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QUASI-INVARIANT GAUSSIAN MEASURES FOR THE CUBIC FOURTH

ORDER NONLINEAR SCHRODINGER EQUATION IN NEGATIVE

SOBOLEV SPACES

TADAHIRO OH AND KIHOON SEONG

ABSTRACT. We continue the study on the transport properties of the Gaussian measures on
Sobolev spaces under the dynamics of the cubic fourth order nonlinear Schrédinger equation.
By considering the renormalized equation, we extend the quasi-invariance results in [30, 27] to
Sobolev spaces of negative regularity. Our proof combines the approach introduced by Planchon,
Tzvetkov, and Visciglia [35] with the normal form approach in [30] 27].
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1. INTRODUCTION
1.1. Main result. In this paper, we study the statistical properties of solutions to the cubic
fourth order nonlinear Schrédinger equation (4NLS) on the circle T = R/ (27TZ)E|
i0pu = Ipu + |ul*u, (z,t) € T xR. (1.1)

Let us first introduce some notations. Given s € R, we consider the Gaussian measures f,
formally written as

dps = 27 e 2l gy = H Z;ne*%<">2s\ﬁnl2 dii,,. (1.2)
neZ

Namely, ps is the induced probability measure under the random Fourier seriesﬂ

w € Qr— u’(x) =u(r;w) = Z gn(a;) emne, (1.3)
nes <n>
where (-) = (1+] - |2)% and {gn }nez is a sequence of independent standard complex-valued

Gaussian random variablesﬂ on a probability space (€2, F,P). It is easy to see that the random
distribution belongs almost surely to H?(T) if and only if
1
g<s— 5 (1.4)

In [30] 27], with Tzvetkov and Sosoe, the first author studied the transport properties of
Gaussian measures pg in under the 4NLS dynamics and proved quasi—invarianceﬂ of g,
s> % Our main goal in this paper is to extend the quasi-invariance results in [30} 27] to Gaussian
measures on periodic distributions of negative regularity.

It is known [30] that the cubic 4NLS is globally well-posed in L?(T). Moreover, this
well-posedness result is sharp in the sense that is known to be ill-posed in negative Sobolev
spaces [19, 33]. Thus, in view of , the quasi-invariance result for s > % is optimal since for
s < %, the cubic 4NLS is almost surely ill-posed with respect to the initial data given by
the random Fourier series . In order to study the dynamical problem in negative Sobolev
spaces, we consider the following renormalized 4NLS:

iOpu = Otu+ (Jul* = 2 f; |ul? dz)wu, (1.5)

where { f(z)dz = % [ f(z)dz. For smooth functions, the equation (L.5) is equivalent to ([L.1))
via the following invertible gauge transform:

g(u)(t) — €2itf\u(t)|2dxu(t)‘

Namely, u € C(R; L?(T)) satisfies if and only if G(u) satisfies (1.5). On the other hand, the
gauge transform G does not make sense outside L?(T) and thus these equations describe genuinely
different dynamics, if any, outside L?(T). As mentioned above, the original equation is
ill-posed in negative Sobolev spaces. As for the renormalized cubic 4NLS , the first author
and Y. Wang [33] proved its global well-posedness in H*(T) for s > —3. See also [21] for local

IThe defocusing / focusing nature of the equation does not play any role and thus we only consider the defocusing
case. The main result also applies to the focusing case.

2In the following, we often drop the harmless factor of 27.

3By convention, we set Var(gn) =1, n € Z.

4Given a measure space (X, u), we say that p is quasi-invariant under a measurable transformation 7" : X — X
if the transported measure Thp = po T and p are equivalent, i.e. mutually absolutely continuous with respect
to each other.
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well-posedness of for s = —%. See [4, [6], 16], 28] 34] for an analogous renormalization in
the context of the usual nonlinear Schrodinger equation (NLS) with the second order dispersion.
Before proceeding further, we point out that the solution map to , constructed in [33, 21],
is not locally uniformly continuous in negative Sobolev spaces [8, 30]. Namely, we can not
construct solutions by a contraction argument. This point will be important in our study; see
Proposition [3.2] below.

We now state our main result.

Theorem 1.1. Let s > 1%. Then, the Gaussian measure js in (1.2) is quasi-invariant under
the dynamics of the renormalized cubic 4NLS (1.5]).

The transport properties of Gaussian measures have been studied extensively in probability
theory; see, for example, [5l 36, 9 10]. In [39], Tzvetkov initiated the study of transport properties
of Gaussian measures on functions / distributions under nonlinear Hamiltonian PDEs and there
has been a significant progress in this direction [39, 30} 31} 27, 29, 35], 17, 13}, 37, 11]. In particular,
Theorem extends the quasi-invariance results in [30), 27]|ﬂ to negative Sobolev spaces H?(T),
o>—1.

The general strategy, as introduced in [39], is to study quasi-invariance of the Gaussian
measures (s indirectly by studying weighted Gaussian measures ps, where the weight corresponds
to correction terms that arise due to the presence of the nonlinearity. The two key steps in this
strategy are (i) the construction of the weighted Gaussian measure ps and (ii) an energy estimate
on the time derivative of the modified energy (that is, the energy of the Gaussian measure plus the
correction terms). It is crucial to choose good correction terms in order to establish an effective
energy estimate. In the context of 4NLS , this general strategy was applied in [30, 27].
In [30], the correction term was obtained by applying a normal form reduction (i.e. integration
by parts in time) in the spirit of [38], 26, [1l 25]. In the second work [27], Sosoe, Tzvetkov, and
the first author employed an infinite iteration of normal form reductions, introduced in [I8],
to compute an infinite series of correction terms to the H?*-energy functional. Such an infinite
iteration of normal form reductions has turned out to be a useful tool in constructing solutions
to PDEs and establishing energy estimates; see [18] [33], 22, [34], 20} 12].

In order to prove Theorem for the renormalized 4NLS in negative Sobolev spaces,
we also apply an infinite iteration of normal form reductions to the H?-energy functional and
introduce infinitely many correction terms. In [27], the multilinear forms appearing in normal form
reductions were shown to be bounded in L?(T). The main task here is to extend the boundedness
of these multilinear forms to negative Sobolev spaces H?(T), —% < 0 < 0. See also Remark
This gives rise to the modified energies Ex(u) in whose time derivatives are uniformly
controlled on bounded sets in the support of the Gaussian measure ps (see Proposition ,
provided that s > %. We point out that, as in the previous works [30, 27], the regularity
restriction in Theorem comes from the energy estimate.

The next step is to construct weighted Gaussian measures. In [30, 27], the weighted Gaussian
measures were normalized to be probability measures thanks to the (conserved) L*-cutoff. For
our current problem in negative Sobolev spaces, however, an L?-cutoff is not available and
thus the weighted Gaussian measures associated with the modified energies Ey(v) are not
probability measures. An important observation is that our proof of quasi-invariance is entirely

5The quasi-invariance results in [30, [27] were proved for (1.1) but they equally apply to the renormalized

ANLS (T.3).
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local in H¥"27¢ (T) (see Subsection . This allows us to work with the weighted Gaussian
measures restricted to compact sets in H 57%75(’11‘), for which we prove strong convergence
(see Proposition . We then follow the approach introduced by Planchon, Tzvetkov, and
Visciglia [35], where they established local-in-time (and also local in the phase space) quasi-
invariance properties, and close the argument.

Since our argument is based on the study of frequency-truncated dynamics (see ), an
approximation property of the truncated dynamics (Proposition also plays a key role. In
L?(T), a standard contraction argument yields local well-posedness of . By a slight variation
of this contraction argument, one can easily prove the desired approximation properties of the
truncated dynamics in L2(T) (see [30, Appendix B]). In negative Sobolev spaces, however, we can
not use a contraction argument to establish local well-posedness of due to the failure of local
uniform continuity of the solution map [8, [30]. Hence, a more careful argument is required in
studying approximation properties of the truncated dynamics. In fact, in negative Sobolev spaces,
we only prove a weaker approximation property of the truncated dynamics. See Remark In
Section [ we discuss in detail the approximation property of the truncated dynamics in negative
Sobolev spaces.

Remark 1.2. In [35], the authors compared their approach and the normal form approach
in [30, 27] and stated “It would be interesting to find situations where the approaches of [ [30} 27] ]
and the one used in [[35] ] can collaborate.” Our proof of Theorem provides the first such
example, combining the methods from [35] and [30] 27].

Remark 1.3. In [32], Tzvetkov, Y. Wang, and the first author constructed global-in-time
dynamics for almost surely with respect to the white noise, i.e. the Gaussian measure p
with s = 0. They also proved invariance of the white noise pg under , which in particular
implies its quasi-invariance. Thus, it is an interesting question to fill in the gap 0 < s < 1%
between Theorem and the result in [32].

Remark 1.4. In [23], the second author with G. Li and Zine recently proved global well-posedness
of the following renormalized fractional NLS on T (for o > 2):

iOu = (—02)2u+ (|ul® = 2 fy [u?> dz)u (1.6)

in H°(T) for o > 2_Ta. While we only consider the renormalized 4NLS (1.5)) in this paper for
simplicity of presentation, our argument can be easily adapted to study the quasi-invariance
property of us under the dynamics of ((1.6|) for some range of s < %

Remark 1.5. At each step of normal form reductions, we introduce a correction term. This
is precisely how correction terms are introduced in the I-method [7]. In order to prove the
energy estimate (Proposition , we implement an infinite iteration of normal form reductions
and thus introduce an infinite series of correction terms. In other words, the modified energies
En(v) defined in can be viewed as modified energies of an infinite order in the I-method
terminology. Finally, we remark that this infinite iteration of normal form reductions allows us
to encode multilinear dispersion in the structure of the modified energy and thus to exchange
analytical difficulty with algebraic / combinatorial difficulty.

1.2. Organization. In Section [2] we introduce some notations. In Section [3] by assuming the
approximation property of the truncated dynamics (Proposition [3.2)) and the energy estimate
(Proposition 3.4)) with the related normal form reductions, we prove Theorem In Section
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we discuss the approximation property of the truncated dynamics. In Section [5, we then establish
the energy estimate (Proposition [3.4) by implementing an infinite iteration of normal form
reductions.

2. NOTATIONS

In the following, we fix small ¢ > 0 and set

o=s—5—¢ (2.1)

such that (1.4) is satisfied. Given R > 0, we use Bg to denote the ball of radius R in H?(T)
centered at the origin.

Given N € NU {co}, we use P<x to denote the Dirichlet projection onto the frequencies
{|n] < N} and set P>y :=1d — P<y. When N = o0, it is understood that P<x = Id. Define
En by

En = PoyH(T) = span{e™ : |n| < N}
and let E3 be the orthogonal complement of Ey in H°(T).

Given s € R, let ug be the Gaussian measure on Hs_%_e(']r) defined in (1.2]). Then, we can
write pus as

fs = s, N @ [y s (2.2)

where g n and ,usL n are the marginal distributions of j, restricted onto En and E]%,, respectively.

