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Numerical investigation of steady state laminar natural
convection of power-law fluids in side-cooled trapezoidal
enclosures heated from the bottom

S. P. Malkesona, S. Alshaailib, and N. Chakrabortyb

aSchool of Engineering, Liverpool John Moores University, United Kingdom; bSchool of Engineering,
Newcastle University, Newcastle upon Tyne, United Kingdom

ABSTRACT
Laminar, steady-state, natural convection of power-law fluids in 2-D trapez-
oidal enclosures with a heated bottom wall, adiabatic top wall and cooled
inclined sidewalls has been analyzed for the first time based on numerical
simulations for a range of different values of nominal Rayleigh number (i.e.
103 � Ra � 105), power-law index (i.e. 0:6 � n � 1:8), nominal Prandtl
number (i.e. Pr ¼ 10, 102, 103) and sidewall inclination angle (i.e.
30� � / � 60�). It has been found that the mean Nusselt number Nu
increases with increasing nominal Rayleigh number Ra (up to a 187%
increase for n ¼ 0:6 and up to 2.3% increase for n ¼ 1:8 between Ra ¼
103 and 105) and decreasing power-law index n (up to a 4.1% increase for
Ra ¼ 103 and up to 193% increase for Ra ¼ 105 between n ¼ 0:6 and 1.8)
due to the strengthening of advective transport. Moreover, an increase in
the sidewall inclination angle / leads to a decrease in Nu (approximately
44% decrease for Ra ¼ 103 across values of n and up to 33% decrease for
Ra ¼ 105 across values of n) due to an increase in the area for heat loss
from the cavity. It has been found that Nu does not vary significantly with
the values of Pr considered in the current study. Furthermore, a new cor-
relation for the mean Nusselt number Nu in this configuration has been
identified which provides adequate approximation of the corresponding
values obtained from the simulations.
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1. Introduction

Natural convection of shear-thinning and shear-thickening fluids in enclosed spaces has a broad
range of applications in cooling of electronics, food and chemical processing, solar and nuclear
power systems. Shear-thinning (shear-thickening) fluids are a special type of inelastic non-
Newtonian fluid, which show a decrease (increase) in viscosity with an increasing shear rate. The
majority of synthetic and biological fluids exhibit shear-thinning (e.g., ketchup, blood, silicone
oils, and coatings) and shear-thickening (e.g., mixtures of corn starch and water, so-called
“bullet-proof” custard) behaviors. Recently, Darbouli et al. [1] reported that 0.1–0.2% aqueous
solutions of xanthan gum exhibit shear-thinning behavior and a significant enhancement in the
strength of convection in comparison to Newtonian fluids (e.g., water) has been observed for
laminar Rayleigh-B�enard convection in cylindrical enclosures. The addition of a small amount of
high molecular weight polymer in water-based solvents often exhibits shear-thinning behavior
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which can be approximated as a power-law over a range of shear rates. Thus, for a first approxi-
mation, a reasonable way to include non-Newtonian shear viscosity variations is through a simple
power-law type Generalized Newtonian Fluid (GNF) model [2]. The onset of convection of
power-law fluids in rectangular enclosures with differentially heated horizontal walls with heated
bottom and adiabatic side walls (i.e., known as Rayleigh-B�ernard convection) was analyzed by
Lamsaadi et al. [3, 4] and Aloui et al. [5]. The heat transfer characteristics beyond the critical
condition for the onset of convection in the same configuration have also been analyzed by Ohta
et al. [6] and Inaba et al. [7] for power-law fluids and they reported augmentation of convective
transport with a decrease in power-law exponent. Several studies by Chakraborty and coworkers
[8–15] analyzed the effects of power-law exponent, aspect ratio, nominal Rayleigh number and
nominal Prandtl number on the mean Nusselt number for Rayleigh-B�ernard convection in rect-
angular and cylindrical annular spaces for both constant wall heat flux (CWHF) and constant
wall temperature (CWT) boundary conditions for differentially heated horizontal walls. The simu-
lation data and scaling analysis were used by Chakraborty and coworkers [8–15] to propose the
correlations for the mean Nusselt number. Natural convection of power-law fluids in the differen-
tially heated vertical side walls was extensively numerically analyzed by several researchers
[16–23] and the effects of nominal Prandtl number, Rayleigh number and aspect ratio on the
mean Nusselt number in rectangular and cylindrical annular enclosures with differentially heated
vertical walls have been addressed and correlations for the mean Nusselt number have been pro-
posed. Several studies (e.g. [24–30] and references therein) also focused on the analyses of natural
convection of Newtonian fluids in rectangular enclosures (for different aspect ratios). Despite
extensive studies of natural convection in rectangular enclosures, relatively limited attention has
been directed to the natural convection in non-rectangular enclosures. The Rayleigh–B�enard con-
vection (i.e., heated bottom wall and cooled top wall with adiabatic inclined side walls) within

Nomenclature

C specific heat capacity, J kg�1K�1

C1, C2 model parameter
eij strain rate tensor, s�1

f1 ratio of thicknesses of hydrodynamic to
thermal boundary layers [-]

g acceleration due to gravity, m s�2

Gr Grashof number
h heat transfer coefficient, W m�2 K�1

H height of the trapezoidal enclosure, m
k thermal conductivity, W m�1 K�1

K consistency index, kg m�1 s�1

L length of heated bottom wall of trapez-
oidal enclosure, m

min minimum value
max maximum value
n power-law index
Nu local Nusselt number
Nu mean Nusselt number
p pressure, kg m�1 s�2

