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Peridynamics is a nonlocal reformulation of the classical continuum mechanics using integro-differential equations. Since the 
integro-differential equations used in peridynamics are valid in both continuous and discontinuous models, the theory is suitable 
for predicting progressive damages. In this study, fatigue crack growth in a ceramic material and its porous media is predicted by 
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1. Introduction 

Ceramic materials often have high hardness, high melting point, low mass density. Therefore, they can be used in 
many applications for high temperature environments. Moreover, since ceramics are resistant to abrasion and have 
high chemical resistance, its applications for corrosive environments such as ceramic water filtration and purification 
membranes in wastewater treatment processes are growing in popularity. Ceramics also can enable a wider range of 
clean-in-place options such as using harsh chemicals or high pressure from two directions. Additionally, the ceramic 
membranes can be specified to highly complex geometries and tight tolerances, facilitating more flexible designs that 
make filtration modules more energy efficient.  

 
Under cyclic loading conditions such as vibrations or cyclic thermal loads, ceramic materials can experience fatigue 

damages which are often high cycle fatigue phenomena with zero ductility. To predict fatigue crack propagation, 
traditional numerical methods such as the finite element method or various modified versions of finite element method 
need to use additional criteria to predict crack growth speed and direction. By contrast, peridynamics is a reformulation 
of classical continuum mechanics by using integro-differential equations (Silling, 2000). Since the integro-differential 
equations used in peridynamics are valid in both continuous and discontinuous models, the theory is suitable for 
predicting progressive damages even for crack branching and multiple cracks phenomena (Madenci and Oterkus, 
2014). 

 
For high cycle fatigue damage prediction, Silling and Askari (2014) developed a peridynamic model for fatigue 

cracking based on the cyclic bond strain range. This peridynamic fatigue model was applied and validated by Zhang 
et al. (2016) and Jung and Seok (2017). Later, Nguyen et al. (2021) further extended the capability of the peridynamic 
fatigue model by considering effects of overloads and underloads. The authors modified peridynamic fatigue equations 
by introducing the retardation factor based on modified Wheeler models. Nguyen et al. (2020) also developed an 
energy-based peridynamic fatigue model using cyclic bond energy release rate range.  
 

In this study, fatigue crack growth in a ceramic material and its porous media is predicted by using the peridynamic 
fatigue model developed by Silling and Askari (2014). First, a brief review of the peridynamic fatigue model is given 
in Section 2. In Section 3, fatigue crack propagation in compact specimens of a Magnesia-Partially-Stabilized Zirconia 
ceramic material is predicted and compared with experimental results. Moreover, fatigue crack growths on the ceramic 
material with different porosity levels are also predicted and compared with the fatigue crack growth on non-porous 
material. Finally, a conclusion is given in Section 4. 

2. Peridynamic fatigue model 

In peridynamics, a material point has interactions with its family members which are the surrounding material 
points located within a distance, 𝛿𝛿. The finite distance 𝛿𝛿 is called the horizon size. The interaction between two 
material points is called a bond. The equation of motion for one material point in peridynamics can be expressed in 
either the integro-differential or discrete equations as (Silling and Askari, 2005, Madenci and Oterkus, 2014) 

𝜌𝜌�𝒙𝒙�𝒖𝒖� �𝒙𝒙𝒙 𝒙𝒙� � � 𝜓𝜓�𝒙𝒙′ � 𝒙𝒙𝒙 𝒙𝒙����𝒖𝒖′ � 𝒖𝒖𝒙 𝒙𝒙′ � 𝒙𝒙𝒙 𝒙𝒙� � �′�𝒖𝒖 � 𝒖𝒖′𝒙 𝒙𝒙 � 𝒙𝒙′𝒙 𝒙𝒙��𝑑𝑑𝑑𝑑 ′
�� � ��𝒙𝒙𝒙 𝒙𝒙�  (1a) 

or 

𝜌𝜌���𝒖𝒖� ��� � ∑ 𝜓𝜓�������������� � ��������𝑑𝑑���
����� � ����   (1b) 

where 𝜌𝜌 and 𝐮𝐮�  represent the mass density and acceleration, and 𝐛𝐛 represents the external body force density. The 
parameter 𝑁𝑁� represents the number of family members of the material point 𝑘𝑘. The term 𝑉𝑉��� is the volume of the 
material point 𝑗𝑗 which is a family member of the material point 𝑘𝑘. The term 𝐭𝐭������ denotes the force density that the 
material point 𝑗𝑗 exerts on the material point 𝑘𝑘 and 𝐭𝐭������ corresponds to the force density that material point 𝑘𝑘 exerts 
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on the material point 𝑗𝑗. The parameter 𝜓𝜓������ determines whether the interaction is intact or broken and it can be 
defined as (Silling and Askari, 2005) 

