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Nonlinear limits to ocean thermal structure

by N. P. Fofonoff!

ABSTRACT

The nonlinear volume changes associated with diffusion and mixing of different seawater types
produce significant conversions of gravitational potential energy to kinetic energy to maintain and
enhance mixing processesand to limit the magnitudes of temperature gradients that can persistin the
ocean. Several examples are given to illustrate these critical temperature gradients beyond which
conversionexceeds local energy consumption by mixing.

The vertical temperature gradients in the Gulf Stream reduce downstream from Cape Hatteras to
the critical limit found in the North Atlantic thermocline. The limiting gradients are also seen in
surface thermoclines and in “‘staircase” structures. Although the theoretical interpretation of the
nonlinear limiting processes is still incomplete, the observationalevidence is compelling for further
study of these mechanisms.

1. Introduction

The change of volume that occurs when two masses of seawater of different tempera-
tures and salinities are mixed together has several dynamical effects on the distribution of
ocean properties. The change is usually a reduction of volume because of the increase of
the thermal expansion coefficient with temperature. The volume decrease of the warmer
water exceeds in magnitude the volume increase of the colder water. If the initial densities
are the same because of salinity differences, the mixtures are of higher density and can
result in a gravitational instability. This effect, usually called “‘cabbeling,” has been
examined by many authors starting with Witte (1902) (Fofonoff, 1961; 1995).

The change of volume also occurs because of the dependence of compressibility on
temperature. Cold water is more compressible than warm water. An increase of pressure on
a column of water can also result in a gravitational instability, for example, for a
convergent cold layer overlying warmer water. This type of convectional instability has
been described by Gill (1973). A similar instability in the atmosphere caused by a change in
pressure and release of latent heat by condensation is referred to as a Conditional
Instability of the Second Kind (CISK), (Charney and Eliassen, 1964).

Another effect, discussed by Eckel (1949) and addressed in the present paper, is the
change of Gravitational Potential Energy (GPE) accompanying the displacement by
mixing of seawater masses relative to the geopotential field. A change in volume of a
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seawater element has an external or global effect as well as a local effect because the
volume change shifts mass relative to the geopotential field. This shift contributes to
available potential energy and can exceed the local energy required for the displacement.
The possibility of an instability and enhanced mixing exists that needs to be evaluated.

The changes of GPE are examined by evaluating the total change of GPE for two
extreme cases. First, a mass element in a column of seawater is isolated from its
surroundings and allowed to proceed by molecular diffusion toward equilibrium. The
second consists of an isentropic exchange of mass elements followed by mixing by
diffusion with surrounding seawater. This case is considered a simulation of active
turbulent mixing. In both cases, if the total change of GPE is negative, i.e. the global
decrease in GPE exceeds in magnitude the local increase, conversion of GPE to kinetic
energy is possible and can result in accelerated or sustained mixing locally. The reduction
in volume by mixing contributes to a downstream slope of pressure surfaces which become
“slippery” when the decrease of global GPE of the overlying mass exceeds in magnitude
the local increase and energy dissipation.

The magnitude of the volume change depends primarily on the vertical temperature
gradient, although horizontal gradients can also contribute. A critical temperature gradient
is reached when the external changes of GPE are equal and opposite to the local changes.
Gradients larger in magnitude than the critical value will yield a net decrease of GPE and
are assumed to be associated with higher mixing rates and structures with shorter time
scales. Critical temperature gradients are reached at lower magnitudes than the diffusive
gradients for the mixing case if the salinity gradient is destabilizing. Temperature gradients
exceeding critical magnitudes are assumed to be indicative of regions of active mixing.

A number of examples are presented for which these two cases appear to limit the
vertical temperature-salinity structure of the water column and may represent criteria for
identifying active mixing regions of the ocean.

