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Abstract

Low cost video sensors used for streaming video signals to help firefighters, require high bit
rate due to uncompressed images. To increase spectral efficiency given a limited bandwidth,
very high order constellations in high signal to noise ratio regimes can be used. However,
noise is not the only factor effecting the high order constellations. These constellations
are also sensitive to hardware impairments and system non-linearities. Therefore, in this
paper, the effect of carrier frequency offset (CFO) on the performance of an orthogo-
nal frequency division multiplexing (OFDM) system with high order quadrature amplitude
modulation (QAM) is studied. A closed form expression is derived for the maximum nor-
malized residual CFO that an OFDM system with M -QAM constellation can resist to have
an error free symbol detection. Finally, the suitability of common previous CFO estima-
tion techniques such as the cyclic prefix based technique and the Moose technique in these
systems are investigate. The results show that the maximum residual CFO that an OFDM

system with M -QAM constellation can resist is proportional to the inverse of
√

M − 1.
The results also show that very large order QAM constellations such as 4096-QAM are very
sensitive to even small residual CFO values and their performance degrades, significantly.
However, the bit error rate analysis indicate that the Moose CFO estimation technique can
be used in these systems to compensate the CFO effect, accurately.

1 INTRODUCTION

In a modern decision support system (DSS) low cost and recon-
figurable IoT sensors are required. Wireless sensor networks
(WSNs) are used in past years especially in the important area
of detection of new wildfire ignitions and spots, as soon as pos-
sible [1]. The multisensor node includes infrared (IR) cameras
to classify the fire front and spot fires. But, these sensors must
be low cost since a huge number of sensors distributed over the
terrain are required to cover the very large forest areas, which
leads to many difficulties, since they are destroyed or need to
be repaired due to the wildfires very high temperature in a very
large area [2, 3].

The current generation of IR cameras achieves high-speed
and high-resolution thermal imaging making them important
tools in critical scenarios as in the case of firefighting emergen-
cies or rescue missions. As shown in Figure 1, these IR cameras
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are added to the multisensory IoT nodes which can be installed
in the vehicles involved in fire suppression, helping, and reduc-
ing the subjectivity of human-dependent analysis. The IR data
imaging collected in real time provides important information
that must be processed by high computing facilities to obtain
advanced real-time fire classification that combined with other
sensor data, can be used to predict fire evolution on the field.
Due to the limited computing capabilities at the remote IoT
node, all the IR raw imaging data must be sent wirelessly to the
DSS cloud server.

Compared to other sensors included in the IoT sensing note,
which only require connections with low transmission rates, the
huge amount of data associated with the IR images requires the
use of high-speed links. Since the typical bandwidth available
in these types of applications is low, the development of new
techniques using high QAM constellations is needed to support
high video data rate and maintain the remaining characteristics
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FIGURE 1 The incorporation of high-resolution and high-speed infrared cameras demands high data rates in the wireless communication link.

of the remote IoT nodes, namely, flexibility. However, to have
a cost effective network, low complexity sensors with no codec
have to be used. Therefore, we have uncompressed images with
large bit rate to be transmitted. One solution to increase spec-
tral efficiency given a limited bandwidth is to use high order
constellations in high signal to noise ratio (SNR) regimes [4, 5].
Thus, the investigation of new techniques high QAM constella-
tions for low cost sensor and high video data rate is the main
motivation for the investigation proposed in this paper.

High order constellations are very sensitive to system non-
linearity due to the closeness of the modulated symbols.
Therefore, it is crucial to study the performance of these con-
stellations in the presence of different hardware impairments.
One of the common and inevitable hardware impairments in
communication systems is the carrier frequency offset (CFO).
Therefore, in this paper we will first study the performance of
these systems in the presence of residual CFO and see how
severe can this effect be. To have a good insight on the effect of
CFO on different orders of M -QAM constellation, we derive a
closed form expression for the maximum CFO that an M -QAM
constellation in an OFDM system can have in order to have
an error free detection. Later we investigate whether the previ-
ous CFO estimation techniques are sufficient for these systems
or better estimation techniques have to be proposed. There are
many estimation techniques proposed for CFO in the literature
[6–16]. In this paper we will specifically investigate two common
CFO estimation techniques named the Moose technique [6] and
the cyclic prefix (CP) based technique [7]. Our results show that
the performance of very high order constellations such as 4096-
QAM is degraded significantly, even for small residual CFO
values. The theoretical analysis show that the maximum normal-

