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On the relationship between transport and motional electric
potentials in broad, shallow currents

by Thomas B. Sanford' and Reinbhard E. Flick2

ABSTRACT

Knowledge of the volume transport is of great practical importance in many studies of the flow
through or within shallow channels and estuaries. However, transport measurements are often dif-
ficult to obtain because of the temporal or spatial variability of the flow. The bulk motion of a stream
has been inferred from measurements which integrate the electric field induced by the motion of
seawater through the earth’s magnetic field. Such measurements are definitely related to the spatially
averaged flow, but not necessarily proportional to volume transport. In this paper are presented
general expressions for the motionally induced electric potential gradient (7 ¢) and electric current
density (J/o) within a broad, shallow flow. Analog or equivalent electrical circuits and the analytical
expressions are examined to determine sources of error and conditions under which useful transport
measurements are possible.

The most general result for a broad, shallow stream (depth « width) gives the velocity and trans-
port in terms of y ¢ at the bottom and J/o within the water column. Such a method uniquely deter-
mines the velocity without prior knowledge of the flow and electrical conductivity structures in the
region.

In the case of flow over highly conducting or thick sediments a relation between the induced
potential and transport is derived. It is shown that a large sediment conductance reduces the mea-
sured signal but increases the accuracy of potential to transport conversions. High sediment con-
ductances are common in shallow sounds, rivers and estuaries.

As an example, measurements of the potential difference across and the electric currents within
the Vineyard Sound, Massachusetts, are discussed and interpreted. Large sediment conductance
allowed the conversion of potential measurements into transport by a procedure based wholly on
electrical measurements.

1. Introduction

Since the experiments of Faraday on the Thames River, many investigators have
been intrigued by the existence of electric fields produced as water moves through
the geomagnetic field. Using submarine cables, the potential differences across many
straits and sounds have been observed and clearly related to water motion. Less con-
clusive have been attempts to relate electric measurements to water transport. The

1. Woods Hole Oceanographic Institution, Woods Hole Massachusetts, 02543, U.S.A.
2. Scripps Institution of Oceanography, La Jolla, California, 92037, U.S.A.

123



124 Journal of Marine Research [33, 1

difficulty results from the essential fact that no unique relationship exists between
generated potentials across a stream and its transport (Longuet-Higgins et al., 1954),

The induced potential field depends on the spatial distribution of velocity over the
bottom topography and electrical conductivity. Sufficient information about the
character of the flow and measurement site is seldom available to establish an ade-
quate theoretical relationship between potential and transport. It has been necessary
to resort to idealized models of the motional induction. Such models assume that:

1. the flow is uniform and two-dimensional throughout the available channel;
2. the cross-section of the channel is simple and two-dimensional;
3. the underlying sediments are of uniform electrical conductivity and infinitely thick.

However, in most situations:

1. the flow is three-dimensional having cross- and downstream variations;

2. the bottom is irregular in shape and three-dimensional;

3. the sediments although thick compared to the water depth are thin compared
with the channel width.

The usual experimental procedure is to ignore the actual situation, interpreting
the flow in terms of the idealized model with direct transport calibration whenever
possible. As a result most of the successful measurements are due more to the inte-
grating character of the induction and empirical calibration than to the use of a
physically adequate or applicable model.

The purpose of this paper is to propose a new observational technique capable of
measuring the velocity field and hence transport in spite of ignorance about the
structure and electrical conductivity of the channel. Also it is demonstrated that
in a large class of naturally occurring channels known to have thick, highly conduct-
ing sediments, the induction is simpler and more useful for measuring transport than
previously realized. Electrical measurements in the Vineyard Sound between Cape
Cod and Martha’s Vineyard Island are interpreted as an example.

2. General considerations

Within any flow of seawater electric fields and currents will be established through
geomagnetic induction. The observed electric potential gradient (y¢) is the combina-
tion of the source function (vxF) and the electric current response (J/o). Ohm’s law
for a moving medium is

vy = vxF—J/o
where

v = velocity field v(x, y,z,t)

F = geomagnetic field

J = electric current density

o = electrical conductivity.

