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Abstract 

Whole-Hand Robotic Manipulation with Rolling, Sliding, and Caging 

Walter Gottlieb Bircher 

2022 

Traditional manipulation planning and modeling relies on strong assumptions about 

contact. Specifically, it is common to assume that contacts are fixed and do not slide. This 

assumption ensures that objects are stably grasped during every step of the manipulation, to avoid 

ejection. However, this assumption limits achievable manipulation to the feasible motion of the 

closed-loop kinematic chains formed by the object and fingers. To improve manipulation 

capability, it has been shown that relaxing contact constraints and allowing sliding can enhance 

dexterity. But in order to safely manipulate with shifting contacts, other safeguards must be used 

to protect against ejection. “Caging manipulation,” in which the object is geometrically trapped by 

the fingers, can be employed to guarantee that an object never leaves the hand, regardless of 

constantly changing contact conditions. Mechanical compliance and underactuated joint coupling, 

or carefully chosen design parameters, can be used to passively create a caging grasp – protecting 

against accidental ejection – while simultaneously manipulating with all parts of the hand. And 

with passive ejection avoidance, hand control schemes can be made very simple, while still 

accomplishing manipulation. In place of complex control, better design can be used to improve 

manipulation capability—by making smart choices about parameters such as phalanx length, joint 

stiffness, joint coupling schemes, finger frictional properties, and actuator mode of operation. I 

will present an approach for modeling fully actuated and underactuated whole-hand-manipulation 

with shifting contacts, show results demonstrating the relationship between design parameters and 

manipulation metrics, and show how this can produce highly dexterous manipulators. 
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1 INTRODUCTION 

1.1 Motivation 

The work was motivated by observing human manipulation, which is highly dexterous and 

utilizes all surfaces of the fingers and palm, without enforcing fixed contact. With the presented 

work, we make progress towards that kind of dexterity in two main ways. First, we treat the hand-

object-system holistically and utilize the observation that the system can be viewed in terms of 

total summed actuation effort and overall system energy, with corresponding variations in energy 

based on object location and configuration. Instead of the traditional method of calculating and 

controlling individual joints and actuators to result in a desired overall system configuration, we 

drive grasped objects to desired configurations by varying the potential energy in the system, 

forcing objects to follow energy gradients to a new state. This is accomplished without having to 

precisely model contacts or wrenches within the system, and is robust to the uncertainties that 

typically make producing controlled sliding or rolling extremely difficult. Second, we perform 

these manipulative actions while ensuring that the fingers “cage” the object [1, 2, 3]. This 

physically prevents the object from being ejected during manipulative movements that are 

generally risky to perform, such as stick/slip transitions. 

1.2 Objective 

This work aims to investigate robotic manipulation with relaxed contact constraints from 

a design standpoint. Specifically, I am interested in “whole-hand-manipulation,” which is 

manipulation with all parts of the hand—not just the fingertips. Manipulation of this kind often 

has multiple shifting points of contact, which necessitates sliding in order for the object to move 

with so many constraints on its motion. What are good design principles for performing 
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manipulation in this way? If we perform sliding manipulation in a way that protects against object 

ejection (via caging grasps), can we enhance dexterity by using parts of the hand which are 

normally not used for manipulation? Can we passively enforce caging grasps using reconfiguration 

due to underactuation? My work here will fall under two goals. First, I plan to study how design 

can improve whole-hand-manipulation capability—including a hand’s ability to translate an object 

within its grasp, to reorient an object within its grasp, and to do these things in a predictable manner 

without worry about ejection. Next, I will focus on the physical implementation and demonstration 

of sliding manipulation with underactuated hands. I will focus on both of these areas first in the 

context of underactuated hands, because underactuation can be leveraged to passively wrap around 

an object preventing ejection, and also because it allows the hands to be very simple to construct 

and control, with very few actuators, making them very robust. Next, I will apply these concepts 

to fully actuated hands. 

1.3 Outline 

Chapter 2 introduces the caging energy model—the main theory underpinning the work in 

this dissertation. This theory was originally conceived in a paper I co-authored with Raymond R. 

Ma, who graduated from the GRAB Lab in December of 2016. Sections 2 through section 2.7 are 

from this paper [4], which was published in 2017, though the rest of the work in this dissertation 

is entirely my own work. This dissertation dovetails very nicely with the last chapter of Ray's, and 

can be viewed of a continuation of his work. The caging energy model essentially lays out a new 

way to think about manipulation, wherein caging (rather than force or form closure) guards against 

object ejection, while a potential energy view of the hand-object system is used to formulate a 

forward motion model that enables all surfaces of the fingers to be used for manipulation, rather 

than only the fingertips. 
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Chapter 3 is based on [5] and describes how the caging energy model can be used for closed 

loop control with visual servoing, translating objects within the caged grasp of an underactuated 

hand, the T42.  

Chapter 4 is based on [6] and shows how the passive caging ability of underactuated hands 

can be improved through slight modifications of their design parameters. 

Chapter 5 is based on [7] and reformulates the energy model using an optimization 

program, which dramatically speeds up the energy calculation. It also generalizes it to all planar 

serial-link fingers comprised of revolute and prismatic joints, both underactuated and fully 

actuated in nature. This reformulation enables a design space search resulting in a hand designed 

specifically for planar dexterous caging manipulation, the Model W.  

Chapter 6 extends the formulation from chapter 5 to three-dimensions, and presents a 

highly dexterous hand for spatial caging manipulation, the Model B. 

  

2 CAGING MANIPULATION ENERGY MODEL 

Traditionally, within-hand manipulation has been modeled as a set of independently controlled 

fingers applying some controlled load, or wrench, to the object through a point contact. The 

fingers, usually represented as fully-actuated serial chains, are coordinated such that the desired 

stability and closure conditions are maintained as the system modulates the object pose [8], [9]. 

Despite extensive study in this area, physical implementations of dexterity with robotic hands has 

remained a major challenge, even with recent advances in hardware [10] and control fidelity [11], 

due to the high degree of complexity that this approach requires. 
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However, in-hand dexterity is not necessarily restricted to manipulation with fingertips 

exclusively [12], nor do hands need to always maintain closure conditions throughout the 

commanded task [13]. Consider the task of picking a screwdriver out of a cluttered bin and re-

orienting it properly into a secure grip for use. As the screwdriver is transitioned into the desired 

grasp, the number and nature of the contacts may change frequently, and there are likely many 

transitionary instances where even a small external wrench would be enough to eject the tool from 

the hand. It can be argued that the task is considered successful as long as the screwdriver can 

eventually be secured into the desired grasp. 

We propose that ensuring repeatable object motion to an adequate range of poses for a set of 

system inputs can be a sufficient form of in-hand dexterity. The manner in which the object reaches 

the target pose or how the contact conditions change, disengage, and re-establish is not critical. By 

relaxing some of the constraints and requirements in traditional manipulation, other useful and 

simpler control strategies can be explored. Minimalist hands with simple control schemes can 

produce in-hand object motion. 

Caging has been proposed as a robust method to bound the permissible range of poses for an 

object, albeit predominantly in the context of mobile, distributed robotics in the plane [14]. This 

approach simplifies the control scheme by permitting a limited amount of object free motion, 

recognizing that the system does not need to fully constrain the object during every phase of the 

task. Researchers have recently begun to acknowledge the potential utility for robotic hands 

performing caging primitives [15]–[18], but to our knowledge, none have evaluated this strategy 

for in-hand manipulation with physical robotic grippers.  

In this paper, we detail the concept of whole-hand manipulation via caging, or caging 

manipulation, a dexterous control strategy especially well-suited for simple and/or underactuated 
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grippers. Simple hands with a limited number of actuators can be configured such that even in the 

absence of force or form closure conditions, the object configuration space can be adequately 

limited and localized. This approach allows for robust open-loop control and can be shown to 

produce highly repeatable results without needing to characterize or track the contact conditions. 

Passive grasp adaptability through underactuated design can then be leveraged to further constrain 

the object after manipulation completes. This control methodology only requires the object to start 

within a local capture region [19] in the hand workspace, not any particular precision or power-

grasp configurations, and it does not require any coordination between contact points. Extensive 

experimental results from the implementation of a planar underactuated hand and several object 

geometries will be presented to demonstrate the efficacy of this approach. 

2.1 Caging Manipulation Model 

The manipulation strategy described in this paper combines previous work done on caging 

with linkage-based grippers [15], [16] and energy-based evaluation of underactuated hands’ ability 

to hold and localize [20], [21]. An ideal, unconstrained object alone can be freely moved in its 

configuration space without any additional energy. Obstacles that are introduced into the object 

configuration space reduce its free workspace, and a hand can be thought of as a collection of rigid 

TABLE 2.1 

OBJECT ENERGY FIELD METHODOLOGY PSEUDOCODE 
 

 
For each hand configuration 𝑞ℎ𝑎𝑛𝑑: 

If 𝑖𝑠𝐶𝑎𝑔𝑖𝑛𝑔(𝑞ℎ𝑎𝑛𝑑), 𝑆𝑐𝑎𝑔𝑖𝑛𝑔 ← 𝑞ℎ𝑎𝑛𝑑 

For each caging hand configuration 𝑞𝑐𝑎𝑔𝑖𝑛𝑔 ∈ 𝑆𝑐𝑎𝑔𝑖𝑛𝑔 

For each actuated component 𝐴𝐶𝑗 : 

Calculate object contact subspace 𝐶𝑆𝑗(𝑞𝑐𝑎𝑔𝑖𝑛𝑔) 

Add ⋂ 𝐶𝑆𝑗(𝑞𝑐𝑎𝑔𝑖𝑛𝑔), 𝑞𝑐𝑎𝑔𝑖𝑛𝑔
𝑃
𝑗  to object contact space 

𝑂𝐶 
For each 𝑞𝑜𝑏𝑗 , 𝑞𝑐𝑎𝑔𝑖𝑛𝑔 ∈ 𝑂𝐶: 

Calculate 𝐸𝐴(𝑞𝑐𝑎𝑔𝑖𝑛𝑔) 

Add 𝑞𝑜𝑏𝑗,min⁡(𝐸𝐴(𝑞𝑐𝑎𝑔𝑖𝑛𝑔), 𝐸𝑂(𝑞𝑜𝑏𝑗)) to object energy 

field 𝐸𝑂 
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and compliant obstacles relative to the object that restricts its free space. Table 2.1 summarizes a 

methodology used to determine a hand’s caging manipulation capability 

Unlike the traditional notion of caging, which assumes static obstacles that generate fixed, 

inaccessible regions in the object workspace, we recognize that actuated components, such as 

finger phalanges and gripper surfaces, have an associated energy state [20], [21] that changes 

depending on their interactions with the object and other components in the system. Evaluating 

the energy state of the full hand-object system is a useful way to analyze how the multiple actuated 

components affect the object pose stability and motion. 

In the absence of an object or other components, an actuated component in a conservative 

system should resolve to the lowest possible energy state. For example, a finger actuated with a 

 

Fig. 2.1. Manipulated object (shown in red) can be caged via point obstacles (a) or hand/gripper 

components (b) 

 

Fig. 2.2. The caging capability of a planar hand configuration can be efficiently approximated 

by the largest inscribed circle with diameter 𝐿𝑜𝑏𝑗 and the smallest escape opening length 𝐿𝑜𝑝𝑒𝑛 

of the grasp polygon: the region bounded by the hand components 
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constant torque input will attempt to close fully, until it contacts an obstacle that restricts its motion 

or reaches a physical hard-stop. A system with multiple actuated components is expected to 

reconfigure towards the overall energy-minimal configuration that satisfies the necessary 

kinematic limits. 

With respect to caging, there may be multiple energy-minimal system configurations for a 

given set of actuation inputs. However, for any given set of inputs, we can identify a stable 

attractor region in the object workspace towards which the manipulator is actively driving the 

object. 

2.1.1 Caging Condition 

In summary, an object is caged if it cannot be moved to a point at infinity without 

intersecting other components in its workspace. Fig. 2.1 compares the traditional caging problem, 

commonly utilizing point-based obstacles, and the corresponding caging problem for a planar, 

two-finger hand, which can be represented by a set of serial chains. The generalized caging 

problem has been previously detailed and thoroughly investigated by several researchers [15], 

[18], [22]. 

For the simplified planar case, which will be the focus of this paper, the caging problem 

can be simplified to two sub-problems regarding the grasp polygon: finding the minimum opening 

length 𝐿𝑂𝑝𝑒𝑛 and the diameter of the maximal inscribed circle𝐿𝑂𝑏𝑗, as detailed in Fig. 2.2. The 

grasp polygon is the planar polygon with edges formed by the finger phalanges, the palm surface, 

and the edge between the pair of distal fingertips. For the common case with two opposition 

fingers, the minimal opening can be found as either the magnitude of the vector between the distal 

fingertips or the vector between a distal fingertip and an opposing phalanx, perpendicular to that 

phalanx. The maximal inscribed circle is found by iterating through all unique triplets of grasp 
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polygon edges and finding the circles tangent to all three edges with centers lying within the grasp 

polygon. The resulting set of configurations 𝑆𝑐𝑎𝑔𝑖𝑛𝑔 is an approximation of the hand’s caging 

capability and greatly reduces the number of system configurations that need to be evaluated for 

each object geometry. 

2.1.2 Caged-Object-Contact Space 

It is more computationally efficient to focus our investigation of the hand-object system to 

the caged object-contact space, the set of object-hand configurations where the hand cages the 

object and work is being done on the actuators due to object contact. Though the analysis presented 

here will also account for configurations where the object does not necessarily make contact with 

the hand components, physical manipulation of a grasped object requires contact with actuated 

components. 

For each caging configuration 𝑞𝑐𝑎𝑔𝑖𝑛𝑔 in 𝑆𝑐𝑎𝑔𝑖𝑛𝑔, the object contact subspace 𝐶𝑆𝑗(𝑞𝑐𝑎𝑔𝑖𝑛𝑔) 

for the object and each actuated component 𝐴𝐶𝑗 can be determined by finding the object poses 

such that the object and component boundaries are coincident. The object-contact-space for the 

entire mechanism is then the intersection of the contact spaces ⋂ 𝐶𝑆𝑗
𝑃
𝑗=1  calculated for the actuated 

components of interest. For the planar, underactuated hand designs investigated in this study, that 

space is comprised of configurations where the object makes contact with both fingers but not 

necessarily all finger links. For more complex hands, especially ones where not all actuated 

components necessarily need to contact the object during manipulation, the different permutations 

of actuated components would need to be considered. 

2.2 Manipulable Cage 

Instead of considering only rigid, immovable caging configurations, as is used in the 

conventional definition of caging, we propose the concept of a manipulable cage - caging 
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configurations that can be reconfigured into other caging or non-caging configurations with some 

non-zero work. Relative to the commanded reference inputs, the work done by the actuators can 

be mapped to the corresponding object configuration satisfying the contact constraints of the 

manipulator [20]. Mahler et al. [23] have presented a similar concept called energy-bounded 

caging - configurations which effectively cage the object with the assistance of some external 

force, such as gravity. In both of these definitions, an escape path in the energy field can be 

computed for a caged object, and the energy expenditure necessary to free the object is calculated. 

In our approach, however, we propose utilizing an understanding of the energy profile of the 

possible object configurations in order to modulate the object motion within the hand. 

For a given reference value 𝑎𝑘, either position 𝑝𝐴or rotation 𝜃𝐴, the energy for the kth 

actuated component is: 

𝐸𝐴𝑘(𝑝𝑘) = −𝐹𝐴𝑘(𝑝𝑘 − 𝑝𝐴𝑘) (

1) 

𝐸𝐴𝑘(𝜃𝑘) = −𝜏𝐴𝑘(𝜃𝑘 − 𝜃𝐴𝑘)

= −𝑓𝐴𝑘𝑟𝐴𝑘(𝜃𝑘 − 𝜃𝐴𝑘) 

(

2) 

for actuation force 𝑓𝐴 or actuation torque 𝜏𝐴 and corresponding transmission radius 𝑟𝐴. In 

the context of hands, we assume that actuated components (most commonly finger phalanxes) can 

only push, not pull, so configurations with negative energy values, indicating configurations where 

the actuator can achieve the reference input without the associated actuated components making 

contact with the object, are treated as zero-energy configurations. For simplicity, the effects of 

passive elements like return springs or flexural stiffness on the energy state are assumed to be 

negligible relative to the actuator energy and are disregarded. 
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The full system energy for each configuration is then the summation of the energy for all 

actuators: 

𝐸𝐴(𝑎ℎ𝑎𝑛𝑑) = ∑𝑚𝑎𝑥(𝐸𝐴𝑘(𝑎𝑘), 0)

𝑁

𝑘

 

(

(3) 

Under the assumptions of this model, each actuator is at its lowest energy configuration if 

it reaches its target commanded reference. In a multi-component system, interactions and 

interferences between components can make it impossible for each actuator to achieve its 

commanded reference. The system is expected to reconfigure towards the lowest energy 

configuration, of all the possible system configurations permitted by the components’ geometries 

and respective workspaces. 

