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Abstract

On Integrals Of Matrix Coefficients Associated To Spherical Models

Elad Daniel Zelingher

2022

We define a local ingredient of the Ichino-lkeda conjecture for isometry groups,
for representations arising as local components of irreducible automorphic cuspidal
representations lying in generic packets, without assuming temperedness everywhere.
The representations in consideration are parabolically induced from characters and a

tempered representation.
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CHAPTER 1

Introduction

In the 1990s, Gross and Prasad stated a fascinating conjecture relating the van-
ishing of a period associated to automorphic representations of two special orthogonal
groups to the value of the tensor product L-function of these representations at the
point s = % [13]. Later, in 2009, Ichino and Tkeda stated a beautiful refinement of this
conjecture [17]. Their refinement expresses the square of the absolute value of the
period as a product of an L-function and a product of certain local periods. Later, in
his PhD thesis, Harris stated the analogous conjecture for unitary groups [16]. Since
then much progress has been done on the Ichino-Tkeda conjecture for unitary groups,
see |35, 5, 4].

In the statement of the Ichino—Ikeda conjectures mentioned above, one assumes
that the representations involved are irreducible cuspidal automorphic representations
that are tempered at all places. The temperedness assumption is crucial, as it allows
one to define the local periods, which are a key ingredient for the statement of the
conjecture. The Ramanujan conjecture speculates that irreducible cuspidal automor-
phic representations that lie in a generic packet are already tempered everywhere, see
[24]. However, the Ramanujan conjecture does not seem at reach anywhere in the
near future: not much progress has been made since [25].

In this work, we explain how to define the local periods for local components of
representations lying in a generic packet, without assuming temperedness. We focus
on principal series representations, as we are not able to solve this problem for other
cases. We hope to come back to this problem in the future.

The starting point for our work is a result of Moeglin and Waldspurger that ex-

plains how one can define the local integral of matrix coefficients using “meromorphic



1.1. The Ichino-Tkeda conjecture

continuation”. We show that the quotient of this meromorphic continuation with the
remaining factor of the local invariant is well defined in our domain of interest. This
domain is guaranteed by the trivial bound for the Ramanujan conjecture for cuspidal

automorphic representations.

1.1. The Ichino—Ikeda conjecture

Note: This is the only section where we consider the global setting. In other
sections, we will always consider the local setting.

Let F' be a number field, and let £ = F' or E/F be an étale quadratic algebra.
Let o be a generator of Aut(E/F). Let (V,, (-,-)) be a non-degenerate o-sesquilinear
space of rank n over E, and let V,,,; = V,, @+ Ee, where (e,e) # 0. We consider the
isometry groups G(V,,) and G(V,41) of V,, and V,,,1, respectively.

Let m, and 7,1 be irreducible cuspidal automorphic representations of G(V,,) and
G(Vy41), respectively. We assume that both , and 7, lie in generic packets. The
global Gan—Gross—Prasad conjecture [9] considers the period (¢, € T, Yni1 € Tpi1)

PGGP(SOna (Pn+1) :/ Qpn(gn)SOnJrl(gn)dgm
G(Vn)(F)\ G(Vn)(AF)

and relates it to the special L-function value L(3, Std(m,) x Std(m,41)). In particular,
it speculates that if the special L-function value is zero, then the period Pggp is
identically zero.

The Ichino-Ikeda conjecture can be seen as a refinement of this conjecture. It
roughly states that the period can be written as a product of certain local periods.
To explain the motivation for this conjecture we explain the phenomenon in a special
case.

Suppose that F = F x F, then G(V,,) = GL, and G(V,11) = GL,41. In this
case, if 7, and 7, are irreducible cuspidal automorphic representations of GL,, and

GL,+1 respectively, then m, and m,,; are unitarizable and generic, and it is known
2



1.1. The Ichino-Tkeda conjecture
[23, Theorem 1.4| that

\Ijv (87 Wn,va Wn+1,v)

L(s, Tpi10 X Tnw)

s
$=3

PGGP(SOnu 9071+1> = L(%f”n#»l X 7Tn) H

Here, we realize m,, (respectively m,11,) via its Whittaker model with respect to
an additive character ¢ : F — C* (respectively, with respect to ¥~' : F — C*).
We also assume that ¢, = Q, Wy, and ¢n11 = @, Wit1,, are decomposable, and
U, (s, Wy, Wii1,.) are the Rankin-Selberg integrals

s—1
qlv(sa Wn,m WnJrl,v) = / Wn,v (gn,v)Wn+1,v (gn,v> ‘det gn,v|v 2 dgn,v-

Ny (Fy)\ GLy (Fy)

The integral W, (s, W,, ., W,11,,) converges for Re s large, and admits a meromorphic

continuation to the entire plane, which we continue to denote by the same symbol.

‘IJ’U (S7W’n,’U7Wn+l,v)
L(S77T7L+1,U ><7Tn,v)

is an entire function, hence we can evaluate it at s = 1.

The quotient

[\

For almost all v, we have that 7, , and 7,41, are unramified representations, and that

Who =Wy, and Wy, = W7, , are the normalized spherical Whittaker functions.

n

W, W, :
(s Wn.o-Wnt10) 551 and hence the product
(577rn+1,v><7rn¢v)

Therefore, for almost every v, the quotient \IJL“
over v is actually a finite product.

The Ichino-Tkeda conjecture suggests that a formula of the following form should

hold (gpn € Tn, Pn+1 € Tn+1, SOX S 7T7\{7 SOX+1 S 7T7\’L/+1):

Pacp(@ns @ni1)Pacr (s Prit)

1 LAV \%
NL(iv Tn41; ﬂ-n) H Pﬂn,uﬂrnﬂ,v (‘Pn,m Pn+1,v; Qpn,m (:On—i-l,v)’

v
where o, = @, P Pri1 = Q, Prsres On = @, P Pri1 = &y Pry1, are decom-
posable, and ~ means that both sides are identical up to a well understood invertible
rational number (independent of ¢, i1, ¥y, ¢ 1). In order for this conjecture to
make sense, we need to define L(%, Tnt1, Tn) a0d P2 (Pnwy Ont 1o} P s Porg10)-

We will also have to add some further assumptions on 7, and m,.1.



1.1. The Ichino-Tkeda conjecture

We move to explain the motivation for the definitions of P, and

n,vsTn+1,v

L(%, Tnt1, Tn) in the Ichino—lkeda conjecture. We have that the assignment

(©ns Prt1; Prs Prit) = Pacp(@ny ©nt1)Pace (@ @rit)

defines an element of
Home v,y s (Tn ® Ty, 1) B Home v,y (T @ T4, 1)

Hence, we should take P, to be in the space

n,v,Tn+1,v
(1.1.1) Homg(vn)(pv)(ﬂnw X Tnd1,0s 1) X Homg(vn)(Fv)(ﬂ;{,U X 7T7\L/+17U, 1).

By [1], the latter space is of dimension at most 1. A distinguished element of the

latter space is given, at least formally, by

LAV \%
O(ﬂ'n,vyﬂ'n-&-l,v (¢n7U7 SDTL-F].,U? ()071,1)7 SDTL-FL’U)

= / <7Tn,v (gn,v)¢n,v> @X,v) <7Tn+1,fu (gn,v)ﬂpn—i-l,va ¢X+1,U>dgn7v~
G(Vn)(F)

The integral defining oy, , x,,,, absolutely converges if 7, ,, and 7,1, are tempered.
Under the assumption that m, , and 7,1, are tempered, it is shown by Waldspurger
[32, Proposition 5.7] and by Sakellaridis—Venkatesh [30, Theorem 6.4.1] that the space
(1.1.1) is spanned by ar, , x..,, (see also the work by Beuzart-Plessis [3, Theorem
7.2.1]). If m,, and 7,41, are tempered, and if v is an unramified place (with other

certain assumptions) and all data is unramified, then

L(L,Std(mpy) % Std(mniro))
o o . oV oV — A 29 n,v n U
a7rn,1u7rn+1,v (Qpn,vﬂ cpn—&—l,v? spn,v’ cpn—&—l,v) n+1v L(l, 7Tn,v7 Ad)L(]_, T4l Ad) ’

where A, 11, is a product of values of L factors of characters depending on V,,;; and

v. We denote for every v

L(%a Std(mn,.) X Std(Tn41,0))
L(1, 70, Ad)L(1, Tpp1 0, Ad)

L(87 Tn+1,0s Wn,v) = An+1,v



1.1. The Ichino-Tkeda conjecture

We define a normalized version of ar, , .., ., S0 that it will evaluate to 1 for unram-

ified data:

. AV V
aﬂ'n,v,ﬂ‘nﬂm (SOn,v; Pn+1,0; Qon,vu ()On+1,v)

L(%a 7rn+1,v> Wn,v)

oAV 4 —
,Pﬂ'n,vaﬂ—n#»l,'u (SOTL,’UJ (IOTL"FLU’ Son,’lﬂ (IO’H,+1,’U) -

\111)(S,Wn,1;7Wn+1,v)
L(s,Tn+1,0XTn,v) |5:% above

This is done with analogy to the fact that the quotient

equals 1 for unramified data.

Assume from now on that ¢, = @, ¥nw, Pri1 = Q, Cnt1ws Ln = Qy P
Y1 = &, @041, are decomposable. In light of the result of Waldspurger and
Sakellaridis—Venkatesh, we must have that if =,, and m,.;, are tempered every-

where, then

VARV, _ Y, v
,PGGP(QDm SDn—&-l)PGGP(‘:Om ‘Pn-&-l) = Cﬂ'nﬂrnJrl | | Pﬁn,u,ﬂnﬂ,v (@n,va P+l P ‘Pn+1,v)7
v

where C

Tn,Tn+1
C

T, Tn+41"

is a constant. The Ichino-Tkeda conjecture describes the constant

The current Ichino-Ikeda conjecture [17, 16, 33] asserts that if m,, and m,41,

are tempered for every v, then, with respect to the Tamagawa measure, we have that

Paap(@n, ont1)Pacr(en, €nit)

1
_ 1 AV \%
— 25 L(§> Tn41s Wn) | | ,Pﬂn,vﬂrnﬂ,u (@n,va Prn+1,v; Qon,vﬂ (pn+1,'u)7

v

where 5 > 0 is some integer, and where

L(s,Std(mp.) % Std(Tpi10))
L(S + %7 T, Ad)L(S + %7 Tn+1,0) Ad)

L(S7 Tn+1,0, Wn,v) = An+1,v

and L(%7 Tn+1, Tn) 1S given by considering the meromorphic continuation of the Euler

product

L<8> Tn41, 7Tn) = H L($> Tn41,v, Wn,v)~
v

We note that the current conjecture can be also stated without having to define

L(s, Tpt+10, Tnp) at every place: let S be a finite set of places such that for v ¢ S,
)



1.1. The Ichino-Tkeda conjecture

we have that v is unramified and that ¢, », @ni10, ¥ 0 ot ar€ spherical vectors as

above. Then the Ichino—Ikeda conjecture can be formulated as

Pacp(@ns @ni1)Pacr (s Prit)

1
_ Sl | | Y \Y
—Q—BL (5, 41, 7Tn) Oé7rn7m7rn+1m (Qpn,vy Pn+1,v; gpn,m 90n+1,v>7
veS

where L°(s, 7,1, 7,) is the partial Euler product

LS<57 Tn+1, 7Tn) = H L<37 Tn4+1,v, 71-n,v>-
vgS

The assumption that m,, and 7,.;, are tempered for every v is crucial for the
statement of the Ichino-Tkeda conjecture, since otherwise the local periods Py, , 7.\,
are not defined. The generalized Ramanujan conjecture speculates that if m,, (respec-
tively m,1) lies in a generic packet, then 7, ,, (respectively m,1,) is already tempered
for every v. However, this conjecture is far from being known.