I
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For a constant and uniform geomag-
netic field, the source function varies in
time and space with v. On the other
hand, the induced electric currents de- ,‘ P
pend strongly on the three-dimensional \__/\W"'e'u .A )A
structure of v and o. P e o 7 sedimentsloy o, i =

ifhe Sanalytical” modeliused, in this. ¢ * ~ 2 T wwatL LYy oy

A ¢

paper consists of a flow confined to a Wm77777_ 7 _HSW
broad, shallow channel of width L. The

channel (Figure 1) has a depth of H(x,y) Figure 1. Model of channel and sediments.
and a free surface {(z). The sediments

are of thickness H (x, y) — H(x, y). The electrical conductivity structure is treated as
being uniform in the flow (o,) and sediments (¢,). The velocity field is horizontal
(u,v) while the geomagnetic field is uniform, having components F,, F,, F,.

The analysis will apply to the commonly occurring situation in which L> H_ > H.
Sanford (1971) analyzed the motional induction for a laterally unbounded flow. The
principal effect of channel sides is to restrict or confine the horizontally circulating
electric currents. The open boundary solution can be applied with the restriction that
downstream variations occurring over a scale appreciably larger than L be ignored.

The potential gradient in the flow (- H<z< /() is

vy = vxF —J/o, M

where, according to Sanford (1971), the principal electric currents are given by

D
Jfoy = vx jF (v—v*)dz'+ —Dvkav FEv*Inrdx'dy’ @)

and in the sediments (- H,<z< — H)

vy =—J/o, (3)
where

Jjo, = vx(H,+z) F3*+ 2—Dl—)vxk _u'v F¥*Inrdx'dy’ @)
with
F o= () =
D H+C+Z—j(HS~H)

D = regional average of D over area of roughly L? in size
1 ¢

v*=— [vdZ

Dy

k = unit vector in positive z direction.
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Figure 2. Schematic of equivalent circuit for
motionally induced EMFs and electric cur-
rents in the vertical and horizontal planes.
Circles represent voltage sources driving
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Charge conservation requires that the
electric currents circulate in closed loops.
Driven by the high velocity portion of a
flow, electric currents must return through
a separate region of different velocity.
Conducting sediments provide return paths
which tend to increase J and decrease v*.
If the flow is assumed to be 2-dimensional,
having no downstream variations, the
electric currents are forced to circulate in
a vertical plane. In actual flows, currents
also circulate in loops in the horizontal

electric currents through lumped resistances.

plane. Equations (2) and (4) and Figure 2
describe both modes of circulation.

It should be emphasized that the induction is dominated by the conductivity-
weighted average velocity. The variable D is equal to the equivalent depth of water
having the same conductance as the water plus sediments. It will be useful later to
introduce the parameter f:

ﬂ b 02(Hs—-7)'
Then
. BEH+D
11 BH+D ®
where
e &
V=— [vdz
H+C gy

In the case of sediments which are thin or of low electrical conductivity, SH > 1.
Then v* is about equal to ¥. On the other hand, over sediments of high relative con-
ductance fH< 1 and v* is equal to S(H +{)v < V.

a. Electric currents in the vertical plane. The first term in (2) and (4) describing J in
the flow results from electric currents circulating in the vertical plane. These currents
are largely horizontal due to the restriction that L> H, and are of a local origin.
The local generation arises because lateral boundaries have little influence on these
electric currents. The potential gradient observable is

dp

— — F.y*,

0x 2V l ©
a_(P = —Fﬁ*

dy £t
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CONSTANT
¢ o  CONSTANT

r /Ry ~ H71® << §

F2/Rs ~ H2/12<< { Figure 4. Lateral boundaries and depth con-

tours for a channel having a narrows or con-
striction. In this case flow streamlines and
depth contours change together such that
v* - VD = 0 everywhere.

Figure 3. Equivalent electric network for induc-
tion in a vertical plane.