In other words, us n and ,uj- n are induced probability measures under the following random
Fourier series:

Poyu:we Qr— Poyu(z;w) = Z gn m
[n|<N

P.oyu:w € Qr— Poyu(z;w) = Z gn ene,
\n|>N

respectively. Formally, we can write u, n and ui: N as
-1 -1 2 5.1 1 2
d,Us,N — Zs ]1\76 QHPSNUHHSduN and dué:N = ZS ]lve 2HP>NU||HSdUﬁ, (23)

where duy and du]LV are (formally) the products of the Lebesgue measures on the Fourier
coefficients:

duy = ] di(n) and  duy = [ di(n). (2.4)
In|<N In|>N

Given a function u € Hs_f_e(T), we may use u, to denote the Fourier coefficient u(n) of u,
when there is no confusion. This shorthand notation is useful in Section [l
We use S(t) to denote the linear propagator for the fourth order Schrédinger equation:

S(t) = e .
We denote by N (u) the renormalized nonlinearity in ((1.5):
N () = (Jul* = 2 f; |ul* dz)u. (2.5)
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We also define the phase function ¢(72) by
o(n) = ¢(n1,n2,n3,n) = ni —n3 +nj —n’. (2.6)

Then, recall from [30] that
o(n) = (n1 —na)(n1 —n) (n% + n% + n% +n?+ 2(ny + n3)2> (2.7)

under n = n; — ng + n3. Lastly, given n € Z and N € N, we define the index sets I'(n) and
I'n(n) by

I'(n) = {(nl,ng,ng) €7Z®:n=mn, —ny+ng and ny, nz # n} (2.8)
and
I'n(n) = {(nl,ng,ng) e 73 Inj| < N, n=n; —ns+nz and ni,ng # n} (2.9)

Note that ¢(n) # 0 on I'(n) and T'y(n).

Given T > 0, we use the following shorthand notation: CrHZ = C([0,T]; H°(T)), etc.

In view of the time reversibility of the equation ((1.5)), we only consider positive times in the
following.

3. PROOF OF THE MAIN RESULT

In this section, we go over the proof of Theorem by assuming (i) the approximation property
of the truncated dynamics (Proposition and (ii) the energy estimate (Proposition and
the analysis on the correction terms (Lemma . We present the proofs of Propositions
and in Sections [4] and [f] respectively. While we follow closely the structure of Section 3
in [27], we avoid using the interaction representation v(t) = S(—t)u(t) in this section so that
the modified energies and the associated weighted Gaussian measures are not time-dependent.
Compare this with [30, 27], where the modified energies and the associated weighted Gaussian
measures were time-dependent.

In the following, we fix % <s< % and set 0 = s — % — ¢ for some small € > 0, unless otherwise
stated.

3.1. Truncated dynamics. Given N € N, we consider the following truncated version of the
renormalized 4NLS:

i0pu = O + PonN(P<yu), (3.1)

where N (u) is as in (2.5). Note that is not a finite-dimensional system of ODEs, when
written on the Fourier side. The higher frequency part P~ yu is propagated by the linear flow.

Given initial data ug € H(T), we can write ug = P<yuo + P~yug. Then, the L?-global
well-posedness of the (renormalized) 4NLS [30] yields a global-in-time solution ux to the low
frequency dynamics:

(3.2)

10uN = 8§uN + PgNN(UN)
un|i=0 = P<nuo,

while the high frequency dynamics with initial data P~ yug evolves linearly and hence is globally
well-posed. We denote by ®x(t) the flow map of the truncated dynamics at time t:
u(0) € H°(T) — u(t) € H°(T). We also denote by ®(¢) the flow map to the renormalized
ANLS (1.5)), constructed in [33].
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We first record the following uniform (in N) growth bound. This estimate essentially follows
from the growth bound on solutions to the renormalized cubic 4NLS (1.5]) in negative Sobolev
spaces [33].

Lemma 3.1. Let 0 > —%. Given any R >0 and T > 0, there exists C(R,T) > 0 such that

®n(t)(Br) C Bor)

for any t € [0,T] and N € NU {oo}, with the understanding that o, = ®. Here, Br denotes the
ball of radius R in H°(T) centered at the origin.

Next, we state the approximation property of the truncated dynamics (3.1)).

Proposition 3.2. Let 0 > —%. Given R >0, let A C Bg be a compact set in H°(T). Given

teR, uy € A, and small § > 0, there exists No = Ny(t, R, up,9) € N such that
O(t)(uo) € PN (t)(A+ Bs)
for any N > Nj.
We present the proof of Proposition in Section

Remark 3.3. (i) It is possible to state Proposition without referring to a compact set A. In
fact, there exists Nog = No(t,up,d) € N such that ®(t)(ug) € ®n(t)(uo + Bs) for any N > Np.
We, however, stated Proposition as above so that the statement can be easily compared with
the corresponding statement in the L2-setting; see [30), Proposition B.3/6.21].

(ii) We point out that Proposition [3.2|is weaker than the approximation property of the truncated
dynamics in L?(T), which played a key role in the previous works [30, 27]. Due to the lack of local
uniform continuity of the solution map in negative Sobolev spaces, the rate of approximation Ny
depends on the initial data ug in Proposition while, in L?(T), Ny does not depend on ug € A;
see [30, Proposition B.3/6.21]. In particular, we do not know if we have ®(¢)(A) C ®n(t)(A+ Bs)
for any sufficiently large N > 1. This is different from the situation considered in [35], thus
requiring a careful implementation of the argument. See Subsection [3.5

We also point out that, in [30], the continuity of the solution map from L?(T) to the (local-
in-time) X%*-space was implicitly used to control the high frequency part P~ y®(t)(uo) of the
solution, uniformly in 1y belonging to a compact set A C L?(T); see [30, Lemma B.1/6.19]. In
negative Sobolev spaces, however, we do not knowﬁ how to obtain such a uniform control on the
high frequency part P~ y®(t)(ug) for ug belonging to a compact set A C H(T).

3.2. Energy estimate. In this subsection, we introduce a modified H?®-energy functional and
state the crucial energy estimate in negative Sobolev spaces (Proposition whose proof is
presented in Section

Let N € NU {oo}. We say that u is a solution to if u is a solution to when N € N
and to when N = co. Then, by iteratively applying normal form reductions as in [27], we

6Recall that the solutions constructed in [33] belong to the short-time X7 b_space, while those constructed
in [2I] belong to the modified X °**-space which depends on initial data; see (#.10) below. In particular, we do not
know if the solution map is continuous from H°(T) into the standard X *-space if o < 0.



8 T. OH AND K. SEONG

formally[’] obtain the following identityf]

i(;llu(t)lﬁfs) = (Z(;Ng},(u)(t)) + JZ;M(?V(“)“) + JZ;R%) W (33)

for any (smooth) solution u to the finite-dimensional truncated dynamics (3.2) (i.e. the low
frequency part of (3.1))). Here, NO v is a 2j-linear form and N1 ‘v and RSV) are (2] + 2)-linear

forms. This motivates us to define the following modified energy:
1 ST
En(u) = Zlulliy: = Y- NG @) (3.4)
j=2

When N = oo, we simply denote o (u) by £(u) and also drop the subscript N = oo from the
multilinear forms; for example, we write N()(] ) for /\/'éjo)o
We now state the energy estimate.

Proposition 3.4 (energy estimate). Let 1—30 <s< % and 0 = s — % — ¢ for some small £ > 0.

Then, given any R > 0 and T > 0, the following energy estimate holds uniformly in N € NU{oco}:

sup
te€[0,T]

for any solution v € C(R; H?(T)) to (3.2)), satisfying the growth bound:

Lentu )(t)‘ < C\(R)

sup ||u(t)||gs < R. (3.5)
t€[0,T]

We also record the following bound on the correction terms. Set
Z /\/ 0,N P< Nu (3.6)

for N € NU {oo}.
Lemma 3.5. Let + < s < L. Then, given any R > 0, there exists Cs = Cs(R) > 0 such that
Sn(u)] < Cs(R) (3.7)

for any w € B C H?(T) and N € NU {oo}. Furthermore, Sy (u) converges to Soo(u) as
N — oo for each u € Bpg.

In Section [5], we present the proofs of Proposition and Lemma The main tool is an
infinite iteration of normal form reductions from [27], where such an argument was implemented
in L2(T). For our problem, however, we need to prove boundedness of each multilinear term by
a product of the H?-norm of u with 0 = s — % — ¢ < 0. For this purpose, we adapt the argument
from [33], where an infinite iteration of normal form reductions was implemented in negative
Sobolev spaces. Indeed, the only essential difference between our argument and that in [33] is the

presence of the weight (n)?%, coming from the H®norm squared on the left-hand side of (3.3)).

"For each finite N € N, any solution to (3.2)) is smooth and thus the computation leading to (3.3) does not
require any justification. See Section

8Hereafter, we use the following shorthand notation for multilinear form: N()(J]z, (u) = ./\/O(J]z](u7 ..., u), ete.
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3.3. Weighted Gaussian measures. As in [30} [27], we prove quasi-invariance of the Gaussian
measure g indirectly by first establishing quasi invariance of weighted Gaussian measures
associated with the modified energies £(u) and Ey(u) in (3.4). In [30, 27], the weighted Gaussian
measures were normalized to be probability measures thanks to the conserved L?-cutoff. Due
to the unavailability of a cutoff based on a conservation law in negative regularity, we do not
normalize our weighted Gaussian measures (which is precisely the setting for the approach in [35]).
See Subsection [3.5
We define the following measures:

dps(u) = Fs(u)dps(u) and dps,n(u) = Fs n(u)dps(u), (3.8)

where Fg(u) and Fs n(u) are given by

R = e (€00 + Sl ) = e (SN (39)

j=2
— _ 1 2 _ = N(j)
Fon(u) = exp | —Ev(Panu) + olP<nuly ) = exp > Nn(P<yu) ). (3.10)
j=2

We also write ps.o = ps and Fs oo (u) = Fs(u).

Note that the quasi-invariance property is a local property in the sense we only need to work
on compact sets in H(T). Thus, in proving quasi-invariance of p; and ps n, we only require
Fs n € Li (ps), uniformly in N € NU {oc}, (i.e. Fs n is locally integrable with a uniform (in N)
bound on each compact set) and Fs y — F§ in Llloc(,us).

Proposition 3.6. Let % <5< % and o = s — % — ¢ for some small € > 0. Given any R > 0,
there exists C = C(s, R) > 0 such that

ps,N(BRr) = / Fs n(u)dps(u) < C(s, R) (3.11)
Br
for any N € NU{oco}. Namely, Fsn € L _(us), uniformly in N € NU{oo}. Moreover, we have

lim |Fs,n(u) — Fy(u)|dps(u) = 0. (3.12)
N—oo BR
Proof. The bound (3.11]) follows from ([3.7)) in Lemma Furthermore, it follows from Lemma|3__§|
that Gy (u) converges to Soo(u) as N — oo for each u € Br. Then, from (3.6) , and (3.10

we see that F y converges to Fs almost surely with respect to pus. Together Wlth the bound (13 )
in Lemma m the bounded convergence theorem yields (3.12)). D

3.4. A change-of-variable formula. Next, we go over a global aspect of the proof of Theo-

rem [1.1] From (2.2) and (2.3), we can write p, y in (3.8) as
dps,N = ZS_}V exp ( — EN(PSNu)) duy ® duj:N, (3.13)

where duy is as in (2.4) (= the Lebesgue measure on Ey = C?N*1) and Z N is the normalizing
constant for y5 n. Proceeding as in [30] with ( -, we have the followmg change-of-variable
formula.
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Lemma 3.7. Let % <s< % and 0 = s — % — ¢ for some small € > 0. Then, we have

o j)
pen (B (1)(A)) = / (SN Pax g ()
DN (t)(A)
_ Z}v/ e ENPNON ) gy @ dpt
9 A 9

foranyt € R, N € N, and any measurable set A C H?(T).

