) using the 2m-th column to

expand. Note that the contribution from any d, is of the form

PlQ
det = det(P)det(R) (B.3)

0 R
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where

0 M o M, 5 oo Myom—
— M, 5 0 My 3 o Myom—
P = —M, 3 —My 3 0 oo Mzomo1 | - (B.4)
| —Migmr —Magm1 —Mszom-1 - 0

Since P is an odd-dimensional antisymmetric matrix, its determinant is zero and therefore
the determinant (B.3) vanishes. This implies that the determinant on the LHS of (B.0.1)
is independent of d,. Likewise, the determinant can also be shown to be independent of

Cq-

Having proved that (B.3) is independent of the values of d, and ¢,, it is possible to set
them to any convenient values. In this case, it is clear that by setting d, = ¢, = 0 for all
a € {1,2,...,r} one is left with the determinant of a block diagonal matrix. Using the
elementary property of determinants that the determinant of a block-diagonal matrix is

the product of the determinants of the blocks the result follows. O
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Appendix C

Lagrange Inversion Formula and

Fuss-Catalan Numbers

Given a function f(z) that admits a series expansion around z = 0 and f(0) = 0 while
1(0) # 0, the Lagrange inversion formula gives a series expansion for the compositional
inverse of f(z), i.e. for a function g(z) such that g(f(x)) = z, in terms of the series

coefficients of f(x).

Let us review one particular formulation which is relevant for this work. Start by

defining an auxiliary function h(z) such that h(z) = x/f(x). Let
h(z)=> ha' (C.1)
i=0

be the series expansion of h(x) around z = 0. Now define

- dz (Myﬂ. (C.2)

Ir _27TZ |Z‘:€7’+1 y4
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The Lagrange inversion formula states that the series expansion of g(x) is of the form

gx) =2 g’ (C.3)

The proof is fairly simple. Consider the RHS of (C.2) and write it in terms of f(z) and

then write z = g(u),

% j{d:e 7“(1—21 (ﬁ)m: % j{u:e TTlg/(U) (f(gl(u»y“: % fi«h (chl) i/(fl)

(CA4)
Now, taking the derivative of (C.3),
g @) =Y (r+1)g.a" (C.5)
r=0

and plugging in it into the last expression on the right in (C.4) one finds (C.2).

Before seeing explicitly how this works in the context of interest, let us review some
well-known facts about generating functions of Fuss-Catalan numbers, in particular, how

they are interconnected via the Lagrange inversion formula.

Let By(x) be the generating of the Fuss-Catalan numbers FC, (k,1). The function
By (z) satisfies the equation By (z) = 1 + 2By (2)*. Now let us prove that

fla) = =

= Bir(0) g(x) := xBy(x) (C.6)

are compositional inverses of each other. Start with By(z) = 1 + 2By (z)* and multiply

by z*~! so that we get an equation for g(x) of the form 2*~2g(x) = 2*1 + g(x)*. Now

let p(z) be the compositional inverse of g(z), ie., g(p(x)) = x. Letting x = p(u) in
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78 72g(x) = 21 + g(z) leads to up(u)*=2 = p(u)*~1 + u*. Let us prove that f(x) satisfies
the same equation as p(x). Starting with By_i(x) = 1+ 2B_1(z)*"! and substituting
By 1(z) = z/f(x) gives o/ f(x) = 1 + 2%/ f(x)*~*. Multiplying by f(z)*~! we obtain the

same equation satisfied by p(z).

In the case at hand, we are interested in £ = 3 so that

1—+v1-4z

h(z) = By(x) = P

(C.7)

is the generating function of Catalan numbers, and g, becomes the Fuss-Catalan number

FC,(3,1). In this case (C.2) reads

1 dz (1—T—4z\""
F 1) =— .
Cr(g’ ) 27TZ |Z|=E T —|— 1 ( 222 > (C 8)
with
g(x) = xBs(x), with Bs(x):=) FC,(3,1)a". (C.9)
r=0

Let us see how this applies to our construction in section 3.6. Let us consider the following

choice for the function h(x)

h(z) = Z Mo’ (C.10)

where m; o represents a generic (i + 2)-particle amplitude in the biadjoint ¢* scalar theory
of the form m;;2(I, I). Since the mass dimension of m; (I, I) is —2(i — 1) we are motivated
to define my := P? and m3 := 1. Here 1/P? represents a generic propagator. We will soon
see why this somewhat strange definition of my is useful. Let us start by noticing that the

number of Feynman diagrams contributing to m; (I, I) is the Catalan number C;.

The claim is that the form of the amplitude Af is determined by the coefficient g, /2,
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divided by hg/ >~1 Let us compute the first few cases of (C.2) in order to illustrate the use

of the formula,

A =9 =y

ho
ot [0 _h3h2+h0h% . 2 1
S R
2
¢t gs _hgh% + 3h1h2h% + h?ho . 1 3 1
Ag _h_g_ 3 —m5—|—3m3m4ﬁ—l—m3 R

Finally, specializing to what is called planar kinematics, in which all planar invariants are
set to unity, one finds that Afl counts the number of Feynman diagrams contributing to
the amplitude. This is the number of ternary planar unrooted trees with n leaves which is
known to be the given by the Fuss-Catalan numbers. Applying the same kinematics to the
¢® amplitudes one can replace each by the corresponding Catalan numbers and therefore

we reproduce the relation (C.2).

C.0.1 Extension to ¢”: Iterated Structure

Let us explicitly construct the iteration used in section 3.7.2 to propose the schematic

structure of ¢ amplitudes.

Let us start by defining generating functions
hi(z) = hyjal | (C.11)
§=0

The goal is to construct a recursive procedure that determines all coefficients hy ; as func-
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tions of the base case defined to be
hs(x) =Y hja'. (C.12)
j=0

Note that for the base function we have denoted the coefficients by h; instead of hs ;. This

was done in order not clutter the formulas. Using the expression in (3.85)

%) ) o0 1 dz hkz—l(Z) J+1 A
h = h o) = - j 1
k() ; kT ; 5 7|{Z:€j+ ; ( : x (C.13)

let us present some results for the expansions.

For ¢! amplitudes we have hy(x) with coefficients

ho

hohy

hoh? + hihs

hohi + 3h3hihg + hihs

hoh? + 6h2h2hy 4 2h3h2 + 4h3hihs + hihy

hoh’ 4 10h2h3hy 4+ 10h3hih2 + 10h3h2hs + Shihahs + 5hihihy + hdhs.

