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1
I N T R O D U C T I O N

String theory is currently the most promising candidate for describing gravity at high
energies, where quantum effects become relevant, thus opening the way towards a
unified description of all fundamental interactions. It appeared for the first time in
the late 1960’s as an attempt to describe the observed spectrum of hadrons and their
interactions (before being replaced by the more successful quantum chromodynamics)
and its innovation lies in the fact that the fundamental degrees of freedom are not point-
like particles but extended objects: one-dimensional strings and, in later developments,
higher dimensional branes. The spectrum of this theory comes up with a massless
spin-2 particle, which was not compatible with the intention of using string theory as a
theory of strong interactions. Instead, in 1974, Scherk and Schwarz suggested [1] that
this particle could be interpreted as a graviton, thus offering a quantum description
of the gravitational interaction; they also proved how to recover Einstein’s theory of
general relativity in a proper low energy limit.

In order to be a consistent theory of quantum gravity, thus solving the problem
of non-renormalizability, string theory requires two ingredients: the introduction
of extra dimensions and supersymmetry between bosonic and fermionic degrees of
freedom. Then, a central question is how to recover from string theory the 4-dimensional
spacetime we live in.

The issue can be addressed by adopting an effective field theory approach: realistic
field theories in 4 dimensions should be interpreted as a low-energy limit of the more
fundamental string theory. The 4 spacetime dimensions can be obtained as the result
of a compactification procedure, tracing back to the work by Kaluza and Klein, which
is based on the assumption that extra dimensions parametrize a compact space small
enough to remain hidden to any present experiment.

A crucial point that makes string theory a good candidate for unification of all
interactions and matter is that it is so constrained to have basically no free parameters.
On the other hand, when we try to get back physics in 4 dimensions through com-
pactification, a lot of freedom arises in the choice of the internal space and its metric.
In other words, the compactification procedure completely breaks the uniqueness of
string theory: each possible low energy effective theory is constructed about a different
vacuum of string theory and the number of such vacua is so huge to result in an
apparent loss of any predictivity.
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2 introduction

At low energies and after compactification of the extra dimensions, string theory
is described by gauged supergravity theories. Supergravity, in a lower-dimensional
perspective, is the result of turning global supersymmetry into a local gauge symmetry
and it allows to combine the features of supersymmetry with a description of the gravi-
tational interaction. Once we interpret supergravity theories as a low-energy version
of superstring theory, their particle spectrum, their masses, couplings and symmetries
are essentially determined by the geometry of the space where compactification is
performed, together with the possible fluxes one can turn on.

The problem of vacuum selection in string theory is then intimately related with the
study of the possible vacua of supergravity theories. The subject can be also approached
from a modern, bottom-up perspective, in the framework of the swampland program. The
swampland can be defined as the set of apparently consistent quantum field theories
in 4 dimensions that do not admit a completion into a quantum gravity theory in the
ultraviolet regime.

Figure 1: Schematic illustration of the string landscape and the swampland within the space of
quantum field theories in 4 dimensions (from [2]).

The definition was introduced in [3], in order to stress and possibly quantify how,
despite the vastness of the string landscape, it can be viewed as relatively small if
compared to the swampland. The original idea (also found in [4]) was to present some
finiteness properties (regarding, for instance, the volume of the scalar field space, or the
number of matter fields) that could allow to identify the boundaries of the landscape.

In general, the swampland program aims at specifying some criteria, formulated
exclusively in terms of properties of the low-energy effective theories, to select field
theories which admit a quantum gravity UV completion, isolating them from the
swampland of all other consistent-looking theories. In the definition of swampland, it
is not by chance that we used a generic notion of quantum gravity rather than string
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theory. Indeed, in principle, swampland criteria should regard universal properties of
the lower-dimensional theories that are valid no matter whether the correct quantum
gravity theory is actually a string theory or not. However, being string theory the only
UV complete theory of gravity known to us, almost all of the swampland program is
unavoidably developed in the framework of string theory.

The criteria are usually stated in the form of conjectures because they cannot be
rigorously proved in a mathematical sense, but rather they are motivated by some
physical evidence. Therefore, the various conjectures are not all at the same footing, in
the sense that the evidence supporting them can have varying levels of rigour. The most
common approach [2] to the development of swampland conjectures is to use known
string vacua and the corresponding low-energy theories as a type of experimental data.
If a given conjecture is satisfied by the known vacua, we can say that this conjecture is
supported by string theory data. A review of the various conjectures can be found in
[2], [5].

In this framework, the study of 4-dimensional theories and their vacuum structure
can lead to interesting results if we select a well-defined set of theories and try to
obtain, at least for these theories, complete results. This thesis focuses on the maximal
supergravity theory in 4 dimensions, with N = 8 supersymmetry generators, whose
peculiarities are that the matter content is completely constrained by supersymmetry
and its higher dimensional origin is well known since its discovery. In particular, we
will look for its Minkowski vacua in the case of N = 6, 5, 4 residual supersymmetries,
analysing in which cases vacua can actually be found.

