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Abstract

The thesis aims to develop a viable computational approach suitable for solving large

vehicle routing and scheduling optimisation problems affected by uncertainty. The

modelling framework is built upon recent advances in Stochastic Optimisation, Robust

Optimisation and Distributionally Robust Optimization. The utility of the methodol-

ogy is presented on two classes of discrete optimisation problems: scheduling satellite

communication, which is a variant of Machine Scheduling, and the Vehicle Routing

Problem with Time Windows and Synchronised Visits. For each problem class, a prac-

tical engineering application is formulated using data coming from the real world. The

significant size of the problem instances reinforced the need to apply a different compu-

tational approach for each problem class. Satellite communication is scheduled using a

Mixed-Integer Programming solver. In contrast, the vehicle routing problem with syn-

chronised visits is solved using a hybrid method that combines Iterated Local Search,

Constraint Programming and the Guided Local Search metaheuristic.

The featured application of scheduling satellite communication is the Satellite Quan-

tum Key Distribution for a system that consists of one spacecraft placed in the Lower

Earth Orbit and a network of optical ground stations located in the United Kingdom.

The satellite generates cryptographic keys and transmits them to individual ground

stations. Each ground station should receive the number of keys in proportion to the

importance of the ground station in the network. As clouds containing water attenu-

ate the signal, reliable scheduling needs to account for cloud cover predictions, which

are naturally affected by uncertainty. A new uncertainty sets tailored for modelling

uncertainty in predictions of atmospheric phenomena is the main contribution to the

methodology. The uncertainty set models the evolution of uncertain parameters using
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a Multivariate Vector Auto-Regressive Time Series, which preserves correlations over

time and space. The problem formulation employing the new uncertainty set compares

favourably to a suite of alternative models adapted from the literature considering

both the computational time and the cost-effectiveness of the schedule evaluated in the

cloud cover conditions observed in the real world. The other contribution of the the-

sis in the satellite scheduling domain is the formulation of the Satellite Quantum Key

Distribution problem. The proof of computational complexity and thorough perfor-

mance analysis of an example Satellite Quantum Key Distribution system accompany

the formulation.

The Home Care Scheduling and Routing Problem, which instances are solved for

the largest provider of such services in Scotland, is the application of the Vehicle Rout-

ing Problem with Time Windows and Synchronised Visits. The problem instances

contain over 500 visits. Around 20% of them require two carers simultaneously. Such

problem instances are well beyond the scalability limitations of the exact method and

considerably larger than instances of similar problems considered in the literature. The

optimisation approach proposed in the thesis found effective solutions in attractive com-

putational time (i.e., less than 30 minutes) and the solutions reduced the total travel

time threefold compared to alternative schedules computed by human planners. The

Essential Riskiness Index Optimisation was incorporated into the Constraint Program-

ming model to address uncertainty in visits’ duration. Besides solving large problem

instances from the real world, the solution method reproduced the majority of the best

results reported in the literature and strictly improved the solutions for several instances

of a well-known benchmark for the Vehicle Routing Problem with Time Windows and

Synchronised Visits.
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Preface

Suggested Background

The author of the thesis assumes the reader is familiar with the basics of Linear Pro-

gramming (LP), Discrete Optimization (DO), Statistics and Computational Complex-

ity Theory. The recommended background for the reader is equivalent to having an

undergraduate degree either in Computer Science or Operations Research (OR) and

substantial exposure to another discipline.

Notation and Conventions

The vector notation is used to formulate mathematical equations. The symbols repre-

senting vectors are denoted using small bold letters. Capital letters written in regular

font represent sets. Matrices are denoted using bold capital letters.

Individual elements of vectors and matrices are accessed using the subscript notation

in which the original symbol of the vector or the matrix is written using a regular

font, i.e., vi is the i-th element of one-dimensional vector v. Overall, vectors are

preferred to matrices even for multidimensional data. Matrices are used only when

matrix operations can simplify the notation. The syntax ‖x‖2 denotes Euclidean norm

and x> represents transpose of the vector x.

For some set S, i ∈ S is either enumeration over the elements of the set or the

test for containment. The meaning of the operation is apparent from the context. The

operator | · | yields the cardinality of the set.

The symbol R denotes real numbers. The syntax R≥0 is the subset of non-negative

2



List of Tables

real numbers. Without loss of generality, other valid range expressions may appear in

the subscript. The symbols Z and B denote integer and binary numbers, respectively.

The probability of a given expression is written as P(·) and E(·) evaluates the

expected value of the expression. It will be apparent from the context whether the

probability distribution is known precisely or it belongs to some set of probability

measures (a.k.a. ambiguity set). In the former case, a tilde adorns random variables.
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Chapter 1

Introduction

The ability to make intelligent decisions leading an individual or a group to achieve their

long-term objectives is a desirable and appreciated trait. When faced with important

decisions, our ancestors engaged in various practices to reduce uncertainty and secure

a more favourable fortune [1]. Ancient Greeks, for instance, paid tribute to deities in

temples and visited oracles. Throughout centuries, these practices evolved to ultimately

become obsolete by the development of Mathematics and related disciplines [1], notably

Statistics, Computer Science and Operations Research (OR).

The foundations of the current state-of-the-art rational decision-making framework,

Mathematical Programming (MP), were set in the early fifties of the last century by

the pioneering work of George Dantzig on Linear Programming (LP) described in the

book [2]. In MP, a decision problem is encoded as a system of mathematical equations

commonly referred to as constraints. The assignment of variables for which the system

of equations is feasible represents a valid solution. If there are many alternative solu-

tions, the decision-maker may introduce an objective function to distinguish between

them. The objective typically returns the cost or profit of a given solution, which is min-

imised or maximised, respectively. In LP, the objective function is linear, constraints

are defined using linear inequalities, and decision variables are continuous [3]. The

theoretical complexity of the simplex method developed for solving LPs in the worst

case is exponential in the number of variables. However, on average, the theoretical

complexity is linear [4]. The result is corroborated empirically [5].
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A formal specification of the objective function and constraints is required in MP.

Obtaining such a formulation in the real world is further complicated by the need to

deal with uncertainty as some parameters of the problem are not known precisely. Typ-

ical reasons for this behaviour are [6]: Heisenberg Uncertainty Principle, manufacturing

errors, rounding errors, limited knowledge of initial conditions, reliance on approximate

models or predictions about the uncertain future. Overall, uncertainty can be reduced,

for instance, by increasing the cost of manufacturing, but it cannot be eradicated.

Hence, there is no guarantee that the optimal solution to the deterministic problem

will retain its feasibility properties and value of the objective function after the param-

eters of the problem deviate from their nominal values [7]. Therefore, it may be more

pragmatic to find solutions that are more likely to remain feasible and whose objective

will not be significantly affected by changes in the problem formulation after the real

values of the uncertain parameters are revealed [8]. Solutions that share such properties

are called robust. The field of modelling uncertainty in MP has been experiencing con-

siderable interest from the research community for the last two decades. It has started

by seminal works of Nemirovski and Ben-Tal [7, 9–11], Bertsimas and Sim [8, 12] and

others. Overall, these collective efforts have led to the development of Robust Optimisa-

tion (RO) [6] and then Distributionally Robust Optimisation (DRO) [13,14]. Alongside

Stochastic Optimisation (SO) [15] which has been developed earlier, together they pro-

vide a broad range of modelling techniques for representing uncertain parameters in

mathematical models. The suitability of a given framework depends on the wealth of

available information about the problem’s parameters and their behaviour.

1.1 Research Objectives

The thesis aims to develop a methodology for solving large vehicle routing problems

with pairwise synchronisation constraints and scheduling problems for satellites whose

orbits do not change. Basic formulations of the optimisation models and the solution

methods are proposed first for deterministic problems without considering uncertainty.

Subsequently, the initial formulations are extended by incorporating various models

of uncertainty. For both problem classes, the utility of the presented methodology is
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validated on a suite of problem instances derived from real-world data sets.

The primary source of uncertainty for the vehicle routing problems considered in the

thesis is the duration of visits. The adopted model of uncertainty employs the riskiness

index optimisation over scenarios [16]. The approach is transferable for uncertainty in

travel time. The problem instances are solved using a multistage optimisation algorithm

built on top of a Constraint Programming solver [17].

Scheduling satellite operations is affected by uncertainty in cloud cover forecasts.

The assumption that the satellite’s orbit is fixed allows for formulations with time

discretisation. Several alternative models of uncertainty developed using SO, RO and

DRO paradigms are considered. They include a new uncertainty set proposed in the

thesis that contains a Vector Autoregression (VAR) time series model [18]. The resul-

tant formulations are solved directly using an off-the-shelf mixed-integer programming

solver.

The selection of routing and scheduling was considered carefully. Both problem

classes belong to Discrete Optimization (DO) problems and have many engineering

applications. For instance, scheduling algorithms are implemented in every operating

system, which supports multitasking to optimise throughput, responsiveness, the time

of completion, etc. On the other hand, a notable example of a routing problem is

a variant of the vehicle routing problem with pick-up and delivery, which is solved

online by food delivery companies, courier companies and taxi services. Surprisingly,

the problem formulations and solution methods successful in scheduling applications

are not effective in routing problems. Therefore, solving large instances of vehicle

routing problems requires a different approach. Ultimately, considering the two problem

classes provides a comprehensive treatment of uncertainty modelling techniques for DO

problems.

Moreover, routing and scheduling applications are ubiquitous in the real world. This

fact is used as an opportunity to concentrate the research on practical applications

modelled using real data. In particular, combined routing and scheduling of home

care workers with uncertain visit duration is considered, which is an example of the

Vehicle Routing Problem with Time Windows and Synchronized Visits (VRPTWSync).
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The featured scheduling problem is the emerging application of scheduling Satellite

Quantum Key Distribution (SatQKD) with uncertain cloud cover.

The determination to use real data exerted a significant influence on the shape of

this work.

Firstly, the size of the problems considered and their complexity are analogous

to the real-world counterparts. Scheduling problems are not artificially made more

complicated than they are supposed to be in the real world. Simultaneously, the size of

vehicle routing problems encountered in practical applications is not artificially reduced.

Similarly, all operational constraints the domain experts reported are present in the

problem formulation.

Secondly, in modelling the optimisation problem, real data is used whenever avail-

able or realistic approximation schemes are employed otherwise. For instance, to model

travel time in the vehicle routing problem, a routing engine that relies on a real network

of roads accessible for pedestrians is used. In a similar vein, the occurrence and dura-

tion of communication windows between a satellite and a ground station were computed

using orbital dynamics models.

Overall, consistent reliance on real data has made the process of obtaining results

more challenging. For instance, employing a routing engine to computing the shortest

path in a real city a pedestrian may follow requires more work than assuming Euclidean

distance. Nonetheless, it made the problem formulations more authentic. It also does

not require introducing additional assumptions as real-world third party organisations

generated data. Most importantly, many contributions of this thesis can be motivated

by the requirements of practical applications, and its impact is demonstrated on prob-

lem instances derived from real-world data sets.

1.2 Contributions

Notable contributions discussed in the thesis are briefly introduced below.

7



Chapter 1. Introduction

1.2.1 Contributions to Methodology

A new variant of the polyhedral uncertainty set built as a combination of the box

uncertainty set and the Vector Autoregression (VAR) time series model contributes to

the RO methodology. The uncertainty set is designed for representing parameters whose

spatial and temporal correlations can be modelled using a VAR process. The target

application of the uncertainty set is modelling weather conditions that are observed in

different locations and change over time. To the best knowledge of the author, as of

this writing, no other uncertainty set described in the literature is capable of modelling

spatial and temporal correlations using a polyhedron, which does not increase the

complexity of the solution procedure when applied to LP.

A contribution to optimisation methods is a new multistage algorithm for solving

the deterministic VRPTWSync. The algorithm can solve the largest problem instances

considered in the academic literature as of this writing. Specifically, the problem in-

stances considered in the thesis were five times larger than the size of problems in the

popular benchmark [19]. Furthermore, the multistage solution algorithm reported five

new best solutions for this benchmark. Improving the best-known results is critical

because researchers use benchmark problems to validate their ideas.

Encouraged by positive results of the multistage algorithm in solving the deter-

ministic vehicle routing problem, the author extended the solution method to use the

Essential Riskiness Index (ERI) to minimise the probability and the magnitude of delay

in arrival to the customer. The riskiness index is evaluated over a finite set of scenarios

representing the duration of individual home care visits recorded in the past. Most

importantly, the ERI criterion can be evaluated in polynomial time to the number of

scenarios and integrated with constraint programming solvers by formulating a custom

constraint. Such a constraint was applied in a new variant of the multistage algorithm

to solve the suite of real-world home healthcare problems. To the best knowledge of

the author, as of this writing, it is the first time the riskiness index optimisation is

used to solve large real-world problems. Previously it has been used to solve five times

smaller synthetic problem instances without synchronised visits and side constraints

imperative for the application in practice.
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1.2.2 Contributions to Science

The SatQKD was formulated for the first time as an optimisation problem and commu-

nicated to the Physics community in a journal publication. As of this writing, SatQKD

has been successfully demonstrated in experiments. However, it reasonable to expect

that an evaluation of the design of a commercial SatQKD communication system re-

quires estimates of how many quantum keys could be reliably delivered to the given

network of ground stations. The solution to the deterministic variant of the optimi-

sation problem proposed in the thesis is the schedule of satellite data transfers that

deliver the largest number of keys to ground stations proportional to the importance

of nodes in the network. Therefore, the decision-makers could use the formulation to

determine whether a given communications system could deliver the number of keys

sufficient for operations. To the best knowledge of the author, as of this writing, the

optimisation problem proposed is the first rigorous attempt to answer this question.

Besides comparing alternative designs of a system, the formulation can be used to find

orbital parameters of the satellite that maximise the number of keys delivered to the

system.

1.2.3 Contributions to Applications

The deterministic formulation was transformed into five alternative models for SatQKD

with uncertain cloud cover developed using RO, DRO and SO frameworks. The de-

terministic formulation was a prerequisite for this work. The derived models can be

reduced back to the deterministic counterpart by eliminating uncertainty using con-

figuration parameters of the given model. Overall, the problem formulations based on

official weather forecasts are effectively solvable to optimality. Furthermore, one could

find circumstances such as particular weather conditions in which using a given model

is beneficial. For instance, some models perform better if cloud cover forecasts tend

to contain significant errors. Others give an advantage in adverse weather conditions

etc. Overall, among the models compared, the DRO and the VAR models consistently

outperformed the deterministic model, which motivates the research efforts presented

in the thesis and demonstrates the utility of the models developed for practical appli-
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cations.

The daily routing and scheduling problems were solved for the largest home care

organisation which operates in Scotland. The company employs 2700 carers and de-

livers 95000 home visits every week to 3000 elderly and sick who live in the Glasgow

area. The scheduling software developed by the author was used for a pilot study in the

organisation. The schedules found by the multistage solution algorithm either reduced

travel time by approximately three times or used up to 10% less workforce depending on

the configuration of the objective. The results convinced the company board that the

cost-effectiveness of schedules developed by humans could be considerably improved,

and the scheduling problems they are dealing with are solvable in practice using existing

technology. Consequently, the company is planning to introduce scheduling optimisa-

tion in the future. Based on the current budget of the organisation, which exceeded

40 mln GBP per annum in 2018, and the scale of operations, even a small relative

improvement should make a noteworthy impact in the real world.
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1.3 Research Output

The majority of the research work presented in the thesis has already been published

as journal articles.

The deterministic variant of the SatQKD problem has been described in [20] and

accompanied by a computational study using historical weather information. The arti-

cle presents an extended treatment of the topic, which includes contributions of other

authors, such as the optical model used to measure the number of cryptographic keys

delivered over the atmospheric channel and the algorithm to compute the elevation

angle between the satellite and the ground station. The manuscript that describes the

models with the treatment of uncertainty and its corresponding data set is currently

under review. The implementation of all models and software to generate problem in-

stances and analyse results is available open source [21]. The same applies to problem

instances used in the computational study of the deterministic formulation [22].

The deterministic variant of the multistage algorithm has been published in [23].

The thesis expands the content discussed in the article to cover additional formula-

tions of the objective function to reduce the workforce and the ERI optimisation over

scenarios. The source code repository is publicly available [24]. Furthermore, the so-

lutions to the VRPTWSync [25] benchmark and Home Health Care Scheduling and

Routing Problem (HCSRP) problem instances [26] are available online for testing and

benchmarking purposes.

The author also investigated the opportunity for improvement in the algorithm to

find the shortest paths with resource constraints by using efficient indexing structures,

which is a subproblem for solving a VRP using column generation. The work has been

published as a conference paper [27]. Nonetheless, the topic has not explored further

and was not included in the thesis because column generation does not allow for solving

instances with a large number of visits.
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1.4 Structure of the Thesis

The chapter Literature Review opens with an accelerated introduction to MP and

SO. It is an opportunity to introduce the core terminology, briefly cover fundamental

building blocks of formulations for optimisation problems with uncertainty and discuss

recent advancements in decision criteria such as riskiness indices. The state of the

art frameworks for optimisation with uncertainty developed more recently: RO and

DRO are presented next. Having discussed the methodology, the following solution

methods are described: Mixed-Integer Programming (MIP), Constraint Programming

(CP), Local Search (LS) and important metaheuristics for DO. Overall, the literature

review is dedicated to presenting the methodology. The contributions that are pivotal

for the applications considered in the thesis are mentioned in the opening sections of

subsequent chapters.

The chapter Methodology: Satellite Quantum Key Distribution begins with the de-

scription of optimisation problems related to satellite operations scheduling. The study

concentrates on the satellites placed in the Lower Earth Orbit (LEO) regime whose or-

bits remain the same throughout the scheduling horizon. Among available optimisation

problems in this domain, the focus is on the SatQKD problem, which is an emerging

application and has not been considered as an optimisation problem. The MIP formu-

lation for SatQKD as a deterministic optimisation problem is proposed first. In the real

world, cloud cover conditions that restrict the number of keys delivered to a ground

station are not known precisely at the time the schedule is computed. Moreover, such

predictions tend to lose accuracy over time significantly. To address this issue, several

models that describe the uncertainty of cloud cover predictions using the principles of

RO, DRO and SO are presented next. An uncertainty set built using VAR time se-

ries model that describes spatial and temporal correlations between random variables,

which weather conditions certainty exhibit is the contribution to the methodology.

The chapter Application: Satellite Quantum Key Distribution presents computa-

tional results obtained by solving optimisation models introduced in the preceding

chapter. The literature review on applications of optimisation methods employed in
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the scheduling of satellite operations is provided first. Notably, the modelling approach

with time discretisation is recognised in the literature as an effective technique for

scheduling satellites whose orbits are not changed during optimisation. Then, the de-

sign of a quantum key distribution system in the UK suggested by domain experts [20]

and adopted in the thesis is outlined. The analysis of results obtained using a deter-

ministic model is focused on the assessment of the performance of the communications

system given historical weather observations. Then, a featured example demonstrates

the importance of optimisation in setting the initial orbital parameters of the satellite

to maximise the number of keys delivered to the network of ground stations. Follow-

ing the discussion of results obtained using historical weather conditions, scheduling

satellite operations using official weather forecasts and the models with the treatment

of uncertainty are presented next. For the performance evaluation, instead of weather

predictions, actual cloud cover conditions observed at the time the schedules would be

executed are employed. The presentation of results is concluded by studying which for-

mulations lead to more effective solutions in given circumstances, i.e., adverse weather

conditions. Following a comprehensive treatment of cloud cover uncertainty in schedul-

ing applications, the subsequent chapters focus on vehicle routing problems.

The main result in the chapter Methodology: Vehicle Routing Problem with Side

Constraints is the multistage algorithm developed to solve large real-world instances

of the vehicle routing problems with additional constraints required for a given appli-

cation domain, i.e. HHC. Before explaining the details of the algorithm, a MIP and

a CP formulation of the deterministic Vehicle Routing Problem with Side Constraints

(VRPSC) problem are outlined. The details of the algorithm for computing the ERI

in optimisation over a finite set of scenarios are described next. It is a novel decision

criterion that penalises both the probability of late arrival to the visit’s location and

the magnitude of the violation. The design of the multistage optimisation algorithm

followed by the algorithmic details of each stage close the chapter. The effectiveness of

the proposed solution method is demonstrated in the next chapter.

The chapter Application: Vehicle Routing Problem with Side Constraints presents

the computational results of the multistage optimisation algorithm. The discussion of
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results is preceded by the literature reviews of solution methods applied to routing and

scheduling in HHC applications and vehicle routing under uncertainty. An important

observation from the survey is the modest size of problem instances solved in the liter-

ature if a pairwise synchronisation between the start time of visits was considered. The

analysis of the computational results is commenced by solving a popular benchmark of

the VRPTWSync and comparing the solutions obtained using the multistage algorithm

with the results published in the literature. Overall, the benchmark set of problems

contains relatively small instances (i.e., less than 80 visits). Nonetheless, the purpose of

the comparison was to demonstrate that the multistage algorithm is competitive with

other solution methods presented in the literature. The computational results for a

suite of real-world problem instances of the Home Health Care Scheduling and Routing

Problem (HCSRP) obtained from the largest provider of these services in Scotland are

discussed next. The problem instances are at least five times larger than the previous

benchmark. Despite the larger size, the problem instances remain effectively solvable

by the multistage algorithm. Each problem instance was solved three times: minimis-

ing the total travel time, reducing the number of carers needed to run the schedule and

minimising the riskiness index of starting the visit with a delay. The solutions found

by the algorithm considerably outperform the schedules computed by human planners.

The final chapter, Conclusions, summarises the work, recapitulates the most im-

portant contributions of the thesis and discusses promising research directions in the

future.
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Literature Review

This chapter discusses techniques for modelling uncertainty in MP. The treatment of

the subject is focused on presenting the most relevant concepts in SO, RO and DRO.

The reader who is already familiar with the topic will be introduced to the terminology

used in the thesis and presented recent developments in the literature. On the other

hand, the reader who aims to develop expertise in the field will be offered an accelerated

and unified introduction to the methodology accompanied by references for further self-

study.

2.1 Mathematical Programming

An essential prerequisite for solving an optimisation problem to provable optimality

or obtaining a certificate of infeasibility is a formal specification of the problem as a

mathematical program. It consists of three parts: declaration of the decision variables,

definition of constraints and the objective function. The last two components are

optional. Mathematical programs that have no constraints are called unconstrained

optimisation problems. On the other hand, formulations that lack the objective function

are satisfaction problems.

Understandably, the properties of the functions used in the formulation of the ob-

jective and constraints (i.e., boundedness, convexity, ability to compute the value of

a function or to find sub-gradients and super-gradients for the given input in polyno-
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mial time) and the type of decision variables (i.e., continuous, integer, binary) have an

impact on the difficulty of solving the optimisation problem.

The following example instance of a Second-Order Conic (SOC) mathematical pro-

gram illustrates different families of constraints.

min c>x (2.1)

s.t.: ALx + bL ≤ 0 (2.2)

‖AQix‖
2
2 + b>Qix + cQi ≤ 0 ∀i ∈ 1..mQ (2.3)∥∥ASjx + bSj
∥∥

2
+ c>Sjx + dSj ≤ 0 ∀j ∈ 1..mS (2.4)

x ∈ Rn≥0 (2.5)

Formally, x ∈ Rn, AL ∈ Rn×mL , b ∈ RmL , AQi ∈ Rn×nQi , bQi ∈ RnQi , cQi ∈ R,

ASj ∈ Rn×nSj , bSj ∈ RnSj , cSj ∈ Rn, dSj ∈ R.

The objective of the hypothetical optimisation problem is to minimise the value

of the dot product for the vector of continuous decision variables x whose elements

are restricted to the non-negative orthant. A feasible solution must satisfy the fami-

lies of Linear Constraints (2.2), Quadratic Constraints (2.3) and Second-Order Conic

Constraints (2.4). The syntax ‖ · ‖2 denotes the Euclidean norm. For an accelerated

introduction to norms, the interested reader is referred to A.1.

The class of Second-Order Conic Programming (SOCP) comprises Quadratic Pro-

gramming (QP) and Linear Programming (LP) as special cases. Such programs can

be effectively solved using interior-point methods. Positive Semidefinite Program-

ming (PSDP), which is the nearest generalisation of Second-Order Conic Programming

(SOCP), requires a different solver technology and is less scalable. For instance, as

of this writing, the author is not aware of Positive Semidefinite Programming (PSDP)

applications in routing and scheduling problems besides small instances (i.e., 12 cus-

tomers and one vehicle) [16]. Since the primary aim of the thesis is solving large problem

instances arising in the real world, PSDP is outside the scope.

The family of supported decision variable types in MP includes integers and binary
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variables to model DO problems. A mathematical program whose objective function

and constraints are linear expressions but some of the decision variables are integers is

called a Mixed-Integer Linear Programming (MILP). Unfortunately, although LP’s are

practically solvable in polynomial time, solving a MILP is NP-hard in general.

In its pure form, MP and the solver technology supporting it are dedicated exclu-

sively to deterministic optimisation problems. They do not offer even basic support

for modelling uncertainty. The next section presents the extension of MP known as

Stochastic Programming (SP), which provides structures for representing parameters

affected by uncertainty. In particular, the section attempts to answer the question

about the circumstances in which uncertainty modelling is advisable and reviews the

portfolio of modelling techniques. Their applicability depends on the type of uncer-

tainty as well as the attitude of the decision-maker towards uncertainty. SP and SO

are considered as different concepts. The first is a set of modelling techniques for

representing uncertainty in parameters of an optimisation program. In contrast, SO

is a methodology for solving SP formulations in which the uncertainty can be fully

characterised by a single probability distribution that is known to the decision-maker.

Stochastic Programming

Consider a hypothetical mathematical program in which the vector x contains decision

variables, and the vector u stores parameters whose exact values are not known pre-

cisely. As a result, in the sketch of the formulation below, uncertainty is not formally

specified. The issue is handled in subsequent sections by transforming the formulation

according to various techniques for modelling uncertainty.

min
x
f(x,u)

s.t.: gi(x,u) ≤ 0 ∀i ∈ 1..m

x ∈ Rn

Let consider arbitrary functions f and gi ∀i ∈ 1..m. The properties of the functions
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will become important in discussion of Computational Complexity which is deferred

until Section 2.2.

The treatment of uncertain coefficients is restricted to the objective function and

the left-hand side of inequality constraints. Ultimately, such treatment of constraints is

without the loss of generality. Uncertainty affecting the right-hand side of the inequality

constraint can be moved to the left-hand side. The lack of equality constraints is not a

coincidence because an experienced modeller would avoid using such constraints when

uncertain parameters are present [7].

In presenting SP, the term a realisation of uncertainty and a scenario appear fre-

quently and have the following meaning. The realisation of uncertainty is the process of

revealing values assumed by uncertain parameters. The assignment of values observed

for all uncertain parameters at the same time is called a scenario. Understandably,

values of uncertain parameters are not known precisely to the decision-maker at the

time when the optimisation problem is being solved. The uncertainty is revealed after

the final solution is selected.

Mean Value Problem

The following section considers the consequences of setting parameters affected by

uncertainty to some nominal values. For instance, the decision-maker may use a sample

of scenarios containing values assumed by uncertain parameters in the past to estimate

the expected value for each parameter. The optimisation problem in which expected

values replaced uncertain parameters is called the mean value problem. As a result,

the following formulation is obtained.

min
x
f(x,EP(ũ)))

s.t.: gi(x,EP(ũ)) ≤ 0 ∀i ∈ 1..m

x ∈ Rn

The random variable ũ is adorned with a tilde to emphasise it is distributed following
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some known probability distribution P. Formulations presented in the sequel follow the

same convention.

The mathematical program is essentially an attempt to recast the problem affected

by uncertainty to the model suitable for the deterministic case. Understandably, re-

searchers who made methodological contributions to modelling uncertainty motivated

their efforts by presenting examples for which adopting the strategy above is counter-

productive.

Considering theoretical arguments, replacing a random variable by its expectation

in a convex function underestimates the expected value of the function [16]. It is a

conclusion derived from Jensen’s Inequality for the Probability Theory 2.6.

f(x,EP(ũ)) ≤ EP(f(x, ũ)) (2.6)

Ultimately, one could create an instance of an optimisation problem in which the

difference between the solution to the stochastic problem and the solution to the mean

value problem could be arbitrarily large. The procedure to create such instances for

the shortest path problem with a deadline or the travelling salesman problem is ex-

plained by [28][Proposition 3.6]. Most importantly, similar results are not limited to

artificial instances built to emphasise the fallacy of solving the mean value problem for-

mulation. The researchers [7] who studied optimal solutions to the LP problems from

the Netlib benchmark reported that introducing small perturbations into parameters

that are described with high numerical precision may lead to significant violations of

constraints by optimal solutions to deterministic problems. Specifically, they analysed

the effect of perturbations in inequality constraints which contained coefficients that

were floating-point numbers with more than two digits after the decimal point. Un-

derstandably, such parameters in science and engineering applications are likely to be

affected by uncertainty. After introducing perturbations at 1% level of the nominal

value in selected parameters, deterministic solutions violated the inequality constraints

by at least 5% in 30% of the benchmark problems. In extreme cases, the violation

was more than fourfold [7]. Similar observations generalise to the whole class of LP.
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By geometric arguments, an optimal solution of an LP is located in the vertex of the

polyhedron defined by the constraints. At the vertex, a subset of constraints is satis-

fied with equality, without slack. Consequently, if those constraints contain uncertain

parameters which are multiplied by decision variables that assume large values, then

random perturbations may lead to significant violations of the constraints.

To conclude the discussion of using nominal values instead of modelling uncertainty,

whether ignoring uncertainty may lead to infeasibility in practice and the cost associated

with the solution that remains feasible in the face of relevant perturbations seems

to be problem dependent [7]. For instance, the optimal solutions to the mean value

problem and the stochastic program were similar in the routing problems considered

by [28], when the deadlines were either tight or loose. Ultimately, recasting the problem

formulation affected by uncertainty to the mean value problem should be supported by

the analysis of potential consequences. The methodology adopted by [7] is an example

of a formal approach to answer this question.

Optimisation for the Worst-Case Scenario

Intuitively, solutions that satisfy all constraints affected by uncertainty for all values

uncertain parameters may assume should be appealing in application domains in which

a violation of an uncertain constraint may lead to an irrecoverable loss, i.e., a collapse of

a building [6] or losing a spacecraft. Another well-motivated example arises whenever

the difference in cost between a solution that always remains feasible and the optimal

solution to the nominal problem is small.

Robust Optimisation is a methodology that aims to find a solution that remains

feasible for all scenarios and is optimal in the worst-case. In other words, the optimal

solution in RO has the lowest maximum cost evaluated for all possible scenarios. A

feasible solution to a RO problem is called a robust solution for short. The range of

values an uncertain parameter may assume is modelled using a set, referred to as an

uncertainty set. In principle, it should contain all realisations of uncertainty for which

the robust solution should remain feasible.

Suppose the vector of uncertain parameters u could be equal to any vector contained
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in the set U . Consequently, one could formulate the optimisation problem below.

min
x

max
u∈U

f(x,u)

s.t.: gi(x,u) ≤ 0 ∀u ∈ U ∀i ∈ 1..m

x ∈ Rn

Uncertainty sets model values uncertain parameters could assume using purely geo-

metrical arguments. Besides support, no explicit assumptions are enforced on the prob-

ability distribution, which generates values for uncertain parameters. For that reason,

uncertain parameters are not treated as random variables. This fact is expressed by

not adorning the vector of uncertain parameters with the tilde. If the uncertainty set

is a singleton, then the formulation reduces to the deterministic case.

Overall, the formulation above is called a Robust Counterpart (RC). Although

suitable for explaining the principles behind RO, it will not be accepted by a MIP

solver as a valid formulation. Firstly, the min-max objective needs to be transformed

into an equivalent representation that is exclusively a minimisation or maximisation

problem. Secondly, the number of constraints is semi-infinite and should be replaced

by a finite set of constraints. Section 2.2.2 presents the RO framework and discusses

the relevant literature in detail. It demonstrates the transcription techniques which

turn high-level RO formulations into valid mathematical programs. Furthermore, it

presents definitions of popular uncertainty sets and outlines the tractability results.

The straightforward principles of RO are overly simplistic for some applications. In

particular, the RO formulation may be infeasible if the uncertainty set is large. On

the other hand, the solution may exist if the decision-maker replaces the absolute con-

straint satisfaction requirement by a probabilistic guarantee at some relevant confidence

level [29]. Secondly, for problem instances that remain feasible, the worst-case scenario

may not be a representative scenario leading to overly conservative decisions. Conse-

quently, it may be adequate to optimise the expected cost of a solution. Nonetheless,

both workarounds require a framework that models uncertain parameters as random
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variables.

Optimisation of Expected Value

Parameters affected by uncertainty are modelled as random variables in SO and DRO.

The methodologies are detailed in Sections 2.2.1 and 2.2.3, respectively. For the pre-

sentation of the modelling techniques here, it is sufficient to mention the assumption in

SO that the probability distribution is known precisely to the decision-maker or can be

estimated and considered as unique. Uncertainty which can be represented precisely as

a given probability distribution is called risk [30]. On the other hand, if the decision-

maker is not sure about the exact definition of the probability distribution, the DRO

methodology suggests to define a set of probability measures and perform optimisation

for the worst-case probability distribution from that set. Uncertainty affected by the

lack of confidence in the probability distribution is called ambiguity [30], and the set

of probability measures defined to represent such uncertainty is called an ambiguity

set. Section 2.2.3 outlines the approaches to define ambiguity sets proposed in the

literature.

Following the principles of SO, it is assumed that uncertain parameters are dis-

tributed according to the given probability measure P. As a result, one can derive the

problem formulation below.

min
x

EP(f(x, ũ))

s.t.: P(gi(x, ũ) ≤ 0 ∀i ∈ 1..m) ≥ 1− ε (2.7)

x ∈ Rn

For a given assignment of decision variables x, a solution is considered feasible

if Constraint (2.7) is satisfied with the prescribed probabilistic guarantee 1 − ε. A

constraint of this kind is called a Chance Constraint (CC) [31]. Section 2.2.1 explains

this concept in more detail.

On the other hand, the probability distribution itself is not known precisely in the
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face of ambiguity. For that reason, one should follow the DRO methodology and de-

fine the family of probability distributions P, which, if appropriately described, should

include the true but unknown probability distribution P with high confidence. Concep-

tually, the ambiguity set exemplifies knowledge about the probability distribution and

its properties. The more vague its definition is, the larger the ambiguity set should be

selected. Adopting the DRO paradigm, one can formulate the uncertain mathematical

program considered in this section as follows.

min
x,P∈P

EP(f(x, ũ))

s.t.: inf
P∈P

P(gi(x, ũ) ≤ 0 ∀i ∈ 1..m) ≥ 1− ε (2.8)

x ∈ Rn

Constraint 2.8 is called a Distributionally Robust Chance Constraint (DRCC).

The formulation above is one of several alternatives. The variant with the DRCC

is presented for the purpose of exposition. Decision-makers frequently use the worst-

case expectation as the objective function but model constraints according to the RO

paradigm.

Similarly to the situation with the RC, the SO and the DRO formulations are

not compliant with the standard format of mathematical programs. The available

reformulation techniques are presented in Sections 2.2.1 and 2.2.3, respectively.

Ultimately, DRO generalises SO and RO. Stochastic Optimisation is a special case

of DRO in which the ambiguity set is a singleton, i.e., it contains only one probability

distribution. On the other hand, if no assumptions on the probability distribution other

than the support set are available, DRO reduces to RO. The ambiguity set in that case

is a singleton with an implicit probability distribution that allocates all probability

mass to the worst-case scenario.

In the remainder of the section, some more advanced modelling techniques compared

to the pure evaluation of the probability and the expectation of a random variable are

presented. Henceforth, the SO formulations are presented only for the ease of exposition
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and succinctness. The adaptation of the formulations to the DRO methodology should

be straightforward. In essence, an expression involving a random variable should be

evaluated for the worst-case probability distribution over a given ambiguity set. The

modelling techniques are not directly transferable to RO because the framework lacks

support for random variables.

Optimisation of Value at Risk

A satisfaction problem subject to a CC could be transformed into a minimisation

problem with the right-hand side of the inequality inside the CC as the objective.

min z

s.t.: P(c>x ≥ z) ≤ ε

x ∈ X

The optimal objective value of the optimisation problem above is called the Value-

at-Risk (V@R) [32]. It used to be a prominent risk measure with ubiquitous applications

in finance and engineering. Nowadays, the V@R has been partially superseded by its

convex upper bound known as the Conditional Value-at-Risk (CV@R) [33], which are

covered in more detail in Section 2.2.1. For a thorough discussion of the differences in

mathematical properties of both measures, see [34].

Optimisation of Certainty Equivalent

Alternative definitions of the objective functions could be more appropriate than the

expected value in some application contexts. Such applications arise when the pure

expected value is overly simplistic, i.e., it does not differentiate between probability

distributions that have the same expectation. Similarly, it does not guard against so-

lutions that may allow substantial losses. Finally, bare minimisation of the expected

value of a function is risk neutral [14], and it may not be an adequate decision criterion

because a considerable proportion of the human population tends to exhibit risk aver-

24



Chapter 2. Literature Review

sion. Besides Optimised Certainty Equivalent (OCE), the subsequent sections cover

optimisation of a riskiness index and the expected (dis)utility, which are closely related

concepts with roots in the Expected Utility Theory [35].

The Expected Utility Theory attempts to formally describe a behaviour of a ratio-

nal decision-maker facing a risky decision. The theory postulates that preferences of

an individual can be modelled using some utility function: u : R → (−∞,+∞]. Con-

ceptually, when faced with two mutually exclusive decisions whose uncertain outcomes

are described by random variables, i.e., ã and b̃, a rational decision-maker who acts

following some utility function u should prefer the decision that has a higher expected

utility, i.e., EP(u(ã)) ≥ EP(u(b̃)). Arguably, the utility functions used in literature have

simple definitions, i.e., Piecewise Linear Function 2.9 [36] presented below:

uα1,α2(x) =

 α1x if x ≤ 0

α2x if x > 0
(2.9)

where α1 ∈ [0, 1) and α2 > 1. Function 2.9 comprises a ramp utility function

u(x) = max{0, x} as a special case.

Exponential Function 2.10 [37] is another commonly used formula.

uα(x) = −e
−αx

α
(2.10)

Utility functions lack intercept because it does not affect the ordering of random

variables induced by a given function.

On the other hand, considering minimisation of a loss, a rational decision-maker

should act to minimise expected disutility. Given a utility function u, the disutility

function d is obtained using the following transformation: d(x) = −u(−x).

Selecting an appropriate utility function to precisely describe the preferences of

an individual could be a complicated task since decisions taken in the face of risk

may depend on factors including personal circumstances of the individual, such as

25



Chapter 2. Literature Review

wealth. Although the exact definition of the utility function may be challenging to

establish, its general properties have strong justification. The utility should increase as

an individual accumulates more wealth (the non-decreasing property). Furthermore,

the marginal increase in utility due to the favourable outcome should be lower for

wealthier individuals (the convexity property).

A considerable amount of the human population is risk-averse when making rational

decisions in the face of risk, i.e., they are unwilling to accept uncertain decisions for

which the expected utility is zero. A possible measure of the degree of risk aversion is

the absolute risk aversion coefficient [38].

A(x) = −u
′′(x)

u′(x)
(2.11)

An individual is risk-averse if the absolute risk aversion coefficient is positive. The

coefficient is zero when the utility function is risk-neutral, i.e., the identity function,

a linear function. The negative risk aversion coefficient corresponds to the risk willing

attitude. The absolute risk aversion coefficient is constant for the exponential utility

function.

If the decision-maker is risk-averse, the following equation relation holds for all

random variables [36].

EP(u(x̃)) ≤ u(EP(x̃)) (2.12)

The inequality is tight if the decision-maker is risk-neutral. Suppose the utility

function is invertible, i.e., the function is strictly increasing, then inequality 2.12 could

be used to derive a lower bound on the expected value of the random variable, which

is known as the Classical Certainty Equivalent (CCE) [36].

CCCE(x̃) = u−1EP(u(x̃)) ≤ EP(x̃) (2.13)
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The CCE could be used to induce ordering between random variables. The ordering

is consistent with the utility function. Furthermore, the CCE has a plausible interpre-

tation as a sure reward uncertain gamble should generate to make the decision-maker

indifferent whether to accept or reject the bet.

There are alternative definitions of certainty equivalents that have similar intu-

itive interpretations and require less stringent assumptions on the properties of utility

functions.

The Optimised Certainty Equivalent (OCE) [36] is compatible with a family of

concave utility functions that preserve the inequality u(x) ≤ x ∀x ∈ X and may not

be invertible.

COCE(x̃) = sup
γ∈R
{γ + EP(u(x̃− γ))} (2.14)

The quantity intuitively corresponds to the present value of the future uncertain

outcome [36].

Finally, the u-Mean Certainty Equivalent (uMCE) defined below is interpreted as

the sure amount which can be subtracted from the random variable to make the rational

decision-maker indifferent about the gamble [39].

EP(u(x̃− CuMCE(x̃))) = 0 (2.15)

Overall, familiarity with certainty equivalents and utility functions is vital for defin-

ing objective functions that adequately model the behaviour of decision-makers in the

face of risk. The interest in this area has been rekindled recently following the de-

velopment of new decision criteria which improve modelling techniques available for

CC’s.

The downside of the V@R model presented in Section 2.1 is ignoring the magnitude

of constraints’ violations which may be arbitrarily large. Arguably, a sensible decision

criterion would minimise the probability that constraints are violated and incentivise
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solutions for which the likelihood of a constraint violation is inversely proportional

to its magnitude. Riskiness indices are the decision criteria that have such appealing

properties.

The first riskiness index, the Economic Index of Riskiness, has been proposed by

Aumann and Serrano [40]. It is defined as the reciprocal of the constant absolute risk

aversion coefficient of the decision-maker who is indifferent to accepting or rejecting the

decision [40]. The researchers have described the properties of the index and derived

its analytical formula for a random variable that follows a normal distribution. The

definition of the index was further extended by [41] to handle edge cases: the decisions

which never cause loss and the decisions that are expected to incur a loss. The same

researcher derived analytical formulas for several well-known probability distribution

functions [41].

Other authors proposed alternative definitions of riskiness indices: the Require-

ments Violation Index (RVI) [42], the Essential Riskiness Index (ERI) [43] and the Ser-

vice Fulfilment Index (SFI) [16]. Interestingly, all indices mentioned above were con-

structed following the same approach. For a given random variable, the index assumes

the value of the lowest parameter for which a selected certainty equivalent defined using

a given disutility function satisfies some prescribed inequality constraint. For instance,

the ERI defined below was first proposed by [43].

ρERI(x̃) = min
α∈R≥0

{α | EP{(max{x̃,−α}) ≤ 0} (2.16)

It is formulated using the uMCE with a ramp disutility function. Similarly, the RVI [42]

is built on top of the CCE for an exponential disutility function. The SFI [16] is based

on the CV@R, which is a special case of OCE, and the ramp disutility function.

Overall, riskiness indices are defined to follow the same set of conventions and prop-

erties, illustrated below for an arbitrary riskiness index represented using the symbol

ρ(x̃). These properties hold for each riskiness index mentioned above.