Figure 3 presents a network equivalent to illustrate how the conductivity weighting
arises. Let U be a typical velocity and for simplicity ignore ¢. Then for L >H > H,
the vertical resistances are small compared with the horizontal resistances and can

be ignored.
Then the electric current per unit distance downstream in the equivalent circuit is

—F.Uo,H
o H

1+ —
o,(H,— H)

The potential difference across the flow is

A e e e
B GRES A e

This result is equivalent to (5) and (6) and illustrates the effect of conducting sedi-
ments in reduc ng the average induced potential difference measured on submarine
cables. It is precisely this shunting which necessitates measuring or assuming the
conductivity structure of the sediments or relying on direct calibration schemes when
cable measurements of induced voltage alone are used to infer transport.

b. Electric currents in the horizontal plane. The second term in (2) and (4), denoted
simply as J* henceforth, describes currents circulating in the horizontal plane. The
strength and scale of these currents are determined by the three-dimensional varia-
tions of v -¥*, which in turn depends on the structure of the flow and the electrical
conductivity of the water and channel. The circulation is essentially horizontal at all
depths in the water and sediments. Lateral boundaries tend to inhibit these large-

scale electric currents.
Loops of electric current will arise in the vicinity of topographic features such as
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Table I. General and specialized expressions for elements in equivalent circuit of Figure 5.

In shoal region B'Hy ~ fHo» 1 B'Hy < fH, « 1
o= "HyU = -
e LT 20 BH,T
1+3p'H,
3 pL 2L BL
T o X(1+3f'Hy) 0,XH, o X

B’ ~oi/oy(Hs— Y2 Hy)

Outside shoal region

- BH,U oL <
¥~ 1+ BH, U BH,U
regan HEL Z BL
o, X(1+pH,) o, X H, 9.¢
BX X
L L PE) o LH, il
B =~ 01/0y(Hs— Hy)
Conductivity weighted velocity
difference
4 L—/ *= (7 *(shoal) i (7 ="(outsidc-:) (—/ = alHoz U
20,H®

shoals and ridges. Yet a lateral constriction of the flow unaccompanied by depth
changes will not produce J* currents. According to (2), J* is generated in regions in
which ¢ - v* s 0. The role of D is clearly evident when v - ¥* is expressed in terms of
depth changes.!
e
VS b

Consider a steady flow through the channel shown in Figure 4 in which the equiv-
alent depth, D, is uniform along transport streamlines. Then v* - y.D = 0; no J* cur-
rents exist and the channel sides are equipotentials.

Osgood et al. (1970) designate J* as currents of type 1. Their estimate of J* in the
vicinity of a narrows in the English Channel is based on the concentration or accelera-
tion of flow approaching the constriction. Although changes to ¥* have a role, it is
secondary to that played by v D.

However, there is little doubt that J* induction is important in many situations.
As written in (2), J* is difficult to evaluate, especially in channels. So consider an
analog circuit shown in Figure 5. The channel of width L and depth H, has a ridge
or shoal of depth ¥ H, and width X.

1 Where the conditions that 7:v =0 in the flow, that the flow normal to the bottom vanishes

(v-n(-H)=0) and that at the free surface v-n = 9(/0dt are used. The vertical component of velocity
is assumed to be negligible compared with the horizontal components, but is non-zero.
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Table I relates the network elements to -R(0A00L R

the physical characteristics of the channel
within and outside the shoal region for fH,

both small and large compared to unity. Sol- -RU-A00L R
ving for the voltage across R’ due to J 5 cur- g
rents yields
FAU*L
r+R/2
+ ’
R

RI=J*L[o,

The ratio of J*/o, and Ag [from (6)] is the re- Figure 5. Lateral boundaries and depth
lative error in potential measurements due to contours for a channel having a
ignored J* electric currents. localized shoal and the equivalent

According to Table I, the relative magnitude  Slectric network for induction in a
of J¥/o, in the shoal region for fH,>1 is hotizental plane:

oy 1
— .
_FE0* 5 X°

Similarly for fH,< 1 the result is

J oy - — H|H,
-FU* 2X2
3+

As expected, the influence of J* — 0 as the current paths are elongated for in-
creasingly larger X/L. For small X/L and fH,> 1, J*[o, gradients approach 40% of
F,U*. Thus a cable across the shoal would measure — F,(1 —.4) U*L. The reduction
in expected voltage is commonly, but in this case erroneously, ascribed to currents
in the vertical plane.

