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On the Generation of Ocean Wind Waves 

as Inferred from Air6orne Radar Measure-

ments of Fetch-Limited Spectra' 

T. P. Barnett' and J.C. Wilkerson 

U.S. Naval Oceanographic Office 

ABSTRACT 

A section of sea surface that had been subjected to a constant offshore wind was profiled 
by using an airborne radar-wave profiler. The profiles extended seaward fr om the coast for 
a distance of 350 km. From these data, estimates of the spectrum of encounter of the sea 
surface were obtained for different fetch lengths. It was possible to retrieve the true wave 
spectrum as a function of fetch length. Spectral growth curves were then obtained and anal-
yzed in light of recent theories on wave generation. The data are consistent with the resonance 
theory of wave growth (Phillips 1957), provided the magnitude of the mean-square at-
mospheric pressure fluctuations are 50 times greater than those given by Priestley ( 196 5) for 
low wind speeds over land. The data also suggest that wave growth through an instability 
mechanism (e.g., Miles 1957) is yet to be understood. Both of these conclusions support 
similar findings of Snyder and Cox (1966). It was found that higher-frequency waves grow 
past or "overshoot" their eventual equilibrium energy value. After overshooting, they then 
rapidly decay back to an equilibrium range. 

I. Introduction. Why waves form when air Rows over water is a question 
that has not been sati sfactorily answered, but several theories that could account 
for wave generation have been advanced. With the exception of the measure-
ments by Snyder and Cox ( I 966 ), it has not been possible thus far to adequately 
observe the manner in which the wind actually adds energy to the wave spec-
trum. Hence, the theories are almost untested. Recently, the U.S. Naval 
Oceanographic Office has initiated a series of field e:,qieriments designed to 
measure the rate of growth of the energy spectrum under steady-wind condi-
tions. This paper describes the method and results of the first of these ex-
periments and compares the data obtained with recent theoretical results. 

In this experiment we have observed steady-state fetch-limited wave spectra 
that had been developed by a geophysically uniform wind field at a number 
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of different fetch lengths. From these observations it was possible to obtain 
estimates of spectral growth. In practice, the observations were timed to take 
place after the offshore winds behind a strong low-pressure system had es-
tablished a stationary wave system within approximately 275 km of the eastern 
coast of the United States. An aircraft, equipped with a high-resolution radar 
altimeter, then obtained continuous profiles of the sea surface from the coast 
seaward to a desired distance, first in a downwind direction and then upwind. 
The data were subsequently transformed into spectra that were representative 
for various distances from the coast. These spectra eventually provided the 
basis for estimates of spectral growth over the major frequency range of the 
spectrum. A critical factor in the analysis was the constancy of the wind field 
during, and for a given time before, the fl.ight. 

2. General Theory and Background. The method employed in reducing 
the sea surface profiles to the final estimates of real spectral growth is discussed 
in § 6. Here we consider pertinent background information and general 
theoretical approach. 

Several workers have independently proposed the following general equation 
to describe the energy balance of the wave spectrum in deep water: 

aF ..,. -+ -+ ..,. 
at (a, cp, x, t) + Vg- "v F(a,<p, x, t) = G; 

-+ 
here F (a, <p, t, t) is the local energy spectrum at position i and time t; Vg 
(a, cp) is the group velocity of the component with circular frequency a 
[ = (gk)1l2J and relative direction cp; and the function G represents all pro-
cesses that add energy to, or subtract energy from, F. The complete G-
function is not presently known, but it is possible to define a linear form of 
G that will be adequate for our immediate purposes (Hasselmann 1960): 

GR::;cx+{JF; (2) 

ex and fJ correspond to wave growth mechanisms that are linear and exponential 
in time (space); respectively, such mechanisms might be explained by the 
resonance theory of Phillips ( 195 7) and the shear-fl.ow theory of Miles ( I 9 5 7 ). 
Reviews of these theories have been given (e.g., by Longuet-Higgins et al. 
1963). If G is given by (2), then (1) is a linear form of the energy equation 
and will be considered valid until nonlinear and/or dissipative effects take over. 

It is clear that an appropriate form of ( 1) can be used to obtain estimates 
of ex and fJ, provided one of the three following conditions can be fulfilled 
during the initial growth phase: 

(i) if F (a, cp, t, t) and W(t, t) are known for sufficient t and t; 
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--+ --+ --+ 
(ii) if F ( a

0
, cp

0
, t) and W( //gt, t) are known fo r suffi cient t and //g equals 

the group velocity of the (a
0

, cp0 ) component, 
(iii) if F (a, cp , 1) and W(x) are known for suffi cient :t" and are stationary for 

specifi ed t . 
The fir st condition, which essentially estimates a and fJ by a hindcasting 

technique, generall y involves the soluti on of a nonlinear integro-differential 
form of (1). Details of such an analysis have been given by Barnett (1966). 

The second condition is identical to the case considered by Snyder (1965) 
and Snyder and Cox ( 1966 ). In their experiment a directi onal wave recorder 
was towed at constant speed downwind from E leuthera Island, Bahamas. A 
singularity in the spectral transformati on, relating the true frequency and 
directi on of a wave component to its apparent frequency and directi on, allowed 
them to estimate the spectral intensity of that component having a group 
velocity equal to the towing velocity. They obtained spectral growth curves 
for a single component (wavelength 17 m) over a range of wind speeds. From 
these data they quantitatively evaluated the relative importance and correct-
ness of the wave-growth theori es previ ously mentioned. Their results supported 
the resonance theory of Phillips. They also showed that the instability theory 
of Mil es predicts rates of wave growth that are almost an order of magnitude 
too low. 