 

Fig. 2.3. Object energy field for caging manipulation evaluated for a simple gripper utilizing a 

single two-link, underactuated finger and a static thumb 
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Evaluating this for all hand-object configurations in turn produces an object energy field 

detailing the system reconfiguration behavior in response to the actuation inputs. In this way, each 

caging manipulation primitive can establish a particular region of attraction in the object 

workspace. These details can be numerically extracted from the object energy field to provide 

more insight regarding the grasp stiffness and the effective bias that the hand applies to the object 

pose [24]. 

2.3 Case Study 

Fig. 4 presents an example object energy field, evaluated for a simple gripper, composed 

of a two-link underactuated finger and a static opposition thumb (Fig 2.3a), manipulating a circle 

object. The system energy across the object-contact space were evaluated for in increasing set of 

actuation reference values, and the plotted energy values (Fig. 2.3b) were normalized with respect 

to the maximum recorded system energy value. The model shows that, as expected, closing the 

finger pulls the object inwards, towards a 𝑦-value around 0.4 (the lighter regions in the plot), for 

an object with radius 0.175. By increasing the actuation input from 0.6 to 0.8, the lower-energy 

regions become smaller, indicating that the object is held in a more secure grasp. For actuation 

input 0.4, the smaller overall shaded region indicates that there are portions of the object-contact 

space where the reference position value for the actuator was not sufficient for the finger to close 

enough to make contact with the object. 

2.4 Experimental Procedure 

To evaluate this manipulation strategy experimentally, we explored the planar, caging-

manipulation workspace for various object geometries (Fig. 2.4). The egg geometry was 

determined by a 25mm diameter circle and a 45mm diameter circle with a variable offset between 

the two. All objects were printed and had attachment points for fiducial markers. This paper 
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focuses on results for the T42b hand, a tendon-driven design with a two-link underactuated finger 

and an opposing one-link thumb. The two fingers are each independently driven by a Dynamixel 

MX-28 smart servo. The design, detailed further in Fig. 2.5, is a variation of an underactuated 

design taken from the Yale OpenHand Project library [25]. To minimize friction, both the finger 

and object surfaces were ABS, 3D-printed with layers oriented in the same direction.  

A Logitech C920 webcam was mounted above the test hand, which was fixtured in place. 

Aruco fiducial markers [26] were affixed to the test object centroid and ends of each finger link, 

via the revolute joint center where possible. Using Python and OpenCV for image capture and 

fiducial tracking, this setup could record at approximately 15 frames per second. For each 

commanded actuation input, the marker positions were tracked and recorded continuously 

 

Fig. 2.4. Various object geometries evaluated by the proposed caging manipulation experimental 

study 

 

Fig. 2.5. The T42b hand design used in this study. Aruco fiducial markers were attached to the 

object and finger joints, and a webcam was mounted above the test fixture to track the system 

behavior 
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throughout the motion. The object space reference frame was established at the midpoint between 

the two proximal finger joints. 

2.5 Actuation Space Exploration 

To generate the viable actuation space for each object, we took advantage of underactuated 

hands’ mechanical adaptability. Each actuator’s operating range was first discretized, and for each 

actuator, it was driven to each discretized value via position-control. The opposing actuator was 

then commanded to close via a constant torque, and the actuator encoder values were recorded 

after the object and hand elements were fully constrained. This exploration excluded cases where 

the hand ejected the object during grasp acquisition or where the hand configuration was visually 

identified as a non-caging. The object was reset to the middle of the hand workspace between each 

grasp acquisition test. This sparse sampling of points in the actuator space was then interpolated 

to produce the set of actuator inputs used in the workspace evaluation. 

2.6 Object Workspace Exploration 

The exploration procedure iterated through and tested all possible initial and target 

combinations of actuator inputs from the sampled actuation space. In order to account for contact 

variability and/or hysteresis in the pulley transmission, the actuators are initially driven to their 

 

Fig. 2.6. Summary of an evaluated motion trajectory: from an initial point in actuation space (a), 

the hand is commanded to the target point in actuation space (b), and after the motion concludes, 

an open-loop, torque-based squeezing operation is commanded to ensure contact 
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target values in position-mode, and then switched to torque-mode to maximize contact. Fig. 2.6 

summarizes these steps in a typical tested manipulation execution. 

The actuations inputs calculated in the previous section are sufficient to keep the object 

within the grasp acquisition range and avoiding ejection. As a result, each workspace exploration 

could be run continuously. A typical exploration of the full actuation space evaluates ~160 

independent motion trajectories, lasting a total duration of 20 minutes. At least two full workspace 

exploration trials were completed for each unique hand-object combination.  

 

Fig. 2.7. Experimental results for the circle object geometry and the T42b 

 

Fig. 2.8. Experimental results for the egg object geometry and the T42b 
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2.7 Manipulation Workspaces 

Examples of the object workspaces achievable through the proposed caging manipulation are 

shown in Fig. 2.7-2.8. The black points designate the final object grasp poses, and the grey points 

corresponds to all object poses during the execution of each caging manipulation move. The results 

for all the evaluated hand-object combinations are detailed further in Table 2.2. The achievable 

object workspaces ranged from 29 to 46mm in the x-direction, 5 to 26mm in the y-direction, and 

up to 0.97 rad in total reorientation.  

As has been previously proposed in past work [20], [27], [28], the manipulation capability is 

determined by a combination of the hand’s geometric design parameters and the object shape. In 

particular, the overall 𝑥𝑦 workspace was most limited for the rectangular and square objects, which 

were often aligned against the hand palm or a finger link. The egg-shaped and circle geometrys’ 

curved surfaces made them easier to reconfigure within a grasp and avoid line-contacts with the 

finger-links or palm, made evident by the increased 𝑥𝑦 and reorientation workspaces. 

Figure 2.9 presents an example object trajectory for the 55x45mm egg object superimposed 

on the recorded hand-object workspace. This specific trajectory shows a substantial translation in 

the horizontal direction. To locate this trajectory within the dataset, we divided the recorded object 
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motions into left and right movements, and sorted them into bins with respect to object 

displacement. Then, the trajectory with the largest horizontal translation was selected from the 

TABLE 2.2 

CAGING MANIPULATION EVALUATION – T42B 

Object 𝑟𝑎𝑛𝑔𝑒(𝑥) 

(mm) 

𝑟𝑎𝑛𝑔𝑒(𝑦) 

(mm) 

𝑟𝑎𝑛𝑔𝑒(𝜃) 

(rad) 

50mm 

Circle 
45.98 21.81 n/a 

55x45mm 

Egg 
44.90 25.24 0.973 

45x30mm 

Rectangle 
34.75 5.86 0.837 

40mm 

Square 
41.35 24.25 0.809 

35mm 

Square 
29.13 5.79 0.956 

 

 

Fig. 2.9. Example trajectory comparing the recorded fiducial data and the video. Trajectory in the 

video overlay were manually identified from frame grabs. Automatic fiducial detection failed 

when manipulation speed was too high, so recorded fiducial data lacks some of the trajectory 

details between the initial and final grasp poses. 
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most populated bin. The evaluated object workspaces can be sampled to determine highly 

repeatable object trajectories that may be useful when planning manipulation strategies. The media 

attachment also included many additional examples of caging manipulation, executed during 

experimental studies as well as scripted tasks performed on a robotic arm manipulator. 
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2.8 Simulation Comparison 

Fig 2.10 shows experimental results collected from the methodology described in Section 

IV.D in the form of object start points (smaller symbols) and object end points (larger symbols) 

 

 

 

Fig. 2.10. 3x3 grid of simulated object energy fields for the T42b hand and a circular object. The 

energy values for each actuation input are normalized with respect to the maximum energy 

configuration in that particular input pair. Symbols represent experimental object start points 

(small symbols) and end points (large symbols). For example, the object moves from small circle 

to large circle after the hand is commanded with the corresponding actuation input. 
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resulting from actuating the hand according to the actuation input pair, which are superimposed 

on each corresponding energy field. In each case, the hand-object system settled such that the 

object came to rest near the lowest energy position in the simulated energy field, regardless of start 

position. The spread of endpoints in the [0.4, 0.4] subplot is because dual finger contact is never 

established with this actuation input pair (no dashed lines).  

Fig 2.11 shows experimentally collected object manipulation trajectories superimposed on 

corresponding simulated actuator energy maps. For a given actuation input, all object trajectories 

terminate in nearly the same position, and orientation in the case of the square object, regardless 

of starting position. This position is in a low energy region of the simulated actuator energy 

workspace. Additionally, object trajectories roughly follow the gradients of the energy maps, as 

predicted. 

 

 
Fig. 2.11. Actuation input [0.4, 0.7] experimental trajectories from arbitrary selected start points. 

Left: trajectories for 45mm circle, superimposed over the corresponding energy map. 

Center: trajectories for 45mm square, superimposed over the corresponding energy map. 

Right: orientation trajectories for the 45mm square object corresponding to the trajectories shown 

in the center panel.  
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2.9 Conclusion 

In this paper, we analyzed caging manipulation, a manipulation primitive, which could be 

also be described as in-hand fumbling or shuffling. The caging characteristic allows for open-loop 

trajectories that avoid object ejection or loss of grasp without detailed knowledge of the contact 

conditions. This manipulation primitive was evaluated on a physical test setup for a set of object 

geometries and a planar, underactuated hand design with two-actuators. The experimental results 

showed that simple, open-loop actuator commands were sufficient to robustly manipulate objects 

 

Fig. 2.12. Summary of the difference in actuator inputs for a direct vs a gaited motion 

 

Fig. 2.13. Comparison between the workspaces evaluated through direct actuator move commands 

vs gaited actuator move commands 
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within the hand workspace. Examples of open-loop gaiting motions, made possible by caging, 

were also demonstrated as a means of extending the manipulation workspace and compensating 

for different coefficients of friction. This may run counter to past, traditional approaches to 

dexterous manipulation, which requires object stability and well-maintained contact conditions 

within the grasp at all instances of the executed task.  

While the proposed caging manipulation primitive can be applied on any hand design, it is 

particularly useful in underactuated hands, which are typically designed to passively cage around 

the object, regardless of the particularities of its geometry. Caging manipulation extends the 

underactuated hand’s passive adaptation and applies a bias to the object, constrained to its 

allowable workspace relative to the hand. We hope that the robustness demonstrated by the 

experimental examples will encourage researchers to consider other manipulation primitives that 

relax grasp constraints where possible to enable more functionality in other useful ways. 

 

3 ENERGY MODEL CONTROL 

Manipulating a grasped object within the hand is an important functionality for many 

practical tasks, especially for instances where the grasp type must be changed without releasing 

the object, such as changing from a fingertip grasp to a palmar grasp. Nearly all within-hand 

manipulation (WIHM) tasks involve changing the contact location on the hand or object, which 

will typically involve some amount of sliding. Rather than directly modeling the complex frictional 

properties and behaviors at contact in these scenarios, we instead seek to create a scenario in which 

the object is passively prevented from being ejected from the grasp (i.e. it is “caged” grasp [29] 

[4]), and the manipulation is actively guides the object in the desired directions by shaping the 

potential energy of the underactuated fingers. In this way, we can ensure that the object moves 
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towards the desired target without needing precise information about the contact forces and 

frictional properties. 

In this work, we present a within-hand manipulation approach that leverages a simple 

energy model based on caging grasps made by underactuated hands. Instead of explicitly modeling 

the contacts and dynamics in manipulation, we can calculate a map to describe the energy states 

of different hand-object configurations under an actuation input. Since the system intrinsically 

steers towards low energy states, the object’s movement is uniquely described by the gradient of 

the energy map if the corresponding actuation is applied. Such maps are pre-calculated for a range 

of actuation inputs to represent the system’s energy profile. We discretize the workspace into a 

grid and construct an energy gradient-based graph by locally exploring the gradients of the stored 

energy profile. Given a goal configuration of a simple cylindrical object, a sequence of actuation 

inputs can be calculated to manipulate it towards the goal by exploiting the connectivity in the 

graph. The proposed approach is experimentally implemented on a Yale T42 hand. Our evaluation 

results show that parts of the graph are well connected, explaining our ability to successfully plan 

and execute trajectories within the gripper’s workspace. 

Traditional approaches to this type of problem rely strong assumptions about the nature of 

contact—namely being able to precisely model the contacts between the robot and object in order 

to enable effective control [9][30][31][32]. By relaxing the rigid constraints in a grasp, objects can 

be manipulated by rolling contacts on its surface based on kinematic trajectory optimization [29]. 

In an object-centric formulation, a virtual-frame can be derived to enable impedance control to 

implicitly regulate contact forces during manipulation [33]. Using tactile feedback from the 

fingertips, grasp stability can be estimated online to inform the system so that force adaptation and 

finger gaiting can be utilized to prevent the system from dropping the object [34], [35]. Although 
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these approaches can sometimes successfully reconfigure the object within hand, they are 

vulnerable to external disturbances and require great mechanical and computational complexity to 

maintain the grasp and often fail due to uncertainty or errors in the required sensing and control.  

Rather than using high Degree of Freedom (DOF) hands for manipulation, extrinsic 

dexterity has enabled simple grippers to reconfigure an object with larger motions by exploring 

external contacts [36]. To understand how an object can be manipulated by external pushing, 

motion cones have been proposed to represent feasible actions applicable to an object [37]. 

Moreover, by analyzing the geometries of objects to model the feasible translations and rotations 

of contacts on an object surface, dexterous manipulation graphs have been proposed to plan a 

sequence of pushing actions in a dual-arm formulation [38]. Nevertheless, this class of approaches 

requires complicated geometrical analysis of both the object and the environment, and generates 

large motions of the arm. 

Instead of using a force feedback-based grasp for manipulation, caging grasps can be used 

as a very robust means to guard against external disturbances [23]. Using topological 

representations, neck or fork structures in an object can be detected to enable caging by simple 

grippers [39]. Moreover, loop-grasping can also be synthesized by modeling a Writhe Matrix 

between the loops in an object and robot links [40]. Caging has also been used for “blind” (open 

loop) within hand manipulation using a fully defined model of the hand [41] 

In our previous work, based on caging grasps and the passive reconfigurability of 

underactuated hands, we have developed an energy map to implicitly represent the mapping 

between the hand-object configuration and the actuation inputs [4]. This enables us to understand 

the energy status of the hand-object system, as well as how the object can move towards a lower 

energy configuration under certain actuation inputs. Based on those energy maps, in this work we 
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develop a graph representation to model the connectivity among the object positions in the hand's 

workspace. In brief, based on a set of energy graphs calculated from different actuation inputs, the 

graph is constructed by exploring the map's gradient directions, along which the object moves 

under different actuations. The graph is then used to plan a sequence of actuation inputs to 

reconfigure the object towards a given goal configuration, while attempting to maintain the object 

in a caging grasp.  

3.1 Energy Model 

In this paper we utilize a planar energy based caging model first presented in [4] to translate 

symmetric cylindrical objects. In short, this work combines a linkage based caging model with a 

method that computes the total energy of the hand-object system in each kinematically feasible 

state. Whereas a traditional caging model assumes immovable rigid obstacles, we instead 

acknowledge that obstacles can be moved for a cost. This assumption is valid for two reasons. 

First, it is valid because we apply this model to an underactuated hand with compliant elements 

each with a number of kinematically admissible configurations, and each storing different amounts 

of energy. Second, we consider actuators to be backdrivable, treating them as linear springs around 

their commanded setpoints. In other words, if you do work to rotate the shaft of an actuator 

operating in position control mode, you can change its position. With these assumptions in mind, 

we use an extended caging formulation, beyond the more traditional purely kinematic analysis, by 

also considering the energy associated with movable obstacles.  

By definition an object is caged if it cannot be moved to a point at infinity without first 

intersecting other objects in its workspace. In general, this corresponds to a point contained within 

a closed, isolated volume in configuration space. In this work we narrow our scope to the case of 

a planar object being caged by the links of a planar gripper. We adopt notation from the caging 



25 

 

formulation described in [16] and consider caging configurations that minimize the object’s 

configuration space. We do this by making the strong assumption that there are no dissipative 

forces in our system, and that a stable grasp on an object, representing a single actuation input 

combination, is associated with an energy minimum configuration. In other words, we assume that 

for a given object position, there is some combination of actuator inputs that minimizes the 

system’s energy, somewhere in the feasible range of joint configurations that adhere to the physical 

contact constraints between the links and the object. This allows us to consider a manipulable 

caging grasp, meaning that the hand can be reconfigured into other non-caging configurations with 

non-zero work done on the object. To formulate the energy minimization, we follow previous work 

from [4], computing energy values specifically for caged configurations of our system: 

 

𝑝𝑘: reference position for joint or element 𝑘, either 𝑝𝐴 for linear actuators or 𝜃𝐴 for rotary 

actuators, 𝑝 for joints 

𝑓𝐴: force from actuator 𝐴 (for linear actuators) 

𝜏𝐴: torque from actuator 𝐴 (for rotary actuators) 

 

The actuation energy associated with a given reference value 𝑎𝑘 can be expressed as the 

following for rotary actuators: 

 

𝐸𝐴𝑘(𝜃𝑘) = −𝜏𝐴𝑘(𝜃𝑘 − 𝜃𝐴𝑘)

= −𝑓𝐴𝑘𝑟𝐴𝑘(𝜃𝑘 − 𝜃𝐴𝑘) 

(

(1) 

 

Or, in the case of linear actuators: 
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𝐸𝐴𝑘(𝑝𝑘) = −𝑓𝐴𝑘(𝑝𝑘 − 𝑝𝐴𝑘) (

(2) 

 

Then, the total energy associated with a configuration of the hand is written as the 

summation of the energy for all actuators in the system: 

𝐸𝐴(𝑎ℎ𝑎𝑛𝑑) = ∑𝑚𝑎𝑥(𝐸𝐴𝑘(𝑎𝑘), 0)

𝑁

𝑘

 

(

(3) 

where 𝑎𝑘 is the position controlled actuation input. The max function is used to select only 

positive energy values (see [4]). The system energy, which depends only on the configuration of 

the hand, is computed using 3 at each caged object xy-position in front of the hand. As the object 

is virtually placed throughout the workspace, the hand’s configuration adjusts to maintain contact. 

