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Steady flow in a frictionless homogenous ocean!

by N. P. Fofonoff?

ABSTRACT

A mathematical model is developed to study the free (frictionless) steady horizontal flow which
can occur in a homogeneous ocean of constant depth. The flow satisfies the dynamic constraint that
the vertical component of absolute vorticity is constant along a streamline. The conclusion is reached
that in an enclosed ocean a free steady circulation cannot have any slow broad eastward currents. The
eastward currents must occur as narrow streams of high velocity and high relative vorticity. Intensified
currents are present along the eastern and western coasts.

The theory which is developed for the homogeneous ocean of constant depth can be applied to the
two-layer ocean if the horizontal divergence of flow is negligible. If the horizontal divergence is not
negligible, then the intensification of poleward currents is more pronounced and that of equatorward
currents less pronounced as compared with the homogeneous ocean.

1. Introduction

The theoretical models of the wind-induced oceanic circulation developed by Stommel
(1948), Munk (1950), and others have contributed a great deal to the understanding of some
large-scale features of the circulation in the major oceans, but these models are limited by
the fact that they are based on linearized equations and on the artificial concept of eddy
viscosity. It is possible that significant features of oceanic circulation cannot be simulated
by a model in which the nonlinear terms, i.e., the relative-acceleration terms, are neglected.
Attempts to improve and extend these models are hindered by the analytical complexity of
a model which includes both relative accelerations and dissipative effects.

In the present paper, simple types of ideal fluid motion are studied in order to describe
characteristic features of steady free circulation in an enclosed ocean. By considering an
ideal fluid, the analytical difficulties presented by the nonlinear terms in the hydrodynamic
equations are avoided. It is possible to show that some features of oceanic circulation, e.g.,
the westward intensification of the circulation, exist in the absence of friction.

1. Technical Report 8, Office of Naval Research contract N7onr-358(11), NR 083-050 with Brown University.
Paper presented 5 May 1954 at American Geophysical Union annual meeting, Washington, D.C.
2. Brown University, Providence 12, R. I. Now with Pacific Oceanographic Group, Nanaimo, B.C.

Originally published December 31, 1954, in the Journal of Marine Research 13(3), 254-262.
219



220 Journal of Marine Research [78, 4

The simplest model that includes accelerations in the flow is a frictionless homogeneous
constant-depth ocean in which the water moves horizontally in the absence of driving forces.
This model does not contain any mechanism by which free flow can be established from a
state of rest, but it does contain certain dynamic restrictions which must be satisfied by an
existing free flow. For steady flow, the most important constraint is that the vertical com-
ponent of absolute vorticity is constant along a streamline. This constraint on the absolute
vorticity is stringent, because the change of the Coriolis parameter over a few degrees of
latitude is, over most of the real ocean, about two orders of magnitude greater than the
relative vorticity of the flow. It is apparent, therefore, that the possible types of free flow are
severely restricted in the ocean.

Rossby (1936) has considered the dynamic constraint on the vertical component of abso-
lute vorticity in his study of the Gulf Stream, but his analysis did not extend to the entire
ocean. In the study of free atmospheric flow, there has been more progress and some attempts
have been made to adapt the results of these studies to circulation in the oceans. Hgiland
(1950) found particular examples of free flow which he applied to the ocean. Although these
examples agree qualitatively with the free flows discussed in the present paper, Hgiland fails
to point out the pronounced characteristics that the free flow would exhibit.

2. Assumptions and notation

The ocean model chosen in this analysis consists of a homogeneous body of water of
constant depth bounded by smooth vertical lateral boundaries. The motion is assumed to be
horizontal and uniform with depth. The effects of thermohaline structure, compressibility,
and frictional forces are neglected everywhere. Vertical motions and accelerations are also
neglected so that the pressure is simply determined by the hydrostatic equation.

The unit vector k is directed vertically upward, and z is the vertical distance measured
upward from a level undisturbed ocean surface. The ocean surface in the model is at z =
n. The horizontal velocity is designated by v and the stream function of the horizontal
circulation by 1. The vertical component of absolute vorticity ¢, equals f 4 ¢, where f is
the Coriolis parameter and ¢ is the vertical component of relative vorticity. The quantity Q
is introduced for p/p + 1/2(v - v) + gz, where p is pressure, p density, and g acceleration
of gravity.

3. Equations of motion

The equations of motion, consistent with the assumptions made above, may be written

(v:- V)v+ f(kx v) ==Vp/p, (D
V-v=0, )
p=pg(n—2), 3)

where the differential vector operator V refers to the horizontal coordinates only.
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Equation 1 may be written ¢, (k x v) = —=V Q or
Cav = =V x (Qk), “)
where
Q =gn+12v-v). &)
The velocity stream function \{ is defined by the equation
v =V x (Vk). (6)

Elimination of v from equation 4 yields

Vi =-VQ, @)
so that

0 =0, ¥

Ly = —dQ/dV. )

Equation 9 is a statement of the well-known result that the vertical component of absolute
vorticity is constant along a streamline. This equation expresses the basic dynamic constraint
to be satisfied by the steady free motion in a homogeneous ocean.