𝜓𝜓�������𝒙𝒙��� � 𝒙𝒙���𝒙 𝒙𝒙� � �1  if an intact interaction exists𝒙
0  otherwise.    (2) 

Since the equations of motion given in Eq. (1) does not include partial derivatives, these equations exist in both 
continuous and discontinuous models. Therefore, peridynamics is well suitable for predictions of progressive 
damages. In peridynamics, the damage index, φ is used to represent the local damages on the structure. This damage 
index is the ratio of broken interactions to the total number of interactions within the horizon of a material point, which 
can be represented as (Silling and Askari, 2005) 

��𝒙𝒙���𝒙 𝒙𝒙� � 1 � ∑ ��������𝒙𝒙����𝒙𝒙���𝒙������
�����

∑ ��������
    (3) 

In peridynamic fatigue model (Silling and Askari, 2014), each interaction (bond) has a remaining life, 𝜆𝜆. A bond 
with the remaining life of 0 � 𝜆𝜆 � 1 is considered as intact. Meanwhile, a bond with the remaining life of 𝜆𝜆 � 0 is 
considered as broken. The peridynamic fatigue model (Silling and Askari, 2014) includes equations for fatigue crack 
initiation (phase I) and fatigue crack growth (phase II). The fatigue equation for phase I is based on the 𝜀𝜀 � 𝑁𝑁 curve. 
Meanwhile, the fatigue equation for phase II is based on the Paris’ law. The fatigue equation for phase II can be 
represented as 

𝜆𝜆������
��� � 1𝒙 𝜆𝜆������

��� � 𝜆𝜆������
����� � 𝐴𝐴��𝜀𝜀������

��� ���
 with 𝐴𝐴� � 0𝒙 𝑚𝑚� � 0   (4a) 

with 

𝜀𝜀������
��� � �𝑠𝑠������

���� � 𝑠𝑠������
���� � � �𝑠𝑠������

���� �1 � 𝑅𝑅��    (4b) 

where 𝜆𝜆������
���  and 𝜀𝜀������

���  represent the fatigue life and cyclic bond strain range of this interaction at 𝑁𝑁�� cycle. The 
parameters 𝑠𝑠������

����  and 𝑠𝑠������
����  are bond stretches corresponding to maximum loading and minimum loading at 𝑁𝑁�� 

cycle, respectively. The parameters 𝐴𝐴� and 𝑚𝑚� are fatigue parameters for phase II. These parameters can be calibrated 
from experimental results (Silling and Askari, 2014). The parameter 𝑅𝑅 in Eq. (4b) represents the loading ratio. 
 

Beyond phase II (the fatigue crack growth phase), structures can experience rapid crack growth (phase III) which 
can be predicted by using the traditional peridynamic model (Silling and Askari, 2005, Madenci and Oterkus, 2014). 
Therefore, the interaction state of a bond can be defined as 

�𝜆𝜆������
��� � 0    or     𝑠𝑠������ � 𝑠𝑠�  →   𝜓𝜓������ � 0

𝜆𝜆������
��� � 0   and    𝑠𝑠������ � 𝑠𝑠�  →   𝜓𝜓������ � 1   (5) 

where 𝑠𝑠� represents the critical bond stretch (Silling and Askari, 2005, Madenci and Oterkus, 2014). 

3. Numerical results 

In this section, first, the fatigue crack growth on a single edge-notch ceramic plate subjected to cyclic loading is 
predicted in Section 3.1. Next, the fatigue crack growths for ceramic plates with different porosity levels are predicted 
in Section 3.2. Finally, the fatigue crack growth for ceramic plates with variable porosity levels are predicted in Section 
3.3. In all sections, the horizon size of 𝛿𝛿 � �.01�Δ𝑥𝑥 is used in peridynamic simulations (Madenci and Oterkus, 2016). 
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3.1. Fatigue crack growth on isotropic ceramic material 
In this section, the fatigue crack growth on a single edge-notch ceramic plate subjected to cyclic loading is 

investigated as shown in Fig. 1. The dimensions of the plate are shown in Fig. 1(a) and the peridynamic discretized 
model with a mesh size of Δ𝑥𝑥 � �/1𝑥0 is shown in Fig. 1(b). The thickness of the plate is � mm and the initial crack 
length is 𝑞𝑞� � 10.𝑥 mm . The plate is made of Magnesia-Partially-Stabilized Zirconia Ceramic with the elastic 
modulus of 𝐸𝐸 � 𝑥 � 10�� N/m� and Poisson’s ratio of � � 0.𝑥� (Dauskarat et al., 1990). The plate is subjected to 
cyclic loading with a load range of �𝑃𝑃 � 𝑥�0 N and a load ratio of 𝑅𝑅 � 0.1 . 

