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Does the nonlinearity of the equation of state impose an
upper bound on the buoyancy frequency?

by Trevor J. McDougall1, John A. Church1,2 and David R. Jackett1

ABSTRACT
Mixing in the ocean is usually accompanied by a net reduction in volume caused by the nonlinear

nature of the equation of state. This contraction-on-mixing at a certain depth implies that the whole
water column above this depth slumps a little and so suffers a reduction in gravitational potential
energy. Under certain circumstancesthe gravitationalpotential energy of the entire water column can
decrease as a consequence of mixing activity at a certain depth. We examine Fofonoff’s hypothesis
that in these circumstances the net reduction of gravitational potential energy of the whole water
column causes a local increase in the turbulent mixing activity at the location of the original mixing.
Fofonoff proposed that this increased local mixing diffuses the local property gradients until the
criterion for positive feedback is no longer satis� ed, so providing an upper bound for the vertical
strati� cation in the ocean. Bearing in mind the relatively inef� cient nature of turbulent mixing at
causing diapycnal � uxes (the majority of the turbulent kinetic energy goes directly into internal
energy), we � nd that the criterion for positive feedback is a factor of approximately seven more
dif� cult to achieve than has been realized to date. An examination of oceanic data shows that while
Fofonoff’s original criterion for positive feedback is often exceeded, the more appropriatecriterion is
almost never approached.

The positive feedback hypothesis assumes that the reduction in the gravitational potential energy
of the whole water column appears at the location of the original mixing as an increase in the
turbulent mixing activity. We show that this very focused oceanic response is extremely dif� cult to
justify. For example there is no such feedback in a strictly one-dimensionalwater column; rather all
of the reduction in gravitationalpotential energy appears as an increase in internal energy at the depth
of the original mixing and there is no possibility of any positive feedback to increase the turbulent
mixing. As the positive feedback hypothesis is lacking a convincing theoretical basis and is not
supported by oceanic data, we do not believe that it acts as an effective upper bound on oceanic
strati� cation.

1. Introduction

Fofonoff (1961, 1998, 2001) pointed out that the contraction-on-mixing that occurs
when mixing occurs at a particular depth causes the entire water column above this depth to
sink. That is, mixing at a certain depth causes a reduction of the gravitational potential
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energy of all the � uid above that depth. For a suf� ciently large vertical gradient of potential
temperature, uz, Fofonoff showed that this reduction of gravitational potential energy by
the adiabatic slumping of the water column is larger than the local increase in gravitational
potential energy caused by diapycnal mixing, DN2, where D is the diapycnal diffusivity
and N is the buoyancy frequency.

Fofonoff’s gravitational potential energy feedback hypothesis states that when diapyc-
nal mixing at a particular depth leads to a net decrease of the gravitational potential energy
of the whole water column, a feedback process acts to enhance the diapycnal mixing
activity at the location of the original mixing. This enhanced mixing is assumed to smooth
the vertical strati� cation until the criterion for the positive feedback is eliminated. This
hypothesis implies a local upper bound on the vertical strati� cation so that the criterion for
the existence of the positive feedback should never be exceeded. We show that the
feedback hypothesis is best regarded as providing an upper limit to the buoyancy frequency
rather than to the vertical temperature gradient. We also extend Fofonoff’s discussion of
this feedback process to include double-diffusive convection and isopycnal mixing.

Fofonoff’s feedback process has 100% of the loss of the water column’s gravitational
potential energy appearing as an increase in the local kinetic energy, and then being
converted into an increase in the local gravitational potential energy with an ef� ciency of
100%. However, small-scale turbulent mixing is known to be relatively inef� cient in
causing a local increase in gravitationalpotential energy and hence we argue that the upper
bound on the vertical density gradient is about seven times larger than the one advanced by
Fofonoff (2001). An analysis of historical ocean data demonstrates that this larger limit is
almost never approached in the ocean whereas Fofonoff’s original limit is often exceeded.
Furthermore, it seems unlikely that a physical process exists that would localize any
increased mixing activity to exactly the depth and horizontal location where the original
mixing occurred. In the absence of such a physical process, and without support for the
hypothesis from oceanic data, we conclude that this feedback mechanism is unlikely to be
real.

2. The impact of mixing on gravitational potential energy

Following Fofonoff (2001), the gravitational potential energy (GPE) of an individual
water column with respect to a � xed height, z0, is given by (using the hydrostatic balance
and integrating by parts)

GPE 5 E
z0

zs

rg~z 2 z0!dz 5 E
0

M

p/rdm, (1)

where zs is the height of the free surface and m( z) is the mass of � uid per unit horizontal
area above the reference height, z0, as a function of height (dm 5 rdz 5 2g21dp). This
derivation has assumed that the pressure at the sea surface is zero. If the atmospheric
pressure is included, an additional term appears which is very small and we ignore it. Here
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we will compare oceanic states before and after mixing events so any deviation from
hydrostatic balance of the mixing processes is unimportant.

For this analysis of the effects of mixing processes on a single water column, we are not
interested in any changes in GPE caused by the adiabatic and isohaline rearrangement of
water parcels (that is of central concern for the more common calculation of available
potential energy). Hence, the rate at which local mixing processes affect the GPE of the
water column is the material derivative of the integrand in (1) minus the adiabatic and
isohaline contribution to that material derivative, namely

d~p/r!

dt
2

]~p/r!