2. Isenthalpic perturbations by diffusion

If a portion of a seawater column is insulated from its surroundings and allowed to
proceed toward equilibrium by molecular diffusion, the difference between the final and
initial volumes, AV = V/ — Vi can be estimated as follows:

Let m represent a mass variable over a column segment from z; to z, of total mass M:

4 20
m= f} pdz, M= f} pdz,
where 7 is the vertical coordinate. The local change of GPE, AY,yeu, is given by:
M . M
M = J 1070m) = ¢ 0m) dm = [ Am) dm,

where ¢/, ¢/ are the initial and final values of geopotential, ¢ (m) = ¢, + J(;m gou(m) dm,
where ¢ is the geopotential at the bottom of the mass segment, g is gravity and a.(m),
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specific volume, a function of pressure p, temperature ¢ and salinity s. The global change of
GPE, because of the change of volume of the segment, is given by:

M
Mg = pODAV = p(M) [ Acsim) dim.
The total change of GPE is, therefore,
M M M
Mgt + Dlica = p) [ Acsimy dm + [ Apmy am = f] Apomy dm. (1)

The change of any thermodynamic function A(p, ¢, s) from initial to final states, AA =
J(;M (M — Ay dm, can be estimated by expanding the function as a Taylor series in m and
integrating over the column segment:

A= [ Mo = gt + 28 Lpg 4 L e
o Ardm =AM S AT 6" dam’

m

Expanding AA in terms of pressure p = p, — gm, enthalpy &, and salinity s yields:

OA p 1 D
AA:% Ap +5Ad—M2+gAwM3+
oA 1 dh 1 d*h
+E{AhOM+EAEM2+EAwM3+--}
oA 1 ds 1 Zs
+a—s{As0M+EAEM2 6AEM3
N 1M3 {_ %) dp a4 O\  dh dn 4 (6k) ds
6 dm\op|  dm dm oh|" dm " dm\os

As no heat or mass is exchanged with the surroundings, the total mass M, enthalpy H, and
salt content S of the column segment are conserved, i.e.,

A=A [ an=0,  Ap=gAM=0

AH J.MAhd Ah,M 1A hMZ 1A 2hM3 0

=J, m = AhyM + + > +..-=
J.M 1 ds ) 1 d2S 5

AS = 0 Asdm = ASOM +=A M2+-=A 2 M+ ...=0.

Applying the conservation equations, the change AA reduces to:
AA [ 6k) dh (6k) ds}
=-M — 4+ —
oh dm \ Os

6 [ dm @
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The total change of GPE is given by substituting A = pau(m):

o
Pon

?dm

M3 d
A Xeoal =

dh d ( 60() ds}
— _l’_ — — —
dm  dm\’ s

The enthalpy gradient can be replaced with the temperature and salinity gradients:

dh

Ad— CA +CA—~CAdm

since C, = (6h/6s)1,’, is small (Feistel and Hagen, 1995). The total change of GPE can be
approximated by:

M3[d | o) dt d | oo ds
Athalg_d_pa_t pa_s

o 3)

neglecting variations of specific heat C,.
Assuming that the temperature and salinity gradients are perturbed by diffusion, the
changes within the segment by the vertical fluxes of heat and salt are approximated by:

dt 5 dt
= _pcpktd_z =P Cpktﬁ
o 2k[ds (ds)
T TP dm  \dml,,;

where k,, k, are molecular diffusion coefficients for heat and salt.

As salt diffusion tends toward an equilibrium equalizing chemical potential, the
equilibrium salt gradient is different from zero. Over a time interval T, the heat transfer
across the middle of the segment AQ is given by:

dt

M M dt
= ~ —_— — ~ —N2 —_—
ro=J ' CyAtdm = I ) o\ (i = MP2) dm = —p2C, k.

which yields an estimate for the temperature gradient perturbation:

“)
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Figure 1. R/V Endeavor#214 CTD section across the Gulf Stream. Arrows show averaged velocities
in the upper 1000 m (Pickart and Smethie, 1993).

so that the total change of GPE is:

6oc

) ds
6t dm

dm

d ( 80()[5&9
p&s dm

equil :| }

The contribution from the salt diffusion is small k; < k; so that the total GPE change is
approximated by:
dt
-— (&)

dm’

4 d
AXmml = _EMp T k -

oo

A Kool = — 5 Mp T at

4 [d
3

The temperature gradient dt/dm is generally positive so that potential instabilities will
occur if p(0a/Ot) decreases with depth and pressure.