 
In peridynamics, two material points located at �𝐿𝐿�𝒙 Δ𝑥𝑥𝑥𝑥� and �𝐿𝐿�𝒙 �Δ𝑥𝑥𝑥𝑥�, shown in pink in Fig. 1(b), are fixed 

to avoid rigid body motions. To apply loading conditions, material points located inside the cut-outs, shown in cyan 
in Fig. 1(b), are assumed as rigid with the elastic modulus of 𝐸𝐸����� � 𝑥00𝐸𝐸. Meanwhile, the load 𝑃𝑃��� � �𝑃𝑃/�1 �
𝑅𝑅� is applied to the material points located at the centers of the cut-outs as shown in red in Fig. 1(b). The fatigue 
parameter 𝑚𝑚� is chosen as 𝑚𝑚� � 𝑥1 (Dauskarat et al., 1990), meanwhile the calibrated value for parameter 𝐴𝐴� is 
obtained as 𝐴𝐴� � �.� � 10��. 

  
(a) (b) 

Fig. 1. A single edge-notch plate (a) geometry (dimensions are in mm), (b): PD discretized model (dimensions are in m) 

Fig. 2 shows the fatigue crack propagation on the plate predicted by the peridynamic fatigue model. Fig. 2(a) shows 
the damage on the plate at the first loading cycle where the crack length is 0.0102 m. After �.𝑥�� � 10� cycles, the 
crack length is 𝑞𝑞 � 0.01� m as shown in Fig. 2(b). Fig. 3 shows the crack growth 𝑞𝑞 � 𝑁𝑁 and 𝑑𝑑𝑞𝑞/𝑑𝑑𝑁𝑁 � �� curves 
predicted by using peridynamic fatigue model. As shown in Fig. 3(b), the predicted 𝑑𝑑𝑞𝑞/𝑑𝑑𝑁𝑁 � �� curve agree very 
well with the experimental result provided by Dauskarat et al. (1990). 

  
(a) (b) 

Fig. 2. Fatigue damage evolution at (a) the first cycle when 𝑞𝑞 � 0.010𝑥 m, (b) �.𝑥�� � 10� cycles when 𝑞𝑞 � 0.01� m (displacements are 
magnified by 1000 for deformed configurations) 
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(a) (b) 
Fig. 3. Predicted fatigue crack growth (a) 𝑞𝑞 � 𝑁𝑁 curve (b) 𝑑𝑑𝑞𝑞/𝑑𝑑𝑁𝑁 � �� curve 

3.2. Fatigue crack growth on porous ceramic material 
In this section, fatigue crack growth on the porous ceramic material is investigated. Specifically, the plate 

considered in section 3.1 is assumed to have different porosity levels as shown in Fig. 4. In discretized peridynamic 
model, the local porosity level for a material point is defined as 

𝜙𝜙����𝑥𝑥���𝒙 𝑦𝑦���� � 0.�𝜙𝜙� � 0.𝑥𝜙𝜙� � 𝑟𝑟����𝑥𝑥���𝒙 𝑦𝑦����, with 0 � 𝑟𝑟����𝑥𝑥���𝒙 𝑦𝑦���� � 1   (6) 

where 𝜙𝜙����x���𝒙 y���� is the local porosity at material point 𝑘𝑘 , 𝜙𝜙�  is the average porosity level of the plate, 
𝑟𝑟����x���𝒙 y���� is the random coefficient depending on location of material point 𝑘𝑘. The porosity level of each material 
point is represented by the reduction of its volume as 

𝑑𝑑��� � 𝑑𝑑� � 𝜙𝜙����𝑥𝑥���𝒙 𝑦𝑦����  with  𝑑𝑑� � ℎ𝜙𝜙𝑥𝑥𝜙𝜙𝑦𝑦   (7) 

where V� represents the original volume of each material point in the discretized peridynamic model, �x and �y 
represent mesh sizes in 𝑥𝑥 and 𝑦𝑦 directions, respectively. The parameter ℎ represents thickness of the plate. 