Thus, the hand’s configuration would change if the object were forcefully placed in its path, doing 

energy against the actuators. This workspace of energy values forms a contour plot, similar to that 
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shown in Fig. 3.1. We refer to this bounded contour plot containing system energy values as an 

Energy Map 𝑀𝑖 = 𝑓(𝐸𝐴(𝑥, 𝑦)), ∈ ⁡ℝ2. A single energy map can be computed for every 

combination of actuation inputs, as described in [4], and as illustrated in Fig. 3.2. We extend our 

previous work by numerically computing the gradient vector field γi of a simulated energy map 

 

γi = −∇𝑥,y𝑀𝑖 (

(4) 

 

For a given hand-object configuration and a given actuator input set, γi can be visualized 

as a vector field overlaid on the workspace of the hand, with all vectors flowing towards the lowest 

system energy. An example is shown in Fig. 3.1. 

 

Fig. 3.1. A Yale OpenHand T42 gripper and associated energy map (contour plot). The grid of 

gradient vectors of the energy map (red arrows) show the possible motions that can be applied to 

an object at each location with a hand, for a specific actuation input [0.4, 0.4]. 
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3.2 Energy Gradient-Based Graph 

In this section, based on the set of obtained energy maps ℳ = {𝑀1, … ,𝑀𝑁}, we will first 

introduce the construction of the energy gradient-based graph, and then use the constructed graph 

to plan actuation input sequences to move the object between positions in the workspace. In our 

case we utilized a set of 𝑛 = 100 energy maps corresponding to 100 actuation input combinations. 

3.2.1 Graph Construction 
 

In this section, based on the set of obtained energy maps ℳ = {𝑀1, … ,𝑀𝑁}, we will first 

introduce the construction of the energy gradient-based graph, and then use the constructed graph 

to plan actuation input sequences to move the object between positions in the workspace. In our 

case we utilized a set of 𝑛 = 100 energy maps corresponding to 100 actuation input combinations. 

 
 

 

Fig. 3.2. Given the geometry of a hand and corresponding object, we compute offline a library of 

energy maps—one for each unique combination of actuation inputs, over the range of possible 

actuation inputs for the motors of the hand. 
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3.2.2 Motor Actuation, Planning, and Execution 
 

Having constructed the energy gradient-based graph 𝐺, we are now able to plan a sequence 

of actuation inputs in order to manipulate the object to translate along the edges in 𝐸. Concretely, 

letting 𝑛𝑠, 𝑛𝑔 ∈ 𝑉 be the initial and goal positions of the object, we aim to find a path Π =

{𝑛𝑠, 𝜋1, … , 𝜋𝑇 , 𝑛𝑔}, 𝜋1 ∈ 𝑉, such that the goal position can be reached by executing the actuation 

input associated with each edge (𝜋𝑡, 𝜋𝑡+1). 

In reality, however, the start and goal positions 𝑛𝑠, 𝑛𝑔 are in continuous space and unlikely 

to be exactly on the grid. Therefore, before finding the path Π we snap the continuous positions to 

the grid points using the K-Nearest Neighbor (KNN) algorithm. In order to increase the planning 

success rate, rather than finding one nearest neighbor for each, 𝑛𝑠 and 𝑛𝑔 are snapped to 𝑚 nearest 

neighbors by the function 𝐾𝑁𝑁(𝑛𝑖, 𝑚) to generate a set of 𝑚 start candidates {𝑛𝑠
1, … , 𝑛𝑠

𝑚}, and 𝑚 

goal candidates {𝑛𝑔
1 , … , 𝑛𝑔

𝑚} in the graph. The candidates are ordered by their distances to the 

original point. During planning, we try to find a path by iterating through each pair of start and 

goal candidates and returning a path as soon as the first path is found for a pair 𝑛𝑠
𝑖 , 𝑛𝑔

𝑗
. 

For executing the path, in order to compensate for the inaccuracies caused by snapping and 

discretization, the motor actuation for the first edge (𝑛𝑠
𝑖 , 𝜋𝑖) in Π is not directly found by its 

associated actuation input. Instead, we calculate the actuation input based on the original 𝑛𝑠 and 

the first waypoint⁡𝜋1. The index of the actuation input at the start point 𝑛𝑠 is found by: 

⁡⁡⁡⁡⁡⁡⁡𝐿∗ =⁡argmin
𝑙

⁡𝛿(𝑛𝑠𝜋1⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗, 𝛾(𝑀𝑙, 𝑛𝑠))⁡⁡⁡⁡⁡ (

(6) 

Furthermore, to compensate for noise and execution errors, although we have an entire path 

planned, we in practice execute only the first actuation input 𝐿∗. Thereafter, our system will re-
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observe a new 𝑛𝑠 and replan a path, from which again only the first actuation is executed. In this 

manner, our system will iteratively move the object towards the goal position, while being able to 

adjust its behavior on the way by online re-planning. The planning and execution based on the 

energy gradient-based graph is summarized in Algorithm 1. 

For path finding in the graph, we use breadth-first search to find the shortest path. We can 

see that the manipulation is limited to take at maximum 𝑚𝑎𝑥𝐼𝑡𝑒𝑟 steps. Once the difference 

between real-time observed object position and goal position is smaller than 𝜂, we consider it as a 

success. A failure can occur if a path cannot be found to connect start and goal, or the maximum 

number of executions has been exceeded. 

3.2.3 System Implementation 
 

This framework was physically implemented and tested by utilizing an overhead camera 

observing the manipulation. First, state detection processes determined the physical location of the 
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gripper through the use of ArUco markers attached to the base frame of the hand. The origin of 

the workspace was then calculated, which is specified to be directly between the base frame joints 

of the hand. It is important to note that the object can move in the positive and negative x direction, 

but can only in the positive y. At this point, the object’s physical location was then extracted with 

respect to the defined origin of the gripper. From this information, we were able to define the 

current location of the object which is utilized for planning a desired trajectory. 

Three 3D printed cylindrical objects were manipulated and the system was evaluated. Radii 

corresponding to these objects were 18mm, 22mm, and 27mm, respectively. The gripper was 

attached to a physical support structure so that the manipulation workspace was parallel to the 

object’s support plane. System state data was then evaluated online, observing object location, 

goal location, and corresponding nodes of interest in the graph. The system executed randomly 

selected goal locations, corresponding to random nodes in the graph. Since not all points are 

reachable, a validity check first determined if a path existed. If a path did not exist, a new random 

 

Fig. 3.3. The three largest strongly connected components (cc) of the graph created for the 18mm 

object, shaded according to the number of edges connected to each node. 
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location in the workspace was selected. Otherwise, we executed the desired path determined by 

the graph.  

3.3 Graph Evaluation and Experiments 

In this section, we evaluate properties of our constructed graph to understand connectivity 

between different areas of the workspace. We follow this discussion with experiments conducted 

on a physical robotic hand, and evaluate successful trajectories found in our implementation.  

To better understand the manipulation capability of specific hand-object systems, we used 

standard graph theory measures to evaluate the graphs constructed from the set of energy maps as 

described in Section II. First, we considered the connectivity of the graph, to learn where the object 

might be more freely manipulated within the hand. Specifically, we found the strongly connected 
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components of our graph using a breadth-first search. The three largest resulting strongly 

connected components are shown in Fig. 3.3 for the smallest object (18mm). Each grid point in 

this figure represents a node in the graph, and the shading of that point indicates the number of 

edges connected to that node. It is interesting to note that there is an extremely large connected 

component further out in the workspace, where most of the manipulation occurs. The next largest 

connected components are orders of magnitude smaller in size, and concentrated at the very bottom 

of the reachable workspace. Intuitively, there is no connection between these two regions. In 

 

 

Fig. 3.4. The normalized summed total edge distance of all shortest paths possible from a given 

start node for the smallest object (18mm). 

 

 

   

 

Fig. 3.5. Energy gradients help define desired non-linear trajectories when point-to-point 

trajectories from current location to goal location are unavailable.  
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practice, this is demonstrated very clearly by the fact that the hand cannot push the object outwards 

from the palm, making it a likely region for the object to become stuck. Since this is the case, path 

planning often fails when the object is in that region. 

We also created shortest path trees between every node in the graph and all other nodes. 

Then, we summed the total edge distance of all shortest paths possible from a given start node. 

The results of this are shown as a color coding in Fig. 3.4, again for the smallest object (18mm). 

                              (a)                                                (b)                                                (c)                                                (d) 

 

         

      

           Act1: 0.4 - Act2: 0.4                      Act1: 0.1 - Act2: 0.3                     Act1: 0.2 - Act2: 0.5                   Act1: 0.1 - Act2: 0.9 

 

Fig. 3.6. Example trajectory moving the object from the left to right side of the workspace. (Top) 

The teal trajectory indicates the shortest path found to the goal position (green), along waypoints 

(pink). Throughout our progression from (a) – (d), the system determines that we have deviated 

off the desired path in (b), so an updated path is formulated in (c), and executed in (d) until our 

goal position is reached. (Bottom) Energy gradient maps are evaluated at each time step, selecting 

the gradient that is instantaneously closest to our desired object direction. All paths are outlined 

in red, whereas the green arrow indicates our desired direction and the blue arrow indicates our 

selected activation input. 
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Essentially, the lighter colored areas in this figure are regions in the workspace that have high total 

edge distance sums. This means they are most connected to regions very far away, indicating a 

higher likelihood of finding a valid path between those nodes and randomly generated goal nodes 

far away. These regions occur along the lower boundary of the shaded region, along the path 

followed by the object when it is contacting both the proximal and distal links of the 2-link finger, 

as it sweeps across the workspace. 

3.3.1 Graph Evaluation 
 

In this section, we evaluate properties of our constructed graph to understand connectivity 

between different areas of the workspace. We follow this discussion with experiments conducted 

on a physical robotic hand, and evaluate successful trajectories found in our implementation.  

3.3.2 Experiments 
 

In our physical experiments, as presented in Fig. 3.6, we are able to evaluate trajectories 

developed by the graph and in real-time, execute computed paths. Given a valid desired trajectory, 

we first find the path required to reach our desired goal. Once a path is validated, we query our 

graph for all energy gradients for our current node, and select an actuation input that is closest to 

our desired next goal direction. Some goal locations cannot be reached due to friction, limited 

control authority, or kinematic limitations of the hand, and in these cases, a different goal position 

was generated. During object manipulation, it is required that we update our planned trajectories 

online, which is due to uncertainties in object movement and the difficultly of precisely following 

the original desired path. This adaptive planning approach was shown to be successful in our 

physical implementation, illustrated in Fig. 3.6 and further in the media attachment. 

The main benefit of our energy gradient approach is that it allows us to define shortest path 

trajectories that are non-trivial to compute otherwise. That is, as presented in Fig. 3.5, our 
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computed trajectory for these two cases is not a simple point-to-point path within the workspace, 

but a more complex state-to-state transitions. Analyzing these paths in accordance to the geometric 

constraints of the gripper, we can note that sharp changes in the projected path are typically due to 

the fluidly changing contact scenarios throughout the manipulation.   

3.4 Conclusion 

In this work, we presented an approach to address the problem of within-hand manipulation 

for caging grasps. Rather than explicitly modeling the dynamics between the object and finger 

contacts, we adopted the concept of energy maps to represent the underlying relationship between 

hand-object configurations and actuation inputs when a caging grasp is formed. By pre-computing 

a large set of energy maps corresponding to different actuation inputs, an energy gradient-based 

graph was constructed to represent the connectivity among all hand-object configurations, 

exploiting the local transitions enabled by the energy gradient. Using the constructed graph, we 

showed how to plan a sequence of actuation inputs to manipulate the object to achieve a goal state, 

as well as how to execute the plan adaptively to handle the uncertainties during manipulation. 

In experiments, we quantitatively analyzed the properties of our proposed energy gradient-

based graph for a single hand-object system, and showed that it can cover a large portion of the 

gripper’s workspace, allowing the gripper to manipulate an object between many different 

positions within hand. Moreover, we showed that our approach is able to generate shortest 

actuation sequence trajectories for manipulation, as well as to adaptively update the execution 

trajectory online to improve the execution robustness. In future work, we plan to develop an object-

independent energy gradient-based map, in order to generalize the system to work with novel 

asymmetric objects and to change their orientation in a controlled way. 
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4 DESIGN FOR PASSIVE CAGING 

Underactuated hands are particularly good at delicately grasping objects of unknown 

shape, size, and stiffness without complex control. This remarkable ability comes from their 

compliance and joint coupling—as the fingers begin to touch a target object, the forces generated 

at contact begin to influence the kinematic configuration of the hand. In this way, underactuated 

hands simply wrap around objects they are grasping, trading high forces at contact for large 

reconfiguration at the finger joints. But even before contact, the design features of the hand play 

an enormous role in determining the finger closing motions. By carefully tuning design parameters, 

we can produce hand closing motions that range from a stabbing-like behavior that ensures contact 

first occurs at the very end of the fingertips—to a passively occurring caging behavior on the other 

end of the spectrum. It is this idea that inspires our work, motivated also by the simplicity and 

accuracy of simulating this behavior. Essentially, the authors hope to show that through 

underactuation and intentional design choices, caging grasps can be made automatically over a 

wide range of objects by simply closing the hand. We hope that this work can be used as practical 

reference for the design of simple ‘made-to-cage’ robotic hands. 

We narrow our scope to an underactuated hand model consisting of two 2-link fingers, 

each of which has a torsion spring and a pulley at each joint and a single tendon which drives both 

joints via their pulleys. Through simulation, we examine the effect of hand design parameters, 

including phalanx length, palm width, joint stiffness, and joint actuation torque on a hand’s ability 

to create caging grasps over a wide range of object sizes and locations with respect to the hand’s 

palm. We analyze the effect of varying these parameters on the planar caging performance for this 

simple underactuated hand model, considering both the workspace of object locations able to be 

caged as well as the “quality” of the cage, quantified by the ratio of the largest opening between 
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the fingers, and the object diameter. The results lend insight into important design features of 

underactuated hands in terms of passively creating caging grasps. 

We are not the first to consider the quality of a caging grasp. In particular, Sudsang et al. 

developed a cage quality metric for partial caging grasps, based on the probability of finding an 

escape path from a partial cage [42]. Similarly, Makita et al. developed a partial caging quality 

measure based on the likelihood of ejection, while considering the dynamics of the object [43]. All 

of this work is based on decades of research into algorithmically generating caging grasps, 

immobilization, and studies of geometry. Ever since Besicovitch posed the challenge problem “A 

net to hold a sphere” to his students in 1957, a great amount of research has focused on ‘caging’ 

grasps and developing algorithms to find them [44]. In 1990, Kuperberg posed a number of 

problems helping to formalize the notion of caging, which he described as “immobilizing compact 

sets in the plane with points” [45], [46]. Rimon and Burdick developed another theory of 

 
Fig. 4.1. Design parameter selection determines the largest opening between the fingers at 

contact, the number of reachable object positions, and in turn the passive caging ability of a 

simple underactuated hand.  
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immobilization and found geometric requirements for immobilizing planar objects [47], [48]. Wan 

et al. showed how caging could be used to guard against uncertainty during grasping [15]. Sudsang 

developed an algorithm capable of generating all possible caging sets for nonconvex polytopes 

[19], [49].  

More closely related work focuses specifically on the design of hands for caging. Yoshida 

et al. created a quasi-static simulation of an underactuated finger closing around an object, and 

used it to design a two fingered underactuated gripper for more reliably grasping free-flying 

objects, by passively formed caging grasps [50]. Similarly, Backus designed an underactuated 

hand to “maximize the wrap of the digits about the object” for improving the robustness of aerial 

grasping and perching [51]. Other works comment on the particular ability of underactuated hands 

to passively create caging grasps [52], [53], [4], and many leverage design parameter optimization 

to produce desirable open-loop hand motions [54], [55], [32], [56], [27]. It is in this vein that the 

authors address this work.  