The work is organized as follows.

• In chapter 2 we describe the general features of gauged supergravity theories:
starting from a discussion of the global symmetries of a generic supergravity
theory, it is shown that any gaugeable symmetry must be a subgroup of the U-
duality group, emerging as a generalization of electric-magnetic duality, and how
the gauging procedure leads to the introduction of a non-trivial scalar potential.
The embedding tensor formalism, which will be a fundamental tool in chapters
4 and 5, is also introduced. In the second part of the chapter, we deal with
flux compactifications and their direct correspondence with the presence of a
gauging in the low-energy effective theory. Non-trivial fluxes over the internal
manifold for some higher-order form field strength and compactifications on
twisted tori (geometric fluxes) are considered, deriving at any step the resulting
gauge algebra.

• The discussion of flux compactifications continues in chapter 3, where the focus
is shifted to non-geometric fluxes. Their introduction is needed in order to match
the most general gauge algebra one expects to find from a lower-dimensional
analysis with the algebra that can be obtained from the compactification procedure.



4 introduction

Particular attention is devoted to the discussion of duality twists, the role of T-
duality transformations and the equivalence between duality twists and orbifolds.
Eventually, we present the possibility of introducing an asymmetry between
left-moving and right-moving string coordinates, which is not unnatural in the
context of string theory but completely spoils a geometric interpretation of the
internal compact space.

• The maximal supergravity theory in 4 dimensions, with N = 8 supersymmetry
generators, is the topic of chapter 4. The scalar sector of the theory can be
characterized as a coset manifold, E7(7)/SU(8), where the isometry group E7(7)
is also the U-duality group of the theory. The gauge group of the theory and
its embedding into E7(7) can be encoded in the embedding tensor, so that the
lagrangian, and in particular the scalar potential, can be written in a formally
E7(7)-covariant way without explicitly fixing the gauge group.

• In chapter 5, the analysis of Minkowski vacua for the maximal supergravity
theory is performed. The technique adopted, combining the embedding tensor
formalism with the transitive action of the duality group on the scalar manifold,
allows to recover information on the whole scalar manifold just by computing
the scalar potential and its derivatives at the origin of the scalar manifold, so that
the computational procedure is considerably simplified. The results obtained are
summarized in 6.

1.1 vacua of supergravity theories

The notion of supergravity vacua will be crucial throughout the thesis. Having a
supergravity theory, we call vacua the field configurations of this theory in which the
metric is maximally symmetric. In 4 spacetime dimensions, this means that the metric
is Minkowski, de Sitter or Anti-de Sitter; to be compatible with Lorentz invariance,
all other fields with spin different from zero must vanish, while scalar fields must
take constant values. Then, in presence of a non-trivial scalar potential, vacuum
configurations correspond to critical points of the potential. The value of the potential
at the critical point gives the vacuum energy density and acts as a cosmological
constant, thus establishing if the vacuum solution corresponds to a Minkowski, de
Sitter or Anti-de Sitter spacetime.

Some remarks are worthwhile [6]:

• the most general maximally symmetric field configurations could involve, apart
from constant scalar fields, also non-trivial Lorentz invariant fermionic conden-
sates, such as gaugino condensates ⟨λλ⟩ ̸= 0. However, at energies far below
the condensation scale, they would be described in an effective field theory as
additional scalar fields;
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• what we call supergravity vacua are a subcase of the vacuum solutions to Ein-
stein equations, i.e. those solutions where the only contribution to the energy
momentum tensor comes from a vacuum energy density. The two concepts do
not coincide because vacuum solutions in general relativity allow for a spacetime
metric which is not necessarily maximally symmetric.

In this thesis we have chosen to focus on Minkowski vacua, where the scalar
potential takes a vanishing expectation value, and their higher-dimensional origin from
string compactification. However, there are plenty of reasons to investigate also de
Sitter and Anti-de Sitter vacuum configurations. The existence of de Sitter vacua, in
particular, can be very interesting also from a cosmological perspective, because, due to
the positive effective cosmological constant at the vacua, they could provide theoretical
models for inflation. On the other hand, Anti-de Sitter vacua can describe, via the
holographic correspondence, conformal fixed points of some dual (three-dimensional)
field theory, then they could take a role in the analysis of the renormalization group
flow in the dual framework.
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2

F L U X C O M PA C T I F I C AT I O N S A N D G AU G E D S U P E R G R AV I T Y

Gauged supergravity arises starting from a theory containing nV abelian vector fields,
under which none of the matter fields are charged, namely an ungauged supergravity. A
gauged supergravity theory can be considered as a deformation of the corresponding
ungauged theory, obtained if some global symmetry group is promoted to a local
symmetry, coupling it to the formerly abelian vector fields of the theory and introducing
minimal couplings with the matter fields. In the context of gauged supergravity,
however, the most general gaugeable group is not a subgroup of the global symmetries
of the lagrangian, but rather of a global symmetry of the equations of motion, the
so-called U-duality group GU .

