YALE
PEABODY
MUSEUM

P.O.BOX 208118 | NEW HAVEN CT 06520-8118 USA | PEABODY.YALE. EDU

JOURNAL OF MARINE RESEARCH

The Journal of Marine Research, one of the oldest journals in American marine science, published
important peer-reviewed original research on a broad array of topics in physical, biological, and
chemical oceanography vital to the academic oceanographic community in the long and rich

tradition of the Sears Foundation for Marine Research at Yale University.

An archive of all issues from 1937 to 2021 (Volume 1-79) are available through EliScholar,
a digital platform for scholarly publishing provided by Yale University Library at
https://elischolar library.yale.edu/.

Requests for permission to clear rights for use of this content should be directed to the authors,
their estates, or other representatives. The Journal of Marine Research has no contact information
beyond the affiliations listed in the published articles. We ask that you provide attribution to the

Journal of Marine Research.

Yale University provides access to these materials for educational and research purposes only.
Copyright or other proprietary rights to content contained in this document may be held by
individuals or entities other than, or in addition to, Yale University. You are solely responsible for
determining the ownership of the copyright, and for obtaining permission for your intended use.
Yale University makes no warranty that your distribution, reproduction, or other use of these

materials will not infringe the rights of third parties.

This work is licensed under a Creative Commons Attribution-
‘ @ @ @ @ \ NonCommercial-ShareAlike 4.0 International License.

https://creativecommons.org/licenses/by-nc-sa/4.0/

SSSSSSSSSSSSSSSSS




Inertial Oscillations in an Ekman Layer
Containing a Horizontal

Discontinuity Surface '

Joseph P. Pandolfo and Philip S. Brown, Jr.

The Trawelers Research Center, Inc.
Hartford, Connecticut

ABSTRACT

Solutions are obtained for systems of equations that determine the development of ve-
locity profiles in an infinitely deep fluid system subjected to Coriolis accelerations and com-
posed of two layers of viscous fluid differing in density, viscosity, and geostrophic velocity.
The density, viscosity, and horizontal pressure gradient are assumed to remain constant in
space and time within each layer and to differ discontinuously at the horizontal interface
between the layers. In one case considered, the initial state is one of geostrophic imbalance
in one of the layers. In another case, the initial state is one of geostrophic balance in both
layers, but the geostrophic velocities are allowed to vary periodically in time in either or
both layers.

The boundary conditions imposed are that the velocities remain bounded at large (verti-
cal) distance from the interface. The interface conditions imposed are that the shearing
stress and velocity be continuous at the interface for all time.

The solutions contain height-dependent transient terms that approach the two-layer
steady-state solutions given by Bjerknes et al. (1933) for large time. However, they also
contain terms representing a permanent inertial oscillation that has height-constant amp—litude
and phase at all finite values of height (with zero height defined as the interface).

If the viscosity of the lower layer is assumed to be infinite and its horizontal pressure
gradient is assumed to be zero, the solutions yield zero velocity at the interface, and the terms
representing the permanent inertial oscillation disappear at all finite heights. At infinite
height, the solutions with both sets of assumptions give the “circle of inertia” characteristic
of a nonviscous atmosphere.

If typical atmosphere-ocean values of density, eddy viscosity, and velocity are taken in
the first case, the amplitude of the permanent oscillation is of the order of 19/, of the geo-
strophic wind but is comparable in magnitude to the interface current speed.

It should be noted that these relatively large and persistent oscillations in the oceanic
velocities can arise, even in the absence of changes in the oceanic horizontal pressure gradients.

Imposition of a zero-velocity lower boundary condition at finite depth in the lower layer
yields a solution that goes to a steady interface current at large time. However, imposition
of such a condition at depths as great as five times the Ekman “depth of frictional influence,”
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or greater, results in insignificant reduction of the amplitude of the oscillating transient term
over periods long compared with the observed period of variation in synoptic-scale atmos-
pheric horizontal pressure gradients. Thus, even in this case, the oscillation in the interface
velocity may be regarded as quasipermanent.