Examples of the variation of p(0a/Or) versus pressure and potential temperature are
taken from a CTD section (Fig. 1) across the Gulf Stream (Pickart and Smethie, 1993) and
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Figure 2. Plots of p(da/dt) vs. pressure p (a), and potential temperature (b) for the CTD section
shown in Figure 1.

shown in Figure 2. If p(0o/Or) is constant with pressure while the temperature is
decreasing, the potential instability can be seen more dramatically by plotting against
potential temperature (Fig. 2b), especially for the near surface thermocline at CTD #25.

A critical diffusive temperature gradient (dt/dm);; occurs when:

d| oa| oudp Pa dp %o dt) o’ ds
— ===t —|— +t——|=
dm!|” ot ot dm Otdp dm o2 ldm i Ot0s dm
Solving for (dt/dm)y yields:
[dt [‘60( o | oo dSW o |t [dt
—_— = — J’- —— —— —_— —_— = — g|=— .
\dm| gy far TP Otdp) P oi0s amll? a2 a\dz‘d[ff g\dp‘d[ff ©)

Discussion and examples of diffusive and turbulent critical temperature gradients are
given in Section 4.

3. Turbulent mixing

Turbulent mixing is simulated by an adiabatic vertical exchange of two elements of
equal mass dm followed by mixing by diffusion with a surrounding water mass edm where
the ratio may vary over the range 0 < € < ©, The contribution to GPE consists of three
parts. The elements exchanged are equal in mass but different in volume, thus shifting the
column between them. This shift produces a local change of GPE and an equal net change
of enthalpy of the two elements. The exchanged elements have different compressibilities
so that a net change in volume of the elements shifts the surrounding water relative to the
gravitational field producing a global change of GPE. The internal energy of the two mass
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elements is changed by an equal magnitude but of opposite sign. Mixing by diffusion with
surrounding water after the exchange will not change enthalpy but, because of the volume
change, will produce a global change of GPE and an equal but opposite change of the
internal energy of the mixed mass elements.

The adiabatic exchange of mass elements produces a local GPE change, Ay, by
shifting the water column of thickness Az and mass pAz vertically by the difference in
thickness of the exchanged mass elements (o, — o/ )dm, i.e.,

AXI()C = pgAZ((X«j; - (X‘[l )dm

The initial volume element at level 2, Oté, is shifted vertically downward to level 1 by Az so
that:

oo

62 Az + -

oy =0, —

Substituting and expanding by Taylor series yields:

60(A}d [doc (6oc
zaz m—pgdz 07

Aioe = pgAZ{Oté -y - ( B }Az 2dm = 2dmAz’E,,, @)
where E;,, = 14N? is the GPE change per unit mass and unit displacement and N is the
Brunt-Viisild frequency.

The external change A, results from the different compressibilities of the exchanged
elements shifting a mass py/pg vertically by the volume change per unit area, i.e.,

. . dx [0k
AXext = pO(a‘é - alZ + (x‘j; - (x‘ll )dm = pOg d_ - a_ Azzdm = deAZZEext’ (8)
Z 21,
where k = —1/,(00/0p), is adiabatic compressibility.

The exchanged mass element dm is mixed by diffusion with €dm of surrounding water at
level 2. The change of volume on mixing, (see Appendix), is given by:

AV, = (dm + edm)a,,, — (dma/, + edmao.b)
1 edm

~ — -

21+e¢

azAtz-i-ZﬁAtAs-i-gAs

0% %o 0% }

and the contribution to GPE on mixing Y., is given by

1 edm

At2+2—AtAs+—As
21+8

AXmixZ = pOAVZ = pO a a (9)