We remark that in [26, Lemme 1.7], Moeglin and Waldspurger provided a mero-
morphic continuation for o, , .., that is holomorphic under the assumption that

the exponents (ox,(v,7)); and (ox,,,(v,7)); of m, and 7,1, respectively, satisfy the

inequalities
. 1 . 1
(1.1.2) max o, (v,1)] < 5» max |0 (0, 5)| < 3
% J
1
(1.1.3) max | oy, (v,4) £ or,,, (v,5)| < 3
Z’]

While the inequalities in (1.1.2) are known to be true (the trivial bound of Jacquet—
Shalika [18, Corollary 2.5]), the inequality in (1.1.3) is not known to be true in general.
However, it holds for n = 2, see |6, Section 5.2].

We would like to bypass the Ramanujan conjecture and state an Ichino-lkeda
conjecture, given that m, and 7, lie in generic packets (equivalently, given that
their base change is an isobaric sum of self-dual cuspidal representations of the correct

sign). In order to do that, we need to define L(s,m,1,m,) and P for every

Tn,v,Tn+1,v

6



1.2. The main result

v. The definition of L(s,m,1,T,) is available thanks to the existence of weak base

change |2, 27, 19, 7]. In this work, we provide a definition of P, for places v

v, Tnd1,v
where 7, , and 7,41, are given by principal series representations. Our work shows
that for places v, where 7, , and 7,1, are principal series, a holomorphic extension
under the

is possible for P, i.e., for the normalized version of oy,

n,vyTn+1l,07 Tn+1,v7

assumption that the inequalities in (1.1.2) hold.

1.2. The main result

We state a version of our main result. Let I’ be a p-adic field and let £ = F' or
E/F be a quadratic field extension. Let o be a generator of Aut(E/F).

For every non-negative integer k, we will consider a o-sesquilinear space Vj of
rank k, such that its isometry group G(Vy) is quasi-split. For a non-negative even

integer 2m, we set V,,, to be a o-sesquilinear space of rank 2m over E, spanned by

the orthogonal basis b,,,...,b1,b_1,...,b_,,, where for every 1 <i < m,
<bzabl> = 17
(b_i;b_;) = —1.

We view V,,,, as a subspace of Vy,,.o using the obvious identification. For an odd

integer 2m + 1, we define Vy,,,1 as the following subspace of Vg, o:

V2m+1 - E<bm+1) 7] V2m-

Denote by G(Vy) the isometry group of V. For 1 < i < m, let f; = b; +b_; € Vo,.
Then the space

spang(fi,. .., fm)

is a maximal totally isotropic subspace of Vy,, and of Vg, ;.

Consider the following flag:

-FmEfmCEfm@Efm—lcCEfm@@Efl



1.2. The main result

Denote by P, = Pr,, G(va,) (respectively, Popi1 = Pr,, G(Van,1)) the parabolic sub-
group of G(Va,,) (respectively, of G(Va,11)) stabilizing the flag F,,. Then P,
has Levi part isomorphic to (Resg/p £*)™, and Psp4 has Levi part isomorphic to
(Resg/p %)™ x G(Vy).

Let a = (ay, ..., an) be a tuple of complex numbers. Let wy,...,w, : EX — C* be
unitary characters. We define the principal series representation of G(Vs,,) associated
to the characters wy, ..., w,, with the parameter a to be the following (normalized)

parabolically induced representation:
Mo = w1, . .y win) = IV (1 w0 B R ).

Let b = (by,...,by) be a tuple of complex numbers. Let py, ...,y @ EX —
C* be unitary characters. Let m : G(V;) — C* be a character of G(V;). We
define the principal series representation of G(Vy,,41) associated to the characters
T1, M1, -« - [, With the parameter b to be the following (normalized) parabolically

induced representation:

gt = (1, g1, s ptn) = TR0 (07 g B R g Ry,

B Y
Given a non-negative integer n and admissible representations m, and 7,1 of
G(V,) and G(V,41), respectively, we define

Oé7m,7m+1 (fna fn—i—l; f'r\L/7 f7\1/+1) = / <7rn(gn)fna f:{) <7rn+l(gn)fn+lv f7;/+1> dgna

G(Vn)
where f, € m,, for1 € Tosr, f € !, fl € mly. Then o, . ., absolutely
converges when 7, and m,,, are tempered representations.

We are now ready to state our main result.

THEOREM 1.2.1. Let n be a non-negative integer. Let % and W%H be principal

series representations of G(V,,) and G(V,11), with parameters a and b, respectively.

‘ : b b Vb Vb
Then for every holomorphic sections f& € ©&, fo. € Ty oy, e €2, fuii € Tpiss

8



1.2. The main result

the assignment

b Vb
aﬂ%ﬂl’%+1( 7%7 fﬁ-!-l; 7\1/27 f”'h)

L(ma, 1)

(a,b) =

Y

originally defined only for a and b imaginary, has a holomorphic continutation to
the entire plane. Moreover, the holomorphic continuation is a polynomial, v.e., an

element of Clq™e, ¢*™Y].

Here, L(7%, 777%“) is an L-factor defined in Section 3.6 using the doubling method,

which should be thought of as the value L(3, Std (72, ;) x Std(n2)).



CHAPTER 2

Statement of the main result

2.1. Isometry groups notations

Let F be a p-adic field. Let ¢ be the cardinality of the residue field of F. Let
E = F or E/F be an étale quadratic algebra, that is, F'/F is a quadratic field
extension or E' = F' x F. Let o be a generator of Aut(E/F) (if E = F, then o is the
identity map).

Let £ be the multiplicative group of F, i.e., the group consisting of all invertible
elements of E. If E is a field then E* = E \ {0}. Otherwise, if E = F x F, then
E* = F* x F*, where ’* = F'\ {0}. In both cases, each character of E* can be
represented as a product of a unitary character and an unramified character. We will
often say “Let (s, x) be a parameter for a character of £*”, “s is imaginary”, “Re s is

large”. By this we mean:

o If £ is a field, then s € C, y : E* — C* is a unitary character, and we
denote by |-|* x the character E* — C* given by = — |z|} - x(x). We say
that s is imaginary if s € v/—1-R. We say that Re s is large whenever the
real part of s is large.

o If E=F x F, then s = (s1,52) € C?, x = (x1, X2), where x1, x2 : F* — C*
are unitary characters, and we denote by |-|* x the character F* x F’* — C*
given by (z1,22) — |21|7 |22|7 - x1(x1)x2(22). We say that s is imaginary
if s € v/—1-R2 We say that Res is large whenever both the real parts
of s; and sy are large. If s = (s1,52) € C? and t = (t1,t3) € C?, we write

Res > Ret if Res; > Ret; and Re sy > Rets.
10



2.1. TIsometry groups notations

By a parameter s of an unramified character of F*, we mean a parameter (s, x) for a
character of E*, where y is the trivial character. We denote in this case |-|° = |-|” x.
If £E=F x F, wemean x = (1,1), where 1 : F* — C* is the trivial character.

Let a = (a;)]_; be a tuple of parameters for unramified characters of E*.

o If E is a field, we denote Clg™%] = C[q*, ¢~ %];=1.. », Rea = (Rea;)’_;, and

|Rea| = max |Rea;|.
i=1,...,r

=1,...,

oIf £ = F x F, write ¢; = (ai,a2) € C>. We denote Clg™] =

Clg“,q %iz1,.r = Clg*,q¢ *]i=1,..r, Rea = (Rea;)i=1,.r, and
j=1,3 =12
|Rea|l = max |Re a;;l.
j=1,3

*4] which we refer to

In both cases we denote by C(¢™) the ring of fractions of Clg
as the ring of rational functions in q—2.
Suppose that (V, (-, -)) is a non-degenerate o-sesquilinear space of finite rank over

E, with respect to the involution ¢. By this we mean that the form
(w): VXV FE
satisfies for aq,as € E and for vy, v, w € V

(aqv1 4 aovg, w) = (v, W) + (g, W),

(v1,v9) = o ((va,v1)),

and that the form (-, ) is non-degenerate, i.e., for any 0 # v € V| there exists w € V,
such that (v, w) # 0.

Denote by G(V) the isometry group of V, that is, the subgroup of Resg/r GLg(V)
consisting of elements g € Resg/p GLg(V), such that (gv,gw) = (v,w), for every
v,w € V.

A subspace X C V is called totally isotropic if for every x,,z5 € X we have
(r1,79) = 0. If X, Y C V are both totally isotropic subspaces, then we say that X

and Y are dual if the map X x Y — E, (z,y) — (x,y) is non-degenerate.
11



2.2. Representations of isometry groups

If E = F x F, then V can be written as V = Xy x Xy,, where Xy is a vec-
tor space over F', and XY, is its dual, and the form is given by ((z,z"), (y,y")) =
({(x,y"), (y,2")). In this case, the isometry group G(V) is isomorphic to GLr(Xy),
via the isomorphism sending g € GLp(Xyv) to the map Xy x Xy — Xy x XY,

defined by (z,z") — (gz, 2" o g™t).

2.2. Representations of isometry groups

Let (V,(-,-)) be a non-degenerate o-sesquilinear space. Suppose that we have a

decomposition
(2.2.1) V=X, ¢--- X OWDY,®---DY,,

where:

(1) W C V is a non-degenerate subspace.

(2) The spaces Xy,...,X,,Yy,...,Y, are totally isotropic and orthogonal to
W.

(3) For every i # j, X, (respectively Y;) is orthogonal to X; and Y.

(4) For every i, X; and Y, are dual.

Consider the following flag:
F: X, XX, 1C---CX, B---BXy.