Regardless of X/L, J* is not significant for fH,< 1; since 0,/0,> 1, H, must be
much greater than H,. It is interesting to note that J* currents actually increase the
potential across the shoal.

Estimates of J* currents can be made from potential difference measurements
along the shore line (path r in Figure 5).

Electric currents not generated by the local velocity field but of external origin
can produce strong and variable background electric fields. These magnetotelluric
or earth currents are produced generally by temporal variations of the geomagnetic
field, but they can also arise from strong water motion outside the measurement site.
In general, these currents behave like J* currents, being horizontal and distributed
in the water and sediments in proportion to conductivity. In most cases, it is impor-
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tant to make supplementary electric measurements, away from the local flow, to
determine these currents. Otherwise, the desired measurements may be contaminated

from external sources.

3. The interpretation of y¢ and J/o with application to channels having SH < 1.

The flux of sea water into or through an experimental region is often difficult to
determine for long periods of time by any known method. For this reason even
crude transport measurements can be of considerable value. With mixed success,
measurements of potential differences across streams have been made and inter-
preted in terms of water transport. The principal difficulty with this method is that
the electrical response is a complicated function of the spatial structure of the veloc-
ity field and electrical conductivity of the water and sediments. The behavior of (2)
revealed by the analog network examples of Section 2 serves to estimate only crudely
the electrical response within a flow. More refined transport estimates require either
considerable prior knowledge about v and ¢ or extensive electrical measurements or
simplification of (2). The purpose of this section is to examine how to estimate trans-
port without extensive prior knowledge of the distribution of v and .

The Appendix shows that simultaneous measurements of both electric fields and
electric currents within a broad, shallow stream can be used to determine the velocity
field in spite of ignorance about the characteristics of the measurement site. Although
offering considerable promise, the method outlined in the Appendix has not been
utilized as yet and is not well suited for transport measurements for long periods of
time. Thus further discussion of this method appears in the Appendix so that the
emphasis of this section can remain on potential difference and electric current
measurements.

The network analysis of Section 2 shows that J* currents are negligible when
pH <1, resulting from H/H < 1, or when X/L > 1, since v - v¥ — 0. Ignoring J* cur-
rents, (1), (2), and (5) can be integrated to yield

_ (99 (H+u
A‘p‘faydy fﬂ1+ﬂ(H+C) @
(H+0)u
H—‘“’ “E ) @n? @®

where the indefinite integral, [( )dy, indicates integration across the flow. Similarly,
from (2) and (5) the transport can be expressed as

<
1
7 ff (1+B(H+ L)), /o,dzdy. )
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5 =ty : : X
For a flow which is essentially uniform downstream (Z > 1), (7), (8), and (9)

are valid for all § and can be easily evaluated in the limit of pH either small or
large compared to unity.

It is possible but unlikely that o, is ever greater than o,. Hence, the condition that
fH <1 also states that H/H < 1. In this case

oL

= (10)

Moreover, when § is uniform along the path of integration, it can be brought out-
side the integral of (7) with the result that

—A
Bt (11)
f J,Jo1dzdy
-H
The transport in this case is given as
=1 4
0= ﬁ_F Ap —p? ff 1(1H+ 0)J,odzdy|. 12)

Substituting from (11) for one of the (’s appearing inside the brackets in (12) yields

e 13
0= AF. [1+pH] (13)
where
&
ff (H +8)J,|0,dzdy
-H

- (14)