]p
U

S,Q

dp

dt
5 x, (2)

where we use the shorthand label x for this nonadvective local contribution to the change
of GPE. Here density has been regarded as a function of salinity, S, conservative
temperature, Q, and pressure, p, that is as r(S, Q , p). Conservative temperature is very
similar to potential temperature but is more conservative than is potential temperature by
more than two orders of magnitude (McDougall, 2003). In this paper, the distinction
between u and Q is not important and indeed we will sometimes refer to Q as simply
temperature.

Eq. (2) can be written as

x 5
p

r S a
dQ

dt
2 b

dS

dt D 5
p

gr
eN2 (3)

where a 5 2r2 1]r/]QuS,p and b 5 r2 1]r/]SuQ ,p are the thermal expansion coef� cient
and the saline contraction coef� cient respectively and e is the dianeutral velocity which is
given by (McDougall, 1987)

eN2/g 5 a~DQz!z 2 b~DSz!z 2 K~Cb¹nQ · ¹nQ 1 Tb¹nQ · ¹np! 1 ~bFz
S 2 aFz

Q!, (4)

where D is the isotropic diffusivity of small-scale mixing, K is the lateral (i.e. epineutral)
eddy diffusivity for tracers, Cb 5 aQ 1 2aS(a/b) 2 bS(a/b)2 is the cabbeling
parameter, Tb 5 ap 2 bp(a/b) is the thermobaric parameter, FS and FQ are the (vertical)
double-diffusive � uxes of salt and conservative temperature, ¹n denotes the gradient
operator along the locally-referenced potential density surface (i.e. along the neutral
tangent plane), and the subscript z denotes a vertical derivative. Thus, the rate of change of
GPE is

d~GPE!

dt
5 E

0

M p

gr
eN 2dm 5 E

0

M

xdm. (5)

The equations above have assumed that the total mass is constant on an individual water
column such as would be the case if we were considering the consequences of mixing
processes in a tall and rigid glass test tube. We have included lateral mixing in the
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equations and this is allowable so long as there is no net horizontal convergence of mass
into the water column. Any such lateral advection of mass would be considered in the
calculation of available potential energy; such a calculation involves the adiabatic
advection of all � uid parcels to a state of rest and gravitational stability. The present paper
does not consider issues related to the available potential energy, but rather we concentrate
on the consequences of mixing processes and of the nonlinear nature of the equation of
state on changes in gravitational potential energy as raised by Fofonoff.

The contributions to x from small-scale turbulence and from double-diffusive convec-
tion are now written as the vertical divergence (with respect to pressure) of a � ux and
remaining terms so that x becomes (from (3) and (4))

x 5
p

gr
eN2 5 2~ap!z

DQz

r
1 ~bp!z

DSz

r
2

p

r
K~Cb¹nQ · ¹nQ 1 Tb¹nQ · ¹np!

1 ~ap!z

FQ

r
2 ~bp!z

F S

r
2 $pDN 2 1 pg~bF S 2 aF Q!%p.

(6)

For any amount of diapycnal and double-diffusive mixing that is localized in space, the
terms in curly brackets in (6) will not contribute to the vertical integral of x in (5) and so
will not affect the rate of change of GPE of the water column. Hence, following Fofonoff
(2001), we ignore these terms. We now express (6) as

x 5 xD 1 xK 1 xdd, (7)

where the contributions of isotropic small-scale turbulence, of epineutral mixing, and of
double-diffusive � uxes are given respectively by (using the hydrostatic relationship pz 5
2gr)

xD 5 DN2 2
p

r
DaQzS a z

a
2

1
Rr

bz

b D , (8)

xK 5 2
p

r
K~Cb¹nQ · ¹nQ 1 Tb¹nQ · ¹np! and (9)

xdd 5 g~bFS 2 aFQ! 1
p

r
~azF

Q 2 bzF
S!, (10)

where the stability ratio, Rr [ aQz/bSz, is the ratio of the contributions of the vertical
gradients of Q and S to the relevant vertical density gradient. For a linear equation of state,
(8) con� rms that small-scale turbulent mixing increases the GPE of the water column at the
rate DN2.

The development above is based on Fofonoff’s (2001) work, but because it has been
developed in terms of diffusivities, it has circumvented an unknown volume fraction of
mixing events that appears as an undetermined variable in Fofonoff’s (1998, 2001)
approach. Also, the present development is a little more general because the effects of
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lateral mixing (cabbeling and thermobaricity) are now explicitly included as is double-
diffusive convection.

3. Dianeutral mixing

For the small-scale mixing case, (8) can be written as

D21xD 5 N2 2
p

r
~a zQ z 2 b zSz!

(11)

5 N2 2
p

r
~aQQ z

2 1 2aSQzSz 2 bSSz
2! 1 gp~apQz 2 bpSz!,

which separates the in� uence of the cabbeling-type nonlinearities of the equation of state
(the middle terms) from the thermobaric terms (the ones in ap and bp). Fofonoff’s (2001)
expression for xD (his Eq. (15)) is the same as (11) if his dilution factor is assumed to be
in� nite.

We now choose to write (8) or (11) as

D21xD 5 N2~1 2 F! (12)

where the factor F is

F 5
p

gr

Rr

~Rr 2 1! S a z

a
2

1
Rr

bz

b D
(13)

5 p~aQQ z
2 1 2aSQzSz 2 bSSz

2!/~rN2! 2 gp~apQz 2 bpSz!/N
2.

