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The freshwater pulse-a numerical model with application
to the St. Lawrence Estuary

by Kim- Tai Teel and "Thin-Hock LimI•2

ABSTRACT
The freshwater pulse, characterized by a salinity minimum, has been observed in many

coastal areas. A 2-D numerical model was developed to investigate the laterally averaged
estuarine circulation, and the freshwater pulse in the St. Lawrence Estuary. The effects on the
circulation and salinity of various parameters, including vertical eddy coefficients, river runoff,
the bottom friction coefficient and the open boundary condition were studied.

The freshwater pulse in the St. Lawrence Estuary was simulated using a seasonal variation of
the freshwater runoff. In addition to simulating the downstream propagation and the reduction
of the pulse's amplitude toward both the ocean and the deep water in most of the areas, several
interesting results were produced. These include (I) the finding of the maximum and minimum
amplitudes of the pulse, (2) the increase of the amplitude from surface to deep water in the far
upstream region, (3) the initial formation of the pulse at two surface locations, (4) the increase of
the arrival time from surface to deep water, and (5) the increase of the arrival time for deep
water pulses (at 25 m or deeper) toward the slope region where the upstream shallow water and
the downstream deep water separates. The responses of the horizonal and vertical velocities to
the freshwater pulse were described. Dynamics associated with the distribution, formation and
propagation of the pulse were discussed.

l. Introduction
The freshwater pulse is characterized by a minimum salinity: it originates from

spring runoff and ice melting and has been observed in many coastal areas. One such
pulse is shown for the Gulf of St. Lawrence area in Figure I. From the later arrival and
smaller amplitude of the pulse downstream (Figs. 1,2), we can see that it is developed
in the St. Lawrence Estuary and then advected to the Gulf. Note that the observed
pulses in the Gulf (curves E, F and G) are not originated from local runoff because (1)
the runoff has a maximum value in May (Jordan, 1973), much earlier than the arrival
of the pulses in July and August, and (2) the magnitude of the local runoff is less than
10% of the runoff through the head of the Estuary. It is important to note that this
study only examines the laterally averaged velocity and salinity, and does not involve
the cross-channel variation which can be simulated only through a complicated
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Figure I. The freshwater pulse in the Gulf of St. Lawrence area. The locations where the data of
the curves A, B, C, D, E, F and G were taken are shown in Figure 2 by the corresponding
letters. The data on curves Band D are taken to be the average between the north and south
shore values. A, C-Neu (1982); B-El-Sabh (1979), D-El-Sabh (1973); E, F, G-Lauzier
(1957).

three-dimensional numerical model. An example of the cross-channel variation is the
low frequency eddy motion near the Estuary-Gulf boundary, which was found to be
significantly correlated with the atmospheric pressure (EI-Sabh et al., 1982).

The later arrival and smaller amplitude of the pulse downstream, which is similar to
the characteristic of a tracer, is in line with the classical concept that (1) the pulse is
developed initially near the head of an estuary, and then advected by a mean current
toward downstream locations, and (2) the downstream reduction of the pulse's
amplitude is caused by mixing or entrainment of the pulse with deeper or surrounding
water. However, because the pulse is characterized by a minimum salinity, and
governed by the nonlinear momentum and salt conservation equations, the classical
concept of the pulse may not be adequate. The objective of this study is to investigate
the distribution, formation and propagation of the freshwater pulse in the St. Lawrence
Estuary using a two-dimensional numerical model, and to examine the associated
dynamics.

There have been several recent numerical modelling studies of coastal circulation
(Blumberg, 1975; Hess, 1976; Leendertse and Liu, 1975; Wang and Kravitz, 1980).
They involved a steady or quasi-steady state solution, or a solution that oscillated with
a period on the order of days (such as the tidal oscillation). The transient response of a
simple estuary (50 km long with constant depth of 20 m) to a sudden increase in
freshwater runoff was computed by Wang and Kravitz (1980). In this study, we
investigate the response of the St. Lawrence Estuary to the seasonal variation in
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Figure 2. The St. Lawrence Estuary. (a) The location and the numerical grid system of the
estuary; (b) the topography of the estuary.

freshwater runoff. The study is interesting scientifically because it is the first that
simulates the formation, distribution and propagation of the freshwater pulse in coastal
waters.

Two models are considered in this paper: a model of the S1. Lawrence Estuary whose
topography and the numerical grid system are shown in Figure 2 and a simple model
which has a constant cross-section and a topography similar to the St. Lawrence
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Figure 3. The topography of the simple model.

Estuary (Fig. 3). The simple model is used to examine the sensitivity of the estuary to
freshwater runoff, open boundary conditions, and physical parameters such as eddy
and frictional coefficients.

The construction of the model is described in Section 2. Some computations for the
simple model are given in Section 3. In Section 4, a typical salinity and velocity
distribution in the S1. Lawrence Estuary is described. Discussions of the amplitude and
arrival time of the pulse are given in Section 5. The response of the velocity to the pulse
is examined in Section 6.

2. Metbod of computation
a. Governing equations. The governing equations of the model, averaged over the
width of the channel, are:

au + 2. a(Bu
2
) + ~ (uw) = _ ~ ap + ~ (Nau)

at B ax az Po ax az az

1 a(Bu) aw
---+-=0
B ax az

as + 2. a(Bsu) + ~ (sw) ~ ~ (K as)
at B ax az az az

(1)

(2)

(3)

where (1) is the momentum equation, (2) the continuity equation, and (3) the salt
conservation equation. The notations in the equations are:

x, z ~ Cartesian co-ordinates where x is positive seaward from the head of the
estuary, and z is positive upward from the surface.
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u, w = velocity components in x and z directions,
N, K = coefficients of vertical eddy viscosity and diffusivity,

B = width of the estuary, which is a function of x only,
t = time,
s = salinity,

Po ~ density of the fresh water, and
P = pressure.

Horizontal diffusion is neglected in this study. In the upper part of the estuary (Neu,
1970; see Fig. 14) where the horizontal diffusion is most significant, the distance (Lx)
for 1°/00 horizontal variation of salinity is ~5 km. The value of the horizontal diffusivity
(Ah) is very uncertain. In previous modellings of 2-D estuarine circulation (Blumberg,
1975; Hamilton, 1975; Bowden and Hamilton, 1975; Festa and Hansen, 1976; Wang
and Kravitz, 1980), Ah varied from 0 to ~102 m2 S-I. The upper limit of Ah{102 m2 S-I)

was found by Blumberg (1975) to be unrealistically high. Using the horizontal velocity
scale (u) of 0.1 m s -1 (Fig. 8), and the diffusivity scale of 1 to 102 m2 s-I, the ratio of
horizontal diffusion to horizontal advection (Ah/ Lxu) varies from 0.002 to 0.2. Thus,
neglecting horizontal diffusion is probably reasonable.

The density (p) is related to the salinity by:

p = Po{1 + (3s) (4)

where (3is a constant, numerically equal to 7.57 x 10-4 per °/00. Integrating (2) over the
water column, we obtain:

aT} 1 a- + -- (D + T})BU ~ 0at B ax (5)

where T} is the sea level elevation, D is the depth of the water column and U is the
depth-averaged value of u. By applying the rigid-lid boundary condition at the
surface,

w = 0 at z ~ 0

the continuity equation (5) can be reduced to:

aax (BDU) = O. (6)

The rigid-lid approximation can be applied here because (1) the sea surface
elevation (T}) is much smaller than the depth of the water column, and (2) the
barotropic response time is only a few hours which is negligibly small compared to long
period response (on the order of months) considered in this study.