These solutions are compared with that obtained by Ekman (rgos) for a single (oceanic)
layer of infinite depth, in which a time-constant wind stress is specified at the upper boundary.
In Ekman’s solution, the amplitude of the oscillating transient term is reduced significantly
within a period of three pendulum days.

i.  Introduction. Nonlinear models of the atmosphere-ocean planetary
boundary layer are being developed at The Travelers Research Center, Inc., and
these models will be numerically integrated on electronic computers. Particu-
lar emphasis is being placed on the vertical eddy-transfer processes in this layer,
on time scales of the order of one hour, since this is the order of the antici-
pated time step in the numerical integration. An essential component of such
models is the formulation of air-ocean interface conditions on the momentum,
according to the time scales considered.

It was felt that a preliminary study of the behavior of simpler models having
the same interface conditions would be useful. Comparison of one-layer model
solutions with two-layer model solutions should be of special interest, since the
subject of the over-all study is to be the interactions of the planetary boundary
layers of the air and ocean rather than the reaction of either to arbitrarily
specified momentum characteristics of the other.

The simplest relevant linear models that include the physical processes of
interest—the eddy-transfer of momentum in the layers and on the time scales
considered—appear to be those based on the classical time- and space-constant
eddy viscosity formulation of Ekman (1905). Ekman obtained solutions for the
steady-state drift current in a single-layer model in which the upper boundary
condition required that the eddy stress in the ocean layer be equal to a speci-
fied wind stress at the air-ocean interface. Another solution for a single-layer
steady-state problem was obtained by Akerblom (see, e.g., Berry et al. 1945),
but his solution was for a model having a lower boundary condition appropriate
for viscous flow over a rigid lower boundary. Steady-state solutions for a two-
layer system with conditions imposing continuity of the eddy stress and mean
velocity at the interface have been demonstrated by Bjerknes et al. (1933).
These conditions appear to be appropriate for our studies and are the first
that will be investigated. A solution to a corresponding time-dependent prob-
lem, i.e., the development of the drift current from a specified initial state,
was also given by Ekman (1905). Similarly, the development from specified
initial conditions of Akerblom’s atmospheric wind spiral has been considered—
as a special case in a much broader study—by Ooyama in Blackadar et al.
(1957).

Their one-layer time-dependent solutions approached those of the corre-
sponding steady-state problems at large times; i.e., oscillations with the inertial
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period, arising from the rotation of the coordinate system, were damped, albeit
slowly. No previously reported solution for the time-dependent problem corre-
sponding to the steady-state problem considered by Bjerknes et al. has been
found. Yet it is the case that is of interest to us. In our preliminary study we
have obtained such solutions, which are presented and discussed below.

ii a. Eguations for Constant Geostrophic Velocities. We wish to find the
solution u;(z,2), vj(%,t), j = 1, 2 to the following problem:

0u; . 02 u;

il dsy e R diG R O/ (12)
Kj ot Kj 022 Kj

(AT N i (1)

5o & 02K

where the subscript ; refers to the upper layer, and the subscript , refers to the
lower layer. The time- and space-constant parameters are: p = density,
K = (dynamic) eddy viscosity, f = Coriolis parameter, and #, and vy, the
components of the geostrophic velocities 7, are step functions in z and #;
z = 0 is the value of the height coordinate at the interface between the layers.
The physical idealizations used in obtaining equations (1) from the equations
of motion for a fluid in a rotating coordinate system are listed by many authors
(e.g., see Defant 1961).
Associated with equations (1) are the initial conditions

u:(%,0) = v1(2,0) = 0, u2(%,0) = v2(%,0) = 0, (2)

the interface conditions,

u1(0,t) = u2(0,1), vr(0,1) = v2(0,t), (3)
ot T L
5155 e (k5 e
(4)
o (PN 0
0% | =0 0% |,y

and the requirements that #:, vr be bounded as = -+ « and that uzy v, be
bounded as z - — . Details of the solution procedure are given in Appendix
A. The solutions obtained are
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where the complementary error function is defined as the complex line integral

[>=)

erfcl = 2(m)~ "2\ =S dE (6)
¢

with the path of integration subject to the restriction that arg & —u with
|u| <74 as & - « along the path; u = x/4 is allowed if Re(&*) is bounded
to the left.

i b. Solutions for Time-dependent Geostrophic Velocities. The procedure de-
scribed in Appendix A may be used to solve the problem described by equations
(1) through (4) for the case in which geostrophic velocity, 7, is permitted
to vary with time; in particular, we now let