/s
ff J,|odzdy
-H

Equations (11) and (14) allow f and H to be evaluated from the measurement of
the potential difference across and the electric current within a stream. To the
authors’” knowledge electric current profiles have never been taken in order to cali-
brate a submarine cable. In a few instances measurements of the voltage between
towed electrodes, the G.E.K. method (von Arx, 1950), have been made near sub-
marine cables. The towed electrodes of the G.E.K. method are advected by the sur-
face current and sense an apparent voltage gradient equal to —J/o,; (Longuet-Higgins
et al., 1954). Hughes (1962) and Teramoto (1971) have combined cable and G.E.K.
data to estimate the conductance of the sea floor. This approach, which is also used
later in this section, is most useful when the flow is uniform with depth; then J /o,
is independent of depth and need only be measured at the sea surface.
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Figure 6. Chart of Vineyard and Nantucket Sounds showing position of submarine cable.

Conventionally, regions in which fH <1 are considered poor measurement sites
because the sediments greatly reduce the measurable potential differences and the
interpretation is highly dependent on the generally unknown sediment conductance.
However, situations in which SH <1 are common, especially in shallow coastal
sounds. Bowden and Hughes (1961) and Vaux (1955) report measurements in the
southern North Sea over and near the Aldeburgh-Domburg submarine cable where
BH =.17. Diiing (1965) determined the equivalent of fH =.36-.58 over channels
into the Gulf of Naples. Teramoto (1972) found fH =.11 in the Tsugaru Straits.
To the extent that the measurement situation complies with the assumptions of this
section, the present results show that the conductance is measurable and that the
reduction in signal strength accompanies an increase in the accuracy of transport
determinations.

a. Electric measurements on the Vineyard Sound. Experiments to monitor transport
were conducted near Woods Hole, Massachusetts, within a flow of small ﬂﬁ In the
summer of 1969 the potential differences and electric currents were measured across
the Vineyard Sound between Falmouth and West Chop on Martha’s Vineyard
(Figure 6). During the period of electrical measurements, surface and subsurface
drogues were tracked and drift bottles and seabed drifters were released by Bumpus,
Wright and Vaccaro (1971). The purpose of these measurements was to estimate the
flux of sea water in the Vineyard Sound as a whole and near a proposed sewage out-
fall in particular.

Potential measurements were made on a spare electric power cable provided by
the courtesy of the New Bedford Gas and Edison Electric Co. (formerly the Cape
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Figure 7. Potential differences across the Vineyard Sound. Higher voltages (positive fluctuations)
result from increased eastward flow.

and Vineyard Electric Co.). On the Falmouth side, the center conductor of the cable
was grounded, while at West Chop the voltage between the center conductor and
West Chop local ground was recorded on a strip chart recorder. Access to the sub-
marine cable was inland about 150 m at each end. It was not possible to deploy
electrodes on the shoreline connected by additional cables back to the power com-
pany’s facilities. The power company grounds were well established, having been in
place for many years, yet contributed a bias to the measurements shown in Figure 7
of about + 110 mv. The long-term stability of the bias can be determined by G.E.K.
measurements, as discussed next, or by making the potential measurements with
stable electrodes between opposite shorelines.

To determine the cable bias, 8 and H, 14 G.E.K. transects were made on four
separate days. The G.E.K. measurements were obtained by a method first developed
by Mangelsdorf (1962) in which seawater-filled tubes of different lengths are towed
behind a vessel. The tubes, of 2 cm (.75 inch) I.D. polyethylene, were 60 and 30 m
in length and were plugged with Vycor, a porous glass. The Vycor plug maintained
electrical contact with the seawater but allowed the inboard ends of the tubes to
come directly aboard the vessel and into its laboratory. The potential difference
between the seawater at the inboard ends is equal to that conventionally measured
by G.E.K. electrodes located at the outboard ends.