Pressure (P) derived from the hydrostatic approximation is given by:

P(z) = P, + JO gpdz'
z

(7)
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(8)

where Ps is the pressure at rigid-lid surface. By computing the pressure gradient in Eq.
(1) from (4) and (7), the momentum equation can be reduced to:

au + ~ ~ (Bu2) + !..- (uw) = _ ~ aps _ g{3 fO as dz' + ~ (N au).
at B ax az Po ax z ax az az

b. Numerical computation. Grid spacing is constant for the x-direction (Ax), and
variable in the z-direction (~z). The velocity component, u, and the salinity, s, are at
the same depth, but separated by I /2~x.

Given the value of a variable g at adjacent points of x-~x/2 and x + Ax/2, the
difference (oxg) and average (g') values are defined at the mid-point between them as
follows:

og = {g(x + 1/2~x) - g(x - 1/2 ~x)}/~x

gX = 1/2{g (x + 1/2 ~x) + g(x - 1/2 ~x)}

(9)

(10)

Similar operators (ozg, gZ, o/g, g/) are defined with respect to the co-ordinate z and time
t.The time step is indicated by the subscript, i.e.,

gn = g(t = n~t).

The depth averaged value U can be obtained from (6) as:

Q
U=-

BD

(11)

(12)

where Q is the volume transport of the fresh water at the head of the estuary (x = 0).
The baroclinic component of u, given by:

it=u-U (13)

can be solved from (8) using the method developed by Bryan (1969). Let u* be the
solution of u by ignoring the unknown contribution made by the surface pressure Ps
that is:

_u_*_-_u+ ~ ~ (Bu2) + ~ (uw) = _ g{3 fO as dz + !..- (N au)
M B ax az z ax az az

it can be computed from

it ~ u* - (u*)

(14)

(15)

where (u*) denotes the depth-averaged value of u*. The completed finite difference
form of (14) is:

Al [u* - u(t - 1/2 M)] + ~ oABuXuX) + oz(WXUZ
)

llt BX

k

= - g{3L oxsz ~Zk' + Oz (Nozu) (16)
k'-I
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(17)

is the summation from level 1 to k, and azk, is the grid spacing at level k', with k' = 1
indicating the first level from the surface. The velocity component u at (t + 1/2 at)
can be computed from (12), (13) and (15) as

Q 1 k,

u(t + 1/2 M) = =-- + u* - - L u* azk,
BXD D k'-1

where kz corresponds to the maximum number of levels. After obtaining u at the
advanced time step, the vertical velocity w can be computed from the continuity
equation (2).

Using the computed velocity, the salinity can be computed from (3) which has the
following finite difference form:

(18)

The advective terms in (16) and (18) and the pressure term in (16) are computed in a
central time step (leapfrog method), whereas the diffusive terms are computed in a
forward time step. Given the initial values of u and s at the first two time steps, (16),
(17) and (18) can be iterated to obtain u, wand s at a later time step. The numerical
formulation of the governing equation, which is similar to Bryan's three dimensional
ocean circulation model, has been shown to conserve energy, mass and salt (Bryan,
1969; Semtner, 1974).

c. Boundary conditions. The boundary conditions at the surface and the bottom are:

w = 0 (rigid - lid condition)

au = 0 (no wind stress)az forallxandtatz=O (19)

asaz = 0 (no salt flux)

un = 0 (zero normal velOCity)]
Nau/az = AUb (bottom friction) for all x and t at z = -D

as/az = 0 (no salt flux)

(20)

where Un is the normal velocity at the bottom, Ub is the horizontal velocity near the
bottom, and A is the linear friction coefficient which is approximated by KUT where K
is 0.0025, and UT is the magnitude of the tidal current. At the solid boundary, normal
velocity and salt flux are both zero.
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At the head of the estuary (x ~ 0), we specify the volume transport of the river
runoff (Q), and set s ~ 0 (fresh water) at all depths. As in the study of Festa and
Hensen (1976), we apply a parabolic velocity profile at the head of the estuary, which
can be written as:

u = -.R {I (1j2)AD _ (3j2AD) (~)2}.
BD + 3N + AD 3N + AD D

(21 )

(22)

This profile of u satisfies the conditions aujaz = 0 at the surface, N aujaz = AUb at the
bottom, and Q = UBD where U is the depth-averaged value of u.

At the open boundary between estuary and ocean, the salinity is specified in the
inflow region and extrapolated in the outflow region. The specified salinity at the open
boundary is fixed to the observed value (Neu, 1970) in the St. Lawrence model, and to
a constant value of 34.9% in the simple model. In the outflow region, three formulae
are used to extrapolate the salinity from the interior value:

a2s
(i) ax2 = 0

as as
(ii) - + c- = 0at ax

as as us (aB) a as(iii) - + u - + - - = - K - .
at ax B ax az az

(23)

(24)

The phase speed c in the Sommerfield radiation condition (23) is taken to be the
velocity at the boundary point. The phase speed has also been calculated by using the
formula developed by Orlanski (1976). This calculation does not produce any better
solutions than those using other formulae. The third formula is derived by assuming
that vertical advection at the open boundary is insignificant, which is reasonable near
the surface for the well-established estuary (far away from the salt-wedge region near
the head of the estuary) in the downstream location (Pritchard, 1954, 1956). The
salinity gradient in (24) is obtained by either using backward differencing, or by
computing s at half-grid spacing inside the open boundary, and then extrapolating to
obtain s at the boundary. For the numerical computation described in the next section,
these two methods of obtaining the salinity gradient produce more or less identical
solutions. The open boundary condition is discussed further in Section (3a).

The extrapolation of the velocity at the open boundary is required only when the
nonlinear advective terms are included in the momentum equation. Two methods are
used to compute the advective terms at the open boundary: the first is to set u (outside
estuary) = u (at open boundary) and w = 0 outside the boundary, and the second is to
set the advective terms at the boundary equal to those at half grid spacing inside the
boundary. For the following computation, it is found that the nonlinear advective terms
computed by using the above extrapolations do not contribute significantly to the
solution.
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The surface pressure term (apsjax) does not pose any problem in the open boundary
condition in this study because it is not involved in the computation. Note from Section
(2b) that, because of the rigid-lid approximation, the barotropic velocity component U
can be easily computed from (12). The computation of the baroclinic velocity
component ft, which is related to the solution of u* (14, 15), does not include the
surface pressure term.

d. Parameters. One of the major problems in coastal modelling is uncertainties about,
the value and form of the vertical eddy viscosity coefficients. The determination of the
exact value and form of this coefficient, which would require accurate experimental
data, is not the objective of this paper. Here the vertical eddy coefficients, Nand K, are
taken to be either constants, or a function of the Richardson number:

and

where

N=a+b(1 +7R;)-1/4

K = (1j2)a + b(1 + R;)-7/4

as j(au)2R;=g{3- -az az
(25)

is the Richardson number, and a and b are constants. These forms of Nand K were
chosen by Bowden and Hamilton (1975) for their studies of the estuarine circulation.
The values of a and b are chosen between 3 x 10-4 m2 S-1 and 5 x 10-4 m2 S-I. The
linear friction coefficient Avaries from 0.001 m S-I to 0.003 m S-I.

The estuary is divided along its length into 49 equal grid spacings ~x. The length of
the simple model, L" is 1090 km, which is the distance between the head of the estuary
and Cabot Strait (Fig. 2), so that ~x "" 22.2 km. For the St. Lawrence model (Fig. 2),
the length L[ is 466 km so that ~x "" 9.5 km. There are 12 levels in the vertical column.
The grid spacing ~z between the levels has variable values. For the simple model, the
values of ~z, beginning from the surface, are 10 m each for the first seven spacings,
20 m each for the next three spacings, and 30 m and 40 m for the last two spacings. The
values of ~z for the St. Lawrence model are 10 m each for the first six spacings, 20 m
each for the next two spacings, 30 m for the following spacing and 40 m each for the
last three spacings.