4. Dimensional analysis

The following dimensional constants are chosen as being representative of a typical
ocean:

Lo = 2000 km, a typical horizontal length;

fo = 1074, a typical value of the Coriolis parameter,

No = 100 cm, a typical displacement of the free surface from the undisturbed level
z=0;

g = 10° cm sec™?, gravity.

The equations are converted into nondimensional form by introducing the nondimen-
sional variables v/ = v/U, where U is a characteristic velocity, V' = /ULy, Q' =
0/80,%, =%a/fo, f' = f/f5, ¢ =t/(U/Lg),and V' = LV, the nondimensional differ-
ential operator.

By choosing U = gno/foLo = 5 cm sec™! and defining = U/foLo = 2.5 x 107#, the
nondimensional form of equations 6, 8, and 9 may be written

vV =V x (Wk), (10)
Q=0 W)=n"+12("V), (11)
g, =—dQ'/dV = f + 8 = f =8V (12)
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5. The vorticity equation

The vorticity equation 12 contains two unknown functions, {" and ¢/, whereas equation
11 contains three unknown functions, {’, Q’, and n’. Therefore the motion is restricted
only by equation 12, because 0’ can always be chosen to satisfy equation 11 once {’" and ¢,
are determined. Equation 12 does not determine the motion uniquely, because the vertical
component of absolute vorticity can be any function of the stream function.

Itis evident from equation 12 that, unless relative vorticities comparable with the Coriolis
parameter (i.e., I’ ~ 1/3) are present in the flow, the stream function will be a function of f’
only and the flow will be along latitude circles only. It follows, therefore, that in the vicinity
of meridional boundaries where the flow must be across latitude circles, the relative vorticity
and hence the velocity must be much larger than the average for the ocean. It is not possible
to have in an enclosed ocean a steady free circulation which does not contain relatively
large velocities unless the circulation is confined to a narrow range of latitude. For certain
choices of ¢/,("), the circulation cannot be slow, e.g., ¢, = constant. In order to obtain a
steady free circulation that is slow over most of the ocean, restrictions must be imposed
upon the choice of ¢/ (V). The nature of these restrictions is illustrated by considering a
simple example.

6. A simple example of free flow

A rectangular nondimensional coordinate system x’, y’ is introduced with the positive
x'-axis eastward and the positive y’-axis northward. A rectangular region with sides a’, b’
is chosen to represent the ocean. The function ¢/, (') is assumed to be a linear function of
{’, so that equation 12 becomes

=8V =co+ a1l (13)

where ¢y and ¢ are constants.

The boundary condition on {’ is that the ocean boundary is a streamline. This condition
is satisfied by requiring the stream function to be zero along the ocean boundary.

The Coriolis parameter is assumed to be a linear function of y’ of the form f" = fj+By’.

By defining u, and y; so that u;, = B/c; and y; = (co — f;;)/c1, equation 13 may be
written

wpd/BYVAY + U = up(y' = ¥p). (14)

In equation 14, u, is anondimensional velocity, § aratio of relative vorticity to the Coriolis
parameter, and B the nondimensional northward variation of the Coriolis parameter.

Wherever the relative vorticity is negligible, the velocity is given by u; eastward if u
is positive and westward if negative. A study of equation 14 reveals (a) that the relative
vorticity in an enclosed ocean can be negligible only if u, is negative and (b) that all
eastward currents must occur as narrow streams of high velocity and high relative vorticity.
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Figure 1. Streamlines of free flow in a homogeneous ocean, computed from equation 15 for y(’) =
b'.b" = 1 in the upper diagram and for y; = 0, " = 1 in the lower diagram. The number 5" is the
ratio of the meridional extent of the ocean to L.

Although the exact solution of equation 14 can be obtained, the simpler approximate solu-
tion obtained by boundary-layer methods is more convenient. The boundary-layer solution
may be written

U= ug{(y" = yp) + Yo exp(—y'/e) — (' — yo) exp[— (b — y') /e]}
x {1 —exp(—x'/e) — exp[—(a’ — x") /e]}, (15)
where € = (Ju,8/B|)"2. This solution is valid so long as b'/e > 1 and a’/e >> 1.
In Figure 1, streamlines of the free flow are shown for y, = »’, b’ = 1 in the upper

diagram and for y; = 0, b’ = 1 in the lower diagram. These diagrams may be joined to
give a symmetrical jet along the middle of the ocean, flanked by broad westward currents
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Figure 2. Velocity distribution across the eastward jet, computed for y{) = 0,0 = 1,and Ly =