Pr Prandtl number
qw heat flux at the bottom wall, W m�2

R2 coefficient of determination
Ra Rayleigh number
Raeff effective Rayleigh number
T temperature, K
Tc temperature of the cooled inclined side-

walls, K

TH temperature of the heated bottom wall, K
ui ith component of velocity m s�1

U2 dimensionless vertical velocity (u2:L=a)
xi ith component of spatial coordinate m

Greek
a thermal diffusivity, m2 s�1

b thermal expansion coefficient, K�1

d hydrodynamic boundary layer thick-
ness, m

dth thermal boundary layer thickness, m
dij Kronecker delta
q density, kg m�3

l dynamic viscosity, kg m�1 s�1

la apparent viscosity, kg m�1 s�1

leff effective viscosity, kg m�1 s�1

# characteristic vertical velocity compo-
nent, m s�1

/ inclination angle of trapezoidal enclosure
sidewall, �

w stream function, m2 s�1

W nondimensional stream function
h nondimensional temperature
sij stress tensor, kg m�1 s�2

DT temperature difference between the hot
and cold walls, K

NUMERICAL HEAT TRANSFER, PART A: APPLICATIONS 771



trapezoidal enclosures filled with viscoplastic fluid has been analyzed by Aghighi et al. [31] across
a range of parameters (i.e., side wall inclination angle, Rayleigh number and Prandtl number).
Furthermore, Hussein et al. [32] considered the 3-D unsteady natural convection in an inclined
trapezoidal air-filled cavity where the variations of local and average Nusselt numbers are pre-
sented. They [32] further observed that the flow circulation strengthens and the mean Nusselt
number increases with increasing Rayleigh number. Iyican et al. [33] used both experimental and
numerical means to analyze natural convection of Newtonian fluids in inclined cylindrical trapez-
oidal enclosures made up of cylindrical cold top and hot bottom walls and plane side walls. Lam
et al. [34] analyzed natural convection in trapezoidal cavities with vertical sidewalls and inclined
cold top and horizontal hot bottom walls. By contrast, Karyakin [35] analyzed natural convection
of Newtonian fluids in trapezoidal enclosures with parallel horizontal walls and inclined side
walls. Lee [36, 37] and Peric [38] numerically analyzed natural convection in trapezoidal enclo-
sures with insulated horizontal top and bottom walls for Rayleigh numbers up to 105 and their
analyses were subsequently extended by Sadat and Salagnac [39] and Kuyper and Hoogendoorn
[40] for higher values of Rayleigh number. Moukalled and Acharya [41–43] and Moukalled and
Darwish [44] numerically analyzed natural convection in trapezoidal enclosures with several dif-
ferent configurations involving partitions and baffles. The effects of Rayleigh number, Prandtl
number and inclination angle of the top wall on natural convection of Newtonian fluids within
trapezoidal enclosures with partitions and baffles have been analyzed by da Silva et al. [45] and
the simulation data was used to propose a correlation for the mean Nusselt number. Basak et al.
[46] numerically analyzed natural convection of Newtonian fluids within trapezoidal enclosures
with bottom wall subjected to uniform heat flux and linearly heated sidewalls in the presence of
an insulated top wall. Unsteady natural convection of Newtonian fluids in an isosceles trapezoidal
enclosure with differentially heated horizontal walls heated from below was analyzed numerically
by Tracy and Crunkleton [47]. Natural convection of Newtonian fluids within a trapezoidal
enclosure with a flexible partition has recently been analyzed for different Rayleigh numbers by
Mehryan et al. [48] who also analyzed the flow-induced stresses on the flexible partition.

Several studies focused on the heat transfer behavior of Newtonian fluids in trapezoidal/non-
rectangular enclosures where natural convection and mixed convection (i.e., where both natural
and forced convection) have been analyzed for nanofluids and magnetohydrodynamic (MHD)
flows. Haq et al. [49] presented a computational analysis of natural convection of water-based car-
bon nanotubes in a trapezoidal enclosure partially heated from the horizontal bottom wall and
cooled by inclined sidewalls. They reported an augmentation of heat transfer due to natural convec-
tion of nanofluids involving carbon nanotubes [49]. This analysis was subsequently extended to
account for water based CuO nanofluids within trapezoidal enclosure where a heated obstacle is
placed at the center of the enclosure [50]. They reported a decrease in heat transfer rate with
increasing volume fraction of CuO nanoparticles. Saleh et al. [51] analyzed natural convection of
water–Cu and water–Al2O3 nanofluids in trapezoidal enclosures with differentially heated inclined
sidewalls and reported heat transfer enhancements due to the presence of nanoparticles. Esfe et al.
[52] analyzed Rayleigh-B�enard convection of carbon nanotubes within trapezoidal enclosures and
revealed that the mean Nusselt number decreases with increasing inclination angle for sidewalls for
small Rayleigh number values (� 104) but a non-monotonic trend of mean Nusselt number with
inclination angle is obtained for large Rayleigh numbers (� 106) for all solid volume fractions.
Ghoben and Hussein [53] considered unsteady natural convection of (Al2O3-water) nanofluids
inside a 3-D triangular cross-sectional enclosure, which was heated differentially with the vertical
walls kept at different constant temperatures, with and without internal cylinders in different
arrangements (i.e., no cylinder, single cylinder, double cylinder aligned, and double cylinder not
aligned). Ghoben and Hussein [53] found that a higher nanoparticle volume fraction leads to an
increase in Nusselt number, which also increases with increasing Rayleigh number. Moreover, for
the cases with internal cylinders, the average Nusselt number was greater for the case of double cyl-
inders than in the single cylinder arrangement. Hussein [54] investigated entropy generation of the
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mixed convection in a 3-D right-angle triangular air-filled enclosure where the flow field is signifi-
cantly influenced by the direction of the moving wall and that the Bejan number decreases with
increasing Richardson number. Laouira et al. [55] numerically investigated heat transfer characteris-
tics inside a horizontal channel with an open trapezoidal enclosure, which is subjected to different
lengths of heat sources. They found that the distribution of isotherms is significantly dependent on
the heat source length and both local and mean Nusselt numbers increase as the length of the heat
source increases [55]. Kareem et al. [56] numerically analyzed mixed convection in a 2-D trapez-
oidal lid-driven nanofluid filled enclosure heated from below and nanofluids have been found to
yield higher Nusselt number compared to pure water.