1. ρ(x̃) =∞ if EP(x̃) > 0
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2. ρ(x̃) = 0 if P(x̃ ≤ 0) = 1

3. ρ(x̃) is a convex function.

4. P(x̃ > θρ(x̃)) ≤ φ(θ−1)

Properties 1 and 2 are conventions. Property 3 has important implications allowing

for effective evaluation of a given riskiness index. Finally, Property 4 attests that the

probability of a violation of a constraint is inversely proportional to the magnitude of

the violation. Understandably, alternative definitions of riskiness indices differ in the

strength of the probabilistic guarantees they provide. The RVI offers stronger guar-

antees than the SFI and the ERI. However, the RVI is also more difficult to optimise

compared to the remaining formulations [43]. Ultimately, riskiness indices made max-

imisation of probability that a CC is satisfied obsolete. This transition is apparent in

the Vehicle Routing Problem with Time Windows (VRPTW) focused on minimising

the delays in arrival to customer locations [42,43].

To conclude, the section presented high-level modelling techniques for defining pro-

grams affected by uncertainty, such as expectations, CC’s, OCE’s, etc. They can be

evaluated for a single probability distribution or the worst-case distribution in the am-

biguity set. This approach was adopted to distinguish between the definition of the

optimisation problem and solving it. The formulation of the right problem to optimise is

the responsibility of the decision-maker, whereas software frameworks could partially or

fully facilitate the process of deriving the reformulation and finding a solution. During

a reformulation, high-level structures are translated into pure mathematical programs

which consist only of deterministic coefficients, a finite number of constraints, and de-

cision variables. The following sections will introduce the reformulation techniques and

discuss the computational complexity of the resultant programs.
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2.2 Frameworks for Modelling Uncertainty

2.2.1 Stochastic Optimisation

Stochastic Optimisation assumes that uncertain parameters in the formulation of the

optimisation problem are modelled as random variables whose probability distribution

functions are known precisely. The probability distributions should be independent of

the solution vector. The expressions containing random variables should also be well

defined and finite for every feasible solution [44]. The expressions involving operations

on variables present in constraints and the objective function can be computed from

the probability distribution definition. It is convenient when closed-form expressions

or closed-form approximations are available. For that reason, researchers commonly

assume a normal distribution, Bernoulli distribution or discrete uniform distribution

defined over the set of scenarios.

On the other hand, formulations that require multidimensional integration, which

is computationally prohibitive due to the course of dimensionality [14,45], are avoided.

Similarly, even for moderate-sized stochastic programs, expressions involving random

variables could be challenging to evaluate exactly due to the prohibitive number of sce-

narios to consider. Motivated by the need to harness the computational complexity, the

initial (a.k.a. “true”) stochastic program could be approximated by the optimisation

problem in which some sample of a finite size replaces the complete set of scenarios. It

is either available beforehand as a dataset of scenarios or could be obtained by sampling

the probability distribution whose definition is known.

The coverage of SO in this section is restricted to the Sample Average Approxima-

tion (SAA) and the CV@R. The knowledge of these techniques should be sufficient to

use SO in SP and to understand contributions to applications described in the liter-

ature cited in the thesis. For a more thorough treatment of the topic, the interested

reader is redirected to the book [15].
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Sample Average Approximation

The Sample Average Approximation (SAA) is one of the most widely applied sampling-

based approximation schemes for stochastic programs. It was developed to approximate

the expected value of a function that does not have a closed-form expression, or the

expected value is difficult to compute from the definition. An example optimisation

problem that could be approximated using the SAA is defined below.

min
x∈X

EP(f(x, z̃)) (2.17)

where X is the set of feasible solutions, f is some function which takes an input

a candidate solution x and a random variable z̃ that is distributed according to some

probability distribution P.

Instead of computing the expected value from the definition, the SAA adopts a

pragmatic Monte-Carlo approach. The expected value is estimated by the arithmetic

mean computed over a single sample containing a finite number of independent and

identically distributed scenarios sampled from the probability distribution P [44].

fZN (x) =
1

|ZN |
∑
z∈ZN

f(x, z) (2.18)

The estimator fZN (·) estimates the expected value of the function f from Formula-

tion 2.17. The sample ZN contains N independent and identically distributed scenarios

{z1, . . . , zN}. Estimator 2.18 is called the standard Monte Carlo estimator [44]. The

estimate is a random variable itself as it depends on the concrete sample ZN .

Taken together, the subject of the SAA is solving the following optimisation problem

to approximate the optimal objective value and the optimal solution of the “true”

problem.

min
x∈X

fZN (x) (2.19)

The resultant optimisation program is deterministic because the sample is fixed

to some concrete realisation. Furthermore, it is apparent that for the approximation
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scheme to work effectively, the expression under the expectation should be easy to

calculate for the given input. Let denote S∗ZN to be the set of the optimal solutions and

νZN to be the optimal objective value of the SAA optimisation problem. The set of

the “true” optimal solutions and the “true” objective value are S∗ and ν, respectively.

Intuitively, the quality of these estimates depends on the realisation of the sample and

its size; hence ZN appears in the subscript for their counterparts obtained by solving

the SAA problem.

The dependence on the particular realisation of a sample is less pronounced when

estimators are strongly consistent, i.e., when they converge almost surely (a.k.a., with

probability one) to their “true” counterparts as the sample size increases to infinity. For

instance, the standard Monte-Carlo estimator of the objective value used in the SAA

is strongly consistent when the property known as uniform convergence holds [44]:

|fZN (x)− EP(f(x, z̃))| < ε ∀N ≥ N0 ∀x ∈ X (2.20)

Therefore, for any sample ZN whose size is greater or equal to some threshold

sample size N0, the difference between the estimate of the expectation and the “true”

value is bounded above by some positive ε. For instance, the uniform convergence arises

when the function f is convex and continuous in the decision variables x regardless of

the value assumed by the random variable [44]. Moreover, the feasible set X should be

compact and convex.

Intuitively, the sample size is a compromise between the quality of the approxima-

tion and the effort required to evaluate the expectation. The effectiveness in which the

approximate values reflect their true counterparts with respect to increasing the sample

size is known as the convergence rate. The sequel explores that subject in more detail.

Estimator 2.18 is biased as its expectation underestimates the “true” value [44]:

EP(νZN ) ≤ ν∗ (2.21)

Suppose the variance of the estimator is finite. As a consequence of the Central

Limit Theorem, the bias of the estimator converges in distribution to a normal distri-
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bution with zero mean [44].

√
N (fZN (x)− EP(f(x, z̃)))

d−→ υ̃(x) ∼ N (0, σ2(x)) (2.22)

where σ2(x) is the variance of the expression f(x, z̃) and N is the sample size.

Consequently, the estimator fZN (x) converges in distribution to a normal distribution

with the mean EP(f(x, z̃)) and variance σ2(x)
N . Therefore, the variance of the estimator

is inversely proportional to the sample size.

Furthermore, suppose the objective function is continuous in the Lipschitz sense,

then the analogous result could be derived for the set of optimal solutions S∗ [44]:

√
N (fZN (x∗)− EP(f(x∗), z̃))

d−→ inf
x∈S∗

υ̃(x) (2.23)

where x∗ ∈ S∗.

Unless S∗ is a singleton, the random variable υ̃(x) on the right-hand side is not

normally distributed. Hence, fZN (x∗) does not converge to a normal distribution in

general as the sample size grows to infinity. Furthermore, one could demonstrate that

when a problem has multiple optional solutions, the rate of convergence cannot be

faster than N−
1
2 [46]. The bias and its relation to the sample size can be described

more precisely after a given optimisation problem and some probability distribution are

assumed, see e.g. [47]. The restriction on convergence rate does not apply for problems

that have a unique optimal solution [44].

The stopping criterion for deterministic optimisation is reaching a satisfactory op-

timality gap. Specifically, the optimality gap of the “true” problem is expressed using

the equation:

δ(x) = f(x, z̃)− ν∗ (2.24)

The optimality gap in the SAA problem could be estimated using the expression

below:

δZN (x) = fZN (x)− νZN (2.25)
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More precisely, the formula estimates the upper bound of the optimality gap due

to the bias of the estimator of the objective value ν emphasised in Equation 2.21. The

operands in Expression 2.25 can be evaluated for a given sample. Besides dependence

on a concrete sample, Estimator 2.25 is also not asymptotically normal as the estimator

νZN neither converges in distribution to a normal distribution in general.

For that reason, the confidence interval for the optimality gap could be computed

through the bootstrapping procedure or by applying so-called the batch-means ap-

proach [48]. The latter requires a suite of K samples ZN1 , . . . ,ZNK as input. According

to the batch-means approach, the mean of the estimates for individual samples is the

estimate of the optimality gap:

δ̄K(x) =
1

K

K∑
k=1

fZNk
(x) (2.26)

The (1− α)-level confidence interval of the estimate above is:

[
0, δ̄K(x) +

zασK√
K

]
(2.27)

where zα is (1 − α)-quantile of the standard normal distribution and σK is the

standard deviation of the sample, i.e., σ2
K = 1

K−1

∑K
k=1(δZNk

(x)− δ̄K(x))2.

Overall, Estimator 2.26 enforces only mild additional assumptions, such as finite

second moments. On the other hand, it relies on the Central Limit Theorem, so the

number of samples should be at least 20-30, which could lead to computational difficul-

ties in cases when SAA is challenging to compute. Specifically, the literature indicates

that application contexts with high variance and a flat objective function are unsuit-

able for the SAA approach [49]. Other estimators of the optimality gap proposed in

the literature reduce the overall computational complexity [46] at the expense of more

stringent assumptions such as the compactness of the feasible set, etc. Furthermore, the

optimality gap estimate is often larger to provide equivalent probabilistic guarantees

to Estimator 2.26 [44].

Similarly to deterministic optimisation, a substantial optimality gap in SO is not

a definitive indicator of the poor quality of the incumbent solution. Other plausible
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explanations could be the high variance of the optimality gap estimator or the intrinsic

bias. Formulas presented before suggest that increasing sample size should be an effec-

tive way of reducing bias. On the other hand, variance could be reduced by applying

more advanced sampling techniques, such as stratified sampling, see [44] for the survey

of variance reduction techniques.

Nonetheless, the bias reduction techniques are not infallible and may even contribute

to the overestimation of the upper bound of the optimality gap. That enforces adopting

larger sample sizes to attain the desired theoretical probability guarantees. For that

reason, it is common to encounter in practice the SAA applied in an iterative manner

with increasing sample sizes until a solution with the desired optimality gap estimate is

found. Furthermore, for increasing the confidence in the estimate, the optimality gap

estimation could utilise a larger sample than the one used for computing the optimal

solution, see, e.g., [50]. In practical applications, even small sample sizes are sufficient

to find solutions that are close to optimal solutions for the “true” problem [29].

In a similar vein to the estimation of the optimality gap and its confidence intervals,

one could derive probability guarantees that the optimal solution found by SAA is the

optimal solution to the “true” problem. Specifically, the authors [29] showed that given

a sufficiently large sample, the optimal solution to the SAA problem is almost surely

the optimal solution to the “true” problem. Similarly, a marginal increase in the sample

size leads to an exponential increase in the likelihood that the approximation scheme

converged to the optimal solution of the “true” problem [29]. Intuitively, the required

sample size grows logarithmically with the size of the set of feasible solutions and

the reciprocal of the probabilistic guarantee required [29]. However, conducting such

analysis and finding the appropriate sample size using theoretical derivations requires

information about the problem that could be challenging to obtain, such as the size

of the feasible set. Similarly to the estimation of the optimality gap, the computed

sample size could be larger than the sample size effectively needed to provide the

desired probability guarantee [29].

Decomposition techniques such as Bender’s decomposition extend scalability limits

of the SAA to large sample sizes. The authors [28] studied two-stage stochastic routing
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problems: the shortest path problem and the travelling salesman problem, in which

the objective function was the sum of the total travel time and the expected violation

of the deadline. For two-stage problems, it becomes imperative to assume a relatively

complete recourse, i.e., the second-stage problem is feasible for each first-stage solution

and each scenario. The authors demonstrated that the number of optimality cuts gen-

erated and the number of branch-and-bound nodes explored does not vary significantly

with the sample size [28]. It is a positive result which confirms that the computational

time observed in practice grows linearly with the sample size. Consequently, the SAA

with Bender’s decomposition is a scalable approximation scheme.

Conditional Value-at-Risk

The presence of CC’s may pose a challenge for SO because their evaluation is NP-hard

for arbitrary distributions. For instance, evaluation of the distribution of a weighted

sum of independent random variables that are uniformly distributed is an intractable

problem [51]. Individual chance constraints can be approximated using the CV@R [34,

52], whose definition is provided below.

CV@R1−ε(x̃) = min
β

{
β +

1

ε
EP([x̃− β]+)

}

Conditional Value-at-Risk is the tightest approximation scheme possible for indi-

vidual CC’s [51]. If the closed-form expression of the CV@R is not available for the

given probability distribution, the risk measure could be approximated using the SAA.

Otherwise, one could replace the probabilistic constraints with a collection of con-

straints defined for each scenario from the sample [53]. If the sample size or the proba-

bilistic guarantee make solving the formulation effectively intractable, then bounds on

the CV@R developed for RO and DRO [54] may provide a viable alternative.

Formulations in which a single probabilistic guarantee binds two or more CC’s are

called joint chance-constrained problems. A pragmatic approach to solving such formu-

lations is based on Bonferroni’s inequality. A joint constraint is decomposed into indi-
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vidual CC’s restricted by new, tighter probabilistic guarantees whose sum is bounded

from below by the initial probability guarantee [55]. However, this approach may be

overly conservative if constraints are correlated because the new bounds satisfying Bon-

ferroni’s inequality will be tighter than the original formulation [54]. Furthermore, it

is not clear how the values of the individual probabilistic guarantees should be de-

rived [54]. Such obstacles motivated the authors to develop a new bound on a joint

CC that is tighter than the decomposition of a joint constraint relying on Bonferroni’s

inequality, albeit this approach is based on RO.

Taken together, SO used to be the dominating approach in SP until the end of the

last century. The practitioners faced with the lack of better alternatives had to accept

or bypass the following limitations highlighted by [14, 56]. Arguably, the assumption

that the probability distribution is known precisely does not have strong justification.

Moreover, solving SO formulations is effectively intractable for multidimensional prob-

ability distributions. Finally, out-of-sample performance may not be satisfactory.

Alternative methodologies free of the limitations mentioned above, RO and espe-

cially DRO, will be covered in the following sections. To conclude, it seems that SO,

which is a less advanced methodology developed for the same purpose, has been su-

perseded by DRO. This transition is without any loss because SO is a special case

of the DRO. Stochastic Optimisation remains an attractive framework for stochastic

programs in which the worst-case probability distribution can be constructed [14].

2.2.2 Robust Optimisation

Robust Optimisation is a solution methodology developed for deriving tractable refor-

mulations of the optimisation problems whose parameters are affected by uncertainty.

Section 2.1 briefly mentioned RO and introduced the concept of the uncertainty set.

The following section provides a thorough treatment of RO covering the core assump-

tions, reformulation techniques, important uncertainty sets and the complexity results.

Unless stated otherwise, the scope is restricted to LP’s. The section concludes with a

brief outline of special cases for which attractive tractability results are available.
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Core Assumptions

Robust Optimisation aims to find an optimal solution that minimises or maximises a

given objective function and satisfies all constraints for all possible values from the

uncertainty set that uncertain parameters may assume. Understandably, the solution

has to be known before the uncertain parameters assume their values. The assignments

of variables that lie outside the boundaries of the uncertainty set are considered im-

possible. The fact that a robust solution is decided before the uncertainty is realised is

referred to as making decisions here-and-now [6].

The RO framework is applicable for optimisation problems in which uncertain pa-

rameters are present only on the left-hand side of constraints. Ultimately, it is merely a

format convention that has no impact on applications. Formulations that do not satisfy

this property can be transformed into equivalent models which obey it. For instance,

uncertain parameters on the right-hand side of the constraints can be moved to the

left-hand side. In a similar vein, the objective function with uncertain parameters can

be transformed into an inequality constraint bounded by a variable which is the new

objective in the derived formulation.

The uncertainty set U that comprises values of uncertain parameters for all con-

straints must be decomposable into a Cartesian product of uncertainty sets defined for

each constraint individually. For instance, if the problem has m uncertain constraints,

then U = U1 × · · · × Um. Such a structure is called constraint-wise uncertainty. A

formulation with the uncertainty that is not constraint-wise can always be transformed

into a formulation in which uncertainty is constraint-wise [57].

For every constraint i, the elementary uncertainty set Ui should be convex. Other-

wise, it must be replaced by the smallest convex set that contains Ui. Replacing the

uncertainty set Ui by its convex hull in an uncertain LP has no impact on the feasibil-

ity and optimality of the solution to the original problem [6], i.e., feasible or optimal

solutions for an uncertainty set Ui will remain such for its convex counterpart.

Having outlined the assumptions of the RO methodology, the reformulation tech-

nique to transform an RC with a semi-infinite number of constraints into a finite-size

mathematical program is introduced next.
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Reformulation Example

The definition of uncertainty set has pivotal implications on the difficulty of solving

the optimisation problem. This effect is illustrated using an abstract LP in which

coefficients of the matrix A are uncertain. The following example in different variants

appeared in the introductions to RO [57,58].

min c>x

s.t.: Ax ≤ b ∀a1 ∈ U1, . . . ,an ∈ Um

x ∈ Rn

The vector ai is the i-th row of the matrix A. The vector can assume any value

that belongs to the uncertainty set Ui.

According to the current specification, the formulation in which uncertainty sets

Ui for i ∈ [1, . . . ,m] are continuous declares a semi-infinite number of constraints.

Without loss of generality, one can pick some set of constraints i ∈ [1, . . . ,m] and

derive its equivalent formulation.

Alternatively, the vector ai can be represented as a perturbation of nominal values,

i.e., ai = a0
i + Pζi ∀ζi ∈ Zi, where Zi is the uncertainty set describing perturbations

from the nominal vector a0, and P is the matrix of coefficients controlling the magnitude

of perturbations. The vector ζ is called the primitive uncertainty [57]. The perturbation

model could be extended further to describe correlated data [8]. In the latter case,

there could be k independent sources of uncertainty Z0, . . . ,Zk which together affect

parameters which appear in a constraint.

Consequently, one can rewrite the constraint using the new representation of the

uncertain vector ai.

(a0
i + Pζ)>x ≤ b ∀ζ ∈ Zi
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Then, the universal quantifier is replaced by embedding an inner maximisation of

the expression (a0
i + Pζ)>x over the set Zi in the constraint. It corresponds to the

worst-case reformulation [57].

(a0
i )
>x + max

∀ζ∈Zi
ζ>(P>x) ≤ b

For the purpose of the exposition, one can assume that Z is a polyhedron, i.e.,

Z = {ζ : Dζ ≤ d}. Furthermore, assuming that the polyhedron has an interior point

(a.k.a., Slater’s condition), the strong duality holds and one can replace the inner

maximisation problem by its dual.

(a0
i )
>x + max

∀ζ:Dζ≤d
ζ>(P>x) ≤ b

m

(a0
i )
>x + min

∃π:π>D=P>x,π≥0
π>d ≤ b

The constraint which had to be satisfied for all ζ ∈ Z was replaced by a constraint

that must hold for only one vector π of non-negative real numbers. Therefore, one

can move the inner dual problem into the original formulation, which completes the

reformulation.

(a0
i + Pζ)>x ≤ b ∀ζ ∈ Zi

Zi = {ζ : Dζ ≤ d}
⇔

(a0
i )
>x + d>π ≤ b

D>π = P>x

π ≥ 0

A reformulation with analogous steps could be conducted for the uncertainty set,

which is a box, an ellipsoid, a cone or an arbitrary convex set. See [57] for the overview

of the resultant formulations for different classes of uncertainty sets.

The example is concluded by highlighting some insightful observations which apply
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to all RCs in general.

Given an RC with a convex uncertainty set, the reformulation produces a finite-

size deterministic formulation with a fixed number of constraints and variables. The

resultant formulation has more constraints and variables than the initial formulation,

but the universal quantifier over the uncertainty set is eliminated from the formulation.

The convexity property of the uncertainty sets was essential to derive the dual

reformulation of the inner maximisation problem. Analogous transformations can be

applied to other convex uncertainty sets by employing either conic duality or Fenchel’s

duality. Although the reformulation seems to be the default approach to optimise the

RC, it could also be solved directly using so-called the adversarial approach, which is

described in Section 2.3.1.

The dual of the inner maximisation problem whose structure depends on the defi-

nition of the uncertainty set became a part of the final formulation. Consequently, the

structure of the uncertainty set has a direct impact on the difficulty of solving the RC.

The literature on RO provides a vast array of techniques to define uncertainty sets.

The utility of a given approach depends on multiple factors: the application domain,

available information, the difficulty of the resultant formulation, the need to control

the size of the uncertainty set, etc. The following sections review important definitions

of the uncertainty sets. Uncertainty sets that attempt to enforce some distributional

properties are not presented because nowadays DRO is a methodology of its own, and

it is discussed separately in Section 2.2.3.

Column-Wise Convex Uncertainty Set

The concept of using convex sets to express all possible values uncertain parameters

may assume was proposed by Soyster [59] in the study of uncertain LP’s in which deci-

sion variables were restricted the non-negative orthant. In contrast to constraint-wise

uncertainty promoted in RO, Soyster [59] designed the uncertainty set to capture pa-

rameters that appear in the same column of different constraints. Hence, each uncertain

parameter in a given constraint comes from a separate uncertainty set. Since all deci-

sion variables are non-negative, the robust solution could be computed by setting each
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uncertain parameter to the largest possible value it may assume, i.e., Aij = supa∈Ui aj .

Understandably, the obtained robust solutions could be overly conservative if all pa-

rameters are unlikely to assume the worst-case values simultaneously.

An important special case of the uncertainty sets pioneered by Soyster is the Box

Uncertainty Set (2.28), which defines the lower and the upper bound uncertain param-

eters may assume. Arguably, it is the most limited information about uncertainty one

could provide and an essential first step to defining more advanced uncertainty sets.

U = {a | a ≤ a ≤ a} (2.28)

Robust Counterpart of an uncertain LP with a box uncertainty set is an LP.

Ellipsoidal Uncertainty Set

The Ellipsoidal Uncertainty Set (2.29) for handling uncertainty in LP’s was proposed

in a seminal paper by Ben-Tal and Nemirovski [10] who revived interest in RO. The

primary motivation for the new uncertainty set was to provide a less conservative

alternative to the box uncertainty set, which at that time was the only uncertainty set

available. Intuitively, uncertain parameters modelled using an ellipsoid cannot assume

together extreme perturbations from nominal values, which are located in the corners

of the box.

A reasonable way to define the ellipsoidal uncertainty set is to estimate a covari-

ance matrix for uncertain parameters. It is commonly assumed the matrix is positive

definite, thus invertible. Another approach is to find an ellipsoid of minimum vol-

ume that contains the sample of historical observations of values assumed by uncertain

parameters [10].

U =
{

ã
∣∣∣ (ã− a0)>Σ−1(ã− a0) ≤ ρ2

}
(2.29)

The definition of the ellipsoidal uncertainty set contains a quadratic component.
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Therefore, a RC of an uncertain LP with ellipsoidal uncertainty sets is a SOCP.

The uncertainty set contains the configuration parameter ρ, which has to be set

by the decision-maker. Ultimately, using smaller uncertainty sets that do not cover

all possible perturbations leads to less conservative solutions. The methodological ap-

proach to finding the volume of the uncertainty set is assuming some stochastic model

of perturbations and studying the probabilistic guarantees that the uncertain linear

inequality constraint is satisfied by the robust optimal solution. Assuming symmetric

and independent perturbations ζi supported on the interval [−1, 1], the probability that

the CC P
(
ã>x∗ ≤ b

)
is violated is bounded by e−

ρ2

2 , which follows from Chebyshev’s

inequality, see [7][Proposition 1].

Budgeted Uncertainty Set

The Budgeted Uncertainty Set [8,12] defined below is an alternative to the Ellipsoidal

Uncertainty Set.

UΓ =

{
a

∣∣∣∣ a ≤ a ≤ a, ai =
ai + ai

2
, i ∈ I, I ⊆ {1, . . . , n} , ‖I‖ ≤ Γ

}
(2.30)

Given some integer configuration parameter customarily denoted as Γ, the Budgeted

Uncertainty Set allows no more than Γ uncertain coefficients to deviate from their

nominal values. For that reason, the budgeted uncertainty set is also known as a

Gamma-uncertainty Set [32], and a Cardinality Constrained Uncertainty Set [58].

Overall, the uncertainty set is a generalization of the box uncertainty. In its pure

form, Uncertainty Set (2.30) is non-convex due to the cardinality constraint, so the

reformulation is derived for its convex relaxation [58][Theorem 1], which is a polytope.

The RC of an uncertain LP with the budgeted uncertainty set is an LP.

The parameter Γ controls the trade-off between conservativeness of the solution

and the probability guarantees that uncertain constraints are satisfied for the assumed

stochastic model of perturbations. For perturbations that are symmetric and affect

each uncertain parameter independently, the probability that the CC P
(
ã>x∗ ≤ b

)
is
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violated by the robust solution is at most e−
Γ2

2n , where n is the number of uncertain

parameters [8]. As a result, bounds become sharper as the number of uncertain param-

eters increases.

Norm-Bounded Uncertainty Set

Uncertainty sets can be defined as sets of perturbed vectors whose distance from the

vector of nominal values is below some prescribed threshold. The distance could be

measured according to a norm selected by the decision-maker. Following [60], the

section presents the Norm-Bounded Uncertainty Set (2.31), where ‖·‖ is an arbitrary

norm, M is an invertible matrix, and ∆ ≥ 0 is the radius. A function to be called a norm

must satisfy a set of properties explained in A.1. The appendix also contains example

norms adopted in the literature for optimisation under uncertainty. The operator vec

transforms a matrix into a vector by flattening it in the row-major order.

U =
{
A | M

∥∥vec(A0)− vec(A)
∥∥ ≤ ∆

}
(2.31)

A linear inequality constraint with the uncertainty set bounded by the norm ‖ · ‖

leads to the resultant formulation [60][Theorem 2], where ‖ · ‖∗ denotes the dual norm.

a>i x + ∆
∥∥∥M>−1

∥∥∥∗ ≤ bi (2.32)

Overall, the Norm-Bounded Uncertainty Set provides a generic framework which

unifies several important classes of uncertainty sets proposed in the literature [60], i.e.,

the box uncertainty set ({ζ | ‖ζ‖∞ ≤ 1}), the ellipsoidal uncertainty set (
{
ζ
∣∣ ‖ζ‖2 ≤ ρ2

}
),

and the budgeted uncertainty set ({ζ | ‖ζ‖1 ≤ Γ, ‖ζ‖∞ ≤ 1}).

Finally, modelling an uncertainty set as bounded is without loss of generality [32].

If an uncertainty set contains a ray (i.e., a half-line which starts at a given point and

expands infinitely in one direction), then optimisation of the RC will behave as it

would have hidden feasibility cuts preventing the inner maximisation from obtaining
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positive values in the vector of perturbations which lie on that ray. Otherwise, the

inner maximisation problem would be unbounded [32].

Data-Driven Uncertainty Set

Suppose the decision-maker has an access to a sample of n past realizations of uncertain

parameters, i.e., {a1, . . . ,an} that are independently and identically distributed.

Intuitively, an uncertainty set could be defined as a convex combination of scenarios

observed in the past:

U =

{
a

∣∣∣∣∣ a =
n∑
i=1

qiai,
n∑
i=1

qi = 1, q ≥ 0

}
(2.33)

Uncertainty Set (2.33) is a special case of the more generic uncertainty set proposed

by [61]:

Uα = conv

({
1

α

∑
i∈I

piai +

(
1− 1

α

∑
i∈I

pi

)
aj | i ∈ I, I ⊆ {1, . . . , n},

j ∈ {1, . . . , n} \ I,
∑
i∈I

pi ≤ α

})
(2.34)

Given α = 1, Uncertainty Set (2.34) is equivalent to Uncertainty Set (2.33). Another

interesting configuration setting is α = j/n and pi = 1/n for some positive integer j ≤

n. Then, Uncertainty Set (2.33) represents a convex hull of centroids of all combinations

containing j scenarios [61].

Tractability of Robust Convex Optimisation

The majority of positive computational complexity results for Robust Linear Optimi-

sation are not transferable to more general classes of uncertain convex optimisation

problems. The authors of the book [6][Chapters 6-8] provide an extensive treatment

of this topic, including special cases in which the RC of an uncertain SOC and PSD

programs remain solvable in polynomial time.
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The RC of an uncertain SOC program with a linear objective and uncertain SOC-

representable constraints with a polyhedral uncertainty set is intractable [6][Chapter

5]. This negative result stems from the fact that maximisation of a convex function

over a polytope is NP-hard. For instance, maximisation of a quadratic expression

x>Ax, where A is a PSD matrix and ‖x‖∞ ≤ 1 is NP-hard, see [6][Section 5.2]. As a

consequence, positive tractability results are limited to special cases.

The RC of an uncertain SOC programs if the uncertainty set U is an ellipsoid

are PSD [9], thus tractable. The RC of an uncertain SOC with a convex hull of a

finite set of scenarios as the uncertainty set or a simple interval uncertainty are also

tractable [6][Chapter 6]. However, if the uncertainty set is generalized to an intersection

of ellipsoids, then the RC of an uncertain SOC program becomes NP-hard [9].

The RC of an uncertain PSD constraint with an ellipsoidal uncertainty set is NP-

hard [9]. The robust reformulation of an uncertain PSD program with the convex hull

of a finite set of scenarios remains tractable [9][Chapter 7].

Tractability of Robust Discrete Optimisation

The discussion of the theoretical complexity of solving uncertain DO problems is rel-

evant only for problems whose deterministic variant is solvable in polynomial time.

Within this group, the authors mention [12, 32]: the shortest path, the minimum edge

independent set (matching), the minimum assignment, the minimum spanning tree,

the minimum cost flow etc. Problems that are NP-hard in the deterministic case will

not become tractable after their formulations are extended to account for uncertain

parameters. Furthermore, it is common in the literature to assume that the structural

properties of feasible solutions to DO problems are not affected by uncertainty and

restrict its treatment to the cost coefficients in the objective function [12,32,62].

In the general case, a RC of a DO problem that is tractable in the deterministic

variant is NP-hard. Interestingly, this negative result appears for unconstrained com-

binatorial problems, which are a subclass of DO problems restricted to binary decision

variables, with an uncertain objective modelled using the uncertainty set containing two

scenarios [32]. If the number of scenarios is finite, then the RC is NP-hard [32][Theorem
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1]. It generalises the well-known result of [62] that the uncertain shortest path problem

in a graph with two scenarios of edge costs is NP-hard. The problem becomes strongly

NP-hard if the uncertainty set is a finite but unbounded set of scenarios [32][Theorem

2]. Similar results hold for arbitrary polytopes and ellipsoids [32][Theorems 4 and 5].

The authors concluded that the particular structure of a combinatorial problem is ir-

relevant from the complexity perspective. On the other hand, the fact that decision

variables are binary is critical [32].

As in the case of non-linear RO, researchers have focused on finding uncertainty sets

for specific problems or classes of problems that remain tractable. Besides the interval

uncertainty in which the RC has the same complexity as the nominal problem [32],

combinatorial problems with uncertainty in the cost function modelled using budgeted

uncertainty have a tractable RC [12]. In particular, problems that contain n binary

decision variables can be solved to optimality by solving n+ 1 deterministic instances

of the original problem [12]. Consequently, combinatorial problems which have an

algorithm of polynomial complexity for the deterministic case are polynomially solvable

if the budgeted uncertainty affects the cost function. Similarly, a min-cost flow problem

with uncertain cost modelled using the budgeted uncertainty set can be transformed

into a larger deterministic min-cost flow problem [12].

The RC of a combinatorial problem with uncertainty in the cost function is NP-

hard when modelled using an uncertainty set that allows for describing correlations [32].

To support this observation, the authors remarked that interval uncertainty in which

perturbations are independent does not change the complexity of the original prob-

lem. The same holds for the budgeted uncertainty. On the other hand, uncertainty

sets that are general ellipsoids, polyhedrons, or based on scenarios, which could model

correlations, lead to intractable RC’s for combinatorial problems whose deterministic

case is tractable. An interesting open problem is the tractability of combinatorial opti-

misation problems with uncorrelated ellipsoid uncertainty set, i.e., non-zero entries are

only on the main diagonal. There are no known NP-hard combinatorial problems with

uncertainty in the cost function modelled using an uncorrelated ellipsoidal uncertainty

set which are tractable in the nominal case [32].
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Multistage Robust Optimisation

For a broad class of optimisation problems arising in the real world, the assumption of

RO to make decisions here-and-now can be relaxed. For instance, consider the problem

in which the source of uncertainty is a long term forecast. It may be practical to recon-

sider decisions regarding the future after the real values for some uncertain parameters

were observed and the forecast was updated. Problems with that characteristic are

known as multi-stage problems, the variables which can be adjusted are referred to as

wait-and-see variables [57], and a RC with wait-and-see variables is called an Adjustable

Robust Counterpart (ARC) [11].

The formulation below presents a two-stage ARC of an uncertain LP with here-and-

now decisions x and wait-and-see decisions y. The model was proposed as an extension

to classical RO by [11].

min c>x

s.t.: Ax + By ≤ d ∀A ∈ A ∃B ∈ B

x ∈ Rn, y ∈ Rm

Symbols A and B denote uncertainty sets of the uncertain matrices A and B,

respectively. The matrix B is customarily called the recourse matrix [11].

An ARC leads to less conservative solutions than the classical RC. To see this,

compare the order of the quantifiers next to the uncertain constraint. The set of the

feasible solutions for the classical RC, i.e., Ax + By ≤ d ∃B ∈ B ∀A ∈ A, is a subset

of the feasible solutions to the ARC, i.e., Ax + By ≤ d ∀A ∈ A ∃B ∈ B. See [11] for

conditions when an ARC and a RC are equivalent.

Unfortunately, in contrast to positive tractability results of the RC with convex

uncertainty sets, solving an ARC is in general NP-hard. This negative result holds

even if A is an arbitrary polyhedron and the matrix B is fixed, i.e., the uncertainty set

B is a singleton that contains a nominal scenario.

Positive complexity results can be obtained if the wait-and-see variables are replaced
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by some function of uncertain parameters A and B. In particular, the ARC of an

uncertain LP is tractable if the uncertainty set A is tractable, the matrix B is fixed and

the variables y are set to an affine transformation of the matrix A [11], i.e., y = p+PA.

Overall, replacing variables by a function of other variables is known as a (parametric)

decision rule. In this case, the decision rule is a function of uncertain data. An ARC

with linear decision rules is called an Affine Adjustable Robust Counterpart. For a

given uncertainty set, it remains in the same complexity class as the classical RC

and leads to less conservative solutions. Surprisingly, despite their simplicity, linear

decision rules are optimal for some problem classes, see [63]. On the other hand, some

optimisation problems may become infeasible if linear decision rule approximation is

applied, see [64][Problem 15].

Further research on ARC’s evolved in two directions: proposing more complex deci-

sion rules which may avoid infeasibility and lead to better solutions, i.e., affine functions

with auxiliary variables [65], piecewise linear functions [66], quadratic functions [67],

etc., and extending the approach to support wait-and-see binary variables [68].

From a practical standpoint, it is important to recognise that decision rules in ad-

justable RO indicate the next stage decisions immediately based on the realisation

of uncertainty. The optimality of such a decision depends on the problem and the

complexity of the decision rule. On the other hand, if the second stage model can be

optimised, doing so may lead to better solutions. The solution approach, which involves

solving the optimisation problem at subsequent stages assuming that decisions regard-

ing the past cannot change, is known as a folding horizon [57] or a receding horizon [58].

At every stage, the decisions related to the subsequent stage become the here-and-now

variables that do not need to follow a decision rule. The solution approach could be

adapted to multi-stage problems modelled using a RC, an ARC or a deterministic

formulation. Computational studies on inventory problems with folding horizon indi-

cate that classical RO may outperform Adjustable RO by taking better here-and-now

decisions [57]. Furthermore, if uncertainty sets are small, deterministic formulations

with folding horizon may become viable alternatives for decision-makers less concerned

about the worst-case performance due to better overall cost effectiveness [57].
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Multistage Robust Optimisation and the multistage algorithm introduced in Chap-

ter 5 are considered different concepts in the thesis. In contrast to Multistage Robust

Optimisation presented above, a multistage algorithm is defined as a hybrid method

composed of at least two algorithms that sequentially solve an optimisation problem

formulated using the same set of decision variables. The first algorithm finds a solution

that will be then passed to the second algorithm.

2.2.3 Distributionally Robust Optimisation

Distributionally Robust Optimisation (DRO) utilises available sample data and im-

poses some mild assumptions on structural properties of the probability distribution

functions to improve probabilistic guarantees of CC’s satisfaction. Achieving equivalent

probabilistic guarantees in RO with no sample data available and without imposing any

assumptions on probability distribution would require larger uncertainty sets, eventu-

ally leading to overly conservative solutions.

A family of the probability distribution functions which have the same support and

share common structural properties is referred to as an ambiguity set. Similarly to

uncertainty sets in RO, the central feature of the ambiguity sets proposed in the litera-

ture is the availability of tractable solution approaches. Moreover, ambiguity sets have

adjustable size and are designed to be parametrised from data [56]. Intuitively, the size

of an ambiguity set reflects the lack of confidence about the probability distribution

that generated sample data. In particular, some ambiguity sets provide means to cal-

culate the probabilistic guarantee that the true probability distribution is contained in

the set [56,69]. Understandably, such probabilistic guarantees increase with the sample

size. Consequently, one can reduce the size of the ambiguity set without impacting the

probabilistic guarantees if a larger data sample is available.

Overall, RO and DRO are strongly connected historically and conceptually. Dis-

tributionally Robust Optimisation started as a branch of RO by building uncertainty

sets that implicitly encoded distributional information. For instance, in the context

of DRCC’s, one can transform an ambiguity set into an uncertainty set which of-

fers the same probabilistic guarantee [61]. Similarly, the reformulation technique for
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moment-based ambiguity sets covered in Section 2.2.3 leads to a classical RC in which

the uncertainty set is the support of the ambiguity set. The Statistic Hypothesis Test

Ambiguity Set, presented next, exemplifies the close connection between DRO and RO.

Statistic Hypothesis Test Ambiguity Sets

An ambiguity set could be defined as a confidence region of some statistic hypothe-

sis test [69]. Such an ambiguity set comprises probability distribution functions that

are compliant with structural properties assumed by the test and satisfy the null hy-

pothesis for the given sample data at the desired significance level 1 − α. Ambiguity

sets defined in this manner exhibit some noteworthy theoretical features. Most im-

portantly, the confidence region of the statistical test shrinks as the size of sample

data increases. Understandably, the details of this process depend on the definition of

the statistical test. Some tests induce smaller ambiguity sets with the same guarantee

that the probability distribution function which generated the sample data is contained

within the ambiguity set [69]. Such ambiguity sets are more appropriate for the given

application [69].

The use of statistic hypothesis tests to formulate ambiguity sets was pioneered

by [69]. The authors proposed a generic framework to derive ambiguity sets and un-

certainty sets, which provide the same predefined probabilistic guarantees that a CC

is satisfied. The framework can be used if a sample of independent and identically

distributed observations of the random variable generated by the true probability dis-

tribution is available and the support set of the probability distribution is known. The

central concept behind the framework can be summarised in the following statement.

f(x,u) ≤ 0 ∀u ∈ U(ε)⇒ P∗ (f(x∗,u) ≤ 0) ≥ 1− ε

Let f(x,u) be a function that is concave in the vector of uncertain parameters u for

any input vector x. The framework helps to define an uncertainty set U(ε) parametrised

by the desired probability guarantee. The satisfaction of the constraint for any vector

51



Chapter 2. Literature Review

of uncertain parameters from the uncertainty set should imply that the CC is satisfied

at probabilistic guarantee 1−ε for the true probability distribution, which is not known.

The procedure to define an uncertainty set consists of the following steps.

1. The decision-maker defines an ambiguity set P(Û, α, ε) given the statistic test,

significance level α, desired probabilistic guarantee ε, and the sample Û .

2. Subsequently, the ambiguous chance constraint is replaced by the worst-case V@R

over the ambiguity set.

sup
P∈P

V@Rε,P(f(x, ũ))

3. The V@R is non-convex which poses challenges for developing a tractable solution

approach. For that reason, the V@R should be approximated by a convex and

bounded function g(x, Û, α, ε) which is positively homogeneous in x, i.e., for any

Û, α, ε g(ax, Û, α, ε) = ag(x, Û, α, ε). Finding such a bound is the responsibility

of the decision-maker.

4. Finally, the uncertainty set U is derived by analysing the following expression.

g(x, Û, α, ε) = sup
u∈U(ε)

u>x

To conclude, the approach presented above is a generic framework applicable for

building ambiguity sets for DRCC involving arbitrary functions concave in the vector

of uncertain parameters. Arguably, the generic nature and the flexibility of the frame-

work might pose some difficulty for the decision-maker who remains responsible for

finding the upper bound for the V@R and then deriving the uncertainty set. For that

reason, the researchers [69] presented the framework on a broad range of examples that

imitate different application contexts, i.e., the probability distribution with discrete or

continuous supports, samples drawn either from a joint distribution or from marginal

distributions separately, etc. The RC is designed to be solved using the adversarial ap-

proach, covered in Section 2.3.1. For several ambiguity sets, the researchers identified

closed-form expressions or efficient algorithms for finding the violated scenarios [69].
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Probability Distance Function Ambiguity Sets

An ambiguity set could be defined as a family of probability distribution functions that

remain within some prescribed distance from the given reference distribution. The

Kullback-Leibler divergence [70] and the Wasserstein metric [56] are arguably the most

popular distance measures between probability distributions used in the definition of

ambiguity sets. Due to simplicity in parameterisation from data, a common choice of a

reference distribution is a discrete uniform distribution of independent and identically

distributed scenarios. The adjustable distance threshold (a.k.a. radius) provides the

means to control the size of the ambiguity set. Setting the radius to zero reduces the

ambiguity set to a singleton which contains only the reference probability distribution.

Distributionally Robust Optimisation over such a set is equivalent to SP.

Formally, the Wasserstein distance [56] is a metric defined for the family of prob-

ability distribution functions P supported on the support set Z which satisfies the

following mild assumption. Given an arbitrary norm ‖·‖ used in the definition of the

Wasserstein distance, the expectation of the norm of a random variable which follows

any probability distribution P ∈ P is bounded, i.e., EP(‖ζ̃‖) =
∫
Z ‖ζ‖P(dζ) < ∞.

Example norms adopted in the literature on optimisation under uncertainty are listed

in A.1. Random variables ζ1 and ζ2 have marginal probability distributions P1 and P2,

respectively, and a joint probability distribution Π. Given the essential prerequisites

introduced above, the Wasserstein distance is defined below.

∆W(P1,P2) = inf
Π


∫
Z2

‖ζ1 − ζ2‖Π(dζ1, dζ2)


Overall, the Wasserstein distance could be interpreted as a minimum cost required

to transform one probability distribution mass into the other [56]. Specifically, the joint

probability distribution encodes the transportation plan, and its cost is assessed using

the given norm.