(C.14)

These coefficients are a refinement of the Narayana numbers. Let us see this more
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explicitly. Consider first the table of coefficients (see OEIS entry A134264, [171]),

If we now set hy = =

1
1

1,1

1,3,1

1,6,2,4,1

1,10,10,10,5,5, 1

1,15, 30,5, 20, 30, 3, 15,6, 6, 1
1,21,70,35,35,105,21, 21, 35,42, 7,21, 7,7, 1.

(C.15)

and all other h; = 1, then terms with the same power of hy are

combined. For example, 2h3h3+4h;hshd in the fifth row of (C.14) becomes 22°+42% = 623.

Carrying this out one gets

a

T

T

T

T

T

T

T

242
3 2
+3z°+x
(C.16)
Y1622+ 622+
54+ 10z* + 2023 + 1022 + =
6 4 152° + 502t + 5023 + 1522 + x

T4+ 2125 + 10525 + 1752* + 10523 + 2122 + x.

These coefficients are the Narayana numbers (OEIS entry A001263, [171]).
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Let us consider ¢° amplitudes, so we have hs(z) with coefficients

ho
h2hy
2h3h? + hgh
oL T (C.17)
Shihd + 6h3hhy + hShy
14h3h + 28h8h2hy + 4hTH2 + 8hThohs + hShy
421815 + 120hTh3hy + A5hSh1 h2 + 45h3h2hs + 10h3hohs + 10A3h by + hiOhs.
Listing only the coefficient allows us to present one more row (OEIS entry A338135, [171]),
1
1
2.1
56,1 (C.18)
14,28,4,8,1

42,120, 45,45, 10, 10, 1
132,495, 330, 22, 220, 132, 6, 66, 12, 12, 1.

Once again, if we set hy = = and all other h; = 1, then (C.17) becomes the generating
functions for the 2-Narayana numbers. In general one finds the triangle of m-Narayana

numbers, where the standard ones correspond to m = 1. The 2-Narayana numbers are
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then given by the coefficients in (see e.g. section 6.8 of [172])

x
22

xt + 223

25 + 625 + Hrt (C.19)
2® + 1227 + 2825 + 1425

219 + 2029 + 902® + 12027 + 4225

22 4+ 302 + 220210 4 5502”7 + 49528 + 13227

C.0.2 One Function to Compute Them All

There is one more interesting property of these representation of ¢P amplitudes which
interconnects them. Consider the coefficients of the function hy(z). Some of them are

explicitly shown in (C.14).

The claim is that the coefficients of the function hg(z) can be obtained from those of
hy(x) by simply setting to zero all h, with a ¢ (k — 3)Z (see text in OEIS entry A338135
for k =5 case, [171]). For example, hs(z) is obtained by setting all h, with a odd to zero.
Of course, every other coefficient of hy(z) vanishes completely but the ones that do not

reproduce hs(z).

One direct way to understand the relation among the different generating functions
hi(z) is by recalling the combinatorial problem they solve. As explained in the discussions,
set m = k — 3 and place mq points on a disk. Now count all possible ways of clustering
the points in non-overlapping sets so that there are r; groups of m points each, ry groups
of 2m points, etc. Clearly, hy(x), for which m = 1, contains all other problems counted by

hi(x) with k > 4 as special cases.
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Appendix D

Computing a Region for n = 12 that
Leads to m7;(1234576, 1)

Directly computing amplitudes Afl, using the global Schwinger formula presented in chap-
ter 3 becomes harder as n grows. In this appendix, we show how to use the global Schwinger
formula to find an explicit map from a region to m,, 241 (e, I). Having the precise bijection
of kinematic invariants, one gets the contribution of the region without ever carrying out

an integral. The region under consideration is
R:{Iozﬂfg < T1 = T2, T4 = T5, Tg = T7, 1'8:33'9}. (Dl)

Let us consider the behavior of the Ga(x) part of the tropical potential on a region Ry

where the condition x3 < x; is relaxed an therefore contains R, i.e.,

R C Rext = {®0 = 331 = %2, T4y = T35, Te = T7, Tg = To} . (D.2)
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The function Gi2(z) can be seen to be a linear combination of the following 14 piecewise

linear functions

min (21, x3), min (x3, x5) , min (5, z7), min (z7, x9) ,
min (.Z'l, T3, $5) ) min (.Z'g, Ts, $7) ) min (.Z'5, Z7, .’L'g) )
min (:L‘h T3, Ty, l‘7) 7min ("L‘37 T5, L7, ZL‘g) 7min (:L‘h T3, Ts, L7, {L‘g) )

X1,T5,T7,T9.

Note that z; is always accompanied by x3 when it is an argument in a min function. This
means that when restricting to R, i.e. imposing z3 < x; on the functions, x; drops out

and we are left with the following 11 functions,

min (x3, x5), min (x5, x7) , min (7, z9) ,
min (3, T5, 7) , min (x5, 7, 79) ,

min (x3, Ts5, T7,T9) , T1, T3, T5, T7, Tg.

It is easy to compute the coefficients of each of the 11 functions to be

i2,8] — t2,6) — tie.8], —tie,8] + tie,0) — tis,10) —Lis,10] T Es,12) — t10,12)5
t2,100 — ti2,8) T ti6.8) — Lis,10], —Li6,10) T Lie,12) + Eis,10) — E[s,12)5

tie,10] — (2,100 — Li6,12]5 13,505 12.6) — €13,5)> L[6.8]> L[8,10]> t[10,12]-

Note that the coefficient of x; is f35, which is precisely the invariant in the propagator
that must appear according to the rules for the non-crossing diagram corresponding to the

region I2. The only other place where #35) appears is in the coefficient of x3. This means
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that we can write the integral over x; as

& 1
/ dx10(xy — x3) exp (—t[375] (x1 — xg)) = @ (D.3)

Combining the left over terms and relabeling variables so that z, — x(,—3)/2 one finds the

“effective” potential

= (ti2,8) — t2,6) — tpe,8) Min (wo, 1) + (—ts.8) + t6,10 — t[g,10]) Min (1, v2)
+ (—ts10 + g2 — tpio,a2)) min (z2, x3) + (tp10) — ti2,8) + te,s) — tpe,10) min (zo, 21, x2)
+ (—t,10 + o2 + g0 — ts,12)) min (21, 22, T3)
+

tis,10) — 2,100 — Le,12)) Min (2o, 21, Ta, T3) + L2,6T0 + L8 T1 + Ls,10)T2 + L[10,12)T3 -

It is a simple exercise to match the coefficients with that of the tropical potential function
for mg(I, I). The non-trivial fact is that the result is not only a map but a bijection between

the corresponding sets of planar invariants. This is left as an exercise for the reader.
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Appendix E

Singular Solutions in X (3,n) from

Bounded Chambers Counting

In this appendix, related to chapter 4, we show how to visualize and count the number of
singular solutions in X(3,7) and the number of (regular., singularg) solutions in X(3,8)

with positive kinematics.