3.5. Proof of Theorem We are now ready to present the proof of Theorem We follow
the argument in [35] but due to the weaker approximation property of the truncated dynamics

in negative Sobolev spaces, more care is needed to close the argument. Fix % <s< % and set

a:s—%—sforsomesmalls>0.

In the following, we only consider the positive times. Fix ¢ > 0. Then, by the inner regularity
of the measure pug, it suffices to show that

A C H?(T) compact and pus(A) =0 = ps(®(t)(A)) = 0.
Fix a compact set A C H?(T) such that ps(A) = 0. From Lemma with Lemma we have
0 < exp (ZN&”(U)) < o0 (3.14)
j=2

for all u € AU ®(t)(A). Then, it follows from (3.8) and (3.9) with us(A) = 0 that ps(A4) = 0.
Our goal is to prove

po(®(£)(4)) =0, (3.15)
Once we prove (3.15)), we then conclude from (3.14]) that us(®(¢)(A)) = 0.

Since A is compact, we have A C B C H?(T) for some R > 0. By Lemma there exists
C(R) > 0 such that

N (7)(B2r) C Bor) (3.16)

for any 7 € [0,t] and N € NU {oo}.
Fix a measurable set D C Bsg. Then, from (3.13)) and Lemma we have

‘C?TPS,N(@N(T)(D))’ =

d
i s_,J{]/ eXp(—gN(PSNU)) duN@d:“iN‘
i (D) (3.17)

_ d
= ZSJ{,/DdTexp(—SN(P<N<I>N(T)(u)))duN®d,uj7N‘.

From Proposition [3.4] with (3.16]), we also have

‘CZ_ exp (— 5N(PSN(I)N(T)(U)))‘ < C'(R)exp ( — EN(P<n®n(T)(u))) (3.18)



QUASI-INVARIANT MEASURES FOR THE CUBIC 4NLS IN NEGATIVE SOBOLEV SPACES 11

for any 7 € [0,¢] and u € D. Hence, from (3.17)), (3.18]), and Lemma with (3.8) and (3.13)),

we have
d
dTps,N(‘I’N(T)(D))‘ < Z Ny C'(R) / exp (— En(P<n®n(7)(1)) duy ® duy
D
= Z, 5 C'(R) / exp (— En(P<yu)) duy ® duy y
’ @ (7)(D)
~ C'(R) / Fox(u)dpie
@ (7)(D)
= C'(R) psn(®N(T)(D))

for any 7 € [0,t]. Then, by Gronwall’s inequality, we obtain

ps,N (PN (T)(D)) ZA D) Fon(w)dps < exp(C'(R)T)ps,n(D) (3.19)

for any 7 € [0,¢] and N € N. Note that the estimate (3.19) allows us to conclude quasi-invariance
of ps N (and ps) under the truncated dynamics @y (¢).

Next, by a limiting argument, we prove quasi-invariance of ps; under ®(¢). From Proposition
we have

lim |Fs,n(u) — Fs(u)|dps(u) =0, (3.20)

N—oo BC(R)

where C(R) is as in (3.16]). Thus, given small § > 0, we have
pu@OW) = [ Fuud,
o(t)(A)

= / Fs(u)dps + / Fy(u)dps
®(t)(A)NP N (t)(A+Bs) P(t)(A)\ @ () (A+Bs)
/ Fs(u)dps + / Fs(u)dpus
PN (t)(A+Bjs) P(t)(A)\@n (t)(A+Bs)
< / FS,N(U)d,Us + / Fs(U)d,Ms + 6
PN (t)(A+Bjs) P(1)(A)\ @ (t)(A+Bs)

for any sufficiently large N > 1. Then, by applying (3.19) (with D = A+ B; for 6 < R) to (3.21))
and then applying (3.20) again, we have

(3.21)

IA

ps(®(t)(A)) < exp(C'(R)t) / F n(u)dps + / Fs(u)dus + 0
A+B; D(t)(A)\®n (¢)(A+Bs)

< exp(C'(R)t) / Fs(u)dps + / Fs(u)dps + 20.
A+Bs @(t)(A)\ P (t)(A+Bs)

(3.22)

By Proposition [3.6] and the Lebesgue dominated convergence theorem, we have

lim Fs(u)dps = / Fs(u)dps = ps(A) = 0. (3.23)
6—0J A+B; A
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Next, we consider the second term on the right-hand side of (3.22). Let Ay := ®(¢)(A) \
®n(t)(A+ Bs). Then, it follows from Proposition [3.2| that

o [e.9]
limsup Ay = ﬂ U Ay = 2. (3.24)
k=1 N=k
Indeed, if did not hold, then there would be at least one element u € lim sup Ay, namely,
u € Ay for infinitely many N. This is clearly a contradiction to Proposition since, given any
such w (which in particular belongs to ®(¢)(A)), we have

u€ dn(t)(A+ Bs) C Ay

for all N > Ny(t, R, u,6). This implies that limy_,o0 14, (u) = 0 for any v € ®(¢)(A) (and thus
for any u € H?(T)). Hence, by Lemma and the Lebesgue dominated convergence theorem,
we have

lim Fs(u)dps = 0. (3.25)

N—o0 An

Finally, putting (3.22), (3.23]), and (3.25|) together and taking 6 — 0, we conclude (3.15). This
completes the proof of Theorem

4. ON THE APPROXIMATION PROPERTY OF THE TRUNCATED DYNAMICS

In this section, we study the approximation property of the truncated dynamics (3.1)) and
present the proof of Proposition

4.1. Gauged 4NLS. We first go over the basic reduction of the problem Fix 0 > —3. Let
u € C(R; H?(T)) be the global solution to the renormalized 4NLS with ul—p = uo The
main obstruction in carrying out analysis in negative Sobolev spaces is the resonant part of

the nonlinearity. In order to weaken the resonant interaction, we introduce the following gauge
transform J = 7, as in [32] 23]:

T (u)(x,t) = Tuo (u = > et ™G, 1), (4.1)
neZ
This gauge transform is clearly invertible and leaves the H*-norm invariant. A direct computation
shows that the gauged function v = J(u) satisfies the following gauged 4NLS:

10w = O%v + Ni(v) + Na(v), (4.2)
U’t:() = Up- |

Here, the first nonlinearity /\/1( ) is defined by

Z znzz itO( n) nl, (’I’Lg,t) (ng,t), (4‘3)

ne”L
where I'(n) is as in (2.8) and the phase functlon O(n) = Oy, (n) is given by
O(n) := O(n1,n2,n3,n) = [to(n1)|* — [to(n2)|* + [to(ns)[* — [to(n)|*. (4.4)

The second nonlinearity ./\/’2(1)) is defined by
Na(v Zemov (n,8)[2 — [Go(n)] ) 5(n,t). (4.5)
nez

In the following, we often view N7 as a trilinear operator and, with a slight abuse of notations, we
write N1 (v, v2,v3) to denote the right-hand side of (4.3), where we replace the jth occurrence of
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v by v;, 7 =1,2,3. Given a trilinear operator M(v1,vs,v3), we write M(v) to mean M(v,v,v).
We apply this convention in the following.

Next, we apply the gauge transform 7 in to the truncated dynamics . Let uy €
C(R; H°(T)) be the global solution to the truncated equation with the same initial data
uN|t=0 = uo. Then, the gauged function vy = J(uy) satisfies the following gauged truncated
4NLS:

{i@tvN = oy + NN (on) + N (vw) (4.6)
VN |t=0 = uo,
where NV (vy) and N (vy) are given by

N (un) (2, 8) := Py Ny (Panv)(z, t)

= > ™ Y MGy (ny, )N (na, 1)y (ns, 1),
n[<N TIn(n)
N (on) (@, t) := = > em(m(n,t)y? - \ao(n)\Z)aN(n,t) (4.7)
In|<N

+ > ey (n)|*on (. t).
|n|>N

Note that the high frequency part of the solution to the gauged truncated 4NLS (4.6|) is given by
P.nun(t) = Sy, (t)P>Nuo,
where S, (t) is the modified linear propagator defined by

Sup (0 =Y e R feine, (4.8)
neZ
When N = oo, the equation formally reduces to (4.2]) and thus we use the notations vn,
N7°(v), and N3°(v) for v, Ni(v), and Na(v) in the following.

4.2. Function spaces and nonlinear estimates. We recall the definition of the basic function
spaces and the key estimates in proving local well-posedness of the renormalized 4NLS in
negative Sobolev spaces.

We first recall the Fourier restriction norm method introduced by Bourgain [3]. Given s,b € R,
we define the X*P-space as the completion of S(T x R) under the following norm:

lull o msmy = 1) (7 + 0?0, 7) 2 12

Given a time interval I C R, we define the local-in-time version X**(I) by setting
||u||Xs,b(]) = inf {HaHXs,b : ﬂ][ = U}

When I = [0,T], we also set X:SF’b = X*%(I). We use the same notation for the time restriction
of other function spaces. Recall that

lullerm; S llullxse (4.9)

for b > 1. Using the X*’-space, local well-posedness in L*(T) of 4NLS (and the renormalized
ANLS ([L.F))) follows from the L*-Strichartz estimate and a contraction argument. See [30].

Due to the lack of local uniform continuity of the solution map, one can not use a contraction
argument to prove local well-posedness of the renormalized 4NLS in negative Sobolev spaces.
In [33], the short-time Fourier restriction norm method and the normal form approach were used
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to overcome this issue. Following the previous works [38] 26], 24] on the modified KdV equation
and the third order NLS, Kwak [21] used the modified X *’-space, defined by the norm:

lully sy = 11(0)*(T + nt = [to(n)[*)*a(n, 7)llez 12 (4.10)

for u|i—o = uo and proved local well-posedness of ([1.5)) by a compactness argument. In [23], Li,
Zine, and the second author proved local well-posedness of the fractional NLS (1.6) (for a > 2)
below L?(T) by studying the gauged formulation (as in (4.2))). We point out that

1 Tuo (@)l x50 = lully g0 (4.11)

and thus studying the renormalized 4NLS in the qu(;b—spaces is equivalent to studying the
gauged renormalized 4NLS in the standard X*®’-spaces.

Let ¥(t) and ¥y () be the solution maps to and , respectively, with the understanding
that W (t) = ¥(t). Then, as a consequence of the aforementioned well-posedness results, we
have the following uniform growth bound for ¢ > —%; given any R > 0 and T > 0, there exists
Co(T, R) > 0 such that

sup  sup [[Wn(t)(uo)ll o34 < Co(T)R) (4.12)
NeNU{oo} uo€BR Xp

for some small € > 0, where B C H?(T) denotes the ball of radius R centered at the origin.
For small T'= T'(R) > 0, the bound follows from the uniform (in N) local well-posedness
result in [21] 23]E| For large T" > 0, the bound follows from the same bound over short time
intervals together with the global-in-time control and the strong uniqueness statement in [33]
(which guarantees that the solutions constructed in [33] 21 23] all agree) and the subadditivity
of the local-in-time X2 -norms over disjoint time intervals as in Lemma A .4 in [2].

Next, we recall the linear estimates. See [3, [14].