Hossain and Abdul Alim [57] numerically analyzed MHD mixed convection of Newtonian flu-
ids in trapezoidal enclosures heated from below and cooled by side walls and reported that
Rayleigh number, Prandtl number, Hartman number and inclination angle have significant effects
on the mean Nusselt number in this configuration. Gibanov et al. [58] computationally analyzed
natural convection of micropolar fluids in trapezoidal enclosures with heated bottom and cooled
inclined sidewalls and reported that the vortex viscosity parameter leads to attenuation of heat
transfer rate. Ahmed et al. [59] numerically investigated MHD mixed convection in trapezoidal
enclosures filled with water-based micropolar nanofluids in a configuration heated from below
and cooled by side walls and it was reported that the mean Nusselt number increases when
Richardson number decreases, and the nanoparticle solid volume fraction increases, but it
decreases as the length of the heat source at the bottom wall increases. Ali et al. [60] numerically
analyzed mixed MHD convection due to a rotating circular solid cylinder in a trapezoidal nano-
fluid filled enclosure which was saturated with a porous media. They found that the mean
Nusselt number rises with increasing Darcy number, Hartmann number, thermal conductivity
ratio and cylinder radius, but decreases with increasing Richardson number [60]. Hussein et al.
[61] considered laminar 2-D mixed convection in porous medium within a trapezoidal enclosure
with a rotating inner circular cylinder and a sinusoidal bottom wall for their numerical study.
They also found that Nusselt number increases with increasing Rayleigh and Darcy numbers,
solid volume fraction, inner cylinder radius and the angular rotational velocity of the cylinder,
while it decreases as the porous layer thickness and the number of undulations increase.

Despite the studies of heat transfer characteristics in different shaped cavities, with different
boundary conditions, for both natural and mixed convection in Newtonian and non-Newtonian
fluids, to the best of the authors’ knowledge, the natural convection in power-law fluids in a trap-
ezoidal enclosure with heated bottom wall, cooled inclined sidewalls and an adiabatic top wall is
yet to be analyzed in detail and a correlation for the mean Nusselt number in the aforementioned
configuration is yet to be proposed. However, this information is fundamentally important for
engineering applications ranging from electronic cooling to food and chemical processing to
name a few. This analysis fills the aforementioned gap in the existing literature. Therefore, the
objectives of the current study are as follows:

1. To investigate the influence of the geometry of the enclosure, nominal Rayleigh number Ra,
nominal Prandtl number Pr and power law index n on the steady laminar natural convection
behavior in power-law fluids in a trapezoidal enclosure with heat bottom wall, cooled
inclined sidewalls, and an adiabatic top wall.

2. To identify a correlation for the mean Nusselt number Nu in the considered configuration
across the range of Ra, Pr, n, and / examined for steady state laminar convection.

The remainder of the article is organized as follows. In the next section, the mathematical
background and numerical implementation pertaining to this analysis are presented. This is fol-
lowed by the presentation of results and their discussion. In the final section of this article, the
main findings are summarized, and conclusions are drawn.
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2. Mathematical background

The schematic of the configuration considered in the current analysis is provided in Figure 1a
where H is the height of the trapezium, L is the length of the bottom heated wall, and / is the
inclination angle of the sidewall. The heated bottom wall is kept at a temperature TH: The two
inclined sidewalls are kept at a temperature TC: It is assumed that TH > TC for the current ana-
lysis. The top wall is taken to be adiabatic. All walls are considered to be no-slip and impene-
trable. The flow is assumed to be laminar, incompressible, steady, and 2-D (i.e., the physical flow
domain is assumed to be an infinitely long channel and the third dimension is considered not to
affect the flow field). The conservation equations for mass, momentum, and energy take the fol-
lowing form for the current study [8–23]:

@ui=@xi ¼ 0 (1a)

quj @ui=@xj
� � ¼ � @p=@xi

� �þ d2iqgb TH � TCð Þ þ @sij=@xj (1b)

qujC @T=@xj
� � ¼ k @2T =@xj@xj

� �
(1c)

where ui (xi) is the ith component of velocity (spatial coordinate), q is density, p is pressure, g is
acceleration due to gravity, b is the volume expansion coefficient, sij is the stress tensor, C is spe-
cific heat, T is the temperature, and k is thermal conductivity. In Eqs. (1b) and (1c) the terms on
the left-hand side represent the contributions of advective transport. The first, second and third
terms on the right-hand side of Eq. (1b) represent the effects of forces due to pressure, buoyancy
and viscous stress, respectively. Equation (1c) represents the energy conservation equation for
small values of Eckert number, which is a standard assumption for the kind of non-Newtonian
fluid motion considered here [8–23], and the term on the right-hand side of Eq. (1c) represents
diffusion of thermal energy according to the Fourier’s law of heat conduction. In Eq. (1b), the
Kronecker delta d2i is employed to ensure that the buoyancy effect only occurs in the vertical