Rather than placing electrodes directly within the seawater at the inboard ends of
the towed tubes, we inserted a second pair of seawater-filled tubes connected to a
pair of electrodes in a Dewar flask. Each tube of this pair was a closed seawater-
filled tube contained at one end with a silver-silver chloride electrode and at the other
end with a Vycor plug. Thus each electrode was at the end of a continuous, conduct-
ing path of seawater extending either 30 or 60 m behind the vessel. This scheme al-
lowed the electrodes to remain in a thermally stable environment and yet able to be
connected alternately to the longer or shorter towed tube. Periodic reversal of the
electrodes showed that the slow drift of the electrode bias never exceeded 0.1 mv
on a given transect.

The potential between the electrodes was measured by an extremely high input-
impedance electrometer (Keithley Instruments, model 602). In order to reduce noise
due to surface wave and boat wake, a low-pass filter was used between the output of
the electrometer and the strip chart recorder.
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[P 15 EAsTWARD FLOW An improved version of this measure-

/'\,o ment approach has been developed in

A \ which the tubes, electrodes, electrode

reversal mechanism and amplifier-filter

e s are incorporated into a cable-towed in-
B o v 1savingges s &/ |  strument (Williams et al., 1972).

\vﬁ_,:s ,/"-‘ifré'\.j . Slack-tide times and hence cable zero

-4r 'f";?l» were determined by plotting the G.E.K.

ok e ‘;ESTWD e voltage gradient times the depth at sta-

tions across the Sound versus time of

Sound before and after slack water. Numerals da)f for two G.E.K. transects; the first o1

refer to positions along the G.E.K. transect which was taken before current reversal,

between Falmouth and West Chop. the second after. In Figure 8 run #19

was completed during easterly flow and
run # 20 during westerly flow. By means of fathometer readings taken during the
G.E.K. runs, it was possible to correlate time of day and position across the Sound,
and, hence, to deduce the times during each run that the boat was at a given po-
sition. The numbers 1-27 next to the data points in Figure 8 indicate the posi-
tions of the G.E.K. measurements made during the two succeeding runs. By con-
necting pairs of points with the same position number, the time of slack water at
that place can be read from the horizontal axis. This procedure assumes that the
flow transition occurs linearly with time and that the G.E.K. voltage measured at
the surface is proportional to the tidal transport averaged over depth at that lo-
cation. That the flow speed is nearly uniform with depth is verified by drogue
measurements over a period of several hours (Bumpus et al., 1971). Near the time
of slack water, however, the flow may not be uniform in the vertical.

The times of slack water determined by this procedure are shown in Figure 9.
From these data the time of 1355 is taken as the time of average slack water across
the G.E.K. transect. The large cross-stream variability is consistent with the ob-
servation of Redfield (1953) that tides in this area are dominated by the interfer-
ence of two oppositely-directed progressive waves. In the submarine cable area,
the interference results in a small tidal range, which allows ¢ to be ignored, and
in closely packed cotidal lines, which leads to large tidal phase differences over
small distances. In this last respect the present cable was not well suited to G.E.K.
calibration.

The cable voltage, Ag, is taken as the difference between the measured cable volt-
age at any time and the cable voltage measured at slack tide. Positive voltages, rep-
resenting a positive potential gradient across the Sound from south to north, imply
eastward flow. On both 14 and 15 August the slack tide voltage was the same but
15 mv more positive than that observed on 31 July. It is thought that this 15 mv
change in bias results from the grounds used.

Once the slack tide voltage was known, the average cable voltage, Ap, measured

(MILLIVOLTS)
to
T

H-CEK
|

Figure 8. Measurements of H-GEK across the
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during each G.E.K. run could be used 1420

to compute £ via equation (11) and hence
1410} {

to calibrate the cable. Recall that 5 Y
§ 7\ /\,\
L0 § oo SNl o
"= = —GEK(y) N / \/\-/
0, f—eso- po \ /\
where GEK (y) stands for the voltage 5‘340_ . v
gradient measured at the sea surface be- ;
tween a pair of towed electrodes. If the © w30 /
flow speed is uniform with depth, as has )
already been assumed, so will be the e 5 10 5 20 25 30