4.1 Underactuated Hand Simulation 

We created a simple simulation to study the effect of design on the ability of underactuated 

hands to form caging grasps as they close around an object, placed at points on a grid in front of 

the hand. The following sections detail the assumptions and mathematical formulations used to 

model the motion of tendon driven underactuated hands, and the metrics used to quantify their 

ability to create caging grasps. 

This work focuses on a planar two finger underactuated hand, where each finger is tendon-

driven and has a rigid proximal and distal phalanx. There are two single degree of freedom revolute 

joints on each finger, each of which has a torsional spring for passive-opening compliance and a 

pulley for torque transmission via a tendon. This hand model is very similar to a number of 



40 

 

popularized underactuated hands, such as the SDM Hand [55] and the Yale OpenHand Model T42 

[57]. A diagram of this hand model is shown in Fig. 4.1. We assume that our hand is symmetric, 

meaning the right finger is a mirror image of the left, and that the hand operates quasi-statically, 

meaning that it operates slowly enough that any inertial effects can be ignored. Additionally, we 

assume that the hand operates in position control mode. This means that an actuator position is 

specified, which in turn shortens or lengthens each finger tendon accordingly, while letting the 

torque supplied to the actuator vary. 

4.1.1 Underactuated Hand Model 
 

We created a simple simulation to study the effect of design on the ability of underactuated 

hands to form caging grasps as they close around an object, placed at points on a grid in front of 

the hand. The following sections detail the assumptions and mathematical formulations used to 

model the motion of tendon driven underactuated hands, and the metrics used to quantify their 

ability to create caging grasps. 

4.1.2 Free-swing Trajectory Simulation 
 

While an underactuated finger is being closed and moving freely without any external 

loading, it behaves as a single degree of freedom mechanism. Specifically, all joints of the finger 

will move simultaneously and in a deterministic way such that the fingertip follows a single path 

through space, known as the free-swing trajectory. Conveniently, this path can be directly 

determined by the ratio of the torques at the joints of the finger. To see this, we must first realize 

that the tension in the tendon is constant throughout its length. This means that the applied torque 

at each joint is determined by the product of the tension and the radius of that joint’s pulley—but 

in order for the finger to remain in static equilibrium, this torque must be balanced by the torsional 

spring at that joint. Thus, using knowledge of the pulley radii and torsional spring stiffness, we 
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can easily compute the unloaded trajectory of an underactuated tendon-driven finger by writing an 

expression for moment balance about each joint. 

  

 ∑𝑀 = 0 

 𝑇𝑟𝑝 − 𝑘𝑝(𝜃𝑝 − 𝜃𝑟𝑒𝑠𝑡) = 0 

 𝑇𝑟𝑑 − 𝑘𝑑(𝜃𝑑 − 𝜃𝑝) = 0 



𝑇, 𝑟𝑝, 𝑟𝑑, 𝑘𝑝, 𝑘𝑑 , 𝜃𝑝, 𝜃𝑑 , 𝜃𝑟𝑒𝑠𝑡 are tendon tension, proximal and distal pulley radius, proximal 

and distal spring stiffness, proximal and distal joint position, and the rest position of the proximal 

joint. It is assumed that a physical hard stop exists that prevents the proximal joint from interfering 

with the palm of the hand, limiting its motion between 0 (𝜃𝑟𝑒𝑠𝑡) and 𝜋 radians. We also assume 

two hard stops on the distal joint, limiting the position to be between 0 and 𝜋/2 radians, relative 

to the proximal link. Recalling that the tendon tension is the same throughout its length, it can be 

eliminated from these equations, yielding the coupling ratio between the joints 



42 

 

 𝑇 =
𝑘𝑝

𝑟𝑝
(𝜃𝑝 − 𝜃𝑟𝑒𝑠𝑡) 

 𝑇 =
𝑘𝑑

𝑟𝑑
(𝜃𝑑 − 𝜃𝑝) 


𝑘𝑝

𝑟𝑝
(𝜃𝑝 − 𝜃𝑟𝑒𝑠𝑡) =

𝑘𝑑

𝑟𝑑
(𝜃𝑑 − 𝜃𝑝) 

 𝜃𝑑 =
𝑘𝑝𝑟𝑑

𝑘𝑑𝑟𝑝
(𝜃𝑝 − 𝜃𝑟𝑒𝑠𝑡) + 𝜃𝑝 

From (7), it is clear that given a proximal joint angle, a corresponding free-swing distal 

joint angle 𝜃𝑑 can be automatically determined, based on the design parameters of the hand: 

𝑟𝑝, 𝑟𝑑, 𝑘𝑝, 𝑘𝑑 and 𝜃𝑟𝑒𝑠𝑡. Since we know the hard stop position of the proximal joint and all of the 

other design parameters, we simulate a range of proximal joint angles and calculate a 

corresponding range of distal joint angles, based on (7). Then, we can determine the paths that the 

links of the finger will follow as its tendon is shortened, yielding the path of its fingertip—the free-

swing trajectory. Finally, if we know the object’s position relative to the hand, we can determine 

the configuration of the fingers at the instant contact is made, under the simplifying assumption 

that the fingers do not perturb the object upon contact. We find each finger configuration at contact 

by simulating ever-increasing proximal joint angles starting from the finger’s rest position, as if 

 

Fig. 4.2. In this work, caging quality is defined as the length of the smallest opening between 

the fingers. This can either be the distance between the fingertips, the distance between a 

fingertip and opposing link, or zero if the fingers interdigitate.  
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the finger is being actuated by pulling the tendon, until a link of the finger intersects the object, 

and contact is made. 

4.1.3 Cage Quality 
 

Quantifying the quality of the cage is important because underactuated hands can 

reconfigure due to external disturbances, risking object ejection. A slight reconfiguration of the 

hand is more likely to break a looser cage than a tighter one. Thus, a tighter cage creates a more 

reliable grasp in the face of potential contact with other objects in the environment. In order to 

compare different hand designs against one another, we devised a metric based on both the 

tightness of caging grasps, as well as the number of object starting locations over which a caging 

grasp can be achieved. To construct our metric, we first determine the “quality” of a cage by 

computing the ratio of the largest possible opening between the fingers through which a contacted 

object could escape, and the diameter of the object being grasped. By this ratio, a cage of quality 

1 is the minimum cage that can exist—any slight increase in the distance between the fingers 

breaks the cage. Conversely, a cage of quality 0 is an excellent cage—this occurs when the fingers 

leave no opening for the object to escape. Thus, a smaller opening between the fingers yields a 

higher quality cage. The length of this opening can be determined as either the distance between 

the fingertips, the normal distance between a fingertip and opposing link, or zero if the fingers 

completely cage the object via interdigitation (when the fingers mesh with one another). Examples 

of caging scenarios are shown in Fig. 4.2.  

In addition to the quality of cage, we are also interested in the number of initial object 

positions from which the object can be caged by simply closing the hand, which we refer to as 𝑛𝑐. 

Ideally, we would like the initial caging capture region to be as large as possible to guarantee a 

successful initial cage in the face of large environmental uncertainty. Thus, we simulate grasping 
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an object over a grid of starting positions in front of the hand (Fig. 1). Note that because our hand 

model is symmetric, we only need our grid to cover half of the area in front of the hand. Any result 

that we find for the left half will simply be mirrored on the right. Moving the object throughout 

our grid, we determine where it can be caged and compute the resulting quality, and count the total 

number of grid positions where a cage can be achieved for a given hand design. Finally, we can 

fully construct our metric, which we call the total cage score 𝑐𝑇. The total cage score for a single 

hand design is computed in the following way 



𝑐𝑇 =
1

𝑛𝑜
∑ (1 − 𝑐𝑞)

𝑛𝑜,𝑛𝑐



  

where⁡𝑐𝑞 is the cage quality (the ratio of the largest finger opening and the diameter of the 

object being grasped) achieved at a single object starting point within the grid. This term is 

computed for each grid point where a cage can be established (⁡𝑐𝑞 ≤ 1), and added to a running 

total for each hand for all valid caging positions 𝑛𝑐. Then, the metric for a single hand design is 

averaged over all object sizes⁡𝑛𝑜. Thus, the hand with the highest value of 𝑐𝑇 is able to achieve a 

high number of quality caging grasps. 

4.1.4 Design Parameterization 
 

To examine the influence of design on a hand’s ability to passively create a caging grasp, 

we parameterized our simulated hand model so that we could vary proximal and distal joint pulley 

radius, proximal and distal joint spring stiffness, proximal and distal link lengths, object diameter, 

and palm width. In order to reduce the size of our design space to decrease computation time, we 

held the total finger length constant while varying the distal link length. We did the same with 
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spring stiffness and pulley radius, holding the proximal values constant in both cases, while 

varying the distal values—this works because the proximal to distal ratios affect the free-swing 

trajectory, rather than the values of the individual components (7). Also, we assumed hand 

symmetry and gave both the right and left fingers identical parameters. Next, we discretized each 

of these parameters over a wide range of values, shown in Table 4.1.  

This enabled us to create 40,000 hand designs, which we scored with our metric (8). Each 

hand’s metric was averaged over a range of object radii (last row of Table 4.1). In this way we 

were able to compare the caging ability of underactuated hands over a wide swath of design space, 

caging a large range of object sizes. The total cage scores for 3,600 hands are shown in Fig. 4.3. 

TABLE 4.1 DESIGN PARAMETER VARIATION 

Parameter Min Max Resolution 

𝑟𝑝 – proximal pulley radius 0.10 1 

𝑟𝑑- distal pulley radius 0.075 0.15 10 

𝑘𝑝 – proximal spring stiffness 0.025 1 

𝑘𝑑 – distal spring stiffness 0.01 0.10 20 

𝑙𝑝 – proximal link length 0.10 0.90 20 

𝑙𝑑 – distal link length 1 − 𝑙𝑝 20 

𝑝𝑤 – palm width 0.05 0.70 10 

𝑟𝑜 – object radius 0.15 0.30 10 

All values are proportional to a unit length, and not physical units. In the case of stiffness, only 

the proximal and distal ratio is important, so units cancel out. 
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4.2 Design Parameterization Results 

Parameter selection is a delicate balancing act. As shown in Fig. 4.3, each design parameter 

has considerable influence over the final result. The following sections detail the effects of each 

specific category of design features. 

4.2.1 Effect of link lengths and palm width 
 

The effect of changing link lengths is most pronounced when the palm of the hand is very 

small. This is because when the palm is small the proximal links of the hand tend to make first 

 

Fig. 4.3. Results of the design parameterization shows a range of caging ability (lighter is better) 

while varying link lengths, palm width, joint stiffness, and pulley radius. Each point represents 

the performance of a single hand design over its entire reachable workspace, averaged over the 

full range of object sizes. The lighter the color, the more high quality caging grasps a hand can 

make, based on the metric in (8).  
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contact with the object, leaving the fingertips spread wider apart as the distal springs get stiffer. 

This is why the best regions of the first row of Fig. 4.3 have much lower spring stiffness ratios 

than the overall best results on row 2. Overall, variation in palm size produces some of the most 

striking differences across Fig. 4.3. The fact that row 2 contains the best results suggests that there 

is a palm size that is “just right” (not too large, not too small), for a fixed finger length. This is 

because when the palm grows too large, fixed length fingers can no longer reach objects on the far 

ends of the grid, reducing the number of grid positions where a cage can be achieved. 

4.2.2 Effect of spring stiffness ratio and pulley ratio 
 

As predicted by its role in calculating the free-swing trajectory (7), the ratio of spring 

stiffness is central in determining a hand’s success in creating a natural caging behavior. The role 

of spring stiffness is perhaps most evident in the center subplot in Fig. 4.3, as it shows that 

improper spring selection makes the difference between some of the best grippers shown in the 

entire grid of subplots and some of the worst. This is because the middle column of subplots has a 

pulley radius ratio that is nearly equal to one. Indeed, looking at (7), when 𝑟𝑝 and 𝑟𝑑 are equal, the 

scaling of the distal joint travel relative to the proximal travel is entirely determined by the ratio 

of spring stiffnesses. Thus, the effect of changing spring stiffness is most amplified by similar 

 
 

Fig. 4.4. Left: The slice of design space containing the best gripper; Center & Right: The best 

gripper and its design parameters. 
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pulley radii. The same can be said for spring stiffness ratios near one, which increases the influence 

of pulley ratio. These two ratios must be chosen with care, lest they cancel each other out. 

4.2.3 Best gripper for caging object acquisition 
 

 The best gripper found by the search of the design space is shown in Fig. 4.4. The 

design parameters 𝑟𝑝, 𝑟𝑑 , 𝑘𝑝, 𝑘𝑑 , 𝑙𝑑, 𝑙𝑝, and 𝑝𝑤 are equal to 0.1, 0.075, 0.025, 0.072, 0.394, 0.605, 

and 0.411, normalized to a unit length or stiffness. Its distal link is shorter than the proximal link, 

and its palm width is approximately the same length as the distal link. Its proximal pulley is larger 

than its distal pulley, and it has a stiffer distal spring than its proximal spring. 

4.3 Conclusion and Design Principles 

In this paper we examined the influence of design on the passive caging ability of 

underactuated hands through extensive simulation. Interpreting the results from Fig. 4.3, we can 

write a list of principles that can help to guide the design of future underactuated hands, for 

maximal caging ability.  

 

1. Caging ability suffers when the palm is either too small or too large 

2. Large palms make it more difficult for both fingers to reach objects that are off center of the 

hand 

3. Small palms result in proximal-link-first contact, pushing the object away 

4. In the case of a small palm, special attention should be given to both the pulley radius ratio 

and stiffness ratio to ensure the distal links close in quickly enough to cage the object 

5. Pulley ratio and stiffness ratio complement each other—and the effect of either is amplified 

when the other is close to unity (see (7)) 
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In short, if you are designing a hand for better caging performance, select design parameters 

that follow these principles, or are found in a bright region of Fig. 4.3 for best results. 

 

5 ENERGY MODEL DESIGN FOR PLANAR  

CAGING MANIPULATION 

Humans use all surfaces of the hand for contact-rich manipulation, in contrast to robot 

hands which typically utilize only the fingertips, often limiting dexterity. In this work, we leverage 

a potential energy-based whole-hand manipulation model that does not depend on contact wrench 

modeling like traditional approaches, and use it to design a robotic manipulator. Inspired by the 

loose caging grasps and full dexterity observed in human manipulation, a metric is developed and 

used in conjunction with the manipulation model to design a two-fingered dexterous hand, the 

Model W. This is accomplished by simulating all planar finger topologies comprised of open 

kinematic chains of up to three serial revolute and prismatic joints, and evaluating their 

performance according to the metric. We present the best design, a novel robot hand capable of 

performing continuous object reorientation, as well as repeatedly alternating between power and 

pinch grasps – two contact-rich skills that have often eluded robotic hands – and we experimentally 

characterize the hand’s manipulation capability. This hand realizes manipulation motions 

reminiscent of thumb-index finger manipulative movement in humans, and its topology provides 

the foundation for a general purpose dexterous robot hand. 

The dexterity of a robotic hand can be greatly increased when all of its surfaces are used 

for manipulation, rather than just the fingertips [12]. Despite this, the majority of manipulation 

research is rooted in the assumption of fixed contact points between the tips of the fingers and the 
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object, a precedent established many decades ago [58, 59]. This is in part due to the complexity 

involved in modeling and controlling non-fixed contacts, which would be necessary to prevent 

object ejection during force closure-based rolling or sliding fingertip manipulation. Accurately 

predicting the motion of sliding contacts depends on good knowledge of both force magnitude and 

direction at the point of contact, in addition to the coefficient of friction between the object and 

the fingers [60, 61, 62], which changes over time [63]. Predicting the motion of rolling contacts 

similarly depends on these properties, as well as good knowledge of local surface geometries [64, 

65, 66]. Many of these parameters are challenging to measure a priori, and even more difficult to 

measure in real time with novel objects in a changing environment, though some promising sensor 

advances have been made [67].  

In this work, we demonstrate highly dexterous manipulation that utilizes all of the hand’s 

internal surfaces, by a hand that was specifically designed for this purpose. This hand enables 

manipulation where contacts can seamlessly shift between rolling, fixed, and sliding modes, while 

object ejection is prevented through caging, and its control does not depend on knowledge of 

contact forces, friction coefficients, or local geometries. The work was motivated by observing 

human manipulation, which is highly dexterous and utilizes all surfaces of the fingers and palm, 

without enforcing fixed contact. With the presented work, we make progress towards that kind of 

dexterity in two main ways. First, we treat the hand-object-system holistically and utilize the 

observation that the system can be viewed in terms of total summed actuation effort and overall 

system energy, with corresponding variations in energy based on object location and configuration. 

Instead of the traditional method of calculating and controlling individual joints and actuators to 

result in a desired overall system configuration, we drive grasped objects to desired configurations 

by varying the potential energy in the system, forcing objects to follow energy gradients to a new 
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state. This is accomplished without having to precisely model contacts or wrenches within the 

system, and is robust to the uncertainties that typically make producing controlled sliding or rolling 

extremely difficult. Second, we perform these manipulative actions while ensuring that the fingers 

“cage” the object [16, 2, 3]. This physically prevents the object from being ejected during 

manipulative movements that are generally risky to perform, such as stick/slip transitions.  