Figure 1. (a) Considered configuration, and (b) the nondimensional temperature h ¼ T � TCð Þ= TH � TCð Þ field for the Ra ¼ 106,
Pr ¼ 102, n ¼ 1:8, h ¼ 30� case with the mesh superimposed.
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direction (i.e., x2 direction). Here, the rheological behavior is approximated by a power-law
model, which leads to the following expression of the viscous stress rate tensor components sij
[2]:

sij ¼ laeij ¼ K eklekl=2ð Þ n�1ð Þ=2eij (2)

where eij ¼ @ui=@xj þ @uj=@xi
� �

is the rate of strain tensor, K is the consistency index and n is

the power-law index. Accordingly, la ¼ K eklekl=2ð Þ n�1ð Þ=2 is the apparent viscosity. It should be
noted that the subscripts of ‘k’ and ‘l’ in ekl of Eq. (2) are dummy indices indicating the summa-
tion operation over all possible values of ‘k’ and ‘l’ according to Einstein’s notation. Considering
la, it is evident that la decreases (increases) with increasing shear rate for n < 1 (n > 1).
Therefore, fluids with n ¼ 1 represent Newtonian fluids, whereas fluids with n < 1 (n > 1) repre-
sent shear-thinning (shear-thickening) fluids. According to Buckingham’s pi theorem, the Nusselt
number (defined as Nu ¼ hL=k where h ¼ qw= TH � TCð Þ is the local heat transfer coefficient
where qw is the wall heat flux at the bottom wall) can be expressed for the current configuration
as Nu ¼ f Ra,Pr, n, L=H,/ð Þ where the nominal Rayleigh number Ra, Grashof number Gr and
Prandtl number Pr for power-law fluids can be defined as [8–23]:

Ra ¼ gbDTL2nþ1= an K=qð Þ½ � ¼ Gr:Pr (3a)

Gr ¼ gbDTL4n�1= a2n�2 K=qð Þ2
� �

(3b)

Pr ¼ K=qð Þan�2L2�2n (3c)

where DT ¼ ðTH � TCÞ and a ¼ k=qC is the thermal diffusivity. It should be noted that in the
present study, the aspect ratio H=L is taken to be unity (i.e., H=L ¼ 1:0). Turan et al. [18] con-
ducted a detailed scaling analysis to predict the vertical velocity component, boundary layer thick-
ness, mean Nusselt number in the case of natural convection of power-law fluids in enclosed
spaces and the summary of that scaling analysis is presented in Table 1. The detailed derivation
of the scaling relations is provided elsewhere [18] and thus is not repeated here.

3. Numerical implementation

A finite-volume solver (i.e., ANSYS-Fluent) [62] has been used for solving the governing equa-
tions where a second-order upwind scheme (second-order central difference) has been employed
for the Discretization of convective (diffusive) terms. The coupling of velocity and pressure

Table 1. The scaling estimates of wall heat flux qw , characteristic vertical velocity #, thermal boundary layer thicknesses dth ,
Nusselt number Nu, effective viscosity leff , and effective Rayleigh number Raeff according to Turan et al. [18]. The function
f1ðRa, Pr, nÞ represents the ratio of the thicknesses of hydrodynamic and thermal boundary layer [18] and its exact form is not
relevant to the current analysis.

Quantity Scaling relations

Wall heat flux q q � kDT=dth � hDT
Characteristic vertical velocity scale # # � ffiffiffiffiffiffiffiffiffiffiffiffiffi

gbDTL
p

Thermal boundary layer thickness dth
dth � min L, 1

f1ðRa, Pr, nÞ
KLðgbDTLÞn=2�1

q

� � 1
nþ1

	 


� min L, 1
f1ðRa, Pr, nÞ

L

ðRa2�nPr�nÞ
1

2ðnþ1Þ

	 


Nusselt number Nu Nu � h:L
k � L

dth
� L

d f1 when Nu > 1

Nu � ðRa2�n
CWTPr

�nÞ 1
2ðnþ1Þf1ðRaCWT , Pr, nÞ

Effective viscosity leff � Kð#=dÞn�1

leff � q K
q

� � 2
nþ1 ðgbDTLÞ3ðn�1Þ=2ðnþ1Þ

Lðn�1Þ=ðnþ1Þ

Effective Rayleigh number Raeff RaCWT, eff ¼ q2gbDTL3

l2eff

leff cp
k � Ra

5�n
2nþ2Pr

1�n
2nþ2
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components is achieved using the SIMPLE (Semi-Implicit Method for Pressure-Linked Equations)
algorithm [63] and the convergence criteria was set to 10�6 for all relative (scaled) residuals. The
boundary conditions are: T ¼ TH , u1 ¼ u2 ¼ 0 at the bottom wall; T ¼ TC, u1 ¼ u2 ¼ 0 at the
sidewalls and @T=@y ¼ 0, u1 ¼ u2 ¼ 0 at the top wall. The parameters considered are: Ra ¼
103, 104, 105; n ¼ 0:6, 0:8, 1:0, 1:2, 1:4, 1:6, 1:8; Pr ¼ 10, 102, 103 and / ¼ 0