The final condition is the one met in this work. Expanding on (iii) , it is 
suffi cient that the wind fi eld be at least weakly stationary over a reasonably 
large region encompassing the observation area. The amount of time, t, during 
which the wind should be stati onary depends on the frequency component to 
be observed and on the fetch distance at which the observati on is to be made. 
This quantity may be approximated by 

d 
t =--

Vg(a)' 
(3) 

with d equal to the maximum fetch distance for which the a-component would 
be fully developed and with both d and t suffic iently large (Phillips 1958a). 
For all fr equencies in which (3) is sati sfi ed or in which time fo r full develop-
ment is less than that given by (3), with d and a given, eq. ( 1) reduces to: 

By considering only the steady-state fetch-l imited case, we have reduced 
the data necessary to evaluate a and fJ to F (x) and W(x). Without a large 
number of ships, oceanographic buoys, or both, coll ecti on of even these data 
would be a nearl y impossible task. However, with the relati vely fast ( 1 oo m/sec) 
airplane-altimeter arrangement, a means of estimating F (x) has been provided, 
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Figure 1. A schematic view of the airborne sea-surface profil er. 
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-+ -+ 
and with uniform wind fi elds, W(x) has been reduced to W. Both of these 
simplificati ons involve certain assumptions that will be justifi ed in later sections. 

3. Instruments. The airborne radar wave profiler employed is a system 
under development for the U .S. Naval Oceanographic Office. It is composed 
of three functi onal sections: the antenna assembly, the height sensor, and the 
vertical aircraft-moti on sensor. The entire instrument package is mounted 
near the center of gravity of the aircraft (a Lockheed Super Constellation). 
Fig. 1 shows a simplifi ed block diagram of the instrument, and Table I li sts 
its more important characteristics. Here the wave profiler is only briefly dis-
cussed; for greater detail s see Barnett and Wilk erson ( 1967 ). 

Vertical moti on of the aircraft is sensed by an accelerometer ( range ± 1 g, 
sensitivity 0.0001 g), which provides a signal to electronic circuitry, where 
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double integration takes place. The output is representative of aircraft dis-
placement and is applied as a second input to a summing network. With proper 
scaling factor and phasing, this signal cancels the incremental altitude signal 

T able I. Performance characteri stics of the 
Amecon wave-height indicator. 

Frequency 
Modulation - FM 
Power output 
Antenna 
Beam width 
Nominal operating altitude 
Accuracy 

Resolution 

4300 mc/s 
25 kc/s 
300 mw 
Split parabola 
1.72° 
152 m 
Wave height between 0.6 
and 15 m, ±10°/o of ac-
tual value, or 0.15 m, 
whichever is greater 
Wavelengths from 9 to 
600m 

input created by the verti cal 
displacement of the aircraft . 
A ll other signals (wave-height 
informati on) from the sum-
ming network are then for-
warded to an amplifi er, the 
output of which is recorded 
on an oscill ograph. Fig. 2 

shows an analog trace of the 
outputs of the wave-height 
sensor and the doubly inte-
grated accelerometer signal. 
The rollin g and pitching mo-

introduce unwanted noise to 
tively unimportant here. 

tions of the plane can also 
the wave profile, but such motions are rela-

In a performance test of the airborne wave profiler under conditions of a 
" fully developed" sea near Argus Island Tower, Bermuda, there was good 
agreement between the one-dimensional spectra determined from the T ower's 
wave staff data and the airplane data. The wave recorder appeared to be quite 
capable of accurately locating spectral peaks and giving their magnitude. How-
ever, agreement diminished with high frequency; it is not clear whether this 
was due to system noise or to attempts to compare a time history with a spatial 
history, but the former seems the more likel y. 

4. The W eather. 3 T o attempt significant estimates of a wave spectrum's 
evoluti on, the measurements had to be made under ideal wind conditions. An 
offshore wind of constant velocity should have been blowing over a large area 

., r I SECOND 

Figure 2 . A typical length of profi ler record. 

3. We are grateful to Li onel I. Moskowitz fo r providi ng the general weather analysis. 
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of the ocean for a given time (§ 2) prior to wave observation. Also, the win<l 
field should have been uniform in its lateral extent. These were difficult 
conditions to meet, but fortunately, the wind field over and around the observa-
tion area was about as geophysically constant as could be expected. 

The general weather situation was as follows: A weak low-pressure system 
(1007 mb), located just north of the North Dakota-Canadian border early 
on 17 February, developed in intensity as it moved eastward; at the same time 
a high-pressure system of moderate strength, pushing ESE out of Canada, 
was accelerating the eastward movement of the low-pressure system. At oo 
UT on 1 8 February the center of the enlarged low-pressure system ( 1000 mb) 
was located midway between James Bay and the Great Lakes. 

A north-south isobaric configuration, with practically no field curvature, 
developed to the east of the low-pressure center and remained until after 1 2 UT 
on 20 February. The winds off the mid-Atlantic states were light and variable 
until the frontal system passed the coast (oo UT, 19 February). After passing 
over New England, the low-pressure system began to intensify rapidly (984 mb 
in the center over New England, at oo UT on 20 February). This deepening 
of the storm led to an intensification of the pressure gradient, increasing the 
surface-wind speeds behind the frontal system. These winds prevailed in the 
coastal areas of Maine to Cape Hatteras, N. C. 

4.1 THE WIND FIELD IN GREATER DETAIL. The National Weather 
Records Center at Ashville, N. C., has provided the wind details presented in 
Fig. 3. An A at the base of an arrow indicates that the data were taken with 
an anemometer. Where possible, all anemometer data have been converted to 
values at a height of Io m, assuming a logarithmic profile and considering the 
drag-coefficient data of De Leonibus (in preparation). This height corresponds 
to the level that visual estimates taken from shipboard are purported to re-
present. Considering the variety of ships engaged, the wind data are remarkably 
uniform. A wind speed of 30 to 35 kts ( 15.2-17 .8 m/sec) and a direction of 
335°T are typical of the values reported. The plane track (dashed lines in 
Fig. 3) was oriented so that it was parallel to the wind direction. 

Fig. 4 shows a time history of the wind force and direction at selected near-
shore stations where anemometers were used. Since the air mass associated 
with this storm was very unstable,4 some variability due to gustiness is present 
in Fig. 4. But even with this variability the constancy of the nearshore wind 
field through the measurement time was reasonably good. 