Lemma 4.1. LetseR and 0 < T < 1.
(i) For any b € R, we have

15(®)uoll s < Colluol|ars-

(ii) Let —% <b <0<b<¥ +1. Then, we have

H /Ot St —t)F(t)dt

< Cop TN o
Xs,b ’ XT
T

We now state the nonlinear estimates, which essentially follow from [21), 23]. In the remaining
part of this section, we fix small € > 0.

Lemma 4.2. Let —% <o<0andT >0. Then, we have

3
IV (w1, w2, 03) ooy S TG oges (4.13)
X X
T j*l T

uniformly in N € NU {o0}.

9n [21, 23], only the untruncated equation (L.5) was considered. In view of the uniform (in N) boundedness of
P < on the relevant function spaces, the local well-posedness argument in [21], 23] also applies to the truncated
equation (3.1), uniformly in N € N.
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Proof. This is a direct consequence of Proposition 3.1 in [21I]. Indeed, in terms of our notations,
Proposition 3.1 in [2I] establishes the following trilinear bound:

3
N1 (ur, w2, us)ll o —gsoe S H sl oy (4.14)
uOT j=1 uq,T
for —3 <o <0and 0 <7 <1, where Ny is defined by
Nl(ul, ug, U3 Z emx Z Ui nl, t)ag(ng, t)a;g(ng, t). (4.15)
nez I'(n)

We first note that the restriction 7" < 1 in (4.14)) does not play any role in the proof presented
in [21I] and thus we can drop the restriction 7" < 1. A similar comment applies to the lemmas
below.

From (4.7) and (4.15) with (4.1) and (4.4)), we have
NN (01,00, 03) = PSNJ(N1(P§NU1, P yug, P<yus)), (4.16)

where u; = J%(vj). Then, from (.16), -7 and (4.14)) together with the uniform (in NN)
boundedness of P<y on the X - and Y r-Spaces, we have

IWfV(vlavmvz)IIXo,f%ne = ||P§NN1(P§NU17P§Nu27PSNU?))”YJ,f%Hs
T uq,T

3 3
S H ”PSNU.?HYU,% H ’ ]” J§+57
i=1 i=1

uq,T

where, in the last step, we used the monotonicity of the X*’-norm in the parameter b. This

yields (4.13)). O

Lemma 4.3. Let —3 <0 <0 and T > 0. Given N € NU {00}, let vy be the smooth solution
to (4.6) with vx|i=o = ug € C°(T). Then, we have

sup [1m ([ 57 €Oty )G s, o 1t )
In|<N Ty (n) (4.17)

4 6 8
N IIUN\\X;,%+E + HUNHX;,%H + HUNHX;,%H,

where T'n(n) is as in (2.9) and T'n(n) = T'(n) when N = co. Here, the implicit constant in (4.17))
is independent of N € N.

Proof. e Case 1: N = co.  We first recall Proposition 3.4 in [2I]; given —5 < ¢ < 0 and
0<T <1, we have

sup
nel

Im</0 > i(na, t)i(ng, t)a (n;»,,t)ﬁ(n,t)dt)‘

T(n) (4.18)
sHuOn‘}w(||uo||%p+||u||;,%) lully

o,
uq,T 0 “‘0 T

for any smooth solution u to (1.5) with u|t=o0 = up € C°°(T). As mentioned in the proof of
Lemma we can drop the restriction 7' < 1 and the estimate (4.18)) indeed holds for any 7" > 0

(at least for smooth solutions; see Remark below).
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Given uo € C°(T), let v be the solution to with v|;—=9 = ug. Then, u = J (v)

satisfies with ul;—9p = ug. Hence, from Wlth ., ., and -, we obtain
Im(/)Z:ﬁmwﬂmjﬁm%)hgﬂ(nﬂﬁﬂ
O ()

sup
neZ

2
4 2 4 4 6
< Mol + (||uOHHa ) Bl 101,
4
Sl e+ e+ e
T T XT

where, by relaxing the temporal regularity from b = % to b= % + ¢, we used (4.9) in the last

step. This proves (4.17)) for N = oc.

e Case 2: N < oco. Asin the case N = 0o, we establish for N < oo by reducing the
estimate to an analogue of . For this purpose, we first recall the proof of Proposition 3.4
in [21] (namely, the estimate (4.18)). First, we divide the domain I'(n) into a good region I'8°°d(n)
and a bad region I‘bad(n)m Then, the good part, i.e. the contribution to from I'8°°4(n),
is treated by establishing 4-linear estimates (Cases II and III in the proof of [21, Proposition
3.4]), yielding the third term on the right-hand side of . In handling the bad part, i.e. the
contribution to from T'P2d(n) (corresponding to Case I in the proof of [2I, Proposition
3.4]), we first apply integration by parts in time (as in [38| 26] 24]) and write

T
/0 > di(na, t)i(ng, t)i(ns, t)a(n, t)dt

Fbad( )
/ Z =G 1y, ) (g, ) (s, ), D)t
Fbad
71¢>( )t T 4.19
= Y @, ) @(na, O@(ns, )@, ¢) (4.19)
Ibad(p _Z¢( ) t=0
e io(n -
o[ Z (01,2, s, 0,
Fbad
=: I + 10,

where ¢(n) is as in (2.6 and w(t) = S(—t)u(t) denotes the interaction representation of u. As
for I,,, a simple 4-linear estimate yields

sup |Ln| S [luolltre + [1u(T)| 3o -
neL

Combining this with the following bound (see Corollary 3.3 in [21]):
(M) e S luollEe + Ilull?,
uq,T

we obtain

2
sup Lol S lluollfze + (Il + ull®, ;)
ne”L Yuo,T

yielding the first two terms on the right-hand side of (4.18)).

10The precise definitions of I'%°°d(n) and a bad region I'®*!(n) are not important for our purpose.
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As for II,,, recalling that u satisfies ([1.5]), we see that w(t) = S(—t)u(t) satisfies
10w = S(—t)N(S(t)u). (4.20)

See also below. By applying the product rule in taking a time derivative in and
substituting , we express II,, as a sum of 6-linear terms, each of which can be bounded by
establishing 6-linear estimates. This yields the fourth term on the right-hand side of .

In establishing for N < 0o, we repeat the argument in Case 1 and first reduce the proof
of to establishing the following analogue of :

T
sup ‘Im (/ Z ﬂN(nl,t)iZN(ng,t)ﬂN(ng,t)iZN(n,t)dt>’
=N Iy () (4.21)

S ol + (Jluolle + w1 )+ el + unl?,

0‘
uq,T “O T uQ, T

for any smooth solution uy to (3.1) with u|;—g = up € C*°(T). Once is established, we
can simply repeat the reduction in Case 1 (with uy = J~(vy)) and obtain for N < oo.

Lastly, note that the only difference between the equations and is the presence
of the frequency cutoff P<y. Hence, in view of the uniform (in N) boundedness of P<y on
the relevant spaces, we see that the proof of described above (namely, the proof of [21,
Proposition 3.4]) can be directly appliedE| to establish for N < oo. This concludes the
proof of Lemma ]

Lemma 4.4. Let —% <o <0andT >0. Given N € N, let v and vy be the smooth solutions
to [1.2) and ([4.6), respectively, with v|i—o = vN|i=0 = ug € C*°(T). Then, we have

sup 1o / 3 e ® (&m0, £)301.1)

In|<N

— G (n1, £on (na, ow (ns, Hon (m, t)) dt> ’ (4.22)

< Ol o goes 0T ) (10 = 0 o g+ P 0] )
where the implicit constant in (4.22) is independent of N € N.

Proof. This lemma follows from a slight modification of the proof of Proposition 3.8 in [21I] which
states the following difference estimate; given —% <o <0and 0 <T <1, we have

Im ( /0 S (i (1.1, O (s )70 1. )

I'(n)

sup
neL

— T (na, t)iiz (ng, t)iiz(ns, t)iz(n, t))dt) ‘ (4.23)

< C(lluollos il oy szl oy Ylur = sy

Yoo Yol Yo
for any smooth solutions uy,us to (L.5)) with ui|i—g = uz2|i=0 = ug € C*°(T). As before, we
can drop the restriction 7" < 1 and the estimate (4.23)) holds for any 7" > 0 (at least for

smooth solutions; see Remark below). The proof of (4.23)) is analogous to that of (4.18)

1lincluding the integration-by-parts argument in (4.19). We just need to insert P<y in appropriate places.
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(i.e. Proposition 3.4 in [2I]). Namely, divide the domain I'(n) into a good region I'8°°d(n) and
a bad region I'"d(n). Then, the good part is estimated by the same 4-linear estimates as in
the proof of , while, as for the bad part, we apply integration by parts at the level of the
interaction representation (as in (4.19))) and rewrite the 4-linear terms into the 4-linear boundary
terms and the 6-linear terms.

In order to prove , we aim to bound the following difference:

T =/ N~ =
stgv‘ Im </0 F%(;L) (u(nl,t)u(ng,t)u(ng,t)u(n, t) o

—Gn(na, )TN (e, )i (ns, an (1, t))dt)

)

where u and uy are solutions to (1.5)) and , respectively, with u|;—g = un|i=0 = up € C°(T).
We proceed as in the proof of (= Proposition 3.8 in [21]) described above. In studying ,
a difference appears in the integration-by-parts step (in estimating the contribution from the
bad region I'®*d(n)). After applying integration by parts to the first summand in (4.24), the
non-boundary looks like

fer, d 4.25
— w(ny, t)w(ng, t)w(ng, t)w ,t)t, .
| o (@, 0 D, 0.0 (1.25)
where ¢(n) is as in (2.6) and w = S(—t)u(t) is the interaction representation of u. See (4.19)).
We then apply the product rule and use (4.20]) to replace 0w by (the Fourier transform of) the
cubic nonlinearity: M(w)(t) := S(—t)N(S(t)w(t)). Write
/Vl(w) = PSNM(PSN’U)) + PSN (M(w) — M(PSN’LU)) + P>NM(’LU). (4.26)
The first term on the right-hand side of (4.26)) can be put together with the analogous contribution
for wy(t) = S(—t)un(t) coming from the second summand in (4.24)), yielding
P vM(Poyw) = Py M(P<ywy)
= PSNM(PSN(’U}—’wN>,P§NU),P§N’w) (4 27)
—I—PSNM(PSNwN,PSN(w—wN),PSNw) '
+ P yM(P<ywn, P<ywn, P<y(w —wn))
Then, by substituting (4.27)) (for ,w) in (4.25)) and applying the 6-linear estimate from the proof
of Proposition 3.4 in [2I], we bound the contribution from this term to (4.24) by

C(laollme oy s lanl oy Yliw—unll .y (428)

uq,T uq,T uq,T

As for the second term on the right-hand side of , we first write
PSN(M(w) — M(PSNU}))
=Py M(Psyw, w,w) + PcyM(P<yw, Psyw, w) (4.29)
+PcvM(P<nyw, P<yw,Psyw).