ized CFO that an M -QAM constellation in an OFDM system
can have for an error free symbol detection is inversely pro-

portional to
√

M − 1. The results show the superiority of the
Moose technique compared to the CP based technique, specially
at large constellation orders. In fact, the results show that the
Moose technique can estimate the CFO, accurately in these sys-
tems and there is no need for new complicated CFO estimation
techniques to be proposed.

The paper is organized as follows. Section 2 reviews the high
QAM constellation models and research, Section 3 describes the
system model. In Section 4 analytical study on the effect of CFO
on the system performance with large constellations is done.
Also a closed form expression for the maximum CFO that an
M -QAM constellation in an OFDM system can resist is derived.
Section 5 introduces two common CFO estimation techniques.
Section 6 evaluates the system performance through simula-
tions and demonstrates how effective can the previous CFO
estimation techniques be. Finally, in Section 7 the conclusions
are drawn.

2 HIGH ORDER QAM
CONSTELLATIONS

Recently, there has been a great interest in high order constel-
lations and some studies have been done on different forms
of quadrature amplitude modulation (QAM) constellations [4,
17–21]. The different models that exist for QAM constella-
tion are square QAM (SQAM), rectangular QAM (RQAM), star
QAM, cross QAM (XQAM), and hexagonal QAM (HQAM). In
[4] a comparative study on various QAM constellation models
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1120 MOKHTARI ET AL.

with different constellation orders has been done. The com-
parison is done in terms of average energy, peak to average
power ratio, symbol error rate, bit mapping etc. In ref. [17]
the authors have proposed a generalized semi definite program-
ming relaxation based virtually antipodal detection approach for
Gray-coded high order RQAM constellation in multiple input
multiple output (MIMO) channels. In this paper, the structural
regularity of Gray-coded high order RQAM is used to transform
the symbol based MIMO detection model to a low complexity
bit based detection model. To enhance the spectral efficiency
of LTE system, 256-QAM was introduced in the 3GPP stan-
dard release 12.3. Therefore, ref. [18] studied the performance
of LTE with 256-QAM constellation through MATLAB simu-
lations. In ref. [19] the authors derived symbol error probability
for orthogonal frequency division multiplexing (OFDM) sys-
tems with XQAM constellation with constellation order up to
512 over Gaussian and impulsive noise. In ref. [20], perfor-
mance of HQAM, XQAM, and RQAM is studied for multi
relay systems, by considering imperfect channel estimation and
non-linear power amplifier at each relay. The application of
QAM and adaptive modulation in free space optics (FSO) has
been studied in ref. [21] and the results show the superiority
of HQAM for a mixed radio frequency/FSO based relay net-
work. In ref, [22] a MIMO detection algorithm for high-order
QAM modulation single carrier transmissions in time disper-
sive channels has been proposed using a generalized form of
the alternating direction method of multipliers (ADMM). The
results indicate the suitability of the proposed technique for sys-
tems with high-order QAM modulation and large number of
antennas. The authors in ref. [23] have also proposed two high
order QAM detectors for uplink massive MIMO systems based
on the penalty sharing ADMM. In ref. [24] a high-order QAM
modulation and demodulation system, which controls the RF
transceiver AD9361 based on FPGA has been proposed and the
simulation experiments show the effectiveness of the system.

As it is clear, there is not much effort done on studying
OFDM systems with very large order QAM constellations in
the presence of hardware impairments. In wireless communica-
tion, to have a cost effective system, cheaper hardware are used.
Using low cost hardware results in hardware impairments and
system non-linearity which degrades the system performance.
High order QAM constellations are sensitive to system non-
linearity due to the closeness of the modulated symbols. CFO
is one of the hardware impairments that is caused due to the
mismatch between the local oscillators of the transmitter and
the receiver. To the best of our knowledge there is no study on
OFDM systems with very large order QAM constellations such
as 4096-QAM in the presence of CFO, which is the main focus
of this paper.