The choice of the time step M depends on several linear stability criteria. The
Courant-Friedrichs-Lewy criterion gives:

(26)

where Umax is the maximum value of u. The above criterion does not apply to the fast
moving surface wave because the wave is filtered out in our rigid-lid model. This
absence of the surface wave allows us to use a larger ~t and thus makes our
computation much more efficient than other estuarine circulation models (i.e.,
Blumberg, 1975; Hamilton, 1975, Festa and Hansen, 1976). The Courant-Friedrichs-
Lewy criterion, although it is not applicable here for the external gravity wave, should
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be considered for internal waves. The simple analysis of the internal wave, using the
hydrostatic and rigid-lid approximation, gives the phase speed C[as:

where

C _fND
[- nIl (27)

is the buoyancy frequency and n is the mode number. The Courant-Friedrichs-Lewy
criterion is thus:

(28)

In the shallow part of the estuary, fN can be scaled to (g/ p f:!..p/D)I/2 so that (27)
becomes:

(
1 (f:!..p)I/2)

C[ ""..Jii5 nIl p . (29)

Thus, the phase velocity of the internal gravity wave is reduced from that of the
external gravity wave (..Jii5) by a factor of O/nIl(f:!..p/ p)1/2). The maximum time step
is then:

The diffusion term gives the limitation of f:!..tas:

f:!..z2
f:!..t<-- 2N·

(30)

(31)

Another limitation of f:!..tarises from the numerical formulation of a vertical diffusion
near the bottom where the stress is given by p'AUb (20). The finite difference form of the
acceleration and diffusion terms near the bottom is:

(32)

where Ub is the velocity at the first grid point from the bottom, and U (2) is the velocity
at the next grid point. Note that the right-hand side of (32) is written in the forward
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Figure 4. The time variation of the surface velocity u at the middle of the estuary (x = 0.5 L,),
computed in the simple model with (Eq. 25) a ~ 10-3 m2 S-I, b = 0 and R (runoff per unit
width) = 0.2 m2 s -I. The curves A, Band C correspond respectively to the cases of using the
boundary conditions (22), (23) and (24).

time step. It can be shown that a linear stability analysis gives the limitation of!:i.t as:

Liz
!:i.t~ (N/Liz + A/2)"

To examine which of the above criteria impose a lower limit of Lit which can be
applied in the numerical computation, we consider the following parameters for the St.
Lawrence model: Lix = 9.5 km, Liz = 10 m, A = 3 X 10-3 m s-I, N = 10-3 m2 S-I, D =

250 m, Umax = 1 m S-I (near the head), ap/az ~ 12%0/40 m (near the slope region).
The values of Lit are 9500 sec limited by the advection (23), 2520 sec by the internal
gravity wave (25), 50,000 sec by the diffusion (28) and 6700 sec by the bottom friction
(30). Thus, the maximum value of!:i.t (2520 sec) that can be applied is limited by the
internal gravity wave. During the initial spin up computation, the maximum value of
Lit is smaller than the above indicated value because of the strong salinity gradient that
exists in the vertical column. In the following computation, Lit = 850 sec and 1700 sec
are used respectively for the St. Lawrence model and the simple model.

3. Simple model

a. Initial spin up and open boundary conditions. Figure 4 shows the surface velocity
(u) at the middle estuary for the three open boundary formulations (22-24). Other
parameters of this computation are a = 10-3 m2

S-I, b = 0 (no stratification effect on
the vertical eddy viscosity), and the freshwater runoff per unit width through the head
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of the estuary R = Q/ B = 0.2 m2 S-1 which may correspond to the typical runoff of
104 m3 S-1 for the St. Lawrence Estuary and the typical width of 50 km for the lower
estuary (Fig. 2a). Curves A, Band C correspond respectively to the cases of using the
boundary conditions (22), (23) and (24). From the figure we can see that the initial
response of the system varies very significantly, with u increasing rapidly to over 0.4 m
S-1 in a very short time for the curves A and B, and smoothly for the curve C. The large
values of u for the curves A and B are due to the development of strong currents at the
open boundary for these two cases. This result indicates that the boundary condition
(24) is probably more reasonable than the other two conditions. In the steady state,
Figure 4 shows that the numerical results for the three cases are almost the same. This
similarity has also been found for the response of the studied estuary to the slow
variation of the freshwater runoff, such as the seasonal variation of the runoff, or the
runoff that decreases to half of its value in three days. As the study of the freshwater
pulse involves the slow variation of the freshwater runoff (in the order of months), we
can see that although the three open boundary formulations influence significantly the
initial spin up of the estuary, they do not contribute much uncertainty to the steady
state solution, and the solution of the freshwater pulse. In the following computation,
Eq. 24 is used.

By changing the freshwater runoff into the system, the salinity in the deep water is
expected to vary slightly. By fixing the salinity in the inflow region of the open
boundary, we thus introduced a small error in our computation. However, from a series
of numerical experiments on both the simple model and the St. Lawrence model, it was
found that this error was insignificant because (1) the horizontal advection of the
freshwater pulse was negligibly small in the deep water of the open boundary so that
the error was not transmitted into the interior region; and (2) near the open boundary,
the freshwater pulse in the deep water, which was induced by vertical diffusion of the
surface pulse, was very small (see Fig. 16), and was not expected to produce any
significant effect near the surface. In the upper outflow portion of the open boundary,
any error due to uncertainties of the open boundary condition is advected out of the
system, and is not expected to affect significantly the pulse in the upstream region. To
confirm that the uncertainties of the open boundary have little effect on the freshwater
pulse, we moved the location of the open boundary in the simple model from x ~ Ls to
x ~ .6 Ls and found that the response in the interior region remained more or less
unchanged.

Another anomalous feature in Figure 4 is the occurrence of a peak at about 320 days
on curve C. This peak is caused by changing flow conditions at one grid point of the
open boundary. When the flowchanges its direction from outflow to inflow at the open
boundary, the salinity at the corresponding grid point changes from the value
estimated from (24) to 34.9%0.Since this produces a large change of salinity in one
time step, it is expected that a disturbance is developed at the open boundary. By
locating the peaks on the velocity curve in the horizontal direction, we can see the
propagation of the disturbance from the open boundary to the interior region. To



19871 Tee & Lim: Freshwater pulse in St. Lawrence Estuary 883

prevent such development of the disturbance at the open boundary, it is found that the
salinity at the grid point where the changing of the boundary condition occurs can be
specified from the last extrapolated value before the flow reverses its direction. The
dashed line in curve C of Figure 4 shows that, by using this new specification of the
salinity, the peak at day 320 disappears.

The anomalous disturbance shown in Figure 4 is mainly caused by our specification
of constant salinity of 34.90j0o at the inflow part of the open boundary. In practical
computations, such as the modelling of St. Lawrence Estuary (Section 4), the
disturbance is small because, consistent with the model prediction, the specified
salinity at the open boundary increases with depth, so that the difference between the
computed and specified salinity at the interface of the open boundary is small. In the
following computation, the disturbance is suppressed by setting the salinity at the grid
point where the changing from outflow occurs, to the last extrapolated value.

b. Parameter studies. Three parameters are examined in the simple model: the
vertical eddy viscosity and diffusivity (N, K); (b) the freshwater runoff (R), and (c)
the linear friction coefficient (;\). The difference between this and other parameter
studies (Blumberg, 1975, Bowden and Hamilton, 1975; Festa and Hansen, 1976;
Wang and Kravitz, 1980) is that, instead of a small and shallow estuary, we consider a
long estuary which has a steep slope connecting the shallow channel (20 m) from the
deep channel (200 m). The results for the shallow channel are generally consistent with
the previous studies. However, as will be shown in the following discussion, some
different results from other studies are found for the deep channel.