%gx = %gx(l = COSCOf) 5

(7)

Qey

g2=0.
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In this case, 7: has the form

1
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In the corresponding expression for ¥,(z, ¢), the last terms, which depend
only on time, do not appear because of the assumption that 75, = 0.

iii a. The Case Ty Constant, Tg» = 0. It is of particular interest to examine
the behavior of the solutions given in equations (5) as time becomes large
and to see whether a limit exists as # - «. For this purpose, we use the fact
that

lim erfc %ié(n/?.)m(l +i)} = {Z ’ (9)

C—->+co

according to whether the sign is plus or minus, where « is a real constant and
¢ a real variable. Then
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this expression is made up of a term representing a permanent inertial oscilla-
tion (for which no limit exists) superimposed upon a term corresponding to the
two-layer steady-state solution of Bjerknes et al. (1933). A result similar to
equation (10) is obtainable for the lower layer.

The behavior of the solutions at the outer boundaries is demonstrated by
the limits

lim Tx (2,2) = ga (1 —e71tY) (112)
Z—>
lim 9, (z,2) =0, (11b)
z—>—

which can be found by using the fact that
lim erfc{ = o, (12)
(>

provided the path of integration is taken so that |arg | <m/4 as { - ». The
solutions (11) correspond to those obtained for a frictionless fluid.
From the identity

erfc (£) +erfc (=¢) = 2, (13)

it is seen from equation (5 a) that, at the common surface of the layers,

T

x+<e:Kx/esz)*/2}_‘}, (14)

and since
X
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the corresponding expression for (0, #) reduces to the form (14) as required
by the interface condition.

iii b. One-layer Mbodel (K. Infinite, 74 = 0). The solution for the one-
layer problem with 7:(0,#) = 71(2, 0) = 0 and F: bounded as x -+ « is
obtainable from the more general solution (5a) by requiring the geostrophic
velocity in the lower layer to vanish and by taking the viscosity K. to be
infinitely large. The resulting form is
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lim erfc (§) =1.
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Thus, the terms containing the factor ¢~ift go to zero in the limit as # approaches
infinity, for all finite z.
Therefore, no permanent oscillation exists and the solution approaches the
steady-state solution; i.e.,

lim i (z,2) = Tgr [1— e~ C+D2 @F/2KD"] (16)
t—>+

At infinite height, the solution (15) approaches the limit given in (11 a).

ces = . . .
iii c. The Case ©g1 = Tgr(1 —cos wt), vg2 = 0. The solutions in this case
again contain undamped oscillations since

t—>o
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Similarly, the expression for 7, has no limit, since terms involving et and
e +i®¢ are again present.

It may be shown that, as the frequency of the geostrophic velocity oscilla-
tion, w, approaches natural frequency, f, of the system, the solution remains
bounded and resonance does not occur.

it d. Model With Zero-velocity Lower Boundary Condition at Finite Depth.
A question arises about the effect on the solutions of the imposition of a no-
slip boundary condition at the bottom of the lower sublayer. A solution has
been obtained for the # component of the interface velocity for this case
(Appendix B). The resulting form is

Uy (O,t) = U2 (O,f) = [I + (Qsz/QzKI)I/ZjI— ‘ng Sinff—

KoK (o0 K| o

1+ (02 K/ s Kx)*“]'—

=1 ) k=K
[I"l"(QIKI/QZK‘.’)!/zJ } . Im{ztz‘i”erfc

kH(ez/Kztw] ~ u8)

(e (+0) 2k H (70 /2 K erfc lkH(Qz JKa ) 4 (1+4) (ft]2)"] +

o~ (1+0)2k H (£0:/2 KD arfc [kH(g;/Kzt)‘/z— (1+7) (f,/z)m]) },

where H is the depth of the (rigid) lower boundary.