Namely, one of the factors is given by P< yw. Then, by substituting (4.29) (for d;w) in (4.25))
and applying the 6-linear estimate from the proof of Proposition 3.4 in [21I] as before, we bound
the contribution from this term to (4.24) by

C (o=l oy )Pl oy (4.30)

ug, T uq, T
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As for the the third term on the right-hand side of (4.26]):
P.yM(w) = PoyM(w, w,w),

we first note that this term vanishes unless one of the factors has frequencies greater than %
Then, proceeding as above, we bound the contribution from this term to (4.24)) by

O (Mol [l y ) I sl g (4:31)
uq,T uq,T
Then, putting (4.28)), (4.30)), and (4.31)) together, we obtain
@20 < C(luolle oy Tl oy ) (=l oy + P ey )
s " o o (4.32)
< C”( u u ) ( u—u +|P.oxu >
< Ol ool ) (I =l o+ 1l
for any € > 0. Here, in the second inequality, we used the embeddmg .9) (for the Y’ ’2+ -space).

Finally, given the smooth solutions v and vy to and (| -, respectively, Wlth V]i=p =
UN|i=0 = ug € C®(T), let u = J 1 (v) and uy = J‘l(vN). Then, the desired bound (4.22))
follows from (4.32)) with (4.1)), (4.4), and (4.11)). This concludes the proof of Lemma O

Remark 4.5. As pointed out in [24], the smoothness assumption in Lemmas and [4.4] m is not

necessary. In view of Lemma (4.2} it suffices to assume that v, vy € X;’IJr for o > —3. See [23]
for details. We also point out that, in Lemmas and the endpoint ¢ = —% is excluded SO
that the estimates in these lemmas hold for rough solutions in C([0,T]; H°(T)), —3 < o < 0, for
any T > 0, using the global-in-time control , which is valid only for ¢ > —%.

4.3. Proof of Proposition We now establish the approximation property of the truncated
dynamics (3.1)) (Proposition [3.2)). In view of the approximation result in L?(T) (see [30]), we
restrict our attention to the range —% < o < 0. We first establish the following preliminary
lemma.

Lemma 4.6. Let —1 < 0 <0 and ug € H°(T). Then, for any T > 0 and § > 0, there exists
No = No(T, ugp,0) € N such that

1 (#)(uo) — Un(8)(uo)ll e <6
for any t € [0,T] and N > Ny.

Proof. We first consider the high frequency part of the dynamics. Recalling that P<xWUn(t)(ug) =
Suo (t)P>nug, where Sy, (t) is as in (4.8]). Hence, there exists N3 = Ny (ug,d) € N such that
)
P> YN () (uo)ll g g = [|Suo (P> NuollLgerz = P> nuolme <
for any N > Nj. From (4.12)) with N = oo and the Lebesgue dominated convergence theorem,
we have

= >

P> N ¥ (@) (uo)llLg g S [P>nUE) (w0 o gee <

T
for any N > Ny = No(T,ug,0) € N.
Hence, it suffices to show that there exists N3 = N3(T',ug,d) € N such that

[P x¥(t)(u0) — Pn (1) o) |5 1g < (433)
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for any N > N3. By writing (4.2) and (4.6) in the Duhamel formulations with v(¢) = W(t)(up)
and vy (t) = Yy (t)(up), we have

2
PSN’U(t) — PngN(t) = ’LZ/t S(t — t’) (PSNAG(U) — PSN_/\/'].N(UN))(t’)dtl

(4.34)
=1 +1IL
We set wy = P<yv — P<yvy. We first estimate I. From (4.3) and (4.7), we have
PN (v) = P<y A (vn)
ST SR LI CM NS o
In|<N In(n)
+ Un(n1, t)Wn (ng, t)v(ns, t) + vn(n1, t)on (ne, t) Wy (ns, t))
+ Y e > ™0y, 1)0(ng, )0 (ns, 1)
In|<N L'(n)
jinli,%%(,3‘nj|>N
Hence, from Lemmas and with (4.12)), we have
10 onee S T[P<yNi(v) — PSN/\GN(UN)HXJ,%HE
] " (4.35)
O, R) (x| oyre + IPonv] i)
for any 7 € [0, T, where R = ||ug|| o
Next, we consider I in (4.34)). From (4.5 and (4.7), we have
_z/ St —t) Z emm(]v (n,t"))? — [to(n)] )wN(n,t’)dt’
In|<N
t 4.36
tif Sit-t) Y m(|v(nt)| |UN(nt)|) v(n,t)dt’ (4.36)
0 In|<N
=:1I; + Il

By Lemma the fundamental theorem of calculus, (4.2)), Lemma and (4.12), we have

MLl o gse S ToNGE0: — 34)H1HXJ,7%+25 < 7(i0% — Op)| 12 1rg

7_

t ——
<7 sup |Re / Oy (n, Yol )de | - ]| o1,
te(0,7] X7
[n|<N
t —
= 7° sup 1m< / Ze”e)(")ﬁ(nl,t’)ﬁ(ng,t’)ﬁ(ng,t')ﬁ(n,t’)dt')’ Nwnll s
te[O,T] 0 F(Tl) XT 2
[n|<N
< 7°C(T, R)lwn ]| o1+ (4.37)
X,

for any 7 € [0,T].
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Recalling that v|;—¢9 = vy |i=0 = wo, it follows from the fundamental theorem of calculus, (4.2),

, Lemmas and and that

50,02 = o (n, O] < |[9,8)[2 = [ido(n) 2| + | [5v (m, ) = [ () |

t . _ — —_—
< 2' I'm < / S €0 (0, )(na, )0 (s, )50, )
0 rn(n)

~ G, U)o (2, D (s, Yo (. t/))dt’)

t S —
+ 2‘ Im </ M G(ny, )0 (ng, t)o(ns, t')o(n, t’)dt')
° 1
max_|n;|[>N
7j=1,2,3
< R (Jronl o ge +IPvl oic). (4.38)
uniformly in |n| < N and 0 < ¢ < 7 < T. Then, from ([4.36)), Lemma[4.1] (4.38)), and (4.12)), we

obtain
||H2HXU,%+E S 7| (80 — 5§)H2IIXU,7%+2E < 7°)|(i0y — 93)Mal 2 o

<7 sup |[o(n,t)]? ~ |5N(n,t)\2’ Monll o1+
tefo,7] X7t (4.39)
In|<N
< 72O R)([lowll oge + 1Pyl o)
Therefore, from (4.34)), (4.35)), (4.36)), (4.37), and (4.39), we have
loxl oyre £ 7°CUTR) (] oy + P a0l o) (4.40)
for any 7 € [0,T]. By choosing 7 = 7(T, R) > 0 sufficiently small such that
1
~C.(T,R) < 5, (4.41)
we obtain, from (4.40) with (4.9),
ol < Fonl e < OUT R, ol oy (1.42)

We now consider the second time interval Iy = [1,27]. The estimates (4.35) on I and (4.37))
on II; also hold on [r,27]. As for the analysis on IIy, we need to make the following modification

in (4.38). By writing
[3n, DF = [on(n, )2 = (1500, D = [0, 7)) = (Jow (O = [ (n, 7))
+ (5, 72 = o (n, 7)2)),

we estimate the first two terms on the right-hand side of (4.43]) by using the fundamental theorem
of calculus as in (4.38)), while the last term on the right-hand side of (4.43) is already controlled

by (4.38) with t = 7. Together with (4.42), this gives
o0, = o, O < O B) (ol o yoc .

+ Ci(Tv R)HP>%UHXS%+5

(4.43)

P
) + >gv\|xm%+€([ﬂ2r])> (4.44)
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uniformly in |n| < N and 0 < 7 <t < 27 < T. Therefore, proceeding as before with (4.44)), we
have

[wnll S 70T R)|lw| +CU(T R)IPoyoll oy (4.45)
T

XT3+ ([r,27)) X5+ ([r,27])

Hence, from (4.45) and (4.41)), we obtain

o lio(rarm) S 1ol oo gy < CoT R ol oo

By repeating this argument, we have

lwn |l zoo(rj;m0) S wnl] < Gy(T, R)||P>gv||X;,%+5-

1
Xa,7+5(lj)

on the jth time interval I; = [(j — 1)7,j7] N [0,T]. Note that while C;(7T, R) is increasing in
J, it follows from our choice of 7 in (4.41)) that max,_ C;(T,R) < C*(T, R) for some
C*(T, R) > 0. Therefore, we conclude that

lwnllLgerg < C*(T, R)||P>gv||X;,%+5- (4.46)

Then, the desired bound (4.33)) follows from (4.46) and the Lebesgue dominated convergence
theorem with (4.12). This completes the proof of Lemma O

Remark 4.7. Due to the lack of local uniform continuity of the solution map in negative Sobolev
spaces, it is crucial that W(¢)(ug) and ¥ (¢)(up) have the same initial condition ug in the proof

of Lemma [4.6} see (4.38).

We conclude this section by presenting the proof of Proposition We follow [39, Proposi-
tion 2.10] and [30, Proposition B.3/6.21].

Proof of Proposition[3.9. Let ug € A, t € R, and small § > 0. Write
D(t)(uo) = Pn (¢) (PN (—1)D(t)(uo))-

By setting wy = ®n(—1t)P(t)(up), it suffices to show that there exists Ny(t, R, up,0) € N such
that

wy € A+ Bg
for every N > Ny. Define zy by
2y = QN (=) ()(uo) — uo
such that wy = ug + zn. Since ug € A, we only need to check that zy € Bs for all N > 1. By
writing
zn = PN (—1)(2(t)(uo) — PN (t)(uo)),
it follows from the uniform (in N) growth bound on the H?-norm of solutions to (3.1)) (see |33,
Proposition 6.6] for the case N = co) that

lon e = [[@n (=) (D(E) (o) — D () (u0)) | o
< C(8)]| () (uo) — D (£) () |47

for some ¢(o) > 0. By the unitarity of the gauge transform 7 in (4.1]) (for fixed ¢ € R) and
Lemma [4.6) we have

[@(2)(wo) — N (t)(uo)|| e — 0
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as N — oo. This implies that zy € By for N > Ny(t, R, ug,d) € N. This proves Proposition
O

5. NORMAL FORM REDUCTIONS

In this section, we present the proof of Proposition and Lemma, by implementing an
infinite iteration of normal form reductions as in [27, 33]. This procedure allows us to construct
an infinite sequences of correction terms and thus build the desired modified energies En(u)(t)

and &(u)(t) in (3.4).

5.1. Main proposition. In this subsection, by expressing the multilinear terms in the series
expansion in terms of the interaction representation, we state the bounds on these multilinear
terms (Proposition . By assuming these bounds, we then present the proofs of Proposition
and Lemma [3.5

In order to encode multilinear dispersion in an effective manner, it is convenient to work with
the following interaction representation of u defined by

v(t) == S(—t)u(t).
On the Fourier side, we have
on(t) = € u, (t),

where, for simplicity of notation, we set v, (t) = v(n,t), etc. We use this short-hand notation in
the remaining part of this section. If u is a solution to (|1.5)), then {v, },cz satisfies the following
equation:
Opvp, = —1i Z ey T Uns + i|onon
(n) (5.1)
= N()n + R(V)n,
where ¢(n) and I'(n) are as in (2.6) and (2.8). By writing (3.2)) in terms of the interaction
representation, we have the following finite dimensional system of ODEs:
Oy, = —i Z e Mty T, + i vn)?vn, In| <N (5.2)
I'n(n)
with v|¢=9 = P<nvl=0, namely, vy|i=0 = 0 for |n| > N.
In the following, we simply say that v is a solution to (5.2)) if v is a solution to (5.2)) when
N € N and to (5.1)) when N = oco. We state out main result in this section.