Figure 5 shows the surface salinity and velocity for three cases of study: (i) a ~
10-3 m2 S-l, b = 0 (constant eddy coefficient, Eq. 5), R (runoff) ~ 0.2 m2 S-l (curve A);
(ii) a = b = 0.5 X 10-3 m2 S-l (stratification-dependent eddy coefficient), R =

0.2 m2 S-l (curve B); (iii) a = b = 0.5 X 10-3 m2 s-1, R ~ 0.4 m2 S-l (curve C). By
comparing curves A and B, we can see that, as the stratification effect reduces the
mixing in the water column, the surface salinity and velocity in the lower estuary
decrease. However, because of the larger penetration of the oceanic water to the
upstream region, the surface salinity and velocity in the upper estuary increase with the
stratification effect.

By doubling the freshwater runoff (compare curves C and B), the salinity becomes
smaller, and the velocity becomes larger. The increase in velocity is most significant in
the middle part of the estuary. By examining the vertical structure of the velocity, it is
found (Fig. 6) that, instead of a two-layer circulation generally predicted for a partially
stratified estuary, or in the estuary with smaller runoff (R = 0.2 m2 S-l), a small
outflow is induced at the deep water (100 m) which splits the inflow near the slope
region and creates a small maximum outflow near the mouth of the estuary. By
decreasing the linear bottom friction coefficient (;\) from 3 x 10-3 m S-l to 10-3 m S-I,

it is found that the results are more or less the same. In the following discussion, ;\ ~
3 X 10-3 m S-I is used.
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Figure 5. The horizontal variation of the steady state solution of (a) surface salinity s, and (b)
surface velocity in the simple model for different values of mixing coefficient (25) and runoff
per unit width (R). (A) a = 103 m2 S-l, b = 0, R ~ 0.2 m2 S-l; (B) a = b ~ 0.5 X 10-3 m2 S-I,

R - 0.2 m2 s-J; (C) a = b = 0.5 X 10-3 m2 S-I, R = 0.4 m2 s-J.

4. Typical salinity and velocity distribution in the St. Lawrence Estuary
There are three major river inputs to the St. Lawrence Estuary: the St. Lawrence

River through Quebec City, the Saguenay River near Tadoussac, and the Manicoua-
gan River system near Pointe des Mont (Fig. 2). Averaging the runoff from 1950 to
1976, the minimum winter runoff and the maximum spring runoff are respectively
9860 m3 S-l and 16300 m3 S-I up to Quebec City, 11300 m3 S-l and 19590 m3 s-J up to
Tadoussac (Saguenay River included), and 12620 m3 S-I and 21030 m3 S-I up to Pointe
des Mont (Saguenay River and Manicouagan River system included) (F. Jordan,
Bedford Institute of Oceanography, private communication). Since the freshwater
runoff through Quebec City accounts for 78% of the total runoff into the St. Lawrence
Estuary, only this runoff from the head of the estuary is included in this study. As the
Manicouagan River System is near the open boundary of our model (Fig. 2) and thus
unlikely to have a strong influence on the upstream region of the estuary, the input of
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Figure 6. The steady state horizontal velocity u of the simple model wtih (Eq. 25) a = b = 0.5 X
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the freshwater runoff in this study in fact accountS for about 85% of the input for the
region. Figure 7 shows the seasonal variation of the freshwater runoff per unit width
(R) averaged between 1950 and 1976 through the head of the estuary (F. Jordan,
private communication). The 1963 runoff is also included in the figure. In the
following computation, the averaged runoff (solid curve in Fig. 7) is used.

The computed horizontal and vertical velocity, and salinity of the St. Lawrence
Estuary at day 140 (mid-May), the typical distribution for all seasons, are shown in
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Figure 7. The mean (1950--1976) and 1963 seasonal runoff per unit width (R) in the St.
Lawrence Estuary. (F. Jordan, Bedford Institute of Oceanography, private communication).
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Figure 8. The horizontal velocity u of the St. Lawrence Estuary at the day 140 (mid-May), a =
b - 0.3 X 10-3 m2 S-l (Eq. 25).

Figures 8, 9 and 10. The horizontal velocity shows a two-layer flow with the interface
deepening toward the oceanic boundary. Besides the maximum current that occurred
near the head of the estuary, there is a second maximum current that occurred near the
slope region. The amplitude of the current is generally the same order as the observed
value (Forrester, 1967; EI-Sabh, 1977). For the vertical velocity, the upwelling occurs
near the slope region. The maximum amplitude of the vertical velocity is in the order of
2 x 10-5 m s -I. Because of the entrainment of down-estuary flow from the lower layer,
it is expected that the vertical velocity is generally in the upward direction. The reason
for the maximum vertical velocities near the slope regions is that the up-estuary flow in
the lower layer is diverted upward to the surface layer because of blocking by the solid
boundary in the slope region.

The salinity shows a smaller horizontal variation downstream of the slope region
than that upstream of the slope region, which generally agrees with previous studies
(Borne de Grandpre and EI-Sabh, 1980; Borne de Grandpre et al .. 1981). The velocity
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Figure 9. The vertical velocity w of the St. Lawrence Estuary at the day 140 (mid-May). a =

b = 0.3 X 10-3 m2 S-l (Eq. 25).
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10-3 m2 S-l (Eq. 25).

and salinity in the deep water (below 115 m), because of the negligible salinity gradient
and velocities, are not shown in the figure.

To study the dynamics associated with the above typical distribution of velocity and
salinity, we examine the balance of terms in the momentum and salinity equations
(1,3). Using (2) and (7), the two equations can be rewritten as

au au au lap, 1 ar a au
-+u-+w-+--' +----N-=O
at ax az Po ax Po ax az az

(34)

(35)

where

is the depth-dependent internal pressure. The momentum balance at z = - 5 m and
-25 m is shown in Figure II, and the salinity balance at the same depths is shown in
Figure 12. The terms au/at, as/at and w au/az in (34) and (35) are small, and not
shown in the figures. Near the head of the estuary (x:$ 0.2 L/), the momentum balance
at z = -5 is mainly between the horizontal advection and surface pressure gradient
(u au/ax - -1/ Po ap,/ax). This is expected because of strong velocity (at narrow
sections) and weak salinity gradient in the area. The maximum at x - 0.1 L/ and the
minimum at x - 0.16 L/ in the horizontal advective term, which correspond to the
minimum and maximum in the surface pressure term, are caused by the minimum at
x - 0.14 L/ in the width of the estuary (Fig. 13a).

Farther down in the estuary (x ~ 0.2 L/), the salinity increases significantly toward
the oceanic boundary, and the velocity reduced rapidly because of the widening of the
estuary. The result is that the momentum balance at z = -5 m is mainly between the
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Figure 11. The balance of terms in the momentum equation (34) at day 140 (mid-May). (a) z =

- 5 m; (b) z - - 25 m. The terms iJu / iJt and w iJu/ iJz are small, and not shown in the figure.

surface pressure gradient and the pressure gradient due to the salinity variation
(ap.jax - -aP'jax). Because of positive salinity gradient, aP'jax is positive, and
ap.jax is negative. The vertical viscous term is positive at this depth (z = -5 m). The
horizontal advection is insignificant at these locations except near x - 0.45 Lt.

In the deeper water (z = - 25 m, Fig. 11b), the momentum balance for x 2: 0.56 Lt is
again mainly between ap.j ax and aP' j ax. However, the vertical viscous term becomes
very significant for x :$ 0.56 LJ. This is because strong velocity gradient is developed in
the vertical column for these shallow water areas. The nonlinear advective term is
small in this region. The momentum balances in deeper water (Izl ~ 25 m) are
basically the same as those for x ~ 0.56 Lt shown in Figure 11b.



1987] Tee & Lim: Freshwater pulse in St. Lawrence Estuary 889

(0)

2.0

'", 1.0
o

;,I?o
<Xl
b
(fJ
::'E8] 0
f-

-1.0

o

V'\ //.:\ - - :=..
\\ / \ ~~ ~

\
\ ....../ \ .,/ oz //
v .....l \,:' ,'"

\\ .•/ ",/'"\ ",'", : /'"

V---........ '.J /~o K~

''\ /' Ol! Ol!
\ I'Vi

2 A S B

/\ _..2.. Kas
,./ ~l! Ol!--/ -----

-~.._............ = ---.... ..~.•- -.
u as .... ..--- ....·..·as..·..ax .•••--..... w 0 i!