So %o %0 }
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where

At=1,—1+TAz=0Az
As =s, — 5, = s/Az

A similar contribution A,,;; occurs at level 1, so that

€
AXmix = AXmixl + AXmixZ = _deAZZ € EmLx (10)

The total change of GPE per unit mass and unit displacement is, therefore:

{ djo.— Po( (3( 4 (aa
€ 1 opl, Nop,
EGPE Eloc Ee t m Emix: E [pg dZ az . (11)
i o 2+62—a9s +62—as2‘
T+e? o or2 oos ©° o5 )T

The limiting case for turbulent mixing is assumed to occur for diffusion with a large
volume of surrounding water after the exchange, i.e., € — . The critical turbulent gradient
(dt/dZ)mrb occurs for EGPE =0.

4. Critical temperature gradients

The two types of perturbation described earlier are considered limiting cases for
diffusive and turbulent mixing. The critical vertical temperature gradient for diffusive
mixing is larger in magnitude than the turbulent critical gradient in regions where the
salinity stratification is destabilizing. Salt content is transferred more rapidly by turbulent
mixing than by diffusion alone. In regions of active mixing, the vertical gradients are
expected to lie between these two limits. For vertical gradients below or above these limits,
energy for mixing must come primarily from other sources such as velocity shear produced
by tides or internal waves, for example. Stable maximum vertical temperature gradients
should not exceed the diffusive limit according to this hypothesis if mixing is weak.
Several examples are presented to support this conclusion.

A striking example of a limiting diffusive gradient is exhibited by the North Atlantic
subtropical thermocline. The gradient is assumed to be strengthened by the downwelling
waters driven by convergent Ekman flow in the surface layers and a deep upwelling driven
by convergent deep water flow (Robinson and Stommel, 1959). The vertical gradientin the
thermocline is assumed to increase until limited by mixing processes (Munk, 1966). The
observed gradient reaches the diffusive limit suggesting that the turbulence within the
thermocline is not the dominant energy source. An example is presented from a CTD
section (Fig. 1) across the Gulf Stream. The data are taken from one of a series of sections
carried out by Pickart and Smethie (1993). As can be seen from Figure 2a,b, plots of
p(60/0t) vs pressure and potential temperature show decreasing values where the vertical
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Figure 3. Vertical temperature gradients for R/V Endeavor #214 CTD #22. (+) diffusive critical
gradient; (O) turbulent critical gradient; (—) measured vertical gradient.

temperature gradients within the thermocline exceed the diffusive limit. These occur along
the high-velocity inshore layer of the Gulf Stream where vertical shear is high. On the
ocean side, the vertical gradients are at the diffusive limit. The vertical structure of the
diffusive and turbulent critical gradients at Station #22 is shown in Figure 3. Throughout
the main thermocline from 500 to 1000 dbars, the vertical temperature gradient fluctuates
between the turbulent and diffusive limits with an average close to the turbulent limit. The
conclusion s that the vertical mixing reduces as much GPE globally as is increased locally
throughout the entire thickness of the thermocline. Thus, the volume change represents a
significant secondary source of energy for the velocity field. The vertical temperature
gradients gradually relax downstream to the diffusive limit. At a section along 68W shown
in Figure 4a, b (Hall and Fofonoff, 1993), the average vertical temperature gradient of the
inshore layer in the main thermocline does not exceed the diffusive limit. Although the
average thermocline gradients are at the diffusive limit, small-scale structures can be seen
that fluctuate about this limit (Fig. 5). At gradients below the critical diffusive limit, the
contraction on mixing is not the dominant energy source and presumably plays a lesser role
in mixing processes affecting the vertical gradients.
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Figure 4. Plots of p(6o/0t) vs pressure p (a), and potential temperature (b) for R/V Endeavor #175
CTD section along 68W (Hall and Fofonoff, 1993).
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Figure 5. Vertical temperature gradients for R/V Endeavor #175 CTD #10. (+) diffusive critical
gradient; (O) turbulent critical gradient; (—) measured vertical gradient.
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Figure 6. Plots of p(60./0t) vs pressure p (a), and potential temperature (b) for R/V Knorr #118 C —
SALT HRP #27 showing thermohaline step structure (Schmitt et al., 1987).