Many robotic manipulators have been designed to perform specific dexterous within-hand 

manipulation tasks, such as object reorientation [68, 32], object translation [69], or both [70, 71]. 

At the core of every one of these designs is a Forward Motion Model (FMM), a mathematical 

relationship between actuator inputs and object motions. The FMM enables a prediction of object 

motion, given a controllable feature of the system, such as actuator torque or position. Using this 

prediction, it is then possible to change design parameters within the system and observe changes 

in the object motion, until a desired behavior is reached. In some cases, the FMM is purely 

kinematic [29, 41], in others detailed modelling of contact modes (e.g. rolling, sliding, fixed, 

breaking) is included [72], and some even model inertial forces and dynamics [8].  

In this work, we use a potential energy-based FMM that we previously introduced for use 

with caging-based manipulation with underactuated hands [4, 73, 5]. This FMM, known herein as 

the Energy Model, does not require direct consideration of force-closure or grasp stability, and is 

formulated for the first time in this work as a constraint based minimization. It was inspired by 

simple linkage-based kinematic gripper models, and the energy-based analysis of grasping ability 

found in [20, 74]. A basic model of caging [6] was enforced to prevent object ejection, and was 

combined with the object motions predicted by the FMM to form a manipulation metric. This 

metric was then used to assess the performance of different symmetric hand designs based on every 

planar open kinematic serial chain finger, made of up to three revolute and prismatic actuators. 
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Finally, after the design space search yielded a highly dexterous robotic hand that can manipulate 

objects of many different sizes without ejection, it was constructed and its dexterity was 

demonstrated. This hand, called the Model W and shown in Figure 1, has a prismatic palm and 

two serial revolute joints per finger, and its motion unintentionally resembles that of thumb-index 

finger manipulative movements in humans, hinting at a potential design strategy for future robotic 

manipulators. 

5.1 Energy-based Model Formulation 

In this section we describe the formulation of our energy-based forward motion model. In 

short, we compute a hand-object workspace, such that each point in the workspace has an 

associated energy value. We term this workspace an energy map. There is one energy map (in the 

form of a three-dimensional scalar field where the dimensions represent the object’s planar 

position and orientation) associated with each commanded actuation input to the system. We 

compute the gradient of each energy map, resulting in a vector field for each actuation input. Each 

vector in the field corresponds to the direction and magnitude of motion that can be realized by 

the object at that configuration in the workspace, given the corresponding actuation input. Thus, 

for a given object position and orientation in the workspace of the hand, there will be many distinct 

directions of feasible object motion, corresponding to the collection of all gradient vectors from 

all possible actuation inputs to the system. 

5.1.1 Forward Motion Model 
 

This theory is based on the idea that with enough mechanical work, a position controlled 

motor can be displaced from its commanded set point. Equivalent in magnitude to the work put 

into the motor, the potential energy gained by a motor during such a displacement is  

𝑈 = 𝜏𝑚(𝛼 − 𝜃)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(1) 
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where 𝜃 is the commanded set point, 𝜏𝑚 is the torque generated by the motor (assumed to 

be a source of constant torque), and 𝛼 is the new displaced position of its shaft. A displacement 

can be caused by an external disturbance that cannot be resisted by the torque generated by the 

motor. This displacement may occur on the output of a transmission, such that it is propagated 

backwards to the motor. In the case of a transmission, we can relate the observed output 

displacement to the motor shaft displacement by 𝑞 = 𝐾(𝛼 − 𝜃) where 𝐾 is the transmission ratio, 

𝛼 − 𝜃 is the observed displacement of the output, and 𝑞 is the displacement of the motor shaft. If 

multiple actuators are displaced, their respective energies are simply summed to compute the 

system’s total energy. The total increase in a system's potential energy due to a displacement of 

multiple actuators with unique transmissions is  

𝑈 = ∑𝜏𝑖𝐾𝑖(𝛼𝑖 − 𝜃𝑖)

𝑛

𝑖=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(2) 

where 𝑛 is the number of actuators in the system. As an example, imagine a simple planar 

finger modeled as a two-link revolute serial chain, with a motor at each joint. If each joint of the 

finger is commanded to a known set point, and an object is forcibly brought past the point of 

contact with both links of the finger, both motors can be backdriven simultaneously and both joints 

will be displaced, due to the work done on the finger by the forcible placement of the object. 

5.1.2 System Kinematics 
 

  This displacement in motor position can easily be mapped to displacements in 

Cartesian positions of joints of the finger using forward kinematics transformation matrices, 

constructed from Denavit-Hartenberg parameters. The Cartesian position of a frame affixed to 

joint 𝑘 of a 𝑛 link serial chain linkage with respect to a fixed global frame is 𝑢𝑘 extracted from the 

transformation matrix 𝑇0 𝑘  where 
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𝑇0 𝑘 = [
𝑅𝑘 𝒖𝒌

0 1
] = ∏ 𝑇𝑖−1

𝑖(𝜃𝑖),⁡⁡⁡𝑘 ≤ 𝑛,⁡⁡⁡𝒖𝒌 ∈ ℝ𝑁

𝑘

𝑖=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(3) 

such that 𝑅𝑘 is the rotation matrix associated with the 𝑘th joint, 𝒖𝒌 is the joint position 

vector for the 𝑘th joint, and 𝑇𝑖−1
𝑖(𝜃𝑖) is the homogeneous transformation matrix that transforms 

points from the link 𝑖 − 1  affixed frame to link 𝑖. We assume that joint affixed frames follow the 

standard Denavit-Hartenberg convention, with the 𝑧-axis aligned with the joint axis, and we also 

set positive joint displacements such that they result in a finger becoming more closed. For each 

finger, the set of all joint positions at the commanded actuation input 𝜃 is 𝑃 such that  

𝑃𝜃
0 = {𝑢𝜃,𝑘|𝑘 = 1,… , 𝑛}, 𝒖𝒌 ∈ ℝ2.⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4) 

 An object in pose 𝑞 can be represented by a set 𝑆 of 𝑚 boundary points with respect to a 

fixed global frame 0 such that 

𝑆0 𝑞 = {𝑠𝑞,𝑗|𝑗 = 1,… ,𝑚}, 𝒔𝒋 ∈ ℝ2⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(5) 

where 𝒔𝒋 ∈ ℝ2 for planar objects.  

We imagine an object fixed in space displacing the link of a finger by a known amount in 

Cartesian space, but we actually wish to know the displacement of the motor driving that link of 

the finger, in order to compute the gained potential energy. This implies the use of inverse 

kinematics—to find a joint angle that produces a desired link position, such that contact occurs 

with the object somewhere along the finger. However, because we are not limiting this work to 

fingertip manipulation, we do not know precisely where contact occurs between the link and the 

object, and instead of directly calculating candidate joint positions using inverse kinematics, we 

frame the problem of determining displaced motor positions as a mathematical program that 

minimizes the system's total energy, utilizing the homogeneous transformation matrices from 

Equation 3 in a nonlinear constraint. Specifically, we formulate a constraint that does not allow 
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any part of a finger to penetrate an object, or pass from its open configuration through the object 

to the other side. 
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5.1.3 Energy Minimization 

 
 

Fig. 5.1. Manipulability is derived from the convex hull formed by gradient vectors of the 

system’s potential energy scalar fields. (A) Each contour plot shows the potential energy for a 

fixed square object configuration and a symmetric 𝑅𝑅 hand, given a distinct set of actuation 

inputs. The dashed lines represent the commanded finger positions, given the actuation inputs 

for each joint (in radians) listed below each contour plot, and the solid lines represent the 

realized finger positions, were they to close around the object in its fixed position. The red 

vectors emanating from the center of the object represent the gradients of the potential energy 

fields at the object’s center point. The yellow vectors are the red vector scaled by the strength 

of the basic cage created around the object by the fingertips, a value from 0 (no cage) to 1 

(fingers interdigitate). (B) The manipulation metrics are calculated by joining the tails of all 

vectors, calculating the convex hull of their tips, and finding the radius of the largest origin-

centered ball contained within their hull. Concretely, this radius is proportional to the minimum 

wrench the fingers can apply to the object in any direction (in the object’s configuration space 

𝑥-𝑦-𝛽). (C) The manipulability (without caging) is represented by the radius of the red ball 

centered at the origin, and (D) the caging manipulability by the radius of the yellow ball. 
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Since we are interested in finding the displaced configuration of the system that 

corresponds to its lowest energy state, we formulate an optimization problem to minimize the 

energy. To compute the potential energy gained by a position controlled serial chain finger that is 

displaced by an object of known geometry and configuration, we compute the minimal potential 

energy state of the system according to the following constraints 

𝑈𝜃,𝑞
∗ ⁡= min

𝛼
∑𝜏𝑖𝐾𝑖(𝛼𝑖 − 𝜃𝑖)

𝑛

𝑖=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(6) 

𝑠. 𝑡.⁡⁡⁡⁡⁡⁡⁡0 ≤ 𝛼𝑖 ≤ 𝜃𝑖 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑢𝑥𝑠𝑦 − 𝑢𝑦𝑠𝑥 ≤ 0, ∀𝒔 ∈ 𝑆𝑞 , ∀𝒖 ∈ 𝑃𝛼 

where 𝑈𝜃,𝑞
∗ ⁡ is the minimum system energy for object pose 𝑞 and commanded actuation 

input 𝜃. The displaced hand configuration corresponding to the minimum energy of the system is 

represented by 𝛼∗, 𝑢𝑥, ⁡𝑢𝑦, 𝑠𝑥 and 𝑠𝑦 are the 𝑥 and 𝑦 components of the 𝒖 and 𝒔 vectors (joint 

positions and object points), 𝑃𝛼 is the set of all joint positions from actuation input 𝛼, and 𝜃𝑖 is the 

commanded set point of the 𝑖th joint. The constraints 𝛼𝑖 ≥ 0 and 𝛼𝑖 ≤⁡𝜃𝑖 represent that the 

displaced actuator positions must be greater than or equal to zero, usually due to mechanical hard 

stops, and must be less than or equal to the commanded set points 𝜃 since the object cannot pull 

the finger past where it is commanded to go. The final constraint 𝑢𝑥𝑠𝑦 − 𝑢𝑦𝑠𝑥 ≤ 0 accounts for 

which side of the object the finger is on, and is derived from the sign of the cross product of two 

vectors originating at a joint, with one directed to the subsequent joint (or fingertip) and the other 

to a point on the object. When the sign of this constraint drops below zero, it is physically 

equivalent to the finger passing through this point on the object, or having passed completely 

through the object to the other side. Visually, this occurs when the tip of one vector passes across 

the other (remembering that their tails are connected). Using the logic from Equation 2, we can 
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simply solve the mathematical program in Equation 6 once for each finger and sum their minimum 

system energies to obtain the total hand-object potential energy. 

5.1.4 Energy Fields 
 

The solution to the energy minimization yields the displaced, minimum energy state of the 

system corresponding to one single pose of the object, given commanded finger actuation inputs 

𝛼 and fixed object pose 𝑞. This can be extended to the set of all possible poses of the object for 

that actuation input,  

U𝛼 = {𝑈𝛼,𝑞
∗ |𝑞 = 1,… , 𝑄}⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(7) 

resulting in a scalar field U𝛼 that, when visualized, lends good intuition about how the hand 

will move the object. In addition to considering how the hand is displaced by the forcible 

placement of the object in a specific pose, we can also consider how the object will be displaced 

by the actuation of the hand, should we drop our assumption that it is fixed firmly in place. As an 

example, a hand's translation capability with a square object is illustrated by the contour plots 

showing the scalar field U𝛼 in Figure 5.1, where the contour color is the potential energy magnitude 

at that specific position in the hand-object workspace. Whereas we were initially only concerned 

with the lowest energy configuration of a hand, we now imagine that the object is released from 

its fixed configuration and free to move along with the hand, and that the entire system will settle 

to its lowest energy configuration. From the contour map, it is clear to see where the object will 

tend to move—toward the lowest energy region in the hand's reachable workspace. 

5.1.5 Gradient of Energy Map 
 

The gradient of the potential energy scalar field with respect to the object's planar pose 

coordinates 𝑥, 𝑦, and 𝛽 results in a distinct vector field   

𝛾𝜃 = −∇𝑥,𝑦,β𝐔𝛼⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(8) 
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for each scalar field 𝐔𝛼 corresponding to a distinct actuation input 𝛼. Each vector field 𝛾𝜃 

consists of pose 𝑞 dependent planar motion vectors 𝑤𝑞 ∈ ℝ3 of the form 𝑤𝑞 = [𝑑𝑥𝑞 , 𝑑𝑦𝑞 , 𝑑𝛽𝑞]. 

Each of these vectors is the net wrench that can be imparted on the object, or more generally the 

motion that can be realized by the object at pose 𝑞 given the actuation inputs 𝛼 from the hand. The 

set of all vector fields Γ = {𝛾1, … , 𝛾Θ} can be used to evaluate manipulation capability throughout 

the workspace of a hand-object system. 

Specifically, if we consider a single object pose 𝑞 with respect to the hand, we can collect 

the set of vectors 𝐖𝑞 = {𝑤𝑞,1, … , 𝑤𝑞,Θ} (one vector from each field 𝛾𝜃), where each vector 

corresponds to a possible actuation input to the hand while the object is at pose 𝑞. The span of this 

set of vectors in 𝑥 − 𝑦 − 𝛽 space tells us how well the hand can manipulate the object from its 

pose in the workspace and is at the core of the manipulation metric used in this work. 

5.1.6 Manipulation Metric 
 

Given the set of net wrench vectors 𝐖𝑞 that can be imparted on an object at a known pose, 

we can determine the possible directions of motion that can be realized by the object. This is 

illustrated visually by the sets of red and yellow vectors in Figure 5.1. The convex hull of 

{𝑤𝑞,1, … , 𝑤𝑞,Θ} is 𝐶𝑜𝑛𝑣(𝐖𝑞), and is the set of all allowable configurations of net wrench 

application to the object. We want to find the maximum radius ball that can be inscribed in 

𝐶𝑜𝑛𝑣(𝐖𝑞), since the radius of this ball is equivalent to the maximum net wrench magnitude that 

can be applied to the object in any direction. 

In other words, the radius of this ball allows us to compare how well the hand can 

manipulate the object in one pose, relative to other poses. The greater the radius, the larger the 

wrench we can exert on the object in any direction. To compute the maximum radius ball, we use 

the hyperplane representation of a polytope formed by 𝐶𝑜𝑛𝑣(𝐖𝑞). Recall that any polytope is 
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defined by the intersection of hyperplanes ⟨ℎ𝑖 , 𝑤⟩ ≤ 𝑏𝑖. See [75] for more of this theory, and [76] 

for the theory behind producing any polytope representation given vertices, as we have in 

𝐶𝑜𝑛𝑣(𝐖𝑞). Finally, given a hyperplane representation, note that the radius w𝐪
∗  of the maximum 

radius ball may be computed with the quadratic program 

w𝐪
∗ = max

𝑤
‖𝑤‖2 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(9) 

𝑠. 𝑡.⁡⁡⁡⁡⁡⟨ℎ1, 𝑤⟩ ≤ 𝑏1⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⟨ℎ2, 𝑤⟩ ≤ 𝑏2 

⋮ 

⟨ℎ𝑛, 𝑤⟩ ≤ 𝑏𝑛. 

A visual example of the largest origin-centered ball bounded by the convex hull of the 

gradient vectors is shown by the red and yellow balls in Figure 5.1. 

5.1.7 Caging Metric 
 

While a larger radius tells us that we have greater control authority over the object at a 

given pose, it tells us nothing about the likelihood of object ejection while continuing manipulation 

in a given direction. Ideally, we would like to design a hand that can safely manipulate an object 

in any direction from any position in the workspace, while safeguarding against object ejection. 

To quantitatively consider this tradeoff between manipulability and ejection prevention, we scale 

each of the vectors in 𝐖𝑞 by a distinct value between 0 and 1, derived from a basic representation 

of how caged the object is, given the hand's configuration under actuation input 𝜃. If the hand does 

not cage the object at all (meaning that the smallest distance between the fingers is larger than the 

object itself), the vector is multiplied by 0, meaning it is not safe to proceed actuating in that 

direction. If the fingers completely cage the object (meaning there is no gap between the fingers), 

the vector is multiplied by 1. When a gap exists between the fingers, but it is smaller than the 
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diameter of the object, the vector is scaled by a value between 0 and 1 based on the size of the gap 

normalized by the size of the object. Now, using this set of scaled vectors, the same procedure is 

used as in Equation 9 to find the largest inscribed ball inside of the caging convex hull, resulting 

in the maximum caging manipulation radius 𝐰𝐜𝐪
∗  and illustrated by the yellow vectors and ball in 

Figure 3. The caging manipulability score 𝐻𝑂 for a hand-object system is then  

𝐻𝑂 =
1

𝑈𝑚𝑎𝑥𝑄
∑ 𝐰𝑐𝑞

∗

𝑄

𝑞=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(10) 

where 𝑂 is the object being manipulated and 𝑈𝑚𝑎𝑥 is the maximum potential energy the 

system could theoretically see given the actuation limits of the hand. This acts as a scaling factor 

that accounts for the fact that gradient vectors grow longer (and thus the radius of the largest ball 

increases) as you add more actuators to the system (you are able to exert a larger wrench on the 

object given more actuation energy). In simple terms, 𝐻 is just the average caging manipulability 

that can be had per actuation-workspace-unit. Special care was taken to ensure the final design 

space results were not skewed towards hands with small reachable workspaces (small 𝑄 values), 

as very high values of 𝐻 can be obtained when 𝑄 is small. The overall score for a hand design is 

the average score 𝐻𝑂 over all simulated objects, as shown in Figure 2 (written simply as 𝐻, as in 

the colorbar label). 