Let Prarvy C G(V) be the parabolic subgroup stabilizing this flag. It has Levi part

isomorphic to
ResE/F GLE(XT) X X RGSE/F GLE<X1) X G(W)

Let 7,...,7. be irreducible admissible representations of the F-points of
Resg/r GLE(X1), ..., Resp/r GLg(X,) respectively, and let 7w be an irre-

ducible admissible representation of G(W). Let a = (a;)/_; be a tuple of parameters
12



2.3. Conjectural standard transfer

for unramified characters of E*. We consider the (normalized) parabolic induction

(2.22) % =%rw,11,....7) =15 (|det|™ 7, K- K |det|™ 7 K 7w ).

T Praw)

We have the following classification of irreducible representations of G(V):

THEOREM 2.2.1. [11, Section 8.4]

(1) Suppose that mw, 1, ..., T, are tempered and Rea, > --- > Rea; > 0. Then
112 has a unique irreducible quotient, which we denote by J(I1%). J(I1%) is
called the Langlands quotient of 11%.

(2) Conversely, every irreducible representation of G(V) is isomorphic to a Lang-
lands quotient J(II%(7w, T1,...,7)), for some decomposition as in (2.2.1),
some irreducible tempered representations mw, Ti, ..., T, and some ay, . . ., a,

with Rea, > --- > Rea; > 0.

We move to define special sections of the representation I12.

Let £ C G(V) be a maximal compact subgroup in good position with respect
to Prgv). We have the Iwasawa decomposition G(V) = Prqwv)K. We say that
a section f¢ € II% is standard with respect to K if its restriction to the subgroup
K is independent of a, i.e., the value f%(k) does not depend on a for any k € K.
We say that a section f¢ € II2 is holomorphic (respectively meromorphic) if for
any g € G(V), there exist polynomials (pg’i((fﬂ))f\[:"1 C C[q*] (respectively rational
functions (pgyi(q_g))fv:gl C C(¢*%)) and vectors (vg,i)figl C 7. X - X7 Ky, such that
fa(g) = SN Pgi(¢"%)vy;. The subspace of holomorphic (respectively meromorphic)

sections is invariant under the action of G(V).

2.3. Conjectural standard transfer

Let (V,(-,-)) be a non-degenerate o-sesquilinear space of finite rank over E, and
let 7 be an irreducible admissible representation of G(V). Then, conjecturally, there

exists an irreducible admissible representation Std(w) of GLy(FE) for a suitable N
13



2.3. Conjectural standard transfer

(depending only on the rank of V and on the type of E) corresponding to the stan-
dard transfer (known as base change in the case of unitary groups) of the Langlands
parameter of 7.

When 7 is unramified, Std(7) is an unramified representation defined using the
Satake parameter of w. In the general case, we expect Std(m) to have the following

properties:

(1) If 7 is tempered, then Std(rw) is tempered.

(2) If E/F is a quadratic extension and V is one-dimensional, then
G(\V)=2 E'={2z€ F*|zo(z)=1}.

Then 7 is a character yv : B! — C*, and its standard transfer is given by

the character Std(xv) = xv.g : E* — C*, defined by the formula

X

xv,e(z) = xv (m) .

(3) If E = FxF, then G(V) is isomorphic to GLx(F), where N is the rank of V
over E. Then 7 is an irreducible representation of GLy (F), and Std(7) = X
7V is an irreducible admissible representation of GLy(E) = GLy(F X F) =
GLN(F) x GLy(F).

(4) Suppose that V has a decomposition as in (2.2.1), and let 7 = J(I1%¢) as in

Theorem 2.2.1. Then Std() is the Langlands quotient of the representation

det|" 7. x - x |det|™ 7y x Std(mw) x |det| ™" 7,7 x - x |det| " 7Y,

. . \Vi .
where x denotes parabolic induction, and 7,7 = 7,¥ o o, where 7,7 is the

contragredient representation of 7;.

For our purposes, we extend the notion of Std(I12) for I1% as in (2.2.2) with [|[Real| < 2,

even if 1% is not irreducible. We define a naive standard transfer Std(I1%) by the
14



2.4. Integrals of matrix coefficients

formula
det|* 7, x -+ x |det|™ 71 x Std(mw) x |det| ™" 77 x -+ x |[det| " 77,

where again ||[Real| < 3. We have that Std(I1%) is irreducible.

2.4. Integrals of matrix coefficients

Let (Vni1,(:,-)) be a non-degenerate o-sesquilinear space, and suppose that
Vo1 = V, @ Fe, where V,, C V,,;; is a non-degenerate subspace, and e € V, 1
is orthogonal to V,. Let 7w, and m,,; be irreducible admissible representations of
G(V,) and G(V,41), respectively. The local integral considered in the statement of
the Ichino-Tkeda conjecture |17, 16, 33] is defined by the formula

st st ) = [ ) 00 i (01
where v,, € Ty, Upy1 € Tpy1, v, € Ty, Uy, € 7, This integral absolutely converges
whenever the representations 7, and 7, are tempered |17, Proposition 1.1|, |16,
Proposition 2.1].

We have the following unramified computation. If E/F is a quadratic field ex-

tension, suppose that £//F' is unramified. Suppose that m, and 7,,; are unramified

representations, then for the data v;, € m,, v5. | € T,11, v,)° € Wy, V5, € T, 1, where
all vectors are spherical, and (vy,v,°) = (vy 1, v,.5,) = 1, we have [16, Section 2.2.3|:

L(%,Std(m,) x Std(m,41))
L(1,7,,Ad) - L(1, 7,41, Ad)’

o o ., Vo Vo o A
Qg1 (Un7 Un+1y Un > Un—{—l) - An+1

where:

o If £ =F and n = 2m, then A,y =[[", L(2i,1).
o If £ =F and n=2m —1, let Iy, ,, be the discriminant field of V,,;, and
let xv,,, : ' — C* be the character associated to Fy,,,/F by local class

field theory. Then A, 1, =[], L(2i,1) - L(m, XVni1)-
15



2.5. Statement of the problem

o If £/F is a quadratic field extension, let xg/r be the quadratic character
associated to the field extension E/F by local class field theory. Then A, 1 =
H?:il L(y, XJE/F)'

o If E=F x F, then A,y =[] L(j,1).

J=1

2.5. Statement of the problem

The Ichino—Ikeda conjecture considers a normalized version of «, the integral of
matrix coefficients from 2.4, normalized so that the unramified computation gives the

value 1, i.e., it considers the functional Py, .,

~1 L(1, 7y, Ad) - L(1, 741, Ad)
LS, Std(mn) x Std ()

VoV .

PTFnJTnH (Unvvn+1>vnavn+1) =A
e VoV

X Xyt (vnvvn+1avnvvn+1)-

Our goal is to understand how to make sense of P,

g 10T nON-tempered repre-

sentations.

Our starting point is a result of Moeglin and Waldspurger |26, Lemme 1.7|. Their
result is only stated for representations of special orthogonal groups, but the proof
also works for orthogonal and unitary groups [14, Lemma 4.1.11]. In order to state
it, we first set up our representations as in Section 2.2.

For V.=V, V,.1, choose decompositions as in Section 2.2:

Vn:Xl@...@XI@W@YI@...@Yl’
Vo =X, @ oX aoWaY, o - dY).
Assume that W € W or W/ € W. Choose flags F and F' as in Section 2.2.
]:ZXZCXZEBXZ_lC"'CXZ@"‘@Xl,

.F/: ;/CX,/®X;/_1C"‘CX//EB"'EBXID

16



2.5. Statement of the problem

and let P, = Prcv,) C G(V,) and P11 = Prgv,,,) C G(V,11) be the parabolic
subgroups stabilizing the flags F and F’, respectively. For every 1 <i <, let 7; be an
irreducible tempered representation of the F-points of Resg/r GLg(X;), and let 7w
be an irreducible tempered representation of G(W). Similarly, for every 1 < j <[,
let 77 be an irreducible tempered representation of the F-points of Resp/r GLg(X]),
and let my be an irreducible tempered representation of G(W’). Let a = (a;)'_, and
b= (bj)é-/:1 be tuples of parameters for unramified characters of £*. We consider the

parabolically induced representations

72 =15V (|det| 7 K - - ) |det|™ 7y K mw)

oy = 150 ([det|” 7 & - B |det|™ 7 B ).

By Theorem 2.2.1, all irreducible representations of G(V,,), G(V,11) can be realized as
quotients of representations of this form. Note that a matrix coefficient of a quotient
of a given representation gives rise to a matrix coefficient of the representation, via
composition with the quotient map. Hence, it suffices to study the integral of matrix
coefficients for matrix coefficients of 7% and w2 4+1- Let K, and K,1; be maximal
compact subgroups of G(V,,) and G(V,1), respectively, such that I, C K,41, and
such that P,,; and P, are in good position with respect to IC,,.1 and C,,, respectively.

We are now ready to state the result of Moeglin and Waldspurger |26, Lemme

1.7).

PROPOSITION 2.5.1. For any standard sections f2 € 7%, fﬁﬂ € W%H, fle e

Vb Vb . Vb .
T2, fot1 € Mooy, the integral Qpa b (fe, fn+1, Ve fai1) absolutely converges in the

domain
1 1
D=1 (a.b)| [Reall [Reb]| < 3, max fui%t,] < 5
t;€Reb
Furthermore, there exists a polynomial D(q~2,q7%) € Clg*™, ¢*Y] that does not vanish

in the domain D, such that for every standard sections f2 € 72, fsﬂ € W%H, SIS
,g)q,% € Clq ta ib}}
17
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2.6. Intuition from the split case

such that for (a,b) € D,

Lya o geapve (€7 q?)

D(q™¢,q7%)

b pva VB oy
aﬂ%,ﬂ%+1( 7%7 fn-l—l’ ng’f”‘f'l) -

4 4 b Vb ‘
In particular, the assignment (a,b) = o o v (f& fri1; /% fuy1) has a meromorphic
nsTp 41

continuation to the entire plane.

Proposition 2.5.1 already gives an extension of a . » for non-tempered repre-
ns%n41
sentations. The problem is that this meromorphic continuation is only defined in the
domain D, which requires the extra condition
1
max |u; £t < .

u;€ERea 2
tj€Red

This condition is not guaranteed to be satisfied by representations arising as local
components of cuspidal automorphic representations lying in a generic packet. Our
goal then is to try to find a refined version of the denominator polynomial D(g~¢, ¢~?),

which will allow us to define the normalized value P (Vn, Ung1; Uy, Uy ) for all @

o1
and b satisfying ||Rea ,||Reb|| < 3.

In the region ||Real,||[Reb|| < 3, we have that the assignments a — L(1, 72, Ad),
b — L(l,w% +1,Ad) are holomorphic. Therefore, it suffices to find a holomorphic
extension for the assignment
@ (i fas B 1)

L(%,Std(mf) x Std(r2.,))

(a,b) =

Y

for a and b satistying ||Real,||[Reb| < 3.