For the region far from shore, it was not possible to obtain similar anemo-
meter wind data, but estimates of the wind for this area were obtained through 
accurate plane positioning. By locating the plane every five minutes with 
LoRAN A, the plane's ground speed could be estimated. Since the indicated 
air speed was maintained constant during flight, one simple subtraction yielded 
the effective wind speed. Because of the directions of the wind and plane flight, 

4. Air -sea temperature differences as reported by the lightships were between - 6° and - 10°C. 
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Figure 3. a, b, and c. Sequential wind and weather maps for coastal and offshore areas of the Middle 
Atlantic states, 18 UT 2-19-25 to 06 UT 2-20-65. 

this effective wind speed was practically identical to the true wind speed at the 
altitude of the aircraft-152 m above the mean sea surface. The average 
wind on the downwind run was 33 kts ( 16.8 m/sec), on the upwind run, 
30 kts (15.2 m/sec). These values are a bit lower than the actual wind speed, 
since the plane did not fl.y a precisely straight line out from the coast. 

To obtain an estimate of the uniformity of the wind field with distance 
from the coast, values of the wind speed were calculated by using successive 
fiv e-minute LORAN positi ons. The smoothed results are shown in Table II. 
The downwind wind speeds show a fairly large variability, because the 
plane's ground speed of approximately 220 kts (112 m/sec) gave rise to a 
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Figure 4. T ime histori es of wind force and direction at ocean light ships off the Middle Atlantic 
states. 

larger pos1t10ning error. The upwind wind speeds were more uniform, since 
the approximate ground speed of the plane here was 1 5 o kts ( 7 6 m/sec ). The 
data show that the wind field was uniform with respect to distance from the 
coast. No attempt has been made to reduce the plane winds to equivalent 
winds at a height of Io m. 
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Table II. Wind speed as a function of distance from the coast, estimated 

from smoothed sequential LORAN A positions. 

Downwind Upwind 

Distance Wind Wind Distance Wind Wind 

(km) (knots) (m/sec) (km) (knots) (m/sec) 

46 40 20.6 33 34 17.5 
95 37 19.0 60 34 17.5 

143 42 21.6 95 35 18.0 
179 37 19.0 128 34 17.5 
210 33 17.0 179 30 15.4 
247 33 I 7.0 210 34 17.5 
283 44 22.6 247 30 15.4 
329 38 19.5 265 36 18.5 

302 33 17.0 
338 47 24.2 

Average 38.0 19.5 34.7 17.9 

The waves measured in this experiment were generated by a nearly offshore 
wind having a speed5 of 34 ± 4 kts ( I 7. 3 ± 2 m/sec) and a direction of 335°T; 
these winds had been blowing for at least I 2 hours, but probably for nearly 
16 hours. 

5. Treatment of the Data. Almost continuous records of the sea-surface 
profile were obtained from near the coast seaward for approximately 350 km 
(see Fig. 2). Segments of the wave record taken within 90 km of the coast 
were digitized at an interval of 0.05 second, those beyond 90 km, at an interval 
of o. 1 second. If these time intervals seem small, it should be remembered that 
the data were obtained in the reference system of the rapidly moving airborne 
platform. The entire record was divided into consecutive but independent 
segments, the length of each segment being determined by the requirement 
that each must be at least quasihomogeneous. Each series was numerically 
filtered prior to spectral analysis to remove extraneous low-frequency noise. 
The apparent power spectra or spectra of encounter were computed on an 
IBM 7074 by the method of Blackman and Tukey (1958). These apparent 
spectra are designated by E (w), where w is the apparent frequency of encounter 
as seen from the plane. The apparent autocorrelation function is given as 
follows: 

r(-r) = ( h(t)h(t+ -r) ) , 

with h(t) being the time history of the sea surface as seen from the aircraft. 
The spectrum of encounter is : 

co 

E(w) = 1/n r(-r) cos w-rd-r . 
0 

5. Referred to the alt itude of the aircraft, 1 S2 m. 
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The raw spectra were corrected for instrument response and then smoothed 
by using consecutive weighting factors of 0.23, 0.54, 0.23 (hamming). Due 
to the nature of the sea and the manner in which the measurements were made 
and digitized, aliasing did not introduce difficulti es. The 90° / 0 confidence 
limits were approximately o. 70 and I. 30, differing slightly between the sets 
of upwind and downwind spectra. 

6. The Spectral Transformation. The problem of relating the frequency 
and direction of a free wave to its apparent frequency and direction, as ob-
served from a moving platform, has been discussed in detail by St. Denis 
and Pierson (1953). The practical aspects of the frequency mapping and 
spectral transformation have been put forth by Cartwright ( 1963), whose 
paper has been of considerable assistance in the mathematical formulation in 
this section. 

6.1 THE FREQUENCY TRANSFORMATION. The unique relationship be-
tween real-wave frequency, a, and the apparent-wave frequency, w, is 

w = a - (a2 /7/g) cos -ip, (5) 

where /7 is the speed of the moving platform and 1P is the angle between the 
direction of platform motion and the direction of wave propagation. On the 
other hand, the inverse relationship 

(6) 

is nonunique. The speed of the platform and the value of -ip determine which 
branch of (6) is to be considered. The problem is somewhat complicated for the 
general situation in which the speed of the platform can be less than the speed 
of the fastest wave. In our case, however, the plane was going much faster 
than the fastest wave observed. Furthermore, the plane was seeing what was 
for all practical purposes a pure wind sea. It is most reasonable to assume that 
nearly all of the wave energy was confined to ± 90° of the mean wind direc-
tion. From (5), w will be negative and it is convenient to redefine w and a as 

w = -a+(/7a2 /g) cos-ip, l1PI < n /2, 

{1+[(4w/7/g)cos-ip]'12} I I / a = .,__=---:...c. _ _:_=.... _ _:_~~ , 1P < n 2 . 
( 2 /7 / g) cos 1P 

(5a) 

(6a) 

6.2 SPECIFICATIONS OF THE INTEGRAL TRANSFORM. The relationship 
between the apparent spectrum, E(w), and the real two-dimensional spec-
trum relative to the plane heading, F(a, -ip), may be expressed in either of 
two forms: 
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E(w) = F(a, 1P) I:: Ida, (7) 
c, 

or 

E(w) = F(a,1P) 1:: I d1J), (8) 

c, 

where c
1 

indicates that the integrati on is to be carried out over all a and '1/J 

that can yield the specifi ed value of w (Cartwright 1963). In the case of the 
plane traveling downwind, a and 1P together must satisfy (5 a) and (6a), with 
w fi xed. 