5.1.8 Kinematic Topology Enumeration 
 

Using the previously described manipulation metrics, this work compares hand designs 

consisting of two opposing symmetric fingers, each modeled as an open serial chain linkage. In 

this section we enumerate all possible planar serial chain finger topologies consisting of up to three 

revolute and prismatic joints. We show why it is unnecessary to consider more than three joints 

per finger in the plane, and select the best candidates for further consideration. 
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We begin by limiting the scope to open serial chains, meaning that we are interested in 

mechanisms where one end is fixed and the opposite end is free, and all joints are in series with 

one another. While it is likely that fingers based on parallel mechanisms would create highly 

dexterous hands, we choose to save their consideration for future work, allowing us to consider a 

tractable space of kinematic topologies herein. Specifically, we focus on planar open serial chain 

linkages comprised of revolute (𝑅) and prismatic (𝑃) joints, separated by rigid links, where each 

linkage has a fixed base link (the palm). The number of possible finger topologies for a finger with 

𝑛 actuators is 2𝑛, and is found by counting the number of ordered samples with replacement for 

two actuation styles (𝑅 & 𝑃). The full list of finger topologies considered in this work is 𝑅, 𝑃, 𝑅𝑅, 

𝑃𝑃, 𝑅𝑃, 𝑃𝑅, 𝑅𝑅𝑅, 𝑃𝑃𝑃, 𝑅𝑅𝑃, 𝑃𝑃𝑅, 𝑅𝑃𝑅, 𝑃𝑅𝑃, 𝑅𝑃𝑃, and 𝑃𝑅𝑅.  

5.1.9 Design Space Variation 
 

To determine how design can be leveraged for better manipulation, 6,250 unique hand 

designs were simulated manipulating 10 distinct objects over their entire workspace, and the 

manipulation ability of each hand-object system was graded based on the metric described by 

Equation 10. All topologies enumerated in the previous section were simulated. Design parameters 

including the palm width, distal-most link length, and prismatic joint orientation with respect to 

the previous link were varied.  

Key design parameters were varied in order to exhaustively explore the design space of 

planar open serial chain fingers. Specifically, the palm width 𝑝 (the spacing between the fingers), 

the distal-most link length 𝑑, and the angle of prismatic joints with respect to the previous link 𝜙 

(typically the 𝜃 in Denavit-Hartenberg parameter) were all varied, as shown in Figure 5.2. Each 
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finger length (including half of the palm) was set to a dimensionless value of 1, so the values of 

these parameters can be thought of as proportions of total finger length, rather than absolute values, 

permitting straightforward scaling of the system according to expected object sizes. In general, the 

finger link lengths were determined as follows. First, half of the palm width and the distal-most 

link length were subtracted from the overall finger length of 1. Next, the remaining portion of the 

finger was divided into 𝑛 − 1 equal parts, where 𝑛 is the number of actuators in the finger. Some 

special cases exist, for example in the case of topologies containing only one actuator, the distal 

link length is set to zero, and length of the single link is 1 − 𝑝. In addition, when the first joint in 

 
 

Fig. 5.2. Simulation design parameters, visualized. (A) Two example topologies 𝑃𝑃𝑅 and 𝑅 

are shown here with labeled dimensions. The distal-most link length is 𝑑, the angle of prismatic 

joints is 𝜙, middle links are of length 𝑙, and the palm width is 𝑝 (one half of the palm is 

considered to be part of each finger). (B) The ten simulated objects are shown here at the same 

scale as the hand and grid in (C). Five distinct sizes of square objects and circular objects were 

simulated. The square objects were simulated at six orientations each, to capture the hand’s 

ability to reorient them. (C) The objects were simulated at all positions shown in the 24x12 grid 

(example 𝑅𝑅 hand is shown for scale). 
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a finger is prismatic, the length of its link is set equal to half the palm width—in other words, a 

proximally located prismatic link is considered to be part of the palm. Mathematically, the 

assignment of link lengths can be expressed as  

𝑙 = {
1 − 𝑝, 𝑛 = 1

⁡⁡1 − 𝑝 − 𝑑, 𝑛 > 1
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(11) 

where 𝑝 is half of the palm width, 𝑑 is the distal link length, and 𝑙 is the length of all other links. 

In practice, a palm width and a distal link length are prescribed and the remaining links lengths are 

solved for using Equation 11. The parameter 𝑝 was varied from 0 to 0.5 in 5 steps, and the 

parameter 𝑑 was varied from 0.0625 to 0.4 in 5 steps. As stated, the fixed angle of prismatic joints 

was varied from 0 to 𝜋/2, as shown in Figure 2. This is equivalent to varying the Denavit-

Hartenberg parameter normally represented by 𝜃, which is the controllable parameter of a revolute 

joint, but remains fixed for a prismatic joint. Also, note that the transmission ratio 𝐾 is different 

for 𝑅 and 𝑃 actuators. This is due to the gearing required to produce the linearly actuated prismatic 

joints, using standard rotary motors. In this case, we assume prismatic joints are realized with a 

rack and pinion, and that the pinion radius is 0.15 (again a proportion of overall finger length), but 

other values can be considered depending on design constraints. This value was chosen to 

approximately adjust each pinion motor's backdrivable range with that of the other motors located 

at revolute joints (so the pinion motor has approximately 𝜋/2 rad of usable range while running 

the carriage over the desired distance on the linear rail) to equalize the energy cost of displacing 

both 𝑃 and 𝑅 joints. 

5.1.10 Object Size, Shape, and Pose Variation 
 

Each hand was simulated while varying the pose, shape, and size of a target object. 

Specifically, each hand was simulated manipulating ten distinct objects—five circles and five 

squares. Each shape's radius was varied over five sizes, from 15% to 40% of the total finger length. 
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The pose of each object was varied to determine manipulability over the hand's entire workspace. 

Since the system is planar, the pose consists of an 𝑥-coordinate and a 𝑦-coordinate of the object's 

center, and an orientation 𝛽. For circular objects, orientation was not varied. The metric detailed 

in Equation 10 was computed at each valid pose for each object.  

A valid pose of the object is one that is reachable by both fingers of the hand. If contact 

cannot be made between the hand and the object in a particular pose, the metric was not evaluated, 

as that pose is not within the hand-object system's reachable workspace. The range of simulated 

object sizes is shown in Figure 5.2. While the 𝑦-coordinate of the object pose was allowed to 

extend to 0, in practice those 𝑦-coordinate values smaller than the object radius were excluded 

from the grid, as their inclusion would place the object in intersection with the palm. The grid 

sampled in the simulation is also shown in Figure 8. 

5.1.11 Simulated Actuation 
 

Joint limits were set for each joint, the range between these limits was discretized into a set 

of individual set points for each joint, and the Cartesian product of all sets was calculated to create 

the set of all possible combinations of actuation inputs for a particular finger. The actuation limits 

for each joint were chosen based on typical limits seen in robotic hands. For instance, the first 

revolute joint in a hand has a range between 0 and 𝜋 (where both fingers at 0 corresponds to the 

hand being fully open), allowing it to sweep from one side of the palm to the other. Successive 

revolute joints however, were limited to a range between 0 and 𝜋/2 with respect to the previous 

link to prevent excessive collision with other parts of the hand, or hyperextension. Prismatic joints 

ranges were also selected based on practical considerations, such as the approximate doubling in 

length that can be achieved with standard leadscrew driven linear actuators. Thus, their actuation 

was limited between 𝑙/2 and 𝑙. However, prismatic joints located proximally in the finger were 
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allowed to extend from 0 to 𝑙 since clever packaging is possible within the palm. Special care was 

 
Fig. 5.3. Simulation results from the design space search. Hand topologies are represented by 

simple models, where revolute joints are cylindrical and prismatic joints are rectangular prisms. 

(A) The 𝑅𝑅 topology is shown alongside the manipulability (𝐻 from Equation 10) scale, which 

goes from 0 (cannot manipulate any object in all directions) to 1 (best manipulability for all 

objects). (B) The manipulability design space (from convex hull of gradient vectors) for the 𝑅𝑅 

topology, where each shaded pixel represents a different hand design consisting of parameters 

𝑝 (palm width), 𝑑 (distal link length), and 𝜙 (fixed prismatic joint angle). (C) The caging 

manipulability design space (convex hull of modified gradient vectors). See the section Energy 

Fields for more details. (D-L) The caging manipulability for all other viable topologies. The 

best design is in 𝜙 = 0 for 𝑃𝑅𝑅. (L) The 𝑦-axis is 𝜙 instead of 𝑑 in this plot only. (M) 

Topologies that were not capable of fully manipulating any objects.  
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taken to ensure that this treatment did not skew the results towards kinematic topologies with 

proximally located prismatic joints, by testing with and without this condition, and by ensuring 

that results were normalized by workspace size and did not tend towards hand designs with large 

proximal prismatic links. 

5.2 Results  

5.2.1 Design Space Search 
 

A total of 6,250 unique hand designs based on the 14 kinematic topologies detailed in the 

section Kinematic Topology Enumeration were simulated manipulating the ten distinct objects 

described in the section Object Size, Shape, and Pose Variation, and their caging manipulation 

ability was graded using the metric described Equation 10. The simulation was parallelized in 

MATLAB, and run on 640 cores of the Yale High Performance Computing resource with a total 

runtime under 12 hours. Selected design spaces are visualized for these topologies in Figure 5.3. 

The results match well with intuition, as simple hands such as the 𝑅 topology are incapable of fully 

manipulating objects in all directions, since they can either push or pull objects with respect to the 

palm depending on their size, but cannot do both from any point within the workspace. Hands 

based on the 𝑅𝑅𝑅 topology perform well for small palm widths, as having a smaller palm than the 

smallest object you intend to manipulate allows you to push it away from the palm, while the 

fingers are dexterous enough to shift objects in all other directions. 

Out of all unique hands sampled, a few stood out from the rest—capable of caging many 

objects while achieving high levels of dexterity throughout a large workspace. Specifically, a 

variant of the 𝑃𝑅𝑅 topology with design parameters of 𝜙, 𝑝, 𝑙, and 𝑑 equal to 0rad, 0.25, 0.43, 
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and 0.32 respectively stood out with the highest manipulability score across all simulated object 

geometries. As described in the section Design Space Variation, these values are proportions of 

total finger length, which includes half of the palm, and can be scaled to any desired physical 

dimension. 

5.2.2 The Model W Hand 
 

The physical hand was designed from the optimal design topology and parameters resulting 

from the brute force search of the design space. The hand was designed to utilize inexpensive 

components and a simple design, and its design will soon be released through Yale OpenHand (an 

open-source robot hand hardware initiative) in hopes of making it a useful tool to others in the 

manipulation community. From proximal joint to fingertip, its finger length is 108mm, and the 

space between its proximal joints (its palm) can expand from 0mm to 72mm. It is actuated by 6 

 
 

Fig. 5.4. The physical hand model with labels, and a human thumb-index finger manipulative 

motion for comparison. (A) CAD renderings of the Model W in different palm configurations. 

(B) The spreading of the Model W’s palm is similar to the ability of the human hand to spread 

the index finger and thumb. (C) The physical Model W, with six Dynamixel XL-320 servos. 𝑅 

stands for revolute joint, 𝑃 stands for prismatic joint. 
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Dynamixel XL-320 servos, which are among the least expensive commercially available smart 

servos—an order of magnitude lower in cost than typical Dynamixel servos. All parts were either 

commercial off the shelf (COTS), 3D printed from ABS on a Stratasys uPrint, or cut from acrylic 

using a laser cutter. Each finger is comprised of two serial revolute joints connected to a carriage 

 
 

Fig. 5.5. The Model W has a large fully connected workspace, and can continuously rotate 

asymmetric objects. (A) Shows the representative workspaces with the four test objects shown 

in (C). (B) Shows the hand’s ability to translate objects in every direction. Each photo shows 

the hand manipulating the T3 object from the diagonally listed direction in its row, and to the 

direction in its column. For example, the photo in the first row and second column shows the 

hand manipulating from a power grasp to a pinch grasp. (C) The test objects used during 

benchtop experiments. (D) An example of the hand continuously rotating the square test object. 

(E) Data from the random orientation goal servoing showing that the hand can orient the square 

object at any orientation. 
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that translate on a linear rail. The distal links of the fingers were made to interdigitate, to better 

approximate the simulated hands. The final hand design is shown in Figure 5.4. One of the most 

challenging aspects of physically designing this hand was allowing the proximal finger joints to 

come together coaxially (to achieve a zero palm width configuration), with their axis coplanar with 

the palm. This was achieved using a thin floating palm and cantilevered proximal joints, as shown 

in Figure 3. 

5.2.3 Workspace Evaluation with Test Objects 
 

The hand’s manipulation capability was first evaluated using 3D printed test objects. To 

initially assess the hand, basic grasps (power, pinch, left, right) were pre-determined for the test 

objects and manipulation was achieved by switching between them in an open-loop fashion. 

Surprisingly, the hand was able to perform these motions seamlessly at very high speeds, without 

ejecting the object, likely due to the inclusion of caging in the metric. Next, a simple controller 

was implemented that interpolated between these grasps, based on a simple visual servoing-based 

controller, while limiting the torque output of each motor. Limiting the torque allowed the motors 

to be driven to stall without worry of overheating, enabling manipulation of objects of all sizes 

with the same set of pre-determined grasps. 

Using this controller, objects were manipulated to randomly generated waypoints in front 

of the hand, and the system was allowed to run continuously until 150 waypoints were reached, 

per object. The resulting workspaces of four test objects are shown in Figure 5.5. The controllable 

translational workspaces are shown for all objects, and an additional plot showing the controllable 

rotational workspace is provided for a square object. The workspaces are large compared to the 

hand, most notably along the axis normal to the palm. This is partly because the hand is able to 

perform a power-to-pinch transition, a challenging task for many prehensile manipulators. The 
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rotational workspace shows that the hand is able to continuously reorient the square object within 

the hand, another task that is often challenging for prehensile hands. 

5.2.4 Real World Manipulation Scenario 
 

The Model W was fixtured to a 7 Degree of Freedom (DOF) WAM® Arm (Barrett 

Technology) and a variety of manipulation tasks were performed using the Yale-CMU-Berkeley 

(YCB) Object Set [77] to demonstrate its performance in real world tasks. First, the hand was used 

to grasp different objects, showing the range of object sizes that can be effectively picked by the 

hand. The hand can easily grasp very small items, like dice, as well as very large objects like the 

 
 

Fig. 5.6. The Model W can reorient and perform pinch to power transitions with real world 

objects. (A) A bottle of mustard is reoriented on a table, grasped, and squeezed. (B) A Rubik’s 

cube is rotated continuously within the hand. (C) An orange is transitioned from pinch grasp, 

to power grasp, and back again. *The background of all photographs was darkened to better 

highlight the hand-object system. 
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wider dimension of a Cheez-It box or a mini soccer ball. The range of graspable objects is largely 

due to the prismatic nature of the palm, allowing the fingertips to come completely together or to 

spread apart over 12 inches.  

 Next, a series of open-loop manipulation tasks were performed to demonstrate 

within-hand manipulation of real world objects. As a first manipulation task, both rigid and soft 

 
 

Fig. 5.7. The Model W can manipulate multiple objects at once, and can be controlled using 

teleoperation. (A) A golf ball (B1) and a squash ball (B2) are rotated about a common point of 

rotation. (B) Two Chinese Baoding Balls (B1 and B2) are rotated about a common point of 

rotation within the hand while it is simultaneously moved to different waypoints within the 

plane, demonstrating the how caging can prevent object ejection during manipulation with 

external disturbances. (C) The hand manipulates different wooden blocks into holes of 

matching shapes using teleoperated control. *The background of all photographs was darkened 

to better highlight the hand-object system. 
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cubes were continuously reoriented on a support surface. The first one, the Rubik’s cube from the 

YCB object set, was easily reoriented using a sequence of preprogrammed grasps. The second 

object, a hand-made deformable knit cube (50mm) containing beans, was also successfully 

reoriented in a continuous fashion, albeit much slower because of less efficient force transmission 

due to deformation. The next manipulation scenario performed was to reorient, grasp, and squeeze 

a mustard bottle. The bottle, which was placed on a surface in front of the arm, was rotated 

approximately 90 degrees within-hand to facilitate a proper squeeze, grasped and lifted above a 

plate, and finally mustard was squeezed onto a plate. Following this task, the plastic YCB orange 

was repeatedly shifted from power to pinch grasps, and vice versa. Photographs taken during the 

completion of these tasks are shown in Figure 5.6. 