2000 km. The number b’ is the ratio of the meridional extent of the ocean to L.

to the north and south. The velocity distribution across the eastward jet for y;, = 0,5 =1
is computed from the equation

u'fug =1— (1/e) exp[—(1 — y')/¢]

and is shown in Figure 2. All the figures are based on computations for which &> =
2.5 x 1074,

7. Discussion

It is apparent from the preceding analysis that the free steady circulation in an enclosed
ocean has distinctive features due to the variation of Coriolis parameter with latitude. The
circulation, characterized by a slow westward drift over the major portion of the ocean, is
accelerated and concentrated into a swift current along the western boundary of the ocean.
The eastward current occurs as a narrow stream of high velocity and high relative vorticity.
This eastward jet which crosses the ocean at constant speed is decelerated and spread out
along the eastern boundary of the ocean. A slow, broad, eastward current cannot exist in
the steady state.

The east-west symmetry of the stream function for the homogeneous ocean cannot exist
if any dissipation is present. The swift current along the eastern boundary of the ocean,
which must be supplied by a jet, is very sensitive to losses of relative vorticity in the jet.

The concentration of the westward drift into an eastward jet would occur in the real ocean
if frictional stresses were insufficient to decelerate the current along the western boundary
of the ocean. The presence of the Gulf Stream in the open ocean northeast of Cape Hatteras
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suggests that a considerable portion of the momentum and relative vorticity of the Stream
actually reaches the open ocean and is dissipated there.

8. Extension to the two-layer ocean

Most of the real ocean has a more or less clearly defined upper layer which contains the
relatively strong motion and which represents the portion of the ocean influenced by wind
stress. Below this layer there is a much larger body of water of greater density which shows
little motion and little response to the prevailing atmospheric state. This picture of the ocean
has often been represented in theoretical considerations, in idealized form, by the two-layer
ocean consisting of two homogeneous layers of water of different densities with the motion
confined entirely to the upper less dense layer.

The two-layer ocean in its undisturbed state may be completely specified by giving the
lateral boundaries, the densities py and p; of the upper and lower layers respectively, and
the volume Vj of the upper layer. In order to adapt the analysis of the homogeneous ocean
to the two-layer ocean, the additional quantities 1y, %, V, o, vy, are introduced and defined
as follows: z = 1, the equation for the interface between the two layers; 4 = n + 1, the
thickness of the upper layer; Vs, the stream function of volume transport; 6 = V - v, the
divergence of the horizontal velocity; y = po/(p1 — po)-

The pressure in the lower layer is given by

p = pogM+M1) — p1g(z +M1). (16)

The condition for no motion in the lower layer requires the horizontal pressure gradient
to be zero everywhere in the lower layer, so that

Vi =vyVn,
N = yn + ho,
h =1+ + ho. amn

The arbitrary constant /¢ is determined from the specified volume Vj of the upper layer, or
from an equivalent condition.

The equations for the two-layer ocean, analogous to equations 5, 6, and 9 for the homo-
geneous ocean, are

vh =V x (VKk), (18)
0=00) =gh—ho)/(1+7y)+1/2(v-v), (19)
G,/ h=—dQ/d\. (20)

The corresponding nondimensional equations for the two-layer ocean are formed by
introducing the additional nondimensional variables, h’, {’, o/, defined as i’ = h/hy,
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V' = y/UhyLy, 6’ = o/(U/Ly), and the nondimensional parameter o, defined as a =
(I +v)no/ ho.

The nondimensional equations which form the dynamic constraints for free motion in
the two-layer ocean are

G/ W =—dQ'/dV/, 2n
O'(W) = (/) (" — 1) + 1/28(v" - V), (22)

where ¢/, = '+ 8¢ and i/ = 1+ an’.

Equations 21 and 22 contain three unknown functions each and must be solved simulta-
neously. Thus, in the two-layer ocean, equation 22 is restrictive in contrast with equation
11, which is not restrictive. As in the homogeneous ocean, the circulation is not uniquely
determined, because ¢,/ h’ can be any function of {/'.

No solutions of the equations for the two-layer ocean have been obtained. The circulation
in the upper layer will resemble the circulation in the homogeneous ocean if the divergence
o’ can be neglected. The divergence is small if the change in thickness of the upper layer
along a streamline is small compared with the total thickness of the upper layer, i.e., if a is
small compared with unity.

In high-velocity regions of the two-layer ocean the thickness of the upper layer is reduced,
so that the absolute vorticity is smaller in magnitude than the absolute vorticity in a corre-
sponding region of the homogeneous ocean. For a two-layer ocean located in the northern
hemisphere, the relative vorticity must be less than the relative vorticity in the homogeneous
ocean for corresponding flows. Therefore, the intensification of a current flowing toward the
pole is more pronounced and that of a current flowing toward the equator is less pronounced
than the intensification of a corresponding current in the homogeneous ocean.
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