It can be shown that the series is uniformly convergent for sufficiently
large 7 so that the limit of the solution is obtainable by taking the sum of the
limits of the individual terms. Thus,

lim #1,.(0,2) = 2

t—>

1+ (02K:/0x Kx)"z]

vkt

w‘,l]c}:{ [1 4 (QzKZ/Q,Kl)IIZ} |

—1)k—1
1+ (ox Kx/@sz)m} } i
. Im o=+ 2k H (FQa/2 Ko

As in the one-layer case discussed in iii b, the terms containing the factor
e~ift 9o to zero in the limit as # approaches infinity.
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Figure 1. Two-layer model velocity components at the height = = 7 [2K;/p;f]"/2.

iv. Typical Solution Values. Numerical calculations have been performed
on the IBM 7094 to evaluate the velocity components for the two-layer
models, using the values of the parameters given below:

Layer 1: w#g =0, @y =1.5x 103
or=1.1§x 1073, K;=4.3x%x10,

Layer 2: ug, =v4. =0
02=1.0, K,=4.3x10%,

with f = 10-%; here all quantities are given in the appropriate c.g.s. units.

In Fig. 1 the velocities for the upper layer are plotted as functions of time
at the level z = (2 Kifo:f)*n. Both #: and v; are seen to damp slowly while
oscillating about the values of their corresponding geostrophic velocities. The
ux, vx curves for the one-layer model were found to be nearly the same as those
in Fig. 1, though damping at a slightly faster rate.

From (14) it is seen that the velocities at the interface are simple non-
damping cosine and sine functions of period 27/f. These are shown in Fig. 2,
with  oscillating about zero and v oscillating about

{ 11— [I + (QIK[/QZKZ)I/Z]-I }“ng.

Fig. 3 illustrates the spirals obtained by plotting those components of the
solutions that do not contain the factor ¢~ift; these nonoscillating terms, #%;, @y,
approach the steady solutions rapidly. The values are shown for ¢ — 107/f.

Fig. 4 again presents the # component, u;(0, 2), of the interface velocity
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Figure 2. Solutions at the interface = = o, plotted against time.

for the infinite-layer case as given in (14) together with the corresponding
velocity component, #p (0, £), for the finite-depth model given by (18) for the
depth-ratio value

H' = H(fp:/2K,)'* = 1,

and for all other parameters listed above. The limiting value, Up, for infinite
time given by (19) is indicated by the dashed line, about which the function
up(0,¢) oscillates.

2000 . T 20
= 2 z=a b z=0
e = el \ il
‘e Z= —C¥27r/16
T, 100077 % /4 SIS H10 o
2 o
& g
© o
o 5001 1F z=-a,m/4e 15 °y
= L]
z aln/16 \
Un LG (2= ,r ezl ri2n0
y I ' -5
500 7560 500 0 500 -5 0 5 10
4 -1 - =)
u,;, cm sec u,, cm sec

Figure 3. Nonoscillating terms of the solution for the two-layer model at time ¢ = roz/f. The quan-
tity or; is defined by o; = (2Ki/@if)*"*, i = 1,2.
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Figure 4. Interface velocity # component for infinite layer model and finite depth model, with

H(fo:/2Ky)r2 =1.0.

In Fig. 4, two major differences between #; and

up are immediately evident.

First is the tendency of up to approach a nonzero limit, Up, at large time.
Second is a general decrease in apparent amplitude of the oscillating #, with
time, although an irregularity in the rate of this decrease may be seen. This
is more evident in Fig. 5. Investigation shows that this irregularity cannot be
ascribed to approximations in the numerical evaluation procedure, as was first

suspected.

Values of Uy, = lim up(0,#) are listed in Table I for several values of the

t—>

1/2

1.0 up(o,t) forH(fp2/2K2) = 50, 100, 200
=
S 8t 3
=
=
=J] =2
1
=
S AF 5
oy
=4 5
1} .2_. =
=

| 1 ! 1 1 1 1 1
0 10 20 30 40 50 60 70 80
f-t/r

Figure 5. The ratio U’ = [uf (0,¢)— UF]/uy(o,¢) for selected

values of H' = H(sz/?- K )iz,
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depth ratio in the range 1< H'<200. A Table L. Up = lim up(0,2) as
measure of the rate of decrease in time of b

the range of variation is given by the quantity q tfurllflt’ioanz; t}]e Kd;gth
ratio = 02 2 K; .

1= “e (0,2)— Up H(fo:/2K:)"*=H" lim up(o,¢)
uy (O,l‘) t—> ©
1 —4.27
for successive maxima and minima in the 13 ;;gxigig
. . o —Js X
two solutions occurring _for Jtla — +0.5, 50 0
Jj =0,1,2,.... In Fig. 5 the successive 100 0
values of U’ are shown connected by a 200 0

smooth curve, for selected values of H'.