E.0.1 Singular Solutions in X (3,7)

We have seen in section 4.4.1 that with positive kinematic data all the solutions we obtain
are real. This means we can analyze them by counting bounded chambers in RP? space
when |147], [257| and |367| vanish. We expect to find 12 bounded chambers, which would

correspond to the 12 solutions for each of the 15 existing configurations.

The bounded chambers come in the following way. First, we use the same gauge fixing

for the first four particles as explained in section 4.4.1. This creates 5 repelling lines, one of
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them crossing the diagonal of the square [0, 1]* created by particles 1 and 4. It is precisely
on this line where the soft particle 7 must be. We can have solutions where particle 7
is outside the square [0,1]?, since particles 5 and 6 can simultaneously create bounded
chambers for each other. We represent this situation in figure E.1.

3 3 3

7
g
/

4 4
2 2 2

Figure E.1: Left: the first four particles are gauge-fixed. This creates 5 repelling lines,
drawn in black, and particle 7 must be on the line that passes through 1 and 4. Center:
we now consider the situation in which the soft particle 7 is in the outside-right(left) of
the square [0,1]%. Right: particles 5 and 6 must lie on the blue dashed lines created by
particles 7, 2 and 3. This only happens if both particles bound each other through particle
4(1) (red and orange lines). The two grey bounded chambers are those where particles 5
and 6 can be.

This configuration gives rise to 2 different solutions, since particles 5 and 6 can bound
each other through particles 1 and 4 when particle 7 is outside the square [0, 1]%.

Next, we also find solutions in the particular situation in which the soft particle 7 is
inside the square [0, 1], but particles 5 and 6 are both outside of it. In this case, particles

5 and 6 also bound each other. We represent this situation in figure E.2.

This configuration also gives rise to 2 different solutions, since particles 5 and 6 can

bound each other through particles 1 and 4.

Finally, we also find solutions coming from having the soft particle 7 and the two

remaining hard particles inside the square [0, 1]>. We represent this situation in figure E.3:

This last situation gives rise to 3 solutions where both hard particles are in the same
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Figure E.2: Left: the first four particles are gauge-fixed. This creates 5 repelling lines,
drawn in black, and particle 7 must be on the line that passes through 1 and 4. Center:
we now consider the situation in which the soft particle 7 is inside the square [0, 1]>. Right:
particles 5 and 6 must lie on the blue dashed lines created by particles 7, 2 and 3. This only
happens if both particles bound each other through particle 4(1) (red and orange lines).
The two grey bounded chambers are those where particles 5 and 6 can be.

3 3 3

Figure E.3: Left: the first four particles are gauge-fixed. This creates 5 repelling lines,
drawn in black, and particle 7 must be on the line that passes through 1 and 4. Center:
we now consider the situation in which the soft particle 7 is inside the square [0, 1]2. This
means that e.g. particle 5 must be in one of the two existing bounded chambers. Right:
particles 5 and 6 must lie on the blue dashed lines created by particles 7, 2 and 3. If we
choose particle 5 to be e.g. in the lower-right bounded chamber, this creates 3 additional
repelling lines, drawn in orange, which leave four bounded chambers where particle 6 can
be, shown in grey.

original bounded chamber, and 1 solution where both are in the different two original
bounded chambers. Hence, there are a total of 2 x (3 + 1) = 8 solutions, since we can
also choose particle 5 to be in the upper-left bounded chamber at first. Therefore, for this
configuration, we count 2 4 2 + 8 = 12 different solutions which correspond to the singular

solutions already found before.
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E.0.2 (regular,, singularg) Solutions in X(3,8)

It turns out that the (regular., singularg) solutions studied in section 4.5.1 are all real
too. This opens the possibility to count them in RP? space in the same way as in appendix
E.0.1. If we use the same gauge-fixing as in section 4.4.1 and consider the singular situation
in which e.g. |148], |258| and |368| vanish, we find ourselves in a similar fashion as in E.0.1,
i.e. with 12 different situations. Yet, now we deal with one more particle (in this case
particle 7) which is decoupled from the other hard particles. This particle can be found in
41 different equilibrium points, which gives the 12 x 41 = 492 solutions. Below we give an

explicit visualization of one of the 12 different situations we can have:
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Figure E.4: Top-Left: particles 1, 2, 3 and 4 are gauge-fixed. This creates 5 repelling
lines, and particle 8 must be on the line that passes through the two black points, which
correspond to particles 1 and 4. Particles 2 and 3 are sent to infinity. Top-Right: we now
consider e.g. the third situation seen in E.0.1. The two new black points correspond to
particles 5 and 8, and new repelling lines appear due to their interaction with the other
particles. Bottom: if we choose particles 5 and 6 to be e.g. on the two different original
bounded chambers (see Top-Left figure), this leaves us with 41 bounded chambers where
particle 7 can be.
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Appendix F

Geometry Descriptions of Type 3 and 4
Configurations in X (5,8)

F.1 Geometry Descriptions of Type 3 and 4 Configura-
tions in X (5,8)

We can use the positive kinematic data to help us visualize the geometry underlying the
singular solutions of the topologies type 3 and type 4 in table 4.1 in chapter 4. For the
topology type 3, there are two bounded chambers formed by the six dominating 3-planes.

See their projections in figure F.1.