A turbulent limit for staircase structures is illustrated in Figure 6a, b. A High Resolution
Profiler (HRP) Station #27, taken during the Caribbean-Sheets and Layer Transects, C —
SALT, project (Schmitt et al., 1987), revealed active salt finger layers at depths of 300 to
500 m. The vertical temperature gradients at the interfaces exceeded the critical turbulent
gradients by an order of magnitude. However, a vertical average over the layers yields
mean gradients at the turbulent gradient limit (Fig. 7a, b). The interpretation is that the
staircase structure derives significant energy from the GPE conversion. A possible
interpretation is that the total step thickness Az and the interfacial thickness Az; adjust to
maintain turbulence in the layer. If the steps in temperature, salinity and velocity are given
by At, As, Au, the average Richardson number R,, is:

oo At oo As
—— _l’_ ——
ot Az Os Az
where A#/Az is equal to the critical turbulent gradient. For the interfacial layer, the
Richardson number is:

2

Au
R, = Nz/(du/dz)z = pg A_Z (12)

s

R = N2dulder = (60(At a(XAS/AMZ
i_N/( udz)” = ps ot Azi+ Os Azi Azi ’
then:
R/R,, = Azi/Az.

For a critical Richardson number at the interfaces, R; < Y, the ratio becomes Az/Az <
1/(4R,,), determined by the average density and velocity gradient.
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Figure 7. Vertical temperature gradients for R/V Knorr #118 HRP #27. The measured gradients are
averaged over npts successive data points overlapped by ovrl for successive pressureintervals. (+)
diffusive critical gradient; (O) turbulent critical gradient; (—) measured vertical gradient.

5. Kinetic energy

The momentum equations yield the following equation for changes of kinetic energy
ke = Youu;:

ok, ok, op o .
pa—t + puja—xj = _”f'a_x, — puja—xj + viscous terms. (13)

The source terms for kinetic energy are the enthalpy flux or pressure work term,
—u;(0p/0x;), and the conversion to and from GPE, —pu;(0¢/0x;). The viscous terms also
contribute depending on the velocity gradients. The primary conversion for displacements
is between enthalpy and GPE, representing hydrostatic balance. Conversion of enthalpy to
and from kinetic energy occurs for flow along a geopotential surface if pressure changes
occur along a streamline. Similarly, kinetic energy is changed for flow along a pressure
surface if the gravitational potential changes along a streamline. Changes in the volume of
a water mass by diffusion and mixing will shift mass and pressure surfaces relative to the
gravitational field and contribute to the kinetic energy changes.
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A similar interpretation can be made from the energy conservation equation:

oo +1) etk dp 0b
P TP T, Pay

+ viscous and diffusive terms. (14)

Volume changes by mixing produce global shifts of mass that do not change enthalpy
requiring, therefore, a conversion of GPE to kinetic energy. This can be seen more easily
for a steady state, Op/Or = 0, where the contribution from mass shifts is between kinetic
energy and GPE.

Using the same adiabatic exchange of two elements of mass dm with velocities u, u, and
mixing with eédm of surrounding water, the change of kinetic energy at level 2 is:

1 1
Ak, = > (dm + edm)(ul)? — 3 (dmu? + edmu3).

Assuming that momentum is conserved, the final velocity u/ will be:
wl, = (u; + gup)l(1 + €).
Similarly, at level 1:

ut = (euy + up)l(1 + )
—1 aY ! 2 2
Ak, = E(dm + edm)(ub)* — E(ssalmu1 + dmus)

so that the total change of kinetic energy is:

du
dz

€ 2 €
= — o gEke' (15)

1
2y = — —
(Ak,, + Ak,)/I(2dmAz?) 2T+

The exchange and mix perturbation produces a total change of energy per unit mass and
unit length, E,,;, of:

€
Ear = Etgeat T Eext — T+e (Ex, + Epic). (16)
Of these, E,,;, can be considered an energy source term for kinetic energy and E;_a source
term for local mixing. The contribution of these two terms depends on the mass ratio € of
mixing with surrounding waters.