3 SYSTEM MODEL

Figure 2 shows the block diagram of an OFDM transmitter
and receiver. Assume a = [a0, a1, … , aP−1] is the data bit vec-
tor to be transmitted, where P is the number of bits. The bits
are passed through an LDPC encoder and then interleaved. The

resulting bits will be b = [b0, b1, … , bQ−1], where Q = P∕rc and
rc is the LDPC code rate. Next, the coded bits are modulated
with M -QAM modulation and the modulated symbols are S =
[S0, S1, … , SN−1], where N = Q∕ log2(M ) is the number of sub-
carriers in frequency domain that carry the data. After the data
symbols are modulated in frequency domain they are passed
through an inverse fast Fourier transform (IFFT) block as

sn =

N−1∑
k=0

Ske
− j2𝜋kn

N , n = 0, … ,N − 1 (1)

and a cyclic prefix is added to the OFDM symbol in time
domain. Therefore, the transmitted signal is

x = [x−Ncp
, … , x−1, x0, x1, … , xN ]

= [sN−Ncp
, … , sN−1, s0, s1, … , sN−1];

(2)

where Ncp is the length of the CP. The signal is then passed
through the channel and the nth time domain sample of the
received signal, at the receiver side, is as

yn =

L−1∑
l=0

h(l )x(n − l ) + wn, n = −Ncp, … ,N − 1 (3)

where h(l ) represents the l -path of the multipath Rayleigh fad-
ing channel and wn is the Gaussian noise for the nth time domain
sample. The received signal is then passed through an N -point
FFT block and the resulting signal in frequency domain will be

Yk =
1
N

N−1∑
n=0

yne
j2𝜋kn

N , k = 0, 1, … ,N − 1. (4)

Yk can be rewritten as

Yk = HkSk +Wk, (5)

where, Hk and Wk are the channel coefficient and noise in fre-
quency domain for the kth subcarrier. The resulting signal is
then equalized in frequency domain with a single tap equalizer
to compensate the effect of the channel as

Ỹk = VkYk = VkHkSk +VkWk, (6)

where, Vk is the equalizer coefficient for subcarrier k. Next, the
equalized symbols of each subcarrier are softly demodulated
and their log-likelihood ratio (LLR) are computed. The LLRs
are then given to the interleaver and LDPC decoder and the
resulting data bits (â) are extracted.

4 ANALYTICAL STUDY OF CFO
EFFECT

In this section we explain the effect of CFO on OFDM sys-
tems to later see how severe this effect can be in very high order
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MOKHTARI ET AL. 1121

FIGURE 2 Block diagram of an OFDM transceiver.

constellations. Also, to have a good insight, we derive a closed
form expression for the maximum normalized residual CFO
that an M -QAM constellation in an OFDM system can have
to have an error free detection.

4.1 CFO effect

In wireless communication systems, CFO occurs due to the
mismatch between the transmitter and the receiver’s local oscil-
lators. OFDM systems are more sensitive to CFO than single
carrier systems, since the orthogonality of the subcarriers is
destroyed in the presence of CFO.

In the presence of CFO, Equation (3) will be as

yn =

L−1∑
l=0

h(l )x(n − l )e
j2𝜋𝜖n

N + wne
j2𝜋𝜖n

N , (7)

where 𝜖 is the normalized CFO with respect to subcarrier
spacing. Therefore, in the frequency domain we will have

Yk =

N−1∑
m=0

Cm−k(HmSm +Wm )

= C0HkSk +

N−1∑
m=0,m≠k

Cm−kHmSm + W̃k,

(8)

where,

Cm−k =
1
N

N−1∑
i=0

exp

(
j2𝜋i (m − k + 𝜖)

N

)
(9)

and W̃k is the effective noise on subcarrier k defined as

W̃k =

N−1∑
m=0

Cm−kWm.