If we ignore the small variations of the saline contraction coef� cient compared with the
vertical variation of the thermal expansion coef� cient, it is apparent that when

pa z

gr

Rr

~Rr 2 1!
. a, (14)

then F . 1 or equivalently xD is negative so that the reduction of gravitational potential
energy by the slumping of the water column (caused by the contraction on mixing at this
depth) will be larger than the local increase in GPE produced by the vertical mixing, DN2.
The dominant contributions to az are aQQz 1 appz and given the typical vertical pro� les
of conservative temperature in the ocean, this combination is usually zero at a depth of
about 1500 m where Qz is about 2.3 3 1023K m21 (McDougall, 1988), with az being
positive above this depth and negative in the deep ocean where the second term, appz,
dominates. Substituting aQQz 1 appz for az in (14), we � nd that the vertical gradient of
conservative temperature must satisfy

S Q z 2 gr
ap

aQ
D Rr

~Rr 2 1!
.

gr

p

a

aQ
(15)
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if the net effect of diapycnal turbulent mixing is to reduce the GPE. Using typical values of
a, aQ and ap, (15) becomes approximately

~Qz 2 0.0023K m21!
Rr

~Rr 2 1!
.

9

uzu

where uz u is the depth (in m). If, for example, the stability ratio is about 2, then Qz must
exceed 4.5/uzu 1 2.3 3 1023K m21 in order for xD to be negative.

Interestingly, it is mostly the magnitude of Qz that needs to be large in order for xD to be
negative; the sign of Qz is less important. If Qz , 0, vertical stability (N2 . 0) dictates
that 0 , Rr , 1 which is the sense of vertical strati� cation conducive to the “diffusive”
form of double-diffusive convection. Then, ignoring the generally small term in ap, (15)
can be written as Qz

2 . rN2/( paQ ). Hence, a very negative value of Qz is as effective as a
large positive value in assisting to make xD negative.

Fofonoff (1998, 2001) considered not only turbulent mixing events but also the
molecular diffusion of heat as a trigger for the positive GPE feedback process. However,
the positive GPE feedback involves an assumed increase in the dissipation of mechanical
energy and an increase in oceanic microstructure which leads to turbulent mixing that
diffuses both temperature and salinity. Hence, we believe it is inconsistent to imagine a
positive feedback that diffuses only temperature. That is, if one is to hypothesize that the
reduction in depth-integrated GPE causes increased vertical turbulent mixing in a positive
feedback sequence of events, then the criterion for the existence of this positive feedback
must be cast in terms of turbulent mixing, not molecular diffusion.

Thus, the enhanced vertical turbulent mixing of the Fofonoff feedback hypothesis
diffuses not only temperature but also salinity, while not changing the value of the stability
ratio, Rr 5 aQz/bSz. It follows that the GPE feedback hypothesis is not so much a
mechanism for limiting uQzu but rather is a process for limiting the buoyancy frequency.
Since N2 is equal to gaQz(1 2 Rr

2 1), we � nd that the criterion for xD to be negative can
be written as (from (15))

N2 . Ncrit
2 (16)

where

Ncrit
2 5

g2ra2

paQ
SRr 2 1

Rr
D 2

1
g2raap

aQ
SRr 2 1

Rr
D 5 A 1 B. (17)

We have labeled the � rst and second parts of this expression for Ncrit
2 as A and B and we

note that this expression, like (14) and (15), is approximate in the sense that the variations
of b have been ignored in comparison with those of a (including ignoring two terms in
bu 5 2aS).

It may appear from a cursory inspection of (8) or (11) that the GPE feedback process
would be assisted by a low value of N2 but the opposite is the case since (for a given
stability ratio Rr) a larger value of N2 also implies a larger value of the magnitude of the
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vertical temperature gradient. For a given stability ratio, the Qz
2 term in (11) scales as N4

and this explains why a larger value of N2 tends to reduce xD; just the opposite of what one
might imagine at � rst sight.

4. Energy considerations and the GPE feedback hypothesis

Fofonoff (1998, 2001) argued that oceanic data suggest that there is a tendency for the
vertical gradient of potential temperature to rarely exceed the value that would make xD

negative. To a good approximation, this suggestion implies that Qz should be rarely greater
than that given by equality in (15). Fofonoff provided the following tentative explanation
for this observation. He hypothesized that if xD were to become negative (essentially due
to a large value of paz, see (14)), then the excess GPE released “will enhance local mixing”
so increasing the turbulent diffusivity D and further decreasing xD (see (8)). This amounts
to a positive feedback process exhibiting explosive growth of local mixing activity. This
escalation of local vertical mixing then vertically diffuses temperature, so reducing uQzu
and thereby increasing the value of xD toward zero.

This hypothesis describes a feedback mechanism whereby the GPE of the whole water
column that is released due to the local contraction-on-mixing somehow causes the ocean
circulation to alter in just such a way as to provide the prevailing conditions necessary for
an increase in the small-scale turbulent mixing at just the depth where it can be most
effective at further reducing the GPE. This feedback process is then thought to continue
until uQzu is reduced by the enhanced vertical diffusion and xD becomes non-negative.
Fofonoff (2001) recognized that this feedback mechanism is an unproven hypothesis that is
lacking a dynamical basis to date.

Is it correct to expect that a positive feedback to vertical mixing activity occurs when
xD , 0, that is when F . 1? To answer this question, we need to consider the total energy
budget. The local rate of increase in gravitational potential energy, DN2, is related to the
amount of dissipated kinetic energy through the mixing ef� ciency, G, so that the rate of
dissipation of kinetic energy per unit mass is G2 1DN2. The central tenant of Fofonoff’s
GPE feedback hypothesis is that the reduction of gravitational potential energy associated
with the vertical slumping of the water column “. . . is converted to the microstructure
necessary to maintain the mixing . . .” (quote from Fofonoff (2001)). If we accept this
hypothesis then the amount of extra dissipation of kinetic energy that appears at the site of
the original mixing activity is FDN2 (see (8) and (12)). This extra dissipation will cause
extra diapycnal mixing only in proportion to the relatively small mixing ef� ciency G. In
order for a positive feedback to exist, the extra dissipation from the slumping water
column, FDN2, must be greater than the initial amount of dissipation, namely G21DN2.
Equivalently, the extra amount of diapycnal mixing, GFDN2, must be greater than the
initial amount, DN2.