To obtain a solution of (7) and (8) it was necessary to represent the two-
dimensional spectrum as a product of a frequency-dependent function and an 
angular spreading factor, 

F(a,1P) = H (a)K(a ,1P)-

In this experiment the plane tracks were only upwind or downwind; therefore 
it was not possible to obtain direct estimates of K(a,1P)- H ence, it was neces-
sary to make various assumptions concerning this functi on and then see how 
sensiti ve the results were to these assumptions. Three forms of K were con-
sidered : 

(i) 

(ii) 

(iii) 

K(a,1P) = K2('1p) 

= 0(1P), 

8 
= - cos4 '1/J, l'I/J I <n/2, 

3n 
= O , l'I/J l 2'.n/2, 

p(a) 

K(a,'1/J) = K3(a ,1P) = a(a) cos '1/J, l'I/J I < n /2, 

= O , i'lfJ l2:: n/2. 

Each of the K's has been centered on the plane's heading, which, since it 
was essenti ally downwind, is considered to be relati ve zero. K1 is a delta func-
ti on and is equivalent to an assumption that all of the waves were traveling 
directly downwind. K2 gives an angular spread that is independent of frequency 
and is normalized so that 

+n/2 

K2('1fJ)d1P = 1. 

-n/2 

The actual directional properties of the spectrum seem to lie somewhere 
between these two forms. H ence, we constructed a third spreading factor that 
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had the essential directional properties found by both Longuet-Higgins et al. 
(1963) and Cote et al. (1960): Waves moving at nearly the speed of the wind 
(W/c~ I) were concentrated in a rather narrow angular beam about the wind 
direction ( '1jJ = o). The width of this beam increased as the ratio of wind speed 
to wave speed increased. In the definition of K3, the exponent p (a) will be 
large for W /c~ I and will diminish as W/c increases. In Fig. 5 the function 
p (a) is shown versus W /c and compares 
well with the results of Longuet-Hig-
gins et al. ( 1963) as amended by Cart-
wright (personal communication). The 
normalizing factor, a (a), has been 
chosen so that 

therefore 

+n/2 

K3(a,'1jJ)d'1jJ = 1; 
-:rr;/ 2 

+ n /2 p (a) 
a- ' (a) = COS '1jJ d '1jJ . 

- :rr;/2 

To estimate the effect of different 
directional assumptions, the integral eqs. 

12.---- --- - - ---- ~ 

10 

8 

PG 

4 

2 

0 ._ _ __,_ _ _ _j__ __ _1_ __ _L_J 

0 2 
W/C (O-) 

3 4 

Figure 5. Exponent of spectral directionality, 
p, versus W /c (a) for the K3 as-
sumption. 

(7) and (8) were solved for all three of the K's. It should be noted that, in 
carrying through these solutions, it has been assumed that each K is inde-
pendent of fetch. 

6.3 SOLUTION OF THE INTEGRAL EQUATIONS. This section outlines the 
solution of ( 7) and (8 ). Although the present discussion, as before, concerns 
only the case of a plane traveling downwind, it applies equally well to the 
upwind case, provided w, '1jJ and K(a, 'lj)) are defined properly. 

Substituting for F(a, 'lj)) and the Jacobians, 

E(w) = C H(a)[K (a,'lj)) + K (a, - '1jJ)] da, 
J ( a2 .v/ g) I sin '1jJ I 

and 

E(w) = \ H(a)[K(a,'ljJ) + K(a,-'ljJ)]d'ljJ _ 
J [1 + (4w/7/g) COS'1jJ]'1' 

(8a) 

The problem of solving ( 7 a) or (8 a), which are similar to Fredholm integral 
equations of the first kind, can be considered as a generalization of the problem 
of solving a set of n-algebraic equations in n-unknowns. Thus (7 a) may be 
approximated as follows: 
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E(w) = r H(a)[K(a,1/1) + ~(a,-1P)] da, 
i .) ( a2 Ff g) I sin 1P I 

= ..:!:::H(a1)[K(a1,1Pt;) + K (a1,-1Pt1)Joa1, 
L., (a21Ffg) Jsin1Pt; I 
j- 1 

(9) 

n 

= L Ai;H(a1)-
1-1 

In this notation, a1 and wi represent individual members_ of a discrete set of 
midinterval fr equencies while 1/JiJ is the value of 1P determined by 

We must determine values of wi and a1, and, with 1ft; from above, evaluate 
the coefficients At; · For the values of a1 and Wt for which 

Ai1 must be evaluated from (8a) due to the singular nature of (7a) at 1P = o. 
In this case, H(a) varies but slightly over the above interval in 1/J; therefore 
H(a) may be considered as constant in that range (Cartwright 1963). Hence, 
(8a) is approximated by 

oip 
H(a') 

E(wt) = [ ( /// )] 112 [K (a',1P) + K (a' , -1P)] d1P, 
I + 4Wi g • 

( IO) 

0 

where a' is the given value of a1 determined from the discrete a-set for which 
1/JiJ at wi is nearest to zero. The desired value of A iJ may be readily calculated. 
Values of a1 < a' cannot give a contribution to E at the particular w0 hence 
the corresponding coeffici ents of A-matrix must be zero. The final result is 
a set of n-linear algegraic equations in n-unknowns: 

n 
[E(w;) - J,Ai1H(a1) = o], z = 1, 2, ... , n. ( I I) 

J-1 

The E's are given and the terms of the coeffi cient matrix, At; , have been de-
termined in the most appropriate manner. 