In Equation (8), the first term is the desired symbol of subcarrier
k and the second term is the distortion caused by symbols of
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FIGURE 3 symbols of a 64-QAM constellation with no CFO.

the other subcarriers on subcarrier k due to the CFO. This term
is called the inter carrier interference (ICI) term. Higher order
constellations are more sensitive to system non-linearities and
noise, since the symbols in the constellation are closer to each
other. To see only the effect of CFO on the constellations and
have an insight on how severe this effect can be, in the following
we assume no channel and noise and consider only the CFO
effect. Therefore, after the FFT block in the OFDM receiver
we have

Yk = Ŝ k = C0Sk +

N−1∑
m=0,m≠k

Cm−kSm, (10)

Figures 3 and 4 show the modulated symbols of a 64-QAM con-
stellation in the case of no CFO and the case of system hit by
CFO equal to 𝜖 = 0.01, respectively. Figures 5 and 6 show the
modulated symbols of a 4096-QAM constellation in the case
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1122 MOKHTARI ET AL.
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FIGURE 4 symbols of a 64-QAM constellation hit by CFO 𝜖 = 0.01.
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FIGURE 5 Symbols of a 4096-QAM constellation with no CFO.

of no CFO and the case where we have normalized CFO of
𝜖 = 0.01, respectively.

From Figures 3 and 4 it is clear that the CFO has caused a
distortion due to phase rotation and ICI on the constellation.
However, it seems we still have some information of the original
data. By comparing Figures 4 and 6 we can see that the effect of
CFO on 4096-QAM is much more severe than 64-QAM and
the constellation looks like a noise and we have lost information
of the original data even for a very small value of CFO. So, this
shows the importance of the study of hardware impairments in
very high order constellations.
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FIGURE 6 Symbols of a 4096-QAM constellation hit by CFO 𝜖 = 0.01.

4.2 Maximum possible CFO for M-QAM
error free detection

To have a better insight on the relation between the effect of
CFO and the order of QAM constellation, in the following we
will derive a closed form expression for the maximum normal-
ized CFO that an OFDM system with M -QAM constellation
can have in order to correctly detect Ŝ k in Equation (10) as Sk.
In an M -QAM modulation the real and imaginary parts of the

symbol are selected from the set {±A, ±3A, … , ±(
√

M − 1)},
where A is a positive real number. Therefore, the minimum
distance between two symbols will be dmin = 2A and in case
that M is even, the average symbol power of the constellation is
computed as

𝜎2 =
4A2√

M

√
M∕2∑

m=1

(2m − 1)2

= 2A2 (
√

M + 1)(
√

M − 1)
3

.

(11)

Thus for a fixed 𝜎2, the relation between the minimum distance
and the order M is as

dmin =

√
6𝜎2

M − 1
. (12)

To detect Ŝ k as Sk with no errors, the difference between the real
part of Ŝ k and Sk and the difference between imaginary part of
Ŝ k and Sk should be smaller than half of the minimum distance,
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MOKHTARI ET AL. 1123

i.e. ΔRk < dmin∕2 and ΔIk < dmin∕2, where

ΔRk =

N−1∑
m=0

(
ℜ(Cm−k )ℜ(Sm ) −ℑ(Cm−k )ℑ(Sm )

)
−ℜ(Sk )

(13)
and

ΔIk =

N−1∑
m=0

(
ℜ(Cm−k )ℑ(Sm ) −ℑ(Cm−k )ℜ(Sm )

)
−ℑ(Sk ).

(14)
In Equation (13) and (14), ℜ(Z ) and ℑ(Z ) indicate the real and
imaginary part of Z , respectively. Considering the fact that the
symbols on each subcarrier are independent with zero mean and
variance 𝜎2, we have

E
[|ΔRk|2] = E

[|ΔIk|2] = 𝜎2

2

(
N−1∑
m=0

|Cm−k|2 + 1 − 2ℜ(C0)

)
.

(15)
Therefore, to detect Ŝ k correctly, the expression in Equation
(15) has to be smaller than d 2

min∕4. For small CFOs we have

N−1∑
m=0

|Cm−k|2 = 1
N

M−1∑
m=0

||||||
N−1∑
i=0

exp

(
j2𝜋(m − k + 𝜖)

N

)||||||
2

≃
1
N

M−1∑
m=0

||||||
N−1∑
i=0

exp

(
j2𝜋(m − k)

N

)||||||
2

= 1.