The F-vectors of bounded chambers are both {8,16,14,6}. The 8 vertices of each
bounded chamber are labelled by {9, 10, 11,12, 13,14, 15,16} and {9, 10, 11, 12,17, 18,19, 20},
respectively. For convenience, let’s call the two bounded chambers as blue and red. Among

the six facets of each bounded chamber, two are tetrahedrons and the remaining four are
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{18,19}

{1920}

{13.14} (1516}

View from particle 2 View from particle 3  View from particle 4 View from particle 5

Figure F.1: Four projections from the viewpoint of particles 2, 3, 4 and 5, respectively, of
the two bounded chambers (shown in blue and red) for the topology type 3 in table 4.1
and near the soft limit. Here we represent the case in which the soft particle is bounded
by the blue chamber. The green edges correspond to shared edges by the blue and red
chambers. In the strict soft limit, the two bounded chambers collapse to a point where the
soft particle lies.

truncated triangular prisms. The two bounded chambers don’t share any facet but a dim-2
boundary of vertices {9,10,11,12}. Any dominating 3-plane passes through both facets
of different bounded chambers, see table F.1. Particles 1, 4, 6 and 7 lie in the lines that

Particles to determine Vertices of the facet passed Vertices of the facet passed

dominating 3—planes by the blue chamber by the red chamber
{1,2,3,7} {9,10,11,12,13,16} {9,10,11,12,18,19}
{1,2,4,5) {9,12,13,14,15,16} {9,12,17,18}
{1,3,5,6} {9,10,13,14} {9,10,17,18,19,20}
{2,3,4,6} {9,10,11,12,14,15} {9,10,11,12,17,20}
{2,5,6,7} {10,11,13,14,15,16} {10,11,19,20}
(34,57} {11,12,15,16} {11,12,17,18,19,20}

Table F.1: Dominating 3-planes and the facets they pass by in figure F.1.

pass through {9, 13, 18}, {12, 15, 17}, {10, 14, 20} and {11, 16, 19}, respectively. Whilst
particles 2, 3, and 5, which are sent to infinity, can be thought of as the intersections of

four lines determined by four pairs of vertices. See the first, second and fourth projections
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in figure F.1.

The auxiliary points have proven to be very useful to understand the relative positions
of the hard particles. Alternatively, now we can ignore them and imagine how these hard

particles form some dominating planes to bound the soft particle.

In the strict soft limit, the two bounded chambers collapse to a point. Some sets of

four dominating 3-planes share a point where the soft particle lies, while some share a line.

For example, the four dominating 3-planes 1237, 1245, 2346, and 2567 share a common

line where particles 2 and 8 lie.

There are 8 solutions of variables u, v, p, q, 7, s, x7 and 27 for the new set of scattering

equations,
lim 855, lim 885, lim 885, lim 255 =0, for i=1,...8. (F.1)
T—0 a,jljl 7—0 ayz 7—0 0ZZ 7—0 8/11]Z (4.44)

These 8 solutions can be divided into four pairs. Although the two solutions of each pair
are different, using the reparameterization (4.44), they produce the same set of values for
{7,y7, 27, wr, T3, Ys, 28, ws }, which corresponds to the fact that the two bounded chambers

collapse to a single point.

For the topology type 4, there are two bounded 4-simplices formed by the dominating

3-planes using positive kinematic data. See their projections in figure F.2.

As summarized in table F.2, these two bounded chambers share a tetrahedron of vertices
{9,10, 11,12} as a common facet, which is passed by the dominating 3-plane determined
by {1,2,3,6}. Another three dominating 3-planes pass both facets of different bounded
chambers. Two dominating 3-planes only pass a facet of either the blue or red bounded
chamber. As for the last dominating 3-plane, it just passes a dim-2 boundary determined

by {9, 10,11} of the shared facet.
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(121314} ) 5

10 14

(10,11} 11

View from particle 2 View from particle 3 ~ View from particle 4 View from particle 5

Figure F.2: Four projections from the viewpoint of particles 2, 3, 4 and 5, respectively, of
the two bounded 4-simplices (shown in blue and red) for the topology type 4 in table 4.1
and near the soft limit. In the strict soft limit, the two bounded chambers collapse to a
point where the soft particle lies.

The six hard particles 1, 2, 3, 5, 6 and 7 lie on the lines determined by {9,11}, {10,11},
{9,10}, {11,12}, {9,13}, {10,14}, respectively, while particle 4 lies on the line that passes
{12,13,14} at the same time.

Particles to determine Vertices of the facet passed Vertices of the facet passed

dominating 3—planes by the blue chamber by the red chamber
{1,2,3,6} {9,10,11,12} {9,10,11,12}
{1,4,5,6} {9,11,12,13} {9,11,12,14}
{2,457} {10,11,12,13} {10,11,12,14}
{3.4,6,7} {9,10,12,13} {9,10,12,14}
{1,2,3,5) {9,10,11,13} ;
{1,2,3,7} _ {9,10,11,14}
{1,2,3,4} - -

Table F.2: Dominating 3-planes and the facets they pass by in figure F.2.
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Appendix G

Proof of One-to-one Map of a Binary

Tree and i1its Metric

Lemma G.0.1. Given that two cubic trees Ty and T have the same valid non-degenerate

metric d;j, then Ty = Tg.

Proof. We are going to provide a proof by induction. First, consider the base case where
T4 and T are 3-point trees. It is clear that there exists a unique solution to dio = €1 + eo,
di3 = e1 + e3 and daz = €5 + e3. Since Ty and Tz have the same non-degenerate metric,

(4) (B)

the lengths e;”’ = e¢;”’ must be identical, thus Ty = Tp.

Now let us assume that the lemma is true for all (n — 1)-point cubic metric trees and
consider two n-point cubic trees T4 and Tz that have the same non-degenerate metric d;;.
Next let us find leaves 7 and j such that d; — dj; is [ independent. Such a pair of leaves
must exist because the condition is true for any pair of leaves which belong to the same
“cherry” as shown in the diagrams in figure G.1. Moreover, only leaves in cherries satisfy

this condition in a cubic non-degenerate tree.
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Figure G.1: Two n-point cubic trees with pairs ¢ and j joined by the vertex a.

Removing the cherries from both trees and introducing a new leaf v one can define

a metric for the the (n — 1)-point cubic trees in figure G.2, whose leaves are given by

({1,2,...,n}\ {i,5}) U{a}.

Figure G.2: Two (n — 1)-point cubic trees with external edges et = fA and elB) = B
such that d\)) = d.

Such a metric is defined in terms of the metric of the parent trees as follows. dg?) = dy;

if k1 # a and d\Y) = dy; — eV, Likewise d\) = dyy if k,1 # o and d\?) = dy; — &P, Tt is

K3 7

easy to see from the figure that the two metrics are identical, i.e. d,(j) = d,(f).