Hence the corrected criterion for the GPE positive feedback process is that

F . G21 < 7 6 2 (18)
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where the range of values re� ect the range of mixing ef� ciencies from the value of 0.2
recommended by Osborn (1980) to the value of 0.11 of Arneborg (2002) which includes
the slumping of partially mixed � uid after an intermittent mixing event. If F is merely
greater than 1 (but not as large as G21) the extra energy arising from the slumping water
column is less that the dissipation that is needed to start the chain of events and so there is
no positive feedback. This criterion (18) on F is equivalent to realizing that the GPE
positive feedback process can only operate when xD is more negative than DN2(1 2

G21) ’ 26DN2. Note that Fofonoff’s choice of the critical value of F of unity implies a
mixing ef� ciency of 100%, contrary to our current understanding of turbulent diffusion in
the ocean. The criterion for the positive GPE feedback based on N2/Ncrit

2 also has to be
changed in the light of our energetic argument. The realization that the energy source from
the non-linear nature of the equation of state can only increase the vertical mixing activity
through the relatively small multiplying factor of the mixing ef� ciency, G, implies that
while the approximate criterion for xD , 0 is N2/Ncrit

2 . 1 as given by (16), the criterion
for the existence of a positive feedback process is

N2/Ncrit
2 . G21 < 7 6 2. (19)

5. Tests of the GPE feedback hypothesis with ocean observations

We now examine the hydrographic atlas of Koltermann et al. (2004) to see if the ocean
appears to respect the upper bound on N2 that is implied by Fofonoff’s GPE positive
feedback hypothesis. The data set used here was sub-sampled to a horizontal resolution of
1 degree of both latitude and longitude with 45 bottles in the vertical. In Figure 1, the two
competing contributions to D21xD are illustrated for four different locations in the world
ocean. The left-hand panels of Figure 1 show the S 2 Q curves for the four vertical casts
and the right-hand panels show vertical pro� les of N2 and of FN2 [ pr21aQz(az/a 2

Rr
21bz/b) (see (8), (12) and (13)). When FN2 exceeds N2 Fofonoff (2001) hypothesizes

that the GPE positive feedback process sets in and enhances the vertical mixing activity in
an exponential positive feedback loop. This is thought to continue until the vertical
strati� cation is reduced so that F is reduced to the limiting value of unity. If this
mechanism was operating in the ocean, an observable fraction of the ocean’s volume
would be expected to have F ’ 1 and there should be very few, if any, observations of F .

1. Figure 1(b) shows that xD is negative between approximately 600 db and 800 db in the
vicinity of the Gulf Stream. In Figure 1(d), we see that F exceeds 2 at about 1500 db and is
greater than 1 between 1300 db and 1750 db in the depth range just below the intrusion of
Mediterranean Water in the eastern North Atlantic. Panel 1(f) shows the same kind of
behavior at 20S in the central Paci� c Ocean where the conditions are such that F exceeds 1
in the Central Water over a pressure range of about 150 db centered at 400 db. The last
example in Figure 1 is from the Weddell Sea (panels (g) and (h)). In contrast to the other
examples in Figure 1 that all have Rr . 1 at the depth range where F . 1, the Weddell Sea

752 [61, 6Journal of Marine Research



Figure 1. The left-hand panels show the S 2 Q curves for four vertical casts and the right-hand
panels shows their vertical pro� les of N2 and of FN2 [ pr2 1 aQ z (az /a 2 Rr

2 1 bz /b) (see (12)
and (13)). The GPE feedback hypothesis states that when FN2 exceeds N2 enhanced vertical
turbulentmixing should result so as to limit F to be no larger than 1. In this way, one should not be
able to observe F greater than 1 in the ocean. The data of panels (a) and (b) are from the Gulf
Stream region at 287E, 35N, the data of panels (c) and (d) from the MediterraneanOut� ow region
of the North Atlantic at 345E, 37N, panels (e) and (f) are from the Central Paci� c at 220E, 20S, and
panels (g) and (h) are from the Weddell Sea at 314E, 72S. On the right-handpanels N2 is shown by
the full line, FN2 is shown by the full line with asterisks at the central pressure between the
“bottles” of the data of the Koltermann et al. (2004) atlas. The S 2 Q values at the mid-point
between “bottles” where F . 1 are circled on the left-hand panels.
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example has the temperature and salinity increasing with depth (Qz , 0) and so has 0 ,

Rr , 1.
The GPE feedback hypothesis, at least as described by Fofonoff (2001), suggests that the

vertical pro� les of FN2 and N2 should coincide over these depth intervals since xD would
be clamped at zero there. The examples illustrated in Figure 1 show that F does not appear
to be limited to 1. However, when there is a subsurface peak in F, it often signi� cantly
exceeds unity over a depth range of several hundred meters but does not appear to approach
the critical value of seven.