Once the duality group of the ungauged theory is fixed, all possible gaugings can be
described through the embedding tensor, which parametrizes the way the gauge group is
embedded into GU . This formalism was originally developed for three-dimensional
supergravity theories in [7], [8] and then extended to higher dimensions. Writing
the action in terms of the embedding tensor allows to keep "implicit" the choice of
the gauging and then to formally restore the global symmetries of the ungauged
model, which are in general broken by the gauging procedure, in particular symplectic
covariance.

On the other hand, supergravity theories in four dimensions can be seen as low-
energy effective theories deriving from compactifications of ten-dimensional superstring
theories or eleven-dimensional M-theory. In this framework, the geometry of the
compact internal manifold and the way compactification is performed affect the field
content, but also the symmetries of the lower-dimensional theory. Compactification on a
Ricci-flat internal manifold in absence of fluxes gives an ungauged supergravity theory,
but if the compactification is made in presence of fluxes (either fluxes of higher-order
form field strengths, geometric or non-geometric fluxes) then gauged supergravities
come up.

In this chapter, the main features of gauged supergravity theories will be presented,
starting from the description of gaugeable global symmetry groups in the ungauged
theory, and then the concept of flux compactification will be introduced, with particular
attention to the way of deriving the gauge algebra of the reduced theory.

7
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11D M-theory
10D superstring theory

4D ungauged
supergravity

4D gauged
supergravity

reduction on
flat internal space

flux compactification

gauging

2.1 global symmetries and gauging procedure

In theories of N = 1 supergravity, the scalar potential is the result of two different con-
tributions: F-terms, coming from an holomorphic function, the so-called superpotential,
and D-terms, which are related to the gauging ([9], [10]). For N ≥ 2, F-terms are no
longer allowed and then the scalar potential is completely determined by the gauging.
This means that for ungauged theories of extended supergravity no scalar potential
can arise; as a consequence, all scalar fields of the theory should remain massless.
Having a non-trivial potential is also crucial for describing scenarios of spontaneous
supersymmetry breaking, since vacua of supersymmetric theories coincide with its
critical points: in absence of the scalar potential, a fully supersymmetric Minkowski
spacetime is the only possible maximally symmetric vacuum configuration, while vacua
of gauged supergravity can show different supersymmetry breaking patterns.

Since the gauging procedure starts by promoting some of the global symmetries
of the theory to local symmetries, it is important to highlight which kind of global
symmetries our theories could show.

2.1.1 Electric-magnetic duality

For any field theory containing vector fields, there exist a natural generalization, first
described by Gaillard and Zumino [11], of the electric-magnetic duality showed by
Maxwell’s equations, which can be expressed as the symmetry of Bianchi identities and
equations of motion for the gauge potential A under the exchange of the field strength
F = dA and its Hodge dual F̃.

Having a theory with nV abelian vector fields AI , coupled non-minimally with other
fields ζ i, the lagrangian

e−1L =
1
4
II J FI

µν F Jµν +
1
4
RI J FI

µν F̃ Jµν +
1
2
O µν

I FI
µν + e−1Lrest (2.1)

(where II J , RI J are scalar field-dependent symmetric matrices and O µν
I is a tensor

with generic dependence on the fields ζ i and their first order derivatives, while Lrest
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includes all terms which are not function of the AI) is invariant under local abelian
U(1)nV transformations, under which the vector fields transform as AI

µ → AI
µ + ∂µΛI .

The Bianchi identities for the vector fields dFI = 0 are still valid, but equations of
motion are modified by non minimal couplings. However, if we define

G̃Jµν = 2
∂L(FI , ζ i, ∂ζ i)

∂F Jµν
=

1
2

ϵµνρσG ρσ
J , (2.2)

the new equations of motion for vector fields can be written again as Bianchi identities
for the dual field strengths GI

∂µ ∂L
∂FIµν

= 0 ⇔ dGI = 0 , (2.3)

and (2.3) implies that one can define, at least locally, nV dual 1-forms AI such that
dAI = GI . The system of equations