�
, 30

�
, 45

�
, 60

�
: It

should be noted that the values of / allow us to analyze a range of different geometries. The cur-
rent analysis deals with steady-state laminar natural convection and that is why the highest value
of the nominal Rayleigh number Ra for the current analysis is limited to 105: For Ra < 103, the
thermal transport is driven by conduction because the advective transport becomes too weak to
affect the heat transfer rate so nominal Rayleigh number values smaller than 103 are not consid-
ered. The range of the values of n encompasses shear-thinning (i.e., n < 1), Newtonian (i.e.,
n ¼ 1) and shear-thickening (i.e., n > 1) fluids. For n ¼ 1:8, the advective transport becomes too
weak to affect thermal transport and the thermal transport takes place almost due to thermal con-
duction. Thus, the results for n > 1:8 for the nominal Rayleigh and Prandtl number values con-
sidered here are going to be similar to n ¼ 1:8 results and therefore are not considered. The

effective Rayleigh number according to the scaling arguments by Turan et al. [8] becomes Raeff �
Ra

5�n
2nþ2Pr

1�n
2nþ2 (where leff is the effective viscosity), which suggests that the effective Rayleigh num-

ber can be much larger than the nominal Rayleigh number Ra for small values of n for shear-
thinning fluids so that a steady-state laminar solution may not exist. Thus, n values smaller than
0.6 are not considered in this analysis. However, the range 0:6 � n � 1:8 encompasses several
non-Newtonian fluids and is consistent with several previous analyses [3, 4, 8–23]. Non-
Newtonian fluids typically exhibit large values of Prandtl number (i.e., Pr � 1) and can be in the
range 10 � Pr � 103 [1] and therefore Prandtl number values Pr ¼ 10, 102, 103 are considered in
this analysis for the purpose of numerical experimentation. The matrix of parameters results in
252 simulations. A mesh independence analysis has been carried out with a non-uniform unstruc-
tured triangular mesh of 22,500 cells (shown in Figure 1b) being selected. It should be noted that,
as part of the mesh independence analysis, four different mesh sizes were considered (i.e., 50�
50, 100� 100, 150� 150, and 200� 200). Moreover, different mesh structures were considered
(i.e., non-uniform unstructured triangular mesh, structured triangular mesh, unstructured quadri-
lateral mesh, and structured quadrilateral mesh). The chosen mesh provides agreement of the
mean Nusselt number on the hot wall to within 2% with a mesh of 30,625 cells but with a 26%
reduction in computational cost, giving a balance between the accuracy and cost for the paramet-
ric investigation. It should be noted that the smallest cell size D used across all geometries is D ¼
0:005m: For all the simulations, the maximum and minimum limits of viscosity are taken to be
lmax ¼ 103ln¼1 and lmin ¼ 10�3ln¼1, respectively where ln¼1 is the viscosity of the Newtonian
fluid for the same nominal value of Ra and Pr: It has been found that lmin < l < lmax are main-
tained in all the simulations and thus the simulation results remain independent of the choices of
lmin and lmax: The currently considered numerical implementations have been compared against
benchmarks with the natural convection of Newtonian fluids in a square enclosure (i.e., / ¼ 0

�
)

with differentially heated sidewalls [27] and natural convection heat transfer in a trapezoidal cav-
ity with differentially heated sides [44]. For both benchmark studies, satisfactory agreements (i.e.,
typically within 0.5% but, at most, 2% across all benchmark cases) were obtained with Tables 2
and 3 showing the results of the first and second benchmark studies, respectively. The distribu-
tions of the nondimensional temperature h ¼ T � TCð Þ= TH � TCð Þ and nondimensional stream
function W ¼ w=a for the benchmark problems related to natural convection of Newtonian fluids
in a square enclosure with differentially heated sides [27] and natural convection heat transfer in
a trapezoidal enclosure with differentially heated vertical sides [44] are shown in Figures 2 and 3,
respectively. The spatial distributions of h and W shown in Figures 2 and 3 are found to be both
qualitatively and quantitatively similar to those reported by de Vahl Davis [27] and Moukalled
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and Darwish [44], respectively. Further information related to benchmarking of the numerical
schemes used in the current study for power-law fluids is provided elsewhere [18] and interested
readers are referred to Turan et al. [18] for this information.

4. Results and discussion

In this section, the effects of Ra, n, Pr, and / on the heat transfer behavior of power-law fluids
in a trapezoidal enclosure are explored. The observed effects are accounted for by a correlation
for the mean Nusselt number Nu across the range of parameters considered in the current study.

4.1. Effects of Rayleigh number Ra

The variations of the mean Nusselt number Nu ¼ L�1
Ð L
0 Nu dx for the bottom wall with nominal

Rayleigh number Ra across the range of considered power-law index n values for Pr ¼ 102 and
/ ¼ 0�, 30�, 45�, and 60� are shown in Figure 4. The spatial distributions of the local Nusselt
number Nu on the bottom wall for Ra ¼ 103 and 105 are exemplarily shown in Figure 5 for n ¼
0:6, 1:0, and 1.8, Pr ¼ 102 and / ¼ 30�: The trends are qualitatively similar for other values of
Ra, Pr, and / and thus are not explicitly shown for the sake of conciseness. It is evident from
Figure 5 that the local value of Nusselt number remains high at both ends of the bottom wall
and small values of the local Nusselt number is obtained at the middle of the bottom wall. Both
ends of hot bottom wall are in the proximity of the cold inclined wall in this configuration and
thus the temperature gradient assumes high magnitudes at the ends of the bottom wall and the

Table 2. Values of Nu , Numax, Umax, and Vmax at Ra ¼ 103, 104, 105, and 106 for the current numerical implementation com-
pared to the results by de Vahl Davis [27].