Taken together, the Wasserstein ball of the radius r centred at the reference prob-

ability distribution P0 is an ambiguity set.
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B =
{
P ∈ P

∣∣ ∆W (P,P0) ≤ r2
}

Computing the worst-case expectation of an arbitrary function over the Wasserstein

ball is a non-convex optimisation problem [56]. Nonetheless, suppose the Wasserstein

ball is defined for probability distribution functions with a convex and closed support

set, then for some specific classes of functions. In that case, the calculation of the

expected value admits a tractable reformulation. In particular, the expectation of a

point-wise maximum of a finite number of functions whose reflection over the x-axis

is proper, convex and lower semi-continuous can be formulated as a finite-dimensional

convex problem, see [56][Theorem 4.2]. A direct consequence of the theorem leads to

the noteworthy result that the expectation of a point-wise maximum of a finite number

of affine functions over the Wasserstein ball defined using either L1 or L∞ norm is an

optimal solution of an LP [56]. Interestingly, the value assigned to the radius does

not affect the size of the formulation. A similar LP reformulation is available for the

expectation of the point-wise minimum of a finite number of affine functions.

In contrast to other ambiguity sets, with an additional restriction to light-tailed

distributions, i.e., distributions whose probability in tail declines exponentially, DRO

with Wasserstein ball offers a probabilistic upper bound guarantee on the out of sample

performance, see [56][Theorem 3.4]. Such a guarantee allows for a meaningful selection

of the radius r, i.e., for a given performance guarantee 1 − α and a sample size n,

the radius is proportional log(α−1)/n [56]. As a result, for some fixed confidence

1 − α, the radius of the Wasserstein ball could be reduced if a larger data sample is

available. Eventually, if the function whose expected value is optimised is upper semi-

continuous and bounded, then the upper bound on the out-of-sample performance

converges to the optimal value of the objective [56][Theorem 3.6]. The theoretical

results outlined above provide strong justification for using Wasserstein ambiguity sets.

Nonetheless, for practical applications, the researchers [56] recommend using machine

learning techniques, such as bootstrapping, i.e., the holdout method or cross-validation,

which may yield stronger out-of-sample performance guarantees for the same radius.
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Similar guidelines are relevant for other probabilistic guarantees derived from general-

purpose inequalities [69].

Moment-Based Ambiguity Sets

Moment-based ambiguity sets define families of probability distribution functions by

enforcing constraints on moments. Historically, the first ambiguity set of this kind de-

fined using constraints on mean and covariance (a.k.a the first and the second moment,

respectively) has been proposed by Delange and Ye in the seminal paper [13]. The

authors considered the following ambiguity set:

D =


P(ũ ∈ U) = 1

(EP(ũ)− µ)>Σ−1(EP(ũ)− µ) ≤ r1

EP((ũ− µ)(ũ− µ)>) � r2Σ


where µ and Σ are the estimates of mean and covariance of some unknown prob-

ability distribution defined over the support set U . The interior of the support set is

assumed to contain µ. Furthermore, Σ is PSD, thus invertible. The ambiguity set

contains probability distributions defined over the support set whose mean is located

within an ellipsoidal uncertainty set centred at µ and covariance matrix belongs to

a PSD cone intersected with non-negative orthant. Parameters r1 and r2 represent

confidence in the moment estimates.

The authors [13] studied the computational tractability of the following optimisation

problem.

min
x∈X

max
P∈D

EP(h(x, ũ))

The problem can be reformulated into a convex optimisation problem and solved

to a given precision by an ellipsoid method. Computational complexity is polynomial

in the number of decision variables and uncertain parameters assuming the following
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preconditions hold. Both the support set U and the set of feasible solutions X are

convex, closed, bounded and have polynomial-time separation oracles. The function

h(x,u) is a point-wise maximum of a finite set of functions. Each function is convex

in x and concave in u. Moreover, their subgradient in x and supergradient in u can

be computed in polynomial time. Important classes of functions which satisfy these

assumptions are piecewise linear functions and the CV@R [13]. Practical applications

of the framework adopt reformulations into PSD optimisation problems.

Interestingly, the problem will become non-convex in the general case if the equality

constraint [13] replaces the linear matrix inequality constraint � in the ambiguity set.

Enforcing the linear matrix inequality constraint from below is avoided for similar

reasons. Furthermore, in some applications, i.e., portfolio selection, such a constraint

is meaningless because it has no impact on the worst-case distribution, which intuitively

assumes the largest variance possible.

A typical approach to set parameters r1 and r2 is based on analysing the confidence

intervals for mean and covariance. The authors [13] derived them theoretically, as-

suming that the components of the probability distribution are independent and a ball

bounded by some radius contains the support set of the true probability distribution.

Moreover, if the conditions above hold, one could compute the probabilistic guarantee

that the true probability distribution which generated sample data used to estimate

the first and the second moment belongs to the ambiguity set, see [13][Corollary 5].

Researchers who followed the path paved by [13] developed more generic frame-

works for defining moment-based ambiguity sets. Besides inequality constraints on

the first and second moment, such frameworks allow for an arbitrary number of in-

equality constraints defined using certain classes of functions of random variables. For

instance, researchers [64] consider ambiguity sets defined using inequality constraints

on functions whose epigraphs are SOC-representable.

The definition below presents the generic structure of the ambiguity sets proposed

by [64].
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M =


P ∈ P(Rn)

∣∣∣∣∣∣∣∣∣∣∣∣

ũ ∈ Rn

P(ũ ∈ U) = 1

EP(ũ) = µ

EP(fi(ũ)) ≤ ri ∀i ∈ I


The support set U is SOC-representable. For each i ∈ I, the functionfi : R ⇒ R

is defined on compact (a.k.a. closed and bounded) sets, and its epigraph is SOC-

representable as well. Overall, the framework is flexible enough to model polyhedral

and ellipsoidal uncertainty sets, upper bound on variance and piecewise linear functions,

etc. [64]. On the other hand, generic semidefinite constraints, which are useful for mod-

elling covariance, are not supported. Instead, as a workaround, researchers [64] suggest

a simplistic approximation scheme based on the equivalence between a semidefinite

constraint and a set of semi-infinite inequality constraints with a quadratic component.

EP((ũ− µ)(ũ− µ)>) � Σ ⇐⇒ EP((v>(ũ− µ))2) ≤ v>Σv ∀v ∈ Rn

As an immediate consequence, the semidefinite constraint could be approximated

by a finite number of inequality constraints, i.e., EP((v>j (ũ − µ))2) ≤ v>j Σvj ∀j ∈

J . Ambiguity sets with such modelling structures are called partial cross moment

ambiguity sets. Unfortunately, there are no guidelines how to chose the sample vectors

v [64].

If the ambiguity set is not empty, the worst-case expectation of a linear function

over the ambiguity set can be reformulated into a classical RC, see [64][Theorem 1]. The

proof relies on the duality theory for moment problems [71]. The sketch of the proof is

provided in Appendix A.2. The classical RC can then be transformed into an equivalent

SOC optimisation problem. Commercial solvers for this class of problems are more

scalable than the solver technology developed for SDP [64]. Furthermore, motivated

by performance considerations, the resultant optimisation problem could be an LP if

the support set is a box and constraints on variance, i.e., EP((ax + b)2) ≤ v1, in the
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ambiguity set are replaced by upper bounds on absolute deviation, i.e., EP(|ax+b|) ≤ v2.

Surprisingly, it is prudent to introduce auxiliary variables in the moment-based

ambiguity set and relegate functions in the definition of constraints to the support set.

By applying this technique (a.k.a. lifting) to the ambiguity setM and the support set

W one obtains so-called lifted counterparts of the ambiguity set M and the support

set W.

M =


P ∈ P(Rn1 × Rn2)

∣∣∣∣∣∣∣∣∣∣∣∣

ũ, z̃ ∈ Rn1 × Rn2

P((ũ, z̃) ∈ W) = 1

EP(ũ) = µ

EP(fi(z̃)) ≤ r



W = {(u, z) ∈ Rn1 × Rn2 | u ∈ W, fi(u) ≤ z ∀i ∈ I}

The lifted ambiguity set is equivalent to the initial ambiguity set [64][Proposition

1]. However, the introduction of auxiliary variables has important implications in

multistage RO problems approximated using decision rules. The auxiliary variables

could remove potential infeasibility introduced by the linear decision rule approxima-

tion, which may arise in some problem instances. Furthermore, the auxiliary variables

generally should improve the objective value of the final solution [64].

SOC-representable moment-based ambiguity sets are specialisations of a more generic

ambiguity set containing probability distributions that satisfy the equality constraint

on the first moment and a group of probabilistic inequality constraints expressed using

conic-representable sets. The definition of the generic ambiguity set provided below

has been proposed by [14].

G =

P ∈ P(Rn)

∣∣∣∣∣∣ EP(Aũ) = b

P(ũ ∈ Ci) ∈ [p
i
, pi] ∀i ∈ I
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The ambiguity set’s definition contains a finite number of constraints. For each

constraint i, the set Ci is defined over a proper cone Ki (a.k.a. closed, convex, pointed,

with a non-empty interior [72]).

Ci = {ũ ∈ Rn | Du �Ki c}

Each set Ci is associated with the interval [p
i
, pi] which represents the confidence

that the conic-representable expression for a given random variable following the true

but unknown probability distribution satisfies the constraint.

For the given vector of decision variables x, the worst-case expectation maxP∈G h(x, ũ)

can be reformulated as a finite conic program, see [14][Theorem 1], if the following as-

sumptions hold. The function h is a point-wise maximum of a finite number of functions

that are convex and piecewise affine both in decision variables and in random variables.

Furthermore, the set C1 should be the support set, i.e., p1 = p
1

= 1. None of the sets

Ci are empty if p
i
< pi. Finally, for each pair of sets (Ci, Cj) either one set is fully

contained in the other, or both sets are non-overlapping. If the last condition does not

hold, then checking if the ambiguity set is not empty is an NP-hard problem in general,

see [14][Theorem 2]. The authors demonstrated the flexibility of the framework by

modelling the ambiguity set using robust statistics which are less sensitive to outliers,

i.e., median, mean-absolute deviations and the Huber loss function are the counterparts

of mean, standard deviation and variance, respectively. Furthermore, ambiguity sets

defined using robust statistics could offer more attractive performance than the coun-

terparts based on mean and covariance if the probability distribution deviates from

normality or the data sample is small [14].

To conclude, the section presented the approaches to define ambiguity sets. Sim-

ilarly to RO, the DRO models are either reformulated into finite-size mathematical

programs and solved using a general-purpose MIP solver or optimised using the ad-

versarial approach. Both solution methods are discussed in the following section. Fur-

thermore, it presents two less common methods applicable to problems with a special

structure or problem instances beyond the scalability limits of the MIP solver for the
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given formulation.

2.3 Solution Approaches

The development of RO and DRO led by the research community concentrated on so-

lution frameworks that are theoretically and practically solvable. A RC of an uncertain

MIP problem can be reformulated into a finite-size MIP formulation and solved using

software available off-the-shelf. The solution approach adopted by commercial MIP

solvers such as Gurobi or CPLEX is described in Section 2.3.1.

Even though the reformulation of the RC seems to be the default approach, it is

not necessarily the most effective technique. Due to the lazy constraint generation

feature, a MIP solver could solve the initial RC formulation in which constraints are

defined for every element of the uncertainty set. Such a solution method is referred

to as an adversarial approach [57], a cutting-set method with pessimising (worst-case)

oracles [73], and a cutting-plane method [74,75]. Section 2.3.1 which explains it adopts

the first naming convention.

Ultimately, Robust Mixed-Integer Optimisation is intractable in the general case.

Consequently, if the bound derived from solving a continuous relaxation of the MIP

formulation is weak, then exact methods may not remain a practical approach for

the problem instances above a certain size, which is application dependent. For that

reason, Oracle-based Approaches and CP with LS and Metaheuristics described in

Sections 2.3.2 and 2.3.3, respectively, may offer a viable workaround for the cases in

which MIP is less successful.

2.3.1 Mixed Integer Linear Programming

Mixed-Integer Linear Programming benefits from the mature solver technology de-

veloped initially for LP. Contemporarily, the state-of-the-art commercial solvers also

support integer decision variables and selected SOC expressions in constraints and the

objective function. Solvers also allow for lazy constraints generated on demand through

callbacks provided by the customer. Such constraints can be added to the model at

60



Chapter 2. Literature Review

different stages of the optimisation, i.e., whenever a feasible solution reported by the

solver violates them. The feature is handy for implementing a cutting plane method

and for problem formulations that require a large number of constraints that are seldom

violated.

Regardless of the company that implemented the solver, commercial-grade prod-

ucts approach MIP in the same way. The original MIP formulation is replaced by its

relaxation in which integer and binary variables are substituted by continuous variables

(a.k.a. integrality constraints are relaxed). Such a formulation can be solved in poly-

nomial time by a simplex method or an interior point method. The simplex method

can be used only if the relaxed formulation is an LP. Models which contain quadratic

expressions are solved by an interior point method. It is the reason for the limited

support for SOC expressions that may appear in the model. If possible, the solver runs

both the simplex method and the interior point method in parallel and accepts the

solution of the first method, which converged. Such a solution is a lower (upper) bound

on the solution of the mixed-integer minimisation (maximisation) problem.

The optimal solution of the relaxed formulation may not be feasible to the original

problem due to the violation of some integrality constraints (i.e., an integer variable

assumes a fractional value in the relaxation). In response to this situation, the solver

may generate additional inequality constraints, known as cuts, that are satisfied by

all feasible solutions to the original mixed-integer formulation but may be violated

after the integrality constraints are relaxed. Cuts may eliminate fractional values and

improve the quality of the bound. Many families of cuts could be either problem-

specific (a.k.a. valid inequalities) or general-purpose (i.e., Gomory Cuts, Mixed-Integer

Rounding Cuts, etc.). They also vary in the computational effort required to find them.

Ultimately, cuts are additional constraints added to the relaxed formulation. Therefore,

they increase the size of the model and the time needed to solve it. For that reason,

the solver has to control the trade-off between the time spent on generating cuts and

the effective improvement they provide.

Some variables with relaxed integrality constraints may remain fractional despite

cuts. The solver deals with such situations by considering two complementary scenarios
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in which a given variable x set to some fractional value v is either forced to assume value

lower or equal to bvc or greater or equal to dve. This process is known as branching

because both constraints are mutually exclusive and lead to different solutions. Sub-

sequently, the solver solves the relaxed formulation again to obtain new solutions and

update bounds for both scenarios. This solution approach is called branch-and-bound.

Ultimately, it leads to finding a solution for the original problem or proving the infea-

sibility of the problem instance. The search process continues after a feasible solution

has been identified. The optimisation is terminated after the relative gap between the

bound obtained by solving the relaxed formulation to optimality and the best solution

known (a.k.a. the incumbent solution) is less than some preconfigured threshold. If the

gap limit is set to a very small value, then the final solution can be considered optimal.

For that reason, MIP solvers are known as exact methods.

Theoretically, solving an arbitrary MIP is intractable. The practical effectiveness of

the solution approach depends on the size of the branch-and-bound tree to explore. Un-

derstandably, the solver uses the bounds to guide the exploration. Branches for which

the relaxed problem formulation becomes infeasible are abandoned (a.k.a. pruned).

The same holds for branches whose bounds are worse than the incumbent solution. On

the other hand, if the bounds computed using the relaxed formulation are weak, i.e.,

always below the cost of the incumbent solution for a minimisation problem, there is

no pruning effectively, and the search process becomes an exhaustive enumeration. As

a result, in such circumstances, only small problem instances can be solved.

To conclude, the size of the problem instance and the quality of the bound derived

from the relaxed formulation are the key factors for deciding whether the mixed-integer

approach is appropriate for solving the problem at hand.

Adversarial Approach

The adversarial approach is an iterative method for solving a RC without applying

the reformulation technique. Instead, the uncertainty set is replaced by a finite set of

scenarios obtained by the selection of relevant elements from the uncertainty set. This

section demonstrates how the adversarial approach works using an abstract problem
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with an uncertain inequality constraint modelled using the uncertainty set U .

min c>x

s.t.: a>x ≤ b ∀a ∈ U

x ∈ X

The uncertainty set is replaced by a finite set of samples S. Initially, it contains

only the nominal scenario. The adversarial approach proceeds by iteratively solving

the formulation. A copy of the uncertain constraint is defined for each scenario.

min c>x

s.t.: a>x ≤ b ∀a ∈ S

x ∈ X

Let x∗ be the optimal solution computed in a given iteration. By construction, the

solution is feasible for all scenarios contained in S. However, the original uncertainty set

may contain scenarios for which the solution is infeasible. Consequently, the adversarial

method attempts to find at least one such scenario by solving the following optimisation

problem to extend the set S for the next iteration.

β(x∗) = max x∗>a− b (2.35)

a ∈ U (2.36)

The x∗ is a part of the input, and the tractability of the problem depends on

the uncertainty set. Section 2.2.2 explained uncertainty sets that lead to tractable

reformulations. Let a∗ be the optimal solution of the problem. If the optimal objective

value is non-negative, then the solution x∗ satisfies the uncertain constraint for the

entire uncertainty set U . Otherwise, if the objective is negative, the solution x∗ violates
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the uncertain constraint for the scenario a∗. The scenario is added to the set S, and a

new iteration is started. Eventually, the solution method terminates, which has been

proven by [73].

The effectiveness of the adversarial approach compared to the reformulation with

ellipsoidal and polyhedral uncertainty sets was analysed by [75]. The authors concluded

that for Robust Linear Optimization with ellipsoidal uncertainty sets, reformulations

are faster to solve. Nonetheless, if polyhedral uncertainty sets are used or mixed-integer

optimisation is considered, then it is not clear which method is more efficient [75]. Ul-

timately, researchers demonstrated that running both approaches in parallel and ac-

cepting the solution of the first method that converged could reduce the computational

time by half [75]. The researchers [75] obtained those results using very efficient al-

gorithms for finding the worst-case scenarios that violate a given uncertain constraint.

In particular, the authors used a closed-form solution for the ellipsoidal uncertainty

set and an algorithm that had O(nlog(n)) complexity for the budgeted uncertainty

set [75]. Their work should be relevant to practitioners who consider adopting the

adversarial approach, as the paper discusses the benefits and limitations of different

implementations. An additional merit of the paper [75] is a presentation of a rigor-

ous methodology to derive statistically significant results comparing the computational

time of the adversarial approach and the RC reformulation.

2.3.2 Oracle-Based Approach

The oracle-based approach attempts to exploit efficient algorithms developed for deter-

ministic DO problems in Robust Mixed-Integer Optimization. A notable example of a

solution approach which belongs to this category is solving Combinatorial Optimisation

problems with an uncertain cost function modelled using the budgeted uncertainty set.

An optimal robust solution for such a problem can be found by solving n + 1 deter-

ministic problem instances, where n is the number of uncertain coefficients in the cost

function [12]. In the similar spirit, given an exact oracle for a deterministic combinato-

rial optimisation problem, the problem with an uncertain cost function modelled using

uncorrelated ellipsoidal uncertainty set admits an approximation scheme that solves the
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optimisation problem to the desired accuracy in a number of calls to the oracle that

is polynomially bounded by the size of the instance and the reciprocal of the accuracy

(a.k.a. an oracle FPTAS) [76].

2.3.3 Constraint Programming with Local Search and Metaheuristics

Constraint Programming is a solution methodology developed for deterministic DO

problems in which all decision variables are integers. Compared to MIP, which has

a strong connection to LP, CP adopts a radically different approach. It distinguishes

common modelling structures, known as global constraints, which are apparent in many

DO problems and employs dedicated algorithms to propagate bounds for integer vari-

ables more efficiently than an equivalent representation of the global constraint using a

system of inequalities. Notable examples of global constraints include sub-tour elimina-

tion, packing, assignment etc. Overall, there are more than 400 global constraints [77],

and support for them varies between solvers. The ability to recognise and apply global

constraints facilitates building concise formulations which can be solved effectively.

Besides global constraints, CP solvers [78,79] support an interval data type designed

to model temporal activities. An interval can be associated with time windows when the

activity it represents should commence and a minimum duration it lasts. Naturally, the

data type is supported by additional constraints, i.e., defining precedence relationships

or enforcing that intervals must not overlap.

Constraint Programming provide means to compute domains for decision variables.

However, it is the responsibility of the decision-maker to specify the search strategy

the solver should follow, i.e., to decide which variable to assign first and which value

to choose, i.e., select an unassigned variable with the smallest domain and assign a

random value.

Contrary to the MIP solver technology dominated by commercial products, CP

solvers that rank first in benchmarks [80] are available open-source. Consequently, re-

searchers, rather than becoming end-users focusing on the problem formulation, could

actively participate in developing the solver technology, i.e., by implementing new global

constraints or hybridising CP with LS and metaheuristics. The combination of opti-

65



Chapter 2. Literature Review

misation techniques became the state-of-the-art approach for solving large instances of

the VRP which are beyond capabilities of exact methods [81].

Local Search is an optimisation technique that works by generating a pool of so-

lutions by applying some dedicated transformation algorithms to the incumbent solu-

tion. A solution from the pool is accepted as the new incumbent if it is feasible and

has a better objective value than the previous incumbent solution. Understandably,

the transformation algorithms are application specific and depend on the encoding of

a solution. In general, they tend to be simple operations, i.e., swapping values of two

variables, because LS is effective if it generates feasible solutions quickly. For example

LS operators for the VRP see [82]. Overall, due to its speed and simplicity, LS is a

common component of more advanced methods. However, the simplicity of LS is also

the source of its limitations. The technique requires initialisation by a feasible solution.

Understandably, it could be a bottleneck for problem instances that are at the edge of

infeasibility. Moreover, by accepting solutions only if they lead to an improvement, LS

eventually converges to the optimal solution in the local basin of attraction induced by

LS operators. Consequently, to avoid premature convergence, LS has to be combined

with metaheuristics.

Metaheuristics are best effort solution techniques developed to search for a globally

optimal solution. They typically include a randomisation component and tentatively

accept solutions that do not lead to an improvement. Consequently, metaheuristics are

capable of moving between local basins of attraction. However, the navigation through

the basins of attractions by metaheuristics is devoid of any systematic plan. At most,

some ad-hoc mechanisms preventing cycles are implemented, i.e., the rejection list in

Tabu Search (TS) [83]. For that reason, metaheuristics lack clearly defined stopping

criteria. A notable example is a Multi-Start LS which continuously applies a randomised

algorithm to generate an initial guess and then applies LS. Stopping criteria could be

the limit on the number of restarts or the limit on the consecutive number of iterations

since the last improvement. For a thorough treatment of metaheuristics in the VRP

see [82].

Ultimately, there is no widely accepted solution methodology for solving uncertain
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DO problems using CP combined with LS and metaheuristics. Contrary to RO where

modelling uncertainty affects the problem formulation and the solution process, CP

with LS relies on a deterministic formulation of the problem. The robustness of the

solution is assessed afterwards [84]. The approaches considered in the literature are

dominated by the scenario-based representation of uncertainty [85]. The cost of a given

solution is evaluated in a multi-objective way for each scenario independently. However,

to avoid dealing with a pool of Pareto-non-dominated solutions, the cost vectors are

sorted in descending order and compared element-wise [85]. Such an approach is also

known as lexicographic min-max robustness criterion [86]. It is closely related to the

concept of Lorenz-dominance studied in the context of the optimisation over scenarios

by [87].

Concluding Remarks

The chapter explained core concepts related to the formulation of optimisation problems

affected by uncertainty. It covered widely-acknowledged methodologies and discussed

available solution techniques. The presented material should provide the theoretical

foundation to develop a scalable solution methodology for large real-world applications

of vehicle routing and scheduling problems in the following chapters.
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Methodology: Satellite Quantum

Key Distribution

3.1 Introduction

This chapter develops a methodology for scheduling space to ground data transfers from

a spacecraft deployed into the LEO and discusses in detail an example application to

the modelling of the SatQKD problem. Lower Earth Orbit is a standard configuration

for an Earth Observation Satellite (EOS) and a small, low-budget experimental satellite

(a.k.a. CubeSat). Spacecrafts which are orbiting LEO circle around the globe several

times per day. The precise number of revolutions depends on the orbital parameters

of the spacecraft. Their mission objectives are to collect or to generate information,

and to downlink available data to the network of ground stations for post-processing.

The formulation of the objective function for the optimisation problem depends on

the application. Notable examples are downloading images collected during Earth

observations [88, 89] and delivering cryptographic keys in SatQKD [90]. However, the

content transferred is not relevant from the perspective of scheduling communication.

The standard objective function for downloading Earth observations data is to

maximise the volume of data successfully downloaded to the network of ground sta-

tions divided by the amount of data acquired during the mission (a.k.a. the Maximum

Percentage Data Transferred (MaxPDT)) [91,92]. An arbitrary ground station can re-
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ceive the data transfer, and there are no negative consequences for directing downloads

only to a subset of ground stations.

On the other hand, the ground station that receives the data transfers becomes

critical in the SatQKD in which a satellite generates private keys and sends them as

confidential information to the given ground station for exclusive use. The keys will

be employed later to encrypt internal communication with other ground stations. The

satellite should distribute keys according to the importance of ground stations in the

network. Scenarios in which some ground stations stockpile all keys, and the remaining

ground stations have no keys for securing communication should be avoided.

The space to ground communication considered in this chapter is performed using

optical devices. The satellite is equipped with a laser that generates a beam pointed

at the telescope of the ground station, which receives the signal. Such a setup has

numerous benefits over traditional radio communication used for space to ground com-

munication over the last decades. Optical communication systems are suitable for

miniaturisation, require less power for transmission, and allow for an order of magni-

tude faster data transfer [93]. Moreover, since the data transfer is received in a specific

geographical location, there is no need for bandwidth licensing [93]. An additional ad-

vantage is an opportunity for enhanced security by applying Quantum Communication

Protocols [94], i.e., the receiver can detect if the message has been eavesdropped on by

a third party while passing through the atmospheric channel.

Despite notable benefits, a severe limitation of optical communication is its sensitiv-

ity to weather conditions and atmospheric perturbations which are due to the physical

properties of light. In particular, if a laser beam encounters water particles, the trans-

mission rate is adversely affected due to diffraction [95]. For that reason, scheduling

space to ground data transfers for optical communication that can be executed with

minimal disruption requires accounting for cloud cover conditions. They are available

in advance in the form of weather forecasts which are affected by uncertainty. The

underlying circumstances motivate the development of scheduling models for handling

cloud cover uncertainty, which is the main contribution of this chapter.

The optimisation models are formulated using the SO, RO and DRO methodologies
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introduced in Chapter 2. Notable reasons for choosing such an approach over a single

solution methodology, i.e., DRO, the most recent one, is the opportunity to compare

various formulations. The SatQKD is an emerging application, and all of the presented

models are new for the given application. It is not self-evident which formulation leads

to the most attractive solutions and whether such solutions can be found consistently

for different problem instances. That subject will be explored in the subsequent chapter

focused on the application part. Presenting different solution methodologies also has

educational merit. A novice reader is provided with an opportunity to see examples de-

rived from the same deterministic model. They demonstrate how uncertainty is handled

using various solution methodologies, what information about uncertain parameters is

required, and how complex the resultant models become.

Structure of the Chapter

Section 3.2 provides the motivation for selecting the SatQKD as the featured optimisa-

tion problem for this chapter and outlines the key modelling assumptions. Section 3.3

introduces common symbols and modelling structures used in the formulations. Sec-

tion 3.4 presents the MIP model for the deterministic SatQKD and contains a formal

proof of the problem complexity. Section 3.5 presents an alternative CP formulation for

the deterministic variant of the SatQKD problem. Section 3.6 develops a methodology

for representing uncertainty in cloud cover predictions. It contains a suite of alterna-

tive models formulated using RO, DRO and SO paradigms. Some concluding remarks

summarise the chapter.

The focus on the SatQKD is without loss of generality. The models presented are

transferrable to a broad class of problems involving scheduling a spacecraft deployed

into a fixed orbit that does not change throughout the scheduling horizon. Moreover,

the formulation of the deterministic model should employ time discretisation. Ulti-

mately, it is the most common modelling approach used when satellites’ orbits are

fixed, see, e.g. [20,96,97]. An example problem that belongs to this group is the Max-

PDT problem with a fixed network of ground stations studied by [91, 92]. Contrary

to the SatQKD problem, the objective in the MaxPDT problem is the maximisation
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of the total volume of transferred data regardless of the target ground station. Con-

sequently, deterministic formulations of both problems adopt different definitions of

constraints and objective function. Nonetheless, obtaining a suitable MaxPDT formu-

lation with the treatment of uncertainty requires applying the analogous sequence of

transformations which is demonstrated step-by-step on the SatQKD problem.

3.2 Featured Optimisation Problem

Henceforth, the focus is on the SatQKD as the target application. There are several

reasons for making it the featured optimisation problem in the thesis.

1. It is a new application that emerged from the interest in enhanced security offered

by Quantum Communication Protocols [98–100]. Research in this area has been

dominated by the Physics community, whose primary focus was on the scientific

demonstrations [90, 101, 102] and the space mission design [103–105]. However,

the problem has not been studied from the optimisation perspective, e.g., the

complexity of the optimisation problem has not been formally analysed. Further-

more, it is not immediately apparent how the problem should be formulated and

solved.

2. The solution approach adopted for the SatQKD will be vastly different from the

methodology developed for the VRP optimisation. Nonetheless, the computa-

tional results presented in Chapter 4 will strongly corroborate the rationale for

the choice made.

3. There are only a handful of articles on scheduling satellite operations under uncer-

tain weather conditions [88,89,106], which are summarised in Chapter 4. Overall,

their authors used well-known RO and SO frameworks. In contrast, computa-

tional approaches adopted in the thesis are based on more recent DRO and the

riskiness index optimisation. Furthermore, a new uncertainty set that has the

desirable property of preserving spatial and temporal correlations between the

parameters affected by uncertainty is proposed.
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4. To the best knowledge of the author, there is no methodology that supports

the use of official weather forecasts in scheduling satellite communications. It is

surprising because a successful space-to-ground optical communication requires

favourable weather conditions while passing through the atmospheric channel due

to the physical properties of light. For that reason, the author believes that several

models for handling cloud cover uncertainty and demonstrating their utility in

the next chapter will be interesting for practitioners.

Modelling Assumptions

The following assumptions are adopted to formulate the optimisation problem.

1. For the simplicity of the exposition, the communications system consist of one

satellite and a fixed set of ground stations. These assumptions do not affect the

application of the methodology and the solution method. Overall, the support for

a constellation of satellites can be implemented by adding synchronisation con-

straints to enforce that a given ground station can receive only one data transfer

at a given time [97]. Such constraints can be defined using linear inequalities

with binary variables and are not affected by uncertainty. In a similar vein, a

decision-maker could provide a broad set of candidate ground stations and charge

an operational cost for each facility used.

2. The satellite can perform a data transfer to at most one ground station at a

time. Again, the purpose of the assumption is to simplify the exposition. If the

spacecraft’s design specification includes multiple transmitters, they can be added

to the formulation to support a constellation of satellites.

3. After a data transfer to a given ground station is completed, a subsequent data

transfer to another ground station can be commenced after a fixed delay. The

setup time is spent on the calibration of the optical apparatus and the initialisa-

tion of the connection to the next ground station.

4. Data transfers to a given ground station can be conducted only during predefined

time intervals. They represent periods when the elevation angle between the
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satellite and the ground station is within the permissible range, and the spacecraft

remains in the complete Earth shadow (a.k.a. umbra). Intuitively, the lower

the elevation angle, the longer distance the laser beam needs to travel in the

atmosphere. Understandably, below a certain threshold, which depends on the

technical specification of the communication equipment, errors are considered too

high for performing a successful data transfer. The requirement for the spacecraft

to remain in the shadow during the communication is to avoid the distortion of

the laser beam caused by the sunlit.

5. The satellite does not perform any manoeuvrers that may change the parameters

of the orbit throughout the scheduling horizon. The assumption allows for a pre-

calculation of the time windows for communication with a given ground station

and the position of the satellite on the sky to include them in the problem defini-

tion. It is a common assumption in the literature focused on scheduling satellite

data transfers, see, e.g. [96, 97].

6. The transfer rate is variable and depends on the current position of the satellite on

the sky and cloud cover conditions. The transfer rate is decreased proportionally

to the percentage of the sky occupied by the clouds.

7. The satellite sends data at the transfer rate a ground station can receive. For

simplicity, each ground station has the same communication capabilities.

8. Every ground station is assigned a weight that denotes the importance of the

node in the communications system. The spacecraft should distribute the cryp-

tographic keys proportionally to that weight.

9. A cryptographic key is 256 bit of randomness. The keys are used by the ground

stations to establish secure duplex connections. A duplex connection requires each

endpoint to contribute one key. Then, the key is removed after the connection is

closed due to the security requirement preventing the reuse of keys.

10. Ground stations buffer keys for later use. The keys acquired by a given ground

station during a scheduling horizon become available for use in the next scheduling
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horizon. Consequently, the objective function can be evaluated using the number

of keys each ground stations holds at the end of the scheduling horizon.

3.3 Shared Symbols and Conventions

The SatQKD problem formulations developed in this chapter will be built using the

following symbols and modelling structures.

Let N := {1, . . . , n} be the set of ground stations. Besides regular ground stations

from the problem domain, there is an auxiliary ground station 0. It will be observed

by the satellite during the idle period between consecutive data transfers to regular

ground stations. The set of all ground stations, including the auxiliary one, is denoted

using the symbol N̄ .

Two indexing schemes illustrated in Figure 3.1 will be used to discretise the schedul-

ing horizon in the deterministic formulation. Both indexing schemes map some selected

time intervals from the scheduling horizon to the elements of an ordered set.

The decision to use the time discretisation approach was made after a careful anal-

ysis. Notably, the literature indicates that the models with the time discretisation for

scheduling satellite operations are easily solvable for realistic problem instances [96,97].

Such models require a binary variable for each combination of a time interval, a ground

station and a spacecraft which could be prohibitive for long scheduling horizons or

small discretisation steps. However, it was not an issue for problem instances studied

in the thesis.

The indexing scheme T partitions the entire scheduling horizon into equally sized

time intervals. Their duration depends on the frequency of releasing new weather

forecasts. Weather conditions within the time interval are considered constant. For

every time interval t ∈ T , let define an indexing scheme Πt. It covers some fragments

of the time interval t in which the satellite can communicate with at least one ground

station. The indexing scheme Πt has a high resolution with the discretisation step in

order of seconds. It corresponds to the frequency of updating the satellite’s position

in the sky, which impacts the transfer rate. Let assume that the throughput of the

connection to a given ground station is constant within the time interval π ∈ Πt.
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Medium Range Weather Forecast

Communication Window

Figure 3.1: Indexing schemes used for the time discretisation. The indexing scheme
Π is applied to communication windows between the satellite and ground stations.
The discretisation step is small (i.e., in a range of seconds) to accurately reflect the
spacecraft’s position in the sky. The indexing scheme does not map time intervals
in which no communication with any ground station is possible. Contrary to the
indexing scheme Π, the time discretisation using the indexing scheme T covers the
entire scheduling horizon. The discretisation step is measured in hours and corresponds
to the frequency of announcing official weather forecasts.
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Furthermore, to simplify the notation, the high resolution indexing scheme is aggregated

Π :=
⋃T
i=1 Πi.

Given the set of the time intervals Π, let define the following filtering operations.

The subset Πn contains the time intervals in which the satellite can communicate with

the ground station n ∈ N . Moreover, the subset of intervals can be further restricted

to those which are contained in a given time period t ∈ T , i.e., Πnt := Πn ∩Πt.

The vector c ∈ [0, 1]|N |×|T | represents cloud cover for a given pair of a ground station

n ∈ N and a time interval t ∈ T . In the deterministic model, the cloud cover vector

is a parameter provided as the input. On the other hand, the models of uncertainty

built using RO and DRO frameworks represent the cloud cover vector as a variable.

The vector of constants k ∈ R≥0
|N |×|Π| stores the number of cryptographic keys that

can be transferred to a given ground station n ∈ N at a given time interval π ∈ Π

assuming clear sky (a.k.a. cloud-free line of sight). In the presence of clouds, the

transfer rate is adjusted proportionally to the area of visible sky, i.e., the effective

number of keys delivered to the ground station n ∈ N during the period π ∈ Π is

assumed to be (1− cnt)knπ. The same formula was applied to account for cloud cover

conditions in the optimisation of the ground station infrastructure for optical free-space

communication [92] and in the analysis of solar irradiance [107]. The importance of

the ground station n in the communication system is proportional to the constant ωn.

Finally, the parameter βn contains the number of spare keys a ground stations holds

at the beginning of the scheduling horizon.

3.3.1 Feasible Schedule

A schedule of data transfers is encoded using a vector of binary variables x ∈ B|N̄ |×|Π|

which denote whether a given ground station is receiving a data transfer at the selected

time interval.

A valid schedule must obey a group of feasibility constraints that are included in

every formulation discussed in this chapter. For brevity, let define the set of feasible

solutions X and use the compact notation x ∈ X instead of declaring the constraints

individually in every formulation.
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X =

x ∈ B|N̄ |×|Π|
∣∣∣∣∣∣
∑

n∈N̄ xnπ ≤ 1 ∀π ∈ Π

xnπ ≤ xnπ−1 + x0π−1 ∀π ∈ Π \ {1}, ∀n ∈ N


The constraint

∑
n∈N̄ xnπ ≤ 1 states that for every time interval π ∈ Π the satellite

is either transferring data to at most one ground station or remains idle observing the

auxiliary ground station. The constraint xnπ ≤ xnπ−1 +x0π−1 for every regular ground

station n ∈ N and every pair of subsequent time intervals (π − 1, π) enforces that the

satellite either continues a data transfer to the same ground station or is undergoing the

transition phase preceding a data transfer to a different ground station. Consequently,

the setup time before commencing a data transfer to a new ground station is respected.

3.3.2 Distribution According to the Importance

The satellite is supposed to distribute keys according to the importance weights as-

signed to ground stations. Depending on the formulation, this requirement will be

defined either in the objective function or as a constraint. Let introduce the following

expression, which will be used in models presented later.

Λ(x, c) = min
n∈N

{
1

ωn

(
βn +

∑
t∈T

∑
π∈Πnt

(1− cnt) knπxnπ

)}
= min

n∈N
{λn(x, c)}

Given a feasible schedule x and cloud cover conditions c, the expression Λ(x, c)

returns a non-negative real number which is denoted using the symbol λ. Intuitively,

for each ground station n ∈ N , the expression ωnλ is a lower bound on the total number

of keys the ground station n would store at the end of the scheduling horizon if no keys

were consumed in the meantime. The growth of λ is equivalent to an increase in the

number of keys for all ground stations proportionally to their importance weights. For

that reason, henceforth, λ is called a scaling factor. Due to the properties mentioned

above, maximisation of Λ(x, c) prevents stockpiling of keys by a subset of ground

stations. Therefore, it is a suitable objective function for the SatQKD problem.
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3.4 Deterministic Model

The deterministic formulation considers cloud cover predictions c as exact values and

provides no treatment of uncertainty. Supported by the modelling structures introduced

in the previous section, the SatQKD problem is formulated as follows.

max
x∈X

Λ(x, c) (3.1)

The deterministic model presented above was first proposed in [20]. Besides the

reference number, Formulation 3.1 is called Deterministic Single Forecast Model (DSF)

in the sequel to facilitate cross-referencing and comparisons with alternative models.

A schedule with no data transfers is a valid solution for the DSF problem. The ob-

jective value for that schedule, i.e., minn∈N{βn/ωn}, is a lower bound for the objective

of the optimal solution. On the other hand, an upper bound can be computed for the

relaxed problem in which the satellite performs data transfers to all available ground

stations simultaneously, i.e., minn∈N λn(1, c), where 1 is a vector of all-ones.

The exposition of the deterministic problem is concluded by the discussion of its

computational complexity stated in Theorem 1.

Theorem 1. The deterministic SatQKD problem is NP-hard.

Proof. Suppose the original SatQKD problem is restricted to the variant with two

ground stations of equal importance. The ground stations can receive the same number

of keys for every time interval. Furthermore, setup times are ignored and no cloud cover

is assumed. The specialisation of the problem formulated to simplify the proof belongs

to the same complexity class as the initial problem.

Let consider a reduction to the problem of scheduling jobs on parallel processors

to maximise the earliest completion time [108]. Following the notation established in

the scheduling community, the problem is known as P ||Cmin. Its applications include

election manipulation [109, 110] and scheduling maintenance operations to maximise

the lifetime of a system [111]. The restriction of the problem with two machines is
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NP-hard which can be proven by reduction to the partition problem [108].

Formally, let Π be the set of the time intervals in which the ground stations N can

receive data transfers. The number of keys possible to deliver in the time interval π is

positive and denoted kπ. The vector of binary decision variables x indicates whether

the satellite sends keys to a given ground station during some time intervals. Finally,

let λ be the scaling factor which is subject to optimisation.

Let M be the set of processors and J the set of jobs. The processing time stored in

the vector t is positive and independent of the processor. The vector of binary decision

variables y indicates whether a given processor is scheduled to execute a given job. The

time to complete all jobs on the faster processor is denoted by γ.

Each processor m ∈ M is uniquely mapped to some ground station n ∈ N . The

analogous relation is defined between jobs J and time intervals Π. Taken together, both

mappings indicate the equivalent decision variables between two problems ym,j = xn,π

for each pair (π, j) and (n,m). In a similar way, the processing time of some job j

equals the number of keys which can be sent during the corresponding time interval π,

i.e. tj = kπ.

To complete the proof, let consider the optimal solution of the SatQKD problem.

By construction, the optimal value of the scaling factor λ∗ is equivalent to the maximum

time the first processor completes the execution of its jobs. The allocation of the jobs

to processors can be retrieved from decision variables x using mappings ground stations

to processors and time intervals to jobs. The proof in the other direction follows the

same line of argument.

Ultimately, one could prove that SatQKD is strongly NP-hard by reduction from

the 3-Partition problem [112]. The result demonstrates that a FPTAS (i.e., an ap-

proximation scheme polynomial both in the input size and in the reciprocal of the

approximation accuracy ε) does not exist for the SatQKD problem. Therefore, solving

the formulation using a MIP solver is justified. An alternative proof developed by the

author was presented in the thesis to highlight the similarity between SatQKD and the

scheduling problem P ||Cmin.

The deterministic model seems sufficient for the analysis of optimal schedules com-
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puted using accurate weather information, which could serve as an indicator of the best

possible performance a given specification of the communication system could achieve.

Supported by historical weather observations, the deterministic model in [20] was used

to evaluate how many keys one satellite could deliver to the predefined network of

ground stations weekly and to find the parameters of the satellite orbit that maximise

the number of keys possible to distribute.

The utility of the deterministic model for scheduling data transfers ”in the future”

for real-world operations depends on the ability to predict cloud cover conditions accu-

rately. Understandably, the results vary between the geographical locations considered

and the providers of the weather forecasts. The analysis of medium-range weather

forecasts published by [113] (i.e., forecasting horizon of the next five days, weather con-

ditions updated every 3 hours) for the selected cities in the UK suggests that prediction

errors for cloud cover grow considerably with the length of the forecasting horizon.