We must now solve these equations for the desired unknowns, H (a1). 

This is not as easy as it may appear, fo r the set of algebraic equati ons may be 
" ill-c onditi oned", which is another way of saying that vari ous equations may 
be dependent, or nearl y so. A simple test for ill-c onditi oning has been given 
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by Redish ( I 96 I) . Geometri call y stated, the test is as fo ll ows: Each equati on 
of set ( I I) may be considered as representing a hyperplane. If two or more of 
these hyperplanes are nearl y parall el, the set is said to be ill- conditioned. T o 
calculate the actual angle between the hyperplanes, the equati ons were fir st 
normalized so that the new coeffi cients, say A'ti , are the directi on cosines 
of the normals to the hyperplanes. The angle @zm between the /t h and mth 

hyperplanes can be calculated, since 

n 
e l m = cos-I [L A' l j A' mj]. 

1- , 

The nearer the angle @zm is to zero, the more poorly conditioned (dependent) 
are the /th and m th equati ons. 

T o suitably condition (11) and thus maximize @zm, it is necessary to choose 
the values a j in a judicious manner. This is required because of the complicated 
relati onships between a and w and because some a values will not be able to 
contribute to the whole range of w . Hence, to avoid developing quasidependent 
or redundant equati on pairs, it is necessary to pick the a1 so that no one a 

interval will contribute the majority of the energy in two successive w intervals. 
The equations that finall y result fo rm a triangular array of dimension 3 0 , 

and, because of the finit e difference approximation, they represent the ori ginal 
integral equation plus a sli ght perturbation term. For the integration intervals 
used in this paper, the perturbation term introduced errors of less than 5 °/o 
to the soluti on of ( I I). 

6.4 DEFINITION OF THE SPECTRAL FIELD. In presenting the final estimates 
of spectral energy at various distances from the coast, it has been convenient 
to speak in terms of true frequency,/ = a/2:n, and the true frequency spectrum, 
F(f, 'l./1, x) = 2:n F (a, 'l./1, x). Figs. 6 and 7 show contours of the quantity 
F(f, o, x) for the vari ous directi onal assumptions and the two-plane headings. 
This is simil ar to the type of presentation that has been used by Munk and his 
co-workers in tracking swells from distance storms ( e.g., Munk et al. I 963). 
H encef orth, all r eference to the spectrum will he directed toward the quantity 
F(f,o,x). 

The contours on each f-x diagram are based on approximately 22 values of 
F vs f for each of 2 7 to 3 0 different x's (60 0 points/diagram). The x axis is 
directed downwind, and x equals zero at the coastline. The grid spacing along 
the x axis was 6. 5 km for the region within 90 km of the coast and I 3 km 
beyond. A long the f axis, the grid spacing decreased from 0 .0 1 I cps near/""' 0.2 0 

cps. The purpose of this contouring was to show details with a minimum of 
smoothing, thus presenting the data as objecti vely as possibl e. Unfortunately, 
no data were obtained for the area between about 2 7 and 46 km from the coast, 
and this hiatus makes it impossible to discuss the growth of the higher-frequency 
waves. 
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In viewing the f-x diagrams there are several important items to bear in 
mind. A cut along the f axis at constant x will give the spectrum F(f, o) at x. 
Simil arly, a cut along the x axis at constant f will give the spacial history of 
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the /-spectral component. Also of interest is the location of spectral peak(s) 
or valley(s) at any particular x value and of the value of x beyond which a 
specified spectral component may be considered to be in equilibrium. In one 
case, f) FI f) f = o and the tangent to a particular F contour will be parallel to 
the f axis. In the other case, for an equilibrium condition, f) F I ox = o and the 
contour tangent will be parallel to the x axis. 
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7. Results and Discussion. 7.1 QuALITATIVE DrscussroN OF THE f-x 
DIAGRAMS. It is apparent in Figs. 6 and 7 that the type of spreading factor 
used to solve ( 7 a) and (8 a) had littl e qualitative effect on the outcome of the 
results. While each of the spreading functions used had a different mathematical 
form and physical interpretation, each confined the wave energy to a fairly 
narrow directi onal band about the wind direction. An isotropic spreading 
factor, say, would have yielded quite different and quite unrealistic results. 

The upwind diagrams appear to have somewhat less energy content than the 
downwind diagrams. To some extent this is true, but the effect is exaggerated 
by the following considerations. (i) The area of greatest apparent difference is 
generally in f-x regions where fJ F/ fJx is relatively small. Small changes in F 
significantly influence the position of a contour line. (ii) The contouring 
philosophy also partially accounts for the apparent result. However, it is ob-
vious that the f-x structure of the inner region is somewhat different between 
the downwind and upwind runs (see § 4 below). 

The essential features of the diagrams are: 
(i) The major spectral peak migrates toward lower frequencies with in-

creasing distance from shore. This is illustrated in a plot of the frequency of 
the major spectral peak, /

0
, versus x (Fig. 8). The form of these data is similar 

to that found by Hidy ( r 965) in wave-channel experiments. The form of the 
curve strongly suggests the importance of an unstable type of wave-generation 
mechanism. 

(ii) There is a considerable amount of wave energy in the low-frequency 
end of the spectrum for even the small values of x. This indicates that energy 
was being added simultaneously over the whole frequency range of the spec-
trum. This result is in conflict with the concept that a given frequency com-
ponent must be almost "fully developed" before a lower- frequency component 
can begin to grow (e.g., Pierson et al. 1955, Baer 1962). 