Ra Quantity Present study Benchmark [27] % Difference

103 Nu 1.118 1.118 0.0000
Numax 1.506 1.505 0.0664
Umax 3.652 3.649 0.0822
Vmax 3.701 3.697 0.1082

104 Nu 2.245 2.243 0.0892
Numax 3.532 3.528 0.1134
Umax 16.203 16.178 0.1545
Vmax 19.670 19.617 0.2702

105 Nu 4.524 4.519 0.1106
Numax 7.731 7.717 0.1814
Umax 34.742 34.730 0.0346
Vmax 68.596 68.590 0.0087

106 Nu 8.839 8.800 0.4432
Numax 17.612 17.925 1.7461
Umax 64.965 64.63 0.5183
Vmax 220.800 219.360 0.6565

Table 3. Values of Nu at Ra ¼ 103, 104, and 105 for the current numerical implementation compared to the results by
Moukalled and Darwish [44].

Pr Quantity Present study Benchmark [44] % Difference

0:7 103 0.713 0.715 0.300
104 2.478 2.480 0.063
105 5.474 5.476 0.028

10 103 0.717 0.719 0.316
104 2.663 2.666 0.123
105 6.102 6.102 0.007

130 103 0.717 0.719 0.306
104 2.667 2.670 0.107
105 6.125 6.125 0.000
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Figure 2. Distributions of nondimensional temperature h ¼ T � TCð Þ= TH � TCð Þ for (a) Ra ¼ 103, (b) Ra ¼ 104, (c) Ra ¼ 105,
and (d) Ra ¼ 106, and nondimensional stream function W ¼ w=a for (d) Ra ¼ 103, (e) Ra ¼ 104, (f) Ra ¼ 105, and (g) Ra ¼
106 for the benchmark problem [27].
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lowest at the center of the bottom wall because the vertical temperature gradient is the smallest at
this point due to this point being the farthest from the cold walls and the horizontal gradient dis-
appears owing to symmetry. The variation of the wall-normal temperature gradient magnitude on
the bottom hot wall can further be appreciated from Figure 6 where the distributions of the non-
dimensional temperature h ¼ T � TCð Þ= TH � TCð Þ are exemplarily shown for n ¼ 0:6, 1:0 and
1:8 at Ra ¼ 103 and 105 in the case of Pr ¼ 102: It is evident from Figures 4 and 5 that, for a
given set of values of Pr and /, the mean Nusselt number Nu increases with increasing nominal
Rayleigh number Ra: This is consistent with scaling estimates presented in Table 1, which sug-
gests an increasing trend of Nu with increasing nominal Rayleigh number Ra: It can be seen
from Figure 6 that an increase in Ra for a given value of n leads to a more uniform distribution
of h within the middle of the enclosure and a thinner thermal boundary layer next to the active
walls leading to an increase in both local and mean Nusselt numbers (see Figures 4 and 5 and
scaling estimate in Table 1). The increase in Nusselt number with increasing Rayleigh number Ra
is a result of the strengthening of advective transport. This can be confirmed from the distribu-
tions of the nondimensional vertical velocity U2 ¼ u2:L=a, which are shown exemplarily for n ¼
0:6, 1:0, and 1:8 at Ra ¼ 103 and 105 in the case of Pr ¼ 102 in Figure 7. It is evident from

Figure 3. Distributions of nondimensional temperature h ¼ T � TCð Þ= TH � TCð Þ for (a) Ra ¼ 103, (b) Ra ¼ 104, (c) Ra ¼ 105,
and (d) Ra ¼ 106, and nondimensional stream function W ¼ w=a for (e) Ra ¼ 103, (f) Ra ¼ 104, (g) Ra ¼ 105, and (h) Ra ¼
106 for the benchmark problem [44].
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Figure 7 that the magnitude of U2 increases with increasing Ra, for a given value of n, due to
strengthening of buoyancy forces relative to the viscous forces, which in turn leads to the aug-
mentation of advective transport. The relative strength of the buoyancy force increases with
increasing Ra, and therefore, advective transport plays an increasingly significant role in the over-
all heat transfer relative to thermal diffusion, and accordingly, the mean Nusselt number
Nu increases.

4.2. Effects of power-law index n

It can be seen from Figures 4 and 5 that the increases in both mean and local Nusselt numbers
with increasing Ra occur across all values of power-law index n considered. Furthermore, Nu
increases with decreasing n for a given value of Ra: The variations of the mean Nusselt number
Nu with power-law index n across the range for / ¼ 0�, 30�, 45�, and 60� where Pr ¼ 102 for

Figure 4. The variations of the mean Nusselt number Nu of the bottom wall with Rayleigh number Ra for power-law indices
n ¼ 0:6, 0:8, 1:0, 1:2, 1:4, 1:6, and 1:8 where Prandtl number Pr ¼ 102 for inclination angle / of (a) / ¼ 0� , (b) / ¼ 30� , (c)
/ ¼ 45� , and (d) / ¼ 60�:

Figure 5. Spatial distributions of local Nusselt Number Nu on the bottom wall for (a) Ra ¼ 103 and (b) Ra ¼ 105 on the bottom
wall for n ¼ 0:6, 1:0, and 1.8, Pr ¼ 102 and / ¼ 30�:
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Ra ¼ 103, 104, and 105 are shown in Figures 8a–8c, respectively. It is evident from Figures 8a–8c
that, for a given set of values of Ra, Pr, and /, the mean Nusselt number Nu decreases
with increasing power-law index n, which is also consistent with scaling estimates presented in