Using the induction hypothesis, the two metric trees in figure G.2 must be the same.
(A)

In order to complete the proof all we need is to show that e;
(B

7

= eEB) and eg-A) = eg-B). The

fact that d; = 6§A) +dg?) =e )+d£f) immediately implies el = egB), hence Ty =Tg. 0O

i
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Appendix H

All Planar Collections of Feynman

Diagrams for (3,6)

Below we reproduce for the reader’s convenience table 1 of [12] which contains all 48 planar
collections of Feynman diagrams for (3,6). The notation in this case is very compact and
requires some explanation. Each collection for (3, 6) is made out of 5-point trees. The tree
in the i*"-position must be planar with respect to the ordering (1,2,...,7,...,n). There
is a single topology of five-point trees, i.e. a caterpillar tree with two cherries and one
leg. Therefore it is possible to specify it by giving the label of the leaf attached to the leg.

Using this, each collection becomes a one-dimensional array of six numbers.
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Planar collections of treesin k =3 and n =6

Collection Trees Collection Trees
Cy [4,4,4,3,3,3] Cos 6,6,6,5,4,1]
Co [4,4,4,3,6,5] Cos 6,6,6,6,6,3]
Cs [4,4,4,3,2,2] Cor 6,6,6,1,1,1]
C, [4,4,4,1,4,4] Cos [6,6,6,2,2,1]
Cs [4,4,4,1,1,1] Cao [6,3,2,5,4,1]
Cs [4,4,6,6,6,5] Co 6,3,2,1,1,1]
C [4,4,6,6,2,2] Ca1 6,3,2,2,2,1]
Cs [4,5,5,5,4,4] Csa 2,5,5,5,2,2]
Cy [4,6,6,5,4,4] Cs 2,5,2,2,2,2]
Cio [4,6,6,2,2,4] Csy 2,1,4,3,3,3]
Cn [4,1,1,1,4, 4] Css 2,1,4,3,6,5]
Cio [4,1,1,1,1,1] Cs6 2,1,4,3,2,2]
Ci3 [4,3,2,5,4, 4] Cs7 2,1,6,6,6,5]
Ciy [4,3,2,2,2,4] Cas 2,1,6,6,2,2]
Cis [5,5,4,3,3,3] Csg 2,1,1,1,3, 3]
Cis [5,5,4,3,6,5] Cao 2,1,1,1,6,5]
Ci7 [5,5,5,5,2,5] Cn 2,1,1,1,2,2]
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Planar collections of trees in k =3 and n =6
Collection Trees Collection Trees
Cis [5,5,6,6,6,5] Ca2 13,5,5,5,4, 3]
Cig [5,5,1,1,3,3] Cas 13,5,5,1,1, 3]
Ca0 [5,5,1,1,6,5] Casg 3,3,6,3,3,3]
Cor [5,5,2,2,2,5] Cus 3,3,6,6,6, 3]
Coo [6,5,5,5,4,1] Cas 3,3,2,5,4, 3]
Cos 6,5,5,1,1,1] Cu7 3,3,2,1,1, 3]
Coq 6,6,6,3,3,3] Cas 3,3,2,2,2, 3]

Table H.1: All 48 planar collections of trees for n = 6 in a compact notation tailored to

this case and explained in the text.
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Appendix I

Proof of —P; = & — sT" in holographic

magnetized plasma

The proof follows the argument for the universality of the shear viscosity to the entropy

density in holographic plasma [57].

Consider a holographic dual to a four dimensional' gauge theory in an external magnetic
field. We are going to assume that the magnetic field is along the z-direction, as in (6.27).
We take the (dimensionally reduced — again, this can be relaxed) holographic background

geometry to be
dsi = —ci dt* + & (do” + dy®) + & dz° + ¢ dr?, c; = ¢i(r). (I.1)

At extremality (whether or not the extremal solution is singular or not within the trunca-

!Generalization to other dimensions is straightforward.
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tion is irrelevant), the Poincaré symmetry of the background geometry guarantees that
Rtt + Rzz — 07 (12)

where R, is the Ricci tensor in the orthonormal frame. Clearly, an analogous condi-
tion must be satisfied for the full gravitational stress tensor of the matter supporting the
geometry

Tu+T.. =0. (1.3)

Because turning on the nonextremality will not modify (I.3), we see that (1.2) is valid away

from extremality as well. Computing the Ricci tensor for (I.1) reduces (I1.2) to

1 122 129
0=Ru+ R.. = d {(ﬁ> %} = <ﬂ> i p— (1.4)

c1c3esey dr |\ es cy cs 4

Explicitly evaluating the ratio of the const in (I1.4) in the UV (r — o0) and IR (r — Thorizon)

Wwe recover
E+ Pp

0= sT

-1, (L.5)
for each of the models we study.

We should emphasize that the condition (I1.2) can be explicitly verified using the equa-
tions of motion in each model studied. The point of the argument above (as the related

one in [57]) is that this relation is true based on the symmetries of the problem alone.
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Appendix J

Conformal models in the limit

T/VB>1

In holographic models, supersymmetry at extremality typically guarantees that equilibrium
isotropic thermodynamics is renormalization scheme independent (compare the N' = 2*
model with the same masses for the bosonic and the fermionic components m; = mj,
versus the same model with mj # m3 [54]). This is not the case for the holographic mag-
netized gauge theory plasma in four space-time dimensions, see [112] for ' =4 SYM. In
this appendix we discuss the high temperature anisotropic equilibrium thermodynamics
of the conformal (supersymmetric in vacuum) models. For the (locally) four dimensional
models ( CFT g0y, CFT g7y and CFT pyy,—o ) matching high-temperature equations of state
is a natural way to relate renormalization schemes in various theories. In the CFT py,—o0

model, which is locally five dimensional, magnetized thermodynamics is scheme indepen-

dent.
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J.0.1 CFTgry

The high temperature expansion corresponds to the perturbative expansion in b. In what

follows we study anisotropic thermodynamics to order O(b*) inclusive. Introducing

a; =1+ Z ai,(n) b2n, as =1+ Z Q3 (n) b2n , a; =1+ Z a4,(n) an,
n=1 n=1 n=1 (Jl)

p:1—|—2p(n)bzn, V:1—|-Zl/(n)b2n,
n=1

n=1

so that (see (6.36) and (6.37) for the asymptotics)

o oo o0

2n 2n 2n

a2 = E a1,2,(n) b, az2 = E 2.2, (n) b, ™= E T1,(n) b,
n=1 n=1 n=1

o0 o0 o0
2n 2n 2n
ny = 5 ni,m) b7, aypo =1+ g ai n,o,n) 07, aspo =1+ g az.n,0,n) b7,
n=1

n=1 n=1

T'h’[) =1 + Z Th,(),(n) an s nh70 =1 + Z nh,o,(n) b2n s
n=1 n=1

(J.2)
we find
m at order n = 1:
4 2
_n X + 3 Vi 128[[‘
0= 2,(1) + x(x4 _ 1)(12,(1) - 21 (JS)
4t 4(161‘4 + CL47(1))
0 :aib(l) - 3($4 . 1)01/2,(1) ZE(.%A IR 1) 3 (J4)
2(z* =3 4(162* — 3a
0 :all,(l) =+ ( ) I ( 4,(1)) (JS)