The hypothesis proposed here is that long-term stability requires E,,,,; > 0. If the global
changes of GPE offset the local changes, the kinetic energy level will be maintained or
increased. Thus, structures that yield a net decrease of total GPE for local perturbations
will have a more rapid decay rate toward a stable state where any perturbation will increase
the total GPE. Thus, the relative stability of an ocean structure can be examined by
comparing the critical gradients with measured temperature gradients.
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A necessary condition for instability by vertical velocity shear in stratified flow is for the
classical Richardson number Ri = N?%/(du/dz)* = Ep/E;, = 1 (Richardson, 1920), and a
sufficient condition for parallel shear flow for Ri < 4 (Goldstein, 1931; Taylor, 1931). This
range of Ri can be expressed as:

Eloc = Ek(, = 4E10c’

or:

2

du

< 4NZ2,
dz

N =<

The perturbations described above yield an excess of energy for mixing when:

€
1+¢

(Eke + EmLx) = (Eloc + Eext)~

The relative magnitudes of the energy sources and sinks can be described by a modified
Richardson number Ri* defined as:

€
Ri*: =
1+e¢

a7

Elocal + Eext
E + Epy |

For values 0 < Ri* =< 1, the total energy change, E,,, is negative and the mixing is
presumably energized by the velocity shear and the nonlinear contributions. For complete
mixing € = ®©, Ri* < 1.0. For partial mixing € = !4, Ri* has the classical value of .
Comparisons of Ri* and the classical Ri are shown for stations in the North Atlantic (Fig. 8)
and the Brazil basin (Fig. 9).

Both E,. and E,, are linear functions of the vertical gradients of temperature and
salinity, while E,;, and Eke are quadratic functions. Thus, both E,; and Eke are very
sensitive to the averaging used to estimate gradients from measurements using CTDs and
high-resolution profilers HRPs. To examine the dependence on averaging, the vertical
gradients were estimated by fitting a linear and a cubic least-square polynomial in pressure
to the temperature, salinity and velocity measurements. An interval of n cycles ranging
from 4 to 40 at 0.5 decibar intervals was used to calculate a sequence of least-square fits.
Each variable was averaged over m intervals with the fitting interval advanced by novl for
each fit, where novl is the number of overlay cycles with the previous interval. Examples
are shown in Figures 8 and 9. The highest resolution, n = 4, yields values for Eke + E, i
near or above the classical limit, Ri* = /. At the highest smoothing,n = 40, the values are
closer to Ri* = 1. Addition of the nonlinear GPE conversions to the kinetic energy term
results in a closer agreement with these limits. A possible interpretation is that the classical
Richardson number criterion for shear instabilities applies at the smallest scales, while the
modified Richardson number is effective at larger scales. As measurement noise would also
increase the average quadratic mean of the gradient at the highest resolution, the
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Figure 8. R/V Oceanus #218 HRP #47. Vertical distribution of the linear energy parameters, £,
E,y, and the second-order parameters, E,;, E, plotted in units of 107* sec™> The linear
parameters, shown by solid lines, are not sensitive to vertical averaging.

interpretation must be viewed with some caution. However, the fact that the magnitude of
the local and global energy sources, Eke + E,;. falls within the narrow limits set by 1, <
Ri* < 1is strong evidence for the role of the nonlinear contributionsto energy conversions
in limiting vertical gradients in the oceans.