In Fig. 5 the previously noted irregularity in the general trend of decreasing
apparent amplitude with time is readily evident in the shallower depth cases.
Because of the greater evidence of the property in the shallow depth cases and
because of the apparent tendency of irregularities to appear later in greater
depth cases, it is believed that this feature of the solution represents the appear-
ance at the interface of numerically significant disturbances due to bottom effects.

v. Discussion. One of the interesting aspects of the solutions obtained above
is the fact that inertial oscillations may arise in either layer because of changes
in the gradient flow in the other layer. This effect has greater practical signifi-
cance with respect to the oceanic layer because of the large amplitude of
such an induced oscillation relative to other components of the flow and
because of the presumably more rapid and frequent time changes in atmos-
pheric pressure gradients.

Imposition of the zero-velocity boundary condition at depth greater than
five times the Ekman depth of frictional resistance does not change an essential
property of the two-layer model solutions, in that the range of variation in the
interface velocity remains significantly large (relative to the mean magnitude
of the interface velocity) over time periods that are long compared with the
observed periods of variation in atmospheric horizontal pressure gradients.
For example, it may be seen in Fig. 5 that, for H' = 10, the parameter U’
has not yet decreased to the value 0.5 at about 25 days after initial time (in
middle latitudes). Thus, a most interesting property of the solutions is the
presence of a quasipermanent inertial oscillation in the two-layer models.

The extension of this property to the more complex numerical models
envisioned in future boundary-layer studies cannot be rigorously justified. How-
ever, it seems likely that, for example, the use of time-constant upper and
lower boundary conditions in such models could alter a significant transient
phenomenon in the model solutions. Since the phenomenon is of an oscillatory
nature, this alteration may be acceptable or even desirable in some studies. In
any case, the investigator should be aware of this possibility.
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The models with either a single layer or two coupled layers that are dis-
cussed here contain an extreme simplification in the requirement for a height-
and time-constant eddy viscosity within each layer. A better simulation of
the actual atmosphere-ocean boundary layer could be obtained with a three-
layer model having an atmospheric layer, an upper oceanic mixed layer with
relatively large eddy viscosity, and an underlying deep oceanic layer with
smaller eddy viscosity. One would expect, however, that this model would
support more persistent inertial oscillations than those predicted by the rigid-
bottom model described in § iii d. Still; the following discussion of the expected
properties of observed wind-current profiles in the light of the contrasting single
layer and two-layer model solutions remains somewhat speculative.

We may summarize the numerical estimates given in § iv as predicting the
following gross properties of drift-current boundary-layer wind systems. The
inertial oscillation in the solution for the planetary boundary layer of the
atmosphere has relatively small amplitude (about 1°/, when compared with
gradient-level wind speeds). If such an oscillation were present in observed
profiles, it would be extremely difficult to detect, given the present accuracy
of observation. Furthermore, the solutions for the one-layer and two-layer
models do not differ greatly in the numerical values of the amplitude of
the oscillating term over considerable time periods. For example, for the
parameter values given in §iv, the amplitude of the damped inertial oscil-
lation in the one-layer model has only been reduced to about 7/8 of the
value of the permanent oscillation in the two-layer model after more than
75 pendulum days.

However, the amplitude of the oscillation in the solution for the wind-
drift current layer is of the same magnitude as the surface-current vector
itself. Pronounced differences between the two-layer solution and Ekman’s
(1905) solution for the time-dependent wind-drift current are evident. There
is present a large, depth-constant oscillating component in the infinite depth
two-layer solution, at large time, while the amplitude of the damped inertial
oscillation in Ekman’s solution would be reduced to less than 0.5 of the surface-
current magnitude by the end of the first pendulum day. The contrast between
the solutions is, of course, due to the difference in the boundary conditions
imposed at the air-sea interface. Therefore, if the two-layer solutions are at all
realistic, we would expect that, even over the open oceans in relatively steady
gradient-wind conditions, the characteristic angle of deflection between the
wind stress and surface drift predicted by the steady-state theory would appear
only in the mean, with individual surface-drift directions appearing to range
from a direction roughly parallel to that of the wind stress (anemometer-level
wind) to a direction perpendicular (cum sole) to that of the wind stress.