Figure 3.2 illustrates an example cloud cover forecast for Glasgow compared to

real cloud cover conditions observed later. In the presented example, the cloud cover

predictions maintain a reasonable accuracy only for a short time in the future. The

standard deviation of the cloud cover prediction error for the next 120 hours exceeds

40%.

Conceivably, schedules built based on inaccurate cloud cover predictions are likely to

exhibit unsatisfactory performance in the real world. A pragmatic approach to improve

the accuracy of weather forecasts is to create a schedule using a multistage optimisation

with a rolling (a.k.a., folding) horizon. During the execution of the schedule, one could

observe real weather conditions and collect updated weather forecasts for the remaining

period. At every stage, a new schedule is computed for the future using the updated and

hence a more accurate weather forecast. Furthermore, cloud cover conditions observed

already enable precise evaluation of the scheduling decisions regarding the past. The

variant of Formulation 3.1 with the rolling horizon is referred to in the sequel as the

Deterministic Multistage Model with Folding Horizon (DRH).
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Figure 3.2: Medium-range cloud cover forecast for Glasgow announced on the 1st of
October 2019 at noon. The marked area between the dashed lines denotes the range
of one standard deviation for the prediction error. It was estimated using a sample of
marginal differences between the cloud cover forecast and the conditions observed in
the real world between June 2019 and February 2020.
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3.5 Constraint Programming Model

Endpoints of the time intervals in Formulation 3.1 cannot assume arbitrary values

but are restricted to multiples of the discretisation step that was adopted to generate

the indexing scheme Π. One may consider the advantages of using a more flexible

formulation that allows endpoints of the time intervals to assume arbitrary values.

Arguably, a sensible choice of a paradigm for such a formulation is CP due to the

native support and dedicated algorithms for constraints involving time intervals.

This section presents a CP model for the SatQKD problem in which endpoints of

the time intervals could assume arbitrary values. The details of the formulations follow

the symbols introduced below.

Recall N is the set of ground stations and λn is the scaling factor for the ground

station n. Let Ψ be the set of time intervals. Every interval ψ ∈ Ψ is linked with

two variables ψb and ψe. They denote the beginning and the end of the time interval,

respectively. Their value range is [0, τ ], which corresponds to the scheduling horizon.

The set of time intervals Ψ is partitioned into |N | subsets, i.e., Ψ1, . . . ,Ψ|N |. Every

subset contains the time intervals allotted to observations of a particular ground station.

The function κn(·) given some interval ψ ∈ Ψn, returns the number of keys delivered

to the ground station n. The function hides the complexity of applying the reduction

in number of keys due to the cloud cover conditions observed during communication.

Moreover, the function adheres to the requirement that the satellite has to wait before

commencing a new data transfer for the period l.
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max min
n∈N

λn (3.2)

λn ≤
1

ωn

∑
ψ∈Ψn

κn(ψ) ∀n ∈ N (3.3)

all disjunctive (Ψ) (3.4)

ψb ≤ ψe ∀ψ ∈ Ψ (3.5)

ψe − ψb > l ∨ ψb = τ ∀ψ ∈ Ψ (3.6)

ψb, ψe ∈ [0, τ ] ∀ψ ∈ Ψ (3.7)

λ ∈ R|N |≥0 (3.8)

Similarly to Formulation 3.1, Objective Function 3.2 maximises the minimum scal-

ing factor for all ground stations. Constraint 3.3 bounds the scaling factor from above

by the total number of keys transferred to the ground station within the scheduling

horizon divided by the weight of the ground station. Constraint 3.4 utilises a global

constraint available in CP enforcing the intervals to span across non-overlapping time

segments. The time intervals must be well defined, i.e., the start of the interval must

happen before it ends, due to Constraint 3.5. Furthermore, every non-empty time

interval must not be shorter than l according to Constraint 3.6. Some intervals in a

given subset Ψn may not be allocated to the observation of the ground station n. They

remain empty and are shifted to the right-hand side of the scheduling horizon [0, τ ] to

break the symmetry. Finally, Constraints 3.7-3.8 define domains of decision variables.

The CP formulation presented above was implemented for testing and benchmark-

ing purposes. The preliminary experiments consistently indicated that the performance

of the CP formulation was significantly worse compared to Formulation 3.1 regarding

the objective value of the final solution and computation time. Consequently, the CP

formulation was discarded, and the focus was shifted towards uncertainty modelling in

the formulation with time discretisation.
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3.6 Modelling Cloud Cover Uncertainty

Besides the folding horizon approach, the improvement of the real-world schedules’

performance can be accomplished by including the model of cloud cover uncertainty

in the problem formulations. This section outlines several such formulations developed

using RO, DRO and SO frameworks.

3.6.1 Robust Optimisation

Box Uncertainty

The range of possible values a parameter affected by uncertainty could assume is es-

sential for building a formulation in the RO framework. Historically, this description

of uncertainty was pioneered by [59] and became known either as the interval or box

uncertainty. In the model [59], every parameter affected by uncertainty could assume

an arbitrary value within the prescribed range independently.

Let introduce the vectors of constants c̄,
¯
c ∈ [0, 1]|N |×|T | which define respectively

the upper and the lower bound for cloud cover conditions for every pair of the ground

station n ∈ N and the time interval t ∈ T . The box uncertainty set B is defined using

vectors.

B =
{

c ∈ [0, 1]|N |×|T | |
¯
cnt ≤ cnt ≤ c̄nt,∀n ∈ N, ∀t ∈ T

}
(3.9)

The uncertainty set contains all realisations of uncertainty considered in the follow-

ing formulation.

max
x∈X

min
c∈B

Λ(x, c) (3.10)

Due to non-negativity of variables x, the worst case realisation of uncertainty for the

expression Λ(x, c) = minn∈N

{
1
ωn

(
βn +

∑
t∈T
∑

π∈Πnt (1− cnt) knπxnπ
)}

is when cloud

cover assumes the upper bound. Consequently, the BOX model can be transformed to
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the following formulation.

max
x∈X

Λ(x, c)

The formulation above is equivalent to the DSF model in which upper bounds

replace corresponding cloud cover predictions. Predictably, the model leads to overly

conservative solutions.

Vector AutoRegression

The box uncertainty set assumed the highest possible cloud cover for all ground stations

and throughout the entire duration of the scheduling horizon, which is unlikely to

happen in the real world. Regarding modelling uncertainty of weather predictions, the

previous model was overly simplistic. For instance, it ignored correlations on geospatial

and temporal dimensions. Naturally, similar weather conditions are expected within

a single geographical region. The same applies to weather conditions registered at a

given location within a few hours of time difference.

Geospatial and temporal information could be incorporated by modelling cloud

cover conditions using the VAR process [114]. It is a multivariate time series model

in which the current state is a linear combination of some predefined number of past

states and a white noise process. The number of previous states which influence the

present state is known as the lag or the order.

Formally, the VAR process with the lag h is defined as follows.

ct = A1ct−1 + A2ct−2 + · · ·+ Ahct−h + a0 + ε

For every time interval t ∈ T , the vector ct ∈ R|N | contains time series variables

which represent cloud cover observed at the given time for all ground stations. Matrices

A1, . . . ,Ah ∈ R|N |×|N | and the vector a0 ∈ R|N | store coefficients of the model. The

symbol ε denotes the white noise process.
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The parameters of the time series model for the given lag are defined to follow the

pattern observed in the training data set. For instance, the time series library [115],

which was used to implement the model, fits the coefficients of the model using ordinary

least squares. The lag controls the number of parameters in the model. Its value

should be large enough to represent the data pattern accurately. At the same time,

a bigger lag increases the risk of over-fitting. Consequently, the best practice is to

build a parsimonious model in which the lag is determined by optimising some decision

criterion that attempts to find a balance between the size of the model and the accuracy

of the fit, i.e., by minimising the Bayesian Information Criterion (BIC) (a.k.a. Schwarz

Information Criterion) [116].

The order selection procedure by minimisation of the BIC score performed on sam-

ple data and described in Appendix A.3 provides the rationale for using the lag set to

one. The results presented in the literature give additional justification for selecting

that setting. The VAR model of the same order was applied to simulate weather con-

ditions, such as temperature and precipitation [117]. Regarding cloud cover prediction,

other researchers [107] applied Markov processes which assume that the current state is

derived from the previous state and the transition matrix. The assumption is analogous

to using the lag one in the VAR model.

For the lag set to one, the time series parameters are reduced to the matrix A1 and

the vector a0. Thus, hereafter, the subscripts are stripped to simplify the notation.

The uncertainty set V proposed in the thesis combines the VAR model and the

box uncertainty set B. Although the application of the VAR process to model weather

conditions is not new, see, e.g., [117], to the best knowledge of the author, it is the first

use of a time series model to construct an uncertainty set.

V =

c ∈ R|N |×|T |
∣∣∣∣∣∣ ¯
cnt ≤ cnt ≤ c̄nt ∀n ∈ N ∀t ∈ T

ct − e ≤ a0 +Act−1 ≤ ct + e ∀t ∈ T\{1}

 (3.11)

The white noise process ε from the VAR definition is replaced by the vector of

residuals e ∈ R|N |≥0 which are designed to control the conservativeness of the uncertainty
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set. The parameter Γ, which bounds from above the sum of absolute deviations of

uncertain parameters from their nominal values in the budgeted uncertainty set [8,

12], has a similar role. However, in the latter uncertainty set, the arrangement of

deviations among the parameters affected by uncertainty could be arbitrary, regardless

of the correlations. On the other hand, the values assumed by uncertain parameters

in the proposed uncertainty set, must follow the VAR model that enforces spatial and

temporal correlations. This feature makes the uncertainty set compatible with the

behaviour of weather in the real world. The residuals are derived by analysing how

frequently the uncertainty set covers weather patterns observed in the training set.

One should proceed with caution while setting the vector of residuals to high val-

ues. They cause the constraints that enforce spatial and temporal dependence between

uncertain parameters derived from the VAR model to become loose and effectively not

binding. Suppose in the extreme case that residuals are arbitrarily large. Then, the

first constraint from Definition 3.11 will solely enforce the structure of the uncertainty

set, turning V into the box uncertainty set B.

The SatQKD problem with the V uncertainty set is defined as follows.

max
x∈X

min
c∈V

Λ(x, c) (3.12)

Formulation 3.12 is referred to in the sequel as the Box Time Series Uncertainty

Set Model (BTS) model. The uncertainty set V is a polyhedron. Consequently, the

BTS model can be reformulated as a MIP. The resultant formulation is presented in

Proposition 1.

Proposition 1. The following MIP is equivalent to the BTS formulation.

Proof. The inner minimisation term in the 3.12 model can be transformed into a semi-
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infinite constraint.

max Θ

s.t.: Θ ≤ λn(x, c) ∀c ∈ V ∀n ∈ N

x ∈ X

Without the loss of generality, one could select some ground station n′ ∈ N and

proceed to the reformulation of the semi-infinite constraint for that station. In the first

step, the expression λn is replaced by its definition. The resultant expression is written

below.

sup

{
ωn′Θ− βn′ −

∑
t∈T

∑
π∈Πnt

(1− cn′t) kn′πxn′π

}
≤ 0

a+
∑
n∗∈N

An∗t−1cn′t−1 ≤ cn′t + e ∀t ∈ T | t > 1

a+
∑
n∗∈N

An∗t−1cn′t−1 ≥ cn′t − e ∀t ∈ T | t > 1

cn′t ≤ c̄n′t ∀t ∈ T

cn′t ≥
¯
cn′t ∀t ∈ T

Then, let introduce vectors of dual multipliers v̄,
¯
v, z̄,

¯
z ∈ R≥0

|N |×|T | which contain

only non-negative entries. They are used to formulate the Lagrangian by dualising

constraints from the definition of the uncertainty set V.
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Ln
′
(x,Θ, v̄,

¯
v, z̄,

¯
z) = ωn′Θ− βn′ −

∑
t∈T

∑
π∈Πnt

kn′πxn′π

+
∑
t∈T

c̄n′tz̄n′t −
∑
t∈T

¯
cn′t

¯
zn′t −

∑
t∈T | t>1

(a− e)v̄n′t +
∑

t∈T | t>1

(a+ e)
¯
vn′t

+c̃n′1(−z̄n′1 +
¯
zn′1 +

∑
π∈Πn,1

kn′πxn′π − v̄n′2
∑
n∗∈N

An∗1 +
¯
vn2

∑
n∗∈N

An∗1)

+
∑

t∈T | t∈[2,|T |−1]

c̃n′t(−z̄n′t +
¯
zn′t +

∑
π∈Πn′t

kn′πxnπ

+v̄n′t −
¯
vn′t − v̄n′t+1

∑
n∗∈N

An∗t +
¯
vn′t+1

∑
n∗∈N

An∗t)

+c̃n′|T |(−z̄n′|T | + ¯
zn′|T | +

∑
π∈Πn

′|T |

kn′,πxn′π + v̄n′|T | − ¯
vn′|T |)

The Lagrangian yields a meaningful upper bound whenever the following set of

constraints is satisfied.

−z̄n′1 +
¯
zn′1 +

∑
π∈Πn1

kn′πxn′π − v̄n′2
∑
n∗∈N

An∗1 +
¯
vn′2

∑
n∗∈N

An∗1 = 0

−z̄n′t +
¯
zn′t +

∑
π∈Πn′t

kn′πxnπ + v̄n′t −
¯
vn′t

−v̄n′t+1

∑
n∗∈N

An∗t +
¯
vn′t+1

∑
n∗∈N

An∗t = 0 ∀t ∈ [2, |T | − 1]

−z̄n′|T | + ¯
zn′|T | +

∑
π∈Πn

′|T |

kn′πxn′π + v̄n′|T | − ¯
vn′|T | = 0

To conclude, let construct the complete reformulation for the BTS model.
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max Θ

s.t.: ωnΘ− βn −
∑
t∈T

∑
π∈Πnt

knπxnπ +
∑
t∈T

c̄ntz̄nt

−
∑
t∈T

¯
cnt

¯
znt −

∑
t∈T |t>1

(a− e)v̄nt +
∑

t∈T |t>1

(a+ e)
¯
vnt ≤ 0 ∀n ∈ N

−z̄n1 +
¯
zn1 +

∑
π∈Πn1

knπxnπ

−
∑
n∗∈N

An∗1v̄n2 +
∑
n∗∈N

An∗1
¯
vn2 = 0 ∀n ∈ N

−z̄nt +
¯
znt +

∑
π∈Πnt

knπxnπ + v̄nt −
¯
vnt

−
∑
n∗∈N

An∗tv̄nt+1 +
∑
n∗∈N

An∗t
¯
vnt+1 = 0 ∀n ∈ N ∀t ∈ [2, |T | − 1]

−z̄n|T | + ¯
zn|T | +

∑
π∈Πn|T |

knπxnπ + v̄n|T | − ¯
vn|T | = 0 ∀n ∈ N

Θ ∈ R≥0

x ∈ X

v̄,
¯
v, z̄,

¯
z ∈ R≥0

|N |×|T |

3.6.2 Distributionally Robust Optimisation

The RO models are defined using constraints on geometric properties. Apart from

the specification of the support set, they do not introduce any assumptions regarding

the probability distribution, which describes the behaviour of uncertain parameters.

Nevertheless, if a data sample is available, some properties of the probability distribu-

tion could be estimated, leading to less conservative models of uncertainty. The next

model employs the SOC representable ambiguity sets proposed by [118] and defines

constraints on marginal moments. Specifically, it contains an equality constraint on

the mean and an inequality constraint to bound variance from above.

To define the support set and the ambiguity set for every ground station n ∈ N
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and the time interval t ∈ T , let mnt be the mean value of the uncertain cloud cover

parameter cnt, which is now considered a random variable. Furthermore, let u ∈ RN×T

be the vector of the auxiliary variables. Finally, the vector d ∈ R≥0
|N |×|T | stores upper

bounds of the variance derived from the sample data.

Let now define the support set W and the ambiguity set F.

W =

(c,u) ∈ RN×T × RN×T
∣∣∣∣∣∣ ¯

c ≤ c ≤ c̄

(cnt −mnt)
2 ≤ unt ∀n ∈ N ∀t ∈ T



F =


P ∈ P0(RN×T × RN×T )

∣∣∣∣∣∣∣∣∣∣∣∣

(c̃, ũ) ∼ P

EP(c̃) = m

EP(ũ) ≤ d

P((c̃, ũ) ∈ W) = 1


Due to the auxiliary variables ũ, the ambiguity set F contains only affine expressions

of random variables.

The SatQKD problem with the ambiguity set F and the support set W is defined

below.

max
x∈X

inf
P∈F

EP(Λ(x, c̃)) (3.13)

Henceforth, Formulation 3.13 is called Mean Standard Deviation Model (MSTD)

due to the constraints present in the definition of the ambiguity set F.

The MSTD formulation could be treated as a two-stage optimisation problem in

which the decisions x ∈ X are made in the first stage, and the scaling factor λ is

computed in the second stage. Uncertain parameters c̃ are observed between stages.

According to the multistage nomenclature, Formulation 3.13 has the property of

complete recourse. It means the second stage problem is feasible for all possible as-

signments of decisions variables in the first stage and all admissible realisations of
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uncertainty. In the context of the MSTD formulation, the complete recourse indicates

the expression Λ(x, c) could be evaluated for all possible values the input arguments x

and c could assume. For more information about complete recourse, the implications of

this property on the complexity of multistage stochastic programs, and weaker variants

of complete recourse, see [119].

Given the complete recourse holds, which is an essential prerequisite for Theorem

1 [118], the DRO formulation of the MSTD model could be transformed into the fol-

lowing RO formulation.

R(x) = max f + g>m− h>d

s.t.: f + g>c− h>u ≤ Λ(x, c) ∀(c,u) ∈ W

f ∈ R, g ∈ R|N |×|T |, h ∈ R≥0
|N |×|T |

The expectation operators in the ambiguity set F are replaced by the vectors of

dual multipliers g and h. In the next step, the expression Λ(x, c) is substituted by its

definition.

R(x) = max f + g>m− h>d (3.14)

s.t.: f + g>c− h>u ≤ λn(x, c) ∀(c,u) ∈ W, ∀n ∈ N (3.15)

f ∈ R, g ∈ R|N |×|T |, h ∈ R≥0
|N |×|T |

The formulation above is a RO model. Nonetheless, the uncertainty is not constraint-

wise which is a common assumption in RO [57]. Specifically, consider Constraint (3.15),

which contains cloud cover parameters for all ground stations. A separate instance of

the constraint is defined for every ground station. Consequently, the same uncertain

parameters are included in the definition of several constraints, which violates the

constraint-wise assumption.

Although a transformation into constraint-wise uncertainty is always possible, the
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formulation is solved directly using the adversarial approach explained in the literature

review, see Section 2.3.1. The adversarial method solves iteratively the relaxed RO

formulation of the MSTD model presented below.

max f + g>m− h>d (3.16)

s.t.: f + g>ĉ− h>û ≤ λn(x, ĉ) ∀(ĉ, û) ∈ Ŵ, ∀n ∈ N (3.17)

x ∈ X

f ∈ R, g ∈ R|N |×|T |, h ∈ R≥0
|N |×|T |

Constraint 3.15 from the original formulation defined for all elements of the set W

is approximated by Constraint 3.17 restricted to the finite set of samples Ŵ such that

Ŵ ⊂ W.

Initially, the set Ŵ is empty. The adversarial method iteratively solves the relaxed

formulation to optimality obtaining an incumbent solution with some assignment of the

decision variables (x̂, f̂, ĝ, ĥ). Then, given the assignment of the decision variables, the

method checks whether the set W contains an element that violates Constraint (3.15).

Such an element can be found by solving the following optimisation problem for each

ground station.

max
(c,u)∈W

f̂ + ĝ>c− ĥ
>

u− λn(x̂, c) (3.18)

If the optimal objective value of the problem above is positive for some ground

station, then the optimal solution (c∗,u∗) is added to the set Ŵ. Subsequently, the

adversarial method commences the next iteration. Otherwise, if no solution (ĉ, û) can

attain a positive objective value for any of ground stations, then then the incumbent

solution (x̂, f̂, ĝ, ĥ) found by the adversarial method in the current iteration is feasible

for the initial formulation, i.e., it satisfies Constraint 3.15. It is the stopping criterion

that terminates the computations.
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3.6.3 Stochastic Optimisation

The remaining formulations are examples of SO over scenarios. They are adaptations of

the formulations presented in [43] based on the observation that the SatQKD problem

is equivalent to the shortest path problem with a deadline defined as the target scaling

factor that should be accumulated. As a result, traversing an arc in the vehicle routing

domain is equivalent to transferring keys to a given ground station in the SatQKD

setting.

Suppose the target scaling factor the solution should achieve by the end of the

scheduling horizon is known and denote it using the symbol λ′. Furthermore, let S

represent the set of alternative weather forecasts.

Conditional Value at Risk

The application of the SO framework requires the assumption that cloud cover is a

random variable and its probability distribution is known, i.e., c̃ ∼ P. Consequently,

the decision-maker could be interested in finding a schedule that meets the target traffic

index with some probabilistic guarantee, i.e., P(Λ(x, c̃) ≥ λ′) ≥ 1− ε.

Understandably, the expression P(Λ(x, c̃) ≥ λ′) is problematic to evaluate for an

arbitrary distribution. Therefore, the true distribution is approximated using a random

sample of scenarios, i.e., c1, . . . , cS , where the vector cs ∈ R|N |×|T | contains the cloud

cover predictions for a given scenario s ∈ S.

Taken together, let construct the following formulation.

max Λ(x, c) (CHAN)

s.t.: P
(
Λ(x, c̃) ≥ λ′

)
≥ 1− ε (3.19)

x ∈ X

The objective function is the scaling factor defined using the cloud cover predictions

from the official weather forecast. Intuitively, such cloud cover predictions should be

the most likely among the possible scenarios. Constraint (3.19) ensures that the target
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scaling factor is satisfied in the stochastic sense with probability 1−ε for some ε ∈ (0, 1)

and assuming the uniform probability distribution over the set of scenarios.

The CV@R is applied to approximate the CC (3.19).

max Λ(x, c)

s.t.: CVaR1−ε
(
λ′ − Λ(x, c̃)

)
≤ 0 (3.20)

x ∈ X

Proposition 2 presents an equivalent MIP formulation for the optimisation problem

above.

Proposition 2. Assuming a uniform probability distribution over scenarios, the SatQKD

optimisation problem with a CC approximated using the CV@R has the following re-

formulation.

max Λ(x, c)

s.t.: γ +
1

ε|S|
∑
s∈S

ys ≤ 0

ys ≥ λ′ − Λ(x, cs)− γ ∀s ∈ S

ys ≥ 0 ∀s ∈ S

γ ∈ R, ys ∈ R ∀s ∈ S

x ∈ X

One can prove the proposition by substituting the CV@R by its definition and

transforming the expectation of a discrete uniform probability distribution into a set

of linear inequalities. Section 6 in [43] provides an example of such a transformation

for the TSP with a Deadline.
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Essential Riskiness Index

Formulations employing CC’s require satisfaction of probabilistic constraints with some

prescribed guarantee. As long as the probability of the constraint violation is less than

a given ε, the solution is considered feasible, and the magnitude of the constraint

violations is not relevant. On the other hand, the decision-maker may want to make

more extensive violations less likely. The indices of riskiness summarised in Section 2

of the literature review are the modelling tools designed for that purpose.

Among the available riskiness indices, the ERI is selected because it can be defined

using MILP. The model below presents the SatQKD problem formulated as the riskiness

index optimisation.

ERI
x∈X

(
Λ(x, c)− λ′

)
(3.21)

Proposition 3 presents an equivalent MIP model.

Proposition 3. Assuming the uniform probability distribution over scenarios, the

SatQKD problem with the ERI decision criterion can be formulated as a MIP.

minα

s.t.:
∑
s∈S

ys ≤ 0

ys ≥ −α ∀s ∈ S

ys ≥ λ′ − Λ(x, cs) ∀s ∈ S

α ∈ R≥0 ys ∈ R ∀s ∈ S

x ∈ X

One can derive the proof by performing analogous steps as detailed in Proposition

2, and Corollary 1 in [43].
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Concluding Remarks

The chapter described a methodology for scheduling data transfers from a satellite

deployed into a LEO to the network of ground stations. Out of the possible optimisation

problems, the featured problem was the SatQKD, which is an emerging application in

Quantum Communication. Despite the targeted application, the modelling techniques

presented in the chapter are transferable to optimisation problems involving scheduling

satellites circulating along orbits whose parameters remain constant.

To the best knowledge of the author, it is the first study of the SatQKD problem

from the optimisation perspective. The part dedicated to the deterministic problem

contains its formulation and the complexity analysis proving that the SatQKD problem

is NP-hard. Therefore, solving it using a MIP solver is well justified.

Subsequently, a suite of alternative SatQKD models for representing cloud cover

uncertainty was developed utilising RO, DRO and SO frameworks. All formulations by

design can be parametrised using cloud cover predictions from official weather forecasts

and are solvable by MIP solvers. Despite the relevance of the problem and the inherent

source of uncertainty apparent in its domain, i.e., optical communication is sensitive to

cloud cover conditions whose forecasts are naturally affected by uncertainty, the author

is not aware of other research in this area.

Regarding methodological contributions, a new uncertainty set built based on the VAR

time series model was proposed. The formulation preserves geospatial and temporal

correlations, which are naturally observed in meteorological phenomena. Apart from

the desirable property of preserving correlations, the model can be reformulated as a

MILP. Hence, it is easily solvable.

The next chapter presents computational results that demonstrate that some for-

mulations for modelling uncertainty derived here considerably improve upon the deter-

ministic model with the folding horizon.
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Chapter 4

Application: Satellite Quantum

Key Distribution

4.1 Introduction

The chapter validates the methodology developed for scheduling satellite space-to-

ground communication. The content is split into two parts: the deterministic model

and the formulations with the treatment of uncertainty. The deterministic model is

used to compute optimal schedules given historical weather observations. The analysis

of such solutions facilitates performance evaluation and tuning. For instance, one could

select the orbital parameters of the satellite to maximise the volume of data delivered

to the network. Although the deterministic model is suitable for the performance as-

sessment of a given design of the communication system, the approach is inferior for

scheduling space-to-ground data transfers in the future due to uncertainty in cloud

cover predictions. Therefore, the second part of the chapter compares various models

for handling uncertainty by solving a sequence of scheduling problems using official

weather forecasts.

Structure of the Chapter

The chapter is structured as follows. Section 4.2 covers the literature on the appli-

cations of deterministic scheduling in satellite operations and scheduling under uncer-
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tainty. Section 4.3 explains the architecture of the SatQKD communication system.

Section 4.4 describes the implementation details. Section 4.5 presents computational

results obtained using the deterministic model: the selection of orbital parameters for

the satellite, the impact of the spacecraft’s illumination on communication windows,

and the performance evaluation of the system using historical weather observations.

Section 4.6 compares the models for the treatment of uncertainty. Some concluding

remarks close the chapter.

4.2 Literature Review

The literature review on scheduling satellite operations focuses on space-to-ground com-

munication from a spacecraft deployed into the LEO. It covers deterministic scheduling

and scheduling under uncertainty. The discussion of the deterministic models does not

differentiate between radio and optical communication as the problem formulations and

the solution methods are independent of the type of the communications system. On

the other hand, scheduling communication under weather uncertainty is well-motivated

only for optical communication because its radio frequency counterpart is resilient to

conditions in the atmospheric channel.

4.2.1 Deterministic Scheduling

The need for optimisation in scheduling satellite operations is well justified, i.e., the

volume of data produced by EOS exceeds the amount which can be effectively down-

loaded using the existing ground station infrastructure [97]. Therefore, optimisation

ensures efficient use of available resources. Moreover, besides the limited capacity of

the ground station segment, scheduling satellite communication in the real world in-

volves human operators, see, e.g., [120]. However, researchers warn that the current

model of operations relying heavily on human intervention is not scalable to service

large constellations of satellites in the future [121].

The Operations Research community considers scheduling satellite operations as

an application of Machine Scheduling [122] or Multiprocessor Scheduling [123]. The
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former group is relevant when a satellite is modelled as a machine. The latter class is

suitable for scheduling a constellation of satellites in which a spacecraft is represented

as a resource [121]. Example operations executed by the satellites are orbital manoeu-

vres, data collection tasks, command uplinks, payload downlinks, and health checks.

Besides individual details of a given job, every operation has the following properties:

release date, due date, estimated duration, and time windows in which the task can be

executed [124]. If multiple clients share access to the satellite or the system is oversub-

scribed, the operations could be assigned priorities or rewards to be collected for their

execution. If the priorities are defined, then the scheduling problem can be classified

as the Resource-Constrained Project Scheduling [125], i.e., scheduling problems that

involve downlink of satellite images subject to deadlines and priorities were studied

by [126].

Regarding scheduling satellite communication, the computational approach seems

to depend on the scientific community. Hybrid methods are popular in the aerospace

engineering community, which studied genetics algorithms [127], heuristics and meta-

heuristics [124,126] often combined with LS and constraint propagation. On the other

hand, the OR community postulates modelling the scheduling problem using time dis-

cretisation [96, 97]. Such formulations were shown to have a strong bound of its LP

relaxation. Consequently, formulations for realistic problem sizes can be solved to prov-

able optimality using commercial MIP solvers, which is a considerable advantage over

heuristic approaches.

Scheduling space-to-ground communication from one EOS to a fixed network of

ground stations was studied by [96]. The model included data acquisition as well as

monitoring of energy generation and consumption. The researchers formulated the

problem as a Mixed-Integer Programming (MIP) with time discretisation and demon-

strated that realistic problem instances (i.e., which are not made artificially difficult)

are solvable to optimality even without the exploration of the branch-and-bound tree.

The formulation was further extended to support a constellation of satellites by [97] who

demonstrated that the modified problem retains the appealing computational complex-

ity. Understandably, besides the case studies, the models presented in the literature are
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general purpose. Hence, they may require some adaptation to represent the design of

the spacecraft faithfully. For example, a satellite may have multiple antennas which can

operate in several configurations that offer different ratio between power consumption

and bitrate. Nonetheless, the researchers [121] demonstrated that the model with time

discretisation could be easily extended to support additional constraints.

Suppose the satellite has a fixed orbit (i.e., the spacecraft does not perform attitude

and orbit control manoeuvres). In that case, the model with time discretisation can

be solved directly, without reformulation techniques and decompositions [96, 97]. In

contrast, a spacecraft that can change its orientation by performing attitude control

manoeuvres is called an agile satellite. Spacecrafts with such capability are typically

considered in scheduling EO because they can collect several images of the same tar-

get during a single visibility window [128]. Agile satellites are significantly harder to

schedule. For instance, researchers [128] abandon solving the formulation directly in

favour of a heuristic based on the column generation scheme. The authors generated

columns only at the root node and then explored the branch-and-bound tree without

adding new columns to the pool.

In the real world, satellites belong to different organisations that share access to

a ground station infrastructure. Typically, the number of requests to handle satel-

lite communication considerably exceeds the capacity of the ground station segment.

A well-known example in the literature is the United States Airforce Satellite Con-

trol Network (AFSCN) in which a system of nine ground stations hosting 16 antennas

supports more than one hundred satellites. The optimisation problem of allocating an-

tennas to spacecraft for a requested duration within a communication window is known

as Satellite Range Scheduling [129,130]. The ground station segment is oversubscribed,

and conflicting requests for readiness to accept incoming satellite communication are

prevalent. The objective function for the problem is defined either as minimisation of

the number of declined requests or minimisation of the total time when an antenna is

assigned to multiple conflicting requests. The second formulation of the objective is

more convenient for scheduling long communication requests. The resolution of con-

flicting demands (a.k.a., deconfliction) is the responsibility of human operators [130]
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who carry out negotiations with the involved parties. Currently, the operators of the

AFSCN use an iterative algorithm that schedules the most restricted requests first,

avoiding the depletion of scarce resources [131]. Declined requests are then processed

using a collection of business rules that tentatively relax some operational constraints

to find free capacity and resolve conflicts. From a theoretical perspective, the complex-

ity of the deconfliction was studied by [132] using a simplistic example with multiple

satellites and one ground station. In a general case, with the setup cost and no task

preemption, the problem is NP-hard [132]. The complexity remains an open problem

when the task preemption is allowed, and no setup cost is incurred.

The network of ground stations can either be given as input or be the subject of

optimisation. The former is a common assumption for radio frequency communication

as such ground stations have a monolithic structure, they are already operational, and

their locations are well known (i.e., Estrack). On the other hand, the problem of finding

a set of suitable ground stations sites is open for optical ground stations. The approach

adopted in the literature resembles the Warehouse Selection Problem [133], i.e., to find

a subset of ground stations from a pool of shortlisted candidates subject to budget

restrictions [91] with the MaxPDT as the objective function [91,92]. For a given set of

ground stations, the objective can be computed using dynamic programming [92,134].

If the number of candidates in the pool is small, then the problem is solved through

direct enumeration. Otherwise, one could apply LS. The case studies on the selection

of ground stations for optical communication were conducted using historical weather

observations over many years and focused on different areas (i.e., Germany [134], Eu-

rope [134,135], and the entire world [91,134]). Nonetheless, researchers did not account

for two phenomena. Firstly, the illumination of the spacecraft by the Sun, which be-

comes vital for ground stations located at high latitudes. Furthermore, the transfer rate

between the ground station and the satellite was constant during the communication

window. It is an oversimplification as in the real world, the elevation angle between

the ground station and the spacecraft affects the length of the atmospheric channel

the laser beam goes through. The longer the distance, the more information is lost

due to errors. To fill these gaps, the formulations introduced in the previous chapter
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model both the illumination of the spacecraft and the variable transmission rate, which

depends on the elevation angle.

4.2.2 Scheduling Under Uncertainty

To the best of the author’s knowledge, scheduling satellite communication subject to

weather uncertainty has not been studied in the literature. Given the fact that the

primary type of space-to-ground communication, radio frequency communication, is

insensitive to weather conditions, the lack of interest in modelling cloud cover uncer-

tainty seems justified. However, the state of the field is likely to change with the

increasing adoption of optical communication.

Contrary to scheduling satellite communication, there are a few articles [88,89,106]

regarding the modelling of cloud cover conditions in the related application of schedul-

ing image acquisition using EOS. Predictably, if the target is hidden underneath the

clouds, then repeating the image acquisition may be required. It causes disruptions and

delays, which could have been avoided if operations that were more likely to render an

acceptable image were scheduled instead. A pragmatic approach proposed by [106]

applies SO with Bernoulli probability distribution, i.e., an image is either accepted or

rejected due to weather conditions adversely affecting the quality of the picture. The

objective was defined as the maximisation of the expected reward for successful obser-

vations and the number of image acquisitions accomplished. On the other hand, instead

of the objective, a minimum reward could be subject to a CC [88]. Chance Constraints

are presented in Section 2.1 of Chapter 2. Given the Bernoulli probability distribu-

tion, a CC can be approximated using the SAA that is explained in Section 2.2.1 of

Chapter 2. In the most recent paper [89], uncertain rewards for images acquired by a

constellation of agile EOS are modelled using the budgeted uncertainty set, see Sec-

tion 2.2.2 in Chapter 2. The authors recommend solving the robust reformulation using

column generation, in which a column corresponds to a sequence of image acquisitions

for the given orbit. Columns were generated by searching for a minimum cost path in

a directed acyclic graph which encodes sequences of image acquisitions.

To conclude, the models for handling cloud cover uncertainty considered in the liter-
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ature are limited to the Bernoulli probability distribution and the budgeted uncertainty

set, which are well-established frameworks. In contrast, the methodology developed in

Chapter 3 applies more advanced modelling approaches (i.e., DRO, riskiness index op-

timisation). Furthermore, it proposes a new uncertainty set that preserves correlations

between uncertain parameters over time and space. The computational results dis-

cussed in the chapter were obtained using official weather forecasts and validated in

real weather conditions. Results presented in the literature, the author is aware of, lack

such comparison.

Alongside the efforts to make schedules more resilient by modelling weather un-

certainty, researchers attempt to increase the resiliency of optical communication, i.e.,

by using a geostationary satellite as a relay, by employing radio communication as a

backup in case of adverse weather conditions or by deploying a high altitude platform

above the level of clouds. For more information on these topics, an interested reader is

referred to [136].

4.3 Communication System

Let consider a potential quantum-secured communication system that consists of one

satellite and five optical ground stations spread across the UK. The ground stations

are located in cities with a large population (i.e., at least 600,000). They are also

geographically dispersed: Birmingham, Bristol, Glasgow, London, and Manchester.

The rationale for selecting a ground station in a given city is provided in [20].

Figure 4.1 presents an artistic impression of the communication system.

The system operates in the downlink configuration, i.e., the satellite is the trans-

mitter. Therefore, the spacecraft is equipped with a quantum source such as a laser, an

optical assembly for precise pointing, and a quantum random number generator [103].

Given a reasonable assumption that a potential attacker will not compromise the satel-

lite located in space, let adopt the so-called trusted-node architecture in which the

satellite generates keys and sends them to ground stations sequentially. After a pair

of ground stations receive their private keys, the satellite broadcasts the XOR hash of

both keys over a public channel. The ground stations know their private keys and can
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Figure 4.1: Visualisation of the prototype of the national SatQKD communication sys-
tem. It consists of five optical ground stations spread across the UK. Communication
between ground stations is encrypted with symmetric key pairs distributed via a satel-
lite placed into a Sun-Synchronous Orbit. The satellite passes over the UK mainland
territory towards the North direction around local midnight. The dashed arc denotes
the ground track the spacecraft follows.

decrypt information used to create the XOR hash. Henceforth, the ground stations

own a shared key intended for symmetric encryption [137]. A SatQKD system can also

operate in a different context, i.e., with the satellite as the receiver (a.k.a., the uplink

configuration), and by adopting the so-called untrusted-node architecture. The pros

and cons of other operational arrangements are briefly discussed in [20].

Ground stations receive keys in a raw format which requires post-processing for pri-

vacy amplification after a sufficient number of raw keys is received [138]. Consequently,

the readiness of keys delivered to the ground station is delayed. Let assume that the

operational requirements of the communication system for a given scheduling horizon

are satisfied using keys available before the start of the scheduling horizon. Hence, it is

sufficient to evaluate the objective function once at the end of the scheduling horizon.

Besides the enhanced security and simplified evaluation of the objective, the additional

advantage of buffering keys is increased resiliency against adverse weather conditions,
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which negatively impact the number of keys delivered.

Table 4.1 presents the weights assigned to ground stations in the communication

system. Recall that weights assigned to ground stations were an indispensable element

of the SatQKD problem definition as a ground station should receive the volume of

keys that is proportional to the assigned weight. For a ground station n, its weight

was denoted using ωn. The weights in the table are proportional to the number of

premises in a given location with broadband access of 300 MBit/s download speed

or higher. The statistics were collected by the governmental body, which controls the

telecommunication sector in the UK (a.k.a., the Office of Communications [139]). The

weights are normalised, so their sum equals one and rounded to three decimal places.

Table 4.1: Weights assigned to ground stations. The weights are derived based on the
number of premises with access to the High-Speed Broadband (HSBB) located in a
given city. The first column contains the name of the city. The second column presents
the number of premises with the HSBB. The last column stores the weight assigned to
the ground station.

City Premises with HSBB Weight

Birmingham 599,540 0.196
Bristol 297,599 0.097
Glasgow 381,494 0.125
London 1,421,422 0.465
Manchester 353,884 0.116

4.4 Implementation Details

Optimisation models were implemented in C++ using Gurobi MIP solver. Software

for creating problem instances and the analysis of computational results was developed

in Python. The VAR models were trained using the statsmodels library [115]. The

software developed is available open-source [21] to facilitate the reproduction of results

discussed in the chapter.

The optimisation problems were solved on a single workstation with the AMD Ryzen

7 processor and 32 GB of RAM. Weather forecasts were updated every 3 hours, and

the communication windows were discretised in 15 seconds steps. The optimisation
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was stopped after four hours of computational time or reaching the optimality gap of

10−4.

The astrodynamics model to propagate the position of the satellite was adopted

from the paper [20]. The same source explains the formula used to compute the el-

evation angle between the spacecraft and the ground station. The spacecraft could

communicate with the ground station when the elevation angle is above 15
◦
. The pe-

riods when the satellite remains in the complete Earth shadow were computed using

the algorithm explained in [140]. The model of the atmospheric channel to estimate

the key transfer rate when no clouds are present (a.k.a., could free line of sight) was

described in [20].

4.5 Deterministic Scheduling using Historical Observations

Results presented in this section were obtained by solving the Deterministic Single

Forecast Model (DSF) model, referred to as Formulation 3.1. It is parametrised by a

vector of weights ω, a multidimensional vector storing the number of keys k that can be

delivered to a selected ground station at a given time interval, and a multidimensional

vector of cloud cover conditions c. Weights ω are set the values presented in Table 4.1.

The vector k is computed using the key transfer rate model [20] with the initial orbital

parameters for the satellite passed as input. Cloud cover conditions are derived from

the data set of historical weather observations compiled by [113]. It contains weather

conditions registered in the cities considered in the study for a continuous period of

six years between 2013 and 2019. Weather conditions were collected using a network

of meteorological stations and updated every hour. Cloud cover is represented as an

integer value in the range [0,100].

The analysis of the historical schedules provides information about the possible per-

formance a given design of the communication system could achieve. Such optimisation

could lead to making informed decisions regarding the selection of ground stations and

finding the most suitable orbital parameters for the spacecraft. The weather conditions

observed in the past are known precisely. Hence there is no need for the treatment of

uncertainty, and one could apply Formulation 3.1 without negative consequences.
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Finding a schedule for the time frame over multiple years is computationally chal-

lenging due to the size of the formulation. Instead, schedules could be computed

sequentially using the folding horizon approach. The position of the satellite and the

number of keys ground stations store in their buffers are synchronised during the tran-

sition between subsequent stages.

Scheduling using historical weather information is not confined to the forecasting

horizon adopted in official weather forecasts. For that reason, the scheduling horizon

was extended to the period of one year. It enabled the solver to access information

about changes in the illumination of the spacecraft by the Sun and weather seasonality

patterns to make scheduling decisions that bring long-term profit.

4.5.1 Orbital Parameters

The spacecraft is placed into a circular orbit 566.897 km above Earth’s surface. At

the given altitude, the satellite makes 15 complete revolutions around the globe, i.e.,

one pass every 96 minutes. The inclination is set to 97.658◦ to compensate the drift

in the Right Ascension of the Ascending Node (RAAN) caused by the Earth’s nodal

precession. Consequently, the total drift in RAAN accumulated throughout a year

is 360◦. As a result, the time and the duration of communication windows between

the ground station and the satellite observed a given night of the year is repeated

every year. An orbit with such a feature is called a Sun-Synchronous Orbit (SSO).

The longer of the two visibility windows is centred around midnight by setting the

argument of the latitude to 46◦ given the initial epoch at 00:00:00 UTC, the 1st of

January 2013. Considerate planning of communication windows is important during

the summer months. In that period, communication with ground stations located at

high latitudes, i.e., ground stations based in the UK, is severely restricted due to the

illumination of the spacecraft by the Sun. This topic is explored in detail in the next

section.