{
dFI = 0 , dGI = 0

}
is in principle invariant under

general linear transformations of GL(2nv, R) mixing the field strengths FI and the GI ,
but the symmetry has to be constrained if we want to mantain the definition of the GI

in terms of the FI . In particular, we can consider infinitesimal transformations of the

form S = I +

(
A B
C D

)
, where A, B, C, D are nV × nV real matrices, whose action on

the field strengths is

δFI = AI
J F J + BI JGJ ,

δGI = CI J F J + D J
I GJ ,

(2.4)

and analogously on the dual field strengths
{

F̃I , G̃I
}

. Varying both the LHS and the
RHS of eq.(2.2) and using the explicit expression (2.1) of the lagrangian to write the GI ,
G̃I in terms of the FI , F̃I , one can obtain the variations for II J , RI J and then consistency
requires that C = CT, B = BT, D = −AT, i. e. that the symmetry group is Sp(2nV , R).
Still, symplectic invariance of the system of Bianchi identities and equations of motion
for the vector fields does not imply automatically invariance of the remaining equations
of motion, nor invariance of the lagrangian, which transforms as

δL =
1
4

CI J FI
µν F̃ Jµν +

1
4

BI JGIµν G̃ µν
J + δLrest . (2.5)

Neglecting for the moment the transformation rules of Lrest, duality rotations which
do not affect the lagrangian are those with B = C = 0 (but the term FICI J F̃I just
corresponds to a total derivative).

2.1.2 Global symmetries and symplectic frames

Since we are considering theories containing not only the vector fields, but also different
types of bosons and fermions, we should ask now how the electric-magnetic duality
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group acts on the other fields and which group of transformations GU leaves all their
equations of motion invariant. It turns out that this invariance can be obtained if we
impose that the duality transformations do not change the lagrangian sector which we
called Lrest [6].

For the scalar sector of the lagrangian, the global symmetry group coincides with
the isometry group G of the scalar manifold. If the action of this group on the scalar
fields comes together with a linear action on the vector field strengths and their duals,
which in particular should define a 2nv-dimensional symplectic representation RV of
G, then the group is a global symmetry group of the field equations. This is always
the case in theories of extended supergravity, because supersymmetry connects vector
fields with (at least some of) the scalar fields1, so that transformations of the ones and
of the others necessarily come together and then we have GU = G. In the most general
case in which the theory includes fields not having a direct coupling to vector fields, if
Ginert is the global symmetry of such fields the largest global symmetry group of the
equations of motion is Gglobal = GU × Ginert.

As already mentioned, Gglobal is not a symmetry of the lagrangian, which could be
modified by generic transformations of GU = G ⊂ Sp(2nV , R). Different lagrangians
correspond to different symplectic frames, i.e. to different choices of which elements,
in the basis of the 2nV-dimensional representation RV(G), are taken to be the vector
fields appearing in the lagrangian, namely the electric vector fields AI , and which are
their "magnetic" duals AI . Elements of the double quotient space

GL(nV , R) \ Sp(2nV , R)/G (2.6)

are in 1-to-1 correspondence with lagrangians that cannot be obtained one from the
other by local redefinitions of the scalar and vector fields ([12], [6]) (in particular,
GL(nV , R) transformations give a local redefinition of the electric vector fields in the
lagrangian, while G acts on both scalars, as a group of isometries onMscalar, and vectors,
with its representation RV(G)) . Each of them will have a different global symmetry
group, defined by the subgroup Gelectric ⊂ G sending electric field strengths into
themselves. In the context of ungauged supergravities, these inequivalent lagrangians
all share the same equations of motion and then give the same physics, but the choice
of the symplectic frame becomes relevant when the gauging is introduced and vectors
become minimally coupled to other fields.

2.1.3 General gauging procedure

From now on, we will always assume that the most general group of global symmetry of
the equations of motion is simply Gglobal = G = Iso(Mscalar). This is always guaranteed

1 Scalar and vector fields always sit in the same multiplets in the case of N ≥ 3 theories, while for N = 2
scalar fields are in both vector multiplets and hypermultiplets, then isometries of the manifold described
by the latter correspond to trivial transformations of the field strengths [12].
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for supersymmetric theories with N ≥ 4, since vectors and scalars necessarily are in
the same multiplets. The action of isometries (seen as global symmetries) on the scalar
fields is

δφi = αIξ i
I , (2.7)

where ξ I are the Killing vectors of the scalar manifold, verifying ∇(iξ I j) = 0. Gauging
such transformations means, as usual, that we require symmetry under transformations
with spacetime-dependent parameters αI(x). In supersymmetric theories, since the
field content is arranged in multiplets of fixed length, the addition of new vector fields
is not permitted, then the gauge fields of the theory are taken from the nV independent
vector fields of the ungauged theory. As a consequence, we can derive a constraint on
the dimension of the gauge group, which is

dim(Ggauge) ≤ nV . (2.8)

Moreover, since the field strengths should transform in the adjoint representation
of the gauge group, but we already know that they transform in a 2nV-dimensional
representation of G, which is usually the fundamental one, we get

adj(Ggauge) ⊂ fund(G) .