The characteristic decrease in the steady-state drift current with depth
would not be observable in layers of depth-constant eddy viscosity because of
the depth-constant, relatively large amplitude of the inertial oscillation.
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These particular deviations from the steady-state theory, if observed, could
therefore be due to the presence of the inertial oscillations, not to the essential
unreality of the constant viscosity assumption. It could be predicted that such
deviations would be frequently observed with both the single-layer and two-
layer theories in regions of frequent change in the geostrophic wind. The
models would differ in that the two-layer model would predict that the inertial
oscillation would be more persistent under time-constant geostrophic conditions
than would be expected from the single-layer model solutions.

None of these predictions is contradicted by the few observational studies
summarized, for example, by Defant (1961), but neither are they fully con-
firmed.

In some of these observations, e.g., those of Gustafson and Kullenberg, the
damping rate predicted by one-layer theories is difficult to reconcile with
observed oscillations of essentially undiminished amplitude over three or four
pendulum days. Moreover, the fact that the amplitude variations that are ob-
served occur over periods characteristic of synoptic-scale variations in the
geostrophic winds is not inconsistent with the two-layer theory.
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APPENDIX A

Solution of the Equations with Constant Geostrophic Velocities. Letting L
represent the Laplace transform operator

<
femst[
o

we set

UJ'(Za-‘) = L[”J'(Z)t)]a
Vi(zy5) = Lvi(z51)],

and assume that the functions of z and # behave so that limiting operations on
the variables #;, v; carry over to their transforms; i.e., so that

L [lim f(z,t)] = hm F(z,s).

z—=>a

Application of L to equations (1) ylelds the subsidiary equations

Y U9 - Luo) 1) - Uil =~ TR, 9

]
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1 foj
—sl/}(z;J) ‘U]< O)+f@] Uj (z,) — —VJ( »S) = T%”ﬁ (21)
.‘f

in the transforms Uj, #;, which are functions of z and the complex transform
variable s; here the initial values of #; and wv; that appear all vanish by the
conditions given in equatlon (2).

If the vector [Uj,#;] is denoted by 77, equations (20) and (21) can be

written in matrix form as

0*W;
aZZJ*JiWJ:Bj, (22)
where
/]-z_gi J_fJ and Bj = If@j[vgj ];
Kl s s K; | — uy;

thus the problem is reduced to solving a second-order ordinary differential
equation in /#; with coefficients independent of z. The general solution to
equation (22) is

Wit = e [0 s s (0| 7B, ey

where the p’s and ¢’s are functions of the transform variable and are to be
determined by the conditions imposed at the interface and at + o.

Since A4; is a normal matrix, the spectral theorem may be applied to obtain
a matrix R; = (4;)"*; viz.,

(4)'"* = ()7 Ex + () " E: (24)

where E:, E, are the projection operators in the spectral decomposition of
Aj and J;, u; are the eigenvalues of A;. Since 2; = (g;/K;)(s —if) and u; =
= (04/K;)(s +1¢f), it follows that the corresponding eigenvectors are scalar
multiples of [1, 7] and [1, -z]. The matrix representation for the E’s can be
determined, since the columns of these matrices are the projections of the
canonical basis vectors [1, o] and [o, 1].

Then, from equation (24)

I D R () L () S
R % 0 L ¢ T

Here (4;)*/> is not uniquely determined, since there are two possible choices
for the square root of each of the eigenvalues.
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The solution given in equation (23) is in terms of ¢ £2(4))"" so that a matrix
representation must be found for these exponential functions, and it can be
shown that

e2 )zt g2 (Mt gz ()t

2 21
or (26)
é’z (Aj)l[‘.’._ gz(,uj)”a t’z (Aj)”z—{-e"(/‘j)”z

217 2

g | 2

Then, since

the general solution 7/; to equation (22) is

A i L LA T
) .