G.E.K. voltage gradient. Hence STATION NUMBER

0 ? I? 1'5 2’0 2|5 3.0
C \,
ff J,|o1dzdy = — [ (H+ ) GEK dy 3 P 1
i S e \ \ Va
: VA™S \
and therefore S 5 / N
Ag g g X /
B = - - a5 ¥ NN
J(H +¢) GEK dy :

- . 30

The c.ieterrmnatlc?n of § and the .Cable Figure 9. Time of slack water (upper panel) and
calibration factor is made by ﬁttmg a water depth (lower panel) versus position
line to the data plotted in Figure 10 across the Vineyard Sound.
which shows the submarine cable voltage
plotted versus the [H - GEK dy. The size of each box reflects the estimated uncer-
tainties in the cable and G.E.K. measurements. In both cases, the scale of the box
results from an expected error of +19% of full scale on the recorders and from the
fact that the G.E.K. runs required % hour to complete. The tidal range, {(t), is
less than 0.5 m everywhere in the cable area and was neglected in the computation.

Runs 5 and 6 indicate values of [ H- GEK dy which are 30% too small compared
with the other data. A possible explanation for this discrepancy may be that during
these two runs the flow was at a maximum toward the west and the winds were 8-15
knots out of the southwest to west. Blowing opposite to the direction of the current,
the wind produced much sea surface chop. The increased wind drag, producing the
choppy sea, might have reduced the near surface current speed relative to the deeper
water, and, thereby have reduced the G.E.K. voltage gradient. On no other G.E.K.
runs were the current and wind both strong and in opposite directions. The direct
action of the wind on the vessel should contribute no signal to the G.E.K. measure-
ment (Longuet-Higgins et al., 1954).

A straight-line fit to this data has a slope, f, of 0.019 m~'. Computation of the

ratio
[H?- GEK dy

e
[H-GEK dy



136 Journal of Marine Research [33, 1

gave a mean value of H=178m and,

3" = hence, a ﬁlg of .34 for the Sound. This

¢ value for H was very stable, having a

S 2 i standard deviation from the mean of

g only 1.6 m over the 14 G.E.K. transects.
e The average depth H across the Sound
oo o mo;;z;?; i%i:o;jLaioo at the cable location is slightly less, A ~
oo @ 5 14.5 m. This discrepancy arises from the
2-lO L B 2w = | Jarger weighting of deeper depths by the
i b H? term in the integral in the numerator.

2 Assuming F,=-0.5 x 10-* weber/m?®

Lso substitution into equation (13) gives a ca-
libration factor Q/4p = 1400 m®/sec/mv

Figure 10. Plot of cable voltage versus [# - for the submarine cable. .
GEK dy for 14 G.E.K. transects. The measured value of SH compares
well with that estimated from geological
knowledge of the region. The average water depth is 15 m with an underlying sedi-
ment layer 150 m thick. The ratio ¢,/0, was measured to be 3 from a core of the
sand and gravel bottom. Hence, a value of SH ~ .3 was expected prior to the mea-
surements.

The voltage fluctuations of Figure 7 indicate that the peak tidal transport varied
from about 160 x 10° m®/sec during spring tides to about 70 x 10® m3/sec during neap
tides. Using the G.E.K. transects, the cable voltages corresponding to zero transport
were determined to be +96 mv on 31 July and +111 mv on 14-15 August 1969.
Computation of {the average flood and ebb and net transports during 4 semidiurnal
tidal cycles on 14 and 15 August yielded average transports of 1.3 x 10° m® to the
west and 1.8 x 10° m® to the east, for a net transport of .5 x 10° m® of water to the
east, per semidiurnal tidal cycle. Similar calculations for 2 cycles during 30-31 July
gave transports of 1.6 x 10° m® to the west and 2.4 x 10° m3 to the east per tidal
cycle, with a net transport of 0.8 x 10° m? to the east per cycle. We regard the esti-
mate of 14-16 August with more confidence since two determinations of slack tide
were made at that time, while the 30-31July calculations rest on only one deter-
mination, as outlined previously.