7" a' +3 / 4(16:64 — 310(1))

0= J.6
p(l) + l’(l‘4 — 1)p(1) + 3%’2(1’4 — 1) ) ( )
i+ 3 4(162* + v(1))
0 =" /SN S o A J.7
Yay + T 1)”(1) 22(zt —1) (J.7)
» and at order n = 2 (we will not need p(y and v(y)):
'+ 3 1282* + 24ay 51222 (v(1y — p(1y)
. / / 2 (1) (1) — P@)
0=t + e ~ (o) T —gary o T T 19
- 1281‘2(2a4’(1) — 3(12’(1))
-1 ’

4334 4(1,4,(2) 2 1 2 %(1’4 — 9) 2
0 :ail,(Z) — —3<5L‘4 — 1>(I,27(2) + x($4 — 1) + 2'1; (pl(l)) + g(ygl)) + 9($4 _ 1) (aév(l))

B 4(3x4a4’(1) — 3&27(1)1’4 — 321’4 -+ 6&47(1)) i 8(<U(1))2 + 3(/)(1))2)

/
O(zt — 1) “2,) 3z(zt — 1)
256I3<V(1) — p(l)) 2(96%4(147(1) — 128&27(1).T4 + 3(@4,(1)>2)
— _.I_ ,
xt—1 z(zt —1)
(J.9)
2(z* — 3) 4 z(z* = 9) 8(viyy +300)
0= / ! . ! 2
ot 3T 2o T g o1 ® T geroy) L) T T ary
B 2(3as,(1yz* — 3ay,yz* — 642* — a1y + 12a4,1) + 9a17(1))a, B 2 (ar)?
9(zx* — 1) 207 et —1) 0
1 4(321’4 — 3@1 1)) 643]3(@1 1 —46L2 1))
2 / 2 - / 2 7( 7( ) 7(
+ 2 <(P(1)) + 3(’/(1)) ) 3z(zt — 1) aq,1) + 3(zt — 1)
B 25623 (V1) — pay)
3zt —1) '
(J.10)
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Egs. (J.3) and (J.4) can be solved analytically:

ag,(1y) =32 <1n(x) In(1+ z) — dilog(z) + In(z) In(1 + 2°) + dilog(1 + z)

1
+ 5dilog(l + x2)) +

1624
a,) :3(:1:4 - 1)

16
_7T2 s

3

+8In(z) In(1 + z) — 121n(x)),

(7* — 8dilog(z) + 8In(z) In(2® + 1) + 4dilog(z” + 1) + 8dilog(1 + z)

(J.11)
while the remaining ones have to be solved numerically. We find:
(n) | a12,m) a22,m) | TLm) | M)
16 _ 1672 4
)| 375 8 —3m* | 4m? (J.12)
(2) | 1541.8(0) | -3358.0(0)
(n) | aino,m) 2,1,0,(n) T'h,0,(n) Th,0,(n)
(1) | -7.2270(2) s -9.770(3) | 29.310(9) (J.13)
(2) | 1336.5(8) | -2069.9(8)

An important check on the numerical results are the first law of thermodynamics FL

(6.45) and the thermodynamic relation TR (6.47). Given the perturbative expansions

(J.2), we can represent

where

FL =Y flum b,
n=1
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TR = i trn) b2 ,

n=1

(J.14)



m at order n = 1:

2
flay 0= 302h0,(1) ~ 16 — a1,1,0,(1) 5
iy (J.15)
treay : 0= —2az,0,1) — 3 2a12,(1) — A1,,0,(1) ;
m and at order n = 2:
896 2 2 19
[l 0= 9 gal,h,O,(l)aZh,O,(l) + aih,o,(l) - 27721,07(1) - g”i,o,(l) + gag,h,o,(l)
N 64n 64 4 n 32 N 10
— ——r ——a —a —a
3 h0.() T FTho) T 30222 T l2n0m) T 5 02n0,02)
+ 16ay1 p,0,(1) — G1,h,0,2) T 201,2,(2) 5
128
tr(g) : 0 = 2ay 4,0,(1)a2,n,0,1) + 201,n,0,1)01,2,(1) + aih,[},(l) +4ag p,0,1)01,2,01) + =
2 32 16
+ 3a§,h,0,(1) - 27”}21,0,(1) - gni,o,(l) + ?alﬁ,(l) —2a12,2) + Ealvhﬂoy(l)
64 64
— a1p,0,2) +32a2,5,0,(1) — 202,5,0,2) — ?Th,(),(l) + ?nh,o,(l) .
(J.16)

Using the results (J.12) and (J.13) (rather, we use more precise values of the parameters
reported — obtained from numerics with 40 digit precision) we find

m at order n = 1:

floy: 0=-7.7822(6) x 107", trgy:  0=-7.1054(3) x 107;  (J.17)

m and at order n = 2:

fley 0=-1.9681(5) x 107%,  try: 0 =2.4872(6) x 1075 (J.18)
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Using the perturbative expansion (J.2), it is straightforward to invert the relation be-
tween T'/+/B and b (see (6.40) and (6.30)), and use the results (6.39) with (6.43), along with
the analytical values for the parameters (J.12) and (J.13) (and the analytical expression

for ay 0,1y obtained from (J.15)) to arrive at

4B2 T ™ ag2(2) B
R =1—-—— In—— — T 5 In® —=
CFTsru AT n M\/§ + (18 512 3 e u\@) ™ N

4B T T\ B B® ,T
—1 In —— + ( —6.67694906(1) + 8 In* — | ——+ O ( =—In* =] .
! 2+( Ok nu\@) oo7s T ( n )

It is important to keep in mind that the value a3 (o) is sensitive to the matter content
of the gravitational dual — set of relevant operators in CFT g7y that develop expectation

values in anisotropic thermal equilibrium.