 A series of teleoperated tasks were also performed using a Shape Sorting Cube toy, 

motivating hand dexterity over arm dexterity, and demonstrating within-hand manipulation and 

controllability, despite the rather high number of individual actuators in the hand. During these 

tests, the hand successfully and repeatedly manipulated a set of blocks into their respective holes.  

Finally, the hand was tasked with manipulating multiple freeform objects at once, to assess 

its ability to handle unstructured objects. First, we successfully manipulated both a squash ball and 

a golf ball simultaneously, juggling them around a common center of rotation within the hand. Not 

only are the balls different sizes, but their surface textures are very different from each other, the 

golf ball being hard and dimpled, and the squash ball being rubbery and compliant. Even with 

these differences, the hand was easily able to perform this task in both directions (CW and CCW 

juggling around a common center of rotation). As a final appraisal of the hand’s abilities, we 

manipulated Chinese Baoding Balls, which are sometimes used to improve human dexterity 

following surgery. Using the same controller from the squash / golf ball manipulation, the hand 
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was once again able to juggle these balls, even though they are much larger in diameter. We then 

programmed the robotic arm to continually travel to different waypoints in the plane while 

performing this manipulation, applying constant external disturbances to the balls. Despite the 

added disturbances to the system, the manipulation continued successfully and the balls were not 

lost from the grasp. Indeed, by creating a cage during manipulation, objects are much less 

susceptible to being ejected from the hand, and their stability in the grasp is no longer dependent 

on parameters related to contact position, forces, or mode. Still photographs from these 

experiments are shown in Figure 5.7. All of these demos and more are shown in the accompanying 

Main Text Video. 

5.3 Conclusion 

5.3.1  Design Space Search 
 

The results in Figure 5.3 highlight a number of key takeaways that can be used as general 

guidelines for the design of future manipulators. First, hands with proximal revolute joints perform 

best with small palm widths, as illustrated by topologies 𝑅, 𝑅𝑅, 𝑅𝑃, 𝑅𝑅𝑅, 𝑅𝑃𝑅, 𝑅𝑃𝑃, and 𝑅𝑅𝑃. 

This is because these topologies are unable to perform power-to-pinch transitions with objects 

smaller than their palm width. Conversely, topologies with prismatic palms avoid this problem, as 

they are all capable of a wide range of palm widths. This explains the stark visual difference 

between the best performing topology 𝑃𝑅𝑅 which has a fully shaded design space, and others 

beginning with a revolute joint that only have a shaded vertical bar for small palm width designs. 

Next, fully symmetric prismatic topologies are poorly performing in part due to their inability to 

easily reach each finger across the palm, limiting the shared workspace of both fingers, and also 

because they can only apply motion in a fixed direction. Intuitively, it would seem that 𝑃𝑃𝑃 should 

be able to manipulate very well. However, high quality manipulation is only possible with 
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asymmetric designs of this topology, as you need one finger to push the object away from the 

palm, while the other is able to draw it closer—one finger is not capable of both since frictional 

forces are not considered in this model. 

Another takeaway is that modifying the metric to include caging moderately lowers the 

scores of many hands. In other words, the design space shown in Figure 5.2 is perhaps less intuitive 

than the corresponding design space that does not include caging. Many topologies are actually 

better at manipulation than illustrated by the plots, but simply cannot manipulate while 

simultaneously caging the object. This is shown by the comparison in the box containing the 𝑅𝑅 

topology, where the plot corresponding to ‘no caging’ has more pronounced shading than ‘caging’. 

When considering hand designs based on manipulation ability alone, both 𝑃𝑅𝑅 and 𝑅𝑃𝑅 were top 

performers, and the final hand design was only slightly different from the Model W.  

The scope of this work was intentionally limited to symmetric planar manipulators, as 

exhaustively exploring the design space of planar hands is more tractable than that of spatial hands. 

Despite this limitation, we also investigated all asymmetric planar designs comprised of pairwise 

combinations of the designs shown in this work. In general, we found that symmetric hands 

outperformed asymmetric hands in nearly every case, and the top performing symmetric hands far 

outperformed the top asymmetric hands. Due to the extremely large number of resultant designs, 

the difficulty of visually capturing their performance in a figure, and their relatively poor 

performance overall, they were excluded from this work. However, the future design of a spatial 

hand will undoubtedly benefit from some of the lessons learned from this study, regardless of its 

simplifying assumptions.  

5.3.2 Experimentation 
 

One limitation of this work is the grasping strength of the hand. Because the hand was 

designed with inexpensive hobby motors, and because the finger surfaces were left as unfinished 
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low-friction ABS plastic to facilitate easy rolling and sliding, the grasp strength of the hand was 

quite low. A second iteration of this hand could benefit from both stronger motors and from 

actuated friction pads that can retract into the fingers on command such as in [78].  

Despite the rather low grasping force, this hand was highly capable of manipulating a wide 

range of objects. Specifically, the hand was easily able to perform continuous object rotation, pinch 

to power transitions, simultaneous manipulation of multiple objects at once, manipulation in the 

presence of external disturbances, manipulation of soft objects, and object position and orientation 

servoing within the hand. The hand demonstrated very robust manipulation in the presence of 

continually changing and unpredictable contact conditions (e.g. multiple sliding and rolling 

contacts between the object and the hand that were constantly broken and reestablished).  

Often, the same open loop strategies worked for multiple objects of different sizes, due to 

the low torque threshold set for the motors. In a sense, the torque limits produced a compliant 

finger behavior—a large enough force applied to the object by one finger could backdrive the 

opposing finger, depending on its relative mechanical advantage. Most notably, the hand almost 

never lost an object from its grasp. The inclusion of caging in the metric had a huge impact on the 

range of experiments we were able to attempt, as we rarely had to deal with object ejection, and 

could therefore be more adventurous in the manipulation strategies attempted through control, 

regularly finding success in physical demos during the first few tries. 

 

6 ENERGY MODEL DESIGN FOR SPATIAL  

CAGING MANIPULATION 

When all surfaces of a robotic hand are used for manipulation, rather than just the 
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fingertips, its dexterity can be markedly increased [12]. It is this principle upon which our work is 

based. This observation has been made by other researchers within the field of robotic 

manipulation in the past and can be easily understood simply by watching humans manipulate. 

While many traditional models of manipulation are built around an assumption of fixed fingertip 

contact between the hand and the object [58, 59], this work allows contacts to be established and 

broken freely along all inner surfaces of the hand. This is possible because of the energy-based 

forward motion model at the heart of this work which does not require precise modeling of contact 

mode, friction, or contact forces. This is in contrast to previous work in the literature [60, 61, 62], 

which shows that accurate prediction of contact motion depends on precisely measuring contact 

force magnitude and direction, as well as coefficient of friction which is known to change over 

time [63], and local surface geometry [64, 65, 66]. This is a tradeoff—namely the model is based 

on many simplifying assumptions—but as shown in this work and in previous work [7], these 

assumptions lead to favorable results in many common manipulation scenarios. 

This work shows how the potential energy-based motion model from [7] can be formulated 

for spatial manipulation in three dimensions, and how it can be used to design spatial manipulators. 

The work begins in simulation and culminates in the development and testing of a novel spatial 

manipulator called the Model B. This hand has four fingers, each consisting of fully actuated two 

link serial chains; two opposing fingers on prismatic bases and two on a rotary base for abduction 

about an axis orthogonal to the palm. The hand was designed to perform manipulation while 

maintaining a cage on the object [1, 2, 3], allowing contact constraints to be relaxed and helping 

to enable more adventurous manipulation primitives without increasing the risk of object ejection. 

Many robotic hands have been designed specifically to achieve some sort of manipulation 

or grasping task. The utility of certain design features, such as underactuation or compliance, has 
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long been embraced for graspers, as it enables easy and robust open-loop grasping of novel object 

geometries [55]. Researchers have often taken these simple underactuated hands a step further than 

grasping, showing that they can be used for simple open-loop manipulation tasks as well [13,4]. It 

has been shown that with subtle design changes, these simple underactuated hands can have their 

manipulation capability greatly increased for certain tasks, such as planar rotation of an object [68, 

32]. Other hands have been designed to achieve large amounts of object translation [20] within the 

hand, or even both rotation and translation [69, 71]. 

There are some hands that have been designed specifically for planar whole-hand 

manipulation, and even fewer for whole-hand spatial manipulation. Those that have been designed 

for whole-hand manipulation often have tens of degrees of freedom (DOF) and need complex 

controllers to perform manipulation primitives [80, 81]. This illustrates the classic tradeoff 

between added DOF / control authority, and increased controller complexity. This work shows 

how, with careful design, useful dexterity can be achieved without an excessive number of 

actuators, without necessitating overly complex control or expensive sensors. In the literature there 

are many examples of controllers ranging in complexity from pure kinematics [29, 41], to more 

detailed controllers with contact modelling of rolling and sliding [72], to those that include full 

blown dynamics modelling [8].  

Those controllers that include contact modelling typically implement force-closure 

conditions to ensure that an object is not dropped during manipulation. In this work however, the 

Model B was designed to maintain a loose cage on an object while manipulating. Future more 

optimized hand designs could very well utilize existing models of spatial caging [16] during the 

design process to guarantee a cage over a wide range of object shapes and sizes. 
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This work shows how the potential energy-based motion model from [7] can be formulated 

for spatial manipulation in three dimensions, and how it can be used to design spatial manipulators. 

The work begins in simulation and culminates in the development and testing of a novel spatial 

manipulator called the Model B. This hand has four fingers, each consisting of fully actuated two 

link serial chains; two opposing fingers on prismatic bases and two on a rotary base for abduction 

about an axis orthogonal to the palm. The hand was designed to perform manipulation while 

maintaining a cage on the object [16, 17, 18], allowing contact constraints to be relaxed and helping 

to enable more adventurous manipulation primitives without increasing the risk of object ejection. 

6.1 Energy-based Forward Motion Model 

The manipulation model described in this work extends previous work done on the design 

of a dexterous hand for planar caging manipulation to three dimensions. This theory is based on 

the idea that with enough mechanical work, a position controlled motor can be back driven past its 

set point, gaining potential energy during the process. It was originally inspired by the work of 

energy-based analysis of grasping in [20, 74]. All nomenclature used in this section is defined in 

Table 1. The gained potential energy of this motor gained during a displacement is  

  

𝑈 = 𝜏𝑚(𝜃𝑑 − 𝜃𝑠𝑝)⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(1) 

 

where 𝜏𝑚 is the torque supplied by the motor, 𝜃𝑠𝑝 is the commanded set point of the motor, 

and 𝜃𝑑 is the new position of the shaft after being displaced. A displacement can occur due to an 

external disturbance that overcomes the torque of the motor. Such a system may include a 

transmission, which can be represented by 𝐾, which simply relates the amount of joint 

displacement to the actual displacement felt by the motor. In a system with multiple actuators, the 
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overall potential energy gained by their combined displacements can be represented by  

 

𝑈 = ∑𝜏𝑖𝐾𝑖(𝛼𝑖 − 𝜃𝑖)

𝑛

𝑖=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(2) 

 

where there are 𝑛 actuators in the system. As an example, a two-link finger can be displaced 

at the fingertip by contacting an immovable object, displacing the motors at each of its joints. In 

this scenario, we can then calculate the potential energy gained by the motors during this 

displacement. This is illustrated in Figure 6.1. 

6.1.1 System Kinematics 

Using forward kinematics, the displacement of a motor or a joint can easily be mapped to 

a corresponding Cartesian displacement of a robot link. Specifically, we can use transformation 

matrices constructed from Denavit-Hartenberg parameters to relate these parameters. The 

Cartesian position of a frame affixed to joint 𝑘 of a serial chain linkage with 𝑛 links in a fixed 

global frame can be extracted from the transformation matrix 𝑇0 𝑘 as 𝒖𝒌, where  

 

𝑇0 𝑘 = [𝑅𝑘 𝒖𝒌
0

0 1
] = ∏ 𝑇𝑖−1

𝑖(𝜃𝑖),⁡⁡⁡𝑘 ≤ 𝑛⁡⁡ 𝒖𝒌
0 ∈ ℝ𝑁

𝑘

𝑖=1

⁡⁡⁡(3) 

 

such that 𝑇𝑖−1
𝑖(𝜃𝑖) is the homogeneous transformation matrix that transforms points from 

link 𝑖 − 1 to link 𝑖, 𝒖𝒌
0  is the joint position vector for the 𝑘th joint, and 𝑅𝑘 is the rotation matrix 

associated with the 𝑘th joint. In this work we assume that all standard Denavit-Hartenberg 

conventions apply, and also that a joint cannot hyperextend past the previous link. In other words, 
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the robotic fingers described in this work can curl inwards on one extreme, and form a straight 

serial chain on the other. For each finger, let the Cartesian positions of each joint be  

 

contained in the set 𝑃𝜃𝑠𝑝
 at the commanded actuation input 𝜃𝑠𝑝 such that  

 

𝑃𝜃𝑠𝑝
= { 𝑢𝑘−1

𝜃𝑠𝑝,𝑘|𝑘 = 1, … , 𝑛} , 𝒖𝒌−𝟏
𝒌 ∈ ℝ3⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(4) 

 
Fig. 6.1. A four-fingered hand in simulation with a cube. The pink links show the commanded 

finger positions, the blue links show the displaced finger positions due to the geometry of the 

cube. The potential energy of the system is due to the difference in the commanded and 

displaced joint positions. A) isometric view; B) side view 
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Let there be an object to be manipulated described by a set 𝑆 of 𝑚 boundary points with 

respect to a joint-affixed frame 𝑖 such that  

 

𝑆𝑖 𝑞 = { 𝑠𝑖 𝑞,𝑖𝑗|𝑖 = 1…𝑛, 𝑗 = 1,… ,𝑚}, 𝒔𝒊 𝒋 ∈ ℝ3⁡⁡⁡⁡⁡⁡⁡⁡⁡(5) 

 

where 𝒔𝒊 𝒋 ∈ ℝ3 for spatial objects. The challenge of this work is to determine the 

displacement at the joint or motor level caused by the hypothetical forcible placement of an 

immovable object, such that it displaces the hand. In other words, given a known object pose and 

hand configuration, how is the hand displaced assuming the object cannot be moved? And 

furthermore, what is the associated potential energy gained by the hand due to this displacement? 

These questions are answered by formulating the problem as an optimization program wherein the 

overall system energy is minimized subject to kinematic and non-penetration constraints that keep 

the fingers from passing through the object. This problem is challenging because we do not know 

exactly where the fingers will contact the object, and contact anywhere along the surfaces of the 

fingers or palm is feasible—unlike more traditional models of robotic manipulation which assume 

object contact only occurs at the fingertips.  

6.1.2 Energy Minimization 

Given an external displacement, the hand will reconfigure to its lowest energy 

configuration. Thus, we formulate an optimization program to minimize the system's total potential 

energy subject to constraints. The optimization program results in the scalar minimal system 

energy value as well as the associated minimal energy configurations of all joints of hand. It is 

formulated as follows 
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𝑈𝜃𝑠𝑝,𝑞
∗ ⁡= min

𝜃𝑑

∑𝜏𝑖𝐾𝑖(𝜃𝑑𝑖
− 𝜃𝑠𝑝𝑖

)

𝑛

𝑖=1

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(6) 

𝑠. 𝑡.⁡⁡⁡⁡⁡⁡⁡0 ≤ 𝜃𝑑𝑖
≤ 𝜃𝑠𝑝⁡⁡⁡∀𝑖 = 1…𝑛⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

𝑓(𝑥) ≤ 0 

 

where 𝑈𝜃𝑠𝑝,𝑞
∗  is the minimum system energy given commanded actuation input 𝜃𝑠𝑝 and 

object pose 𝑞. The optimal solution is a vector 𝜃𝑑
∗  consisting of the displaced joint positions. The 

constraint 𝑓(𝑥) ≤ 0 in this optimization program represents a generalized non-penetration or 

collision constraint that prevents the fingers from penetrating the object, and 0 ≤ 𝜃𝑑𝑖
≤ 𝜃𝑠𝑝 

prevents the joints from exceeding their travel limits (due to mechanical hard-stops at each joint). 

The collision constraint can be implemented in any number of ways, but it is advantageous to find 

a method that is computationally efficient since it will need to be calculated many times during 

minimization. The resulting joint positions must also be less than the commanded set points, since 

the object cannot pull the finger past where it is actuated. For a hand with multiple fingers, we can 

simply solve the optimization program once for each finger and sum the resultant energies to obtain 

the overall potential energy of the hand at each configuration of the system.  