The settings for orbital parameters proposed above have a rational justification

and can be derived without optimisation. On the other hand, it is not self-evident

which initial RAAN value to choose to maximise the number of keys distributed to
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the communication system. Such a problem could be systematically addressed by

computing a Service Level (SL) parametrised by some threshold value, e.g., 99% for a

shortlisted set of candidate values the initial RAAN could assume. The SL is defined

as the maximum number of keys a ground station could use within some prescribed

recurring period, e.g., a week, without exceeding the capacity of the buffer for the

number of periods in the given time frame proportional to the threshold value. The

SL is estimated for all nodes in the communication system simultaneously assuming

the use of keys proportionally to the weight assigned to the ground station. Therefore,

regardless of the target ground station, the SL provides the same insight into the

performance of the communication system.

The initial RAAN value is narrowed to the range [90.5◦, 115.5◦]. The search for

the most suitable configuration performs an exhaustive enumeration of all possible

settings incrementally with the step of 1◦. The vector k that stores the number of

keys possible to deliver is computed according to the model [20] for a given initial

RAAN configuration. Subsequently, Formulation 3.1 is solved to obtain schedules of

data transfers for the time frame the dataset of historical weather observation covers.

Finally, the SL is assessed for the resultant schedules.

Table 4.2 presents the maximum weekly key consumption in London for the given

RAAN value which can be maintained at 99% SL over six years.

The example illustrates the importance of a careful analysis for the selection of

the RAAN parameter. In the best configuration, i.e., the RAAN set to 109.5◦, the

spacecraft delivered over twice as many keys as in the least effective configuration, i.e.,

the RAAN set to 97.5◦. Computational results presented in the sequel were obtained by

using the RAAN setting that yields the best performance for the London ground station.

Since keys are delivered proportionally to the weights expressing the importance of the

ground stations, the same RAAN setting maximises the number of keys delivered to

the entire network.
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Table 4.2: Maximum number of keys which can be consumed by the London ground
station weekly at the 99% SL for the given RAAN configuration.

RAAN London 99% SL

1 90.5 6263
2 91.5 5821
3 92.5 5435
4 93.5 4998
5 94.5 4626
6 95.5 4310
7 96.5 4133
8 97.5 4059
9 98.5 4096

10 99.5 4278
11 100.5 4547
12 101.5 4980
13 102.5 5524
14 103.5 6128
15 104.5 6784
16 105.5 7309
17 106.5 8072
18 107.5 8607
19 108.5 9039
20 109.5 9295
21 110.5 9076
22 111.5 8904
23 112.5 8356
24 113.5 7742
25 114.5 7040
26 115.5 6430

4.5.2 Spacecraft Illumination

The Earth’s movement around the Sun, except for seasonality changes in weather pat-

terns and daytime, has an impact on the illumination of spacecraft placed into the

LEO. Specifically, a satellite passing over some territory after dusk could still be in

sunlit. According to the assumptions outlined above, such conditions prohibit space-

to-ground communication. This phenomenon is pronounced during the summer months

for ground stations at high latitude locations, such as the mainland UK territory.

Figure 4.2 displays the total duration of communication windows for all ground
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stations. Comunication windows were computed by propagating the satellite movement

in the sky from the initial orbital parameters derived in Section 4.5.1 according to

the model of the orbital dynamics outlined in [20]. The same article explains the

procedure to compute the elevation angle between the ground station and the satellite.

The communication can be established if the elevation angle is not smaller than 15◦.

Furthermore, the satellite must remain in the complete shadow (a.k.a., umbra). Such

periods were computed using the conical shadow model [140]. The total duration of

communication windows was aggregated daily for the entire time range the data set of

historical weather observation covers.
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Figure 4.2: Total duration of communication windows with the satellite observed daily
for ground stations located in London and Glasgow. Time series painted in light blue
correspond to other ground stations: Bristol, Birmingham and Manchester ordered
from top to bottom.

The impact of the satellite’s illumination on the duration of communication win-

dows depends on the latitude of the ground station. The phenomenon is not apparent

between late autumn and early spring, i.e., from the 27th of September to the 14th of

March for Glasgow and from the 15th of September until the 26th of March for Lon-

don. During that period, the total duration of communication windows is the longest

throughout a year and constant. All ground stations observe a communication win-
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dow around midnight. Furthermore, Glasgow, which is located at the highest latitude

among the ground stations, has an additional communication window around 10:30

PM. Therefore, it has the longest total duration of communication windows in the win-

ter months. On the other hand, the higher the latitude of the ground station, the more

affected it is due to the satellite’s illumination for the remaining period of the year. For

instance, the total duration of communication windows for Glasgow gradually starts

decreasing from 8 minutes and 4 seconds on the 14th of March to a complete black-

out on the 7th of June. The lack of ability to communicate with the satellite persists

until the 5th of July. No other ground station loses entirely the ability to communi-

cate. Nonetheless, the duration of communication windows is severely limited. London,

which is the least affected ground station, can communicate with the satellite only for

1 minute and 6 seconds during the satellite illumination peak. In contrast, its total

communication time was 6 minutes and 43 seconds during the winter season.

Figure 4.3 illustrates periods when the London ground station observes communica-

tion windows with the satellite. The Y-axis displays UTC time to avoid discontinuities

due to daylight saving time shifts.

The figure presents the occurrence and the duration of communication windows

repeated with yearly seasonality. Furthermore, communication windows always start at

the same time, which is convenient from the operations perspective. These behaviours

are a consequence of the careful selection of orbital parameters. The reproducibility of

communication windows every year was accomplished by adjusting the orbit inclination

to compensate for the drift in the RAAN caused by Earth’s precession. It is impossible

to eliminate the variability in the duration of communication windows between March

and September caused by the illumination of the satellite by the Sun. Even though the

communication windows are positioned in the middle of the night, they remain severely

affected.

4.5.3 Weekly Scheduling

Figure 4.4 is a visualisation of the SatQKD schedule computed for the first week of

January 2018. The schedule was obtained by solving Formulation 3.1, with the vector
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Figure 4.3: Occurrence and duration of communication windows for the London ground
station. Grey colour indicates the period between dusk and dawn.

of weights ω set according to Table 4.1, the vector of keys possible to deliver k computed

using the model outlined in [20], and the vector of cloud cover defined based on the

dataset of historical weather observations described in the opening of Section 4.5. The

initial orbital parameters of the satellite were explained in Section 4.5.1. The time frame

is narrowed down to one week for readability as the primary motivation for presenting

the plot is giving insights into the nature of the scheduling problem, i.e., the number

of communication windows, their duration, and the curve of the key transfer rate. The

selected period occurs between late autumn and early spring to eliminate the effect of

the spacecraft’s illumination by the Sun. Therefore, communication windows are the

same every week within that time frame. The transfer rate also has a similar shape,

but its magnitude is adjusted to the observed cloud cover conditions.

Depending on the location, at most two communication windows are observed every

night. The first one is available only for Glasgow around 10:30 PM and lasts less than

1.5 minutes. The second communication window is observed around midnight for all
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Figure 4.4: Weekly schedule for the first week of January 2018. Every column of the
plot represents a communication window. Blue curves illustrate the effective transfer
rate to the given ground station after accounting for the cloud cover conditions. Black
segments represent periods allocated for communication with a given ground station.

ground stations, and its duration is 6 minutes. The transfer rate is symmetric, with

a peak in the middle of the communication window. Moreover, longer communication

windows achieve a higher transfer rate in the same weather conditions.

4.5.4 Long-Term Scheduling

The long-term schedule is computed for the years between 2013 and 2019 using For-

mulation 3.1 with the folding horizon approach. Each stage lasted one year. The

vector of weights ω is set according to the values presented in Table 4.1. The vector

of keys possible to deliver in the clear line-of-sight is computed using the model [20]

given the initial orbital parameters of the spacecraft outlined in Section 4.5.1. Cloud
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cover conditions represented by the vector c are defined in the dataset introduced at

the beginning of Section 4.5. The final schedule is a concatenation of partial schedules

solved to optimality for every stage. The number of the keys distributed to the given

ground station throughout a week is illustrated in Figure 4.5.
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Figure 4.5: Long-term SatQKD schedule. The number of keys delivered weekly to every
ground station between the years 2013 and 2019.The scale of the Y-axis is adjusted
accordingly for every ground station.

Roughly, the time series representing the keys delivered to a given ground station

is repeated every year. Considerably fewer keys are distributed to all ground stations
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during the summer months due to the illumination of the spacecraft by the Sun. Specif-

ically, this phenomenon causes Glasgow to lose the ability to receive keys for certain

weeks during the summer, i.e., between the 7th of June and the 3rd of July every year.

Consequently, to maintain the connectivity with the remaining nodes, the Glasgow

ground station node must accumulate a sufficient number of keys in advance.

Predictably, London is the ground station with the highest importance in the net-

work. Consequently, it receives a large proportion of new keys every week. Birmingham

acquires keys similarly, but in smaller quantities, as the number of keys is proportional

to the weight of the ground station. Glasgow and Manchester have comparable weights

and display similar performance characteristics. The key delivery curve of Bristol,

which is the least significant ground station in the communication system considered,

alternates swiftly. It is also the most southern location among the ground stations and

the first one a satellite can send keys to during the pass at midnight.

The key delivery profiles presented in Figure 4.5 are rapidly changing, which com-

plicates their analysis. Hence, the maximum weekly key consumption rate that can

be steadily maintained without depleting the capacity of the buffer is computed in-

stead. Figure 4.6 illustrates the relation between the maximum key consumption rate

for London and the SL. The plot looks similar for all ground stations.

London could consume up to 9295 keys weekly without depleting its buffer capacity

for 99% of weeks. If the key consumption rate exceeds that threshold, then the service

level threshold will further decrease due to unmet demand for some additional weeks.

Table 4.3 reports the maximum number of keys available for weekly consumption at

the 99% SL for all ground stations.

Table 4.3: Maximum weekly key consumption maintainable at 99% Service Level by a
given ground station.

City 99% SL

Glasgow 2498
Manchester 2318
Birmingham 3918
London 9295
Bristol 1939
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Figure 4.6: Maximum number of keys that can be consumed weekly by London ground
station enforcing the SL guarantee. If the SL threshold α is lower than one, then the
buffer capacity can be depleted for (1 − α) relative number of weeks. Plots for other
ground stations are similar.

Naturally, the key consumption rate closely follows the importance of the ground

station in the network. Specifically, Manchester and Glasgow have similar weights and

consume a comparable number of keys.

4.6 Scheduling under Uncertainty using Official Weather

Forecasts

The section compares the effectiveness and the computational effort of using the suite

of the SatQKD formulations with the treatment of uncertainty developed in Chapter 3.

It presented five alternative formulations. For the ease of tracking and referencing they

are enumerated below along with the acronyms and the reference numbers assigned
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to them: Box Uncertainty Set Model (i.e., BOX, Formulation 3.10), Box Time Series

Uncertainty Set Model (i.e., BTS, Formulation 3.12), Mean Standard Deviation Model

(i.e., MSTD, Formulation 3.13), CV@R Model (i.e., CV@R, Formulation 3.20), and

Essential Riskiness Index Model (i.e., ERI, Formulation 3.21). The suite of models

is further extended by Formulation 3.1 in two variants: Deterministic Single Forecast

Model (DSF) and Deterministic Multistage Model with Folding Horizon (DRH).

All formulations share some common parameters. The vector of weights ω was set

according to Table 4.1. The number of keys possible to deliver in the cloud-free line

of sight to a given ground station at a given time interval was computed using the

model [20] assuming the initial orbital parameters of the spacecraft outlined in Sec-

tion 4.5.1. The vector of cloud cover conditions c was derived from official weather

forecasts published between October 2019 and February 2020 by [113]. Every forecast

starts at noon and contains cloud cover predictions for the next 40 hours. The pe-

riod of late autumn and winter months was selected because during that time frame

communication windows between the satellite and ground stations depend only on the

elevation angle and are not impacted by the illumination of the satellite.

The data set contains twenty-six problem instances. Each instance corresponds to

a single weather forecast which predicts cloud cover conditions for the next five days.

Overall, cloud cover predictions are not available for more extended periods, which

seems to be related to the low accuracy of such forecasts. The performance of the opti-

mal solution computed based on weather forecasts is assessed using weather conditions

observed in the real world. Even though optimisation problems together constitute a

continuous period, they are solved for every instance independently. Therefore, keys

delivered to a given ground station throughout the scheduling horizon are not carried

to the next scheduling horizon. As a result, a poor performance of a given model for

one problem instance does not affect the solution for another problem instance.

Models built using the SO framework (i.e., Formulations 3.21 and 3.20) assume

the discrete uniform distribution over a collection of 256 scenarios generated using the

following procedure. For every historical weather forecast, a sequence of prediction

errors is obtained by subtracting cloud cover forecasts from the weather conditions
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observed in the real world. Subsequent forecasts are separated by 12 hours to avoid

temporal correlation between scenarios. Overall, prediction errors in the data set have

zero mean and are not correlated. Then, the cloud cover conditions from the weather

forecast for a given problem instance are added to every instance of the vector of

prediction errors to create a set of alternative weather scenarios. Finally, predictions

whose values are outside the interval [0, 1] are rounded to the closest value, which

remains in that range.

Chance Constraint in the CV@R model must be satisfied with probability at least

95%, i.e., the parameter ε is set to 0.05. Furthermore, the ERI and CV@R models

require specification of the target scaling factor λ′, which depends on the problem in-

stance. Intuitively, λ′ should be set to the largest value for which a given problem

instance has a feasible solution. The target scaling factor is computed using the bi-

section algorithm in which the lower and the upper bound of the scaling factor are

successively restricted, i.e., λ′ ∈ [
¯
λ′, λ̄′). In the first step, the deterministic formulation

is solved to compute the initial scaling factor λi. Suppose the given problem instance

is not feasible for the initial scaling factor. In that case, the upper bound is increased

λ̄′ = λi. Otherwise, the lower bound is initialised
¯
λ′ = λi. After the first bound is set,

the other is obtained by multiplying (dividing) λi by 2 in the case of the upper (lower)

bound. The initial bounds are passed to the bisection algorithm, which terminates

after the distance between bounds reaches 1. Testing for feasibility in the bisection

algorithm requires solving one problem instance per iteration for the given value of

the target scaling factor until the first solution is found. Nonetheless, it could be a

computationally challenging process, particularly when the problem instance is at the

edge of infeasibility. For that reason, the computations are accelerated by increasing

the discretisation step of communication windows to 30 seconds and by setting the

computational time limit to 30 minutes per problem instance. If the time limit is not

sufficient to find a solution to the problem instance, it is considered it infeasible.

Robust Optimisation and Distributionally Robust Optimisation formulations (i.e.,

BOX, BTS, MSTD) developed in Chapter 3 contain parameters which allow for con-

trolling the conservativeness of the model. Such parameters were set to maximise the
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schedule performance assessed in real weather conditions using the subset of 20 problem

instances selected in the chronological order.

Figure 1 illustrates the pseudocode of the algorithm for selecting the combination

of parameters that maximise the performance of the formulation for a given suite of

problem instances.

Parameters: Problem Formulation F , Parameters (
¯
p, p̄, s),

Problem Instances I
Result: Parameters with the best performance p
g← RANGE(p1, p̄1, s1)× · · · × RANGE(pn, p̄n, sn)
r ← []
for [p1, . . . , pn] ∈ g do

λ← 0
for I ∈ I do

λ← λ+ F([p1, . . . , pn], I)
end
r ← r | (λ, [p1, . . . , pn])

end
(λ,p)← maxλ(r)
return p

Algorithm 1: Hyperparameter tuning for models with the treatment of uncertainty.

The algorithm takes as the input the optimisation model (F), vectors containing

minimum, maximum values and the discretisation step for each configuration parameter

in the model (
¯
p, p̄, s), and the suite of problem instances I.

The following operators are defined. The operator RANGE(a, b, c) creates a vector

containing all values between a and b generated with the incremental step c. The

boundary values are included in the output vector. The operator a|b appends the vector

b to the vector a by stacking it vertically. The operator a×b creates a Cartesian product

from the pair of input vectors. Finally, the operator maxb(a) given a multidimensional

vector a and a parameter b present in every row of the vector a returns the first element

for which the parameter b assumed the largest value.

The algorithm creates a grid g, which stores every possible combination of con-

figuration parameters. Then, for every point in the grid, all problem instances from

the set I are solved using the formulation F initialised according to the configuration

of parameters considered. Resultant traffic indices are summed to assess the overall
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performance on the dataset obtained using the given configuration. The algorithm

returns the coordinates of the first point for which the sum of traffic indices attained

the largest value. Overall, the grid g stores
∑n

i=1

⌈
1
si

(pi − pi) + 1
⌉

candidate configu-

rations. Suppose o is the computational complexity of solving the formulation F for a

problem instance. Hence, the computational complexity of the hyperparameter tuning

procedure is
∑n

i=1

⌈
1
si

(pi − pi) + 1
⌉
|I|o.

The size of the uncertainty set/support set is measured in standard deviations

from the nominal value, i.e., ũ ∈ [u − r · σ,u + r · σ] given the nominal value u,

the multiplicative factor r, and the standard deviation σ. Candidate values for the

radius r are sampled from the range between 0.05 until 4.0 with the step of 0.05 using

Algorithm 1. For the uncertainty set B and the support set W, the best performance

was observed by setting the radius to 0.4. For the uncertainty set V, the radius was

reduced further to 0.3. On the other hand, the parameter r in the DRO model was

increased to 0.45. Residuals e in the BTS model were set to a value high enough to

represent 99% of cloud cover prediction changes announced in weather forecasts. If no

realisation of uncertainty fits the BTS model, the residual terms were multiplied by the

smallest coefficient, which makes the uncertainty set non-empty.

4.6.1 Computational Results

Problem instances from the dataset were solved for every formulation introduced in

Chapter 3. Table 4.4 presents the value of the absolute scaling factor λ. It was com-

puted using weather conditions observed at the time the schedule found for the given

problem instance would be executed. This information was not revealed to the solver,

which relied only on weather forecasts. The advantage of using real weather conditions

for performance evaluation is the lack of additional assumptions. Furthermore, the

performance of the models recorded in the real world should be useful for practitioners

as it closely imitates the intended application context.

Understandably, problem instances differ in the accuracy of weather forecasts and

the cloud cover conditions observed in the real world. Such effects could be captured

by reporting the Mean Cloud Cover (MCC) according to the initial weather forecast
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for every problem instance and the Mean Absolute Percentage Error (MAPE) between

the cloud cover forecast and the conditions observed in the real world during commu-

nication windows. Naturally, the difference in the performance of various models of

uncertainty will depend on weather conditions. For instance, during adverse weather

conditions such as overcast, there will be little difference in the performance of the

formulations due to limited opportunity for communication. The same applies to the

discrepancies between weather forecasts and actual cloud cover conditions, as consid-

erable prediction errors in weather forecasts increase the risk of making sub-optimal

decisions by optimisation models.

The BTS formulation reported solutions with the largest accumulated scaling factor

across all models considered. The MSTD model recorded similar performance for all

problem instances. The deterministic model with the rolling horizon was ranked third

before the ERI and CV@R formulations. Nonetheless, the last two models obtained bet-

ter results for individual problem instances in which forecasts were inaccurate or when

weather conditions were adverse (e.g., MAPE above 20 or MCC over 80%). Predictably,

the BOX model was the most conservative across the formulations with the treatment

of uncertainty. The deterministic model with a single weather forecast recorded the

worst performance. The result is not surprising because all other models implemented

a rolling horizon framework and therefore had the opportunity to reconsider decisions

regarding the future using the most up to date weather forecasts.

Discussing the computational results expressed using the absolute scaling factor

could give an advantage to models which perform well in good weather conditions, such

as the clear sky. For a broader perspective, let normalise scaling factors by dividing

them by the best scaling factor one could find for every problem instance. The schedule

with such a scaling factor could be computed by solving the deterministic model given

weather conditions observed in the real world. Henceforth, such a solution is called a

perfect schedule.

Table 4.5 presents scaling factors for every problem instance normalised by dividing

the result by the scaling factor of the perfect schedule.

The visualisation of the selected models in Figure 4.7 complements information
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Table 4.4: Scaling factors for solutions computed using optimisation models developed
in Chapter 3. Rows correspond to problem instances sorted in chronological order.
Column MCC contains mean cloud cover according to the initial weather forecast.
Column MAPE stores the mean absolute prediction error between cloud cover fore-
cast and the real weather conditions observed during communication windows. The
remaining columns are labelled using acronyms that represent optimisation models in-
troduced in Chapter 3: Formulation 3.1 in two variants, Deterministic Single Forecast
Model (DSF) and Deterministic Multistage Model with Folding Horizon (DRH), Box
Uncertainty Set Model (i.e., BOX, Formulation 3.10), Box Time Series Uncertainty
Set Model (i.e., BTS, 3.12), Mean Standard Deviation Model (i.e., MSTD, Formu-
lation 3.13), CV@R Model (i.e., CV@R, Formulation 3.20), and Essential Riskiness
Index Model (i.e., ERI, Formulation 3.21). The columns contain the scaling factors for
a given problem instance estimated using cloud cover conditions observed in the real
world. Scaling factors normalised by dividing by the best scaling factor for a given
problem instance are presented in Table 4.5.

MCC MAPE DSF DRH BOX BTS MSTD CV@R ERI

1 76 17 552 4,522 8,475 10,896 7,600 4,719 9,396
2 68 25 4,817 13,161 7,495 13,296 13,710 11,691 12,821
3 73 20 1,136 4,592 2,890 4,045 3,347 1,940 4,861
4 46 22 2,885 8,297 11,499 7,890 8,228 15,781 9,296
5 73 19 5,864 11,856 6,413 13,616 14,151 5,429 13,674
6 21 48 660 696 696 689 696 696 696
7 85 19 1,993 2,630 3,368 2,630 2,630 3,181 2,630
8 53 23 12,486 5,458 12,508 8,508 8,794 8,891 3,036
9 84 20 3,509 3,613 8,011 3,613 4,411 4,857 5,522
10 75 17 6,288 8,089 8,043 8,049 8,110 5,954 8,297
11 93 8 327 327 327 327 327 327 327
12 73 10 10,544 12,793 9,056 12,717 12,756 8,762 10,929
13 32 16 22,451 29,178 13,832 28,729 28,860 24,417 19,206
14 83 19 3,245 7,195 7,208 8,212 7,200 6,360 6,504
15 67 19 1,573 5,204 6,095 7,499 6,160 7,239 6,908
16 73 15 1,899 408 1,064 563 550 1,729 1,057
17 61 29 3,019 8,808 8,153 8,199 7,903 9,037 6,030
18 92 16 331 3,129 1,515 3,938 3,559 3,563 1,423
19 65 24 1,127 1,715 2,189 1,513 1,921 1,173 1,766
20 83 18 2,684 5,048 2,955 4,755 5,888 4,714 9,052
21 80 8 3,373 4,402 1,854 4,059 4,166 3,321 5,343
22 59 21 4,022 3,716 5,276 3,715 4,004 6,342 5,965
23 65 12 15,231 14,254 6,263 13,015 13,433 5,502 8,225
24 82 16 1,615 6,490 6,330 6,000 6,018 7,440 5,802
25 87 9 589 1,674 1,631 925 1,301 615 2,158
26 54 15 12,258 17,466 10,628 18,290 17,419 17,638 12,494

Total - - 124,478 184,722 153,773 195,689 193,142 171,319 173,418
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Table 4.5: Scaling factors for every problem instance computed using formulations
derived in Chapter 3 and divided by the best performance a schedule could have for
normalisation. Table 4.4 presents the results before normalisation.

MCC MAPE DSF DRH BOX BTS MSTD CV@R ERI

1 76.00 17.00 0.04 0.29 0.55 0.71 0.49 0.31 0.61
2 68.00 25.00 0.27 0.74 0.42 0.75 0.77 0.66 0.72
3 73.00 20.00 0.13 0.52 0.33 0.46 0.38 0.22 0.55
4 46.00 22.00 0.11 0.31 0.43 0.29 0.31 0.59 0.34
5 73.00 19.00 0.35 0.71 0.38 0.82 0.85 0.33 0.82
6 21.00 48.00 0.07 0.08 0.08 0.08 0.08 0.08 0.08
7 85.00 19.00 0.23 0.30 0.38 0.30 0.30 0.36 0.30
8 53.00 23.00 0.84 0.37 0.84 0.57 0.59 0.60 0.20
9 84.00 20.00 0.31 0.32 0.70 0.32 0.39 0.42 0.48
10 75.00 17.00 0.59 0.76 0.76 0.76 0.76 0.56 0.78
11 93.00 8.00 0.07 0.07 0.07 0.07 0.07 0.07 0.07
12 73.00 10.00 0.75 0.91 0.64 0.91 0.91 0.62 0.78
13 32.00 16.00 0.74 0.96 0.46 0.95 0.95 0.80 0.63
14 83.00 19.00 0.31 0.68 0.68 0.78 0.68 0.60 0.62
15 67.00 19.00 0.15 0.50 0.59 0.72 0.59 0.70 0.67
16 73.00 15.00 0.59 0.13 0.33 0.17 0.17 0.53 0.33
17 61.00 29.00 0.21 0.60 0.56 0.56 0.54 0.62 0.41
18 92.00 16.00 0.04 0.40 0.19 0.50 0.45 0.45 0.18
19 65.00 24.00 0.07 0.10 0.13 0.09 0.11 0.07 0.10
20 83.00 18.00 0.20 0.37 0.22 0.35 0.44 0.35 0.67
21 80.00 8.00 0.50 0.65 0.27 0.60 0.62 0.49 0.79
22 59.00 21.00 0.33 0.31 0.44 0.31 0.33 0.53 0.50
23 65.00 12.00 0.78 0.73 0.32 0.67 0.69 0.28 0.42
24 82.00 16.00 0.14 0.55 0.54 0.51 0.51 0.63 0.49
25 87.00 9.00 0.21 0.59 0.58 0.33 0.46 0.22 0.76
26 54.00 15.00 0.56 0.80 0.49 0.84 0.80 0.81 0.58

Total - - 8.58 12.76 11.37 13.40 13.24 11.90 12.89
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presented in the table by grouping problem instances with similar weather conditions

and comparable accuracy of weather forecasts.
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Figure 4.7: Performance of the selected formulations observed in the real-world and
divided by the best performance a schedule could have. Exact values are provided in
Table 4.5.

Similarly to the analysis of the absolute scaling factor, the best results were recorded

for the BTS and the MSTD models. Interestingly, the ranking of the models in the

next three positions differs from the previous comparison. The ERI formulation outper-

formed the deterministic model with a rolling horizon and the CV@R model. The BOX

formulation closes the ranking of models which provide the treatment of uncertainty.
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The deterministic single forecast model is the worst formulation in the comparison.

Overall, the best score possible to achieve equals the number of problem instances in

the data set. Nonetheless, the best model reached only half of that score. The situ-

ation seems to be the culprit of the low accuracy of weather forecasts. For instance,

consider that only for 10 out of 26 instances, the deterministic model with a rolling

horizon found a schedule whose scaling factor was at least 60% of the value of the

perfect schedule. Only in specific circumstances, i.e., at most moderate MCC (below

80%) combined with small MAPE (below 20), DRH, BTS and MSTD models achieved

the normalised scaling factor above 80%.

Results discussed previously suggest that different problem formulations exhibit

Pareto efficient performance profiles. Therefore, the next aim is to find the circum-

stances that justify using a specific model in given weather conditions. Figure 4.8

illustrates models with the treatment of uncertainty which obtained the best scaling

factor for a given problem instance. The latter are represented as points in 2D with

MCC and MAPE as the dimensions. The colours of the markers distinguish between

models.

Overall, in 10 out of 17 cases when weather forecast had high accuracy (i.e., the

MAPE below 20%), the MSTD and the BTS were the best models with the treatment

of uncertainty. Conversely, when the MAPE was over 20, schedules computed by either

the BOX or the CV@R model performed best in 6 out of 7 problem instances. Although

the MAPE is handy for explaining when given formulations yield satisfactory results,

using the parameter for the model selection is impractical because the estimate of the

prediction error is not available until real weather conditions are revealed. On the other

hand, the policy definition can exploit information about predicted weather conditions,

e.g., when the MCC is above 70%, then the ERI is the best model (i.e., in 6 out of 15

cases).

Let conclude the analysis above by constructing an ensemble model which combines

the ERI and the MSTD formulations in the following manner. If the MCC of the initial

weather forecast is less than 70%, then the schedule is computed using the MSTD

model. Otherwise, the ERI model is selected. The study of Tables 4.4 and 4.5 indicates
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Figure 4.8: Models of uncertainty which found the best solution for a given problem
instance. Data points are plotted on a 2D plane with the MCC of the initial weather
forecast and the MAPE between the initial cloud cover forecast and the real cloud cover
during communication windows. Table 4.5 presents complete results.
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that the ensemble model would accumulate the absolute scaling factor of 198,317 and

the normalised scaling factor of 14.06. These performance indicators outperform all

stand-alone models in both benchmarks. Overall, the example demonstrated the merit

of studying different models for handling uncertainty and led to the construction of an

ensemble model that outperformed all stand-alone models.

4.6.2 Computational Time

Table 4.6 presents the average and the worst-case computational time for solving a

problem instance for all models introduced in Chapter 3.

Table 4.6: Average and the worst-case computational time for solving a problem in-
stance for models introduced in Chapter 3: Formulation 3.1 in two variants, Deter-
ministic Single Forecast Model (DSF) and Deterministic Multistage Model with Fold-
ing Horizon (DRH), Box Uncertainty Set Model (i.e., BOX, Formulation 3.10), Box
Time Series Uncertainty Set Model (i.e., BTS, 3.12), Mean Standard Deviation Model
(i.e., MSTD, Formulation 3.13), CV@R Model (i.e., CV@R, Formulation 3.20), and
Essential Riskiness Index Model (i.e., ERI, Formulation 3.21). Computational times
for CV@R and ERI models do not include the estimation of the target scaling factor
λ′.

Method Mean [s] Max [s]

DSF 0.40 2.80
DRH 0.90 3.10
BOX 0.60 3.20
BTS 4.00 18.90
MSTD 373.80 3,439.50
CV@R 2,979.20 19,096.30
ERI 119.40 563.90

Deterministic formulations and the model with the BOX uncertainty set required

less than one second on average to solve a problem instance and up to 3.2 seconds in

the worst case. The BTS model needed approximately six times more computational

time. The DRO formulation solved using the adversarial approach and the SO models

performing the optimisation over scenarios required an order of magnitude more time

for computations. The most computationally challenging model in the comparison, the

CV@R, needed 49 minutes on average to solve a problem instance and more than 4

hours in the worst case.
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It is not surprising that models without the treatment of uncertainty completed

in a fraction of the time required by more advanced formulations. Fortunately, the

additional computational time is not excessive for some models with the treatment

of uncertainty and is compensated by the performance improvement of the resultant

schedules. In particular, the BTS model, which is the most effective stand-alone for-

mulation considered in the study, requires computational time in the range of seconds.

Taking into account that the BTS model has comparable performance to the MSTD

formulation, the former seems a better choice considering its order of magnitude shorter

computational time. On the other hand, the excessive computational time and inferior

performance compared to alternative formulations make the CV@R model impracti-

cal. Due to its overall effectiveness, the ERI does not seem to be the first choice for

a stand-alone formulation. However, its computational time is below 6 minutes in the

worst case, and the ERI remains still viable as a secondary formulation if an ensemble

model is considered.

Model Scalability

Computational time depends on the size of the formulation. It is controlled by the

length of the discretisation step for communication windows, i.e., the smaller the dis-

cretisation step, the more binary variables in the formulation. The discretisation step

is adjusted for the BTS model, which turned out to return the most effective schedules

for the dataset of problem instances considered. The aim of the analysis is to study the

relation between the size of the model and the computational effort required to solve

it.

Table 4.7 displays descriptive statistics of computational time for the given length

of the discretisation step.

Computational time increases with the resolution of the discretisation scheme for

communication windows. Nonetheless, the model remains practically solvable for all

problem instances, even for the discretisation step of one second, i.e., the longest com-

putational time is 8 minutes. Regarding the computational time and the size of the

discretisation scheme, similar observations were confirmed by [97]. The same author
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Table 4.7: Average and the worst-case computational time required by the BTS model
to prove optimality given the time discretisation of communication windows.

Scheme [s] Mean [s] Max [s]

30 1.30 2.90
15 3.20 12.80
10 5.30 23.20
5 13.60 62.80
1 155.80 516.30

showed that the computational time grows linearly with the number of satellites when

communication windows are generated randomly.

Concluding Remarks

Computational results discussed in this chapter demonstrated the validity of the method-

ology developed for scheduling space-to-ground data transfers. The scheduling problems

were solved using exact methods in attractive computational times.

The case study demonstrated the importance of using optimisation in designing

SatQKD communication systems. The primary contribution is the evaluation of the

number of keys that can be delivered to the network of ground stations. Firstly, the con-

figuration that maximised the number of keys delivered to the communication system

was found by computing optimal schedules for various orbital parameters of the satel-

lite. Then, for each ground station, the number of keys that can be consumed weekly

without exceeding the capacity of the buffer subject to probabilistic service level guar-

antees was computed. To the best of the author’s knowledge, such a study has not been

published before. However, it is conceivable that a similar upfront performance anal-

ysis would be indispensable for building commercial-grade Quantum Communication

systems in the future.

Besides estimating the performance of the communication system, the influence

of weather seasonality and spacecraft’s illumination by the Sun on the number of keys

delivered to the network of ground stations was also studied. A vital observation is that

the opportunity for communication between the satellite and ground stations located

at high latitudes is severely restricted for several weeks during the summer.
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Furthermore, regarding scheduling satellite data transfers, it was the first study

that used official weather forecasts to build optimisation models with the treatment of

uncertainty and evaluated the performance of the formulations in real weather condi-

tions. Such an approach was adopted deliberately to accurately reflect the application

context in which the optimisation models are going to be used.

The study demonstrated that several models with the treatment of uncertainty

and a rolling horizon significantly outperform the deterministic model. Out of the

formulations developed, the BTS and MSTD models recorded the best performance for

the whole suite of problem instances.

The BTS model is a novel formulation proposed first in Chapter 3. Its uncertainty

set describes cloud cover conditions preserving temporal and spatial correlations, which

is a desirable property. The model can be reformulated into a MILP and effectively

solved using an off-the-shelf commercial MIP solver.

Overall, no single model with the treatment of uncertainty equivocally dominated

other formulations. By analysing the results for individual problem instances, it was

shown that some models, i.e., ERI, recorded a better performance in adverse weather

conditions. This observation led to the creation of an ensemble model which combined

the MSTD and the ERI formulations. The new model outperformed all stand-alone

formulations on the set of problem instances considered. A similar technique has not

been applied in the literature on optimisation under uncertainty. Consequently, the

research questions such as ”which models of uncertainty complement each other” has

not yet been explored.

The next two chapters move from solving pure scheduling problems to combined

routing and scheduling optimisation. The exact methods employed here for schedul-

ing satellite communication are not applicable for solving large problem instances in

the vehicle routing domain (i.e., more than 150 visits). Consequently, a new solution

methodology that is based on CP, LS and metaheuristics was developed.
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Methodology: Vehicle Routing

Problem with Side Constraints

5.1 Introduction

Fast transport of goods and people is critical for the modern economy. Besides tech-

nological improvements that increase the speed and throughput of the transportation

networks, the cost of transport remains a suitable material for routing optimisation.

One of the most famous optimisation problems formulated for this application domain

is the Traveling Salesman Problem (TSP) [141]. Its objective is to find the shortest

closed tour that visits a set of destinations exactly once and returns to the origin. This

chapter considers an extension of the TSP problem, which involves routing a fleet of

vehicles to perform visits in geographically distributed locations known as the Vehicle

Routing Problem (VRP) [142]. Each visit is mandatory and must be executed without

pre-emption by a vehicle that spends some prescribed duration at the visit’s location.

Vehicles start their routes from depots, where they must return following the last visit.

The most common objective is the minimisation of the total travel time for all vehicles.

The VRP is a generic class of problems. Notable representatives of this group are

the Capacitated Vehicle Routing Problem (CVRP), the Vehicle Routing Problem with

Time Windows (VRPTW), and the Vehicle Routing Problem with Pickup and De-

livery (VRPPD). The fleet of vehicles in the CVRP transports goods from a central
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depot to customers subject to the maximum cargo load limit for each vehicle. Visits in

the VRPTW [143] must commence within some prescribed time interval. If a vehicle

arrives at the visit’s location too early, it must wait until the time window begins. Ar-

rival after the time window ends either is disallowed or subject to a penalty, depending

on the problem definition. Finally, the VRPPD coordinates vehicles that transport

goods or people between multiple destinations.

This thesis considers a further specialisation of the VRPTW in which a subset of vis-

its requires a simultaneous presence of two vehicles. The problem is known as the Vehi-

cle Routing Problem with Time Windows and Synchronized Visits (VRPTWSync) [144].

The synchronisation constraint is restricted to two vehicles only. Such requirements

arise in the delivery applications and the HHC, e.g., to deliver or to pick up a heavy

object, to transport a person with reduced mobility, etc. Problems that involve the co-

ordination of more than two vehicles to perform a visit are outside the scope. They are

known as Technician Routing and Scheduling (TRS) [145] and Manpower Allocation

Problem (MAP) [146].

A synchronisation of visits is a special case of a general temporal dependency.

Other common types of temporal dependencies are restrictions on the minimum and

the maximum period between consecutive visits. Scheduling visits constrained by arbi-

trary temporal dependencies is the subject of the Vehicle Routing Problem with Time

Windows and Temporal Dependencies (VRPTWTD) formulated by [19,147].

Structure of the Chapter

Section 5.2 presents the MIP formulation of the VRPSC problem. The formulation

is suitable for solving small problem instances (e.g., 25 visits) to provable optimality.

Section 5.3 develops an equivalent CP formulation. The following section presents an

extension of the CP formulation performing optimisation accounting for an uncertain

duration of visits. Large problem instances (e.g., scheduling 500 visits using 60 vehicles)

can be solved using either variant of the CP formulation by the multistage optimisation

algorithm described in Section 5.5. Some concluding remarks close the chapter.

133



Chapter 5. Methodology: Vehicle Routing Problem with Side Constraints

Shared Symbols

Before presenting the MIP and the CP models of the VRPSC problem, the shared

symbols and conventions adopted in both formulations are introduced below.

Visits

The set V contains requested visits. For each visit v, its duration is dv and the time

window [sv, sv] defines when the visit should commence.

Vehicles

The set C represents the fleet of vehicles. Every vehicle c is initially located at the

depot bc. Following the last visit, the vehicle c must return to the depot ec. Without

loss of generality, multiple depots could be assigned to vehicles on an individual basis.

For simplicity, the start and the end depots are treated as the first and the last visit

on a route the vehicle follows. The time window associated with both depots overlaps

with the availability of the vehicle for work, i.e., [sbc , sbc ] = [sec , sec ]. A vehicle is not

required to stop at the depot, i.e., the visit duration at both depots is zero.

Synchronised Visits

Some visits may require two vehicles. The execution of such a visit cannot commence

until the requested vehicles arrive. A visit with synchronisation constraints is repre-

sented by two elements in the set of visits V . Either both elements are assigned different

vehicles or together are left unassigned.

The set V is split into disjoint subsets V = V 1∪V 2. For the given number i ∈ {1, 2},

the subset V i contains elements representing visits that require dispatching exactly i

vehicles. Furthermore, for each subset V i, let define the partition Πi composed of

subsets which contain the elements that refer to the same visit.

Contractual Breaks

A vehicle could be entitled to contractual breaks during working hours. The set B

contains all breaks regardless of the vehicle. Breaks for a given vehicle c are stored in
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the subset Bc. Each break b has the time window [sb, sb] when it must commence and

the duration db it lasts. All breaks are mandatory. Similarly to visits, their execution

cannot be interrupted, and the vehicle that takes a break must remain at the same

location. For conciseness, the time outside of working hours is also modelled as breaks.

The break representing the time before working hours has a fixed time window of

zero length, i.e., the start and the end of the time window are equal. The time after

working hours could have a time window and a flexible duration depending on the

overtime allowance for a given vehicle.

Skill-based Routing

Some vehicles may not be allowed to perform a given visit, i.e., due to skill constraints,

client’s preferences, etc. Therefore, for each visit v, let define the set Cv that contains

permitted vehicles.

Visit Continuity

In circumstances where several visits are performed for a given client (a.k.a. user), it

is common to have a policy that fosters dispatching the same vehicles for consecutive

visits of a given user. Let U be the set of users who are being visited. The set V u stores

visits of the user u. For each user u, let define a limit fu that restricts the maximum

number of different vehicles which can visit the user during the scheduling horizon.

Optional Visits

In real-world applications, demand for visits could exceed the capacity of the system,

i.e., due to emergency visits being reported or vehicles being temporarily unavailable.

This phenomenon is known as oversubscription. If it happens and all visits are manda-

tory, the problem instance becomes infeasible. A pragmatic way of dealing with this

situation is making visits optional subject to the penalty ρ for each declined visit. Un-

derstandably, whether a given visit is effectively cancelled, postponed, or outsourced

depends on the application. For simplicity, let assume any visit can be declined. The

penalty is charged once for each declined visit regardless of the number of vehicles it
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requires. For the sake of convenience, declined visits are assigned to the special vehicle

c∅.

Network Representation

The locations between which vehicles can travel are encoded using a directed graph

G(N,E). The set N represents vertices (a.k.a. nodes), and E is the set of edges. If

a vehicle can travel from one node to the other, then they are connected by an edge.

The set N contains depots and visits. It may also include breaks, which depends on

the formulation.

Let introduce the following operators and symbols to implement the navigation in

the graph. Given a node n, the operator δ+(n) returns the set of nodes that can be

reached directly from the node n by traversing one edge. Conversely, the operator δ−(n)

returns the set of nodes from which any vehicle could arrive at the node n by traversing

one edge. The set N b is the subset of N whose elements have at least one outgoing

edge. Conversely, the set N e contains nodes that have at least one incoming edge.

Understandably, visiting a node and traversing an edge requires time. The function

δ : N b × N e → Z≥0 computes the time needed for travel between the first and the

second node passed as the input. If an edge does not connect both nodes, then the

distance is infinite. Finally, the function τ(ni, nj) = dni + δ(ni, nj) returns the time

required to visit the node ni and to arrive at the node nj .