'", (b)
o

~ 0.4
<Xl

Q o
(fJ
::'E0:: -0.4
~ 0 .2 .4 .6 .8
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By taking the depth-average of the momentum equation (34), and neglecting the
accelerating and advective terms, we obtain the equation for x ~ 0.2 LJ as

..!.. ap, = _..!..i fO aP'dz _ AUb•

Po ax Po D -D ax D
(36)

Since the effect of bottom friction on the circulation is small (Section 3b), Eq. (36)
indicates that the negative mean surface pressure gradient is balanced by the positive
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Figure 13. The studies of topographic and coastal geometrical effects on circulation and salinity
in the St. Lawrence Estuary. (a) Width. Two cases are considered: (1) the width of the St.
Lawrence Estuary (solid); (2) the idealized case of constant width of 20 km for x ~ 0.26 L}
(dash-dotted). (b) Depth. Three cases are considered: (1) the depth of the St. Lawrence
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dashed); and (3) the idealized case of constant depth of 250 m for x ~ 0.2 L, (short dashed).
(c) The typical horizontal velocity (at mid-May) at z = - 5 m. (d) The typical salinity at z =
-5 m and at day 140 (mid-May). The curves (solid), (long dashed), (short dashed) and
(dash-dotted) in (c) and (d) correspond respectively to the case of the St. Lawrence Estuary,
the idealized case of extending 30 m from x ~ 0.38 L, to x = 0.2 L, [long dashed in (b)], the
idealized case of constant depth of 250 m for x ~ 0.2 L} [short dashed in (b)], and the idealized
case of both constant depths of 250 m for x ~ 0.2 L} and constant width of 20 km for x ~ 0.26
L, [short dashed in (b) and dash-dotted in (a)].
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depth-averaged internal pressure gradient induced by the positive salinity gradient. As
the internal pressure gradient increases with depth, we expected that the magnitude of
the surface pressure gradient is greater than that of the internal pressure gradient near
the surface, and smaller in deeper water. From (34), we thus expected that the vertical
viscous term is positive near the surface, and negative in deeper water (Fig. 11a, b).

In the salinity equation (35), the down-estuary advection of low salinity at z = - 5 m
is balanced by the upward advection and the diffusion of high salinity (Fig. 12a). In
deeper water (z = - 25 m, Fig. 12b), the diffusion of low salinity from upper levels is
balanced by the up-estuary and upward advections of high salinity. The up-estuary
advection of high salinity is small for x ~ 0.6 LJ at this depth (z = -25 m, Fig. 12b),
and for all locations deeper than 25 m.

To examine the topographic and coastal geometrical effects on the salinity and
circulation in the estuary, we perform a series of experiments using idealized depths
and widths shown in Figure 13a, b. The velocity and salinity at z = ~ 5 m for the
experiment is shown in Figure 13c, d. By increasing the depths between x = 0.2 LI and
x ~ 0.38 LI from 20 m to 30 m (long dashed in Fig. 13b), we enhance the salinity
intrusion toward the head of the estuary, and thus increase the salinity and velocity at
z ~ - 5 m (Fig. 13c, d). As expected, the increases are more significant near the area
where the depth increases. By making the depths to be a constant of 250 m for x ~ 0.2
LI (short dashed in Fig. 13b), we further enhance the salinity intrusion which results in
the larger salinity at z ~ - 5 m (Fig. 13d). Although the volume transport of the
estuarine circulation is also further enhanced, the velocity at z = - 5 m between x ~
0.2 LJ and x ~ 0.54 LJ is reduced (Fig. 13c). This is because the thickness of the upper
and lower layers at these locations increase, the result of removing the limitation of
layer thickness by the depth of the water column (the depths increase from 20 m or
30 m to 250 m).

By keeping the depths for x ~ 0.2 LI to be a constant of 250 m (short dashed in Fig.
13b), but changing the width of the estuary to be a constant of 20 km for x ~ 0.26 LI
(dash-dotted in Fig. 13a), we change very significantly the velocity structure in the
estuary: instead of the maximum velocity occurred at x - 0.46 L, (see short dashed in
Fig. 13c), the velocity increases more or less continuously from x - 0.26 LI to the
mouth of the estuary. This down-estuary increase of velocity is expected for the
constant width case because the flow in the upper layer is intensified toward the
down-estuary direction by the entrainment of the water from the lower layer. The
occurrence of the maximum velocity at z = - 5 m for x - 0.45 LJ for the variable width
cases is the result of entrainment of the water from the lower layer, which increases the
current in the down-estuary direction, and the rapid widening of the estuary for x ~
0.54 Lb which decreases the current in the same direction. Note that the variation in
the computed vertical velocity (2) between the constant and variable width cases is
much smaller than that in the width of the estuary, so that the horizontal velocity can
decrease with the widening of the estuary.
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Figure 14. The comparison between the computed and observed salinity of the St. Lawrence
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dashed) the observed south shore data; (solid) the computed data using (Eq. 25) a = b ~ 0.3 X

10-3 m2 S-I; (dash-dotted) the computed data using a = b - 0.5 X 10-3 m2 S-I.

The experimental data that are used for comparison were taken by Neu in 1963
(Neu, 1970). The runoff in that year is shown in Figure 7. Two surveys were conducted
in that year: one in the winter (18-25 February) and the other in the spring (21-24
May). Figure 14 shows the horizontal variation of the salinity at 9 m and 30 m. We can
see that the numerical result with a = b = 3 X 10-4 m2 S-I is generally comparable to
the observation, except near the Tadoussac area (x "" 0.5 L/) where the comparison is
reasonable only for the February result. More detailed comparison cannot be
performed because the experimental data (Neu, 1970) are found to be seriously
contaminated by the tidal signal which has an amplitude of 1.5 to 3% in the estuary
(Taylor, 1978).

5. The amplitude and arrival time of the freshwater pulse

Figure 15 shows the horizontal variation of the freshwater pulse near the surface.
Toward the downstream region, we can see that the pulse generally has a smaller
amplitude and arrives later. The horizontal and vertical distribution of the pulse's
amplitude which is defined as the salinity difference [As = s(February) - s(mini-
mum)] is shown in Figure 16. The maximum value of the pulse is 3.7%, and located
near the surface at x "" 0.44 L/. In the lower level (z = 15 m), the location of the
maximum pulse moves upstream to x ""0.24 L[o and the amplitude reduces to 2.2%.
The pulse at 5 m is larger than that at 15 m for x ~ 0.26 L/ and becomes smaller
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Figure 15. The horizontal variation of the freshwater pulse at 5 m ofthe St. Lawrence Estuary.
The value on the curves indicates the distance from the head of the estuary.

upstream at those locations. At 25 m, the pulse decreases downstream from x,., 0.4 L/,
and forms a minimum around the slope region (x ,., 0.56 L{). At 35 m, the pulse
becomes quite small (~s ,., 0.06%). In the following dynamical discussions, only the
pulses at the upper three levels will be examined in detail.

The arrival time of the pulse, which is defined as the time for the occurrence of the
minimum salinity is shown in Figure 17. The initial formation of the pulse occurs near

1.0.4
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I "I '-,l -!5 m

/ --------------

oo

3

VI
<l

Figure 16. The amplitude of the freshwater pulse As ~ s(February) - s(minimum).
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Figure] 7. The arrival time of the freshwater pulse measured from the day] 30 (May] 0).

the surface at two locations. The first location is at x ~ 0.25 Lt which is close to the
location where the amplitude of the pulse is uniform in the water column (Fig. 16). The
second location is at x ~ 44 Lt which corresponds to the location of maximum pulse at
5 m. In the deeper water, the pulse arrives later. At 25 m, the arrival time has a
maximum at the slope region (x ~ 0.56 Lt). It is interesting to note that, in contrast to
the result at the upper levels, the arrival time at or below 25 m decreases downstream
from the slope region.