(iii) Consider a cut along the x-axis for a fixed frequency /1 that is some-
what greater than fw( = g/2nw). The magnitude of the f' component will 
increase with x until at some distance, x = xm,J will be the location of the 
spectral peak and F(/1, xm) = Fm· Traditionally it would be expected that, 
for all X?_xm, F ?..Fm. Thef-x diagrams indicate that this is not the case. 
Instead, for x>xm it will be observed that Fis always less than Fm by a 
statistically significant amount. In physical terms this means that, as a spectral 
component grows, it apparently overshoots its eventual equilibrium value. 
Thereafter, the component gives up energy and soon settles down to the final 
equilibrium value. For the highest fr equencies shown on the diagrams, this 
effect is obscured by the fact that the area in which the overshoot occurs was 
not sampled. For a more quantitativ e discussion of the entire phenomena, 
see§ 7.3. 

To explain the overshoot behavior of the individual spectral components 
is beyond the scope of this paper. W e might speculate that the phenomenon 
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is the result of some interaction between the ocean-wave field and the atmospheric 
field (Hasselmann, in press). Alternately, we might imagine, as did Neumann 
and Pierson ( 1963), that the occurrence of breaking seas of approximate fre-
quency, f ', tends to cause partial destructi on of wave energy associated with 
fr equencies f ?. f'. Waves having frequencies less than f' would experience 
littl e or no effect of this breaking, since their wavelengths are greater than 
the scale of wave-induced turbulence. All of this suggests that the actual re-
presentation for the one-dimensional equilibrium spectrum might be closer to 
that considered briefl y by Phillips (1963): 

H (f) rxg2J- 5 • R(f0 /f), (12) 

where R is a dimensionless function off and of the frequency of the local 
spectral peak, f

0
• The form of ( l 2) raises some rather fundamental questions 

concerning the causes of the equilibrium range. Implicit in Phillips' (19586) 
formulation of the equilibrium theory is the assumption that wave breaking 
is local at a point. However, localness in 1-space does not necessarily imply 
localness inf-space; therefore, a simple form such as that ori ginally proposed 
need not adequately describe the equilibrium range. 

(iv) Attention is now directed again to the features present in the near zone 
of the f-x diagrams. The most obvious of these features is the occurrence of 
a peak (high-wave energy) and then a valley (low-wave energy) in the down-
wind diagrams in the region off = o. 1 2 to o. l 5 cps and x = 6 5 to 80 km. 
These features are not repeated in the upwind diagram, but considerable 
certainty can be attached to the beli ef that the features are indeed real. This 
raises the problem of trying to explain their cause. Since the frequencies involved 
indicate that the corresponding waves are in relatively deep water, there is 
littl e possibilit y of accounting for the result through shoaling or some other 
bottom effect. However, the presence of a small area of relatively stronger 
wind located some 65 km from the coast may provide a reasonable explanation. 
Since the plane was traveling much faster than this area, the result would be 
shown on the f-x diagrams as an area of high-wave energy. Frequencies higher 
than those in the peak area would already be at or near equilibrium and hence 
would show no significant change. Frequencies lower than the peak respond 
more slowly to changes in wind speed and similarly show littl e evidence of 
such an area. Although the occurrence of an area of stronger wind accounts 
qualit atively for the observations, such an explanation must be considered as 
speculative. It also points up the f olly of attempting anything but a macroscopic 
analysis of the present limited data. 

7.2.1 DETERMINATION OF WAVE-GROWTH PARAMETERS. It is our purpose 
in this secti on to obtain quantitative estimates of the wave-growth parameters, 
IX and /3, (2), and to compare these estimates with theory. Before doing so it 
was necessary to retri eve spectral growth data from the f-x diagrams. This 
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was simply done by taking cuts along the x-axis at various frequencies. A 
selected amount of these growth data is shown in APPENDIX A. Also shown 
are the best-fit growth curves obtained in this section. 

Since the theory expounded in § 2 concerns only the linear phases of 
wave growth, it is necessary to use only data for which nonlinear effects 
have been small. A good rule of thumb is to consider nonlineariti es as 
negligible so long as the magnitude of a particular spectral component is 
less than 30°/o of its maximum value (Snyder and Cox 1966). Once these 
data had been isolated, IX and /3 were evaluated by the method of least 
squares so that the quantity 

L wi [ F(xi) - S (xi, IX, {3 )] 2 

i 

was a minimum. F(xi) is the observed value of the spectral component at the 
position xi , S is the estimated value of Fat x0 and wi are weighting factors. 
The wi have been chosen so that they would be inversely proporti onal to the 
square of F(xi) unless F (xi ) is less than l m2-sec, in which case wi = 1/F(xi) -
Such a system tends to give equal weight to each data point while discriminating 
against values below I m2-sec, where noise is more important. A comparable 
weighting scheme was employed by Snyder and Cox. In Figs. 9 and 1 o, 
respectively, the resulting best estimates of IX and {3 are shown versus wave 
frequency for the various spreading factors. Also shown in Figs. 9 and r o are 
the theoretically predicted IX and /3 as discussed in the following sections. No 
effort was made to estimate the directional aspects of IX and /3. 

7.2.2 LINEAR W AV E GROWTH. The results in § 7.2. I indicate that the 
linear growth factor, 1X, is important in the initi al generati on of wind waves 
and in providing a substantial amount of the energy near the eventual spectral 
peak. However, the magnitude of IX is sufficiently small so that it cannot account 
for a majority of the observed wave energy at the more advanced stages of 
spectral development. Also, it is apparent in Fig. 9 that the choice of direc-
tional assumption had little significant influence on the estimates of IX for an 
individual run. There was a factor difference of almost two in the corre-
sponding magnitudes of the estimates, but this is of small concern. The im-
portant thing is that the dependence of IX on frequency is clearly the same for 
all three K's. 

The maximum value of IX for the upwind and downwind runs occurred for 
waves of frequency o. r oo cps and 0.092 cps, respectively. The phase speeds 
of these waves are 30 and 33 kts (15.2 and 16.8 m/sec), respectively. It is of 
interest that the average wind speeds from the plane were 30 kts upwind and 
33 kts downwind. While it is tempting to try to relate these seemingly coupled 
facts, it is more prudent to exercise restraint. As mentioned previously, the 
wind speed is not known to anywhere near the necessary accuracy. Besides, 
while we have of necessity assumed a geophysically constant wind field, the 
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actual wind was variable. Therefore the present work can provide only a 
general averaged picture of the processes of wave generation. 