Proposition 5.1. Let % < s < % and 0 = s — % — ¢ for some small € > 0. Then, given

N € NU {oo}, there exist multilinear forms {N((){gv(t)};‘;z’ {Ngj’g\,(t)};‘iz, and {R%)(t)};iz,
depending on t € R, such that

d /1 d /- ) o . i .
i (3101 = £ (SNAOE) + SN + L RYO60) 63
j=2 =2 j=2
for any solution v € C(R; H?(T)) to 1) Here, Ng?v(t) are 2j-linear forms, while Ngjj)v and
R%) are (2j + 2)-linear forms, satisfying the following bounds in H?(T); there exist positive

2Note that the left-hand side of (5.3) does not a priori make sense for v € C(R; H?(T)). The identity (5.3) is
to be understood in the limiting sense for rough solutions.
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constants Cy(7), C1(j), and Ca(j), decaying faster than any exponential ratﬂ as j — oo such
that

5up [N ()i, )] < Gl Hufkum (5.4)
€
2]+2
SUP‘N ) (f1,- -5 fajr2)| < Ci( H | ficll #re s (5.5)
2]+2
§U§|R )(f1,- s fajya)| < Ca(y HkaHH“ (5.6)
€

for j =2.3,.... Note that these constants Co(j), C1(j), and Co(j) are independent of the cutoff
size N € NU {oo}.

We now present the proofs of Proposition and Lemma by assuming Proposition
First, we prove Proposition 3.4 Given N € NU {oo}, let u € C(R; H°(T)) be a solution to ({3.2),

satisfying the growth bound (3.5). Then, we define the multilinear form NO N NV 1(]N, and R 7)
by setting

NI (u(t)) = NP (0)(S (~t)u(t)),
N (u(t)) == N () (S(—t)u(t)), (5.7)
R (u(t)) == RY (£)(S(~t)u(t))

While the multilinear forms N(()j ])V, Ngj J)\,, and R%) appearing in Propositionare non-autonomous
(i.e. they depend on ¢t € R), it is easy to see from the construction of these multilinear forms
carried out in the remaining part of this section that the multilinear forms ./\/'éj%,, Nl(j]z,, and R%)
defined in are indeed autonomous. 7 7

From (5.3) and with the unitarity of S(t), we obtain (3.3). By defining the modified
energy En(u) as in , it follows from and (5.7)

i&v Z NU Ju(t) + 3 RY (1) (S(—t)u(t)). (5.8)
=2

Then, from (/5.8)) and Proposition together with the growth bound (3.5) and the fast decay
(in 7) of the constants Cy(j), C1(j), and Ca(j), we obtain

sup
t€[0,T)

GEV0| < 3 (O0)+ )

2
s(R).

IA
Qs

This proves Proposition

I31n fact, by slightly modifying the proof, we can make Co (), C1(j), and Ca(j) decay as fast as we want as
J — oo.
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We now turn to the proof of Lemma, Let u € B € H?(R). Then, from (3.6), (5.7),
and (5.4) in Proposition we have

Sn()] = | SN Pavw)| = | SN PnS(—t)
j=2 J=2
<> Co())RY < Cy(R)
j=2

for any N € NU {oo} (and any ¢t € R). As for the convergence part, we refer the readers to
Subsection 4.7 in [27] for details. This completes the proofs of Proposition and Lemma

Remark 5.2. In [27], Proposition was shown for ¢ = 0 (and 3 < s < 1), where the divisor
counting argument played an important role. In the current setting with o < 0, we need to
make use of the fourth order dispersion to gain derivatives and, for this purpose, we follow the
argument in [33]. In particular, we do not rely on the divisor counting argument. The essential
difference between our argument and that in [33] is the presence of the weight (n)?*, coming
from the H*-norm squared on the left-hand side of . Namely, for our problem, we need to
exhibit a stronger smoothing property than that in [33], resulting in a worse regularity restriction

o> —% in Proposition

5.2. Notations: index by ordered bi-trees. In this subsection, we go over notations from
[18, 27, B3] for implementing an infinite iteration of normal form reductions. Our main goal is to
apply normal form reductions to the H*-energy functiona]ﬂ and thus we need tree-like structures
that grow in two directions. For our analysis, ordered bi-trees in Definition play an essential
role.

Definition 5.3. (i) Given a partially ordered set T with partial order <, we say that b € T
with b < a and b # a is a child of a € T, if b < ¢ < a implies either ¢ = a or ¢ = b. If the latter
condition holds, we also say that a is the parent of b.

(ii) A tree T is a finite partially ordered set satisfying the following properties:

(a) Let ay,az2,a3,a4 € T. If ag < as < a1 and a4 < a3 < aj, then we have ay < ag or
a3 < ag,

(b) A node a € T is called terminal, if it has no child. A non-terminal node a € T is a node
with exactly three orderedE children denoted by a1, as, and as,

(c) There exists a maximal element r € T (called the root node) such that a < r for all
aeT,

(d) T consists of the disjoint union of 7° and 7°°, where T and 7°° denote the collections
of non-terminal nodes and terminal nodes, respectively.

(iii) A bi-tree T = T1 U Tz is a disjoint union of two trees 71 and 72, where the root nodes r; of
T, j = 1,2, are joined by an edge. A bi-tree T consists of the disjoint union of 7% and T,
where 79 and 7°° denote the collections of non-terminal nodes and terminal nodes, respectively.

Mpore precisely, to the evolution equation satisfied by the H?®-energy functional.

15por example, we simply label the three children as a1, a2, and a3z by moving from left to right in the planar
graphical representation of the tree 7. As we see below, we assign the Fourier coefficients of the interaction
representation v at a1 and as, while we assign the complex conjugate of the Fourier coefficients of v at the second
child as.
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By convention, we assume that the root node r; of the tree 77 is non-terminal, while the root
node 7o of the tree 75 may be terminal.

iv) Given a bi-tree T = 71 U T3, we define a projection Il;, j = 1,2, onto a tree by setting
J
IIJ(7 )= Tj.

Note that the number |T| of nodes in a bi-tree T is 3j + 2 for some j € N, where |T°| = j
and |7°°| = 2j + 2. Let us denote the collection of trees in the jth generation (namely, with j
parental nodes) by BT'(j), i.e

BT(j) :={T : T is a bi-tree with |T| = 35 + 2}.

Next, we recall the notion of ordered bi-trees, for which we keep track of how a bi-tree “grew”
into a given shape.

Definition 5.4. (i) We say that a sequence {’T} _, is a chronicle of J generations, if

(a) Tj € BT(j) foreach j =1,...,J,
(b) Tj4+1 is obtained by Changlng one of the terminal nodes in 7; into a non-terminal node
(with three children), j =1,...,J — 1.

Given a chronicle {T} _, of J generations, we refer to 7; as an ordered bi-tree of the Jth
generation. We denote the collection of the ordered trees of the Jth generation by BT(J). Note
that the cardinality of BT (.J) is given by [B%T(1)| =1 and

IBT(J)=4-6-8----- 2J =277 N =¢;, T>2 (5.9)

(ii) Given an ordered bi-tree 7; € BE(J) as above, we define projections 7j, j =1,...,J — 1,
onto the previous generations by setting

m(Ty) = Tj € BE()-

We stress that the notion of ordered bi-trees comes with associated chronicles. For example,
given two ordered bi-trees 7; and 7, of the Jth generation, it may happen that 7; = T as
bi-trees (namely as planar graphs) according to Definition while T # 7; as ordered bi-trees
according to Definition In the following, when we refer to an ordered bi-tree T; of the Jth
generation, it is understood that there is an underlying chronicle {7;}37:1

Given a bi-tree 7, we associate each terminal node a € 7°° with the Fourier coefficient (or
its complex conjugate) of the interaction representation v and sum over all possible frequency
assignments. For this purpose, we recall the notion of index functions, assigning integers to all
the nodes in T in a consistent manner.

Definition 5.5. (i) Given a bi-tree 7 = 71 U T2, we define an index function n : 7 — Z such
that

(a) ny, = n,,, where r; is the root node of the tree 7;, j = 1,2,

(b) Mg = Ny — Nay + Nag for a € TO, where ay, as, and a3 denote the children of a,

(¢) {na,May} N {Nay,nag} =0 for a € TV,
where we identified n : 7 — Z with {n,}ee7 € Z7. We use %(7T) C Z7 to denote the collection
of such index functions n on 7.
(ii) Given a tree T, we also define an index function n : 7 — Z by omitting the condition (a)
and denote by M(T) C Z” the collection of index functions n on 7.
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Remark 5.6. (i) In view of the consistency condition (a), we can refer to n,, = n,, as the
frequency at the root node without ambiguity. We shall simply denote it by n, in the following.

(ii) Given a bi-tree 7 € BT(J) and n € Z, consider the summation over all possible frequency
assignments {n € N(T) : n, = n}. While |T>°| = 2J + 2, there are 2J free variables in this
summation. Namely, the condition n, = n reduces two summation variables. It is easy to see
this by separately considering the cases IIo(7) = {72} and IIa(T) # {r2}.

Given an ordered bi-tree 7 of the Jth generation with a chronicle {7}}3]:1 and associated
index functions n € 91(7;), we use superscripts to denote such generations of frequencies.

Fix n € (7). Consider 71 = m1(7Ty) of the first generation. Its nodes consist of the two
root nodes r1, 7y, and the children rq1, 712, and r13 of the first root node 1. We define the first
generation of frequencies by

(n( ) ngl)ﬂ?’g )7n§51)) (nT1>nT11>nT12>nT13)

The ordered bi-tree T = mo(7;) of the second generation is constructed from 77 by changing one
of its terminal nodes a € 7™° = {ra, 711,712,713} into a non-terminal node. Then, we define the
second generation of frequencies by setting

2
( (2) ng )7"7’% )’ ( )) : (nihn(lmnazanag)-

As we see below, this corresponds to introducing a new set of frequencies after the first differenti-
ation by parts.

In general, we construct an ordered bi-tree T; = m;(7;) of the jth generation from 7;_; by
changing one of its terminal nodes a € ’7}0_01 into a non-terminal node. Then, we define the jth
generation of frequencies by

(n(j),ngj),ngj) ngj)) = (Nay May s Nags Nag )-
We denote by ¢; the phase function for the frequencies introduced at the jth generation:
6 = 6y (0?0 ) = () )+ (o) - )"
Note that we have |¢;| > 1 in view of Definition and (2.7). We also denote by 1, the phase
function corresponding to the usual cubic NLS (at the jth generation):

i = i (0 ) ) = (1) = ()" ()" = ()
= -2 —n’) (1 ~nf?).
Then, from , we have
1651 ~ (0% - [(n9) = ) (0D — )| ~ (0 - |11, (5.10)

where nﬁﬁ&x is defined by

niy = max (Jn?], [ni?], g, In).
Lastly, given an ordered bi-tree T € BZ(J) for some J € N, define A; C N(T) by
A; = {1d11] S 2T + %1451} U {15411 S (2T + 4%}, (5.11)

where @ is defined by

b= . (5.12)
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In Subsections and we perform normal form reductions in an iterative manner. At
each step, we divide multilinear forms into nearly resonant part (corresponding to the frequencies
belonging to A;) and highly non-resonant part (corresponding to the frequencies belonging to
A;) and apply a normal form reduction only to the highly non-resonant part. Then, we prove the
multilinear estimates , , and for a solution v to , uniformly in N € NU {oo}.
For simplicity of presentation, however, we only consider the N = oo case and work on the
equation without the frequency cutoff 1},,<y in the following. We point out that the same
normal form reductions and estimates hold for the truncated equation , uniformly in NV € N,
with straightforward modifications: (i) set v, = 0 for all |n| > N and (ii) the multilinear forms
for are obtained by inserting the frequency cutoff 1)<, in appropriate placesm In the

followmg, we introduce multilinear forms such as N(] ) N(J ) N(] ) , and RY) for the untruncated

equation (5 . With a small modification, these multﬂmear forms give rise to Néj])\,, Ngjg\,, Né]])\,,

and R%), N € N, for the truncated equation , appearing in Proposition

We point out that given finite N € N, a solution to the truncated equation ([5.2]) is smooth and
therefore the formal computations presented in Subsections [5.3] and [5.4] can be easﬂy justified for
solutions to (5.2). When N = oo, we need to impose the regularlty condition v € C(R; H?(T)),
o> %, to justify the normal form procedure See [18, [33] for details. Hence, given a solution
v e C(R;H(T)) to with —z <o < 0 as in Proposition we need to go through a
limiting argument to obtain the 1dent1ty . This argument, however, is standard and thus we
omit details.