¥ = :
¢ 2 % 21
Wi (z,:) = ek
. 2 (ADYE _ pz (Ut . 2 UM Lz (i
= - +
i 21 ¥ 2

i e N T
+0;

2 21
- 28
_z(j_,)xln —z (U —z (A)e —z (U;)'® ( )
_e=e )t — g=ell P A
= : +0;
27 2

f
s(s+ 1)

s F1[ v
~f sl
We now assume that the square roots of the eigenvalues are chosen so that

the real parts are positive. Then, so that the solution remains bounded as
Z — + o, It is necessary to take

Yi=7:=0, (29)
and

6,=0;=0. (30)

We note that, if the square roots had been chosen to possess negative real
parts, the other four coefficients would have had to be zero instead (i.e.,
ys = y2 = ) = 6; = 0); due to the symmetry of elements in the first two
terms, the choice Is immaterial; if the square roots were taken so that the real
parts were of opposite sign, all 9’s and ¢’s would vanish, and the solution would
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degenerate to 4;" B;. From equations (28), (29), and (30), it is scen that four
coefficients remain to be determined by the interface conditions given in
equations (3) and (4). The Uj’s and #j’s can then be reduced to the following

forms:
20~ ajz(ar—if)”=

Uj(a9) - Cj{ (o= ) (= )| —

20~ @z (5—1f)'*

s—if

+ [(ug, + 1Ug1) — (ugz + z'vez)J (31)

2 ¢~ %2 EHINE 2e’aj’(s+if)mJ | Sy i Jrugy

$ E s+if f 242 s(e2+f2)°

2 ¢~ @z (8—1f)')*

Vi(zy5) - icf{ (o = )= (s i) | [ -

$
2=z (s—if)'* . .
_‘#} — | (g1 + 10gr) — (sga + i 42) (32)
20—z (s+IN 2 —a;z(S+if)H? T . I
[Z L S ]l+‘quuiq+fug] > 7 =(1,2)
5 s+if I s(2+f2) s+f2
where
1 ! e
C, = -Z' I+(QIK1/()2K2)IIZ} 5 C:=Ll:1 +(92K2/QIKI)‘/:]
4

o= (/K"  aa = —(02) Ka)'P.

Application of the inverse transform,

ct+iceo

s I
- ‘(7) R ST

c—i®

to the Uy’s and /j’s in (31) and (32) yields the solutions ujand v;,7 = 1, 2
(see Erdélyi 1954), with the further result that

— .
0 (%2) = 45 (2,2) + ivj (z,2)
defines a complex function of the real variables = and z. Letting
> .
Vgj = HUgj +1Ugj

we obtain the solutions (5a and (5b) [see § ii a].
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APPENDIX B

The Interface Velocity for a Lower Layer of Finite Depth with ug = ug, =
= 952 = 0. Since we wish to determine the velocity component #} (o, #) for
the case in which #;: = #5. = w2 = 0, it is necessary [see equation (28)]
to invert the transform

Un(0r9) =71 01~ Lo, (33

where y and 6] are determined by the boundary conditions

(1) . bounded as x - o,

(i) W1(o,s) = Wa(0,s),

(i) K:0W:(0,s)/0z = K, 0W .(0,s)/0z, and
(iv) W.(—H,s) = o,

so that the velocities will vanish at the bottom (z = — H) of the lower layer.
As before, condition (i) implies that y; = 9} = 0; the remaining conditions
yield six equations in the six unknowns 6}, 67, 0, 03, ya, ya- Solution of
these equations for ¢; yields the desired transform in terms of infinite series as

AL S ([ = ﬁ) g_QH[(Qz/Kz)(s—if)]uz 5

g Z‘J‘ <_/3)7' g—QjH[(Qa/Kz) (s+if) 12
j=o

ST (— B) -2 HL@ K (=i L2 1K:f0: K, ‘/2]—‘
Si-pyes [ -5 [ ko] a0

i @
[x + (02 K:/QIKI)‘/I] {28—2H[(95/K=)(s+12f)]”“Z (= B)f e~ HI@:IED (s +iNT" _
j=o
==

—2 H [(0:/ K») (s—f)]'/* _ B p—2; H[(0:/ K2) (s—))]'* | _
2e Os155 f;o( ﬁ) e J 52+f2‘vg1,

where

s (esz/erKO"‘] :

b e tens] -

Since the series is uniformly convergent in s, it can be inverted term by term
to yield u:(o, ¢) as given in (18). From the continuity condition (ii), #:(0, ?)
is equal to #,(0, #) so that (18) gives the required velocity at the interface.
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