We have also searched every cast of data in the Koltermann et al. (2004) hydrographic
atlas and isolated the depth of the maximum value of F. This maximum value of F is
shown on the color map of Figure 2(a). Values of F near 1 are colored green while those
near 2 are red. It is apparent that it is quite common for the maximum value of F on an
oceanic cast to exceed 1. In fact 22.5% of the casts in the atlas have a maximum value of F

larger than 1. When weighted by the cosine of latitude it is found that 16% of the ocean area
has a vertical strati� cation that exhibitsF . 1 at some depth. Substantial areas of the South
Paci� c and the North and South Atlantic have values of F greater than 1.25 at some depth.
The only locations where F exceeds 2 are near the Mediterranean and in the southernmost
parts of the Southern Ocean while values of F as large as 7 are almost never observed. The
pressures at which the maximum values of F occur are shown in Figure 2(b).

The contribution of the thermobaric term to the critical value of N2 is illustrated in
Figure 2(c). Speci� cally, the ratio B/A (from Eq. (17)) at the depth of maximum F is
contoured in Figure 2(c). This ratio is positive when Rr . 1 and is negative when 0 ,

Rr , 1 so that Figure 2(c) shows that it is mainly in the Southern Ocean where 0 , Rr ,

1 at the depth of maximum F. The other ocean basins mostly have Rr . 1 at the depth of
maximum F. Also, it is apparent that the ratio B/A is rarely less than 20.5 or greater than
0.5, con� rming that cabbeling is generally more effective than thermobaricity at causing
changes in GPE.

Figure 3(a) shows the histogram of all the values of F for the whole world ocean atlas of
Koltermann et al. (2004). The histogram is for every pair of bottles down every cast except
that we have not plotted any data with N2 , 3 3 102 7 s22. It is apparent that there is a
substantial fraction of the ocean volume where F is negative. This mainly occurs at depth
where, as pointed out by McDougall (1988), (az/a 2 Rr

21bz/b) is negative. The solid line
in Figure 3(c) is an expanded view of this histogram in the range 0.5 , F , 2. The
percentage of bottle-pairs from the ocean atlas that have F . 1 is 1.8%. The histogram of
F in Figure 3(c) does not show any evidence of F being limited at a value of 1. Rather in the
region of F ’ 1, the histogram varies smoothly through this value and it exhibits the
curvature typical of a near-Gaussian probability distribution. In contrast, if the GPE
feedback hypothesis of Fofonoff (2001) were real, we would expect to often observe F to
be close to 1 and so there should be a peak in the histogram of F near F 5 1 and a sharp
drop off with very few observations having F . 1, as indicated by the dashed line in
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Figure 3(c). Instead, the oceanic data show that there appears to be nothing special
happening in the vicinity of F 5 1.

In panels (b) and (d) of Figure 3 we show the histogram of N2/Ncrit
2 . The interpretation of

these � gures is as follows. For an observed value of N2/Ncrit
2 of say 0.5, if the vertical

strati� cation were increased by a factor of two (by say internal gravity wave stretching)

Figure 2. (a) The maximum value of F down each vertical cast is displayed for the world ocean, with
the pressure at which this maximum value of F occurs illustrated in panel (b). (c) The ratio B/A
(see Eq. (17)) of the two contributionsto the critical value of the square of the buoyancyfrequency,
Nc ri t

2 .
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then the water column would be critical to the GPE positive feedback process. The � gure
indicates that 1.4% of the data has N2/Ncrit

2 . 1 and this percentage is different to the value
of 1.8% for F because of the approximations that have been made in arriving at (17)
(namely the neglect of aS and bS in comparison with aQ , and the neglect of bp in
comparison with ap). The shape of the histogram in Figure 3(d) gives the same conclusion
that we have drawn from Figure 3(c), namely that there is no oceanic evidence for any
special behavior at F 5 1 or at N2/Ncrit

2 5 1. The analysis of Figure 3 has been repeated
(not shown here) using other oceanographic atlases with essentially identical results.

Figure 3(e) shows an expanded view of the probabilitydistributionof F in the range 2 ,
F , 12 and again there is no hint of a peak in the distribution at some value of F near 7.

Figure 3. (a) Histogram of values of F for the whole volume of the world ocean. Panels (c) and (e)
are expanded views of panel (a). (b) Histogram of N2 /Nc r it

2 (see Eq. (17)) with panels (d) and (f)
being expanded views of panel (b). The dashed lines in panels (c) and (d) indicate the histogram
that one would expect if the GPE positive feedback process were operative in the manner
described by Fofonoff (2001).
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Indeed there are only a handful of “bottle pairs” in the entire three-dimensional global
ocean that have F approaching or exceeding the critical value of seven. There is simply no
observational support for a limiting value of F in Figures 3(c) or (e) and there is no
indication of such a limiting value of N2/Ncrit

2 in Figures 3(d) or (f).

6. Epineutral mixing

McDougall (1987), McDougall and You (1990) and Davis (1994) have examined the
dianeutral consequences of the strong lateral mixing of salinity and temperature achieved
by mesoscale eddies mixing properties along locally-referenced potential density surfaces.
The nonlinear nature of the equation of state leads to dianeutral advection given by

ecabb 1 etb 5 2gN22K~Cb¹nQ · ¹nQ 1 Tb¹nQ · ¹np!. (20)

The dianeutral cabbelingvelocity ecabb is always negative while the dianeutral thermobaric
velocity etb can take either sign although its magnitude is generally less than ecabb.
McDougall and You (1990) have plotted ecabb 1 etb on a number of density surfaces in the
world ocean and � nd that this combination is generally negative and that in the southern
ocean the dianeutral sinking achieved by these mechanisms is several times larger than the
canonical upwelling velocity metric of 1027 m s21.