J.0.2 CFTpywmo

The high temperature expansion of the Z, symmetric, x = 0 phase, of anisotropic CFT pyy, =0
plasma thermodynamics corresponds to the perturbative expansion in b. In what follows

we study anisotropic thermodynamics to order O(b*) inclusive. Introducing

ap =1+ Z a1,(n) b , ar =1+ Z az,(n) p*n , as =1+ Z 4, (n) b ,
n=1 n=1 n=1

o = i A (n) an,
n=1

(J.20)
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so that (see (6.56) and (6.57) for the asymptotics)

o0 oo o0

2n 2n 2n

a220 = g a2,2,0,(n) b, A420 = E 4,2,0,(n) b, Q1o = E A1,0,(n) b,
n=1 n=1 n=1

o0 o
apno =1+ Z a1 po,m) b7 agpo =1+ Z ag,h0,(n) 7", (J.21)

n=1 n=1

Tpo =1+ ZTh,o,(n) b,
n=1

we find

m at order n = 1:

0 =a ) + gj(x;j_?)l)“'z (1)~ ;428_x21 ) (J.22)
0 =dj ) — 3(;xi 1)0/2,(1) 4(13??:;:&3(1)) ) (J.23)
0 :all,(l) + ;Ezj : LB /2,(1) 4(136;313&:?@3(1)) ) (J.24)
0 =ay, + %a’m + 4(;?&1301()”) ; (J.25)
» and at order n = 2 (we will not need a(y)):
0 =ay, 5 + %aim + 12?5(; 2_4?;7(1) 1y = (d,1))* 26)

B 128x2(2a47(1) + 404(1) — 3(127(1))
x4 —1 ’
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4ot z(zt —9)
1 ! I \2 l 2
0=ay@ — 3@ —1) 1)%,(2) + 2z (oqy))” + o —1) (a5,1))
_ 4([)54(3@47(1) — 3(127(1) - 32) + 6&47(1)) , 804(1)(325(]4 + a(l)) (J 27)
9(zt —1) 2(1) z(zt —1) '
n 2(321‘4(30/47(1) — 4@2’(1)) + 3@1217(1) ‘I— 20147(2))
z(zt —1) ’
2(z* - 3) z(zt —9) 2
7 / / 2 4
0 =ay o) + m%,(z) + m(%,(l)) + 9 -1 2" (3a1,1) — 3az,) + 64)
8a? 25623
1) 1)
_ 9(117(1) — 12&47(1) + 9a27(1)>a’27(1) + 2?[7(0/(1))2 . x<m4 - 1) 3(£B4 — 1)

3x(zt —

2
1)

(6&47(2) + 321‘4(4CL2’(1) — a17(1)) + 2(147(1)(—321’4 + 3(1,17(1)) + 3&27(1)) .

(J.28)

Egs. (J.22) and (J.23) can be solved analytically, see (J.11), while the remaining ones have

to be solved numerically. We find:

(n) a2.2.0,(n) 4,2,0,(n) A1,0,(n) Q1,h,0,(n) a2 h,0,(n) Th,0,(n)
(1) 8 o0 | Az2 1 7.2270(2) | Ax? | -0.770(3) (J.29)
(2) —1203.9(2) 1064.0(4) 652.34(4) —863.4(3)

An important check on the numerical results are the first law of thermodynamics FL

(6.66) and the thermodynamic relation TR (6.67). Given the perturbative expansions

(J.21), and using the representation (J.14), we find:

m at order n = 1:

fl(l) :

tT’(l) .

0= 5G2,1,0,(1) — 16 — Q1,h,0,(1) »

3
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(1.30)

0= —2az,0,1) — 48 — a1,n,0,1) + 4a22,0,(1) + 2a420,1) ;



m and at order n = 2:

Lo 2 896 32 10 9 19 ,
/ (2) - 0= —§a2,h,0,(1)al,h,o,(1) + 7 + §a2,h,0,(1) + §a2,h,0,(2) - 27”;170,(1) + ECLQ’ML(D
16 64
+ aih@,(l) — 806307(1) — A1,4,0,(2) — gaz,z,o,(z) - 2614,2,0,(2) + 16611,}1,0,(1) - Erh,o,(l) )
2432
tr(2) : 0= —9 - 8a2,2,0,(1)a2,h,0,(1) - 4a2,h,0,(1)a4,2,0,(1) - 4a1,h,0,(1)a2,2,0,(1)
9 352
— 2a1,1,0,(1)04,2,0,(1) T A7 p 0,1y T 48a1,1,0,1) — A1,h0,2) T TGQ,h,O,(l) — 2a9,,0,(2)
9 9 9 64 64
+ 2a2,1,0,1)01,0,0,01) T 3“2,h,0,(1) - 27"h,0,(1) + 80‘1,0,(1) - ?Th,ﬂ,(l) - §a2,270,(1)
32
+4az 0,2 — 3 0420,0) + 2a4.2,0,(2) -
(J.31)

Using the results (J.29) (rather, we use more precise values of the parameters reported —
obtained from numerics with 40 digit precision) we find

m at order n = 1:

flay : 0= —7.7822(6) x 10715, tra) 0=—2.9555(5) x 1071,  (J.32)
(1) (1)

m and at order n = 2:

fla 0= —1.6451(1) x 107°, tre) : 0 = 2.2505(2) x 107°. (J.33)

Using the perturbative expansion (J.21), it is straightforward to invert the relation

between T'/+/B and b (see (6.64) and (6.30)), and use the results (6.62) with (6.43), along

306



with the analytical values for the parameters (J.29), to arrive at

R =1- In — — =2 Z 48 I ——
CFT pw, m=o En nuﬂ+ 18+ 519 3—1— nu\/ﬁ

4B2 T (71’2 a272’07(2) 2 T ) B4

e M
i nﬂ\/g+ w2) w¥T8

4B? T T B* B .T
(—2.4697(5) +8 In? —> ——+ 0 <— In’ ﬁ) :

Note that while the first line in (J.34) is equivalent to the corresponding expression in

(J.19), the numerical values (compare the second lines) are different: this is related to

the fact that the value ag 2,2y in the CFTpy,,,—o dual is “sourced” by a single dimension

A = 2 operator (the scalar field « in the holographic dual), while the value as 2 (9) in the

CFTgry model is “sourced” by two dimension A = 2 operators (the scalar fields p and v

in the holographic dual).