6. Conclusions

The strong dependence of the thermal expansion of seawater on temperature and
pressure places constraints on the structure of the temperature, salinity and density fields in
the ocean. Vertical temperature gradients sharper than the critical magnitudes described
above, will allow more energy to be released to the column above than is consumed by
local perturbations. By analogy, a block of ice placed on a sloping surface will slide and
accelerate until dissipation at the interface reaches the rate of decrease of GPE of the
sliding block. The Gulf Stream is slippery in this sense. Downstream from Cape Hatteras, a
net release of GPE for vertical mixing occurs along the high-velocity inshore layer. The
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Figure 9. R/V S. Johnson #1 HRP #72. Vertical distribution of the linear energy parameters, E,,.,
E,., and the second-orderparameters, Ey , E,;,, plotted in units of 10~* sec™2.

gradients weaken downstream to the turbulent limit and finally to the diffusive limit that is
characteristic of the thermocline gradient throughout the North Atlantic basin.

A very different case can be seen for the staircase structure described by the C — SALT
data. Here, the temperature gradients at the interface layers strongly exceed both turbulent
and diffusive critical magnitudes. However, the vertical average of the gradient over the
staircase scale closely parallels the turbulent limiting gradient. Although the interpretation
is not entirely clear, the effect of the nonlinear energy release mechanism must play an
important role in setting the scales of the staircase structure.

Preliminary examination of CTD and HRP stations in other ocean basins indicates that
the critical gradients play a role in surface mixed-layer dynamics, in equatorial undercur-
rents as well as in structures such as warm/cold rings and meddies. Further studies are
needed.
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APPENDIX

The change of a thermodynamic function, A, resulting from mixing of two mass
elements of seawater, m,, m,, at constant pressure p, can be estimated by expanding the
function in a Taylor series in terms of the conserved properties, salinity s and enthalpy A.
The final values are denoted by a superscript f.

Conservation of mass is expressed by:

Am/=m/— (m;, + my) =0
Total internal energy m/e/, changed by pressure work, is given by:
m/Ae! = mAe; + myAe, = —mpAa; — mpAa,,
which is equivalent to conservation of enthalpy:
my(Ae, + pAa,) + my(Ae, + pAo,) = mAh, + myAh, = m/AR/ = 0
Salinity, interpreted as a mass ratio, is conserved:
m/Asf = mfsf — (ms, + mys,) = mAs; + myAs, =0
Similarly, an arbitrary thermodynamic function, A, changes by:
mAN = m (AN — AN)) + my(AN — ALy) = m AN, + myAd,.

Expanding A\, AL, in terms of the changes of enthalpy, Ak, Ah, and salinity, As,, As,
yields:

o ) e @ P
AN, :EAhl +a_SAS1 6h2(Ahl) +2 Ah Asy + Os2 = As)?) +
oA oA 1[0 A A
Ay =50 Aty 2= Ay = 5 |2 (M) + 255 Al + == (As, P | +
Oh Os Os?

The first-order terms drop out on substituting the Taylor expansions and applying the
conservation equations leaving only the second-order terms for changes of A:
1|0*A A
mAN = — = EE — (m,(Ah,)? + my(Ahy)?) + — ETER (m,AhAs, + m,Ah,As,)
A
+—(m,(As))? + my(As,)?)| +
0Os?
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Since,

mm
my (A Y + my(Ahy)? = ——— (A(h, — hy))?
m; + m,

mAh,As; + m,Ah,As, = m (A(h; — hy)A(s; — 55))
1 2

mm
my (As))? + my(As,)? = ——— (A(s, — 5,))2,
m; + m,

the final expression for the change is:
A A A

% (Ah)* + 2 Shos AhAs + a—sz (As)?

1 mm,
AN = — —— 2
2m; + m,

+ ...

Expressing enthalpy derivatives in terms of temperature and salinity yields:

A = 1 mm, |OPA A2 aZ)LAA O\ Agy2
m = 2 atz(t)+26t6s ts—i-asz(s)
1 OA[O%h %h 0%h

+ ...

A2 - L (Ag)2
o (6t2 (A)> +2 5 AtAs + P (As)

The change of volume by mixing, substituting . for A, is estimated by:
o’ loa o%a }

o
5_t2 (At +2 % AtAs + a—sz (As)?

1 mm,
mfAQ = — = ———
2m; + m,

since the variation of specific heat, C, = Oh/0t, with temperature and salinity does not
contribute significantly to the volume change.
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