In comparing the observed oc's with those predicted by Phillips' theory, it 
is necessary to estimate the three-dimensional spectrum of atmospheric pressure 
flu ct4ations. Priestley ( 196 5) has provided the essenti al data for such an 
estimate. His results were first applied by Snyder and Cox ( 1966) to partially 
confirm Phillips (1957) theory. The general evaluation of oc (suggested by 
Snyder in a personal communication) in terms of frequency and directi on has 
been given in detail by Barnett ( 1966); only the results are used here. One 
problem arises: The expression for the atmospheric pressure spectrum con-
tains a turbulence scaling factor. Priestley's data were obtained for low wind 
speeds over closely mowed grass, and the corresponding scaling factor was 
found by Snyder and Cox to be proportional to approximately the fourth power 
of the wind speed. With such a power law it is possible to extrapolate to higher 
wind speeds, provided it is assumed that the nature of the turbulent pressure 
flu ctuations was similar during his experiment and ours. However, first esti-
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mates of a, using such a representation for the scale factor, gave values that 
were lower than those observed by a factor of approximately 50. I t would 
indeed be fortuitous if the conditions under which Priestley took his limit ed 
data could be extrapolated to those of high wind speed accompanied by a 
rough free-water surface and strong atmospheric instability. To compare the 
theory of Phillips' with measurement, then, it has been necessary to normalize 
all theoretical values of a to the magnitude of those observed. Note that, while 
such normalization changes the magnitude, it does not affect the functional 
form of a. The shape of the curves shown in Fig. 9 are presumably independent 
of the scaling factor. 

The values of wind speed used to evaluate a were 30 kts upwind and 33 kts 
downwind. These values were selected because they give the best agreement 
between theory and observati on. Since the wind is not known to within the 
limi ts implied by these choices, these selections all ow the fairest test of the 
theory. 
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Comparison between the theoretical and observed values appears to be good. 
The agreement worsens with increasing frequency, but this can be accounted 
for by an increase in the signal-to-noise-ratio for these frequencies. The results 
are still considered good. If, in addition to the present favorable results, we 
consider the results obtained by Snyder and Cox ( I 966 ), it seems reasonable 
to beli eve that a number of the ori ginal aspects of Phill ips' theory have been 
verifi ed. But some uncertainty does remain, for there are still too many loop-
holes (scaling factor, wind speed, and exponential wave growth) to allow for 
an assumption of full confirmati on. 

7.2.3 EXPONENTIAL W AVE GROWTH. Estimates of the parameter of ex-
ponential wave growth, f3 , are shown in Fig. Io fo r both runs and fo r all 
directional assumptions. That the estimates of f3 have littl e dependence on the 
form of K is somewhat obscured by the fact that the data from the two runs are 
not similar. There are at least two possible explanations fo r this apparent result : 

(i) The data upon which the lowest frequency estimates of /3 are based 
are rather scattered. A straight line (/3 = o) could be drawn through the data 
to obtain almost as good a fit, since o:: is but sli ghtly affected and /3 is small 
anyway. For the higher-frequency estimates of /3 (on the upwind run), the 
higher signal-to-noise-ratio will cause lower estimates for reasons discussed in 
the foll owing paragraph. 

(ii) The result can also be accounted for by all owi ng the wind near the 
coast to either drop on the upwind run or be higher for the downwind run. 
Such wind changes would induce either more or less (even negati ve) curvature, 
respectively, in the growth curves. Since /3 is essentially a measure of this 
curvature, the result could be as shown in Fig. I o. The foregoing discussion 
serves to re-emphasize the fact that the numerical estimates of f3 , and to a 
lesser extent of o::, should be considered as order-of- magnitude-values. 

N ow it is pertinent to compare theory and observation. The predicti ons of 
Mil es' theory are shown in Fig. 1 o with the curve designated M . This pre-
dicted curve is in agreement with none of the data over the frequency range 
under consideration. A similar conclusion concerning the magnitude of the 
instability present was reached by Snyder and Cox ( I 966 ). The SC curve in 
Fig. I o is an empirical relationship for /3 suggested by Snyder and Cox on the 
basis of their data ; for the case of waves traveling downwind, it is defined by 

/3 = 2 nsf(W/c- 1), 

where s is the ratio of the densiti es of air and seawater and W is the wind 
measured at one wavelength above the mean sea surface. N eglecting the up-
wind run, the agreement between the measurement and the predictions of ( I 3) 
is quite remarkable. 

In Fig. Io it seems parti cularl y signifi cant that f3 is positi ve for waves traveling 
at phase speeds equal to, or greater than, the wind speed (§ 4.2). Such a result 
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is contrary to the predictions of instability theories. One possible explanation 
for this result has been given by Phillips ( I 966) and in a more general sense by 
Hasselmann (in press); the weak coupling of the atmospheric turbulence and 
the wind-wave fields could produce a positive /3 for waves moving faster than 
the wind. 

7.2.4 TRANSITION BETWEEN LINEAR AND EXPONENTIAL GROWTH. Of 
considerable interest is the transition distance at which the process of linear 
growth and exponential growth are equal (oc: = {3 F). As postulated by Phillips 
and Katz ( 196 I), this is the fetch distance required for a particular spectral 
component to occupy the steep forward face of the energy spectrum. We have 
used Fig. 10 and the closed-form solution of (4) to arrive at estimates of the 
transition distance. These were then compared with the fetch distances shown 
in Fig. 11 ( discussed in following paragraph). In 11 out of 1 3 estimates, the 
fetch distance was roughly 2 to 4 times greater than the transition distance. 
The Snyder and Cox data gave a typical factor of 7, but their data were not 
particularly suitable for the estimate. It appears that the transition distance is 
not equivalent to the fetch distance. 
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The estimates of fetch distances obtained from the present data are shown 
in Fig. 11, a representation that is similar to that used by Phillips and Katz. 
Al so shown in Fig. 11 are the measurements by Burling (1955), Kinsman 
(1960), and Snyder and Cox (1966). The distances are given in numbers of 
wavelengths (fetch/wavelength) versus wave speed over wind speed, the latter 
measured at a height of one wavelength. The wind speed actually used in 
Fig. 11 is an average of values observed by the aircraft. The uncertainty in 
estimates of the mean wind speed is thought to be of the order of Io O 

/ o, which 
does not greatly affect the results. 