5.3. First few steps of normal form reductions. In this section and the next section, we go
over normal form reductions. The formal computation at each step and the resulting multilinear
forms are essentially the same as those appearing in [27] (modulo the slightly different frequency
sets A; defined in ) In terms of the actual estimates on the multilinear forms, however,
we closely follow the argument in [33]. For readers’ convenience, we present essentially the full
details.

In this section, we go over the ﬁrst few steps. Let v be a smooth global solution to . With

¢(n) and I'(n) as in and (2.8), we have

i 1 2 — s —ip(n)t J— _
v(t)||7s | = —Ret Uny (0)Vngy (8)vns (0)vn (T
dt <2H )1 ) n§€ZI‘§ (8)Vny (L) vng (8) V0 (2) (5.13)

= N () (0(0)).

Remark 5.7. (i) Due to the presence of the phase factors in their definitions, the multilinear
forms such as NV(¢)(v(t)) are non-autonomous in ¢. In the following, however, we establish
nonlinear estimates on these multilinear forms, uniformly in ¢t € R, by simply using \e*w(ﬁ)ﬂ =1.
Hence, we suppress such ¢-dependence when there is no confusion.

(ii) The complex conjugate signs on vy, do not play any significant role. Hereafter, we drop the
complex conjugate sign.

16Using the bi-tree notation, it follows from (5.2]) that we simply need to insert the frequency cutoff 1,0<n

on the parental frequency n'?) assigned to each non-terminal node a € 7°.
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In view of (2.7) and (£2.8), we have |¢(72)| > 1 in (5.13)). Then, by performing a normal form
reduction, namely, differentiating by parts, and substituting the equation (j5.1]), we obtain

N (v)(t) Re@t[ 3 Z)nr th ana}

T1€BF(1) neN(T1 a€T>

e Y Y (mtat(r[vna)

7—16‘33(1) neN(71) a€T>®

—ip1t
= Re &g |: Z Z nr ¢1 H Una:|

T1€BZ(1) neN(7T1) a€7—1°°

c Y X z)nr

7’16%5(1) beT® neN(Th

R(“)nb H Ung

a€T\{b}

—i(p1+¢2)t
> 2 ] v
T2eBT(2) neN(T2) a€T*®
= NP () (1) + RO (0)(t) + NO () (). (5.14)

In the second equality, we used the equation to replace Oyvy, by the resonant part R(v)n,
and the non-resonant part N'(v),,. Note that the substitution of N'(v),, amounts to extending
the tree 71 € BI(1) (and n € MN(T1)) to T2 € BT(2) (and to n € MN(72), respectively) by
replacing the terminal node b € 7,°° into a non-terminal node with three children by, b2, and bs.

Remark 5.8. Strictly speaking, the phase factor appearing in N®) (v) may be ¢1 — ¢2 when
the time derivative falls on the terms with the complex conjugate. In the following, however,
we simply write it as ¢ + ¢ since it does not make any difference in our analysis. Also, we
often replace +1 and 44 by 1 for simplicity when they do not play an important role. Lastly, for
notational simplicity, we drop the real part symbol on multilinear forms with the understanding
that all the multilinear forms appear with the real part symbol.

We first estimate the boundary term N(()z). In the remaining part of this section, we set
o =0(s)=s— 1 —¢ for some small £ > 0 as in (2]

Lemma 5.9. Let N(()z) be as in (5.14). Then, for s > 0, we have

INS (0)] S [0l 4e- (5.15)

Proof. For notational simplicity, we drop the superscript (1) in the frequencies nM) = n, and

ng.l). From (j5.10), we have

Nmax 1
up 2 IETP Sswp D 15785 <1 (5.16)
n

nez £ [(n = n)(n - n3)|?Nima
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provided that 4 — 4s + 80 > 0, namely, s > 0. Then, by Cauchy-Schwarz inequality with
BE(T1)| =1 and (j5.16]), we have

2 2 2 Tj;f‘ [T a7,

Tle%z ) NEZ neN(T1) a€T >
ny=n
: uvnm{(supz 5) (S )|
NEL () n€Z T (n) i=1
S

This proves (5.15)) O

Proceeding in an analogous manner, we obtain the following estimate on R®.

Lemma 5.10. Let R® be as in (5.14). Then, for s > %, we have

RO ()] < [[o]fo-

Proof. This lemma follows from the proof of Lemma and ¢2 — (% once we observe that

Z nﬁfa 120 Z 1
sup = Sup 5 17

nel I'(n) |¢1 |2 neZ n —n1 (n _ ng) |2nﬁlais+120

provided that 4 — 4s + 120 > 0, namely, s > 1. -

As it is, we cannot estimate N®) in (5.14)). By dividing the frequency space into A; defined
in (5.11) and its complement AS, we split N as

N@ = N® 4 NP, (5.17)

where N§2) is the restriction of N onto A; and N§2) =N® — N§2). Thanks to the frequency
(2)

restriction Ay, we can estimate the first term Nj
Lemma 5.11. Let Ng2) be as in (5.17). Then, for s > %, we have
2
INE ()] S o]
Proof. On Ay, we have |¢2| < |¢1]. Then, from (5.10]), we have

1 _6o 2
sup (nr(ngx)éls 6 (nl(mgx)
2
nEZne‘ﬂ(Tg) ‘¢1’
Neyr=n
|p2|<| ¢ (518)
1
< sup
nez neN(7z) |/L1 ’a |M2 ’2*04 (ngngx)f4s+6a+2a (ngn%x)ﬁodrél*?o‘

ny=n
for any 0 < a < 2. We impose —4s + 60 + 2a > 0 and 60 + 4 — 2 > 0, namely,
a 1

3
—a+ = nd - == 1
s> —« 5 a 5>3 6 (5.19)
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(1)

In view of the powers of nyax and nfﬁ&x on the left-hand side of (5.18), we may assume that
1 <a<2. From |u| S (nl(m)lx) we have

2>~ (nf3)

max)6o’+4 2« > ‘:U’ ‘33 2a+7735

Now, we impose 3s — 2a + % > 1, namely,

2 1
—a— —. 2
5> 3% 3 (5.20)

Under the conditions (5.19) and (5.20)), it follows from (5.18]) that there exists § > 0 such that

1) \4s—60 /.. (2)
(nr(nax) (n ax) 1
sup 5 5 sup E T s <1. (5.21)
neZ o) |p1] nel o \M1| |12
nr=n nT:n
|p2] Sl

By optimizing the conditions (5.19) and (5.20) with v = £, we obtain the restriction s > 2.

e Case 1: We first consider the case II2(72) = {r2}. Namely, the second root node r3 is a
terminal node. By Cauchy-Schwarz inequality with (5.21]), we have

WY Y Y w

neZ ToeBZT(2) neN(Tz) acTy®
Hp(T2)={r2} "r="

2
23 o
§HUHH"{Z< Z Z 1A1 |¢| H U“@) }
n€Z \ TeBI(2) neN(T:) a€Ty°\{r2}
Ho(T2)={rz} "r="n

=

(nﬁ%;x)4s—6a<n§%;x>—6a> :

Slvllge  sup <sup Z 14, o

T26B%(2) nez
I (Ta)={r2)} ST2)

(XY I <na>2“|vna|2);

n€ZneN(Tz) a€ T \{r2}

np=n

< vl

e Case 2: Next, we consider the case IIa(72) # {r2}. In this case, we need to modify the
argument above since the frequency n, = n does not correspond to a terminal node. Noting that
T3° =111 (T2)*° Ully(T2)*°, we have

> 11 !%!2:12[( > 1T Ivnaj\z). (5.22)

neN(Tz2) a€T5® J=1 *neN(I1;(72)) a; €ll;(T2)>

np=n Tur; =10
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Then, from (5.21)) and ( -, we have
s> > X la I v

neZ T2eBT(2) neN(Tz2) a€T*®
M2 (T2)#{r2} "r="

( ) \ds—60(, (2) \—60 1
Tmax Nmax 2
s ngg(z) Z( 2 1A1 | |¢1\(2 ) )
S
Ma(Ta)£{ra) "< €M)

(T M Zarvnﬁ)

neMN(7Tz) a€T5°

np=n

< sup 2;( ) r[<na>2“\w2)é

T2eB%(2) ~
I (Ta)#{r2) neN(73) a7,

1

aup ZH( > I Gu)leP)

TEBU2) ez j=1 I, €11, (T3)°
HQ(TQ#{Q}?@ j= nef{ltgjé(nﬁ))aye §(T2)

< aup H(Z DI | OB S

T2eB%(2) oo
Hz?ﬁ)#{rz}y ! HEZHE%H 5 (T2)) a; €11, (72)

J

N

< ol
This completes the proof of Lemma [5.11 U

Before moving onto the next subsection, let us briefly describe how to handle the highly
non-resonant part N in - On the support of Ng ), i.e. on A, we have

|61 + 2| > 6%|1] (5.23)

Namely, the phase function ¢1 + ¢2 is “large” in this case and hence we can exploit this fast
oscillation by applying the second step of the normal form reduction:

—i(p1+¢2)t
]

(2)
" {Z 2 1 f¢1¢1+¢2> 11

T2€B%Z(2) neN(T2) a€Ty®
—i(p1+p2)t

Z Z Z 1A1 <751 ¢1+<Z52) R0}, H e

T2€BT(2) bET neN(Ts ) a€T\{b}

e~ i(d1+d2+¢3)t

- Z Z 1A ¢1 (¢1 + ¢2) H e

T3€BT(3) neN(T3) a€T®
= NG () + RO () + NO) ().