Once some of the global isometries are turned into local transformations, the
introduction of covariant derivatives for the scalar fields

∂µ φi → ∂̂µ φi = ∂µ φi + gAI
µξ i

I (2.9)

is needed in order to restore gauge symmetry of the scalar kinetic term. The formerly
abelian gauge transformations of vector fields are modified to include terms depending
on the structure constants of the gauge group

δAI
µ = ∂µαI(x) + g f I

JK AJ
µαK (2.10)

and also the field strengths are replaced by non-abelian ones

F I
µν = 2∂[µ AI

ν] + g f I
JK AJ

µ AK
ν . (2.11)

Here we do not reabsorbe the coupling constant g into the vector fields in order to
make clear the order in g of each modification to the lagrangian.

The introduction of covariant derivatives and non-abelian gauge transformations,
while ensuring gauge invariance of the theory, on the other hand breaks supersymmetry.
In order to restore it, mass-like terms for fermionic fields have to be introduced in the
lagrangian (see [13]):

e−1Lmass = g
(

Aij ψ
i
µγµνψ

j
ν + BAi χAγµψi

µ + CAB χAχB
)
+ h.c. , (2.12)
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where ψi
µ and χA generically denote gravitini and spin-1/2 fermions contained in

the theory (indices i and A label some representations of the R-symmetry group),
while tensors Aij, BAi, CAB depend on the scalar fields. These mass terms cancel all
supersymmetry violating terms linear in g if they come together with modifications of
supersymmetry transformation rules for fermions

δψi
µ = δ0ψi

µ − gAijγµϵj , δχA = δ0χA − gBAiϵi , (2.13)

where δ0 denotes the supersymmetry variations before gauging and ϵi are the in-
finitesimal parameters of supersymmetry transformations. Finally, in order to restore
supersymmetry also at higher order in g, the addition of a term of order g2 is required:

e−1Lpot = g2(BAiBAi − Aij Aij
)

, (2.14)

which gives the gauging-dependent potential for the scalar fields.

2.2 the embedding tensor formalism

As anticipated, a very efficient way to describe gauged supergravities and also to
perform a systematic analysis of all possible gaugings of a given supergravity theory is
through the embedding tensor formalism. Once the embedding tensor is defined, it
completely parametrizes not only the gauge group, but also the way it is embedded
into G and eventually into Sp(2nV , R).

We will discuss this formalism under the assumption that the scalar manifold is
a homogeneous space, i.e. that the isometry group G has a transitive action on the
manifold (the group action allows to go from any point to any other point over the
manifold). This means that the manifold can be seen as a coset manifold G/H, where H
is the isotropy supgroup of G leaving a chosen point invariant. Each point ϕ of such a
manifold can be described through its coset representative, which is an element of the
group G denoted by L(ϕ). The assumption, though simplifying the formal treatment of
gauging procedure, is not restrictive in the context of extended supersymmetry. Indeed,
in all theories with N ≥ 3 and in part of the theories with N = 2 the scalar manifold is
constrained by supersymmetry to have the form of a coset manifold (see [6], [12] for
the explicit coset structure of all N ≥ 3 scalar manifolds).

If tα ∈ g are the generators of the isometry group G, we can specify the generators
of Ggauge as linear combinations of the tα

TA = m α
A tα with A = 1, . . . dim(Ggauge) , (2.15)
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where m α
A is a constant matrix, completely generic but for the fact that the resulting

generators TA must have closed commutators in order to correctly define an algebra2.
In a similar way, the vector fields chosen to define the gauge connection are

AA
µ = AM

µ n A
M , (2.16)

where AM = {AI , AI}. These informations can be encoded in a single object if we
renounce keeping indices A over the adjoint representation of Ggauge and only use
representations of G. In this way we can define the embedding tensor

Θ α
M = n A

M m α
A . (2.17)

It transforms under G in the product of its fundamental and adjoint representations,
hence allowing to write the action and the equations of motion in a G-covariant way
(G-covariance is broken only when we assign a specific value to Θ α

M , thus fixing the
gauging). In this formalism, we can define gauge generators as

XM = Θ α
M tα (2.18)

even if, being 2nV , they are not linearly independent. The vector and scalar fields before
the gauging transform under the global symmetry group G (using the formalism of
coset representatives for scalar fields) as

δL = Λα
(
tαL + L wα

)
, (2.19a)

δAM
µ =−Λα(tα)

M
N AN

µ , (2.19b)

where the Λα are constant parameters, wα is the so-called H-compensator, which is an
element in the Lie algebra of H (see (A.9), (A.10), (A.11)), and (tα) M

N are G generators
in their 2nV-dimensional representation. Once the gauging is introduced and covariant
derivatives are defined, the theory is invariant under the following transformations:

δL = gΛM(XML + LΘ α
M wα

)
, (2.20a)

δAM
µ =∂µΛM − gAN

µ X M
NP ΛP ≡ ∂̂µΛM , (2.20b)

where X M
NP = Θ α

N (tα) M
P and ΛM is now a local parameter ΛM(x).