What then is the criterion for a positive feedback process to exist in the presence of both
lateral cabbeling and diapycnal mixing? We believe that the necessary criterion is not
simply that xK 1 xD is negative. Again, the criterion needs to take into account the
relatively small proportion of any dissipated kinetic energy that appears as a local increase
in gravitationalpotential energy. For a given diapycnal diffusivity, D, kinetic energy needs
to be locally dissipated at the rate G21DN2. If there is to be a positive feedback process
then the energy available from the slumping of the water column, FDN2 2 xK 2 xddc (see
(7) and (12)) must exceed G2 1DN2. Here we also include double-diffusive convection,
and in the next section we show that xddc is expected to be negative. That is, a positive
feedback and hence growth of D requires that

FDN2 2 xK 2 xddc . G21DN2. (21)

Since we expect (2xK 2 xddc) to be positive, it is clear from (21) that if the criterion for
positive feedback in the absence of cabbeling, thermobaricity and double-diffusive
convection is satis� ed, namely if F . G21, then the criterion (21) remains satis� ed and the
growth of the diapycnal diffusivity would continue. Having said that, the dif� culty in
imagining a series of physical processes that would focus the ocean’s response back to the
original location of the cabbeling remains. We believe this is a very serious caveat to the
whole feedback concept, but for the present discussion, we put this to one side and assume
that the ocean is capable of arranging such a focused response.

Concentrating now on the situation where the vertical strati� cation is such that F , G21

it is instructive to write (21) in the form
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D ,
G~2xK 2 xddc!

N 2

1
~1 2 FG!

5 DK1ddc
1

~1 2 FG!
(22)

where DK1 ddc is the vertical diffusivity that one would calculate from the Osborn (1980)
method using the dissipation of kinetic energy 2(xK 1 xddc). If the diapycnal diffusivity,
D , is small enough to obey (22) then the existence of the positive dissipation 2(xK 1

xddc) means that the assumed GPE feedback process could cause the diffusivity, D , to
grow, following Fofonoff’s assumption that the energy is focused back to the site of the
original mixing. This growth does not, however, continue inde� nitely because when
equality is reached in (22) the feedback process is no longer a positive feedback. Rather,
when F , G21 the GPE feedback hypothesis implies that D grows until it reaches the
� nite value (1 2 FG)21DK1 ddc when the actual dissipation of kinetic energy, e, will be
(1 2 FG)21(2xK 2 xddc). If the existing diapycnal diffusivity is larger than the limit in
(22) then there is no positive feedback and there is no growth in the diffusivity.

Continuing to accept the focused oceanic GPE feedback, we conclude that F needs to
satisfy F . G2 1 ’ 7 in order for a positive feedback to be expected. If F , G21 the GPE
feedback process does not allow growth of diapycnal mixing without bound but instead
any such growth is limited by the amount of lateral cabbeling, lateral thermobaricity and
double-diffusive convection. For example, for F ’ 1 the GPE feedback mechanism would
ensure that the diapycnal diffusivity would never be less than (1 2 FG)21DK1 ddc ’

1.17DK1 ddc but the feedback process does not allow growth of the diffusivity larger than
this value.

7. Double-diffusive mixing

Consider now the in� uence of double-diffusive convection on the evolution of GPE.
From (10) we see that if the equation of state is linear, then xdd 5 g(bFS 2 aFQ ) and it is
a characteristic of double-diffusive convection that this density � ux is negative, that is, it is
directed vertically downward (and incidentally, in the up-gradient direction with respect to
the vertical density gradient). That is, even for a linear equation of state, double-diffusive
convection acts to reduce the GPE of a water column.

If one applies the GPE contraction-on-mixing feedback hypothesis to this situation,
it would seem that double-diffusive convection may often carry the seeds of its own
destruction. That is, a small amount of double diffusive convection with its negative
xdd would lead to a turbulent diapycnal diffusivity of magnitude corresponding to
equality in (22) at just the location of the initial double-diffusive convection. This
diapycnal diffusivity 2(G21 2 F)21xddc/N

2 would then tend to disrupt the organized
structures that are typical of double-diffusive convection. However, since we do not
believe in the positive feedback GPE hypothesis, we do not intend for this suggestion
to be taken seriously.
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8. The one-dimensional counter-example

Consider the strictly one-dimensionalwater column sketched in Figure 4. Mixing occurs
over a small pressure interval centered at pm and as a consequence each parcel in the water
column above this pressure slumps as shown in the � gure. The � rst law of thermodynamics
can be written as (McDougall, 2003)

Figure 4. Sketch of the slumping of a strictly one-dimensional water column (like a very tall test
tube) due to turbulentmixing in the vicinityof pressurepm . Each parcel in the water column above
pm retains its enthalpy, its internal energy and its pressure. The reduction in gravitationalpotential
energy of the entire water column appears as an increase in the internal energy of the � uid that
undergoes the mixing.
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rS dI

dt
1

d~p/r!

dt D 2
dp

dt
5 2¹ · FQ 1 reM, (23)

where I is the internal energy, FQ is the � ux of heat by all manner of molecular � uxes and
by radiation, and reM is the rate of dissipation of kinetic energy (in units of W m23) into
thermal energy. Also, speci� c enthalpy, h, is de� ned by h [ I 1 p/r. During the mixing
and slumping process, each � uid parcel in the upper un-mixed part of the water column
retains its salinity, its conservative temperature and its pressure, hence both the internal
energy I 5 I(S, Q , p) and the enthalpy h 5 h(S, Q , p) of these � uid parcels remain
constant as they all lose gravitational potential energy. When vertically integrated over the
small mixing region, the heat � ux divergence 2¹ z FQ integrates to zero so that the change
in the enthalpy (per unit mass) of the � uid in this region, dh, is given by eMdt where dt is
the time interval. Note that this increase in enthalpy is independent of the nonlinearity in
the equation of state. By contrast, in the mixing region where d( p/r)/dt 5 x (see (2)) the
change in the internal energy per unit mass of � uid, dI, is (eM 2 x)dt. Hence we see that in
this one-dimensional example, the reduction in the gravitational potential energy of the
entire water column appears as an extra increase in the internal energy, 2xdt, of the mixed
� uid. Because the water column is strictly one-dimensional, we have ruled out the
possibility of any physical process (such as Rossby waves or internal gravity waves) taking
some part of the reduction of GPE and partitioning it into kinetic energy.