Observations of the freshwater pulse in the estuary and Gulf of St. Lawrence are
shown in Figure 1. In the estuary, the observation includes the mean salinity data taken
between 1960 to 1976 (curves A and C in Fig. 1, Neu, 1982) near Pte. aux Orignaux
and Pte. des Monts (locations A and C in Fig. 2a); and the monthly averaged data
along the cross-section near Rimouski during 1973 and 1974 (location B in Fig. 2,
EI-Sabh, 1979). The average between the surface measurement in the north and south
sides of the section is shown in curve B of Figure 1. Although both the experimental
and numerical data consistently indicate that the pulse exists in the estuary between
May and June, detailed comparison of the observed and computed pulse is not possible
because of the enormous scatter in the observed data indicated by the statistical
analysis of the historical data (Dyck and LeBlond, 1981), and the weekly observations
of salinity at Rimouski Harbour (EI-Sabh, 1979). The exclusion of some rivers in the
model, such as the Saguenay River and the Manicouagan River System, may
underestimate the pulse's amplitude in the far downstream area of the estuary.

a. Salinity equation for the freshwater pulse. As the freshwater runoff changes, the
governing equation for the salinity changes can be written as

a [s - Sol + [u as _ u aso] + [w as _ w aso] + [!.- K as _ !.- K aso] = 0
at ax 0 ax az 0 az az az az 0 az (37)
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(38)

where sand (u, w) are the instantaneous salinity and velocity, and Soand (uo, wo) are
the background values of salinity and velocity. The terms in brackets are the difference
between the instantaneous and background values. For small changes of salinity (small
amplitude of the pulse) computed in the St. Lawrence model, Eq. (37) can be
approximated by

as' , aso as' , aso as' a as'- + u - + Uo - + w - + w - - - K - ~ 0
at ax ax az 0 az az 0 az

where s' ~ s - so, u' = u - Uo and w' ~ w - wooThe equation shows that the change of
the salinity (first term) is due to the change of the velocity (second and fourth terms),
the advection by the background velocity (third and fifth terms), and the vertical
diffusion. In the following discussions, the background salinity and velocities (so, uo,
wo) are taken to be the values at day zero (the end of December).

Note that the vertical diffusion coefficient, which is found to vary less significantly
than the vertical variation of salinity is approximated in (38) by its background value
(Ko). By reducing the freshwater runoff, the stratification is reduced because the
salinity increases more significantly toward the surface. However, the vertical velocity
gradient is also reduced because the horizontal velocity generally decreases with the
small runoff. Thus, the Richardson number (5), and the diffusions coefficients vary
less significantly than the vertical variation of salinity.

b. The response time. To investigate the response of the system, which helps to
understand the development and propagation of the freshwater pulse, we first obtain
the steady state solution for R (runoff per unit width) ~ 5.4 m2

S-I (denoted as RI' the
maximum runoff, Fig. 7), and then continue the computation by reducing the runoff to
half of its value (1/2 RI) in 30 days.

By reducing freshwater runoff, the salinity of the water column is expected to
increase. The salinity changes is approximated by

(39)

where ~s ~ s - Sl> oS = Se - Sl, s[ and Seare respectively the equilibrium solutions for
R = Rl and R = I /2R[, and T is the response time which indicates how fast the system
approaches the equilibrium solution. The smaller the value of T, the faster the system
approaches the equilibrium state.

The response time of the St. Lawrence Estuary model is shown in Figure 18. By
comparing this figure to Figure 17, we can see that the variation of the response time
and the arrival time of the freshwater pulse are remarkably similar. The important
correlation between these two parameters is not surprising because we expect that the
faster the systems response, the sooner the pulse is formed.

The structure of the response time shown in Figure 18 is found to be insensitive to
the time interval of the freshwater variation (R varies from RI to 1/2R]): the value of
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Figure 18. The response time [T, defined in (39)] of the St. Lawrence model.

the response time increases by more or less the amount of the increase in the time
interval.

c. Salinity balance near the surface (z = -5 m). Eq. (38) can also be written as

Ds' as' , aso , aso a as'
-+w-+u-+w---K-=Oat 0 ax ax az az 0 az

(40)

where Ds'jat ~ as'jat + Uo as'jax describes the change of the freshwater pulse at a
fixed level during the advection by the background horizontal velocity. The change can
be due to the advection in the vertical direction (second term), the forcings resulted
from the changes in velocities (third and fourth terms), and the dissipation by the
vertical diffusion (fifth term).

The difference between (40) and the governing equation for a tracer (which includes
only the advection by the mean current and the dilution by vertical diffusion) is the
existence of the additional terms u'(asojax) and w'(asojaz). These additional terms
describe the nonlinear interaction between the velocity and the salinity of the
freshwater pulse. With the arrival of the pulse, the surface current increases (u' > 0),
the advection of low salinity from the upstream region (asoj ax > 0) is thus increased,
and the result is an increase in the amplitude of the pulse. For the forcing by the
vertical advection (w' aSojaz), the arrival of the pulse generally increases the vertical
velocity (w' > 0, Section 6), more saline water is thus advected toward the surface and
the amplitude of the pulse is reduced. Thus, u' aSojax is generally a positive forcing for
the pulse, and w' aSojaz a negative forcing. Because of these nonlinear forcings, the
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Figure 19. The balance ofterms in the salinity equation (38) at z ~ -5. (a) x - .28 L/; (b) x-
.44 Lt.

distribution of the amplitude and arrival time of the freshwater pulse can be more
complicated than that of a tracer. For example, the amplitude of the pulse can be
increased in the downstream direction if the positive forcing is larger than the
combination of negative forcing and dissipation. The pulse can be formed earlier in the
downstream location if the strong positive forcing has a short response time.

The amplitude. An example of the salinity balance near the surface (z = -5 m) in
the upstream region (x:$ .4 L/) is shown in Figure 19a (at x = .28 L/). In this region,
the vertical advection (wo as'/az) and the forcing by vertical velocity (w' aso/az) are
small, and the forcing by the horizontal velocity (u' aso/ ax) is significantly larger than
the dissipation. Thus, the amplitude of the pulse increases during the downstream
advection (Fig. 16). Farther down in the estuary (x > .40 L/), the strong background
vertical velocity (Fig. 9) significantly advects the pulse toward the surface, and thus
reduces the increase of the pulse's amplitude at z = - 5 m. The increase of the pulse's
amplitude is also reduced by the stronger dissipation by vertical diffusion. An example
of the salinity balance at x = .44 L/ is shown in Figure 19b. For x > 0.44 L/, the
combination of vertical advection and dissipation becomes greater than the forcing by
the horizontal velocity, and the pulse's amplitude becomes smaller toward the
downstream direction (Fig. 16).
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The arrival time. Near the head of the estuary, the salinity balance can be
approximated by (Fig. 19a)

Ds' , aso a as'
-~ - u -+-Ko-.
Dt ax az az

(41)

Very close to the head of the estuary (e.g., x ~ .24 Lt) where the surface velocity is
found to be induced directly by the freshwater runoff through the depth-averaged
velocity (u ex U = Q/ BD, Eq. 12). The freshwater pulse is expected to be formed
quickly because the forcing by the horizontal advection (u'aso/ax) is directly
proportional to the runoff. Thus, the pulse is formed initially near the head, and then
advected by horizontal current toward the downstream locations.