6.1.3 Energy Fields 

Solving the energy minimization for all feasible poses of the object where manipulation is 

possible yields the energy field for a given system configuration and actuation input, represented 

by  

 

U𝜃𝑠𝑝
= {𝑈𝜃𝑠𝑝,𝑞

∗ |𝑞 = 1, … , 𝑄}⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(7) 
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where U𝜃𝑠𝑝
 is a scalar field that shows how an object will move when manipulated. 

Namely, it enables visualization of the system's potential energy contours, including the workspace 

region containing the lowest energy, which is where the object will be most likely to settle once 

the given actuation has been applied to the hand. 

6.1.4 Gradient of Energy Map 

The energy field gradients result in vector fields, lending even more intuition about the 

motion of an object given a system configuration and actuation input. Specifically, the vector field 

consists of net wrench vectors that will be applied to the object under the given assumptions. This 

vector field can be written as  

 

𝛾𝜃𝑠𝑝
= −∇𝑥,𝑦𝑧,β,ϕ,ζ𝐔𝜽𝒔𝒑

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(8) 

 

for each scalar field 𝐔𝜽𝒔𝒑
 with actuation input 𝜃𝑠𝑝. The vectors comprising the field 𝛾𝜃𝑠𝑝

 

are concretely wrench vectors 𝑤𝑞 ∈ ℝ6 are of the form 𝑤𝑞 = [𝑓𝑥𝑞
, 𝑓𝑦𝑞

, 𝑓𝑧𝑞
, 𝜏𝑥𝑞

, 𝜏𝑦𝑞
, 𝜏𝑧𝑞

] and each 

could be potentially realized by the object—potentially because the model does not take friction 

into account, ideal object and hand geometry are assumed, and actuation is assumed to be ideal. 

Thus, the actuation that produces these wrenches is a necessary, rather than a sufficient condition 

for the physical existence of these wrenches. The set of all vector fields Γ = {𝛾1, … , 𝛾Θ} calculated 

over the set Θ of all possible actuator inputs is useful for evaluating the overall manipulation 

capabilities of a hand. For a given system pose, the set of all possible vectors corresponding to all 

possible actuation inputs can be written as 𝐖𝑞 = {𝑤𝑞,1, … , 𝑤𝑞,Θ} where the span of these vectors 

represent all possible wrenches that could be applied to the object in its current configuration. 
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6.1.5 Manipulation Metric 

The convex hull of the set 𝐖𝑞 of all possible vectors that can be applied to the object in a 

given configuration is 𝐶𝑜𝑛𝑣(𝐖𝑞). The radius of the largest ball that can be inscribed inside this 

hull represents the largest wrench that can be imparted to the object in any direction. This is a 

useful metric for judging the hand's manipulability. Considering the average, minimum, or 

maximum radius over the hand's whole workspace tells us useful information about its overall 

manipulability. This can be used to compare one hand design to another. In this work, we consider 

the average radius of the largest ball over the hand’s entire workspace, ⁡𝑀𝑎𝑣𝑔. The algorithm used 

to perform this calculation is detailed in our previous work [7] and in the literature [75, 35]. The 

larger the inscribed ball, the larger the wrench that can be exerted on an object in any direction. 

The radius of this ball (or n-sphere) is calculated by first finding the polytope representation of 

𝐶𝑜𝑛𝑣(𝐖𝑞), which is defined by the intersection of hyperplanes ⟨ℎ𝑖 , 𝑤⟩ ≤ 𝑏𝑖. Given the hyperplane 

representation, the maximum radius can be computed with the quadratic program  

 

w𝐪
∗ = max

𝑤
‖𝑤‖2 ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡(9) 

𝑠. 𝑡.⁡⁡⁡⁡⁡⟨ℎ1, 𝑤⟩ ≤ 𝑏1⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡ 

⟨ℎ2, 𝑤⟩ ≤ 𝑏2 

⋮ 

⟨ℎ𝑛, 𝑤⟩ ≤ 𝑏𝑛. 

 

In this work, the ball lives in a six dimensional space (the spatial wrench space). The score 

for a hand 𝑀𝑎𝑣𝑔 is the average radius over entire workspace, averaged over all objects. 
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6.2 Simulation of Robotic Hands 

Eleven commercially available, open-source, or novel robotic hand topologies were 

simulated in this work and their manipulation capabilities were quantified based on the metric 

described in the previous section. The goal of this work was not to find an optimal design for 

spatial manipulation in a strict sense, but simply to explore the space of existing designs and 

hypothesize how a more dexterous hand might look and function. The simulation of these hands 

demonstrates that the energy-based motion model can be used with hands consisting of many 

actuators, such as the Allegro hand (16 actuators). The theoretical manipulability of each hand was 

simulated on the Yale High Performance Computing resource, taking anywhere from less than a 

minute to several days depending on the complexity of the hand. 

To begin, five existing hand designs were simulated, as shown in Figure 6.2. These include 

commercially available hands such as the Allegro hand, as well as open-source hands such as the 

Yale OpenHand Model T42, Model Q, and Model O [57, 79, 28, 53]. We found that simulating 

these hands, especially the OpenHand models, was very valuable in establishing intuition about 
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the overall performance in known terms, as there are many examples of these hands manipulating 

various objects within the literature. Six novel hand designs were also simulated. These include 

fully actuated versions of the Yale OpenHand Model T42, Model Q, and Model O, as well as 

completely new hand topologies. In this work we refer to the new topologies as the H1, the H2, 

and the Model B. The Denavit-Hartenberg parameters used to simulate all of these hands are shown 

in Table 6.1. In the case of underactuated hands, the joint coupling is also noted.  

 

 
Fig. 6.2. Eleven hands were simulated to manipulate cubes in this work throughout their 

workspace. The kinematic topologies for are shown for the following simulated hands: A) 

underactuated and fully actuated T42; B) Allegro Hand; C) underactuated and fully actuated 

Model O; D) underactuated and fully actuated Model Q; E) H1; F) H2; G) Model B; H) 

simulation world frame; I) simulated cubes; J) workspace grid (it is centered with the palm and 

raised one half cube side length along the z-axis) 
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6.3 Simulation Results 

The average manipulability was calculated for each hand according to them metric in 

equation 9 and the results are shown in Figure 6.3. The results show that in general, hands with 

more actuators perform better—but not exclusively so. Some hands with many motors, such as the 

Allegro hand, do not perform very well, likely do to the kinematic redundancy of its fingers. After 

all, the Allegro Hand was likely designed for fingertip manipulation, rather than whole-hand 

manipulation as is being assessed in this work. It seems that in order to achieve higher dexterity 

throughout the workspace in a whole-hand sense, it is advantageous to use sets of opposing fingers.  

Several hands including the underactuated and fully actuated versions of the T42 and the 

underactuated version of the Model O had virtually negligible spatial manipulation capability. This 

matches nicely with intuition, as the T42 topologies can clearly only manipulate in the plane of 

the fingers, and have no control authority orthogonal to that plane. This means that in theory, 

manipulation capability should be zero according to the metric. The underactuated Model O suffers 

from a similar problem, although it does have the ability to theoretically manipulate in more 

directions. In its case, the low manipulability instead comes from its underactuation, rather than 

its kinematic topology. 

6.4 The Model B Hand 

A physical hand was designed based on the simulated design parameters and it is shown as 

a CAD rendering in Figure 6.4. The hand has eleven inexpensive smart servos, specifically 

Dynamixel XL-320's. It has an 80mm diameter palm, two opposing prismatic fingers with 72mm 

proximal links and 46mm distal links. It also has a pair of coupled abduction fingers with 30 

degrees of rotation about the center axis of the palm. Each abduction finger has a 57mm proximal 

link and a 46mm distal link. All parts, including gears and rack, were 3D printed out of ABS using 
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a Stratasys uPrint. Revolute joints were realized using ball bearings and shoulder bolts, and the 

prismatic joints were supported using off the shelf carriages and rails, and actuated by rack and 

pinion.  

 Bench top experiments were performed to assess the hand's ability to manipulate a variety 

of objects in a controlled environment. Open loop manipulation primitives were manually 

determined and hard coded such that manipulation motions could be chained together. These 

manipulation primitives include left-right shift motions, power to pinch motions, pinch to power 

transitions, roll motions, and yaw motions—both in clockwise and counter clockwise directions, 

both right side up and upside down. 
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6.5 Experimental Results 

The hand's robust manipulation ability was demonstrated by performing repeated 

manipulation primitives both in the bench top setting and on a 7 degrees of freedom (DOF) Barrett 

Whole Arm Manipulator (WAM) robotic arm. These demonstrations were performed using the 

open loop motion primitives described in the previous section. A variety of objects were 

 

 
Fig. 6.3. Top Panel: the hands simulated in this work are shown and sorted by the number of 

actuators. An ‘F’ in a hand’s name indicates that it is the fully actuated version of an 

underactuated hand from Yale OpenHand. Bottom Panel: The same hands are now sorted by 

their performance based on the manipulation metric 𝑀𝒂𝒗𝒈 described in section II.F.  
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manipulated including some from the Yale-CMU-Berkeley (YCB) Object Set [77], as well as 

painted wooden cubes and a soft knitted cube.  

First, it was demonstrated that the hand could successfully perform the roll, yaw, and left-

right shift primitives for the wooden cubes, knitted cube, foam cube, and rubber duck continuously 

in both directions with gravity pointing downwards into the palm. These motions were performed 

on loop and video of the task was recorded. Next, the hand was set up to perform a power to pinch 

manipulative motion of the red ball repeatedly, and video was taken of the task (Figure 6.6). Next, 

these tasks were repeated with the painted wooden cube with the hand flipped upside down, so 

that gravity pointed away from the palm. An additional motion was programmed into the controller 

that would pick up the cube from a surface below the hand, essentially completing a pinch to power 

primitive against gravity (Figure 6.5).  

After performing bench top tasks, the hand was fitted to the WAM arm and made to grasp 

a wide array of objects. These objects included a painted wooden block, a plastic orange, stackable 

 
Fig. 6.4. A rendering of the Model B hand. It is comprised of four fingers—two pairs of 

identical opposing fingers. One set is prismatic, the other rotates about the axis of the palm. 

Each finger has a proximal and distal link. The distal links of each finger interdigitate with the 

opposing finger. 
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plastic cups, a rubber duck, a 3D printed Stanford bunny, a plastic toy car, a golf ball, and a dice. 

These tasks were performed to show the range of object sizes that can easily be accommodated by 

the hand. Next, the hand was commanded to perform the roll task on the knitted cube, as the arm 

continuously moved the hand through different configurations in space (Figure 6.8). This task 

demonstrates that the manipulation of some objects is not dependent on a fixed gravity vector. 

Next, the hand was made to continually manipulate the painted wooden cube using the yaw and 

roll motions while the hand's configuration was continuously moved through space. This was 

possible because of the caging grasps that were maintained during all manipulation primitives, 

allowing the hand to move an object but not drop it. Finally, the hand was programmed to grasp 

and manipulate four painted blocks, changing their upward facing letters from G-R-A-B to Y-A-

 
Fig. 6.5. The Model B can manipulate a wooden cube against gravity. A) The hand performs a 

“yaw” motion with the cube; B) The hand performs a “roll” motion with the cube; C) The hand 

performs a pinch to power transition against gravity, drawing the cube up from the support 

surface into a power grasp. 
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L-E, chaining together manipulation primitives and grasps to accomplish a real world task. First, 

this task was performed with gravity facing downwards into the palm (the hand facing upwards) 

(Figure 6.7). Last, this task was completed again with the hand upside down, enabling the task to 

be completed much faster without a large motion of the arm to reconfigure the hand (Figure 6.9). 

Video was recorded of all grasps and WAM manipulation demos and can be seen in the 

supplementary media attachment. 

Table 2. Parameters for simulated hands 
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6.6 Conclusion 

This paper presents the first ever formulation of the potential energy based forward motion 

model to three dimensions. We demonstrate how that can be used to compare the theoretical spatial 

manipulation performance of hand designs, and use this comparison to design a new hand, the 

Model B. The physical open loop manipulation capabilities of this hand were demonstrated and 

are shown to be capable of robustly manipulating a variety of objects.  

There are many strong assumptions that went into this work that are worthy of discussion. 

Namely, the potential energy based forward motion model does not take friction into account. To 

date, we have not investigated the role that friction plays in the utility of this model. Also, at best 

we have only created a discrete representation of the actuator capabilities of each hand, meaning 

that a hand's true continuous performance will never be fully captured using the methods in this 

paper. A large reason for this is that the more densely actuation input is sampled, the more 

 
Fig. 6.6. The Model B can manipulate objects with gravity into the palm. A) The hand performs 

a “yaw” motion with the wooden cube; B) The hand performs a left-right shift with a wooden 

cube; C) The hand performs a “roll” motion with the knitted cube; D) The hand performs a 

power to pinch transition against gravity with a ball. 
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computationally prohibitive the problem becomes. Despite these assumptions, we believe that in 

many cases the energy model is a useful tool and does a good job of approximating the motion of 

an object (see [11] for data on this). To that end, we believe that it would be particularly useful as 

a motion model in a real time closed loop controller for manipulation, though that must be saved 

for future work. While our previous work [11] designed hands specifically for good manipulation 

while caging, this work did not quantify the caging ability of hands. The reason for this is that it is 

much more challenging and computationally expensive to implement a metric for spatial caging 

than the planar caging technique used in our previous work. Rather than try to quantify a hand's 

caging abilities, we instead chose to use our intuition to design a hand that could reasonably cage 

 
Fig. 6.7. The Model B reoriented four painted cubes from G-R-A-B to Y-A-L-E, transitioning 

the hand to a vertical configuration before performing any manipulation primitives.  
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objects within a certain size range. Indeed, looking at the results of our experimental work, it is 

clear that the Model B is successful at caging objects of a certain size, as it can perform 

manipulation primitives while changing the configuration of the hand with respect to the gravity 

vector without object ejection. 

 

 

 

 

 

 
Fig. 6.8.The Model B continuously reoriented the knitted cube while the WAM moved the hand 

through space, constantly changing the hand’s orientation with respect to gravity. 



97 

 

 

7 CONCLUSION 

7.1 Summary 

In this work I explored a new way to think about robotic manipulation. Specifically, we 

considered that caging, rather than force or form closure, could be used to guard against object 

ejection, enabling higher risk manipulation strategies involving rolling, sliding, and constantly 

shifting contacts. I showed how manipulation of this style can be predicted through a potential 

 
Fig. 6.9. The Model B performed manipulation tasks with gravity pointing away from the palm. 

A) The hand begins to reorient four painted wooden cubes from Y-A-L-E to G-R-A-B; B) The 

hand performs a sequence of pre-determined open-loop manipulation primitives on the first 

cube, transitioning its front-facing side from the letter Y to the letter G; C) The hand completes 

the task of reorienting all cubes; D) The hand performs a “yaw” motion to the cube while 

moving through space; E) The hand performs a “roll” motion to the cube while moving through 

space; F) the hand performs a “yaw” motion 
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energy view of the hand-object system. I demonstrate how the caging energy can be used for 

control and design of fully actuated and underactuated robotic hands, and how it can be formulated 

as an optimization program for both planar and spatial systems. I presented two novel robotic 

hands, the Model W and the Model B, capable of dexterous planar and spatial manipulation 

respectively. The performance of these hands was validated experimentally in a number of ways, 

lending credibility to the utility of the energy model as a design tool.  

7.2 Lessons Learned and Future Work 

Though this work makes progress towards realizing a type of highly dexterous 

manipulation wherein contact constraints can be more relaxed and fluid, there is still an enormous 

amount of work to be done to truly bring this theory to its full potential. Specifically, formulating 

the optimization program in a way that enables real time control of a hand-object system would 

prove the model's utility in an irrefutable way. Alas, as I am only a single grad student, with a 

specialty in mechanical design, this is slightly outside the scope of my work. I believe that someone 

with more expert optimization and programming skills would be very well suited to accomplishing 

this. I do believe that it can be done, but it was simply more than I had time to do. Next, proving 

the convexity (or non-convexity) of the energy model for certain general cases would be another 

helpful direction for this work. Thanks to some unpublished work I did with Dr. Christopher 

Harshaw, we nearly proved convexity of the energy model from Chapter 5 for certain planar hand-

object systems—but again, due to scope and time constraints, this was never complete enough to 

be published. Proving complexity would enable the use of special computational tricks to speed 

up the energy calculation, which may be necessary for its use in a real-time controller. The 

convexity of the model is highly sensitive to the formulation of the non-penetration constraint, so 

potentially a clever formulation of this constraint could easily be convex, but I have not found one.  
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Further work that would improve the adoption of the energy model in the wider community 

is perhaps less glamorous but just as important as the real-time controller. Namely, characterizing 

how the accuracy of the energy model breaks down with increasing friction between the hand and 

the object, as well as characterizing the model's accuracy in predicting net wrench applied to an 

object would both be valuable investigations. Thanks to Yale undergraduates Laszlo Kopits and 

Zubin Kremer Guha, both of these studies have been initiated, but neither are complete as of the 

writing of this document. Understanding these characteristics of the energy model would help 

researchers determine when it can be applied to their own systems, or when it instead makes sense 

to use a different approach. 
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