Figure 6. The distributions of nondimensional temperature h ¼ T � TCð Þ= TH � TCð Þ for Prandtl number Pr ¼ 102 and inclination
angle / ¼ 30� for (a) n ¼ 0:6, Ra ¼ 103, (b) n ¼ 1:0, Ra ¼ 103, (c) n ¼ 1:8, Ra ¼ 103, (d) n ¼ 0:6, Ra ¼ 105, (e) n ¼ 1:0,
Ra ¼ 105, and (f) n ¼ 1:8, Ra ¼ 105:

Figure 7. The distributions of nondimensional vertical velocity U2 ¼ u2:L=a for Prandtl Pr ¼ 102 and inclination angle / ¼ 30�

for (a) n ¼ 0:6, Ra ¼ 103, (b) n ¼ 1:0, Ra ¼ 103, (c) n ¼ 1:8, Ra ¼ 103, (d) n ¼ 0:6, Ra ¼ 105, (e) n ¼ 1:0, Ra ¼ 105, and (f)
n ¼ 1:8, Ra ¼ 105: It should be noted that the colourbar axis are different in each subfigure due to the wide variations in mag-
nitude of U2 for the considered cases.
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Table 1. Furthermore, the rate of reduction of Nu with increasing n is relatively high for shear-
thinning fluids (i.e., 0:6 < n < 1). As n increases from n ¼ 1:0 to n ¼ 1:8, the rate of reduction
in Nu becomes gradual until settling toward a Nusselt number value which is obtained for pure
conductive transport for large values of n: The increase in the magnitude of the local Nusselt
number Nu with decreasing n for a given value of nominal Rayleigh number can also be seen
from Figure 4 but this trend is particularly strong for high values of Ra: The variations of U2 and
h along the vertical midplane are exemplarily shown for n ¼ 0:6, 1:0, and 1:8 at Ra ¼ 103 and
105 in the case of Pr ¼ 102 in Figure 9. It can be appreciated from h variations with y=L in
Figures 9a–9c that the temperature gradient at the heated bottom wall (i.e., y=L ¼ 0) increases
with decreasing n for Ra ¼ 105, which is reflected in marked increases in Nu and Nu for this
nominal Rayleigh number (see Figures 4 and 8). This is also consistent with the scaling analysis
predictions of the thermal boundary layer thickness and Nusselt number presented in Table 1.
Moreover, h variations with y=L in Figures 9a–9c indicate that the vertical temperature gradients
at the heated bottom wall (i.e., y=L ¼ 0) are comparable for different values of n for Ra ¼ 103,
which are reflected in the similar values of local and mean Nusselt numbers (see Figures 4 and
8). It can further be seen from Figures 9d–9f that the magnitude of U2 increases with decreasing
n for a given value of Ra along with marked increases in U2 magnitude with increasing Ra for a
given value of n: This demonstrates strengthening of advective transport with decreasing n due to
the weakening of viscous resistance and increasing Ra due to strengthening of buoyancy effects.
This is also reflected in the decreases in U2 magnitude with increasing n, for a given value of

Figure 8. The variations of the mean Nusselt number Nu of the bottom wall with power-law index n across the range for inclin-
ation angles / ¼ 0� , 30� , 45� , and 60� where Prandtl number Pr ¼ 102 for Rayleigh number Ra of (a) Ra ¼ 103, (b) Ra ¼ 104,
and (c) Ra ¼ 105: The dashed lines indicate the values of the mean Nusselt number Nu for pure conduction for the correspond-
ing inclination angle /:
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Ra, in Figure 6 due to the strengthening of viscous forces due to the shear-thickening effects,
leading to greater contribution of conduction to the overall thermal transport. Therefore, a
decrease in n for a given value of Ra leads to a more uniform distribution of h at the core of the
enclosure and thinner thermal boundary layer, as evident from Figure 6, which leads to a higher
value of local and mean Nusselt numbers (see Figures 4 and 8).

4.3. Effects of Prandtl number Pr

The variations of the mean Nusselt number Nu with Prandtl number Pr across the range of con-
sidered power index n values for Ra ¼ 105 and / ¼ 0�, 30�, 45�, and 60� are exemplarily shown
in Figure 10 and the same qualitative behavior was observed for other values of Ra: It can be
seen from Figure 10 that, for a given set of values of Ra, n, and /, Nu does not vary signifi-
cantly with increasing Pr: This observation is consistent with previous analyses of different con-
figurations [8–15, 19–23]. However, the influence of Pr was slightly noticeable in the mean
Nusselt number for shear thinning fluids with small values of n (i.e., n ¼ 0:6). It should be noted
that the thermal boundary layer dth is expected to be thinner than the hydrodynamic boundary
layer d (i.e., d � dth) when Pr � 1: Non-Newtonian fluids typically have Prandtl numbers much
larger than unity (i.e., Pr � 1). The relative balances of inertial and viscous forces govern the
transport behavior within the hydrodynamic boundary layer outside the thermal boundary layer
[64]. Thus, a modification in Prandtl number for Pr � 1 acts to modify the relative balance
between viscous and inertial forces in natural convection for a major part of the hydrodynamic
boundary layer, whereas the thermal transport within the thermal boundary layer is marginally

Figure 9. Variations of U2 at (a) Ra ¼ 103 and (b) Ra ¼ 105 and h at (c) Ra ¼ 103 and (d) Ra ¼ 105 along the vertical midplane
for n ¼ 0:6, 1:0, and 1:8 in the case of Pr ¼ 102:
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affected [64]. As a result, the mean Nusselt number Nu does not demonstrate any significant
Prandtl number Pr dependence where Pr � 1: The hydrodynamic boundary layer is, for the
power-law indices considered here, the thinnest for n ¼ 0:6 and, therefore, d assumes a value
closer to dth in this case where the heat transfer is slightly affected by the competition between
inertial and viscous forces.