2.2.1 Constraints on the embedding tensor

In order for the embedding tensor to define a consistent Lagrangian with local gauge
symmetry, it has to satisfy two types of constraints [13]. The first set of constraints is

2 Actually, the case in which the generators TA close in a Lie algebra is not the most general one. When
the theory contains antisymmetric tensor fields, in presence of non-abelian gauge couplings the gauged
algebra can take the structure of a free differential algebra (FDA) (see [14], [15] and section 2.4.1).
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quadratic and comes from requiring that the tensor Θ is invariant under the action of
the generators XM, i.e. that it does not transform under the gauge group. It can be
expressed as

δMΘ α
N = Θ β

M δβΘ α
N = Θ β

N (tβ)
P

M Θ α
P + Θ β

M (tβ)
α

γ Θ γ
N = 0 , (2.21)

where the generators in the adjoint representation (tβ)
α

γ are nothing but the structure
constants of g algebra. If the LHS of (2.21) is contracted with a generator tα, the
quadratic constraint on Θ allows to derive the closure of the gauge algebra

[XM, XN ] = −X P
MN XP . (2.22)

A further quadratic constraint is needed since we have defined 2nV generators XM, but
at most nV mutually local vector fields can enter the gauging procedure, consistently
with (2.8). The condition

Θ α
M Θ β

N ΩMN = 0 , (2.23)

where ΩMN is the 2nV × 2nV symplectic matrix, guarantees that electric and magnetic
charges are mutually local, so that a symplectic frame can be always chosen in which
the gauging is purely electric [16]. This locality requirement is automatically verified if
the other constraints are imposed whenever scalar and vector fields are always in the
same multiplets, as it is the case for N ≥ 3 theories.

The linear constraints on Θ are imposed by supersymmetry: the embedding tensor
transforms under the product of the fundamental and adjoint representations of the
duality group, which is reducible, but supersymmetry requires that Θ only transforms
in a subset of the representations obtained by decomposition. This can be expressed
as a linear projection PΘ = 0, where P projects on a subset of the representations
contained in the product of fundamental and adjoint ones. The explicit expression of
this constraint depends on the spacetime dimension and on the number of supercharges,
but in 4 dimensions it can be expressed as

X(MNP) = X Q
(MN ΩP)Q = 0 . (2.24)

2.3 flux compactifications and gauging

Gauged supergravity theories have acquired a special interest in the context of flux
compactifications of higher-dimensional theories, because they provide an example of
deriving, from superstring theory or M-theory, models with phenomenologically desir-
able properties, such as mechanisms of supersymmetry breaking, or the introduction
of mass terms.

In particular, standard dimensional reduction usually generates massless scalar
fields (associated with the geometry of the internal manifold), which is problematic in
a "realistic" 4-dimensional field theory. Indeed, such fields would generate long range
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interactions that are unacceptable in our observed universe, i.e. are not compatible
with the limits imposed by fifth force experiments. The introduction of fluxes, for
instance by giving a non-trivial expectation value to some tensor field, causes instead,
in the lower-dimensional theory obtained after reduction, the introduction of minimal
couplings between vector and scalar fields and the emergence of a scalar potential
giving masses to the moduli fields, all features typical of the gauging procedure.

2.3.1 Kaluza–Klein reduction

The simplest way to perform a dimensional reduction is through spontaneous com-
pactification, which generalizes Kaluza−Klein procedure first followed in an attempt
to unify gravity and electromagnetism in 4 dimensions starting from a 5-dimensional
theory of pure gravity ([17], [18], [19]). The original idea has been widely used and de-
veloped because it provides a way to connect string theories, which are only consistent
in a precise spacetime dimension (D = 26 for bosonic string theories and D = 10 for
superstring theories), with 4-dimensional field theories [20]. Physics in 4 dimensions,
in particular supersymmetric theories and extended supergravities, can be recovered as
low energy approximation of an higher-dimensional theory.

Having a theory in D dimensions, we look for solutions where the D-dimensional
spacetime geometry can be split as

MD −→ M4 ×Mint , (2.25)

where Mint is a (D− 4)-dimensional compact manifold. In particular, having a Ricci-flat
internal manifold (as it is the case for a torus or a Calabi−Yau space) allows to solve
the D-dimensional equations of motion for the metric RD

ij = 0 in such a way that the
manifold is split into

MD = Mink4 ×Mint . (2.26)

If the D-dimensional fields are expanded in normal modes of Mint, the coefficients of
the expansion can be interpreted as fields satisfying their own equations of motion in 4

dimensions. Under the assumption of a sufficiently small size of the internal manifold,
the lower-dimensional effective theory is obtained by retaining, among these fields,
only the massless ones.