2.6. Intuition from the split case

In this section, we give a formal (but not rigorous) identity for o« » in the
n a1

split case. Let o be the ring of integers of F. Fix a non-trivial additive character

Y F— C*. We normalize the measures, so that the volume of o is 1.
18



2.6. Intuition from the split case

In this case, F = F' x F, and G(V,,) = GL,(F) and G(V,41) = GL,11(F). We

have that for a and b outside of a finite union of hyperplanes, 7% and W% 41 are irre-
ducible and generic. We realize 72 and W% 41 Vvia their Whittaker models W(n2, )
and W(W,%H, ¥~1), with respect to the corresponding upper triangular unipotent sub-
groups. See the discussion in |8, Section 3.1]. Assume that 7% and W%H are unitariz-
able.

Let B,, C GL,,(F) be the upper triangular Borel subgroup, A,, C GL,,(F) be
the diagonal subgroup, and N,, C GL,,(F') be the upper unipotent subgroup. Let
K,, = GL,,(0) be the standard maximal compact subgroup of GL,,(F"). We normalize

the measures, so that K, has volume 1. For a,, = (@), let

Opn(am) = ][

1<i<j<m

Ay

A5
be the modular character. For a,,_1 € A,,_1, we have
5Bm (a’m71> = ‘det amfl‘ 5B'm71 (am71)7

where we realize A,,_; C A,, via the embedding a,,_; — diag(a,,—_1,1). We have the

Iwasawa decomposition: if f : GL,,(F) — C is integrable, then

/ f(gm)dgm:/ / / 55+ (m) f (k) Ay, dn,.
GLm (F) Now S A J K "

We will use a formula by Lapid and Mao. Let R,, C GL,,(F') be the mirabolic
subgroup, consisting of matrices having (0,...,0,1) as their last row. Let 7, be an
irreducible unitarizable generic representation of GL,,(F). We have a non-degenerate

GL,,(F)-invariant pairing of 7,,, X 7.¥ — C, given by the formula

W] = /N o W)W (90

19



2.6. Intuition from the split case

If 7, is unramified, and W° € W(7,,,%) and W° € W(7Y, 4! are spherical

vectors with W°(I,,,) = WVY°(I,,) = 1, then by the Iwasawa decomposition

[WO, WOV] = /A 5;33”71 (am_l)Wo(am_l)WOV(am_l)dam_l

_ / 5551 ()W () W () ® (@) [t | A,
Am

where ® : F — C is the characteristic function of 0™, and e,, = (0,...,0,1) € F™.
By the unramified computation of the Rankin-Selberg integrals of GL,, x GL,,, we
have that

(We, W) = L1, 7, x7,0) = L(1, Ty, Ad).
Therefore, if (-,-) is a non-degenerate GL,,(F)-invariant pairing 7,, x 7,7 — C, sat-
isfying for unramified 7,,, that (WW° W°) = 1, then (W, WV) = m (W, WV].

We set for any irreducible generic unitarizable 7,,,, and every W € W(7,,,¢), WY €
W(r,), 1), the pairing

1

I T,

W, W]

THEOREM 2.6.1 (|21, Lemma 4.7]). Let 1 < ¢ < m. Let U; be the unipotent
radical of the parabolic subgroup of GL,,(F) of type (m —i,1,...,1). Let N; be the

upper unipotent subgroup of GL;(F'). Then
/ [Tm(ui—l)W7 Wv] ¢(Ui—1)dui—1
Ui—1
-/ W (g )W (gn-) 1t g g,
Nm—t\GLm—1(F)

for every W € W(,,0), WY € W(r,,,v™1). Here, GL,,,_i(F) is realized as a sub-

group of GL,,,(F) via the embedding ¢p,—; — diag(gm—i, I;)-

20



2.6. Intuition from the split case

We now consider the integral

a b Va Vb
& a b (er’Wn-i-l;W 7W+1)

Ty 41 n n

=/ (F)<w%(hn)wﬁ, WY (7l (R W2, W2 )dh,,

where W2 € W(rs,¢), Wo,, € W(ne,, ), Wye € W(me,ph, Wyt e

W(ﬂx_%l,w‘l). Then, by Theorem 2.6.1 with m =n+1, 7, = 7r7%+1, and i = 1, we

have

(261) L(L W%? Ad)L(L W%—&-l? Ad)&ﬂ%ﬂ-%_’_l (Wr%a W£+15 Wr\z/ga Wr\z/-ib-l)
[ mmowe e [ W2, (g k) W2, (g2 gy,
GLn (F) Np\ GLn (F)

Changing variables, h,, = (g))"'g,, we have that (2.6.1) equals

/GL - / P (72 (gn) W2 TV (g YWY WE, | (g,)W2 (gY)dgY dgs,

- / / / (T (g W, 720 W] 4 (1)
Np\ GLp(F) J No\ GLn (F) J N,

X Wr%—&-l (gn)Wv-fb—l (gyvl)dundgnng-

n

Using Theorem 2.6.1 again, this time with m =n, 7,, = 75, and 7 = n, we get

/ (75 (g Wi, Ty (9 )W ] 007 () Ay, = Wik 9) W (g3 )-
Hence, we have that

(2.6.2) ao o (WEWE WYe W)

Tns T 41

1

L(]‘77T7%7 Ad)L(177T7%+1,Ad) [VvL\GL7L(F) n+1(g ) (g ) g

« / WYE (g0 )WYe(gY)dgY.
N\ GLp (F)

The integrals in (2.6.2) are the Rankin—Selberg integrals for W%H x 2 and W,\;_%l X e,

respectively, evaluated at s = 1. They converge for Rea and Reb large, and are

2
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2.6. Intuition from the split case

understood elsewhere using meromorphic continuation. Let W2 W, H, wye W

n+1 be

Whittaker functions that correspond to holomorphic sections. Then the Whittaker
functions are also holomorphic at every point of the group, as functions of a or b, see

[8, Section 3.1|. For such functions, the quotient

"’ﬂ-n+1

a Va b a Va Vb
aa v (WE n+1,W Wn+1) QO a b (We, n+17W W-H)

n
ﬂ-T“ﬂanrl

L3 Std(nh, ) x Std(ms))  L(3,mh, x w)L(3, w8, x m®)

is holomorphic, as a function of a and b, whenever 7'('% 41 and 7 are irreducible and
generic.
We remark that this is only a formal computation. In order to make it rigorous,

one needs to take care of convergence issues. However, recall that by [1], the space
b
Homgr,, (7 (7, ® T, 1) x Homgar,, (» )( n+1 Rm'e 1)

b
is at most one dimensional, whenever 7, ; and 72 are irreducible. We can define a

distinguished element of this space by setting

P (W WE WYe Wy =1

ﬂ-"’ﬂ—n+l

(W, W,

n

+1)IV(WV“ W),

1
2

where
“ 1 a s—1
LOWEWE D) = [ W (0)Wila) et g doi,
L(s, g X M) JNu\ GLo(F)
“ 1 a s—1
BOVEWE) = fo s [ W )W) et g,
L(s,m4q X %) N\ GLa ()

where the integrals converge for Res large, and are understood elsewhere by holo-

morphic continuation.
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2.7. The main result

2.7. The main result

We now move to explain our main result. For V. =V, V, .1, assume that there

exist decompositions as in Section 2.5:

Vn:Xl@...@XI@W@YI@...@Yl’

Vo =X, @--aXeWaY & aY,,

such that W € W or W' C W. Further assume that |dimgp W — dimg W/| = 1, and
that dimg X; = dimgY; = 1, for every 1 < i <[, and dimEX;. = dimEY;. =1, for
every 1 < j <!'. For every 1 <i <, choose 0 # f; € X; (and then X; = Ef;), and
for every 1 < j <1, choose 0 # f; € X} (and then X, = Ef}). Denote m = dimp W
and V,, = W, and similarly denote m’ = dimp W' and V,,, = W'.

As in Section 2.5, choose flags F = F; and F' = F,

Fi:EficEfi®oEfi . C---CEfi®---@Ef,

f'l/’ . Efl/’ C Efl/’ @ Efl,’—l C ct C Efl// @ st @ Ef{

Also, as in Section 2.5, for every 1 < i < [, choose a tempered representation w;
of the F-points of Resg/p GLg(Ef;). In this case, w; is a unitary character of E*.
Similarly, for every 1 < j <[, choose a tempered representation j; of the F-points
of Resg/r GLE(Ef]’-), i.e., a unitary character of E*. Let 7, and m,, be irreducible
tempered representations of G(V,,) and G(V,.), respectively. Let a = (a;)!_, and

b= (bj)é./:1 be tuples of parameters for unramified characters of £*. As in Section

2.5, consider the parabolically induced representations

me = IR (w8 B " ) B ,),

b = ISV (L R R R ).

Ppi1

Our main result is the following theorem.
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2.7. The main result

THEOREM 2.7.1. For every holomorphic sections f € w2, fg+1 € W%H, fleemne,

n

Vb Vb
fn+1 < Tt the map

b v Vb
b b @ b . pva gV oy Ckﬂ-%,ﬂ-%_H (f?%’ fn—&-lﬂfng? fn+1)
(27_)'_)05g b ( n7fn+17 n 7fn+1)_ a b
L(m, o)

Y

originally defined only for imaginary a,b, has an analytic continuation to the en-

tire plane. The analytic continuation is actually a polynomial, i.e., an element of

Clg*, ¢+

Here, L(7%, ﬁ% +1) is an L-factor defined using the doubling method, which should
be thought of as the value L(%,Std(ﬂ%+1) x Std(m%)). The precise definition of

L(me, W%H) will be given in Section 3.6. The next chapter is devoted to the proof of

Theorem 2.7.1.

Recall that we are interested in an extension of the normalized functional P . b
nyin41

The following corollary provides such an extension in the desired region.

COROLLARY 2.7.2. For every holomorphic sections f2 € w2, SH € 7r7%+1, fle e

Va
n ’

Vb Vb
s il € Tpp1, the map

b b
(Qul_)) = Pﬂ%mﬁﬂ( 7%7 fﬁ—f-l; 7\1/27][7;/—?—1)7

originally defined only for imaginary a,b, has a meromorphic continuation to the
entire plane, which is holomorphic when ||[Reall, |Red|| < 3.

PROOF. If ||Rea|, [|Rebd| < 3, then Std(r2,,) and Std(n%) are irreducible. In
this case, we have that the assignments a — L(1,7% Ad), b — L(l,W%H,Ad) are
holomorphic. For such a and b, we have by Proposition 3.6.1 that the assignment
L(},Std(m ) x Std(m))

a b
L(th ﬁ—&—l)

(a,b) —

is a non-vanishing holomorphic function. Therefore, the function
24



2.7. The main result

P (f2 fos fre f2) = Ant - L(1, 72, Ad)L(1, 72,1, Ad)

T, Tl s o
% L(W%a W%—l—l)
L(3, Std(ﬂzﬂ) x Std(mn))

b Vb
x of w (s ogns q;/gafnll)

a
7r"77rn+1

is a holomorphic function in the variables a and b in the region ||Rea ,||Reb|| < 3. O
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CHAPTER 3

The case of principal series representations

In this chapter, we show how a construction related to the doubling method can
be used to regularize the integral of matrix coefficients for the case that w,, and 7,1

are given by principal series representations.