In the St. Lawrence Estuary, the minimum arrival time of the freshwater pulse,
instead of locating at the head of the estuary, occurs at x = .25 Lt and x ~ 0.44 Lt
(Fig. 17). The reason for the occurrence at the former location (x ~ .25 Lt) is that the
formation of the pulse at the region upstream of this location is delayed by the
additional forcing of vertical diffusion which transmits the low salinity signals from
stronger pulse in deeper water (Fig. 16). Because of the later formation of the pulse in
deeper water, it is expected that the additional forcing by the vertical diffusion has
longer response time than the forcing by the horizontal advection (u'aso/ax) which has
more or less the same response time as the freshwater runoff (u' ex Q).

Beyond x = .24 Lf, the arrival time generally increases with x except near x = .44 Lt
where a small minimum is predicted (Fig. 17). The location of this minimum coincides
with that of the maximum amplitude of the pulse (Fig. 16). The dynamics associated
with the occurrence of this second minimum, which involve complex salinity balances
between horizontal and vertical advections, and vertical diffusion, are not clear.

A tracer. As shown in Figures 17 and 18, the response time and the arrival time of
the freshwater pulse near the surface increases toward the ocean from the location of
the minimum response time (a t x = .44 Lt). This increase is due to the advection of the
salinity signal from the location of the maximum s'. If we regard the freshwater pulse
as a tracer, the arrival time (T) of the freshwater pulse at the downstream location can
be estimated as

T~ To + Xa/Ii

where To is the time required for the first formation of the freshwater pulse, Xa the
distance from the location of maximum s', and Ii the average horizontal velocity over
the distance Xa. The time taken by the freshwater pulse to arrive at the oceanic
boundary from its formation at X ~ 0.44 Lt is ~ 18 days (Xa ~ 2.66 X 105 m and
Ii~0.17 m S-I), which is comparable to the computed value of 14 days (Fig. 17). The
value is also comparable to 20 days, the difference between the response time at the
oceanic boundary and at the location of minimum response time (x ~ 0.44 Lf,
Fig. 18).
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By regarding the freshwater pulse as a tracer, although the arrival time can be
estimated reasonably well, the pulse's amplitude cannot be predicted accurately. This
is because the pulse involves nonlinear interaction between velocity and salinity. For a
tracer, the downstream reduction of the amplitude near the surface is caused by the
vertical diffusion. For the freshwater pulse, because the horizontal velocity induced by
the pulse produces strong positive forcing of u' asolax, the downstream reduction of the
pulse's amplitude is significantly less than that of a tracer.

Figure 20 shows the horizontal variation of the forcings, u' (asolax) and w'(asolax),
and the vertical diffusion on day 140 (mid-May, which is approximately the time for
the pulse to occur in the estuary). In comparison with the vertical diffusion, the total
forcing, u'(asolax) + w'(asolax), is about the same near the location of the maximum
amplitude (x = .44 L1) and decreases to about '/3 at the mouth of the estuary (x = L1).
The average ratio of total forcing to vertical diffusion is 0.46. Thus, the amplitude of
the freshwater pulse will be reduced much faster (about 1.5 times) during the
downstream advection if the pulse is regarded as a tracer.

d. Salinity balance at the second level (z = -15 m). As the freshwater runoff
increases, the estuarine circulation is expected to increase, resulting in the increase of
the vertical velocity in most of the area (w' > 0, see Section 6). However, near the head
of the estuary, the increase of the freshwater runoff pushes the salinity intrusion away
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from the head, and reduces the two-layer circulation. The vertical velocity is thus
reduced near the head ofthe estuary (w' < 0). Since the induced downwelling (w' < 0)
advects low salinity from surface to deeper water, it produces a positive forcing (w'
aso/ az) for the freshwater pulse in the lower layer. An example of the salinity balance
near the head of the estuary at z = - 15m is shown in Figure 21 (at x = .24 L/). During
the initial period of higher runoff, the combination of vertical diffusion and downward
advection (w'aso/ax) of low salinity water quickly decreases the salinity in the lower
layer (Fig. 21). However, as the salinity decrease (s' < 0) in the lower layer becomes
more significant than that in the upper layer (after mid-April) more saline water is
diffused to the lower layers, and thus slows down the decrease of the salinity in these
layers. Physically, it is not surprising that, near the head of the estuary, the pulse in
lower layers can be larger than that in the upper layer (for x :so: .26 LJ, Fig. 16). This is
because the background salinity near the surface there is near zero, and is not expected
to reduce significantly for higher runoff (salinity cannot be reduced below zero). On
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the other hand, the salinity in the lower layer, which can be significantly different from
zero at the same horizontal location because of the salinity intrusion from the ocean to
the estuary, can be greatly reduced because the salinity intrusion is pushed toward the
ocean by higher runoff.

Near the region where the salinity intrusion ends, the salinity is near zero, and the
salinity pulse in the lower layer is expected to be small. Thus, the pulse is reduced
toward the head of the estuary for x ~ .24 L,.

Beyond x = .24 L" the salinity balance at z = -15 m can be divided into two regions.
In the deep water region of x ~ .4 L/ (depth ~ 30 m), the vertical diffusion of low
salinity (alaz Ko as'laz) is mainly balanced by the upward vertical advection by
background vertical velocity (woas'l az). An example is shown in Figure 22b for x = .8
L,. The horizontal advections (uo as'lax, u'asolax) are small here. The reason for the
downstream decrease of the pulse's amplitude is that the surface pulse is smaller and
diffuses smaller signal to the deeper water. The increase of the arrival time toward the
oceanic boundary follows that of the surface pulse.

In the shallow water region of .24 L, < x < .4 L" (depth = 20 m), the upstream
advection at z = -15 m becomes significant. Figure 22a shows the salinity balance at
x = .36 L/. The advections by induced velocities (u'asolax, w'asolaz) produce negative
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forcings to the pulse because the increase of vertical velocity and upstream velocity by
higher runoff (stronger estuarine circulation) advects smaller signals of the freshwater
pulse from deep water and downstream regions. As the pulse is advected by the
background currents (uo) toward the head of the estuary, the amplitude of the pulse
increases (Fig. 16) because the positive forcing by the vertical diffusion of the surface
pulse is larger than the negative forcings by the horizontal and vertical advections. The
upstream advection of the pulse by the background velocity (uo os;/ox) indicates that
the arrival time increases toward the head of the estuary (for x < .34 Lt, Fig. 17, 18).

e. Salinity balance at the third level (z = -25 m). Upstream of x = .56 Lt, the
amplitude of the pulse at z = - 25 m increases rapidly. This is because, as the pulse is
advected toward the head of the estuary, the amplitude of the pulse is increased by the
positive forcing of diffusion of the pulse from upper levels which is larger than the
negative forcings of the horizontal and vertical advections.

Beyond x = .56 Lt, the amplitude of the pulse at z = - 25 m also increases toward the
oceanic boundary (Fig. 16), which does not correspond to the downstream decrease of
the pulse in the upper levels, and of the forcing by the vertical diffusion. The cause for
the increase is the spatial variation of the vertical velocity. Because the upwelling is
much stronger near the slope region than in the downstream locations, the negative
(upward) forcing by the background vertical current (wo os'joz) reduces more
significantly the amplitude of the pulse near the slope region. Figure 23 compares the
salinity balance near the slope region (at x = .6 LJ, Fig. 23a), and that near the mouth
of the estuary (at x = .8 LJ, Fig. 23b). We can see that, although the magnitudes of the
vertical diffusion and the negative forcing by the induced vertical velocity (w'osojoz)
at x ~ .6 Lt is about twice of those at x = .8 LJ, the magnitude ofthe negative forcing by
the background vertical velocity (woos'joz) at the upstream location is about three
times of that at the downstream location.

The strong upwelling of the pulse by the background current near the slope region
indicates that the pulse there is originated from a deep water region of the lower
estuary through the horizontal (upstream) and vertical (upward) advections. Because
the pulse's arrival time is large in the deep water region, it is expected that the arrival
time is also large near the slope region (Fig. 17).