5.2 Mixed-Integer Programming Model

The MIP formulation presented in this section is based on the three-index multi-

commodity network flow formulation for the VRPTW [148]. The synchronisation con-

straints for visits that require two vehicles were proposed by [19]. The handling of

contractual breaks was inspired by [149] who applied it to model one lunch break per

vehicle. It is extended further in the thesis to support an arbitrary number of breaks

per vehicle.
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Symbols and Decision Variables

The set of routing nodes N in the MIP formulation besides visits and depots includes

breaks, i.e., N = V ∪
⋃
c∈C{bc, ec} ∪B. Since the location of a vehicle does not change

after it takes a break, the following rules are adopted to navigate in the graph:

1. A vehicle can move to another visit or the end depot only from a visit or the start

depot,

2. A vehicle must return to the visit or the start depot which preceded the break or

a sequence of consecutive breaks,

3. Travel time is zero if the source or the destination is a break.

Let introduce the following variables. The three-index formulation derived its name

from defining a binary variable for every triple: a vehicle, a source node, and a target

node. Intuitively, the binary variable xnb,ne,c is set to one if the vehicle c ∈ C traverses

the edge (nb, ne) ∈ E, otherwise the variable is set to zero. Furthermore, for each

routing node n ∈ N , let define a continuous variable sn. Its interpretation depends on

the type of a node. If n is a visit or a break, then the variable sn stores the time when the

execution of the visit or the break commences. If n represents a begin depot, then the

variable is the departure time of the vehicle. Otherwise, the variable is the arrival time

of the vehicle to the end depot. For each break b ∈ B, let introduce the integer variable

rb that stores the node where the vehicle must return to restore its previous location

before the break, or a sequence of consecutive breaks was taken. Furthermore, for each

pair of the vehicle c and the user u, the binary variable fc,u indicates whether the

vehicle performs at least one visit for the user within the scheduling horizon. Finally,

for each visit v, an auxiliary binary variable av indicates whether the given visit is

staffed or declined.

Formulation

The following formulation builds upon the prerequisites introduced above.
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min
∑
c∈C

∑
ni∈Nb

∑
nj∈Ne

δ(ni, nj)xni,nj ,c

+ρ
∑
v∈V 1

(1− av) +
ρ

2

∑
v∈V 2

(1− av) (5.1)

s.t.:
∑

n∈δ+(bc)∩N

xbc,n,c = 1 ∀c ∈ C (5.2)

∑
n∈δ−(ec)∩N

xn,ec,c = 1 ∀c ∈ C (5.3)

∑
c∈C

∑
ni∈δ−(nj)∩N

xni,nj ,c ≤ 1 ∀nj ∈ N e (5.4)

∑
n∈δ−(b)

xn,b,c ≤ 1 ∀b ∈ Bc ∀c ∈ C (5.5)

xn,v,c = 0 ∀n ∈ N ∪Bc

∀v ∈ V ∀c ∈ C : v 6∈ V c (5.6)

xv,n,c = 0 ∀n ∈ N ∪Bc

∀v ∈ V ∀c ∈ C : v 6∈ V c (5.7)∑
nj∈δ+(ni)

xni,nj ,c −
∑

nj∈δ−(ni)

xnj ,ni,c = 0 ∀ni ∈ N ∪Bc ∀c ∈ C (5.8)

∑
c∈C

∑
b∈δ+(n)∩Bc

xn,b,c ≤ 1 n ∈ N b (5.9)

∑
b∈δ+(bc)∩Bc

xbc,b,c = 1 ∀c ∈ C (5.10)

∑
b∈δ+(ec)∩Bc

xec,b,c = 1 ∀c ∈ C (5.11)

∑
n∈δ−(b)

xn,b,c = 1 ∀b ∈ Bc ∀c ∈ C (5.12)
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xnj ,b,c −
∑

ni∈δ−(nj)∩N

xni,nj ,c ≤ 0 ∀nj ∈ N ∀b ∈ Bc ∀c ∈ C (5.13)

xb,nj ,c −
∑

ni∈δ−(nj)∩N

xni,nj ,c ≤ 0 ∀nj ∈ N ∀b ∈ Bc ∀c ∈ C (5.14)

∑
b∈δ+(n)∩Bc

xn,b,c −
∑

b∈δ−(n)∩Bc
xb,n,c = 0 ∀n ∈ N ∀c ∈ C (5.15)

rb ≤ (i+ 1)xni,b,c +M(1− xni,b,c) ∀ni ∈ N ∀b ∈ Bc ∀c ∈ C (5.16)

(j + 1)xb,nj ,c ≤ rb +M(1− xb,nj ,c) ∀nj ∈ N ∀b ∈ Bc ∀c ∈ C (5.17)

rbj ≤ rbi +M(1− xbi,bj ,c) ∀bi, bj ∈ Bc ∀c ∈ C (5.18)

sni + τ(ni, nj) ≤ snj +M(1− xni,nj ,c) ∀ni, nj ∈ N ∀c ∈ C (5.19)

sbi + dbi ≤ sbj +M(1− xbi,bj ,c) ∀bi, bj ∈ Bc ∀c ∈ C (5.20)

sb + db ≤ sn +M(1− xb,n,c) ∀n ∈ N ∀b ∈ Bc ∀c ∈ C (5.21)

sni + τ(ni, nj) ≤ sb +M(2− xni,nj ,c − xnj ,b,c) ∀ni, nj ∈ N ∀b ∈ Bc

∀c ∈ C (5.22)∑
n∈δ−(v)

xn,v,c ≤Mfc,u ∀v ∈ V u ∀u ∈ U ∀c ∈ C (5.23)

∑
c∈C

fc,u ≤ fu ∀u ∈ U (5.24)

avj −
∑
c∈C

∑
vi∈δ−(vj)

xvi,vj ,c = 0 ∀vj ∈ V (5.25)

svi = svj ∀(vi, vj) ∈ Π2 (5.26)

avi = avj ∀(vi, vj) ∈ Π2 (5.27)∑
vh∈V \{vi,vj}

{
xvh,vi,c + xvh,vj ,c

}
≤ 1 ∀(vi, vj) ∈ Π2 ∀c ∈ C (5.28)

∑
vh∈δ−(vj)∩V

xvh,vj ,cy ≤ 1−
∑

vh∈δ−(vi)∩V

xvh,vi,cx ∀(vi, vj) ∈ Π2 : i < j

∀cx, cy ∈ C : x < y (5.29)

sv ≤ sv ≤ sv ∀v ∈ V (5.30)

b ≤ sb ≤ b ∀b ∈ Bc ∀c ∈ C (5.31)
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s ∈ R|V ∪B|≥0 , r ∈ R|B|0≤|V |

x ∈ {0, 1}|N∪B|×|C|, a ∈ {0, 1}|V |, f ∈ {0, 1}|C|×|U | (5.32)

The goal of the optimisation problem is to minimise Objective Function (5.1) defined

as the sum of the total travel time for all vehicles and penalties for each declined visit.

Besides the constraints explained below, the three-index binary variables are set to

zero if any of the following conditions defined for nodes (a.k.a. endpoints) connected

by an edge holds:

1. Both endpoints are the same node,

2. The source endpoint is a visit, and the target endpoint is the start depot,

3. The source endpoint is the end depot, and the target endpoint is either a visit or

the start depot,

4. Time windows indicate that the target endpoint must be visited before the source

endpoint.

Constraints (5.2 - 5.18) define the network flow. Every vehicle must leave the

start depot and eventually arrive to the end depot due to Constraints (5.2) and (5.3),

respectively. Constraints (5.4) and (5.5) enforce that each node representing a visit

or a break is visited by at most one vehicle. Constraints (5.6) and (5.7) implement

skill-based routing, i.e., they prevent dispatching a vehicle to a visit if the vehicle is

not allowed. Constraint (5.8) enforces the flow conservation.

A vehicle visiting any node can move to at most one break by Constraint (5.9).

Before leaving the start depot, the vehicle must take the break that represents the time

before working hours due to Constraint (5.10). The analogous rule for the end depot

and the time after working hours is implemented by Constraint (5.11). Every break

is mandatory and must be taken by its dedicated vehicle due to Constraint (5.12). If

a vehicle moves to a break node from a visit, then Constraint (5.13) requires that the

vehicle must have arrived at the visit from some other node. Constraint (5.14) enforces a

similar condition if the vehicle returns to the visit from a break node. Constraint (5.15)
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strengthens the flow conservation for break nodes. Constraints (5.16-5.18) employ a

big constant customarily denoted as M . Collectively, the constraints enforce that a

vehicle which moved to a break node from a visit will return to the same visit either

immediately or after a sequence of consecutive breaks.

Time propagation is defined by Constraints (5.19-5.22). Specifically, let assume

that if a vehicle moves to a break node from a visit, the break node is executed before

the visit due to Constraint (5.22). The visit is commenced after the break or a sequence

of consecutive breaks completes by Constraint (5.21).

Constraints (5.23) and (5.24) implement the continuity of visits. Constraint (5.23)

updates the value of the binary variables that indicate whether a user is visited at least

once by a given vehicle. Constraint (5.24) limits the number of different vehicles that

may visit the user.

Constraint (5.25) controls the status of variables that indicate whether a given visit

is scheduled.

Constraints (5.26) and (5.27) provide support for visits that require two vehicles.

If such a visit is scheduled, then two vehicles must be dispatched by Constraint (5.27).

Moreover, both vehicles commence the visit at the same time due to Constraint (5.26).

Constraints (5.28) and (5.29) are defined to strengthen the formulation in the face

of the value symmetry introduced by visits with synchronisation constraints. Con-

straint (5.28) states that if a vehicle arrives at a node that represents a visit that

requires two vehicles, the other node which points to the same visit must be visited by

another vehicle. Constraint (5.29) enforces lexicographic ordering in the assignment of

vehicles to nodes that refer to the same visit.

Constraints (5.30) and (5.31) define time windows for visits and breaks, respectively.

Finally, Constraint (5.32) declares types and domains of decision variables.

Ultimately, the formulation above can be solved to provable optimality using an

off-the-shelf MIP solver. Nonetheless, it is well-known that the formulation has a weak

lower bound of the LP relaxation. This phenomenon is due to the big-M constraints

which define the time propagation. Consequently, only small and medium problem

instances, i.e., between 20-30 visits can be solved to optimality. The observation was
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reproduced in preliminary results obtained using the formulation above. For larger

problem instances, one could solve the set-partitioning formulation using column gen-

eration [150]. Nonetheless, problem instances with 500 visits arise in the real world,

which is well beyond the scalability limits of the exact methods. Consequently, the ap-

proach in the thesis follows the path paved by many researchers and adopts a modest

but achievable goal to solve large problem instances using heuristic methods. They are

applied to the alternative CP formulation explained in the next section.

5.3 Constraint Programming Model

The CP formulation presented in this section is built on top of the generic model for the

Vehicle Routing Problem with Time Windows and Breaks implemented in the or-tools

library [17]. The original formulation is extended in the thesis by adding support for

visits with synchronisation constraints, skill-based routing, and the continuity of visits.

Global Constraints

Let first present the global constraints that build the formulation. All constraints accept

as input the vector of integer variables y which encode routes in the following manner.

The vector y has the length |C| + |V |. The first |C| elements of the vector represent

the start depots for each vehicle. The remaining elements correspond to visits. The

element yi stores the index of the node succeeding the node i on the route. Since a

route terminates at the end depot, there is no need to store its successor. Consequently,

assigning a successor which is out of bounds of the vector y terminates the route. If a

given element is assigned its index, e.g., yi = i, then the node is not traversed on any

route.

no cycle(y) - Routes encoded by the vector y contain no cycles except for self-loops.

all different(y) - Every variable in the vector y is assigned a different value.

at most(z, v, n) - At most n variables in the vector z are assigned value v.

member(z, S) - Integer variable z is assigned an element from the set S.
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path cumul(y, z, δ) - An arbitrary resource is acquired or consumed by vehicles along

the routes they follow according to the function δ. The vector z stores the amount

of the resource held by a vehicle at a given node. The function δ : [0, . . . , |y| −

1]× [0, . . . , |y| − 1]→ Z returns the marginal change (a.k.a. delta) in the amount

of the resource due to the visit of a given node and travel to its successor.

breaks(y, z, δ, B) - Vehicles must have enough idle time between travelling and per-

forming visits to schedule the mandatory breaks from the set B.

The breaks constraint is a custom global constraint implemented in the vehicle

routing library of the or-tools framework [17]. Contrary to the breaks constraint, all

the remaining global constraints are widely known and supported by the CP solvers.

Symbols and Decision Variables

Let extend the notation and symbols introduced in Section 5.2.

The operator bool(·) applied to an arbitrary logical expression converts it into a

binary variable. Furthermore, let define a generic lookup operator ιn(. . . ) parametrised

using a non-negative integer n. The operator accepts an arbitrary number of input

arguments (a.k.a. indefinite arity). Given an input vector or a list of input arguments,

the operator returns the n-th element of the sequence.

The set of nodes N in the CP formulation consists of visits and depots, i.e., N =

V ∪
⋃
c∈C{bc, ec}. Contrary to the MIP formulation, it does not include contractual

breaks. Moreover, in contrast to the three-index formulation, the routes are represented

using a one-dimensional vector of integer variables y and the encoding scheme explained

in the definition of global constraints. The vector of constants d stores visits’ duration

and the vector of variables s keeps track of visits’ start times. Furthermore, let introduce

a vector of integer variables w to determine which vehicle is visiting a given node. If

a visit v is declined, then wv is assigned to the value which corresponds to the special

vehicle c∅.
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Formulation

Let introduce the CP formulation.

min
∑
n∈Nb

δ(n, yn) + ρ
∑
v∈V 1

(1− av) +
1

2
ρ
∑
v∈V 2

(1− av) (5.33)

s.t.: all different(y) (5.34)

no cycle(y) (5.35)

path cumul(y, s, τ) (5.36)

path cumul(y,w, ι2) (5.37)

breaks(y, s,d, δ, bc, ec, B
c) ∀c ∈ C (5.38)

av = bool(yv ∈ N e \ {v}) ∀v ∈ V (5.39)

av = bool(wv 6= c∅) ∀v ∈ V (5.40)

yv = v ⇔ wv = c∅ ∀v ∈ V (5.41)

member(wv, C
v) ∀v ∈ V (5.42)

avi = avj ∀(vi, vj) ∈ Π2 (5.43)

svi = svj ∀(vi, vj) ∈ Π2 (5.44)

wvi ≤ wvj ∀(vi, vj) ∈ Π2 (5.45)∑
v∈V u

bool(wv = c) ≤ |V u|fc,u ∀c ∈ C ∀u ∈ U (5.46)

∑
c∈C

fc,u ≤ fu ∀u ∈ U (5.47)

sn ≤ sn ≤ sn ∀n ∈ N (5.48)

a ∈ B|V |, f ∈ B|C|×|U |

y ∈ Z|N |0≤|N |−1, s ∈ Z|N |≥0 , w ∈ Z|N |0≤|C|−1 (5.49)

Identically to the MIP formulation, the objective is to minimise the sum of the total

travel time for all vehicles and penalties for declined visits.
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Constraint (5.34) enforces every node to be visited at most once. Routes must

not have cycles which connect two or more nodes due to Constraint (5.35). Time is

propagated by Constraint (5.36). Interestingly, Constraint (5.37) which tracks visiting

vehicles uses the same global constraint definition but with a different vector of variables

and the resource acquisition function. Constraint (5.38) is responsible for scheduling

mandatory breaks. Constraints (5.39) and (5.40) update the variables which indicate

whether a visit is scheduled or declined. Constraint (5.41) enforces declined visits to

be assigned to the special vehicle c∅.

The skill-based routing is implemented using Constraint (5.42). Support for vis-

its which require two vehicles is offered by Constraints (5.43-5.45). Constraint (5.43)

enforces that such a visit is staffed by two vehicles. Both of them must be available si-

multaneously to commence the visit by Constraint (5.44). Constraint (5.45) strengthens

the formulation by breaking the value symmetry and enforcing a lexicographic assign-

ment of vehicles. Constraints (5.46) and (5.47) provide the continuity of visits. The

binary variable fc,u is set if the user u is visited by the vehicle c by Constraint (5.46).

The upper limit on the maximum number of different vehicles visiting a given user is

enforced by Constraint (5.47). The start time of the visit is restricted to the prescribed

time window due to Constraint (5.48). Finally, the types and domains of decision

variables are declared in Constraint (5.49).

The CP formulation above assumes that visits’ duration is known precisely. In the

following section, the assumption is dropped, and uncertain visits’ duration is modelled

using a set of scenarios. Fortunately, moving to the more extended formulation will not

require changing any of the constraints defined already.

5.4 Riskiness Index Optimisation in Constraint Program-

ming

This section describes a CP formulation to minimise the delay in commencing visits

after their time windows. Such a situation is forbidden in the deterministic variant of

the VRPSC problem where the time windows must be respected in the hard sense. On

145



Chapter 5. Methodology: Vehicle Routing Problem with Side Constraints

the other hand, in the riskiness index optimisation considered here, it is sufficient that

the expected start time of a visit obeys the time window restrictions. The pivotal prop-

erty that motivates applying the riskiness index optimisation is enforcing larger delays

to occur less likely. Out of the riskiness indices presented in Chapter 2, the ERI was

selected as the decision criterion due to an efficient procedure for computing its value

which is explained later in the section. Regarding alternative definitions of riskiness

indices, a similar algorithm could be applied to calculating the SFI using its equivalent

formulation derived by [16][Theorem 1]. On the other hand, it is not self-evident how to

develop an evaluation procedure for the RVI without solving an optimisation problem,

which is a computational bottleneck.

Formulation

The set H is the sample of scenarios. Each scenario is a collection of visits’ durations

recorded someday in the past. Let F be a feasible set which contains the assignments of

variables that satisfy Constraints (5.33 - 5.49). Constraints involving visits’ duration,

i.e., Constraints 5.36 and 5.38, are defined once for the entire set of scenarios by taking

the average duration for each visit. Hence, there is no Constraint 5.48 enforcing time

window restrictions on visits’ start times in the hard sense for each scenario. Finally,

the variable ρ stores the value of the riskiness index.

min ρ (5.50)

s.t.: (y, s,w,a) ∈ F (5.51)

ρ ≥ ERI(y, s, δ, B,H) (5.52)

ρ ∈ R≥0 (5.53)

The objective of the problem is to minimise the largest riskiness index of a delay

for all visits. Constraint (5.51) restricts assignments of the decision variables to the

feasible solutions of the deterministic CP formulation presented in Section 5.3. Con-

straint (5.52) is a custom global constraint implemented in the thesis to compute the
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largest riskiness index of a delay. If its value is finite, then the expected visits’ start

times obey time window restrictions. Finally, Constraint (5.53) declares the variable

representing the riskiness index in the formulation.

Essential Riskiness Index Global Constraint

The evaluation of the ERI is split into two steps:

1. Compute the delay in commencing a visit for each scenario,

2. Evaluate the ERI for the vector of delays computed in the previous step.

The following subsections provide a detailed description of each step.

Computation of the Delay in Commencing a Visit

The delay in commencing a visit cannot be calculated for each route independently

due to synchronisation constraints, e.g., the first vehicle ready to begin a visit which

requires two vehicles, has to wait until the other vehicle arrives.

This section presents an efficient algorithm for computing visits’ start times that

requires processing each visit exactly once. The algorithm represents data using a di-

rected graph whose vertices correspond to performing visits, taking breaks, and visiting

depots, whereas edges encode temporal precedence dependencies between nodes. Such

graphs are known as Program Evaluation Review Technique (PERT) networks, i.e.,

G(N = V ∪B ∪
⋃|C|
c=1{bc, ec}, E). A correctly defined PERT network does not contain

cycles. The algorithm relies on the invariant that the start time of a given visit node is

computed based on the start time of the preceding node on the same route and the start

time of the sibling visit node on another route in the case of a pairwise synchronisation.

If the synchronisation constraint is not defined for a given visit node, then the visit’s

start time cannot change after it has been computed. Otherwise, if the synchronisation

constraint is present, then the node’s start time is established after both sibling nodes

have been processed.

Suppose, a, b, and b′ are visit nodes. The node a directly precedes the node b.

Furthermore, let assume that visit nodes b and b′ must commence simultaneously. The
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start time at the node b is computed according to the following formula.

sb = max{sa + da + δ(a, b), sb′ , sb} (5.54)

Consequently, the start time of the visit node b is bounded from below by the arrival

time at the visit node (sa + da + δ(a, b)), the start time of the sibling node (sb′) and

the start of its time window (sb). After the resultant start time is computed, the start

time of the sibling visit node is updated, i.e., sb′ = sb. The presentation of the example

in which the synchronisation constraint is not defined is omitted because it naturally

follows from the case discussed above.

The algorithm must process visit nodes in a specific order to obey its invariants.

They are enforced by precedence dependencies defined according to the following ap-

proach.

Figure 5.1 presets a fragment of a PERT network which illustrates how precedence

dependencies are defined between nodes. Suppose, the sequences of nodes (g)−(i)−(k)

and (h)− (i+ 1)− (l) belong to different routes. Nodes (i) and (i+ 1) represent a visit

with a synchronisation constraint. Besides edges connecting nodes on the same route,

modelling the time propagation for a visit with a synchronisation constraint requires two

additional precedence dependencies: (i→ i+1) and (l→ i). The configuration ensures

that the start time for the node (i + 1) is computed before the node (i). Moreover,

the successor nodes (l) and (k) are not processed until the final start time for their

preceding nodes is set. It is not required to have a precedence dependency (k → i+ 1)

because the start time of the node (i+1) is computed before the node (i) which precedes

the node (k), i.e., (k → i).

Given the set of routes encoded as y, the aim is to find a permutation p that stores

the nodes (i.e., visits, breaks, and depots) in the order compliant with precedence

constraints. For instance, if two elements at positions i and j in the permutation p

refer to different visits and i < j, then the start time of the node pj has no impact on

the node pi. The permutation p can be found by a topological sort of the graph G.

Overall, it is a well-known procedure for which several algorithms have been proposed.
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Figure 5.1: Handling visits with a synchronisation constraint in a PERT network.

g

h

i

i+1

k

l

A popular implementation employs traversal of all edges of the graph using depth-first

search. It has complexity O(|N |+ |E|). Since the topological sort depends only on the

set of routes y, it is sufficient to compute it once and use the same order to calculate

the start time for all visits and all scenarios. Taken together, given the set of scenarios

H, the computation of the delay for all visits and all scenarios has the complexity

O(|N |+ |E|+ |N ||H|).

Computation of the Essential Riskiness Index for the Vector of Delays

The riskiness index optimisation is integrated with a CP solver using a new global

constraint. It evaluates the ERI for a given vector of delays for a selected visit. The

pseudocode of the global constraint is presented in Algorithm 2.

Parameters: y, s, d, ρ, δ, C, V , B, H
foreach c ∈ C do

if not path connected(y, s, d, δ, bc, ec) then
return

end

end
e← compute delays(y, s, δ, C, V,B,H)
ρmax ← 0
foreach v ∈ V do

ρmax ← max{ρ, compute ERI(ev)}
end
if lb(ρ) ≤ ρ then

add constraint(ρ ≥ ρmax)
end

Algorithm 2: Global Constraint for the Essential Riskiness Index evaluation.

The constraint takes as the input: the assignment of decision variables (y and s),

the duration of visits in the nominal scenario (d), the riskiness index variable (ρ), the
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distance function (δ), and the details of the problem instance (C, V , B, H). Intu-

itively, global constraints should handle situations in which some of the variables are

left unassigned. Hence, if some of the variables encoding routes are not set, then the

constraint is not propagated. Otherwise, the delays are computed in a batch for all

visits and all scenarios processing nodes according to the topological sort described in

the previous subsection. Then, for each visit, the riskiness index is calculated for the

vector of delays. If the riskiness index evaluated for the given visit is greater than the

current lower bound of the riskiness index variable, its bound increases accordingly.

The algorithm for computing the ERI was developed by studying its analytical

interpretation illustrated in Figure 5.2.

Figure 5.2: Analytical interpretation of the ERI.
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The histogram presents example delays in commencing a hypothetical visit observed

in the past. Every bar above the horizontal axis denotes a positive delay, i.e., a visit

commenced after its time window ended. Conversely, a bar below the horizontal axis

represents slack between the start time of the visit and the end of its time window. It

is referred to in the sequel as a negative delay. Overall, the total positive delay filled

using red colour is 12, i.e., (4 + 3 + 5). The area is balanced out by the portion of the

150



Chapter 5. Methodology: Vehicle Routing Problem with Side Constraints

negative delay marked using a blue colour between the horizontal axis and the dotted

line with the vertical intercept −4. The ERI is defined as the absolute value of the

intercept. If the total negative delay does not compensate for the positive delay, then

the ERI is infinite. Supported by the analytical interpretation explained above, let

propose Algorithm 3 which computes the ERI for the given delay vector e.

Parameters: e
sort(e)
if e0 ≥ 0 then

return int max
end
p← length(e)− 1
if ep ≤ 0 then

return 0
end
surplus← 0
for ; p ≥ 0 and vp ≥ 0 ; p← p− 1 do

surplus← surplus +ep
end
if p == −1 then

return int max
end
budget← 0
for ; p > 0 and budget +(p+ 1) ∗ ep + surplus > 0; p← p− 1 do

budget← budget +ep
end
balance← budget +(p+ 1) ∗ ep + total delay
if balance > 0 then

return int max
end
if balance < 0 then

ρ← min{0, ep+1}
remaining balance← total delay + budget +(p+ 1) ∗ ρ
ρ← ρ− dremaining balance /(p+ 1)e
return −ρ

end
return vp

Algorithm 3: Compute the Essential Riskiness Index.

The algorithm starts by sorting the vector of delays in ascending order and testing

for corner cases. If the lowest delay in the vector is positive, then the riskiness index

is infinite. Conversely, if the maximum delay is non-positive, the start time of the visit
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is compliant with the time window for all scenarios, and the riskiness index is zero.

Otherwise, the total positive delay is computed, and the pointer i is set to the element of

the vector that stores the smallest negative delay. Then, in every iteration, the intercept

is set to the peak value of the preceding histogram bar. This process continues until

the area between the horizontal axis and the intercept balances the total positive delay.

If the intercept is set to the most negative delay, and the area still does not compensate

for the total positive delay, then the riskiness index is infinite. Otherwise, if the area

between the horizontal axis and the intercept exceeds the accumulated positive delay,

then the intercept is increased accordingly to find the balance.

Besides sorting the elements of the vector, which has complexity O(nlog(n)) given

the input vector of the length n, the evaluation of the ERI requires one pass through the

content of the vector. Therefore, the presented algorithm has complexity O(nlog(n)).

Preliminary computational experiments with solving large problem instances con-

taining visits with pairwise synchronisation (e.g., 450-500 visits in which 100 requires

two vehicles) using either CP formulation directly is challenging for the solver. Specif-

ically, the solver struggles to schedule more than 60-70% of all visits. The pairwise

synchronisation of visits turned out to be the culprit. The computational issue moti-

vated the development of the multi-stage optimisation algorithm, which is the subject

of the next section.

5.5 Multi-Stage Optimisation Algorithm

A multistage algorithm is defined in the thesis as a hybrid method composed of at least

two stages that sequentially solve an optimisation problem formulated using the same

set of variables. Figure 5.3 presents the outline of the computation method. The first

stage finds a solution that is passed to the second stage. Such an integration pattern

has been widely used. Its typical example is employing a construction heuristic or CP

in the first stage and a meta-heuristic in the second stage [151–153]. Furthermore, each

stage could use a different formulation of the objective function. For instance, the total

travel time minimised in the first stage can become a constraint in the next stage, which

aims to maximise the continuity of visits [154]. Besides the problem formulation, the
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solver configuration may vary between stages. Reasonably, it is useful to restrict the

time spent on optimising a solution at an intermediate stage which is likely to change

in the following stage. Therefore, initial stages are configured to find a solution quickly,

expecting that the final stage will improve it. The term multistage algorithm could be

easily confused with a multiphase algorithm. The former term refers to a decomposition

scheme that operates on different sets of variables. For instance, vehicles could be

assigned to visits before routes with minimal travel time are computed [155,156].

Figure 5.3: Control flow of the multistage optimisation algorithm.
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Although there is no apparent limit on the number of stages, each involves solving

an optimisation problem and contributes to the overall computational time. Therefore,

the number of stages in the algorithm implemented in the thesis was limited to three,
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with several alternative versions of the final stage.

Every stage solves the problem instance using a highly configurable hybrid method

implemented in the routing library of the or-tools framework [17]. Before explaining its

pseudocode and the implementation details of each stage of the multistage optimisation

algorithm, let introduce the following symbols and operators.

C - set of vehicles,

P - solution pool,

S - set of search operators,

V - set of visits,

y - vector of variables encoding a solution,

∆ - limit on the maximum time without improvement of the incumbent solution,

ADD(P,y) - adds the solution y to the pool P ,

ADD(Q,v, c) - adds the element v with the cost c to the priority queue Q,

BEST(P ) - returns the best solution stored in the pool P ,

ELAPSED-TIME() - returns the time since the start of the optimisation,

FIRST(n) - given a routing node n which represents a visit with a pairwise synchro-

nisation constraint in the first stage, the function returns the first element of the

pair of visits whose start time is bounded by the synchronisation constraint. For

simplicity, the same function is used for the mapping between vehicles in the first

and the second stage.

IS-FEASIBLE(y) - tests the feasibility of the solution y,

NEIGHBOURHOOD(s,y) - returns the neighbourhood of the solution y induced by

the search operator s,

NEXT(P ) - returns a solution from the pool P to commence search,
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OBJ(y) - evaluates the objective of the solution y,

OPTIMISE(F (V,C),y, S) - runs the optimisation procedure for solving the formula-

tion F (V,C) starting from the initial guess y using the set of search operators S.

The optimisation method is implemented in the or-tools framework [17] and its

pseudocode is explained in Algorithm 4.

POP(Q) - removes the element at the top from the priority queue Q,

SECOND(n) - given a routing node n in the first stage, the function returns the sec-

ond element of the pair of visits bounded by a synchronisation constraint. For

simplicity, the same function is used for the mapping between vehicles in the first

and the second stage.

SORT-DESC(v, θ) - sorts the elements of the container (i.e., a set or a vector) v ac-

cording to the key function θ(·) in descending order,

ω(C) - returns the total time all vehicles in the set C can work together,

σ(C) - returns the number of skills shared by all vehicles passed in the input vector.

Algorithm 4 presents the pseudocode of the optimisation method adapted for solv-

ing minimisation problems. The hybrid method consists of a heuristic initialisation,

followed by LS and LNS combined with constraint propagation. The LS operators

employed by the multi-stage algorithm are explained in the following section.

The hybrid method commences search from an initial feasible solution provided as

input. The incumbent solution is iteratively improved by exploring candidate solutions

in neighbourhoods induced by search operators. The search process resembles a VNS

without perturbation. Candidate solutions generated by a given search operator do not

have to be fully initialised, which simplifies the implementation. Unassigned variables

are set by the CP solver before testing the feasibility of the solution and evaluating its

cost. The variant of the solution method presented above accepts candidate solutions

as the new incumbent only if they strictly improve the objective. The or-tools frame-

work [17] allows for replacing the strategy with a meta-heuristic, such as the TS or
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Data: Initial feasible solution y(i)

Parameters: Problem formulation, Search operators S, Solution pool P
ADD(P , y(i))

y(s),y(n) ← ∅,y(i)

t← 0
repeat

x(s) ← x(n)

for s ∈ S do

Y ← NEIGHBOURHOOD(s,y(s))
while Y 6= ∅ do

for y(c) ∈ Y do
if ELAPSED-TIME()− t ≥ ∆ then

return BEST(P )
end

if IS-FEASIBLE(y(c)) and OBJ(y(c)) < OBJ(BEST(P ))) then

ADD(P,y(c))
t← ELAPSED-TIME()

Y ← NEIGHBOURHOOD(s,y(s))
break

end

end

end

end

y(n) ← NEXT(P )

until y(s) = y(n)

return BEST(P )

Algorithm 4: Optimisation method for solving VRPs implemented in the or-tools
framework [17]. The algorithm is customised to solve minimisation problems. The
maximum time with no improvement to the incumbent solution is the stopping
criterion.

the GLS. Moreover, besides altering the stopping criteria, users can provide a custom

implementation of the solution pool, which stores only the current best solution. The

algorithm terminates after the stopping criteria are met, i.e., the limit on the number of

iterations or when no search operator can improve the incumbent solution. The latter

criterion is binding only when no meta-heuristic is used.

The following section explains the LS operators employed by the multi-stage algo-

rithm.
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5.5.1 Local Search Operators

The multi-stage algorithm employs a dozen of LS operators that were implemented by

the authors of the or-tools framework [17]. All LS operators are simple transformations

applied to a path or a collection of paths that reduce the total cost of traversing visited

nodes. The search operators process variables y representing paths. All remaining

variables, i.e., start times, are inferred by the CP solver.

LS operators are presented by describing a single step they apply to reduce the total

cost of traversing the set of six nodes: A, B, C, D, E and F located in a fully connected

graph. The focus here is on the clarity of exposition rather than algorithmic details

of each LS implementation. Paths must cover all nodes of the graph. The majority

of LS operators are processing a single path in isolation. The path must commence at

the node A and terminate at the node F in the presented example. If a LS operator is

processing two paths simultaneously, the other path begins and terminates at nodes B

and E, respectively.

The left-hand side of Figure 5.4 presents an example suboptimal path that covers

all nodes of the graph. It is used as the starting port for the LS operators processing a

single path. The goal of the LS operators is to remove some edges from the suboptimal

path and place new edges, so no path segments are disconnected. Removed edges are

painted with red, and newly inserted edges are marked with green colour. The right-

hand side of Figure 5.4 displays an optimal path. Even though paths are oriented, the

direction is not displayed on edges to limit the number of details presented in the figure

and simplify the exposition. The direction of traversal is straightforward as the path

always starts from the node A.

The cost of traversal is presented in Table 5.1 for every pair of nodes. The matrix

is symmetric and was computed according to the Euclidean distance.

Local Search Operators for a Single Path

The LS operators presented in this section restrict the admissible transformations to

edges located on the same path. Some of the operators are well known due to research

on heuristics for building initial tours for solving the TSP problem.
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Figure 5.4: Example Paths

Table 5.1: Distance matrix of the example graph.

Node A B C D E F
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2 2
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√
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√

10
√

2
√

2 -

Figure 5.5 illustrates the Two-Opt operator [157]. It removes two arbitrary edges

from a path. Such an action could create up to three disconnected segments of nodes,

which must be connected back to form a new path. There is only one way to achieve

that, assuming the initial and the final path must be different, which simplifies the

complexity of the operator.
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Figure 5.5: Example Move: Two-Opt

Edges B → D, C → F are removed and edges B → F , C → D are inserted in the

Two-Opt move presented in the figure. The resultant path is suboptimal. One more
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Two-Opt step is required to obtain the optimal solution.

Removing some prescribed number of edges and reconnecting path segments into

a single path is an algorithm for a generic LS operator. Nevertheless, the number of

possibilities the segments could be connected to form a new path grows exponentially

with the number of edges involved. Processing up to three edges is widely acknowledged

as a sensible trade-off between the computational complexity and the effectiveness of

LS operators defined in this matter.

Figure 5.6 presents an example move performed by the Three-Opt operator [158]

which removes three arbitrary edges from a path. Seven possible resultant paths could

be obtained by inserting edges to reconnect the path segments assuming that repeating

the initial combination of edges is not allowed.
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Figure 5.6: Example Move: Three-Opt

The Three-Opt operator removed the most expensive edges A → E, C → F and

B → D in the presented figure. Subsequently, cheaper edges A → B, C → D and

E → F were inserted. The resultant path A→ B → C → D → E → F is optimal.

The need to consider seven alternative paths in a single Three-Opt move poses an

implementation hurdle as performance is vital for the LS. Researchers suggested to

impose additional restrictions on the Three-Opt that could reduce the computational

complexity and retain high-quality paths the operator generates. A successful example

of such an attempt is the Or-Opt operator [159]. It requires two of the three edges

removed from the path to be located in close proximity controlled by a configuration

parameter, i.e., separated by no more than three edges. Consequently, the Or-Opt

moves either a node or a path segment up to three edges long to a new position on
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the path. The node or the path segment are inserted between nodes connected by the

third removed edge.

Figure 5.7 presents an example Or-Opt move applied to the initial path.
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Figure 5.7: Example Move: Or-Opt

The Or-Opt operator relocates the segment E → D between nodes C and F . Over-

all, the set of removed and inserted edges is the same as in the Three-Opt move pre-

sented before. The final path is optimal.

The Lin-Kernighan heuristic evaluates alternative paths obtained by a sequence

of multiple Two-Opt moves. They are restricted to some pool of promising nodes

whose size depends on the position of a move in the sequence. The heuristic is proven

empirically to return optimal or near-optimal TSP tours [160] and is the most advanced

local search operator employed by the multi-stage optimisation algorithm. Since its

initial proposal [161], the Lin-Kernighan operator attracted a substantial interest of

the research community. It resulted in notable refinements of the heuristic by [162]

and [160]. A careful explanation of the Lin-Kernighan implementation details and its

most popular variants are covered in the book [141][Chapter 15].

Figure 5.8 illustrates a sequence of two Two-Opt moves performed by the Lin-

Kernighan heuristic, which led to an optimal path.

In the presented example, the Lin-Kernighan operator subsequently removes pairs

of intersecting edges. Edges B → D and C → F are replaced by B → F and D → C

in the first move. Then, edges B → F and A→ E are substituted by edges connecting

the closest neighbours A→ B and E → F .

Figure 5.9 presents a LS operator that moves a path segment located between the
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Figure 5.8: Example Move: Lin-Kernighan Heuristic

longest edges.

The operator replaces two longest edges A → E and C → F by edges A → C and

E → F . It does not lead to an optimal path, but it is the shortest path obtained by

removing two edges.
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Figure 5.9: Example Move: Relocate a Segment Between Two Longest Edges

Figure 5.10 presents a move performed by a LS operator that relocates a node into

a different position in the path. Such a heuristic is a restricted variant of the Or-Opt

operator.

The operator removes the node D and inserts it between nodes C and F . The

resultant path is suboptimal.
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Figure 5.10: Example Move: Relocate a Node

Figure 5.11 illustrates a LS operator that swaps two nodes located on the same

path. Such a move may require removing up to four edges. Despite the number of

edges affected, only one possible path is created by such an operation.
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Figure 5.11: Example Move: Swap Nodes in a Path

Position of nodes E and C on the path are swapped. Additional moves, i.e., the

swap of nodes B and D followed by the swap of nodes D and E, would have to be

performed to obtain an optimal path.

Local Search Operators for Multiple Paths

The LS operators discussed so far performed operations on nodes that belong to the

same path. Heuristics presented here relax that restriction.

Intuitively one of the most straightforward LS operators for processing multiple

paths is swapping nodes between paths. Figure 5.12 presents a LS operator that relo-

cates a node from one path to the other.

The node C is transferred from the path B → C → E into the path A→ D → F .
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Figure 5.12: Example Move: Relocate Nodes Between Paths

The new node is inserted between nodes A and D. The final collection of paths has

the lowest overall cost among combinations of two paths that cover the set of nodes.

The multi-stage solution algorithm must handle nodes not covered by any path. A

dedicated LS operator is employed for that purpose to insert a disconnected node into

a path. Figure 5.13 presents an example move of inserting a node that was not visited

into a path.
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Figure 5.13: Example Move: Insert a Disconnected Node

The node D, which was not covered by any path, is inserted between nodes C and

F .

Local Search Operators for Large Neighbourhood Search

The final group of LS operators are embedded in the LNS in which the CP solver from

the or-tools framework [17] is responsible for the repair operation and constructing

efficient paths. Consequently, the design of the LS operators is simplified as it reduces

to finding structures in the incumbent solution, i.e., entire paths, path segments or
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nodes not visited to destroy, so the solver could rebuild them.

Figure 5.14 illustrates a LS operator that destroys two path segments of up to three

nodes long. There are no restrictions regarding the location of the segments. In an

extreme case, they could belong to the same path or even overlap.
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Figure 5.14: Example Move: Destroy Two Path Segments

Two segments A→ E and D → B → C → F are removed from the path. The edge

C → B is retained in the resultant path with the opposite orientation.

Nodes that are not covered by any path are processed by a LS operator that selects

a path and destroys it entirely. Subsequently, the solver attempts to form a new path

considering nodes that were not covered before. An example of such a move is presented

in Figure 5.15.
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Figure 5.15: Example Move: Destroy a Path and Nodes Not Covered

The LS operator destroys the path A → E → B → C → F . Then, the CP solver

performs a repair operation to create a new path which now includes the node D.

The LS operators explained above are employed in various stages of the multi-stage

optimisation algorithm. The following sections explain the details of each stage.
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5.5.2 First Stage

The first stage computes a schedule that covers only visits with pairwise synchronisation

constraints. Other visits are declined. The solution is used to create an initial guess

for the second stage optimisation, which has the flexibility to change the assignment

between vehicles and visits. Due to the provisional nature of the first stage solution,

a heuristic approach that groups vehicles into pairs is applied. The vehicles matched

together will operate as a single unit following the same route, commencing visits, and

taking breaks.

Vehicles are matched using a greedy strategy that maximises the working hours and

skills shared by the paired vehicles. The pseudocode of the heuristic is illustrated in

Algorithm 5.

Parameters: C
T ← ∅; R← ∅
foreach ci ∈ SORT-DESC(C,ω) do

if ci ∈ R then
continue

end
R← R ∪ {ci}; A← C \R
if A = ∅ then

return T
end
m← c∅
foreach ck ∈ A do

if ω(ci, ck) ≥ t and ω(ci, ck) ≥ ω(ci,m) and σ(ci, ck) ≥ σ(ci,m) then
m← ck

end

end
if m 6= c∅ then

R← R ∪ {m}; T ← T ∪ {(ci,m)}
end

end
return T

Algorithm 5: Team Selection

The algorithm takes the set of vehicles C as the input. The matched vehicles are

stored in the set T . The auxiliary variable A is the set of vehicles currently available

for creating a pair. Conversely, vehicles stored in the set R are not eligible because
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they either have been paired already or no other vehicle is compatible with them. The

vehicles can be matched if they can work at least t time (e.g., 2 hours and 15 minutes).

The vehicles are processed in descending order according to the total working hours.

If a given vehicle remains available, the algorithm attempts to pair it with another avail-

able vehicle to maximise shared working hours and skills. If no valid companion vehicle

is available, the first vehicle will not be considered for creating any other pair. Assum-

ing that the sorting algorithm of complexity O(nlog(n)) is applied, the computational

complexity of the pair selection is O(n2log(n)) where n is the number of the vehicles.

The first stage solves the deterministic CP formulation for the problem instance

F (V (T ), C(T )) restricted to visits with synchronisation constraints (V (T )) using the

vehicle pairs (C(T )).

For every pair of visits with a pairwise synchronisation constraint, one element of

the pair is added to the set V (T ).

Synchronisation and symmetry-breaking constraints can be removed from the for-

mulation because they are satisfied due to the assumption that vehicles work in pairs.

Algorithm 6 illustrates the pseudocode of the first stage optimisation.

A parallel cheapest insertion heuristic computes the initial guess for the first stage

optimisation. Its implementation in the or-tools framework [17] is inspired by the con-

struction heuristic developed by [163]. The algorithm considers every possible oppor-

tunity to insert an unstaffed visit into the current set of routes. The possible insertion

operations are stored in the min priority queue Q ordered by the marginal increase

in the total travel time after the insertion operation is performed. If both vehicles in

a team have depots in different locations, mean travel time is used instead. In every

iteration, the algorithm performs the first feasible insertion with the lowest cost. The

iteration is completed by adding to the priority queue new opportunities for inserting

the remaining unstaffed visits, i.e., at two arcs connected to the most recently inserted

visit. The algorithm terminates after all feasible insertions have been performed.