(16)

Also, considering the Taylor series extension for cosine function
we have

2
N

N−1∑
i=0

cos
(2𝜋𝜖i

N

)
≃

2
N

N−1∑
i=0

(
1 − 2

(𝜋𝜖i
N

)2)

= 2 −
2𝜋2

3N 2
(N − 1)(2N − 1)𝜖2,

(17)

for small CFOs. Thus, we can simplify Equation (15) for small
CFOs as

E
[|ΔRk|2] = E

[|ΔIk|2] = 𝜋2

3N 2
𝜎2(N − 1)(2N − 1)𝜖2 (18)

Considering Equations (12) and (18), to detect Ŝ k correctly the
CFO has to satisfy the following inequality.

𝜖 ≤
3N
𝜋

√
1

2(N − 1)(2N − 1)(M − 1)
a
≃

3
2𝜋

√
1

M − 1
,

(19)

where
a
≃ holds for large N . As it is seen, the maximum 𝜖

for an M -QAM constellation is proportional to the inverse of√
M − 1.

5 CFO ESTIMATION TECHNIQUES

It is crucial to see whether previous CFO estimation techniques
are sufficient to overcome CFO effects in very large order QAM
modulations or better CFO estimation and compensation tech-
niques need to be considered. In the following we will introduce
two common used CFO estimation techniques to later inves-
tigate whether these techniques are efficient enough for high
order constellation or not.

5.1 CP based technique

The CP based technique is a blind technique. In this technique
the correlation of the CP part of the received OFDM symbol
and the end part of the received OFDM symbol which is asso-
ciated to the CP is computed. Since these two parts are identical
the CFO can be extracted from the correlation as

�̂� =
1

2𝜋(Ncp − L + 1)

−1∑
i=−Ncp+L−1

∠y∗(n)y(N + n) (20)

We should note that the first L − 1 samples of the CP are not
considered in the correlation, since the first L − 1 samples are
not equal to the first L − 1 samples of the end Ncp samples of
the OFDM symbol due to the channel spread. The advantage of
this technique is that it can be used any time during the transmis-
sion to follow and update the CFO estimation and synchronize
the system without reducing the system spectral efficiency. The
drawback of this technique is that it can only estimate the frac-
tional normalized CFO. In other words it can only estimate 𝜖 for

the range of [−
1

2
,

1

2
]. Another drawback of this technique is that

its accuracy depends on the CP length and the channel spread.
For larger CP lengths and smaller channel spread the estimation
is better.

5.2 Moose technique

In this technique two identical OFDM symbols are transmitted
consecutively to estimate the CFO. Considering Equations (4)
and (7) and keeping in mind the fact that the two transmitted
OFDM symbols are identical and assuming the channel is slow
fading, it can be shown that the two received signals in frequency
domain in absence of noise are related as [6]

Y
(1)

k = Y
(2)

k e j2𝜋𝜖, (21)

where, Y
(1)

k and Y
(2)

k are the kth subcarrier data of first
and second received OFDM symbol, respectively. Considering
Equation (21), the CFO is estimated as

�̂� =
1

2𝜋
arctan

(
ℑ
(∑N−1

k=0 Y
(2)

k Y
∗(1)

k

)
ℜ
(∑N−1

k=0 Y
(2)

k Y
∗(1)

k

)
)
. (22)
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1124 MOKHTARI ET AL.

TABLE 1 Simulation parameters.

Channel coding LDPC

Code rate (rc)
1

2

FFT size (N ) 512

CP size (Ncp) 32

Modulation type QAM

Modulation order (M ) 64/ 256/4096

Average symbol power (𝜎2) 1

Channel type Multipath Rayleigh fading

with exponential power delay profile

Channel normalized delay spread 3

Number of multipath components (L) 15

Equalizer Zero forcing

The Moose technique is also able to estimate CFO in the range

of [−
1

2
,

1

2
]. This technique has lower mean square error (MSE)

and gives better CFO estimation compared to the CP based
technique but at the cost of reducing spectral efficiency. This
technique is usually used at the beginning of the transmission
to synchronize the system. One of the drawbacks of this tech-
nique is that it cannot be used frequently to update the CFO
estimation, since it reduces spectral efficiency.