Such a procedure allows to obtain ungauged supergravity theories from compact-
ification of superstring or M-theory. As an example of how the field content of a
4-dimensional theory arises from the spectrum of the original theory, we mention
that N = 8 supergravity, which we will discuss in the following chapters, can be
derived from 11-dimensional supergravity, by performing Kaluza−Klein reduction
over a 7-dimensional torus T7. The 11D theory, first described in [21], contains a
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graviton, a gravitino and a 3-form field A. After dimensional reduction, the 4D fields
(for simplicity we just focus on the bosonic sector) are

gij −→


gµν 1 graviton

gµM 7 vector fields

gMN 28 scalar fields

(2.27)

Aijk −→


Aµνρ no physical degrees of freedom in 4D

AµνM 7 tensors

AµMN 21 vector fields

AMNP 35 scalar fields

(2.28)

where the notation employed splits the coordinates of the original 11D manifold into
compact and non-compact ones

xi = (xµ, yM) with i = 0, . . . 10 ; µ = 0, . . . 3 ; M = 4, . . . 10 .

It is immediate to see that, after dualizing the 7 massless tensors to massless scalar
fields, we get back the bosonic spectrum of 1 graviton, 28 vectors and 70 scalars that
characterizes maximal supergravity in 4 dimensions.

The abelian U(1)28 gauge symmetry of the theory originates in part from the
gauge symmetry of the 3-form A, i.e. invariance of the action under transformations
of type A → A + dΣ where Σ is a 2-form, and in part from the invariance under
diffeomorphisms. This can be observed by writing explicitly the reduced metric

ds2
D = gµνdxµdxν︸ ︷︷ ︸

ds2
4

+gMN
(
GM

µdxµ + dyM)(GN
νdxν + dyN) , (2.29)

where, to match the previous definition, gµM = GN
µ gNM. In a Kaluza−Klein reduction,

all the fields only depend on the non-compact coordinates xµ3

gµν = gµν(x) , gMN = gMN(x) , GM
µ = GM

µ(x) ,

and the original invariance under diffeomorphisms of the D-dimensional theory is
broken. Since the dyM transform under residual diffeomorphisms as dyM → dyM +

dωM(x), to keep invariance of the vielbein GM
µdxµ + dyM it is necessary that the so-

called Kaluza−Klein vector fields GM
µ transform as GM

µ → GM
µ − ∂µωM, which is

precisely a gauge transformation in 4 dimensions.

3 In other words, the vector fields ∂M generate isometries for the theory [22].
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2.3.2 Fluxes and the origins of gauging

A generalization of spontaneous compactifications is obtained if we admit the presence
of non-vanishing fluxes. If we still take as our model the 11-dimensional supergravity
theory (discussed in [23]), the 3-form A is associated to a "field strength", i.e. a
4-form H such that, at least locally, H = dA; introducing a constant flux for H
means giving it a non-trivial expectation value over the internal manifold, of type
⟨HMNPQ⟩ = hMNPQ ̸= 0. In absence of fluxes, the reduced 3-form could be written as

A(x, y) =
1
3!
Aµνρ(x) dxµ ∧ dxν ∧ dxρ +

1
2
AµνM(x) dxµ ∧ dxν ∧ dyM+

+
1
2
AµMN(x) dxµ ∧ dyM ∧ dyN +

1
3!
AMNP(x) dyM ∧ dyN ∧ dyP ,

(2.30)

where all the 4-dimensional fields only depend on the non-compact coordinates. The
constant flux is the result of adding to the expression (2.30) a 3-form σ = σ(y) (so that
A → A+ σ) with explicit dependence on the compact coordinates yM, whose exterior
derivative is by definition

dσ = h =
1
4!

hMNPQ dyM ∧ dyN ∧ dyP ∧ dyQ . (2.31)

How the introduction of a flux corresponds, at the level of the 4-dimensional effective
theory, to a gauging can be easily showed by just considering the kinetic term for the
3-form in the 11-dimensional lagrangian − 1

24 Hijkl Hijkl . After dimensional reduction, it
gives rise to the kinetic terms for scalar and vector fields derived from the 3-form

∂µAMNP∂µAQRS gMQgNRgPS , ∂[µAν]MN∂[µAν]
PQ gMPgNQ , (2.32)

where we can observe that scalar fields define a σ model, with a metric on the scalar
manifold which depends on the scalar fields (in this case the ones coming from
dimensional reduction of the 11D metric), and also non-minimal couplings between
vectors and scalars appear in the gauge kinetic term.