4. Conclusions

We have developed a framework within which to interpret simultaneous measure-
ments of Ap and J/o, across broad, shallow flows over thick, highly conducting
sediments. In particular, we have shown how potential measurements on a submarine
cable can be related to water volume transport using simultaneous towed electrode
potential (G.E.K.) measurements to arrive at the cable calibration.

A major source of error in relating submarine cable potentials to volume transport
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is the existence of large-scale horizontal electric currents which we have shown are
small for sites with small 8 &. For areas of small BH, then, the serious errors in cable
calibration arise (1) from the changes in water and seabed conductivity across the
flow, with depth, or with time, and (2) from the assumption that the horizontal flow
is uniform with depth. The method of towed electrodes offers no way around the
latter assumption. A free fall G.E.K. system which avoids this limitation is outlined
in the Appendix. More serious are spatial and temporal changes in conductivity, for
then the parameter f is no longer constant and the simplifying steps leading to equa-
tion (13) are no longer possible. Estuaries and other areas of large fresh water out-
flow have high vertical conductivity gradients that may also change with time so that
the simple relations presented here may not apply.

In areas where the conductivity is reasonably constant, it should be emphasized
that even if § is not known, transport can still be monitored in a relative sense.
Alternate methods could be used to determine Q which would then determine f.
If the conductivity structure is known, say from geological information, f can be
estimated. The method used under appropriate circumstances has the advantages
that it measures transport for long periods of time, inexpensively and with no im-
pedance to flow or vessels.

Appendix. Transport measurements using v¢ and J/o

A technique is proposed to determine the velocity field within a broad, shallow stream from
measurements of the potential gradient and electric current density.
For horizontal velocity, Ohm’s law can be written as

V= %kx(vw%—J/a). (Al)

Equation (A1) holds regardless of the characteristics of the flow, bottom topography or water and
sediment conductance. Thus measurements of y¢(y,2) and J/o(y,z) across the stream would deter-
mine the velocity field and hence the transport. In practice, the measurement of ye is difficult to
obtain since it must be measured by stationary electrodes. On the other hand, measurements of J /o
can be readily made of the voltage between horizontally-spaced electrodes mounted on a falling
probe free to move horizontally with the flow. Such an instrument observes an apparent electric
field given by —J/o (Longuet-Higgins et al., 1954).

However, the difficulty in making ¢ measurements is greatly reduced within flows broad com-
pared with the water and sediment depths. In this case the potential gradient is essentially inde-
pendent of depth, hence measurable on the channel bottom. From (2) J/oy is given as

Jjo1 = —F,(u—i*)+ J oy (A2)

Hence from (1)

de 4 ¥

= — —Eu*—J;[oy. (A3)

dy 4
Adding (A2) and (A3) yields

17}

S o Jyloy = —Fyu. (A%)

dy
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The transport across the stream is

a0 a CJ/ dz=d A5
Q——E[J( + )5 )’+J‘J~_Hy012)'}- (AS)

Equation (AS5) is similar to Hughes’ (1962) equation (10) except that he brought the factor (H +¢)
outside the integral. Not incorporating H(y) in the integration will lead to significant errors in
channels having large cross-stream depth variations such as North Channel studied by Hughes (1962).

Spatial variations of ¢ do not affect the use of this approach. For the general case of a contin-
ously variable o, the subscripts on o can be dropped. In this case

L)
ovdz’
- -H

VA= ——4_ 5 (A6)
f odz’
— HS
The electric current density is given by
C —_
J=vxfan(v—v*)dz’+J*. (A7)
z

When combined (A7) and (1) yield (A4) except that o, is replaced by ¢ which is now variable.

This method is being actively applied in the deep ocean (Drever and Sanford, 1970). A free-fall
probe is used to measure and record J/o and another moored instrument measures ¢ near the sea
floor. For use in shallow water, a modification of this approach would be capable of measuring with
one device J/o with depth and y¢ on the sea floor. Such measurements at a number of stations
across a stream would determine the transport.
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