3.1. Doubling integrals

In the 1980s, Piatetski-Shapiro and Rallis introduced an integral representation
for the tensor product representation of representations of G x GL;, where G is a
classical group [28, 10|. Their construction relies only on matrix coefficients of G,
and does not require the representation of G to have any model (such as a Whittaker
model). This construction is now known as the doubling method. In this section, we
give a brief overview of the doubling method. We refer the reader to [22]| and [34]
for standard references about the doubling method.

Let (V, {(-,-)) be a non-degenerate o-sesquilinear space of finite rank over E. Let V
be a vector space isomorphic to V, via an isomorphism V — V, v — 7, equipped with
the o-sesquilinear product (v,w) = —(v,w), for v,w € V. Let V& = V@V, where
we set V and V to be orthogonal. Let V2 = {v+7 | v € V}. Then V2 is a maximal
totally isotropic subspace of V. TLet Pya C G(VY) be the parabolic subgroup
stabilizing the subspace V2. Then Pya has Levi part isomorphic to GL(V%). We
have a character deta : Pya — E* by projection to the Levi part Pya — GL(V#)

and composition with det.
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3.1. Doubling integrals
We have an embedding i : G(V) x G(V) = G(V") given by

i(g:h) (v) = gv,

i(g,h) (©) = ho,

where v € V. We denote by A : G(V) — G(V") the map A(g) = i(g,g). We actually
have that the image of A is contained in the Levi part of Pya.
Let 7 be an admissible representation of G(V) and let (s, x) be a parameter for a

character of E*. We consider the following space of (normalized) parabolic induction

)

I V) = T (1 x) o deta).
The doubling zeta integrals are defined via the formula

Z (f*,vr,vx)

F2 (g1, 92)) (m(gr)v, ¥ (g2)v")x " (det g2) d(g1, g2),

/A(G(V))\ G(V)xG(V)
where f5 € I(]-|" x, V) is a holomorphic section, v, € 7 and v\ € 7¥. These integrals
are absolutely convergent for Re s large that depends only on 7. In this convergence
domain, the integrals converge to holomorphic functions that have a meromorphic
continuation to the entire plane. We continue denoting the meromorphic continuation
by the same notation.

We move to define L-factors of m x x. If £ = F' x F, then G(V) is a general linear

group. In this case, we define for x = (x1, x2) and s = (s1, s2),
LPSR(S + %,7’(’ X X) = LGJ(Sl + %,ﬂ' X Xl)LGJ(SQ + %,ﬂ'v X X2)7

where Lgy are the L-factors of Godement—Jacquet. By [34, Lemma 5.3|, for any
holomorphic section f* € I(]-]* x, V), any v, € 7, and any v” € 7", the quotient

Z(f*, vr, 05)
LPSR(S + %, T X X)
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3.2. Rankin—Selberg integrals

is a polynomial (an element of Clg™**]).

If F is a field, the definition goes through the greatest common divisor of a frac-
tional ideal. There exists a notion of “good sections”, see [22, 34, 20]. In particular,
holomorphic sections are good. Consider the space I, defined as the C[g**]-linear

span of the set
{Z(f°v,00) | f2 € I(|]°x, V) is a good section, v, € m,v) € 7"}.

If 7 is irreducible, then there exists a “greatest common divisor” for I ,. To explain
this, we first note that I, is a fractional ideal of Cl¢g**] with 1 € I,,. There

exists a unique polynomial P(Z) € C[Z], such that P (0) = 1, and such that I, =

P(ql_s) C[g**]. We denote

LPSR(S + %,71' X X) = P (q_s>.

When 7 and y are unramified, we have that Lpsg(s, 7 x x) = L(s, Std(7) X x)

[34, Proposition 7.1].

3.2. Rankin—Selberg integrals

Suppose that (V,, (-,-)) is a non-degenerate o-sesquilinear space of rank n over E.
Let H be a hyperbolic plane. By this we mean a two-dimensional space over E with
an orthogonal basis by ,b_, such that (b, , b, ) = —(b_,b_) #0. Let V.0 =V, ® H,
where we set V,, and H to be orthogonal, and let V,.; =V, & Eb,.

Let G(V,42) be the isometry group of V, .o, and let G(V,1) be the isometry
group of V, .1, realized as a subgroup of G(V,,2), consisting of all elements acting
trivially on the vector b_. Similarly, we realize G(V,,), the isometry group of V,,, as
a subgroup of G(V,,;1), consisting of all elements acting trivially on b,

Let fr =0by +b_, f- =by —b_. We have that f, and f_ are isotropic vectors,
that (fi, f-) =2(by,by) # 0, and that

Vopo=EfL ®V, O Ef_.
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3.3. Construction of special sections

Let @ be the parabolic subgroup of G(V,2) stabilizing the line Ef,. Then @ has

Levi part isomorphic to Resg/p GLg(Ef}) x G(V,) = Resg/r E* x G(V,,).
Let 7, and 7,41 be irreducible representations of G(V,) and G(V,1), respec-
tively. Let (s, x) be a parameter for a character of E* = GLg(E f,). Consider the

(normalized) parabolic induction

s s G(V, s
Topa = 1 x x ma = 10V 2 (| x By,

n

Suppose Cx, .., € Homgy,) (7, ® T,41,1). We consider the Rankin-Selberg integral

Cﬂn+177ffl+2 (Un-‘rla fri+2> = / Crp g1 (f7§+2(gn+1)7 7Tn+1(gn+1)vn+1)dgn+1a
G(Vi)\ G(Vnt1)

where f7 , € w3, is a holomorphic section, and v,,+1 € m,41. By [31, Section 3|, this
integral converges for Re s large, depending only on 7,, and 7,1, and has a meromor-
phic continuation to the entire plane, which is a rational function in ¢~°. By its defini-
tion, we get that in its convergence domain C, ., ~s,, € Homg(v,,,)(Tnt1 @ 740, 1),
and by the uniqueness theorem, this holds for the meromorphic continuation of

Cx

1,7y 85 well.

3.3. Construction of special sections

In this section, we review a construction of Ginzburg—Piatetski-Shapiro—Rallis for
sections of m, o from Section 3.2. See [12, Chapter 1| and |29, Section 3.

Let (V,,(-,-)) be a non-degenerate o-sesquilinear space of rank n over E, and
let Vi1 = V,, @ Eb, where (b,b) # 0, and we set b to be orthogonal to V,,. Take
V =V, in Section 3.1. We realize V, 5 from Section 3.2, as a subspace of VE+17
where b, = b, and b_ = b, i.e., we realize V,, ;o = Eb® V,, & Eb C VI, |.

We have an embedding i : G(V,42) x G(V,,) = G(V}) given by

( (gn—I—?; gn) (Un—I—Q) = Gn+2Un+2,

i(gn—i-?v gn) (W) = gnUn,
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3.3. Construction of special sections

where g0 € G(V,i2), g0 € G(V,), Uns2 € Vyio, and v, € V,,. We also have the
embedding i : G(V,11) X G(Vy1) = G(V.,) from Section 3.1, given by

i(gn—&—ly hn—l—l)(vn—l—l) = 9In+1Un+1,

i(gn+17 hn+1)(vn+1) - hn—&-lvn—‘rl;

where g1, hpt1 € G(Va1), and v,401 € V.
Let mp, Mo, ||° Xo ®ohe = |-|" X X m, be as in Section 3.2. Let

S G(VTDL 1) S
Px,s = ](|| van—i-l) = IPVA ’ ((H X) Odet&)'

n+1

Given a holomorphic section ) € p, s and v, € m,, we consider the kernel integral
Ags o, (Gns2) = / £5(i(gnra,s 9n)) X (det g,) T (gn) vndgn,
G(Vn)
where g, 1o € G(V,12). This integral converges for Re s large enough, depending only
on 7, (see the discussion in [29, Section 3]). It has a meromorphic continuation to
the entire plane, which we continue to denote by the same symbol. We have that
Afs 0, is a meromorphic section that lies in the space of m; .

Let ¢r,m,n € Homeqy, ) (M ® mpy1, 1), and let Cx L T @ T, — C be

S
n+1,Tp 1o

the Rankin—Selberg integral introduced in Section 3.2. Then we have the following

identity (see [12, Lemma 1.1] and |29, Lemma 4.1]):

(331) CW”+17WZ+2 (Un-i-l? Af;,’Un)

- / fps (Z (gn—i-la ian+1 ))Cwn,wn+1 (Una Tn+1 (gn+1)v7z+1 )dg7z+1 .
G(Vn41)

Here, the right hand side converges for Re s large depending only on 7, and 7.
It has a meromorphic continuation to the entire plane, that is a rational function in

q—°. The identity is then understood as an equality of meromorphic functions.
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3.4. Recursive formula for integrals of matrix coefficients

Let us be in the setup of Section 3.2. Suppose that m, and 7, ; are tempered.
Consider 7, = |-|* x X m,, as in Section 3.2. If s is imaginary, then 73 _, is tempered,
and there exists a choice of Haar measures such that the following identity holds |3,

eq. (7.4.9)]:

(3.4.1) aﬂn,+1,7rfl+2(vn+17 5-1-2;“7\{—1-17 7;/—;9-2)

A(gn+1: Goir)

/(G(Vn)\ G(Vnt1))?

X Oy, i1 (f5+2(9n+1)a 7rn+1(gn+1)vn+1; f7ﬁ2(92+1>7 va+1 (g;L-i-l)U?\Z-‘rl)’

where V11 € Tpy1, fiig € Moo, Uiy € Ty g, [oiy € mr5,. In this case, the integral

in (3.4.1) absolutely converges |3, Claim (7.4.10)].

3.5. The representations considered

Let (V,,(-,)) be a non-degenerate o-sesquilinear space of rank n over E, and let
Vas1 =V, @ Fe,, where e, is orthogonal to V,, and (e, e, ) # 0.

Suppose that there exists a decomposition
Vn == Zl,—‘r s> vm ¥ Zl,—>

where V,, is a non-degenerate subspace of rank m, and 7Z;; and Z;_ are totally

isotropic subspaces of rank [, dual to each other. Let
Fi:0OCEficEfioEfianC--CEfi®---OFEfi=7,

be a complete flag in Z; ;. Let P, g(v,) be the parabolic subgroup of G(V,,) stabilizing

this flag. It has Levi part isomorphic to

(RGSE/F EX)Z X G(Vm)
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3.5. The representations considered

Similarly, suppose that there exists a decomposition
Vo1 =2Zp @V @ Zl/y,,

where |m —m/| = 1, with either [ =" and V,,, C V,y, or ' =1+ 1 and V,,;y C V..