The solution created by the parallel cheapest insertion heuristic is passed as the

initial guess to Algorithm 4 and optimised. The first stage employs a collection of

LS operators that operate on a single path: Two-Opt, Or-Opt, the Lin-Kernighan
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Parameters: Problem formulation F (V (T ), C(T )), Search operators S1

Result: First stage solution y(1)

y← [1, . . . , |N (T )|]
for c ∈ C(T ) do

ybc ← ec
end
Q← ∅ .initialise a priority queue

for v ∈ V (T ) do

for c ∈ C(T ) do
ADD(Q, δ(bt, v) + δ(v, et)− δ(bt, et), [bt, et, v]) .insertion bt − [v]− et

end

end
while Q 6= ∅ do

a, b, v ← POP(Q) .get the next cheapest insertion
if ya 6= b then

.nodes a and b are no longer directly connected
continue .insertion not possible

end

y(c) ← y .perform the insertion on a copy

y
(c)
a , y

(c)
v ← v, b .insert v between nodes a and b

if IS-FEASIBLE(y(c)) then

y← y(c) .accept the insertion

for v′ ∈ V (T ) do
if yv′ = v′ then

.visit v′ is still available for insertion
ADD(Q, δ(a, v′) + δ(v′, v)− δ(a, v), [a, v, v′]) .insertion a− [v′]− v
ADD(Q, δ(v, v′) + δ(v′, b)− δ(v, b), [v, b, v′]) .insertion v− [v′]− b

end

end

end

end

return OPTIMISE(F (V (T ), C(T )),y, S1)

Algorithm 6: First stage optimisation.

heuristic [161], swap two nodes, relocate a node, move a path segment between two

longest edges. The suite is complemented by the LS operators that attempt to insert

a disconnected node into a path and swap segments of nodes at the beginning of two

paths. The first stage is terminated after all possible opportunities to improve the

incumbent solution using LS have been attempted.

Let discuss the benefits and the limitations of the first stage optimisation. Com-
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putational results presented in Chapter 6 demonstrate that a partial solution for visits

with synchronisation constraints helps the solver to staff considerably more visits, i.e.,

the number of the declined visits is reduced approximately from 30% to less than 1% in

the problem instances considered. This noteworthy improvement is easy to accomplish,

accounting for the difficulty of the first stage problem. The proportion of visits with

synchronisation constraints varies typically between 10 and 20% of all visits for prob-

lem instances discussed in the literature. Therefore, vehicles grouped into pairs need to

staff only a small fraction of visits from the original problem instance. Consequently,

the optimisation problem considered at the first stage is easy to solve. Computational

results in Chapter 6 corroborate this intuitive reasoning.

The limitations of the heuristic approach may arise while dealing with small problem

instances with a handful number of vehicles whose working hours and skills are not

compatible. Understandably, vehicles with significantly different working hours can

work together for a small fraction of their availability. However, the issue does not

affect large problem instances from the real world with dozens of vehicles available as

the fleet of vehicles is large enough to match them into pairs with similar working hours

and skills.

5.5.3 Second Stage

The second stage computes a schedule for the original problem instance F (V,C). It

contains all visits, including those without pairwise synchronisation constraints. Algo-

rithm 7 presents the pseudocode of the second stage optimisation.

Before commencing the optimisation, the first stage solution is transformed into an

initial guess for the second stage. Teams of two vehicles (T ) are split into individual

vehicles. In a similar vein, every visit with a pairwise synchronisation constraint is

replaced by two routing nodes. Each node should be visited by a different vehicle

from the same team. Visits for which synchronisation constraints are not defined are

left unassigned in the initial guess. The collection of the LS operators used in the

first stage (S1) is extended by including two additional LNS operators (S2). The first

operator destroys one complete path and the set of uncovered nodes. The second
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Data: First stage solution y(1)

Parameters: Problem formulation F (V,C), Search operators S1 ∪ S2

Result: Second stage solution y(2)

y(i) ← [1, . . . , N ]

for n ∈ N (T ) do
n1, n2 ← FIRST(n), SECOND(n)

yn1 , yn2 ← FIRST(y
(1)
n ), SECOND(y

(1)
n )

end

return OPTIMISE(F (V,C),y(i), S1 ∪ S2)

Algorithm 7: Second stage optimisation.

operator destroys two path segments up to three nodes long. The solver uses the

deterministic CP formulation, which minimises the sum of the total travel time for all

vehicles and the penalty for declined visits. The optimisation is stopped after the LS

operators cannot improve the incumbent solution further. Out of the schedules with

the fewest declined visits, the solver returns the solution that has the lowest total travel

time.

5.5.4 Third Stage

The third stage aims to decrease the cost of the schedule or alter the problem formu-

lation and optimise a different objective.

Regardless of the objective function, the improvements that lead to more declined

visits are rejected. If the initial guess derived from the final solution of the second

stage has no declined visits, then performing all visits becomes mandatory for the third

stage. Otherwise, the following constraint is added to prevent the number of declined

visits from increasing.

at most(w, c∅,m) (5.55)

Recall that w is the vector of integer variables indicating the visiting vehicle and

c∅ is the auxiliary vehicle dispatched to declined visits. The constant m is set to the

number of declined visits in the final schedule computed by the second stage.

Further reduction of the cost is possible by adopting the GLS meta-heuristic. Its
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implementation in the or-tools framework [17] includes the term below in the definition

of the objective function:

λ
∑
n∈Nb

(pn,ynδ(n, yn)) (5.56)

The scaling factor λ is set to 0.1. The current value of the penalty for using the arc

(a, b) is stored in the variable pa,b. The formulation is denoted with the GLS variant of

the objective function as F (GLS)(V,C,p). The vector p stores the values of penalties.

Algorithm 8 illustrates the pseudocode of the third stage optimisation.

The third stage is started from the best solution found by the second stage. The

method proceeds iteratively until the maximum time without improvement to the in-

cumbent solution is exceeded. Initially, the penalty for using each arc is zero. In every

iteration, the solution most recently added to the pool is used as the initial guess to

commence optimisation using Algorithm 4. The collection of search operators employed

in the first and the second stage (S1 ∪ S2) is further extended by adding a LS opera-

tor that moves a sequence of visits either forward or backwards only if the relocation

reduces the travel time.

For every arc (a, b) traversed in the solution found in a given iteration, the GLS

meta-heuristic computes the expression δ(a, b)/(pa,b + 1) known as the utility of a

feature. Subsequently, arcs are sorted in descending order by their utility and the

penalties for arcs that attained the highest value are increased by one. By analysing

the formula for the utility of a feature, it is apparent that the penalty for using a costly

arc is not set to an excessive value if the arc frequently appears in the solutions.

Overall, three alternative variants of the third stage, which reflect different prefer-

ences of the decision-maker regarding the formulation of the objective function, were

developed.
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Data: Second stage solution y(2)

Parameters: Problem formulation F (V,C), Search operators S1 ∪ S2 ∪ S3,
Solution pool P

Result: Third stage solution y(3)

ADD(P,y(3))

p← [0]|N |×|N | .initialise GLS penalties
t← 0
while ELAPSED-TIME()− t ≤ ∆ do

y(i) ← NEXT(P )

y(c) ← OPTIMISE(F (GLS)(V,C,p),y(i), S1 ∪ S2 ∪ S3)

if OBJ(y(c)) < OBJ(BEST(P )) then
t← ELAPSED-TIME()

end

ADD(P,y(c))
d← []
for n ∈ N do

.compute the utility for each arc in the solution

if y
(c)
n 6= n then
d← d||[δ(n, yn)/(pn,yn + 1), n, yn] .append a row to the 2D vector

end

end
.increment penalties for arcs with the highest utility

SORT-DESC(d, ι1)
umax ← d0,0

for (u, a, b) ∈ d do
if u 6= umax then

break
end
pa,b ← pa,b + 1

end

end
return BEST(P )

Algorithm 8: Third stage optimisation.

Distance Minimisation

This variant of the third stage makes no changes in the formulation of the objective

function. It attempts to decrease further the cost of the schedule defined as the sum of

the total travel time for all vehicles and the penalty for declined visits. The opportunity

for improvement is due to enabling additional LS operators and the GLS meta-heuristic.
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Both were not active in the second stage.

Vehicle Number Minimisation

It might be desirable to utilise fewer vehicles to execute a schedule, especially if locum

vehicles would have to be used otherwise. One could relocate redundant vehicles to

other operational areas (a.k.a. districts) where they could contribute to staffing more

visits. Understandably, using a smaller fleet of vehicles may increase the total travel

time needed to service the requested visits. Suppose the marginal increase in the total

travel time below the threshold uv motivated by the prospect of releasing the vehicle v

is accepted. Then, the objective function is changed to the following definition.

min
∑

c∈C:ybc 6=ec

uc +
∑
n∈Nb

δ(n, yn) + ρ
∑
v∈V 1

(1− av) +
1

2
ρ
∑
v∈V 2

(1− av) (5.57)

The cost of using a vehicle is fixed and paid once, regardless of the number of visits it

staffs. The clarity of exposition is the reason for this simple treatment. Understandably,

it might be worthwhile in some applications to consider a variable cost according to

the number of visits the vehicle performs or to distinguish between full-time and part-

time vehicles. Since a general-purpose and open source CP solver is used, it suffices to

introduce new variables and constraints to implement more advanced customisations.

This topic is explored further in the last variant of the third stage.

Delay Minimisation

Here the CP formulation introduced in Section 5.4, which employs the ERI decision

criterion, is used. Consequently, the focus is shifted from the optimisation of the cost

towards improving the quality of the schedule. The aim is to reduce the delay in

commencing visits caused by disruptions, i.e., previous visits performed by the vehicle

lasting longer than expected. If the final schedule found by the second stage is an

infeasible initial guess according to the new formulation, then the solution will be pre-

processed, and visits that have a positive expected delay will be removed. Finally, the
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derived optimisation problem is solved to staff all visits while minimising the riskiness

index.

Concluding Remarks

Due to the scalability limitations of MIP apparent when dealing with large VRP in-

stances, the solution methodology is built on top of CP. The main contributions of

this chapter are the multistage optimisation algorithm for solving large instances of

VRPs’ and the algorithm for computing the ERI. Computational results discussed in

the following chapter demonstrate the usefulness of the solution methodology presented

here. The concepts introduced in this chapter were implemented in the open-source

CP solver [17]. The extensions proposed in the chapter are publicly available in the

source code repository [24] for testing and benchmarking purposes. To the best of the

author’s knowledge, it is the first time when ERI optimisation is used in CP.
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Chapter 6

Application: Vehicle Routing

Problem with Side Constraints

6.1 Introduction

This chapter demonstrates the usefulness of the methodology proposed to solve the

VRPTWSync. It features two groups of instances: the VRPTWSync benchmark [144]

and a collection of large VRPSC instances. Computational results for the benchmark

will demonstrate whether the multistage optimisation algorithm is competitive with

other solution methods proposed in the literature. The second group comprises sample

problem instances solved daily by the largest home care provider in Scotland. Regard-

ing the number of visits, they are the largest instances with pairwise synchronisation

constraints considered in the literature. Solving them should verify the scalability of

the multistage optimisation algorithm. Besides validating the methodology, the exper-

iment has a societal impact. It helps the home care organisation determine the scale

of the possible savings due to routing and scheduling optimisation.

Structure of the Chapter

Section 6.2 covers the literature on solution methods applied to the VRPTWSync and

the VRPSC. Section 6.4 presents the computational results using the VRPTWSync

benchmark [144]. Section 6.5 thoroughly describes the VRPSC application. In par-

174



Chapter 6. Application: Vehicle Routing Problem with Side Constraints

ticular, it illustrates the performance characteristics of the multistage algorithm and

demonstrates the benefits of every variant of the third stage configuration. Some con-

cluding remarks close the chapter.

6.2 Relevant Literature

The specialisations of the VRP, i.e., VRPTW, introduced in Chapter 5 are pure and

abstract problems. The simplifying assumptions, i.e., a homogeneous fleet of vehicles

that work without taking breaks, allow focusing exclusively on the specific combinato-

rial structure of the problem (i.e. vehicle routing). However, solution methods devel-

oped for such problems may require further work to meet the requirements of real-world

applications. To see this, consider scheduling personnel in HHC, which is the target

application featured in this chapter. Understandably, the ultimate objective is to find

a cost-effective schedule that can be executed. Such a schedule must be compliant with

labour law. These observations motivated the definition of the VRPSC that extends

the pure VRPTWSync by modelling working hours and contractual breaks, skill-based

routing, and the continuity of visits. Besides domain-specific requirements, another

crucial aspect is uncertainty which naturally affects service times, travel times, cus-

tomers’ presence and demand. The features related to modelling uncertainty close the

literature review.

6.2.1 Vehicle Routing Problem in Home Health Care

The section focuses on daily (a.k.a. single period) scheduling of personnel in HHC

applications for which the constraints VRPSC implements are of critical importance.

Particular attention is devoted to modelling contractual breaks and the solution meth-

ods applied to instances containing visits with pairwise synchronisation constraints.

Aspects related to the problem decomposition [164], districting [165] and scheduling

over multiple days [153] are outside of the scope of this work. For a comprehensive

discussion of OR applications in HHC, the interested reader is referred to recent liter-

ature reviews [166,167]. The researchers thoroughly described the application domain,
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justified the constraints considered in this chapter, mentioned well-known optimisation

problems, and the solution methods.

Despite the focus on HHC, any personnel scheduling involves solving routing prob-

lems whenever the aspect of travelling is present [168], i.e., scheduling technicians to

perform maintenance tasks, scheduling patrols of security guards, refuse and recy-

cling collection etc. Collectively, such applications can be classified as the Workforce

Scheduling and Routing Problems (WSRP) [168] or the Vehicle Routing Problem with

Resource Constraints (VRPRC) [169]. Problems in this group share a common set of

domain objects and modelling assumptions, such as the treatment of time windows, the

availability of different modes of transport, a homogeneous or heterogeneous skill set

of employees, among others. Skill requirements could be complemented or replaced by

preferences measuring satisfaction from assigning a vehicle to a given visit. Contrary

to skills, if preferences are not satisfied, they do not render the schedule infeasible. A

pure VRP with modelling skills is known as the Skill Vehicle Routing Problem (Skil-

lVRP) [170].

The theory of vehicle routing has been developed separately from scheduling. The

signature scheduling problem is known as Job-Shop. Its subject is scheduling a sequence

of jobs on a computing cluster of machines with different hardware specifications to

minimise the completion time of all jobs (a.k.a. makespan). Scheduling problems that

combine the routing aspect are formulated as VRPs [171], and the scheduling com-

ponent is handled using side constraints. The established way to model a VRP is to

either use a network flow-based model [19, 149, 168, 172, 173] or a set-partitioning for-

mulation [150,174]. The former models are arguably simpler to explain. However, they

can solve only small problem instances using MIP solvers (i.e., 25-50 visits) due to a

weak bound of the LP relaxation. The optimisation of the set-partitioning formulation

requires developing the branch-and-cut-and-price framework (a.k.a. column genera-

tion). Despite a stronger formulation, problem instances that contain more than 150

visits are practically intractable for exact methods [169]. If synchronisation constraints

are present (i.e., some pairs of visits should start at the same time), effectively solvable

problem instances are even smaller, e.g., 25-50 visits [150]. As a result, motivated by
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the need to solve larger problem instances, researchers drop the desirable but practi-

cally unattainable goal to find a provably optimal solution and apply hybrid methods

instead. Hybrid methods integrate a vast array of optimisation paradigms and search

techniques: CP [153,155,175], LS, MIP [19,176], heuristics [82], and metaheuristics (i.e.,

Adaptive Large Neighbourhood Search (ALNS) [153], Genetic Algorithm (GA) [177],

Guided Local Search (GLS) [178], Particle Swarm Optimisation (PSO) [179], Simulated

Annealing (SA) [151], Tabu Search (TS) [155,173], and Variable Neighbourhood Search

(VNS) [176, 180]). Besides the ability to find cost-effective solutions to large problem

instances, hybrid methods offer shorter computational times. The latter aspect be-

comes relevant whenever several schedule variants should be computed [149, 155, 181]

or when the demand for visits changes due to emergency requests and cancellations.

Solutions to a personnel scheduling problem can be compared based on their cost-

effectiveness and quality [181]. The cost of a solution is driven by the number of

employees required, the utilisation of their time (e.g., travel time, waiting time, over-

time), and the number of visits performed. On the other hand, the quality measures

how well-balanced the workload is and whether individual preferences of the personnel

and clients are satisfied. Understandably, a carer may wish to work in the morning,

or the policy to provide the continuity of visits (a.k.a. “the continuity of care”) could

be enforced. Since cost and quality are conflicting goals, home care scheduling op-

timisation often uses a weighted sum of multiple objectives, such as the total travel

time, waiting time, overtime, incentives for satisfying individual preferences, and a

penalty for uncovered visits, as discussed by [154,167]. A comprehensive reference list

of the HHC domain features modelled as constraints and alternative objective func-

tions can be found in the survey [167]. Regardless of the objective defined, all feasible

solutions must obey constraints enforced by labour law and employment contracts.

Modelling approaches proposed in the literature for handling breaks often require

simplifying assumptions. For example, breaks could be considered as visits for which a

carer should return to the depot [182]. However, this is only justifiable for long breaks

in urban areas, where travel times to reach the depot are short. Another approach was

to reserve specific time slots in carers’ schedules as not available for work [183]. Never-
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theless, it is inflexible as the waiting time preceding a visit could be accommodated as a

break. In countries where labour law requires a break after a certain number of hours,

shifts can be shorter than the period necessary to schedule a break [153]. Eventually,

a more general approach suitable for one break (a.k.a. lunch break) of arbitrary length

was presented in [149, 180]. The researchers defined routing in a graph, where visits

and breaks were two separate classes of nodes. Break nodes could only be reached

from visit nodes, and a carer must return to the preceding visit node after the break

to continue the route. Taken together, the modelling techniques for breaks discussed

so far impose at least one of the restrictions: the return to a depot is required, no time

windows flexibility compared to visits is offered, and the number of breaks is restricted.

Furthermore, the modelling techniques, though suitable for longer breaks such as lunch,

are not well-posed for short breaks (a.k.a. relief breaks). For that reason, this chapter

applies a generic model with an arbitrary number of breaks per carer which may also

have time windows.

The synchronisation between carers, i.e., to support clients with reduced mobil-

ity [174], poses additional difficulty on the solution method. A pragmatic approach

is to enforce synchronisation by fixing the visits’ start times [19, 173]. Nonetheless, it

may lead to suboptimality or infeasibility. Another idea is to form teams of carers as in

the MAP [146, 184, 185]. For this application, [145] proposed an ALNS meta-heuristic

with teaming-aware destroy and repair operators supporting the construction of arbi-

trary size teams. As a downside, the technicians grouped in a team were supposed to

work together for the whole day, which could be overly restrictive in the HHC domain.

Ultimately, if synchronisation is limited to pairwise synchronisation, the dominating

theme in the literature is to avoid introducing simplifying assumptions, such as team

formation.

Table 6.1 presents the literature on visits with pairwise synchronisation constraints.

Most of the referenced articles were summarised in the surveys [166,167,186]. For each

article, the columns of the table indicate the variant of the problem considered, the

solution approach and the support for important features: contractual breaks (B), the

continuity of care (CC), and routing based on skills or preferences (SP). The table does
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not include papers for which it is not clear how many visits required synchronisation

(i.e., [181]).

Table 6.1: Solution methods applied to the VRPTWSync and the HCSRP with pairwise
synchronisation constraints. The columns of the table report: the referenced article,
the problem considered, the solution method, the features supported in the problem
formulation, and the size of the largest instance solved. The following features are
distinguished: shift patterns and contractual breaks (B), the continuity of visits (VC),
and the skill-based routing (SR). The implementation of breaks could be limited to
a lunch break (L) or supporting an arbitrary number of breaks (Y). The skill-based
routing can include only skills (S), only preferences (P), or both (SP). The number
of vehicles (C), the number of visits that require one vehicle (V 1), and the number
of visits with synchronisation constraints (V 2) are reported for the largest problem
instance solved. A pair of visits from the set V 2 corresponds to one regular visit from
the problem domain. The table entries are sorted in ascending order according to the
number of visits with pairwise synchronisation.

Source Problem Solution Method
Features Largest Instance

B VC SP C V 1 V 2

[183] HCSRP MIP - - S 40 32 8
[144] VRPTWSync Branch and Price - - P 16 64 16
[151] VRPTWSync Heuristic + LNS - - P 16 64 16
[187] VRPTWSync LNS - - - 16 64 16
[188] HCSRP LNS - - - 16 64 16
[189] HCSRP VNS - - - 16 64 16
[177] HCSRP GA - - - 16 64 16
[19] VRPTWSync Heuristic + MIP - - P 9 0 18
[179] HCSRP GA, TS, SA, PSO - - S 5 0 20
[190] HCSRP Commercial Product L Y S 5 80 20
[191] VRPTWSync LNS - - P 50 160 40
[174] HCSRP Branch and Price - - SP 15 104 46
[192] HCSRP Heuristic + LNS - - S 40 100 200

This Work HCSRP Heuristic + LNS + GLS Y Y S 63 388 240

All tabulated articles consider visits with time windows in the hard sense. Under-

standably, researchers who studied the pure VRPTWSync did not model contractual

breaks and the continuity of visits. The absence of these features in models for HHC

scheduling with synchronised visits is unusual because such constraints are well-justified

in the problem domain and were implemented in formulations for HHC scheduling with-

out pairwise synchronisation, i.e. [149]. Overall, only one author [190] provided support
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for breaks, albeit limited to a single lunch break per carer, and the continuity of visits.

Conversely, skill-based routing is widely implemented.

Most importantly, the problem instances with pairwise synchronisation considered

in the literature are disproportionally smaller compared to instances solved in articles

that focus entirely on visits without synchronisation [167], i.e., 500-700 visits [149,

152, 154]. Predictably, the need to deal with problem instances of comparable size,

albeit with synchronisation constraints included, arises in practical applications and is

the primary motivation for this work. An additional benefit of solving large problem

instances is the opportunity to surface computational bottlenecks, which may be less

pronounced when the number of visits is smaller.

6.2.2 Vehicle Routing Problem under Uncertainty

Many parameters of VRPs’ are affected by uncertainty in the real world. Common

examples addressed in the literature include travel times, visits’ duration (a.k.a. service

times), customers’ presence and demand. Conceptually, the treatment of uncertainty

for travel times and service times is the same. Both parameters are pivotal for the

VRPTW. On the other hand, demand uncertainty and customers’ presence are typical

for the CVRP.

Travel time and service time uncertainty are modelled using either SO or RO frame-

works. The choice of the solution approach depends on the interpretation of time

windows and the possibility to modify the incumbent solution in response to the reali-

sation of uncertainty. In SO, time windows are soft, and their violation is subject to a

penalty. Furthermore, the solution can be changed through recourse actions, which are

taken after the uncertainty is revealed, i.e., re-optimisation, a detour to depot [193],

etc. Conversely, time windows in RO must be respected for all possible realisations of

uncertainty and altering the solution found during optimisation is disallowed.

Formulations of the uncertain VRPTW in SO employ CC’s which restrict the prob-

ability of starting a visit late for each customer. An alternative approach is to use a

two-stage stochastic optimisation model with recourse. The cost of the recourse action

is included in the objective. It represents inconvenience or dissatisfaction due to inferior
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quality of service, i.e., the total amount of time windows’ violation.

In the tutorial on the robust VRP [194], the authors presented various modelling

techniques for defining capacity and time windows constraints affected by uncertainty

in demand, travel and service time. In the deterministic variant of the problem, capac-

ity and time window restrictions were enforced using Miller-Tucker-Zemlin constraints,

a tighter variant of the big-M constraints. The uncertainty in travel time was modelled

using a budgeted uncertainty set. Demand uncertainty was addressed using several al-

ternative approaches: CC’s, uncertainty sets (i.e., an ellipsoidal uncertainty set, a box

uncertainty set), recourse actions (i.e., re-optimisation, skipping some customers), and

deliberately keeping some vehicles’ capacity unused. Computational experiments on

small problem instances (i.e., 12 visits, four vehicles and five scenarios) indicate that

the effectiveness of the treatment of uncertainty depends on its magnitude. Chance

Constraints are useful only for small uncertainty (i.e., 5%) [194]. Robust Optimisa-

tion offers more cost-effective solutions for moderate uncertainty (i.e., 10-20%) [194].

Then, for a higher magnitude of uncertainty, the researchers recommend SO with re-

course [194]. The ad hoc workaround with reserving some free capacity upfront could

outperform solutions found using RO [194]. Nonetheless, it requires careful tuning of

the buffer size through simulations and is sensitive to the characteristics of the problem.

For practical applications in the multi-period VRP, the authors postulate a workflow

composed of the planning stage and the operational stage [194]. The objective of the

planning stage is to compute a master route which then will be transformed into final

routes after the uncertainty is observed. The merit of the master route is allowing

human drives to get familiar with the area of operations. The master route can be

computed using a RO model for customers who are visited most frequently. Daily

routes are built to match the master route as closely as possible and meet the actual

demand.

The Vehicle Routing Problem with Time Windows and stochastic travel times were

investigated by [195]. The probability of late arrival to every visit was subject to CC’s,

and the objective was defined as the total travel time. The researchers devised an

approximation scheme for computing probability distributions for the start time of a
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visit and the arrival time to the visit location. The approximation scheme made several

assumptions on the structure of the probability distribution and the operations involv-

ing them. Travel times were assumed to be normally distributed and independent.

Moreover, the researchers assumed that a maximum of two normally distributed vari-

ables is normally distributed. The same applies to the sum of two normally distributed

variables. The set of assumptions was sufficient to obtain closed-form expressions for

the propagation of mean and variance for the service time and the arrival time along

the route a vehicle follows. The accuracy of the approximation scheme was tested dur-

ing simulations. Although the precise results were depended on the tightness of time

windows and the length of routes, the overall accuracy in the estimation of the mean

and 95% percentile was satisfactory (i.e., the mean absolute percentage error below 1%

and 4%, respectively) [195]. Arguably, the equations are simple enough to incorporate

them in solution methods, which was demonstrated on the TS metaheuristic.

Agra et al. [196] studied the VRPTW and stochastic travel times modelled using

the budgeted uncertainty set. The researchers developed two alternative formulations

based on the classical network flow-based model with three-index binary variables en-

coding routes. The formulations were solved using custom solution methods exploiting

the special structure of the problem and lazy generation of either cuts or extreme points.

One of the formulations was a two-stage model developed using the ARO framework.

Routes were computed in the first stage, then travel time uncertainty was revealed,

and visits’ start times were calculated in the second stage. Instead of the conventional

solution approach for the formulations of this kind, an approximation scheme utilising

decision rules, the authors applied an iterative method that generated extreme points

of the uncertainty polytope. Overall, such an approach executed naively would be

viable only for small problem instances due to a large number of vertices. However,

the researchers considered only those extreme points, which contributed to finding the

optimal solution.

The other approach was a novel formulation in which robust constraints were mod-

elled implicitly using an expandable pool of paths violating time windows constraints.

The solution method alternated between solving the master problem and a subproblem.
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The former included the deterministic part of the formulation and a list of cuts found

by solving the sub-problem. New cuts were added on demand whenever the incumbent

solution returned by the master problem contained routes that violated some robust

constraints.

Both models were tested using a synthetic benchmark of maritime transport with

problem instances having between 20 up to 50 cargoes to be delivered to different

ports. Surprisingly, the problem formulation with a pool of infeasible paths solving

a model with the treatment of uncertainty did not require more computational time

compared to the equivalent formulation for the deterministic model [196]. Nonetheless,

it was slower than the two-stage model. The additional effort invested in developing

acceleration strategies allowed the researchers to solve considerably larger formulations

than the classical reformulation.

Solutions of the robust shortest path problem with uncertain travel time obtained

using different uncertainty sets were compared by [197]. The study is focused on testing

the suitability of a specific uncertainty set parametrised using real data. In particular,

the researchers studied the implications of applying a given uncertainty set and the

performance of the robust solution. The authors considered a vast array of uncertainty

sets: a convex hull, a box uncertainty set, a budgeted uncertainty set, an ellipsoidal un-

certainty set, and a polyhedral uncertainty set constructed from CV@R. Overall, the

uncertainty sets provided a different trade-off between the average performance, the

worst-case performance and the computational time. Researchers recommended the

polyhedral uncertainty sets constructed from CV@R and the ellipsoidal uncertainty

sets, which provided a good trade-off between the average and the worst-case perfor-

mance [197]. The symmetric polyhedral uncertainty set parametrised using the CV@R

obtained the best performance on average [197]. On the other hand, the solutions

computed by the formulation with the box uncertainty set were the most robust [197].

Depending on the problem instance, finding a feasible solution for every possible

realisation of uncertainty could have a high cost. In particular, it may not be suitable

for applications (i.e., timetabling) that allow a delayed execution of a solution after

uncertainty is revealed. The extra time could be used to apply cost reduction modifica-
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tions of the solution tailored for the given scenario. The researchers [198] targeted this

application context and explored the idea of building a solution pool for every possible

scenario and then selecting one representative solution. A popular choice could be a

solution with minimum distance to all elements of the solution pool (a.k.a. median)

or a solution with the lowest maximum distance to any solution from the pool (a.k.a.

centre). Suppose the latter is the representative of the solution pool, and the distance

measures the cost of the update. In that case, the incumbent can be transformed into

the optimal solution for a given scenario at a minimal cost in the worst case. A strong

justification in favour of the proposed approach arises if the deterministic variant of

the problem has a specialised algorithm that can be used to initialise the solution pool.

Secondly, the centre or the median typically has a better objective value compared to

the robust solution that must be feasible for every scenario.

A different approach to optimisation over scenarios was proposed by [85]. Authors

considered the CVRP with uncertain travel time. The objective was defined as the

minimum total travel time for all routes in the worst-case scenario. Ties were broken

by the lexicographical comparison of vectors which contained the total travel time for

each scenario sorted in descending order. The authors developed several solution meth-

ods, including a MIP model, construction heuristics, a GRASP and several variants of

metaheuristics. They were based on the ILS and optionally combined with multiple

restarts and a TSP heuristic known as Giant Tours. The heuristic temporarily relaxes

the capacity constraints to reduce the VRP to the TSP, which enables an application

of highly efficient solution algorithms. Then, the TSP tour is split into routes for indi-

vidual vehicles that respect the capacity constraints. The best solution method in the

computational study was the ILS with multiple restarts and the Giant Tours heuristic.

It solved the largest problem instances with 100 visits, 20 vehicles and 20 scenarios in

less than two minutes. Therefore, despite the additional effort to evaluate the objective

for each scenario, which increases computational complexity by a multiplicative factor

of nlog(n) (i.e., the complexity of sorting the cost vector with n scenarios), the com-

putation time requirements of the metaheuristic were plausible. On the other hand,

the exact method failed to find better solutions than a construction heuristic within 4
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hours of computation time for problem instances with 50 visits.

To conclude, there are various computational approaches for finding robust solutions

to the VRP’s. The literature review highlighted the context of use and limitations of

RO and SO. The lack of a uniform and widely acknowledged solution method is partially

a consequence of the scalability limitations of the existing methods and the differences

in assumptions exploited to improve results. Robust Optimisation is not suitable for

applications involving a large number of visits as effectively solvable problem instances

include approximately 50 visits. Consequently, the second part of the literature review

explored alternative approaches based on optimisation over scenarios. It is applied in

the thesis in conjunction with the riskiness index optimisation to solve approximately

ten times larger problem instances.

6.3 Implementation Details and Hardware Configuration

The multistage optimisation algorithm was implemented in C++ using the or-tools

framework [17] as a software library. The CP solver and its internals (i.e., the parallel

cheapest insertion heuristic, the search operators, and the GLS meta-heuristic) were

reused. The software developed for the study is available open-source [24].

Computations were run on a machine with the AMD Ryzen 7 2700X processor and

32 GB of RAM.

6.4 Vehicle Routing Problem with Synchronised Visits

The section compares the performance of the multistage optimisation algorithm with

other methods proposed in the literature by solving the VRPTWSync benchmark [144].

The multistage algorithm proposed in Section 5.5 will solve the CP formulation outlined

in Section 5.3 with the total travel time as the objective to minimise. It is the most

popular objective function in the literature for this group of problems. The benchmark

contains 50 problem instances obtained from 10 baseline instances that differ in the

total number of visits (i.e., 20, 50 and 80 visits) by applying one of five configurations

of time windows. Time windows can be small (S), medium (M) or large (L). There
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are also corner cases with time windows of zero span (–), i.e., fixed visits’ start times,

or the span as wide as the scheduling horizon (H), i.e., no restrictions on visits’ start

times. Pairwise synchronisation constraints affect 20% of visits. The size of the fleet

of vehicles is restricted, and every vehicle is available for the entire duration of the

scheduling horizon (i.e., 9 hours). Performing all visits is mandatory. There are no

additional side constraints.

Table 6.2 contrasts the cost of the best solutions reported in the literature with the

results obtained using the multistage optimisation algorithm. The solutions for which

the optimality has been proven are denoted with an asterisk.

The multistage optimisation algorithm reproduced the best solution for all prob-

lem instances solved to provable optimality in the literature for 28 out of 30 cases.

Regarding the instances for which proving optimality remains an open problem, the

multistage algorithm reproduced the best solution from the literature or improved it

in 16 cases. The normalised marginal difference between the best solution reported

in the literature and the solution found by the multistage algorithm is computed to

quantify the accomplished improvement. It is denoted using ∆ and formally defined as

∆ = 100 · (OLit−OMS)/OLit, where OMS and OLit indicate objective function values of

the schedule found by the multistage algorithm and the best schedule reported in the

literature, respectively. Overall, the multistage algorithm reported new best solutions

for five instances (9S, 6A, 7A, 8A, 9A). In four cases (10S, 10M, 9L, 10L), the solution

proposed in the literature were strictly better, albeit the difference compared to the so-

lution found by the multistage algorithm was relatively small (less than 0.7%). Finally,

the multistage algorithm did not find a feasible solution for two problem instances (8F

and 9F). They seem to be the hardest instances in the benchmark because, as of this

writing, only [187] can solve them. The authors used the SA metaheuristic combined

with the ALNS, which employed custom repair operations enhanced to handle visits

with synchronisation constraints.

To conclude, accounting for the cost of the solutions reported, the multistage algo-

rithm is comparable with the most successful computational methods described in the

literature [151, 187, 191]. For each method in this group, there is at least one problem
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Table 6.2: Objective values for the best solutions reported in the literature compared
to the multistage optimisation algorithm. Column (I) contains the problem instance.
The subsequent Columns (C), (V 1), and (V 2) store respectively the size of the fleet of
vehicles, the number of visits that require one vehicle, and the number of visits with
pairwise synchronisation constraints. Column (OLit) reports the best objective value
known from the literature and indicates the first reference article which published the
result. Column (OMS) presents the cost of the best solution found by the multistage
algorithm. Computational time since starting optimisation to finding that solution is
specified in Column (TMS). Finally, Column (∆) displays the relative improvement
defined as the difference between the cost of the solution found by the multistage algo-
rithm and the result from the literature divided by the cost reported in the literature.

P C V 1 V 2 OLit OMS TMS [s] ∆

1F 4 16 2 5.13* [19] 5.13 0.1 0
2F 4 16 2 4.98* [19] 4.98 0.01 0
3F 4 16 2 5.19* [19] 5.19 3.51 0
4F 4 16 2 7.21* [19] 7.21 0.01 0
5F 4 16 2 5.37* [19] 5.37 0.76 0
6F 10 40 5 14.45* [177] 14.45 12.74 0
7F 10 40 5 13.02* [177] 13.02 7.74 0
8F 10 40 5 34.94* [187] - - -
9F 16 64 8 43.48* [187] - - -
10F 16 64 8 12.08* [187] 12.08 57.49 0
1S 4 16 2 3.55* [19] 3.55 0.05 0
2S 4 16 2 4.27* [19] 4.27 0.04 0
3S 4 16 2 3.63* [19] 3.63 0.12 0
4S 4 16 2 6.14* [19] 6.14 7.38 0
5S 4 16 2 3.93* [19] 3.93 0.24 0
6S 10 40 5 8.14* [144] 8.14 1.82 0
7S 10 40 5 8.39* [144] 8.39 9.16 0
8S 10 40 5 9.54* [144] 9.54 86.72 0
9S 16 64 8 11.93 [151] 11.92 2521.88 0.08
10S 16 64 8 8.54 [191] 8.58 1423.75 -0.47
1M 4 16 2 3.55* [144] 3.55 0.16 0
2M 4 16 2 3.58* [144] 3.58 3.25 0
3M 4 16 2 3.33* [144] 3.33 1.05 0
4M 4 16 2 5.67* [144] 5.67 0.81 0
5M 4 16 2 3.53* [19] 3.53 0.51 0

P C V 1 V 2 OLit OMS TMS [s] ∆

6M 10 40 5 7.7 [151] 7.7 41.89 0
7M 10 40 5 7.48 [151] 7.48 23.49 0
8M 10 40 5 8.54* [19] 8.54 119.03 0
9M 16 64 8 10.92 [151] 10.92 129.36 0
10M 16 64 8 7.62 [151] 7.67 1590.21 -0.66
1L 4 16 2 3.39* [144] 3.39 0.18 0
2L 4 16 2 3.42* [144] 3.42 7.43 0
3L 4 16 2 3.29* [144] 3.29 0.07 0
4L 4 16 2 5.13* [144] 5.13 0.3 0
5L 4 16 2 3.34* [144] 3.34 0.37 0
6L 10 40 5 7.14* [144] 7.14 53.92 0
7L 10 40 5 6.88 [144] 6.88 52.03 0
8L 10 40 5 8 [151] 8 2656.16 0
9L 16 64 8 10.43 [191] 10.5 190.14 -0.67
10L 16 64 8 7.36 [191] 7.38 256.76 -0.27
1A 4 16 2 2.95 [187] 2.95 0.02 0
2A 4 16 2 2.88 [187] 2.88 0.02 0
3A 4 16 2 2.74 [187] 2.74 0.11 0
4A 4 16 2 4.29 [199] 4.29 0.02 0
5A 4 16 2 2.81 [187] 2.81 0.5 0
6A 10 40 5 6.48 [177] 5.77 56.66 10.96
7A 10 40 5 5.71 [187] 5.7 160.85 0.18
8A 10 40 5 6.52 [187] 6.51 86.08 0.15
9A 16 64 8 8.51 [187] 8.5 116.37 0.12
10A 16 64 8 6.31 [187] 6.31 676.65 0

instance for which the given method reported the best solution that all other solution

approaches failed to reproduce. Regarding computation time, the multistage algorithm

is slower compared to methods developed by [151, 187, 191], especially on instances

with 16 vehicles. For example, the ALNS proposed by [187] did not run longer than

45 seconds for any problem instance, whereas the multistage algorithm, in the worst
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case, ran for 45 minutes (8L). Nonetheless, the multistage algorithm solves a general-

purpose formulation using a standard CP solver. Therefore, it offers the flexibility to

model new features at the level of the formulation without changing the solution algo-

rithm. This capability is explored in more detail in the next section. In contrast, it

is not immediately apparent how the metaheuristics developed deliberately for solving

VRPTWSync, e.g., [151,187,191], could be extended to accommodate new features, in

particular scheduling breaks.

6.5 Home Care Routing and Scheduling Problem

This section presents the application of the multistage optimisation algorithm devel-

oped in Section 5.5 for solving authentic VRPSC instances of personnel routing and

scheduling encountered in operations of a real-world home care organisation. The mul-

tistage algorithm will solve the CP formulation outlined in Section 5.3. In contrast to

the VRPTWSync example presented before, which ignored the aspects of contractual

working hours, scheduling breaks, the continuity of visits and skill-based routing, such

side constraints are now taken into account. Besides the total travel time minimisation,

alternative definitions of the objective functions that focus on reducing the number of

vehicles and minimising the delays in commencing visits caused by disruptions are also

considered. They were introduced in Section 5.5.4.

6.5.1 Problem Instances

The problem instances were created from a data set of visits delivered throughout

the year 2017 by the largest home care provider in Scotland. The company employs

approximately 2,700 carers who provide services to roughly 6,000 patients. Overall,

the company delivers around 95,000 visits every week. The operational area is divided

into 27 non-overlapping districts that do not differ significantly in the number of visits

scheduled every day. Each district is an autonomous entity with an independent pool

of carers for exclusive use.

A record representing a visit in the data set includes the postal address of the
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patient’s home, the tasks to be executed during the visit, its planned start time, esti-

mated duration, and the carer assigned by a human planner. Furthermore, each record

is complemented by information collected during the execution of a schedule by a mo-

bile application installed on smartphones used by carers. The most relevant data are

the check-in and check-out times. They indicate the precise time when the visit was

commenced and its real duration.

The problem instances for daily scheduling in the largest district were created us-

ing the following procedure. For a given day, the visits executed in the district were

extracted. Relying on the carers assigned by human planners, working hours and con-

tractual breaks for each carer who was available that day were inferred. It is a common

way of extracting carers’ working hours in the literature, see, e.g. [153,154]. Skills were

defined based on the list of tasks planned for the visit. If a human planner assigned

a given carer to execute a visit that contained a specific task, the carer is assumed to

have relevant skills to perform the task. Travel times between visits’ locations were

estimated using the Open Source Routing Machine [200]. The routing engine was

configured to use the official map of the city where the home care provider operates.

The configuration parameters created by the authors of the project for pedestrians

were adopted. Technically, the travel time is computed based on the shortest path a

pedestrian could follow and adjusted accordingly to account for the road infrastructure,

i.e., extra waiting time is induced by the need to stop at the traffic lights, etc. The

travel time estimation procedure requires providing the initial and the target location

and using GPS coordinates. For that reason, postal addresses were translated to GPS

coordinates (a.k.a. geocoding) using the Google Maps Platform [201].

To reproduce the setup used by the home care organisation during the pilot study,

14 problem instances that cover the first two weeks of October 2017 were created.

The selected period does not overlap with a holiday season and therefore is arguably

representative for the remaining weeks of the year. Other researchers also conducted

computational studies in October, see, e.g. [154]. The district with the largest number

of visits to schedule was selected to simulate the most computationally challenging

setting. The preliminary results for other districts are comparable.
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Table 6.3 contains the size of the problem instances labelled by the day of the

month. Subsequent columns indicate the number of carers available the given day (C),

the number of single carer visits (V 1), and the visits with pairwise synchronisation

constraints (V 2). Every two visits in the last group correspond to one ’regular’ visit

from the application domain, which should be staffed by two carers. Overall, depending

on the day, between 47 and 71 carers were available to cover from 559 up to 628 visit

assignments. The problem instances in the anonymised form are available online [26]

for testing and benchmarking purposes.

Table 6.3: Size of the HCSRP problem instances.