Using , we can estimate the first two terms Né?’) and R® on the right-hand side in a
straightforward manner. See Lemmas and below. As for the last term N®), we split it
as NG = Ngg) + Ngg), where Nf’) and N'¥ are the restrictions onto Ag and its complement A$,
respectively. By exploiting the frequency restriction on A{ N Ay, we can estimate the first term



QUASI-INVARIANT MEASURES FOR THE CUBIC 4NLS IN NEGATIVE SOBOLEV SPACES 33

Ng?’) (see Lemma below). As for the second term Ng3), we apply the third step of the normal
form reductions. In this way, we iterate normal form reductions in an indefinite manner.
5.4. General step. After the Jth step, we have

ny)2 e—idst

NéJ)(U):at[ > 103111A§<

S T
T7€BI(J) neN(Ty) Hj=1 (bﬂ acTye
nr>256—z‘q~sjt

B Z Z Z 1ﬂj11A§< R(v)n, H Un,

T7EBT(J) bETS® neN(Ty) H}]=1 qu a€T\{b}
B 7’]+1€;(J+1) UG%}H) lﬂ]tll 4 H;‘le gj ael;,[jl o
—: ONG D (0) + RUFD (v) + NUHD (), (5.24)
On ﬂjz_ll AS, we have |¢1| > 1 and
|95 > (2 + 2)* max (16—, ¢ ) = (25 +2)° (5.25)

for j = 2,...,J. As in [18, 27, B3], we control the rapidly growing cardinality c; = |BT(J)|
defined in (5.9) by the growing constant (2j + 2)% appearing in (5.25)).
First, we estimate Né‘]H) and RU+D).

<nr>286—i$J+1t

Lemma 5.12. Let N[()JH) be as in (5.24). Then, for any s > é, we have

(J+1) 1 2742
\No ()| < %HUHHG . (5.26)
[1/-0(25 +2)3
Here, the implicit constant is independent of J.
Proof. From (j5.12)), we have
|61 < max (1§51l 15).-
Then, in view of (5.25)), we have

(2)%165] < 151151, (5.27)
Hence, from and then , we have
J J J
[116512 > 1ealis TT (@)Plest) > lor 2 TT (25 + 21e51)- (5.28)
j=1 =2 =2

We only discuss the case II2(7;) = {r2} since the modification is straightforward if IIy(7) #
{ra}. Given s > ¢, there exists small § > 0 such that

(n(]) )—60 (n(ﬂ) )—60 1
max ~ max : ) 5'29
|51 1] ()2 ™ gt (5.29)
Similarly, we have
(1) \4s—60 (1) \4s—60
max max 1

@12 2 (i)t ™ Il
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Then, from (5.28)), (5.29), and (5.30]), we have

(9) \—6c
nmx
suleJ1Ac-m H a2
NEL LeN(Ty) j=1 e
ny=n
6o J N\
< —1 - sup 1~7-1 (nggx)% " (nggx) -
T . L AC 2 .
[T (25 +2)° nez S Mi=1 45 || i |51
np=n
¢;#0
Jj=1,....,J
S 7 1- 3 Sup Z | ,2H‘ ,1+5
[1j=1(25 +2)% nez Si7 ) 1 Hj
ny=n
pj7#0
Jj=1,...,J
CJ

< TR (5.31)

Hence, by Cauchy-Schwarz inequality and ([5.31]), we have

(1) \4s—60 J (3) \—
Mmax TMmax
ING T ()] < ol e > {}:( 3 103,11Aq< M}i'? H< )70 )

Tre83() nezZ \nen(Ty) ! j=2 ’¢j!2
Ha(Ty)={r2} fr=n
3
> I )
neN(T7;) a€T°\{r2}
nr=n
J
il
S Ll F (5.32)
H] 2(27 + 2)
Then, the desired bound ( - ) follows from (/5.9)). O

Remark 5.13. At the first inequality in (5.32)), we needed the full power <n1(ﬁzlx) —69 only for
those j’s such that the three terminal nodes of the tree added in the (j — 1)th step are also in
T7°. For example, j = J satisfies this condition. For other values of j, a smaller power may
suffice. Note, however, that we need to use at least for j = J, thus requiring the regularity
restriction s > %. We therefore simply used the maximum power <n821x> 69 forall j=1,...,J
at the first inequality in ([5.32)). The same comments applies to Lemmas and

Lemma 5.14. Let RV*Y be as in (5.24). Then, for any 6 <s< 1, we have

1
RV (0)] < %H vl 3 (5.33)
H}'jzz(QJ +2)3

Here, the implicit constant is independent of J.

Proof. We consider two cases: (i) |¢s] > |¢s| and (ii) |os] < |¢y]-
e Case 1: |¢y| > |¢s|. From (5.10), we have

()71 <ol (5.34)
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for o < 0, namely, s < % From ([5.25)), we have
oy T =207 142 -2 142 ) 142
|01 = 1017271011727 > 161727617727 2 || dn |72, (5.35)
provided that 1 + 20 > 0, namely, s > 0. We also observe that

(nggx)“_% N 1
’(lsl |2+20 ’Hl ‘24_20 (nggx)él—éls-i-loa '

(5.36)

Note that 4 — 4s + 100 > 0 and 2 + 20 > 1, provided that s > %. Then, by applying (5.28) and
(5.35)) followed by ((5.29)), (5.34)), and (5.36)), we have

J J) —60

sup Z 10‘_]:1 A€ (nI(I{zzx max H nmL

nelpewiryy j=1 |¢J|2
ny=n
(J) \—40 (1) yas—60 _J (4)
1 Nmax Nmax Mrhax
Hj:2(2j) n€Z penTy) = |p ] 1 jale J
ny=n
®;7#0
7j=1,...,J
< _ - sup (”EQX)_% (nggx)“_ﬁg ! ("gzxx)_ﬁa
J . —2 2+2 .
[1=2(2)? n€Z ) [0 I 1] R ey |95
ny=n
®;7#0
Jj=1,...,J
J
<< (5.37)
Hj:2(2])

Hence, proceeding as in (| with and , we obtain in this case.
e Case 2: |¢/] < ]¢J|. In this case, we have ]¢J| ~ |¢s_1|. From (5.27)), we have

J J-1
T11652 > lo1l1as-1l18s12 TT ((23)716s). (5.39)
j=1 Jj=2

From (5.25)), we also have
(61> (27 +2)3|6s1] ~ (27 +2)%|6.],

_ ) (5.39)

|@s—1] > (2J)°|¢].

Thus, from (5.38) and (5.39)), we have
H 3 ol T T (25 +2%141). (5.40)
7j=1
Note that
(J) \=100 (J) 100

(Ravac) 77 (1)~ ! (5.41)

< ,
Y T A
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provided that 4 + 100 > 0, namely, s > %0' Then, from (5.40), (5.29), (5.30)), and (5.41]), we have

1 ! (nr(ljlzmx)f&j
wp S T () [T
ne” nen TJ) 7j=1 ’qu’
nr=n
605 J— _
1 (n&l])x) 100 (nr(nlgx)zm 60 J—1 (n EIJIAX) 60
D TENCTEE 0 1ol %]
[Tio1(27 427 nez a7 J ! j=2 i
ne=n
¢;#0
J=1J
CJ
S J—,g' (5-42)
[T;-1(25 +2)
Hence, proceeding as in (5.32)) with (5.42) and (5.9)), we obtain (5.33)) in this case. O
Finally, we consider N/t As before, we write
NG = NGHD NS (5.43)
where Ng‘]H) is the restriction of N1 onto A defined in (5.11) and NgJH) = N+ Ng‘]H).
In the following lemma, we estimate the first term Ng‘]H). Then, we apply a normal form

(J+1)

reduction once again to the second term N, as in ([5.24]) and repeat this process indefinitely.

Lemma below shows that, for a smooth function v, this error term NgJH) tends to 0 as
J — oo0.

Lemma 5.15. Let NgJJrl) be as in (5.24). Then, for any s > %, we have

J+1) 1 2J+4
INS O 5 =il (5.44)
I1]5(2) +2)3

Here, the implicit constant is independent of J.
Proof. On A;N A5_,, we have |d741| S (2 +4)3|¢y| and thus
(6551l S (i1l + 161 S T2 161 (5.45)

Then, from , -7 and ( -, we have

J
PTG > B =il I1 (@)°161)
= ; = (5.46)
2 101200l TT (20)%151)
=2
for 0 < o < 1.
Writing
1 S—00
()= L (5.47)
‘(;51 |2—a |:U’1 |2,a (nggx)74s+6072a+4
and
(ngg(l))_(j ! (5.48)

[yl !MJHI (nrﬁ];}rcl))60+2a7



QUASI-INVARIANT MEASURES FOR THE CUBIC 4NLS IN NEGATIVE SOBOLEV SPACES 37

we impose —4s + 60 — 2a+ 4 > 0 and 60 + 2« > 0, namely,

1 1
s>a-g and 5> —%—1—5. (5.49)
From || S (niaix))?, we have

3
|MJ+1‘a(n£ﬁ]£<1))60+2a z |M2’3s+2a7573€'

We now impose 3s + 2a — % > 1, namely,

2 )
s> _§a+6' (5.50)

By optimizing the conditions (5.49) and (5.50) with a = %, we obtain the restriction s > 2.

Hence, for s > 2, it follows from (5.46)), (5.47)), (5.48), and (5.29) that

(J+1)\—60(, (1) 14 T
Sup Z 1Am(ﬂ3’;11 Ag) (Max ) (Trnax) H T e
nek neN(Ty4+1) j=1 |95

np=n

J —0b0 s—bo J j —00
J3 - sup (nﬁn;f)) 6 (nl(rllz):»x)4 6 (ngﬁ%x) 6

T o0 p )
[1j=2(29)® nez 37 ) |Pyt1]® (21 i |95

<

ny=n
|#;]1#0
G=1,...,J+1

J3 1
S —_— . Sup [
Hj:2(2j)3 Z H |10

CJ+1 J3
T (26)°
for some small § > 0. Then, the desired bound ([5.44) follows from the Cauchy-Schwarz argument
with (5.51)). O

We conclude this subsection by showing that the error term Ng‘jﬂ) in (5.43)) tends to 0 as
J — oo under some regularity assumption on v. From ([5.24)), we have

NSy = 3 o1 I I v (5.52)

J ~.
Ty41€BT(J+1) neN(Ty41) [Tj=1 95 a€T5e,

(5.51)

<nr>236—iq~5J+1t

Lemma 5.16. Let o > 3. Then, given any v € H°(T), we have

NS+ (0)] — 0,
as J — oo.

Proof. By the algebra property of H*(T), s > 1, we can easily bound (5.52)) by 07_0(1) [ vl| 35T,
where the decay in J comes from (5.25) for j = 2,....J + 1. See also [27, Subsection 4.5]. O

Remark 5.17. We point out that one can actually prove Lemma under a weaker regularity
assumption o > %. See [33, Lemma 8.15].
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5.5. Proof of Proposition We briefly discuss the proof of Proposition Let v be a
smooth global solution to (5.1). Then, by applying the normal form reduction J times, we

obtainlE

J+1 ' J+1 ]
2 (31e0ie) = jt(; NP ) + 3 M0

J+1
+ S RO @) (1) + NY V() (2).
=2

For a smooth solution v, Lemma [5.16[ allows us to take a limit as J — oo, yielding

G (310l - jt(; N ()0 +j§:;N<”<v><t> + 3R,

Therefore, we obtain ([5.3)) for a smooth solution v to ([5.1]). For a rough solution v € C(R; H(T)),

1
5

< 0 <0, we can obtain the identity (5.3]) by a limiting argument. This argument is standard

and thus we omit details. See, for example, Subsection 8.5 in [33].

The bounds (5.4), (5.5)), and (5.6) follow from Lemmas [5.9] [5.10} .11} [5.12} [5.14] and [5.15

This proves Proposition [5.1
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