Upstream of the slope region, although the pulse is advected upstream by the
backp;round current, uo, the arrival time is found to decrease toward the head of the
estuary (Fig. 17). This is because the formation of the pulse is affected more strongly
by the vertical diffusion than by the horizontal advection. In the upstream region,
because the surface pulse arrives earlier, the vertical diffusion of the surface pulse
tends to shorten the pulse's formation time. Upstream of the slope region, the positive
forcing of vertical diffusion at z = -25 m is very strong, indicated by the rapid increase
of the pulse's amplitude toward the head of the estuary (Fig. 16). Thus, although the
effect of the upstream horizontal advection tends to delay the formation of the pulse in
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the upstream region, the stronger effect of the vertical diffusion contributes to the
earlier formation of the pulse (or minimum salinity) in this region.

6. The velocity response to the freshwater pulse

The time variation of the horizontal velocity at x ~ 0.76 L/ is shown in Figure 24. We
can see that, with the arrival of the pulse, the velocity increases near the surface
(z:s 15 m) and decreases in the deep water (z 2: 45 m). In the intermediate water, the
velocity decreases initially as the pulse arrives, and then increases later. The change of
the velocity is most significant near the surface.

The minimum salinity is found to lag the maximum velocity in the lower portion of
the estuary (deep water region). For the velocity shown in Figure 24 (at x = .76 L/),
the phase lag is about 20 days (Fig. 25a). However, in the upper portion of the estuary
(shallow water region), the occurrence of the maximum surface velocity corresponds
closely to that of the minimum salinity. An example of the salinity and velocity
variation at x ~ .36 L/ is shown in Figure 25b.



904 Journal of Marine Research

::~
Z'7~

Z£ 10m

Z.5~ ~

[45,4

-2.0

-2.1

-2.2

-2.3

-,.o~
-3.1

35m
-3.2

-3.3

~----------

-z.• ~
'Om-2.9------------

-z_z~ 55m

-2.3------------
-LZ~ 10m
-1.3

FMAMJJASONDJF

60 120 180 240 300 360 60
l (dlJ)'sl

Figure 24. The seasonal vlj.riationof the horizontal velocity u at x = .76 Lt.

In the lower portion of the estuary where the nonlinear advective terms are small, the
momentum equation can be reduced from (34) to

a au' ° as' 1 aF~
-N -~g{31 -dz +--
az ° az z' ax Po ax

(42)

where F; = Fs - Fso and Fso is the background surface pressure. Taking the
depth-average of (42), using the boundary condition of zero surface stress (au' /
az = 0), and neglecting the small bottom stress, the surface pressure gradient can be
computed from

1 iJF; 1 jOloaS'd d *- - "" - - g{3 - z z .
Po ax D -D z' ax

(43)

Since the pulse is concentrated near the surface (Fig. 16), we can expect from (42) and
(43) that u' varies with as' / ax near the surface. An example of the time variation of
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as/ax is shown in Figure 25. We can see that the maximum u (or u') and as/ax (or
as' / ax) occur more or less at the same time.

To examine the phase difference between s and as/ax (or u), we approximate the
freshwater pulse as

(44)

where So is the background salinity, s* the amplitude of the pulse, (J' the frequency
(seasonal cycle), and u the mean downstream velocity. From (44), as/ax can be
computed from

as aso s*(J' [( x) ] as* ( x)- = - + ~ cos (J' t - = + 90° - - cos (J' t - = .
ax ax u u ax u

(45)

The second term on the right-hand side of (45), arisen from the downstream advection
of freshwater pulse, has 90° phase lead over the minimum salinity. Thus, the earlier
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(46)

formation of maximum as/ax (or u) over minimum salinity in the lower portion of the
estuary (Fig. 25a) is due to the downstream increase of the pulse's arrival time
(Figs. 17, 18).

In the upstream shallow water region of the estuary, the nonlinear advective term
becomes significant. Near the surface, the momentum balance of the velocity induced
by the freshwater pulse (u') can be approximated from (34) as

[
1 a 2 2] a au' 0 as' 1 apt--(u - uo) - -No- = - g{31 -dz - --.2 ax az az z ax Poax

The advective term is negligible in deeper water. By taking the depth-average of (46),
and again neglecting the bottom stress, we obtain

~ aP'. ~ _ ~ g{3 JO 10as' dz' dz _ ~Zl [!~ (u2 - u~)] (47)
Poax D -D z ax D 2 ax

where ~Zl is the thickness of the first level. Substitute p;; 1 ap~/ax from (47) to (46), the
momentum equation can be written as

[
1 - ~Zl] [!~ (u2 _ u~)] _ .i No au'

D 2 ax az az

{3 [10 as' d' 1 J 0 10 as' d ' d ]= -g - z - - - z z.
z az D -D z ax (48)

If the momentum balance in (48) is between the vertical diffusion and pressure
gradient, u is also expected to vary with as/ax. However, because the pulse's arrival
time in this region varies less significantly than that in the deep water region (Fig. 17),
the maximum u and las/ax I (as' / ax is negative for x < .44 LI) are expected to occur
more closely with the minimum s in the shallow water region.

If the momentum balance in (48) is between the nonlinear advective term and the
pressure term, the maximum velocity will occur more or less simultaneously with the
minimum salinity. Thus, both the nonlinear advection and vertical diffusion produce
the effects that the lag between maximum velocity and minimum salinity in the
shallow region is smaller than that in the deep water region (Fig. 25).

In the far upstream region (x < .3 LI), the salinity balance near the surface is mainly
bewteen u'aso/ax and Uo as,/ax (Fig. 19a). Thus, u varies with as/ax. Again, because
the pulse's arrival time in this region varies less significantly than that in the deep
water region, the lag between the maximum velocity and minimum salinity in this
region is smaller.

Except near the head of the estuary (x < .26 LI), the vertical velocity increases with
the arrival of the pulse (Fig. 26). With the increase of the freshwater runoff, the
two-layer estuarine circulation is intensified, resulted in the increase of the upwelling
in the water column.
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7. Summary and conclusions
A two-dimensional numerical model with application to the St. Lawrence Estuary

was developed to investigate the freshwater pulse (characterized by a minimum
salinity) in the St. Lawrence Estuary. The stratification effect on the vertical eddy
coefficients increases the salinity and estuarine circulation in the upper portion of the
estuary (shallow water) and decreases that in the lower portion of the estuary (mostly
deep water). When freshwater runoff is doubled, the salinity decreases and the velocity
increases. Instead of the two-layer flowobserved for small runoff in shallow estuaries, a
small outflow can be induced in the deep water for large runoff, and it splits the inflow
near the slope region creating a second maximum outflow near the mouth of the
estuary.

The freshwater pulse in the St. Lawrence Estuary was simulated using the seasonal
variation in the freshwater runoff. The amplitude and the arrival time of the pulse are
shown in Figures 16and 17. In addition to simulating the downstream propagation and
the reduction of the pulse's amplitude toward both the ocean and the deep water in
most of the area, several interesting results were produced. These include the finding of
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the maximum and minimum amplitudes of the pulse, the increase of the amplitude
from surface to deep water for x :s 0.26 Lr. the early formation of the pulse at two
surface locations (x "'" 0.25, 0.44 L/), the increase of the arrival time from surface to
deep water, and the increase of the arrival time for deep water pulses (at 25 m or
deeper) toward the slope region.

The velocity response to the pulse is shown in Figures 24 and 26. With the arrival of
the pulse, the current increases near the surface, and decreases in the deep water. In
the intermediate water, the current decreases initially as the pulse arrives, and
increases later. Near the surface, the pulse lags the maximum velocity in the lower
portion of the estuary (deep channel), and occurs simultaneously with the maximum
velocity in the upper portion (shallow channel). For the vertical velocity, an additional
upwelling is induced by the pulse.

Dynamics associated with the distribution, formation and propagation of the pulse,
which are interesting and complicated are discussed in detail.
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