Day 1 2 3 4 5 6 7 8 9 10 11 12 13 14

C 47 62 60 63 62 64 47 47 58 60 58 71 58 53
V 1 338 389 386 388 388 393 343 336 387 375 380 382 383 329
V 2 224 232 240 240 232 224 224 226 224 236 232 234 218 230

The following parameters for solving the HCSRP instances were used. Start times

for visits and breaks can be delayed or expedited no more than 90 minutes from their

nominal values. Every carer has an overtime allowance of 60 minutes per day. At

most 30 minutes of this period can be spent before the planned start of the shift. The

remaining 30 minutes are available to prolong the shift. A fixed penalty is incurred

for each ’regular’ visit declined. Hence, if two visits bounded by a synchronisation

constraint are declined, the penalty is incurred once because the pair corresponds to

one ’regular’ visit that requires two vehicles. The penalty is set to the sum of five longest

travel time distances between any pair of visits’ locations in the problem instance. The

value is high enough to prevent situations in which a reduction of the total travel time

is the sole motivation for declining a visit. The continuity of visits requirement is set

to the same target human planners deliver. Therefore, at most two different carers per

day can perform visits for a client who does not have visits that require two carers

simultaneously. If such visits are provided for the client, then at most four different

carers can be dispatched to visit the client on a given day. For the carer reduction in

the third stage, the cost of a carer is equivalent to the total duration of the carer’s shift

minus contractual breaks in seconds. In the remaining configurations, there is no cost
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associated with using a carer.

6.5.2 Multistage Optimisation Algorithm

This section compares the computational approach of solving the CP formulation pre-

sented in Section 5.3 directly versus solving the formulation in three stages using the

multistage optimisation algorithm, which is the subject of Section 5.5. The minimisa-

tion of the total travel time is the objective function. Other decision criteria discussed

in Chapter 5, the workforce reduction and the riskiness index optimisation, rely on in-

formation collected in previous stages. For that reason, they are not available when the

formulation is solved directly. The comparison between the computational approaches

aims to surface the limitations of solving the CP formulation directly and justify the

development of the multistage optimisation algorithm.

In contrast to the settings used for solving the VRPTWSync benchmark, here opti-

misation is stopped due to a lack of progress in the third stage after 5 minutes since the

last improvement of the incumbent solution. The analogous time limit while solving

the CP formulation stand-alone is set to 20 minutes. All remaining parameters assume

the same values.

The performance of both computational approaches is presented first on one prob-

lem instance. The demonstrated example displays a general trend observable for all

other problem instances. Figure 6.1 presents the objective function (i.e., the total travel

time in seconds plus the penalty for declined visits) and the number of declined visits

over computation time for solutions found by solving the CP formulation explained in

Section 5.3 for Problem Instance 1 either directly by the stand-alone CP solver [17] or

in three stages using the multistage optimisation algorithm presented in Section 5.5.

The value of the penalty incurred for a declined visit can be found in Table 6.4.

The scheduling problem in the first stage was straightforward to solve. The parallel

cheapest insertion heuristic constructed the initial feasible solution within milliseconds.

The solution initialised LS, which reduced the total travel time until convergence to

the local optimum. Overall, the first stage optimisation was completed in less than one

second. During the transition between the first and the second stage, the cost of the
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Figure 6.1: The cost function in seconds and the number of declined visits for solutions
evaluated while solving the CP formulation for Problem Instance 1 by the multistage
optimisation algorithm and using the CP solver stand-alone. The cost function is
plotted on the logarithmic scale to display the pace of the cost reduction at a given
stage. The dashed vertical line indicates the transition between the second and the
third stage. The transition from the first to the second stage is not discernible because
it happened in the first second of optimisation. The dashed horizontal line emphasises
the merit of optimisation performed at the third stage to further decrease the cost of a
solution.

initial solution increased due to declined single carer visits whose number was multi-

plied by the penalty factor. However, shortly after the warm start with the supplied

initial guess, the second stage significantly reduced the number of declined visits. The

optimisation continued for 5 minutes until it reached a local optimum. Predictably, it

was premature, and the third stage decreased the objective value further using the GLS

meta-heuristic and additional search operators. The third stage reduced the objective

function by more than 25% compared to the cost of the best solution computed by the
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second stage.

The attempt to solve the formulation using a stand-alone CP solver did not yield

satisfactory results. The solver did not find any solution with less than 200 visits

declined despite running for more than 4 hours. In striking contrast to the direct

approach, the multistage optimisation algorithm found better schedules in less than 5

seconds. Visits with pairwise synchronisation constraints caused the lack of convergence

while solving the formulation directly. Relaxing the synchronisation constraints or

supplying a feasible initial guess that satisfies the synchronisation constraints resolves

the computational bottleneck. As the following results indicate, the issues discussed

are part of a general trend apparent while solving other problem instances.

Figure 6.2 displays aggregate results obtained by solving the CP formulation pre-

sented in Section 5.3 for all problem instances using the multistage optimisation al-

gorithm proposed in Section 5.5. The objective to minimise was the sum of the total

travel time and the penalty for each declined visit.

The precise duration of the second and the third stage optimisation depends on

the problem instance. However, there are no apparent differences in the overall trend

of computations. The first stage optimisation was completed within a few seconds.

Immediately after the transition to the second stage, the cost rapidly increased due

to declined single carer visits considered in the problem instance and ignored by the

first stage. However, the number of declined visits was significantly reduced shortly

after the start of the LS. Overall, the second stage required between 5 and 30 minutes

to converge to a local optimum. The third stage optimisation managed to improve

the solution even further. Additional cost reductions were obtained by saving travel

time. Understandably, only small improvements were made in the final phase of the

optimisation. Nonetheless, the extra computation time effort was optional, and the

optimisation can be stopped as soon as the cost-effectiveness of the incumbent solution

becomes acceptable for the decision-maker.

Figure 6.3 illustrates the overall results for all problem instances obtained using the

CP solver directly for solving the CP formulation introduced in Section 5.3 with the

minimisation of the total travel time and penalties for declined visits as the objective
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Figure 6.2: Computation time, the cost of the best solution in seconds and the number
of declined visits aggregated for each stage of the multistage optimisation algorithm
for all problem instances. Boxes indicate data points between the first and the third
quantile. The line segment which divides the box represents the median. Whiskers
denote the range between 0.05 and 0.95 percentile (boundaries included). Points, if
present, indicate outliers.

function.

For every problem instance, the CP solver left at least 200 visits unassigned in the

final schedule despite long computations, which lasted 8 hours in the worst case.

Overall, the tests performed using the multistage algorithm provide very encourag-

ing evidence that the computational approach is suitable for solving scheduling prob-

lems arising in practice. On the other hand, using the CP formulation directly is prone

to fail due to the difficulty in staffing visits with partial synchronisation constraints,

which is effectively resolved by the first stage of the multistage algorithm.

The next subsection explores the opportunity to modify the objective function in

the third stage and perform either the minimisation of the number of carers or the

optimisation of the riskiness index. The resultant schedules are also compared with

human planners.
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Figure 6.3: Computation time, cost function in seconds and the number of declined
visits for solving the CP formulation directly aggregated for all problem instances. The
guidelines adopted to draw boxplots are explained in the caption of Figure 6.2.

6.5.3 Comparison with Human Planners

The section compares solutions for all problem instances outlined in Table 6.3 computed

by solving the CP formulation using the multistage optimisation algorithm with the

schedules created by human planners for the home care organisation. The CP formula-

tion and the multistage optimisation algorithm were presented in the previous chapter

in Sections 5.3 and 5.5, respectively. The solutions will be assessed by evaluating the

sum of the total travel time and penalties for declined visits.

Human planners build schedules manually. The initial assignment between visits

and carers is made based on a template schedule, in which the same carer performs

all visits for a given client. In practice, staffing all requested visits using baseline

carers is seldom possible as visits are delivered in a wide time range (i.e., between 4

AM and 11 PM). If the baseline carer from the template schedule is not available (e.g.,

annual leave, different shift, etc.), the visits are marked as unassigned. Human planners

delegate such visits to other available carers. If no backup assignments are readily
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apparent, then the planners make local adjustments to create them (e.g., by moving

visits between carers, altering time windows or duration of a visit, relocating carers

between areas, requesting externals contractors, etc.). As a last resort, the planners

tentatively outsource unstaffed visits to locum carers. When making these decisions,

human planners rely mainly on their knowledge and experience. Their decision support

tools are limited to a dashboard that reports the total number of visits assigned to each

carer available in the specified area on a given day.

Table 6.4 compares the schedules created by human planners with the schedules

found by the multistage algorithm by solving the CP formulation with travel time

optimisation in the third stage. The objective for the schedules created by planners

and by the multistage optimisation algorithm obtained in the second and the third stage

for all problem instances are tabulated. Besides the objective function, the principal

components that influence the cost of the solution are presented: the number of declined

visits and the total travel time.

The cost of schedules produced by the multistage optimisation algorithm is several

times lower compared to human planners. A significant cost reduction is available

already after the second stage is terminated. The schedules created at this point have

approximately three times fewer declined visits compared to human planners, and the

total time spent on travelling is reduced at least twofold. In the worst case, the second

stage required 27 minutes of computation time. The third stage can reduce the cost

of a schedule even further at the expense of additional computation time. The savings

always come from finding more efficient routes and occasionally also from scheduling

more visits.

Depending on the problem instance, the schedules produced by human planners

and the multistage optimisation algorithm had some declined visits. Nonetheless, the

optimised schedules staff considerably more visits. The first-line managers are aware of

the oversubscription and compensate for it by moving the unstaffed visits to a different

time or outsourcing them to locum carers.

The pronounced cost reduction and the ability to schedule more visits are desirable

outcomes demonstrating the usefulness of the methodology developed in Chapter 5.
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Table 6.4: Schedules obtained by human planners compared to travel time optimisation
using the multistage algorithm. The first column indicates the Problem Instance (I).
Information about the size of the problem instance, the number of carers, single carer
visits, and visits with pairwise synchronisation constraints are reported in Table 6.3.
The following three columns contain the value of the objective function for schedules
created by human planners (HP) as well as final solutions obtained in the second
stage (MS2) and the third stage (MS3). Column (ρ) contains the value of the penalty
incurred for each declined visit in the problem domain. The following two clusters of
columns display the components of the objective function: the number of declined visits
(Declined V.) and travel time in hours (Travel Time [h]) reported for human planners
and the final solutions found in the second and the third stage. The last cluster of
columns (C. Time [s]) contains the computation time in seconds for the second and the
third stage optimisation.

I
Objective

ρ
Declined V. Travel Time [h] C. Time [s]

HP MS2 MS3 HP MS2 MS3 HP MS2 MS3 MS2 MS3

1 120.64 29.07 21.11 7.03 7 0 0 71.46 29.07 21.11 309 1079
2 204.9 51.6 36.28 7.07 19 3 2 70.59 30.39 22.14 858 2520
3 200.44 31.37 22.93 7.07 17 0 0 80.27 31.37 22.93 73 1322
4 192.52 52.55 32.73 7.07 17 4 2 72.35 24.27 18.59 968 2316
5 165.43 40.09 32.9 7.07 13 2 2 73.54 25.95 18.76 80 1464
6 147.93 25.09 17.8 7.07 10 0 0 77.24 25.09 17.8 503 1222
7 163.89 57.31 40.64 7.03 12 4 3 79.57 29.21 19.56 1335 3486
8 94.85 45.28 35.8 7.03 2 3 2 80.8 24.2 21.74 93 208
9 168.75 58.66 52.47 7.07 13 4 4 76.85 30.38 24.19 1534 2202

10 159.33 41.8 37.34 6.97 11 2 2 82.65 27.85 23.4 96 707
11 178.24 42.87 36.34 6.97 14 2 2 80.66 28.93 22.4 1541 2677
12 200.45 47.99 38.52 6.97 17 3 2 81.96 27.08 24.58 1601 2735
13 176.86 26.72 17.98 6.97 14 0 0 79.27 26.72 17.98 110 1042
14 176.64 44.91 35.04 6.89 14 2 2 80.14 31.13 21.26 1080 2201

The home care company reproduced similar results in the pilot study, which confirmed

that the optimised schedules are valid and meet the targets set by the organisation

(i.e., the continuity of visits, time windows, the overtime allowance).

6.5.4 Alternative Objective Functions at the Third Stage

The section presents computational results of using the CP formulation proposed in

Section 5.3 with alternative definitions of the objective that emphasise secondary prop-

erties of a schedule apart from the total travel time and the number of declined visits

which were the primary optimisation objectives. The reduction in the number of carers
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required to staff the requested visits and increasing the likelihood of delivering visits

on time in the face of unexpected disruptions are among desirable features of a solu-

tion for a VRPSC instance in the HHC application context. The objective function

for minimisation of the total number of vehicles was formulated in Section 5.5.4. The

process of increasing resiliency of a schedule against delays in commencing visits due

to disruptions (i.e., some visits taking longer than expected) was accomplished by the

riskiness index optimisation, which was the subject of Section 5.4.

The section compares the solutions to the HHC problem instances presented in

Table 6.3 computed by solving the CP formulation using the multistage optimisation

algorithm with different variants of the objective function at the third stage: the sum

of the total travel time and penalties for declined visits, minimisation of the number

of carers required to run the schedule, and the optimisation of the ERI of a delay in

commencing a visit. Regardless of the third stage configuration, the minimisation of

the total travel time and penalties for declined visits was the objective function of the

CP formulation solved in the first two stages.

Table 6.5 illustrates various performance indicators which influence the cost of the

schedule found by solving the CP formulation by the multistage optimisation algorithm

depending on the choice of the objective function at the third stage. The total travel

time in hours, the number of carers who execute the schedule, the maximum average

delay in commencing a visit in minutes, and the number of declined visits are reported

for every third stage configuration and every problem instance.

Figure 6.4 displays results from Table 6.5 in the aggregated format.

Predictably, the travel time optimisation yielded the best results regarding the total

time spent on travelling (i.e., between 18 and 25 [h] depending on the problem instance).

The ERI optimisation obtained the second-best schedules according to this criterion

(i.e., between 20 and 27 [h]). The carer reduction closed the ranking (i.e., between 24

and 29 [h] spent on travelling). However, the configuration with the ERI optimisation

in the third stage delivered considerably fewer visits (i.e., the number of declined visits

is 23 in the worst case compared to at most 4 in other configurations). Hence, it is

likely that such a schedule would require less travelling.
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Table 6.5: Comparison of final solutions reported for each configuration of the three-
stage optimisation: travel time optimisation (Dist), carer reduction (Red) and the
riskiness index optimisation (Risk). The first column indicates the problem instance
(I). The following clusters of columns report the properties of the final solutions: the
total travel time in hours (Travel Time [h]), the number of carers used (Carers Used),
the maximum of the average delay for each visit scheduled (MA Delay [min]), and
the number of declined visits (Declined Visits). Figure 6.4 displays the results in the
aggregated format.

I
Travel Time [h] Carers Used MA Delay [min] Declined Visits

Dist Red Risk Dist Red Risk Dist Red Risk Dist Red Risk

1 21 24 26 47 43 47 18 26 -2 0 0 17
2 22 27 25 62 51 62 13 47 0 2 3 21
3 23 29 27 60 50 60 61 57 0 0 1 16
4 19 27 22 63 53 63 10 13 -1 2 2 23
5 19 29 24 62 49 62 9 26 0 2 3 15
6 18 29 22 64 52 64 9 14 -1 0 1 19
7 20 25 25 47 43 47 16 27 0 3 3 18
8 22 24 20 47 42 47 14 38 -2 2 3 16
9 24 28 27 58 49 58 17 30 0 4 4 14

10 23 29 24 60 51 60 24 21 0 2 2 13
11 22 29 26 56 45 56 33 36 0 2 2 14
12 25 29 26 69 55 69 12 25 0 2 4 17
13 18 28 23 58 45 58 30 25 0 0 1 18
14 21 27 24 51 49 51 59 32 0 2 2 17

Unsurprisingly, the formulation with the carer reduction built schedules with the

fewest staff members (i.e., between 2 and 14 carers less depending on the problem

instance). The remaining configurations do not consider the cost of using a carer and

employ the maximum number of carers available.

Although the average delay for most visits was negative for every third stage con-

figuration (i.e. visits were delivered on time), the whiskers representing the maximum

average delay are always below zero only for the riskiness index optimisation. Con-

versely, for the travel time optimisation and carer reduction, some clients experience

delays on average. Obtaining a schedule in which every visit staffed was performed on

average without delays was possible through declining more visits compared to formu-

lations with the carer reduction and travel time optimisation. Otherwise, staffing more

visits caused some clients to experience excessive delays on average (i.e., approximately
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Figure 6.4: Comparison of final solutions for each configuration of the third stage
optimisation. Individual plots display the total travel time, the number of carers used,
the maximum average delay for a customer and the number of declined visits aggregated
for all problem instances. The guidelines adopted to draw boxplots are explained in
the caption of Figure 6.2.

10 minutes to one hour in the worst case).

Regarding the declined visits, the ERI optimisation did not perform visits for which

the on-time provision of services was not achievable for the solver. The travel time

optimisation was the most successful in staffing as many visits as possible. Its advantage

over the carer reduction arose in the third stage because it was more important to release

carers in the latter configuration. For example, in instance six, releasing ten carers by

the formulation with carer reduction was at the expense of additional 11 hours of travel

time for the remaining carers and one more declined visit. Carers who are not used

in the schedule could be relocated to other operational areas. Otherwise, their shift
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patterns could be adjusted to cover the declined visits.

Figure 6.5 illustrates a box plot displaying the distribution of average delays for all

visits scheduled in the final solutions of every problem instance presented in Table 6.3.

The solutions were computed by solving the CP formulation using the multistage opti-

misation algorithm with alternative configurations of the third stage: minimisation of

the total travel time and penalties for declined visits, reduction of the total number of

carers needed to staff required visits, and the riskiness index optimisation of a delay in

commencing a visit.

Figure 6.5: Maximum average delay in commencing a visit in minutes for every problem
instance and all configurations of the third stage optimisation: the total travel time
optimisation (Distance), the minimisation of the number of carers (Reduction), and
the riskiness index optimisation (Risk). The guidelines adopted to draw boxplots are
explained in the caption of Figure 6.2.

Overall, the average delay for most visits is negative (i.e., visits are performed on

time) regardless of the third stage configuration, which is desirable. Moreover, medians
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and the regions between the second and the third quartile are located in similar areas.

From the definition of the ERI, whiskers representing the maximum average delay are

always below zero. For other configurations, the top-most whiskers are positive and

indicate the degree of the most excessive delays customers experience.

Concluding Remarks

Computational results obtained using the multistage optimisation algorithm developed

for solving the VRPTWSync and the VRPSC are the primary contributions of this

chapter. Firstly, it was shown that the multistage algorithm remains competitive with

the most successful solution methods presented in the literature regarding the quality

of the solution. In particular, new best solutions were found for five problem instances

from the popular VRPTWSync benchmark [144]. Furthermore, the multistage opti-

misation algorithm solved considerably larger VRPSC problem instances than those

discussed in the literature on visits with pairwise synchronisation constraints (i.e., see

Table 6.1). The VRPSC instances were not made artificially large but are motivated

by a real-world application in HHC, and therefore include additional domain-specific

constraints, such as the continuity of visits and the scheduling of contractual breaks.

The multistage optimisation algorithm solved the VRPSC instances in attractive

computing time (i.e., less than half an hour for the second stage optimisation). The

results agreeably demonstrate that large routing and scheduling problem instances with

synchronised visits can be practically optimised using the software. Doing so does not

negatively impact the target continuity of visits human planners deliver. Apart from the

automation, the additional advantage is a considerable reduction in the travel time due

to routing optimisation. Consequently, the board of the home care company is leading

the adoption of scheduling optimisation in the daily operations of the organisation.

Besides the minimisation of the total travel time, the opportunity to reduce the

number of carers and to optimise the ERI of a delay in the third stage optimisation

solving the same suite of problem instances were explored in the chapter. Overall,

the riskiness index optimisation prevented the average delay in commencing a visit

from becoming positive at the expense of leaving more visits declined. Previously, the
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riskiness index optimisation was limited to problem instances with at most 100 visits

and no synchronisation constraints [16].
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Chapter 7

Conclusions

The final chapter revises the contributions of the thesis and explains how they address

the research aims and objectives. The work is critically assessed by evaluating the

significance of the key findings and discussing the limitations of the adopted approach.

Other possible applications of the methodology and suggestions regarding future re-

search directions conclude the chapter.

7.1 Contributions

The primary goal is to develop methods for solving vehicle routing and scheduling

problems whose optimisation models contain parameters affected by uncertainty. The

methodology should enable solving large problem instances from the real world without

introducing simplifying assumptions that could negatively impact the practical utility

of the solutions. Two target applications are featured to simplify the exposition.

The first application is scheduling satellite space-to-ground optical communication

for the purpose of the SatQKD. As an emerging application driven by the increasing

adoption of optical communication with the LEO satellites, it was demonstrated only in

scientific experiments and was not studied by the optimisation community. Nonetheless,

as the technology matures, commercial communication systems should benefit from

optimisation during the design phase, which motivated the interest in this topic.

The work on the thesis leads to the formulation of the deterministic variant of the
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SatQKD problem for the first time in the literature and proving its computational

complexity. The latter reveals that the deterministic SatQKD problem does not have

a FPTAS. Therefore, looking for an efficient algorithm to compute an optimal solution

for an arbitrary SatQKD problem instance is futile.

On the other hand, the linear relaxation of the MIP model with time discretisation

proposed in the thesis for solving the SatQKD problem is strong. Hence, although the

deterministic SatQKD problem is NP-hard, its instances considered in the thesis are

solved to optimality in reasonable computing time by a commercial-grade MIP solver.

In particular, the gap between the incumbent solution and the LP relaxation is below

1.5% for the majority of problem instances.

The ability to find optimal schedules enables computing the best possible perfor-

mance a given SatQKD communication system could achieve, assuming weather condi-

tions are known precisely. The computational study contains such analysis for a poten-

tial design of a SatQKD communication system with one satellite and a fixed network

of ground stations located in the mainland UK. The study proposes the configuration

of orbital parameters for the satellite that maximises the number of keys possible to

deliver to the network. After tuning the initial RAAN using the grid search, the space-

craft could distribute two times more keys to the system compared to the least efficient

configuration. Given the orbital parameters of the satellite that enable the best perfor-

mance and historical weather observations, one could compute the maximum number

of keys each ground station could consume weekly without depleting its key buffer. The

key consumption rate provides insight into the maximum performance the communi-

cation system could possibly attain. It is valuable information to decision-makers who

could determine whether the design of the communication system and the status of the

technology satisfy the estimated demand for keys given the cost of the system.

Besides key performance indicators, the study reveals that the Sun constantly illu-

minates the satellite during communication windows with ground stations located at

high latitudes for several weeks during summer. Such conditions preclude establishing

space-to-ground communication. This phenomenon is observed because the key trans-

mission rate analysis, besides cloud cover conditions and the elevation angle between
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the ground station and the satellite, accounts for the spacecraft’s illumination. The

latter has a pivotal role during the summer months in modelling the transfer rate for

ground stations located in the UK. Ignoring this effect in modelling would lead to an

oversimplification valid only from late autumn to early spring.

Apart from the application in the performance analysis of a SatQKD communication

system, the MIP formulation with the time-discretisation is an entry point to develop

more advanced models with the treatment of cloud cover uncertainty. To the author’s

best knowledge, they are the first models for scheduling optical space-to-ground com-

munication in uncertain cloud cover conditions proposed in the literature. A suite of

alternative formulations that are parametrised using cloud cover predictions from offi-

cial weather forecasts is proposed. It includes a DRO model with mean and standard

deviation as well as Stochastic Optimisation models that employ the CV@R and the

ERI optimisation. The application of the riskiness index optimisation in scheduling

satellite operations is new.

The models developed according to the DRO and SO paradigms are complemented

by a RO formulation with a novel uncertainty set that combines the VAR model and

a box uncertainty set. It is developed to represent spatial and temporal correlations

naturally observed in the behaviour of weather conditions. Expressing correlations

in the uncertainty set reduces the conservativeness of the model. Although a generic

polyhedral uncertainty set is well known, to the best knowledge of the author, a time

series model has never been used before to derive an uncertainty set.

The proposed formulations for the SatQKD problem with uncertain cloud cover

are compared on a data set of problem instances built using official weather forecasts.

Then, the effectiveness of obtained solutions is assessed using actual weather conditions

observed in practice when the schedule would be executed. The VAR and the mean-

standard deviation models are the best stand-alone formulations in the comparison

considering all problem instances. Further improvement is possible by selecting a model

from the suite of available formulations based on cloud cover conditions predicted by

the weather forecast.

Overall, the study demonstrates the quantitative advantage of using models with
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the treatment of uncertainty compared to deterministic models. Consequently, practi-

tioners should expect an improvement in the performance of schedules by switching to

the models with the treatment of uncertainty. Furthermore, although the formulations

are developed for the SatQKD, which is a specific problem, no self-evident circum-

stances are preventing the application of the modelling techniques for the treatment of

cloud cover uncertainty to other optimisation problems that have a MIP formulation.

The second part of the thesis is focused on developing and validating the methodol-

ogy for solving large VRPTWSync problem instances in which some visits require the

simultaneous presence of two vehicles. The problem is a generalisation of the HCSRP

which is a critical application regarding its societal impact, the scale of operations and

the cost for the public sector.

The featured solution method is a multistage optimisation algorithm built on top

of the CP solver [79] which combines constraint propagation with LS and metaheuris-

tics. Such a computational approach is adopted because deterministic optimisation

models for the VRPTW can solve to optimality only instances that contain up to 150

visits [169]. If pairwise synchronisation constraints are present, the size of the problem

instances solved using exact methods is even smaller, see Table 6.1. The multistage

design is motivated by unsatisfactory results of solving the formulation with pairwise

synchronisation constraints using the CP solver stand-alone. Once the first stage finds

an initial solution for visits with synchronisation constraints, the second stage can suc-

cessfully improve that solution and compute the allocation of vehicles for the remaining

visits.

As of this writing, the multistage optimisation algorithm is a competitive com-

putational approach for solving the deterministic variant of the VRPTWSync. The

algorithm reproduces the majority of the best results for the suite of benchmark prob-

lems [144] (39 out of 50 instances) and strictly improves the objective for five cases.

Reporting the best solutions is critical because researchers use benchmark problems

to validate their ideas and propose new optimisation methods. Furthermore, since the

algorithm employs a generic CP solver, it is straightforward to introduce additional

side constraints required for a specific application, i.e., the continuity of visits, the skill
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matching and the treatment of contractual breaks for the HCSRP.

The extensibility of the multistage algorithm is demonstrated by solving the HCSRP

instances obtained from the largest home care organisation which operates in Scotland.

Regarding the number of visits, these instances are the biggest problem instances con-

sidered in the academic literature. The multistage algorithm can solve each instance

in less than one hour. The proposed method consistently schedules more visits than

human planners and reduces the total travel time approximately threefold. The signif-

icant reduction in the total travel time has no negative impact on the quality of the

solution. The home care provider reproduced the computational results during the pi-

lot deployment, and the organisation is now adopting optimisation tools for scheduling

operations.

The computational study demonstrates using practical examples that significantly

larger VRPTWSync instances are effectively solvable compared to the problem in-

stances considered in the literature. Obtaining such results does not require introducing

simplifying assumptions that could render the solutions unrealistic. The formulation

contains constraints enforcing the treatment of contractual working hours and breaks.

The same applies to skill matching and the continuity of visits. Furthermore, a routing

engine is employed for the accurate estimation of travel time. Eliminating any of these

features could result in creating invalid solutions that cannot be executed in practice.

Besides the ease of including additional constraints in the formulation, the multi-

stage design allows for modifying objective function between stages, i.e., to reduce the

number of carers required to run the schedule or to minimise delays in commencing vis-

its later than their time windows. For the latter objective, the methodology postulates

applying the ERI optimisation of delays using the set of scenarios containing visits’

durations observed in the past. Apart from minimising the probability of commencing

a visit late, such an approach makes the likelihood of a delay inversely proportional to

its magnitude. Even though visits with pairwise synchronisation constraints compli-

cate the evaluation of a delay, the methodology presents an algorithm to compute the

riskiness index of delays for each visit in polynomial time in the number of scenarios.

The algorithm is integrated with the CP solver as a global constraint and tested on the
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suite of the HCSRP instances.

Overall, the computational study exemplifies that the proposed computational ap-

proach built on top of the CP paradigm, initially designed to solve deterministic DO

problems, is expandable to optimisation models with the treatment of uncertainty us-

ing a finite set of scenarios. The latter could be accomplished by the riskiness index

optimisation, which is scalable enough to solve large HCSRP instances.

To conclude, the contributions mentioned above provide strong evidence suggesting

that the aims and objectives set for the thesis are met. A strong emphasis on applying

the results of this research project in the real world is a desirable byproduct supporting

the contributions to science and methodology. Articles describing the multistage opti-

misation algorithm [23], the deterministic SatQKD scheduling [20], and models for the

treatment of cloud cover uncertainty in the SatQKD scheduling [112] were published

in academic journals.

7.2 Constructive Criticism of Limitations

Regardless of the effort and best intentions, this project is affected by some limitations

explained below.

Firstly, the VRPTWSync and the SatQKD optimisation problems are solved using

different computational approaches: MIP and CP, respectively. Not applying a uniform

approach to both problems could be the reason for criticism.

The decision to employ alternative solution approaches was made following care-

ful consideration to use the most suitable computational method available for the

given problem. The preliminary experiments with the MIP model for solving the

VRPTWSync confirmed that only small problem instances (i.e., 50 visits) are effec-

tively solvable within a few hours of computing time. Results that corroborate these

findings are widely reported in the academic literature [169]. Therefore, rather than ap-

plying decomposition to solve a collection of instances independently, the CP paradigm

was used instead.

Conversely, the SatQKD problem instances could be solved using the CP solver,

which would remain consistent with the solver technology applied to the VRPTWSync.
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Then, after the deterministic variant of the problem is solved, the treatment of uncer-

tainty could be implemented using the riskiness index optimisation over scenarios. The

sequence of steps outlined above used to be the plan to approach the optimisation

of the SatQKD problem. Nonetheless, this path was abandoned after obtaining the

preliminary optimisation results for the deterministic problem, which were suboptimal.

On the other hand, the LP relaxation of the SatQKD problem had a strong bound, and

the MIP solver did not require extensive computational effort to find provably optimal

solutions. Since problem instances can be solved to optimality by an exact method, ap-

plying heuristic approaches is not justifiable. Other researchers drew similar conclusions

selecting the same optimisation technology for scheduling satellite operations [96,97].

Consequently, by formulating the SatQKD as a MIP and proposing alternative

models for the treatment of uncertainty, the thesis contributed to the methodology

that is actively used. Furthermore, the additional advantage of applying the exact

method is the opportunity to employ and extend the SO, RO and DRO frameworks.

Arguably, the treatment of optimisation under uncertainty without these paradigms

would not be comprehensive.

Another limitation concerns SO models with uncertain cloud cover developed for

the SatQKD problem. They are formulated as an optimisation over scenarios assum-

ing the discrete uniform distribution. A more advanced approach could employ DRO

using the Wasserstein ambiguity set. This way, resorting to scenario generation and

assuming a specific distribution could be avoided. The DRO model for the riskiness

index optimisation using the Wasserstein ambiguity set and the L1 norm was developed

by [16].

7.3 Other Applications

The featured applications set the context for the methodology developed in the thesis

and provided means to validate it. However, the list of potential applications that could

benefit from the proposed solution methods and optimisation models is not limited to

those considered in the computational study.

The models developed for scheduling SatQKD with cloud cover uncertainty are
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generic and portable to other MIP formulations with time discretisation. In particular,

the proposed optimisation models appear to be transferable with minimal modifications

to optimisation problems that involve scheduling operations of spacecraft whose orbits

do not change, and tasks to execute are affected by cloud cover. For instance, the

MaxPDT problem [92] with optical communication matches these criteria.

The multistage optimisation algorithm could solve any vehicle routing problem with

pairwise synchronisation constraints. The example with the HHC application presented

in the computational study highlights the ease of defining additional constraints. Hence,

another possible extension of the generic formulation proposed for the VRPTWSync

problem should not be an obstacle.

Finally, the optimisation of the riskiness index of delays in commencing visits is

formulated as a generic global constraint compliant with the CP paradigm. Its example

implementation for the CP solver from the or-tools framework [17] is available open

source [21]. The constraint could provide the treatment of uncertainty in service time

or travel time for any vehicle routing problem. The presence of the visits with pairwise

synchronisation constraints is not required. The constraint could also be used outside

the multistage optimisation framework with the stand-alone CP solver.

7.4 Future Research

The discussion of potential future research directions concludes the chapter.

Research on the formulation of the deterministic optimisation problem for the

SatQKD considered in the thesis with one satellite and a fixed number of ground

stations and no treatment of cloud cover uncertainty seems complete. The definition of

the optimisation problem is established, and its computational complexity is rigorously

proven. Finally, the formulation with time discretisation postulated in the thesis can

be solved to provable optimality by a MIP solver in a short time. Further research on

the deterministic SatQKD problem is possible by extending its scope. For instance, a

communication system could include a constellation of multiple satellites. In a similar

vein, spacecraft could execute manoeuvres that alter their orbits. Last but not least,

spacecraft operations could be modelled more precisely, i.e., by tracking power spent
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on performing a given task compared to energy generated through solar panels.

The methodology proposed an uncertainty set that models temporal and geospa-

tial correlations for the formulation of the SatQKD with the treatment of cloud cover

uncertainty. As of this writing, there are no other readily available uncertainty sets or

ambiguity sets proposed for modelling weather conditions. It is not immediately ap-

parent how alternative uncertainty sets or ambiguity sets which provide such modelling

capability could be developed. On the other hand, there seem to be multiple real-world

applications that could benefit from including weather conditions into consideration,

i.e., to schedule satellite Earth observations, manage disaster recovery operations, etc.

Apart from the broad impact, data sets of weather conditions observed in the past

and weather forecasts are easily obtainable and do not raise privacy-related concerns.

The latter reduces the organisational and structural obstacles in the management and

execution of such research projects.

An established way to report results obtained using optimisations models which

differ in the treatment of uncertainty is to tabulate the value of the objective function

for some suite of benchmark problems. This approach of presenting results facilitates

ranking formulations to find the best one. However, the results obtained by the best

stand-alone model for the suite of test problems could still be improved by taking mul-

tiple optimisation models into account. The ensemble model proposed in Chapter 4

combined two stand-alone formulations with the treatment of cloud cover uncertainty

and selected which model to use based on the cloud cover conditions announced in the

weather forecast. Such a solution approach outperformed each model individually on

the suite of problem instances considered. The possibility to use a set of formulations

with alternative treatments of uncertainty leads to many open research questions, such

as the examples below. How to make decisions based on solutions obtained using mod-

els with different treatments of uncertainty? Are there models with the treatment of

uncertainty that complement one another, i.e., one model works best in some circum-

stances but should be replaced by another model if these conditions are not met? Are

there any systematic rules or guidelines suggesting which uncertainty treatment should

be applied to make the most profitable decision? Providing comprehensive answers to
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the research questions proposed above could be the subject of future work.

Solution methods available in the literature as of this writing seem to be sufficient

for the level of complexity instances of the VRPTWSync benchmark [144] require. All

problem instances available in the benchmark are now solved. For the majority of them,

optimal solutions were found. Subsequent improvements reported in the literature pro-

vide a relatively small reduction in the objective function, i.e., less than 1 %. On the

other hand, the need for solving much larger problem instances arises in practical ap-

plications. Further research progress in solving the VRPTWSync could be accelerated

by compiling a new benchmark which would contain problem instances with a much

larger number of visits compared to the set of problem instances proposed by [144]

more than ten years ago. Solving such a benchmark could help in identifying scalabil-

ity limitations that may affect some solution methods. Resolving them should lead to

more efficient computational approaches that can effectively solve problem instances

considered large by current standards.

Optimisation models developed according to the RO, DRO and SO paradigms that

are transformable to MIP programs can be solved using off-the-shelf solvers without the

need to develop or extend the solution technology. The implementation cost is notably

reduced in this manner. Nonetheless, some problem instances are beyond the scalability

limitations of the MIP solvers and have to be solved using metaheuristics. Popular

metaheuristics for vehicle routing problems and a vast array of local search operators

are implemented in the open-source CP solver [79]. Unfortunately, CP is inherently

developed for deterministic DO problems and lacks support for optimisation under

uncertainty. That leads to a conundrum. A solution method developed from scratch

is unlikely to match the performance and the reusability of a CP solver, which took

the open-source community several years to develop. On the other hand, contributing

to an open-source project requires overcoming the lack of documentation by analysing

an extensive codebase developed by many other developers. This undesirable situation

could be resolved by including support for optimisation under uncertainty to CP solvers.

The author of the thesis made a step towards such an extension by developing a global

constraint that computes an essential riskiness index of a delay over a set of scenarios.
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Chapter 7. Conclusions

To conclude, the section proposed multiple directions in which research topics con-

sidered in the thesis could be developed further. From the methodological standpoint,

the development of best practices for using various optimisations models with the treat-

ment of uncertainty simultaneously to make a decision for a given problem instance ap-

pears to be the most generic and broad considering scope. The extension of a CP solver

to support uncertainty treatment over the set of scenarios requires expertise in software

development and an in-depth study of the CP solver internals. The implementation of

such an extension does not directly lead to contributions to science or methodology.

Still, it could be an opportunity to develop and validate new algorithms, i.e., for the

riskiness index optimisation. Finally, the formulation of a new set of VRPTWSync

problem instances and the extension of an existing formulation for the deterministic

SatQKD could be a viable short-term project for a student who makes the initial steps

in academia.

214



Appendix A

A.1 Review of Norms

This section reviews the key concepts related to norms that are important from the

perspective of RO. A more thorough introduction to norms and their use in Convex

Optimization is offered by [72][Appendix 1].

A norm is the name of the class of functions Rn → R≥0 distinguished in the notation

using ‖ · ‖ that satisfy the following properties:

Triangle Inequality ‖x + y‖ ≤ ‖x‖+ ‖y‖ ∀x,y ∈ Rn

Positive Definiteness ‖x‖ ≥ 0 ∀x ∈ Rn and ‖x‖ = 0 ⇐⇒ x = 0

Homogeneity ‖ax‖ = |a|‖x‖ ∀x ∈ Rn and a ∈ R

A norm could be a measure of the distance between two vectors of the same length,

i.e., ∆(x,y) = ‖x − y‖. For instance, given some reference vector x, a norm could be

used to define the set of all vectors which remain within some prescribed radius r from

the reference vector x, i.e., {y ∈ Rn | ‖x−y‖ ≤ r}. Such sets are known to be convex,

closed, bounded and have a non-empty interior [72].

The names of popular norms, their symbols and definitions are listed in Table A.1.

Dual Norm

Given an arbitrary norm ‖ · ‖, its dual can be defined as follows:
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Table A.1: Popular Norms

Name Symbol Formula

Manhattan Norm L1 ‖x‖1 =
n∑
i=1
|xi|

Euclidean Norm L2 ‖x‖2 =

√
n∑
i=1

x2
i

Chebyshev Norm L∞ ‖x‖∞ = max
i∈[1,...,n]

|xi|

‖x‖∗ = max
‖y‖≤1

x>y

The Euclidean norm is self-dual, i.e., ‖·‖2 = ‖·‖2∗. The norms ‖·‖1 and ‖·‖∞ are

dual to each other. The concept of dual norms is vital in deriving dual reformulations

of conic programs which involve sets bounded by a norm, see, e.g., [202][Section 8.3].

A.2 Reformulation of Worst-Case Expectation

This sketch of the proof demonstrates how to reformulate the worst-case expectation

over a moment-based ambiguity set to a classical RC. The example illustrates essential

reformulation techniques availed by moment-based ambiguity sets. The original proof

was published in [71].

Proof. Let consider an ambiguity set P constructed over a convex, closed and bounded

support set W. Suppose the ambiguity set contains probability distributions with

mean µ and variance restricted from above by the upper bound σ2. For the sake of

simplicity, the family of probability distributions is univariate. The lifted counterparts

of the support set and the ambiguity set are defined below.

W =
{

(z, u) ∈ R× R
∣∣z ∈ W, (z − µ)2 ≤ u

}
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P =

P ∈ P(R× R)

∣∣∣∣∣∣∣∣∣
P((z, u) ∈ W) = 1

EP(z) = µ

EP(u) ≤ σ2


Let derive the reformulation for the problem of estimating the worst-case expecta-

tion of some function f(·) over the ambiguity set P.

max
P∈P

EP(f(z̃))

For ease of exposition, the function f(·) takes only a random variable as the input

and does not depend on decision variables. The evaluation of the worst-case expec-

tation is an example of a constrained optimisation problem because the structure of

the ambiguity set and the definition of a probability distribution function enforce the

following constraints.

∫∫
W

P(z, u)dudz = 1 (A.1)

∫∫
W

zP(z, u)dudz = µ (A.2)

∫∫
W

uP(z, u)dudz ≤ σ2 (A.3)

P(z, u) ≥ 0 ∀(z, u) ∈ W (A.4)

The worst-case expectation could be bounded from above by constructing a La-

grangian. Let p, q ∈ R and r ∈ R≥0 be the dual multipliers associated with Con-

straints (A.1), (A.2) and (A.3), respectively.
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L(z, u, p, q, r) =

∫∫
W

f(z)P(z, u)dudz − p

∫∫
W

P(z, u)dudz − 1


−q

∫∫
W

zP(z, u)dudz − µ

− r
∫∫
W

uP(z, u)dudz − σ2


= p+ qµ+ rσ2 +

∫∫
W

(f(z)− (p+ qz + ru))P(z, u)dudz

Let consider the maximisation of the Lagrangian subject to the probability distri-

bution P.

p+ qµ+ rσ2 + max
P∈P

∫∫
W

(f(z)− (p+ qz + ru))P(z, u)dudz

If values z and u that satisfy f(z) ≥ p + qz + ru can be found, then it is possible

to select dual coefficients and the probability distribution for which the integral is

unbounded. It would make the upper bound meaningless. As a result, hereafter, let

introduce the implicit constraint f(z) ≤ p + qz + ru ∀z, u ∈ W. The new constraint

enforces the integral to be non-positive. Consequently, p + qµ + rσ2 is a valid upper

bound on the worst-case expectation over the ambiguity set.

Taken together, the upper bound on the worst-case expectation can be computed

by solving the following optimisation problem.

min p+ qµ+ rσ2

p+ qz + ru ≥ f(z) ∀z, u ∈ W

p, q ∈ R, r ∈ R≥0
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Overall, the optimisation problem has the same structure as the classical RC in

which the support set W acts as the uncertainty set. The computational difficulty of

solving the problem depends on the structure of the support set W and the function

f(·). For instance, the optimisation problem is tractable if the support set is convex,

closed and bounded, and the function is piecewise linear.

A.3 Order Selection for the Vector Autoregressive Model

The order selection process for the VAR model was conducted using the BIC score.

This and alternative decision criteria were described in detail in the book [18][Chapter

4].

The BIC score [203] is computed given the number of parameters to fit in the

model (k), the number of training samples (n), and the maximum likelihood estimation

(Lmax).

BIC = k ln (n)− 2 ln (Lmax)

The VAR model is trained using a data set of historical weather observations.

Weather conditions were recorded every 3 hours in selected cities in the UK (i.e.,

Birmingham, Bristol, Glasgow, London, Manchester) throughout the entire 2018.

Figure A.1 illustrates the BIC scores for VAR models of different orders.

Overall, the order selection procedure suggests setting the lag to one. The result

is aligned with previous studies described in the literature related to the modelling of

meteorological phenomena such as temperature, precipitation [117] and solar irradi-

ance [107].
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Figure A.1: BIC score vs order of the VAR model trained using historical weather
observations recorded in selected cities in the UK in 2018.
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