6 PERFORMANCE STUDY

In this section we will study the effect of carrier frequency offset
on the performance of very high order QAM OFDM systems
in terms of BER. We will also investigate whether the CP based
and the Moose CFO estimation techniques are good enough for
estimating and compensating the CFO in these systems or not.

Unless otherwise stated, for the simulations, we have assumed
a rc =

1

2
LDCP code, an FFT size of 512 and a multipath

Rayleigh fading channel with L = 15 paths and an exponential
decaying power delay profile with normalized delay spread of 3.
The considered equalizer is a single tap zero forcing (ZF) equal-

izer with coefficient Vk =
1

Hk
at subcarrier k. We should note

that the CFO estimation and compensation is done before the
equalizer and we have considered perfect channel knowledge at
the equalizer to solely study the effect of CFO on the BER.
Table 1 summarizes the simulation parameters.

Figure 7 indicates the derived expressions for E [|ΔRk|2] (or
E [|ΔIk|2]) in Equations (15) and (18) versus 𝜖. As it is seen
the approximation made in Equation (18) is very accurate. This
figure also shows the maximum 𝜖 that each constellation order
can have to have an error free detection of the symbols, accord-
ing to Equation (19). According to this figure the maximum 𝜖
for 64-QAM, 256-QAM and 4096-QAM, is about 0.06, 0.03,
and 0.007, respectively. To analyze the correctness of the the-
oretical studies done in Section 4.2, we have studied the BER
performance of 64-QAM, 256-QAM, and 4096-QAM versus
𝜖 in Figure 8. In this figure we have assumed no channel and
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Equation (15)
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FIGURE 7 E [|ΔRk|2] (or E [|ΔIk|2]) derived in Equations (15) and (18)
versus 𝜖.
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FIGURE 8 BER versus 𝜖 for different M -QAM constellations.

noise to be consistent with the conditions considered in sec-
tion 4. It can be seen that the dropping points of the BER curves
are close to the maximum CFO values shown in Figure 7 for
each constellation.

Figures 9–11 show the BER performance versus Eb∕N0 for
64-QAM, 256-QAM, and 4096-QAM, respectively. The red line
in the figures shows the case where the system is completely syn-
chronized and we have no CFO. This curve is the benchmark
to see how good the residual CFO can be estimated and com-
pensated with previous common CFO estimation techniques
in the case of very large QAM constellations. The grey curve
and the purple curve in the figures show the case where we
have 𝜖 = 0.01 and 𝜖 = 0.2 that have not been estimated and
compensated, respectively. The rest of the curves show the
BER performance for different values of CFO that have been
estimated and compensated either by the CP or the Moose tech-
nique. It can be concluded from the figures that the Moose
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FIGURE 9 BER versus Eb∕N0 for 64-QAM.
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FIGURE 10 BER versus Eb∕N0 for 256-QAM.
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FIGURE 11 BER versus Eb∕N0 for 4096-QAM.

technique outperforms the CP based technique, specially at
higher order constellations. For example in 4096-QAM case, the
moose technique can accurately estimate the CFO and com-
pensate it for both cases, 𝜖 = 0.01 and 𝜖 = 0.2, and the BER
performance is as the fully synchronized case. While for the CP
based technique we need about 3 and 4 dB higher Eb∕N0, com-
pared to the fully synchronized case, to have a BER of 10−3 in
the case of 𝜖 = 0.01 and 𝜖 = 0.2, respectively.

7 CONCLUSION

In this paper we studied the effect of CFO on the BER per-
formance of an OFDM system with very high order QAM
constellations. We derived a closed form expression for the
maximum normalized CFO that an M -QAM constellation in
an OFDM system can resist to have an error free detection.
The results show that the performance of high order QAM con-
stellations degrades greatly even for small residual CFO values
such as 𝜖 = 0.01. The results indicate the superiority of Moose
technique over CP based technique in estimating and compen-
sating the CFO, especially for higher order constellations. The
Moose technique can estimate the CFO very well for these sys-
tems and there is no need for new complicated CFO estimation
techniques to be proposed.
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