If, on the other hand, one allows horizontal nonhomogeneity in the mixing activity, so
that for example, one water column is mixed like in Figure 4 but now there is a surrounding
ocean that is unmixed, then one sees that the immediate slumping on one water column
produces a horizontal pressure gradient over the full depth of the slumped � uid. This opens
up the possibility of internal and Rossby wave activity, but since the horizontal pressure
gradient exists over the full water column, would it not be reasonable to assume that any
resulting increase in kinetic energy and mixing activity would also be spread out over the
full water column? There seems to be no reason to assume that the oceanic response would
be to concentrate this energy at the original depth of the mixing. This issue of the assumed
focusing of the oceanic response lies at the heart of the GPE feedback hypothesis and it
seems this assumption is unsustainable.

9. Discussion

We have explored the implications of the “gravitational potential energy local feedback
hypothesis” that has been advanced by Fofonoff (1961, 1995, 1998, 2001). This is a rather
intriguing hypothesis and it can be summarized as follows. When mixing processes occur
at any depth in the ocean, the nonlinear nature of the equation of state (and also
double-diffusive convection) usually cause a net contraction in the vicinity of the mixing
and consequently the gravitational potential energy of the � uid above this depth decreases.
The argument then notes that in some circumstances the loss of depth-integrated gravita-
tional potential energy by the vertical slumping of this water column can exceed the local
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increase in gravitational potential energy that is associated with the mixing. So far so good.
Then the hypothesis states that when there is a net reduction in the gravitational potential
energy of the whole water column, 100% of this net energy feeds back and causes extra
diapycnal mixing activity at exactly the location of the original mixing activity. This
argument describes a positive feedback process that is assumed to greatly increase the
vertical turbulent mixing, thereby diffusing the vertical property gradients and providing
an upper limit to the vertical strati� cation.

We have shown that because only the fraction G (between 0.11 and 0.2) of kinetic energy
that is dissipated appears as a local increase in gravitational potential energy, the relevant
criterion for a positive feedback to exist is a factor of G21 harder to achieve than that
described by Fofonoff. This factor is approximately 7 and there are very few places in the
world ocean where the corrected criterion is exceeded. The revised criterion for positive
GPE feedback ((18) with F given by (13)) is equivalent to realizing that the process can
only operate when xD is more negative than DN2(1 2 G2 1) ’ 26DN2 rather than the
criterion being simply xD , 0. The observed probability distribution of the propensity for
this positive feedback (the factor F) does not show any tendency for an increased
frequency of occurrence near F 5 1 nor in the range near G21.

If F , G2 1, the GPE feedback process does not lead to unlimited growth of the
diapycnal diffusivity, but it can cause some modest growth in this turbulent mixing,
proportional to the amount of lateral cabbeling, lateral thermobaricity and double-diffusive
convection. In this case the revised feedback hypothesis bounds the vertical diffusivity to
be no less than the value given by equality in (22). This is not a growth in D that can be
characterized as a traditional positive feedback process, and it is not able to limit the
vertical stability of the water column, but rather it provides a modest background level of
diapycnal mixing that is proportional to the double-diffusive and epineutral mixing
processes.

If we were to take this localized GPE feedback mechanism seriously as a source of
mixing activity and as a way of limiting the buoyancy frequency, would it be expected to
occur as a sudden onset whenever the relevant criterion was exceeded? One suggestion
might be that the ocean is not 100% ef� cient at focusing its response at the exact location
where the mixing activity � rst occurred and that one should perhaps expect that F should
exceed G21 by some signi� cant factor before the feedback process was in fact effective.
For example, if the ocean were able to focus only 10% of the energy back to the original
mixing location, the vertical strati� cation would need to obey F . 10G2 1 ’ 70 in order
for the GPE positive feedback process to be operative. These values are certainly not
observed.

The conservation equation of total energy can be written as (Grif� es, 2004)

~rE! t 1 ¹ · ~ruE! 5 2¹ · ~pu! 2 ¹ · FQ 1 ¹ · ~m¹~1
2
u · u!! (24)

where
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E 5 I 1 F 1 1
2

u · u (25)

is the sum of the speci� c internal energy, I, the geopotential, F 5 gz, and the kinetic
energy per unit mass, FQ is the molecular and radiative � uxes of heat, and m is the dynamic
viscosity. On volume integrating (24) over the whole ocean it is apparent that when kinetic
energy is dissipated (i.e. a reduction in volume integrated 1

2
ru z u) it must appear as an

increase of the volume integral of r(I 1 F). Similarly, if the nonlinear nature of the
equation of state or double-diffusive convection cause a reduction in the volume integrated
GPE, this could appear as either an increase in the volume integrated internal energy or as
an increase in the volume integrated kinetic energy. Fofonoff has assumed that 100% of
this energy appears as extra kinetic energy that is subsequently dissipated. However, this is
only one assumption and an extreme one at that. A counter example is provided by
considering a strictly one-dimensional ocean. Then there is no physical mechanism that
can channel any excess gravitationalpotential energy into kinetic energy and hence the lost
GPE will directly increase the local internal energy without any possibility of a positive
feedback process involving kinetic energy and its dissipation.