J.0.3 CFTpwm-c

The high temperature expansion corresponds to the perturbative expansion in b. In what

follows we study anisotropic thermodynamics to order 0(54) inclusive. Introducing

ap =1+ Z a1,(n) B2n , as =1+ Z a2, (n) ZA)Qn , as =1+ Z 4, (n) an ,
n=1 n=1 n=1

P=Y_ pw 0™,
n=1
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so that (see (6.36) and (6.37) for the asymptotics)

o0 o0 oo

72n 72n 72n

a15 = E Qa1.5,(n) b, g5 = E a3 5,(n) b, b3 = E P3,(n) b,
n=1 n=1 n=1

o0 o0
aipo =1+ Z a1 nom b, agpo = 1+ Z az.p.0,(n) b (J.36)
n=1 n=1
Pho =1+ th,o,(n) o
n=1
we find

m at order n = 1:

5 2
/ x° +4 32x
0=030) * (5 1220 " g5 1) (J.37)
1 ) 4
o / 6 4
0=ayq) — @~z (zﬂzmi’f —Sa4,1) — 37 > : (J.38)
3z° -8 1 4
. ' 4
0 =aya) 4(z5 1)a2,(1) + @ — 1)z <§l’ - 5a4,(1)) , (J.39)
5
+4 1 8
0 =ply + — 0 - 6p) — = ) ; J.40
Py ¥ x(zb — 1)])(1) x?(z° — 1) ( P = 9* ) (.40)
» and at order n = 2 (we will not need p()):
5 4
o > +4 ;o 2042t +45ay ) ,
0=too+ s @ ~ (o) ¥ —grs gy %o oy

L 32 2 2
9(:135_1) 2,(1) 4,(1) Py | >
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1 (5 1
0 l 6 1 2
U=aie) s o) (Z“Q@x - 5a4’(2’) T3 =0 T o (

x 1
A5ay,1yx” — 45a,1)2° — 82" + 90“4’(1))“/2,(1) + 5(]9,(1))2 + 6x(x® — 1) (16:1:4p(1) -4)
+ 24atay (1) — 32a9,(1yx* + 18pfy, + 4543
g ; (1) 4,1) | >
1 3 6 IL'(JZE) _ 6) ) T )
0=aj o + @ =1 (Zaé:@)w — Day,2) — 2a/2,(2)x> + S -1 (ay,1y)* + E(pl(l)>
1
+ —36(1‘5 — 1) (27@1,(1)%’5 — 27&27(1)1‘5 —+ 8,1;4 — 72@17(1) - 90(147(1) + 72@2,(1))6/2’(1)
1
- —18x(x5 Y (45@?1,(1) — 16x4p(1) - 8a1,(1)x4 - 16:104@47(1) + 32a2y(1)m4 + 54p%1)
+ 90@17(1)6L47(1)) .
(J.43)

Eqs. (J.37) and (J.38) can be solved analytically’, while the remaining ones have to be

solved numerically. We find:

(n) a1,5,(n) a2,5,(n) D3,(n) ai,p,0,(n) @2,1,0,(n) Ph.0,(n)
(1) | 0.25581(6) | —22 | -0.645(2) | -0.12878(5) | 0.27576(4) | -0.25155(9)
(2) | 0.22327(6) | -0.5489(8) 0.20658(5) | -0.2934(9)

(J.44)

An important check on the numerical results are the first law of thermodynamics FL
(6.94) and the thermodynamic relation TR (6.95). Given the perturbative expansions
(J.36), and using the representation (J.14), we find:

'However, the resulting expressions are too long to be presented here. For the same reason we report
only the numerical expression for as j 0 (1)-
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m at order n = 1:

4 2 1
Sl 0= 5 T %A T Gho) + 502515
" (J.45)
tra) : 0= RV 2a24,0,(1) — 2G1,5,(1) — A1,4,0,(1) ;
» and at order n = 2:
fl 0= > 42 ! + aj L1
: —a a ——a a a
2) 675 T 5@ 0@h0,1) T FA1h0,(1)%25,1) Lho,(1) T 15 @20,0,1)
8 4
9 = _ _ _
+ 2ag p0,(2) + 45a1 h,0,(1) — 1,h,0,(2) 45ph0(1) 225Cl25( )
3 8 6 3
~ 5 025,2) + ) + 5015,(2) gph,o,u) + a2,h,0,(1) ; (1.46)
8 8 8 3
tr) : 0= 675 + —56L2 h0,(1) — 202,h,0,2) — Eph,o,u) 5]%0 )+ 3‘12 h,0,(1)

+ 4a2 1,0,(1)01,5,(1) T 202,,0,(1)@1,1,0,(1) T 201,5,1)01,h,0,(1) T aih,o,u)

—2a15,(2) — arno,2) t+ an h,0,(1) T+ 4—5a1 5,(1) -

Using results (J.44) (rather, we use more precise values of the parameters reported —
obtained from numerics with 40 digit precision) we find

m at order n = 1:

flay - 0= 1.8010(4) x 1072, tra) 0 = 9.8392(9) x 107*2; (1.47)
(1) (1)

m and at order n = 2:

fly: 0=-1.0535(2) x 107",  tro:  0=-3.3646(2) x 107>,  (J.48)
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Figure J.1: Numerical checks of the first law of thermodynamics d€ = T'ds (left panel,
fixed B and m) and the basic thermodynamic relation F = —Pp (right panel) in the

nCFT,, model with m = v/2B. The dashed parts of the curves indicate thermodynamically
unstable branches of the model.

Using the perturbative expansion (J.36), it is straightforward to invert the relation

between T'/v/B and b (see (6.93)), and arrive at

3125 B2
512 250

390625
ReFTpw,mece

wEan + 1718592 (90611,5,(1)612,5,(1) + 180ay 4,0,(1)a2,5,(1)

2 B4 RS
625 B2 4

B B¢
= Ti4 T4 + 7.2682(1) —ST% +0 71z ) -

J.1 FT and TR in a nCFT,, model

1+

(J.49)

In this appendix we verified the first law of the thermodynamics (FL) and the basic ther-

modynamic relation F = — P, (TR) in various anisotropic magnetized holographic plasma
models perturbatively in

\/TE > 1. In fact, we verified both constraints, in all the models

considered in chapter 6, for finite values of \%. In Fig. J.1 we present the checks on these
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constraints in the nCFT,, model with % =1.
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