Here again Z'y 4, ZE/, are totally isotropic subspaces of rank [’, dual to each other,

and V,, C V,,1 is a non-degenerate subspace of rank m’. Choose a complete flag in
Z/l/7+1

ﬂlx 10 C Efl// C Efl,/ & Efl//_l c---C Efl// D--- @Ef{ = le’,-i—a

and let Pr, G(v,,,) be the parabolic subgroup of G(V,41) stabilizing the flag Fj,. It

n+1

has Levi part isomorphic to
(Resg/r E*)" x G(Vy).

Let m,, and 7, be irreducible tempered representations of G(V,,) and G(V,,),
respectively. Let (a;,w;)'_; and (b;, i1;)'_, be tuples of parameters for characters of

E*. We denote a = (a;)!_, and b = (b;)}_,. We define

mr =150 (B B e B ),

b G(Vn b b
T = Loy i (" g B B g B )

We say that a (respectively b) is imaginary if a; is imaginary (respectively b; is imag-
inary), for every 1 < i <[ (respectively 1 <1i <1').
We will denote sections of these representations by f2 € 72 fgﬂ € W%H, etc.
For induction purposes, we explain how to construct a space V,.o containing
Va1, so that its isometry group G(V,.2) will serve for a representation W,(li%). The
construction is similar to the one as discussed in Section 3.2. Let V,,,0 =V, 1® Fe_,
where e_ is orthogonal to V.1, and (e_,e_) = —(ey,e,). Denote fi = e, +e_,

f-=ey—e_. Then f, and f_ are isotropic vectors with (f,, f_) = 2(e,,e).
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3.6. Mixed L-factors

Consider the flag
Fis1:0CEfy CEft®EfiC--CEfLOED-- - ®EfLi=Ef ®Zi4.

Let Pr,, .c(v...) be the parabolic subgroup of G(V,2) stabilizing the flag Fi4i. It
has Levi part isomorphic to (Resg/r EX)™! x G(V,,). Let (s, x) be a parameter for
a character of E*. We denote

oty =T o ST X R @ B R 0 Bimy).

n+2 P-7:1+17G(Vn+2)

On the other hand, we have the decomposition
Voo =Ef4 &V, @ Ef_,

where the subspaces E f,, Ef_ are isotropic lines, dual to each other. Let Prs, qv,..)
be the parabolic subgroup of G(V,,12), stabilizing the subspace E f,. It has Levi part

isomorphic to Resg p(E£*) x G(Vy,).

We realize 7% via the (normalized) parabolic induction Iﬁg’"z)v (P xR ).
+ n+2
)

This is done using transitivity of induction: we map a section F.%

n
G(Vn2)
PEf+,G(Vn+2)

S
(° x®72) to the section f%% € 7% defined by f&%(gni2) =
F%(gny2)(idy,).  Similarly, for a parameter ¢ for the unramified charac-

ter |-|7" of EX, we realize erlfég) via the (normalized) parabolic induction

G(Vn+2) —t . —1 v
IPEf+A,G(Vn+2)<|.| X gﬂ—ng)

3.6. Mixed L-factors

Before stating our main result, we define a formal naive mixed L-factor, which will
serve as a candidate of the denominator for our statement. The reason for defining
this naive factor is that for some values of a and b, the representations 7% and 71'% I
might not be irreducible.

For a unitary character x : £ — C* and € = 41, we denote
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3.6. Mixed L-factors

We define

Lt = TTTT T E i)

i=1 j=1lee'e{£1}

l
X H H LPSR(%aﬂ-m’ X Heai -Ewi)

i=1 ec{+1}

l/
1y .
X H H Lpsr(3, mm X |- ).

j=1e'e{&1}

This should be thought of as the value L(3, Std(72) x Std(r n+1))' See also the dis-
cussion below.
By properties of the L-factors of the doubling method [22, Theorem 4, (1) & (5)],

we have that

ES €

LPSR(%’ T/ X || X) = LPSR(SS + %a Tt X 8X)7

Lpsgr(—s + %, T X X T 00) = Lpsp(—s + %, ™ x xh).

Hence, we may rewrite L(72, 7r%+1) as the product

7Tn, 7T;L+1 H H H L | ’€a1+€ b; Ewi . E/,uj>

i=1 j=1¢ge'e{+1}

X HLPSR(ai + %77Tm’ X w;) Lpsr(—a; + éa Ty X W5 1)

XHLPSR 277TmX/’L])LPSR( b +27 mxluj )

By using [34, Proposition 7.1] repeatedly, we have that if we consider irreducible

) . b
unramified representations 7% and ,, ; (where we take max(m,m’) = 1 and Tmax(m,m)
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3.6. Mixed L-factors

is an unramified representation), then

L(r%,mt, ) = L(L,Std(n2) x Std(ry,)).

Let (s,x) be a parameter for a character of E*, and let Wﬁf_’g = |-|"x X 72 as in

Section 3.2. Denote

b
L<87 X ﬂ-ﬁJrl)

l

:LPSR(S+%77TW' XX)H H L(S+%7X.|,|Ebj,5/luj)’
Jj=le’e{£1}

— b
L(=s,x" ‘oo, 7T7\1/11)

!
= Lpsr(—s+ 3, m0 x x7") H H L(-s+ 3 x oo |f bi - 1),
Jj=1lele{£1}

Then we have
(3.6.1) L(nt, 784 = L(nt, 7, ) L(s, x, 7o) L(—s, x " o0, mr2)).

Consider the doubling integrals discussed in Section 3.1 for V. =V, ; and 7 =

72, 1. By [34, Section 6], for every fixed b, I3 € I(I-]° X, Vi), fremt, e

Vb
7,11, We have that

s b b
Z( po n+17fr\7,/—‘r].)
b
L(Sux’ﬂ—;H»l)

Suppose that t is a parameter for an unramified character of E*. Similarly to the

e Clg™].

discussion above, by considering the doubling integrals for V.=V, 1, 7 = ijﬁl, we
have that for every fixed b, fp_vt e I(|- " x % Vaga), fﬁl € W,\fﬁl, fgﬂ € W%_H, the
following quotient is polynomial:
—t Vb b
Z(fp\/tv fn-lilu fﬁ—i—l)

e Clqg™].
L(—t,x oo, 777\1/31) "]
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3.6. Mixed L-factors

We now compare analytic properties of the factors L(s + 2 Std(w;ﬂ) x Std (7))

and L(Wn,W;LH) Suppose that [|[Real|, [|[Reb|| < 3. By Section 2.3,

Std(w2) =|-|" wyp X -+ x |-|* wy x Std(m,,)

—1,0

T

—1l,0
1 ..

X || w
Std(mpq) = 1" x o x [ x Std ()

b1 —1

X T T o T

oy

By [8], we have that

Lttt ) < st = [[T1 T 2o %1y
1j=1lee’e{£1}

=

l
< TT TT E(s.Std(mm) x [ - ;)

=1 ee{£1}

l/
<TT T 2tsStd(mn) x [ <)

J=le'e{£1}

X L(s,Std(m,) x Std(mm)).
Conjecturally, for any character |-|° x of E* we have

L@?Std(ﬂm) X |-I”x) = Lpsr(s + %,ﬂ'm X X),

L(3,Std(my) X [-|"X) = Lesr(s + 5. T X X)-

This is not known to be true, except for some certain cases. See for example |15,
Proposition 8.4] and |34, Proposition 7.1 and Theorems 7.1-7.2|.

The following proposition shows that L(3 ,Std(n2, ;) x Std(72)) and L(n%, 72, ,)
are the same up to a rational function that is holomorphic and non-vanishing in the

region |[Reall, [[Reb|| < 1.
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3.6. Mixed L-factors

PROPOSITION 3.6.1. The assignment

L(%,Std(mh,,) x Std(r2))

L (7%7 7T$L+1 )

(a,b)

is a non-vanishing holomorphic function the region |[Real| , |Reb|| < %

PROOF. When |[Rea|, |[Reb|| < 3, we have that Std(72) and Std(W%H) are irre-

ducible. Both L(3, Std(ﬂ'%_H) x Std(7%)) and L(m%, W%_H) contain the product
Lo
[TIT IT EGF ).
i=1 j=1ee’'e{£1}

It suffices to show that all factors in L(3, Std(ﬂ'%_H) x Std(7%)) and L(m%, W%+1), except
for this product, are holomorphic and not vanishing in the required region. Since 7,
and 7, are tempered, we have that Std(m,,) and Std(m,,) are tempered.

We begin with analyzing the poles of the relevant factors of L(3, Std(ﬁgﬂ) X Std(m2)).

These are

L(s, Std(m,,) x Std(m)),

L(s, Std(mm) x |-

" fw;) = L(ea; + s, Std(mp) X “w;),

L(s,Std(mm) % [-|7% ' 11;) = L(£'b; + s, Std(mm) x < p1).

Recall that for tempered representations 7,, and 7,, of GL,, (F) and GL,,(F), the
L-factor L(s, Ty, X 7y,) can only have poles if Res = 0. Since ||[Real|, ||[Red|| < 3,
we have that ea; + %, e'b; + % have real part different than zero, and therefore the
function L(3, Std(n2 +1) X Std(72)) is holomorphic in the given region. Recall that
L(s,Std(n2, ;) x Std(72)) is a reciprocal of an element of the ring Clg**, ¢*%, ¢*2)],

and therefore wherever it is holomorphic, it is non-zero.
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3.7. A lemma about Afg

We proceed to analyze the poles of the factors of L(m, W%H) of the form

1 1 \Y —1
LPSR(ai + 9 T X wi), LPSR<_ai + 3 Tt X w; ),

Lpsr(bj + 5, Tm X 413), Lpsr(=b; + 5,7y, X p1570).

By [34, Lemma 7.2|, since m,,, and m,, are tempered and w; and p; are unitary, the

above factors are holomorphic in the region [|[Real < i, |Reb| < 3. As before,
these factors of the form Lpgg are reciprocals of elements of the ring C[¢*2, ¢*], and
therefore wherever they are holomorphic, they are non-zero. 0

We remark that by [34, Proposition 7.1], when 72 and 72 41 are unramified irre-

ducible representations then
L(5,5td(m, 1) x Std(m)) = L(mg, ).

3.7. A lemma about Ay, ,,

In this section, we relate the Rankin—Selberg integrals from Section 3.2 to the
L-factors arising from the doubling method from Section 3.1. This relation will be
essential for the proof of our main result.

We use the same notations as in Section 3.3. Let K, 12 C G(V,12) be a maximal

compact subgroup in good position with respect to Q.