4.4. Effects of angle of inclination of cooled side walls /

The variations of the mean Nusselt number Nu with inclination angle / for different values of n
for Pr ¼ 102 are exemplarily shown in Figures 11a–11c for Ra ¼ 103, 104, and 105, respectively.
It is evident from Figures 11a–11c that Nu decreases with increasing / which is due to the walls
at temperature TC (i.e., cold walls, inclined to the vertical) becoming longer leading to greater
area for losing heat from the cavity and, therefore, a smaller amount of heat flux is needed for
higher values of / to maintain the same DT ¼ ðTH � TCÞ: However, the observed reduction in
Nu with / is small and, furthermore, the variations of Nu with / have mostly similar gradients
for all power-law indices, and the effect of / on Nu is relatively weak compared to its Ra and n
dependences.

4.5. Mean Nusselt number Nu correlation

A correlation for the mean Nusselt number Nu is proposed here based upon the scaling argu-
ments of Turan et al. [18] in the following manner:

Nu ¼ C1: Ra
2�n=Prn

� �1= 2nþ2ð Þ
:nC2 for C1: Ra

2�n=Prn
� �1= 2nþ2ð Þ

:nC2 > 1 (4a)

Nu ¼ 1:0 for C1: Ra
2�n=Prn

� �1= 2nþ2ð Þ
:nC2 � 1 (4b)

Figure 10. The variations of the mean Nusselt number Nu of the bottom wall with nominal Prandtl number Pr for different val-
ues of power-law index n at Rayleigh number Ra ¼ 105 for inclination angle / of (a) / ¼ 0� , (b) / ¼ 30� , (c) / ¼ 45� , and
(d) / ¼ 60�:
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where C1 and C2 are model parameters with C1 ¼ 2:0 1:3�/½rad�ð Þ and C2 ¼ 0:4 Ra0:18½ � for n < 1,

and C1 ¼ 1:56 Ra�0:18ð Þ Pr0:5ð Þ 1:5�/ rad½ �ð Þ and C2 ¼ 1:93 Ra0:07ð Þ 1:025�/ rad½ �ð Þ for n 	 1: It is evi-
dent from Figures 12a–12d that Eq. (4) adequately captures the qualitative and quantitative
behavior of the mean Nusselt number Nu across the range of Rayleigh numbers Ra, power-law
index n, Prandtl number Pr, and inclination angle / with a coefficient of determination R2

greater than 0.97 (i.e., R2 > 0:97).

5. Conclusions

Steady-state laminar natural convection of power-law fluids in 2-D trapezoidal enclosures with a
heated bottom wall, adiabatic top and cooled inclined sidewalls has been analyzed based on
numerical simulations for the very first time for a range of different values of nominal Rayleigh
number Ra (i.e., Ra ¼ 103, 104, and 105), Prandtl number Pr (i.e., Pr ¼ 101, 102, and 103),
power-law index n (i.e., n ¼ 0:6, 0:8, 1:0, 1:2, 1:4, 1:6, and 1:8) and / (i.e., / ¼ 0�, 30�, 45�

and 60�). The main findings of this study are as follows:


 The mean Nusselt number Nu has been observed to increase with increasing Ra (up to a
187% increase for n ¼ 0:6 and up to 2.3% increase for n ¼ 1:8 between Ra ¼ 103 and 105)
due to the strengthening of advective transport contribution to the overall heat transfer.
Moreover, the value of Nu was found to increase with decreasing n (up to a 4.1% increase for
Ra ¼ 103 and up to 193% increase for Ra ¼ 105 between n ¼ 0:6 and 1.8) due to the strength-
ening of buoyancy forces in comparison to the viscous forces in the shear-thinning fluids.

Figure 11. The variations of the mean Nusselt number Nu of the bottom wall with inclination angle / for power-law indices
n ¼ 0:6, 0:8, 1:0, 1:2, 1:4, 1:6, and 1:8 where Prandtl number Pr ¼ 102 for Rayleigh number Ra of (a) Ra ¼ 103, (b) Ra ¼ 104,
and (c) Ra ¼ 105:

NUMERICAL HEAT TRANSFER, PART A: APPLICATIONS 785




 However, an increase in the sidewall inclination / leads to a decrease in Nu (approximately
44% decrease for Ra ¼ 103 across values of n and up to 33% decrease for Ra ¼ 105 across val-
ues of n) due to an increase in the length of the cooled walls, leading to greater area for losing
heat from the enclosure and therefore a smaller amount of heat flux is needed for higher val-
ues of / to maintain the same temperature difference DT:


 It has been found that Nu does not vary significantly for the values of Pr considered.

Detailed physical explanations have been provided for the aforementioned trends.
Furthermore, a new correlation for Nu has been proposed for natural convection in trapezoidal
enclosures with a heated bottom wall, cooled inclined sidewalls, and an adiabatic top wall
accounting for the range of Ra, n, Pr, and / considered here. The correlation was shown to sat-
isfactorily predict the corresponding Nu values obtained from the simulations. This information
can be important for engineering applications ranging from electronic cooling to food and chem-
ical processing to name a few.
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Figure 12. The variations of mean Nusselt number Nu of the bottom wall with Rayleigh number Ra for power-law indices n ¼
0:6, 1:0, and 1:8 where Prandtl number Pr ¼ 102 from the simulations (i.e. Sim.) with the values of the Eq. (4) correlation (i.e.
Corr.) values for inclination angle / of (a) / ¼ 0� , (b) / ¼ 30� , (c) / ¼ 45� , and (d) / ¼ 60�:
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