M ost of the data fit well together. The data are generally not in agreement 
with the theoreti cal curves of Phillips and K atz (not shown), which were 
deri ved from the Miles theory (1957). However, the work of Phillips and 
Katz has been amended by Phillips ( 1966 ), so now there is at least qualitative 
agreement between theory and observation. Finall y, the data shown in Fig. I 1 
lend support to the contention of Snyder and Cox that there is a universal 
relationship of the fetch distance (measured in wavelengths) at which a com-
ponent occupies the steep forward face of the spectrum and the wind speed 
measured in units of phase velocity. 

7.3 W AVE D1ss1PATION. As mentioned in§ 7.1 (iii), spectral components 
having frequencies somewhat higher than the wind frequency Uw) seem to 
grow past, or overshoot, their eventual equilibrium value. This is illu strated 
in Fig. I 2 with a schematic spati al history of a spectral component in non-
dimensional fo rm. The abscissa is distance downwind in wavelengths, and the 
ordinate is the value of the component, F, at a given x divided by the maximum 
value, Fm, achieved by the component throughout its spacial history. 

Fig. 12 shows the number of wavelengths (x/L) from the leeward fetch 
edge at which Fm occurs for the various frequencies. In the data shown for 
the downwind run, the near-zone peak area previously mentioned has been 
neglected. Data fo r only the K3 directional assumption are presented, but either 
of the other two spreading factors would have served as well. While there is 
some scatter in the data, it appears that high-frequency components reach their 
maximum value in fewer wavelengths than the lower-frequency waves. 

It is informati ve to investi gate the correspondence of the observati ons with 
proposed frequency power-law fo rmulati ons in the equilibrium range. Fig. 13 
is a log-log plot of wave frequency versus Fm, the maximum spectral value. 
O nly upwind values of Fm have been used. A lso included in Fig. 13 are esti-
mates, obtained through averaging, of the eventual equili brium value, Fe, fo r 
both runs. 6 A lthough neither of the exponents of the est imated best- fi t lin es 
can be considered precise, the relati ve difference between the two lin es is 
signifi cant. A difference in this magnitude occurs fo r all directional assumptions. 

Whatever the ultimate cause of the overshoot effect may be, it does seem to 
present a partial explanation fo r the controversy over the form of the representa-

6. Fe/Fm for both runs is between 0 .35 to 0.75, with the data badly scattered. 
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tion used to describe the equilibrium range of the wave spectrum. Depending 
on the experimental design, the amount of data taken, and the frequency 
range considered, it would be possible to inadvertently bias the results toward 
either higher or lower estimates of a pure-power law exponent. It is reasonable 
to suggest that an explanation such as that given in § 7 .1 and a representation 
of the form ( 1 2) will be required in order to describe more fully the establish-
ment and maintenance of spectral equilibrium. 

8. Summary. By using a modifi ed airborne radar altimeter it has been 
possible to obtain sequential estimates of fetch-limited wave spectra. Since 
these spectra are representative of fetch distances from 5 to 350 km, it has 
been possible to simultaneously foll ow the development of a number of spectral 
components from their very beginnings to their final equilibrium state. Although 
these data were taken under only one typical wind condition, they still provide 
additional insight into the processes of wave generation and dissipati on. The 
more important results of this paper may be summari zed as fo ll ows: 

(i) The peak of the spectrum moves toward lower frequencies with distance 
from the lee shore. 

(ii) Energy is being transmitted simultaneously to the entire frequency range 
of the spectrum. 

(iii) A particular spectral component, of frequency somewhat higher than 
the wind frequency, grows until it has occupied the positi on of the spectral 
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peak. After that time (distance) the component does not maintain its maximum 
energy, but instead, loses energy until it reaches a final equilibrium value that 
is between 30 and 70°/o of the maximum. 

(iv) The observed rates of spectral growth are in substantial agreement 
with the observations of Snyder and Cox ( 1966 ). This agreement lends con-
siderable support to the conclusions drawn by those authors concerning the 
wind generation of ocean waves. 

(v) The predictions in Phillips' (1957) theory concerning wave generation 
by turbulent atmospheric pressure fluctuations are in good accord with the 
observed linear growth rates. However, the data suggest that, under unstable 
atmospheric conditions, the pressure-spectrum scaling factor (Priestley 1965) 
must be increased by several orders of magnitude over that expected for near-
neutral conditions in order to make theory and experiment compatible. 

(vi) The data indicate that wave generation by some type of instability 
mechanism is yet to be understood. The data also reaffirm the conclusion of 
Snyder and Cox that the instability that is present (at least in the frequency 
range of the eventual spectral peak) appears to be an order of magnitude stronger 
than that predicted by Miles. 

(vii) It is significant that the coefficient of exponential growth, fJ (Fig. 10), 
is positive for waves having phase speeds equal to, or greater than, the wind 
speed. 

(viii) Estimates of the fetch distance, where a component occupies the steep 
forward face of the spectrum, are in good agreement with other data. The 
observations also indicate that these fetch distances are 2 to 4 times greater 
than the transition distance as defined by Phillips and Katz ( 1961 ). 
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APPENDIX 

Growth of the downwind component of the spectrum as a function of 
true wave frequency (f), directional assumption (K), and distance from the 
coast. Note, the distance is given in nautical miles (1 n.m. = 1.853 km). The 
x's and o's are data from the downwind and upwind runs, respectively. 
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