LEMMA 3.7.1. For gnio € G(V,42), the following are equivalent:

(1) i(gn+o,idv,) € PVQH'

(2) gni2 € Q and g,42 has trivial G(V,,) Levi part.

PROOF. Let p = i(gns2,idy, ). Write g, o(b +b) = w, + Ab+ X'b, where w, € V,,,
A\ X € E. Then

p(b+b) = gnyo(b+0b) = w, + Ab+ Nb.
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3.7. A lemma about Afg

We have that p(b+b) € VA&, if and only if w, = 0 and A = X. This is equivalent
t0 gni2(b+0) = A(b+Db), for some A € E*, which by definition is equivalent to
Gn2 € Q.

Let v, € V,,. Then

p(vn + En) = Gni2Un + U

By writing g, ov, = v/, + ub + u'b, where v/, € V,,, and u, ' € E, we get that
p(vn +7Ty,) € V5,1, if and only if v/, + ub = v, + /b, which is equivalent to v, = v/, and
1/ = p. Hence, we get that p(v, +70,) € V&, if and only if g, 20, = v, + p(b+b),
for some p € E. This is equivalent to saying that the G(V,,) Levi part of g,.o is
trivial.

Therefore, we have shown that i(g,42, gn) preserves the subspace
E(b+b) @ spang {v, + Ty | v, € Vo) = Vi
if and only if g4 € @ and g, has trivial G(V,,) Levi part. O
As an immediate consequence of the lemma, we get the following corollary:

COROLLARY 3.7.2. Let Ky C G(V,42) be a compact open subgroup. Let gnio €
G(Vyyia), such that i(gny2,idy,) € P\/ﬁJrlZ.(Kg x {idvy,}). Then g,io = q- ko for some

q € Q that has trivial G(V,,) Levi part, and some ko € K.

The following lemma shows that holomorphic sections of 7, , can be represented

as finite sums of elements of the form Ay ,,.

LEMMA 3.7.3. For every standard section (with respect to Ky2) fio € 7.9,

there exist holomorphic sections (f5,))L) C py.s and vectors (vn;)iL, C 7y, such that

N

s _§ {
fn+2 - Af;’j,vn,j'

J=1

PROOF. Denote by lg gx : Q = E*, Lo aw,) : @ = G(V,) the projections of @

on its Levi parts. Let Ky C K,12 be a normal compact open subgroup, such that
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|-]” x is trivial on lg px(Q N Ky), and let vy € m,, such that vy is invariant under
the 7, action of £gaev,)(Q N Ky). Consider the section f%* defined by (¢ € Q,
k € ICTH—Q):

1 S
o (@) (|- x ®mn)(g)vo k€ Ko,
fn—fé o (q ’ k) =
0 k¢ K.
Every standard section of 7, _, is a finite sum of KC,,;» right translations of sections

of the form fX%"*. We notice that for h, 5 € G(V,12)

n

ApX,S(i(hn+2)1))f5 o 7T7Sz+2 (hn+2)Af,‘§ 00

Hence, it suffices to prove that every section of the form fii“;’o’s can be represented

as some A for some holomorphic section f; € p, s and some v, € .

s o
Px,sf5:vp)

K, . . .
Let f,.%5"" be a section as above. Since the orbit

Pya - i(G(Vagr) X G(Vii1)) = PVQH “i(G(Vig1) x {idv, 1 })

n+1

is open, it follows that Pya - i(Ko x {idy, }) is open. Let f; be the section of p, ,
which is supported on Pya - i(Ky x {idy, }), whose value on i(Ky x {idy,}) is 1.
Then for g,42 € G(V,42) we have
(371) Aflf,vo(gn—l-Q) = /( )f;(i(gglgn-i-?aian))ﬂ-n(gn>U0dgn~

G(Van

In order for this integral not to vanish, we must have that

i(9n gnra,idv,) € Pya | - i(Ky x {idv, }),

for some g, € G(V,,). By Corollary 3.7.2, this is equivalent to g, 'g,.o = ¢ - ko for
some ¢q € @ having trivial G(V,,) Levi part, and some ko € Ky. Since G(V,,) C @, we
get that if the integral in (3.7.1) does not vanish, then g, = ¢ - ko, where ¢ € Q
and ky € K.
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3.7. A lemma about Ay,
Now suppose gni12 = q - ko, where ¢ € @, and ky € K,. Since Af;,vo € My o, WE

have
Ags wo(Gnr2) = Ngs oo (@ ko) = 05(q) (| x B 70) (@) A g5, (o)

Write

(3.72) Apanlln) = [ £l hosidv, ) ma(gn)ndgn
G(Vn)
By its construction, f3 is invariant under right translations of i(Ko x {idy, }). There-

fore, we may assume without loss of generality that ko = idy,, .
The integrand in (3.7.2) is supported on g, € G(V,), such that i(g, !, idy,) €

Pya  +i(Ko x {idy,}). By Corollary 3.7.2, the last condition is equivalent to
g =d -k,

where ¢ € Q has trivial G(V,,) Levi part, and kj € Ky. This implies (k)™ = g,¢,

which implies that g,¢' € Q N Ko, and hence g, is in g qv,)(Q N Ko).
Conversely, suppose that g, € {gcv,)(Q N Ky), then there exists ¢’ € @ with

trivial G(V,,) Levi part and k{ € K, such that ¢,¢' = k. Since g,¢' € Q N Ky, by

the choice of K and vy, we have

30n) - (H° X R ) g Yo = w0,
which implies that 7,(g,)vo = vo and (6% |1 x)(€g.ex(q')) = 1. This implies
F3(i(gy s idy, ) (gn)vo = f5(i(q - (kg) ™", idvy,))vo = vo,
where we used the fact that f; is right invariant under i(Ky x {idy, }), that deta(q') =

gQ,EX (q’), and that (5@((]’) = (5va (Z(q/,ldvn))
n+1
we get that the integrand in (3.7.2) is supported on

To summarize,
gn € Lo, (@ N Ky), and that for such g, the integrand equals vo. Therefore, we

get that Ays (ko) = Ags ., (idv,,,) = Ck, - vo, where C, = Vol({g g(v,)(Q N Ko)) is
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yUn+1

the volume of {g ¢(v,)(Q N Ky) in G(V,,). Hence, we showed that
Afg,vo = CKO ’ fii(-)évms'

Since {g cv,)(Q N Ky) C G(V,) is compact and open, we get that Cx, > 0, and
therefore we have that

-1 _ ¢Ko,vo,s
OKO ’ Af,fa'UO - fn+2 ’

as required. O

As a result of the lemma, we get the following corollary:

COROLLARY 3.7.4. For every holomorphic section f, o € 7, 5, and every v, €

s

Tni1, there exist holomorphic sections (f5 ;)L C pys and (v, ;)72 C )y, such

P
that
N
S . s \Y
Own+177ri+2 (Vnt1, frge) = E Z(fp,javn+1avn+1,j)a
j=1
where Cr,,, x5, 18 defined in Section 3.2.

S

PROOF. By Lemma 3.7.3, there exist holomorphic sections ( o

);’V:l C py,s and

vectors (vn;);; C Ty, such that f5,, = Zjvzl Ays v,;, and then

N
S — §
C7Tn+177ri+2 (/Un+17 fn+2) - C7Tn+1’7ri+2 (Un+17 Af;’jyvn,j)'

j=1

By the identity in (3.3.1), we have that

(373) Oﬂn+177rfl+2 (UTL+17 Afs’jﬂ)n,j)

p

= / fps,j(i(gn-‘rl? 1dv,,.1))Cmmnin (Ungs Tot1 (Gn1) V1 )dgnr-
G(Vni1

By [29, Lemma 4.3], for every j, there exists v, .,; € m, ., such that

Z(f5 ;s Vns1, Vi1 ;) equals the right hand side of (3.7.3), as required. O

Combining this corollary with the discussion in Section 3.6, we get the following

b )
result for the case m, = 72, T = T, g, Tho = wfli%):
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3.8. Proof of the main result

PROPOSITION 3.7.5. Let a,b be fized. Then for any holomorphic section féi%) €
W,(Li%), any fﬁ+1 € 7Tn+1, and any ¢ o » € Homg(v,,) (T ® W%H, 1), we have that the
+

following quotient is a polynomial (an element of C[q**]):

b $,a,
C, (s,a) (fﬁ+17f7(z+2)>

Tyt 1Tt 2

L<S X5 n+1)

V(t a

Similarly, for any holomorphic sections f, n+2 , fJrl € 7rn+1, and any

¢ va_ v € Homgqy,) () Ve ® 7rn+1, 1), the following quotient is polynomial (an element
n sfn41

of Clg™]):
Covaw (£, £V59)
T Tt n rJdn

L(—t,x 'oo, WX_QH) '

3.8. Proof of the main result

In this section, we prove Theorem 2.7.1. Our proof is by induction, and our
construction is based on the identity in (3.4.1). Let f% € 72, fnJrl € 7rn+1, fleemye
fvil € 7rn +1 be holomorphic sections. Recall that we are looking for a holomorphic

n

extension for the assignment

Vb
Oéﬂ—%, b (fn?fn+17 e fnil)

L(ﬂ-ﬁv 7T-%—H)

(a,b) = o

b
g (fn7fn+17 e fnvfrl):

a
ns

We will show that such extension exists. Furthermore, we will show that

b b
Oéug b (fn7fn+17 e fT\L/jrl):Ci_g b (fn?fn+1) CT\{a Vb (f Jf’r\l,/jkl)7

Ty 1 n T

where

Cu a b e HomG(Vn)( ® 7Tn+17 1>7

T T 1

Ch va vb € HomG(V )(7T - ® 7T7\1/3-17 1)7

Tn™ 77T7L+1

43



3.8. Proof of the main result

so that the assignments

(@,b) =, , (& fr),

7Tn’ﬂ—n{»l
Va Vb
((Z b) = C Va Vb ( n o fn+1>
Tn™ 77T7L+1
are holomorphic. We write for short aha y = cha , X chw b -
ns 41 | n T

If n = min(m, m’) and n + 1 = max(m,m’), then 7¢ = 7, and W%H = Tpy1, and
therefore we do not have parameters, and L(7%, 2 +1) = 1. Since 7, and m,, are
both tempered, the assignment o’ = O, ., 15 defined for all vectors. By [1],

Tn,Tn+1

we have

dim¢ Homg v, (7, @ Tpy1, 1) < 1,

dime Homg v, (1) @ mr,q,1) <1,
and therefore there exist c., .., and Cry ¥ 1 such that

= C7r'ru7rn+1 & Cﬂ'»,\{;ﬂ'v

Tn,Tnt+l O[ﬂ"ny7rn+1 ntl’

Since we do not have parameters in this case, we do not need to prove anything

regarding holomorphicity.