Note from (24) that there is no requirement that a decrease in the depth-integrated GPE
on a particular cast should appear as an increase in kinetic energy on that cast, nor indeed at
the depth of the original mixing. Even if this reduction in depth-integrated GPE led to a
rather localized increase in kinetic energy, there is no guarantee that all of this increased
kinetic energy would be dissipated locally and so cause the increased local diapycnal
mixing that is part of the assumed feedback mechanism.

10. Summary

We have examined Fofonoff’s gravitational potential energy feedback hypothesis and
have

c eliminated the unknown dilution factor that appears in Fofonoff’s parcel mixing
approach,

c we have shown that since the feedback process involves an increase in turbulent
mixing, it is not consistent to regard molecular diffusion as an initiator of the process,

c because turbulent mixing does not change the local vertical stability ratio of the water
column, the feedback hypothesis is best regarded as providing an upper bound on the
buoyancy frequency rather than on the vertical temperature gradient,

c the rather small mixing ef� ciency with which turbulent dissipation is converted into
an increase in local gravitational potential energy implies that the criterion on the
vertical strati� cation that is required for positive feedback is a factor of seven larger
than that advanced by Fofonoff,

c we have found no hint of the positive feedback process in oceanic atlas data, and
c disturbingly, we can think of no reason why the reduction in a water column’s

gravitational potential energy would appear as increased turbulent mixing at the
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precise location where the initial mixing occurred, especially as this does not occur in
a horizontally uniform ocean.

There seems no reason to assume that the ocean’s response to a depth-integrated
reduction in potential energy would (a) appear as an increase in kinetic energy rather than
an increase in internal energy (as it must in a purely one-dimensional situation), (b) that it
would be localized in three-dimensional space, and (c) that this localized increased kinetic
energy would be dissipated locally. These are three very signi� cant assumptions that need
to be satis� ed simultaneously in order for the GPE positive feedback process to occur. The
very pin-pointed feedback whereby a change of gravitational potential energy that is felt
over a large part of the water column feeds back and affects the mixing intensity at a
speci� c depth seems unrealistic, and in the absence of a physical mechanism to provide this
pin-pointed feedback, we are inclined to discount the hypothesis.The assumed localization
of the ocean’s response is particularly dif� cult to envisage as the slumping of the water
column and the consequent change to the horizontal pressure gradient occurs at all heights
above the mixing location.

We have searched hydrographicdata of the world ocean and have found no indication of
a critical value of the strati� cation beyond which large diapycnal mixing would be
expected. While the appropriate factor F often exceeds unity, it almost never approaches
seven which is the critical value of F for Fofonoff’s feedback process when corrected for
the relatively inef� cient nature of small-scale mixing at achieving diapycnal buoyancy
� uxes. The absence of a peak in the frequency distribution of F at F ’ 7 means that there
is no observational support for the positive feedback GPE hypothesis from oceanic data.

Acknowledgments.This paper was inspired by Nick Fofonoff’s original and thoughtful researchon
how the strati� cation of the ocean is determined. This paper is a contribution to the CSIRO Climate
Change Research Program. The authors thank Drs. John Hunter and Stephen Grif� es for valuable
discussionsabout this work.

REFERENCES
Arneborg, L. 2002. Mixing ef� ciencies in patchy turbulence. J. Phys. Oceanogr., 32, 1496–1506.
Davis, R. E. 1994. Diapycnal mixing in the ocean: equations for the large-scale budgets. J. Phys.

Oceanogr., 24, 777–800.
Fofonoff, N. P. 1961. Energy transformations in the sea. Fish. Res. Board Can. Man. Rep. Ser., 109,

1–82.
1995. Dynamical effects of cabbeling on thermocline structure (in Russian with English

abstract). Okeanologia,35, 824–832.
1998. Nonlinear limits to ocean thermal structure. J. Mar. Res., 56, 793–811.
2001. Thermal stability of the world ocean thermoclines. J. Phys. Oceanogr., 31, 2169–2177.

Grif� es, S. M. 2004. Fundamentals of Ocean Climate Models. Princeton University Press, (in press).
Koltermann, K. P., V. Gouretski and K. Jancke. 2004. Hydrographic Atlas of the World Ocean

Circulation Experiment (WOCE). Volume 3: Atlantic Ocean [www.bsh.de/aktdat/mk/AIMS] (in
preparation).

McDougall, T. J. 1987. Thermobaricity,cabbeling,and water-mass conversion.J. Geophys. Res., 92,
5448–5464.

2003] 763McDougall et al.: Does equation of state provide an upper bound on N?



1988. Some implications of ocean mixing for ocean modelling, in Small-scale Turbulence and
Mixing in the Ocean, J. C. J. Nihoul and B. M. Jamart, eds., Elsevier, Amsterdam. 21–35.

2003. Potential enthalpy: A conservative oceanic variable for evaluating heat content and heat
� uxes. J. Phys. Oceanogr., 33, 945–963.

McDougall, T. J. and Y. You. 1990. Implications of the nonlinear equation of state for upwelling in
the ocean interior. J. Geophys. Res., 95, 13263–13276.

Osborn, T. R. 1980. Estimates of the local rate of vertical diffusionfrom dissipationmeasurements. J.
Phys. Oceanogr., 10, 83–89.

Received: 24 July, 2003; revised: 21 November, 2003.

764 [61, 6Journal of Marine Research