 
As shown in Fig. 4, the ceramic plate is investigated in four different cases with the average porosity levels of 

ϕ� � 0.0�, 0.0��, 0.1 and 0.1𝑥�. By using the definition in Eq. (6), the minimum and maximum porosity levels on 
the plate are 0.�ϕ� and 1.1ϕ�, respectively. Specifically, the porosity level on the plate in case 1 as shown in Fig. 4(a) 
varies from 0.0�� to 0.0��. Similarly, the porosity level on the plate in cases 2, 3, 4 as shown in Fig. 4(b-d) varies in 
the ranges 0.0��� � 0.0�𝑥�, 0.0� � 0.11, 0.11𝑥� � 0.1���, respectively. 

 
Fig. 5 shows the predicted crack growth 𝑞𝑞 � 𝑁𝑁 and 𝑑𝑑𝑞𝑞/𝑑𝑑𝑁𝑁 � �� curves for plate with different porosity levels. 

As can be observed from Fig. 5(a), with the average porosity levels of ϕ� � 0.0�𝒙 0.0��𝒙 0.1 and 0.1𝑥�, the fatigue 
life 𝑁𝑁� of the plate is reduced approximately ��%𝒙 ��.1�%𝒙 ��.��% and ��.��%, respectively. As can be observed 
from Fig. 5(b), because of porosities, the fatigue crack growth rates on the plate with porosities are significantly higher 
than fatigue crack growth rate on the non-porous plate. Specifically, the fatigue crack growth rate depends on the 
porosity level and the stress intensity factor. Therefore, to understand the relationship between the porosity level, 
stress intensity factor range and the fatigue crack growth rate on the plate, the relative change of logarithm of fatigue 
crack growth rate is defined as 

 ��
��
��� �𝜙𝜙𝜙 𝜙𝜙�� � ���� ���

�� �𝜙𝜙𝜙 𝜙𝜙��� � ��� ���
�� �𝜙𝜙 � 0𝒙 𝜙𝜙���� / ��� ���

�� �𝜙𝜙 � 0𝒙 𝜙𝜙���   (8) 
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where ��
��
��� �𝜙𝜙𝒙 ��� is relative change of logarithm of fatigue crack growth rate, ��

�� �𝜙𝜙𝒙 ��� is the fatigue crack 

growth rate at stress intensity factor range of Δ𝐾𝐾 of plate with porosity level 𝜙𝜙, ��
�� �𝜙𝜙 � 0𝒙 ��� is the fatigue crack 

growth rate at stress intensity factor range of Δ𝐾𝐾 of non-porous plate.  

  
(a) (b) 

  
(a) (b) 

Fig. 4. Variation of local porosities on plates with average porosity levels of (a) ϕ� � 0.0� (b) ϕ� � 0.0��, (c) ϕ� � 0.1 , (d) ϕ� � 0.1𝑥�  

  
(a) (b) 

Fig. 5. Predicted fatigue crack growth (a) 𝑞𝑞 � 𝑁𝑁 curves (b) 𝑑𝑑𝑞𝑞/𝑑𝑑𝑁𝑁 � �� curves for porous ceramic plates 
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By conducting a regression analysis, a linear relationship between 𝑑𝑑𝑞𝑞/𝑑𝑑𝑁𝑁���������, 𝜙𝜙 and �� is obtained with maximum 
error less than �% as 

 ��
��
��� �𝜙𝜙𝒙 𝜙𝜙𝜙𝜙� � 𝑥.�������𝑥𝜙𝜙 � 0.������1𝜙𝜙� � 0.1�1����   (9) 

4. Conclusion 

In this study, fatigue crack growth in a ceramic material with different porosity levels is predicted by using the 
peridynamic fatigue model. The predicted fatigue crack growth rate of non-porous ceramic material agrees very well 
with experimental results. The influence of porosities on fatigue crack rate is also predicted. It is found that with 
porosity level of 0.05, the fatigue life of material is reduced 97%. Meanwhile, with porosity level of 0.125, the fatigue 
life of material is reduced 99.93%. Moreover, a linear relation between the relative change of fatigue crack growth 
rate, stress intensity factor range and porosity level is obtained by using linear regression analysis with the maximum 
error less than �%. 
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