Suppose that Oéha y = ¢ ., X & ve v 1s already defined. We move to con-
TR Tt 1 r”ﬁﬂ Tn 5Tyl
b _ h b (s,a) V(s,a)
struct o, 0 = Ch w X ¢ v v Let foi, fale f 415 Jnas be holomor-
7rn+1 n+2 Tn+1"Tn+2 Tn31>Tn+2

. Vb V(s, . . .
phic sections of 72, |, 7%, 78 7% respectively. If @, b, s are imaginary and

fixed, we can use the identity in (3.4.1), which reads

b s,a b $,a
(881)  ap eo(fu 275 f S5

7L+1’

= / d(gn+1, 9;+1)
(G(Va)\ G(Vn+1))?
V(s,a) Vb

S,a b b a b
XQ a b (f72+2)<9n+1)7Wﬁ+1<gn+1)fﬁ+1§fn+2 (g;LJrl)aﬂnjrl(g;LJrl)f;/jrl)'

T 41
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3.8. Proof of the main result

Using the fact that o b (ea) = A, X, ., and using (3.6.1), we get

Tn4+1>Tn+2 TnsTn 41 Tn ™5 Tpy1

(3.8.2)
b s,a b s,a
aié (“l)( 1;+17f7(z+2);f1;/+17f7\54(r2 ))
n4+1Tn42
—1 $,a b b
- / Cig b (f7(z+§)(gn+1),7Tg+1(gn+1)fg+1)dgn+1
L(s,X, Ty 1) JGOVANGVaa) ™1

1 V(s,a b
Chva Vb (fnJ(rf)(Q;LH) 7vz+1(9n+1)fn+1)d9n+1

L(_S’X_l’g’m\;—bi—l) /G(Vn)\G(Vn+1) T 5Tt

X

We are going to use (3.8.2) in order to define & o and ¢ v _v(s.a)> and use
WH+17 n+2 Tnt1Tny2

them to extend the definition of o, (5.0
Trn+1Tny2
We introduce a new variable ¢, which is a parameter for an unramified character

of £*, and consider the integrals

(3.8.3)

Chb (sa)( n+17fn+2>

Tt 1542
—1 $,a b b

- / &y (0 i) 7 () )i,
L(8, X, T 1) JGVAN GVagr) "0t

b Vb ev(ta)
Cﬂ_\/g 71_\/(z,g) (fn+17 fn+2 )
n+12"n42

1 V(t,a Vb
- Ao o (FS2(g ), (o) Fr2)dgl 4

- L(_t’ Xil ©0, 7.(7\1/-%-1) /G(Vn)\G(Vn+l) a4

where f2. € 72, £ e nl, oY e a9 p0 ¢ 1Y) are holomorphic

sections.

PROPOSITION 3.8.1. For fized a and b, the integrals in (3.8.3) absolutely con-
verge for Res large and Re(—t) large (both depending on m% and W%H), respectively.
cub (sa) and ¢ v vt have meromorphic continuations to the entire plane, which

Tt 1 {2 Tt 1 Tnts

we continue to denote by the same symbols. These meromorphic continuations are
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3.8. Proof of the main result

actually polynomial, 1.e.,

Cig e a)(fn+17 féicé ) € Clg™],
n+12 n+2
b
Ci_vg Wv(t,g)(fr\b/—;b fn+2 ) € C[ ]
n+1""n+2

PROOF. The integrals in (3.8.3) are Rankin—Selberg integrals, as in Section 3.2.
We have that these integrals converge absolutely for Res large and Re(—t) large,
respectively. In addition, they have meromorphic continuations to the entire plane,
which are rational functions in ¢~* and ¢~ ¢, respectively. By Proposition 3.7.5, since
we divide by the appropriate L-factors, the meromorphic continuations are polyno-

mial. O

We denote

s,a V(s,a b s,a V(s,a)
5hb (s, a)(fn+1afn+2)af +17fn—&(—2 )) :Chg (s,g)(fn—i—l?f?g-‘rQ))Cqu V(s,a) (fn—i-l?f ( )

Trn+1Tn42 Tn+1Tny2 Tt nt2
Our next task to is to show that ﬁ b (o) is an extension of o ) In order to
Tn+1Tny2 7r71+1 n+42

show this, we need the following lemma:

LEMMA 3.8.2. Suppose that there exist holomorphic sections ¢% € m, 90%+1 €

b b Vb
T oyt e e, o € w2, such that oo _ b (G5 Ongrs oty engn) = 1, for every

a and b imaginary. Then there exist holomorphzc sections gofl”) € W,(li% and (,On+2 ) ¢

w59 such that:

(D) @ oo (@ @55 et onls”) = 1, for all a, b and s imaginary.
s,a V(s,a b 5,a)\ — .
(2) 5:1@“ (b+112)((l07L+17 SD?(’L+2)7 SOn—}—la Son—(|-2 )) = L(ﬂ-ﬁ-i-la 7T?(’L+2)) 1: fO’I’ (lll a and b tmag-

mary and every s.

PRrROOF. We realize W,(LJF% and 7rn+2*) as in Section 3.5.

When all parameters are imaginary, all representations are tempered, and we can
use the identity in (3.8.1). The integral in (3.8.1) absolutely converges in this case

[3, Claim (7.4.10))].
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3.8. Proof of the main result

Let Ky C G(V,41) be a compact open subgroup, such that @%H, QDZ«QH are in-
variant under its action, and so that o2 (respectively ¢%) is invariant under the
-|” x M 7, action (respectively, the x 1 |-|7° K m/ action) of Ko N Pgf, G(v,..)- We
have that G(Vyn41)PEef, c(v.,.) 15 @ dense open subset of G(V,42), and hence so is

Pgi. c¢(vois) G(Vig1). This implies that Py, q(v,..) Ko is an open subset of G(V,, ).

n+2
Let £%% and £/ be sections of 7% and m % supported on the open subset
Pgy, G(v,.2) Ko, such that their restrictions to Ky are o5 and pre respectively. Then

we have that £9 and f'5% are holomorphic sections, and by (3.8.1), we get that

s,a a b a b
a b+177r(§ ,a) ((pn—l—l’ f(+2)7 Qpn—l-l’ fY\I,/+2 ) GKO ﬂn,ﬂ—9+1 (@E? Prirts 907\27’ ()01\1/?}-1) = 0[2(()’
where Ckx, = Vol(G(V,)\G(V,)Ky) is the volume of G(V,)\G(V,)K, in
(s,a) 1 r(sa) sa) 1 gV(sa)

G(Vi)\ G(Vit1). Therefore, by choosing ¢, 5 = z— /.37 and gpn+2 = g fas2 s
0

we get the desired equality as in (1).

Similarly, we have that ¢! b sa)(¢n+17f75i-3) and ¢’ Vb (s, a)(fn+17fn+2 ) are
+2

Tn41:Tn Tn31Tn

given by (3.8.3), for Res large and Re(—s) large, respectively. We get from the

construction of f +§ and fn e ) that

s,a 1
Cug e (SOnJrlu f1§+2)> —QCKO’
Tn+1Tnt2 L(S,X,ﬂ'nJrl)
1
Vb V(s,a
Cu oVh V(s (fnjH? fnJ(rQ )> = _ Vb CKU'
Trnt1Tn42 L(—S, X Lo g, ﬂ—n;l)
This implies that for all s,
s,a s,a b $,a)\ —
ﬁig e a>(80n+17 90£z+2)7 90n+17 ‘Pniz )) = L(7T£+1a 7T7(1+2)) g
n+1""n+4+2
This shows (2). O

Using the last lemma repeatedly, we are able to conclude the following:

COROLLARY 3.8.3. Let my = min(m,m’) and my + 1 = max(m,m’).
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3.8. Proof of the main result

(1) Suppose that a, b and s are imaginary. Then o', . =0, .- Fur-
71-n-!—1771-n+2 7Tn+177rn+2

thermore, o, ) 18 not identically zero if and only if x, 7o 0y # 0.

(s,a
o +17Trn+2

s,a) b s,a) s,a
(2) Let f2 +1 € 7Tn+1: f( n+27 fa +1 € Tt fn+2 € 777\1/12) be holo-
morphic sections. Then we have that 5h (5,0) (fb+1,fn+2 s I +17fan(rsg’g)) €
7T£+177Tn+2

C[q:tg7 qibv q:I:S] ‘

PROOF. If ag,,  x,.,.1 = 0, then we get by repeatedly using the recursive formula in

(3.8.1) that o .y = 0, and by repeatedly using (3.8.3) we get that 6 oy = 0.

7T7L+177rn+2 +1’7rn+2
Suppose that Aty Tmg 11 # 0. Then we can find vectors ¢, € Ty, Pme+1 € Tmg+1s

\Y \Y \Y \Y% . AV \Y _ 3
<'10777,0 € 7rm0’ (pmo-i-l € ﬂ-m0+17 suCh that aﬂmozﬂm0+l (Spm07 ¢m0+1? @mo, %Omo-{-l) - 1 USlng

Lemma 3.8.2 repeatedly, we get that we can find holomorphic sections gon 411 € 7rn 1

gonﬂ € WZL, <p£l+2) € 7T7(L+2), gonfza) € W,vlff , such that for every a, b imaginary,

Ofug <sa)<90n+1a<P7(z+2)a<Pn+1790n+2 ) = 5 b <sa)(90n+17§07(1+2)7Spn+1>90nf2a))

Tn+1:Tnt2 Tn+1 42

b $,a)\ —
:L(Wﬁ+177TT(L+2)) L

We have that both a (s and 6 » (s define elements of
+1’7rn+2 7rn+177rn+2
(3.8.4) Homgv,) (7 2+1 ® 7T£L+27 1)K HomG(Vn)( n+1 ® n(fza)a 1).

b , . . . . .
The representations m, ; and 7T£L ﬁ; are irreducible for a, b, s outside of a finite union

of hyperplanes, and in that case, by [1], we have that the space in (3.8.4) is at most

one dimensional. Therefore, we must have that if a, b and s are imaginary, then

ahb (oa) = ﬁhb (ea)- Therefore we have shown (1).

T 1T ng2 Tn41:Tn+2

By Bernstein’s rationality theorem (see for example [8, Section 3.2]), the above

discussion shows that

/Bhb (s a) (Spn-i—lu SO'ELS—‘,-QQ)? gpn—}-l’ (Pn—‘,-Q ) S (C( *a :tb7 qis)

Tnt+1:Tn+2

48



3.8. Proof of the main result

Since for every fixed a and b, we have that

5ub e a)<90n+17907(18+az)a§0n+17%0n+2 )6 C[ ]

Tn+1Tn+2

we must have that

B e (PR, @ 0 ol e Clgte, ¢, ¢,

7rn+1 77rn+

This shows (2).
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