In presence of fluxes, new terms appear in the 4-dimensional lagrangian: first of all,
a contribution playing the role of potential for the scalar fields

hI JKLhMNPQ gIMgJN gKPgLQ ≡ V(gMN) . (2.33)

On the other hand, kinetic terms for scalars and vectors are modified respectively by
couplings of the form

∂µAMNPhI JKL gµI gMJ gNKgPL , ∂[µAν]MNhI JKL gµI gνJ gMKgNL , (2.34)

which allow to recover both covariant derivatives for scalar fields and non-abelian field
strengths

∂̂µAMNP = ∂µAMNP + hMNPQ G Q
µ , HµνMN = 2∂[µAν]MN + hMNPQG P

µ G Q
ν .
(2.35)
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These results show again how the constants hMNPQ, which we interpret as fluxes over
the internal manifold of the higher-dimensional theory, give direct information about
the gauging of the corresponding 4D supergravity theory and also about the embedding
of the gauge group.

From the expression of non-abelian field strengths in eq.(2.35), it is immediate
to notice that the constant fluxes hMNPQ have the role of structure constants of the
non-abelian gauge group. More precisely, denoting with Aa = {GM,ANP} the gauge
vector fields, we can introduce the associated generators spanning the Lie algebra of
the gauge group

Ta =
{

ZM, WNP} (2.36)

and then eq.(2.35) translates into the following non-vanishing commutator:

[ZM, ZN ] = hMNPQWPQ . (2.37)

In other words, this relation tells us that the commutator of two infinitesimal transforma-
tions under diffeomorphisms of the internal manifold results in a gauge transformation.
If we do not introduce other types of fluxes, all the remaining commutators of the
algebra will vanish

[ZM, WNP] = 0 , [WMN , WPQ] = 0 ; (2.38)

but there exist other possible ways to deform the theory and introduce mass parameters,
then switching on additional commutators.

2.4 reduction on twisted tori

In the previous paragraph, fluxes have been introduced arising from a dependence on
internal coordinates of some components of the 3-form A. Another possibility is to
include fluxes coming from internal coordinate dependence of the metric components;
such a dependence can be completely general, provided that the internal compact
manifold has an isometry group with a transitive action on it and with the same
dimension as Mint.

This procedure amounts to introducing deformations of the geometry of the internal
manifold; they can be described, if we consider the expression (2.29) for the reduced
metric in the case of compactifications on a flat space, by replacing the coordinate
basis dyM with a basis of (nowhere-vanishing) 1-forms ηM depending on the internal
coordinates

ηM = N M
N (y)dyN . (2.39)

The matrix N M
N defines a "twisting" of the vielbeins with respect to the coordinate

basis dyM and dimensional reductions performed in this context are usually referred
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to as compactifications on twisted tori4. At the level of the effective 4D theory, this
procedure is equivalent to the mechanism, first described by Scherk, Schwarz [24]
and Cremmer [25], for introducing mass couplings for the moduli fields in theories
coming from string compactifications. The interpretation of (2.39) is that we could
perform compactification still on a flat compact manifold, but changing some "boundary
conditions" on it, i.e. imposing that the theory is invariant under some additional
(usually discrete) group of transformations [26]. As a consequence, the coordinate basis
dyM may be no more well defined globally on the internal manifold, but (2.39) allows
to get vielbeins which are globally defined.

The 2-forms obtained from exterior derivatives of the vielbeins ηM can be expanded
as

dηM =
1
2

τM
NP ηN ∧ ηP . (2.40)

Following [22], we can define a basis of vector fields ZM on the internal manifold which
are dual to the 1-forms: ZMηN = δ N

M . They are the Killing vectors generating the group
of isometries of the internal space; this group, as already mentioned, necessarily has
the same dimension of Mint. The ZM vectors generalize the homonymous generators
defined in (2.36), which in the case of dimensional reduction over a flat internal
manifold just corresponded to translations of the compact coordinates.

The constant parameters τM
NP , in order for the gauge algebra to be well-defined,

must satisfy
τM

R[N τR
PQ] = 0 , (2.41)

which can be easily obtained from (2.40) exploiting the property of exterior derivatives
d2 = 0, and

τM
MN = 0 , (2.42)

which comes from requiring invariance under isometries of the internal volume element
Vint =

1
(D−4)! εM1 ...MD−4

ηM1 ∧ . . . ∧ ηMD−4 , i.e. LZM Vint = 0.

2.4.1 Gauge algebra

In generic dimensional reductions, one has to find, starting from gauge transformations
and internal space diffeomorphisms acting on the fields of the D-dimensional theory,
the structure of gauge transformations for the 4-dimensional fields of the effective
theory. Once this analysis is performed, gauge transformations of vector fields can be
used to determine the gauge algebra, i.e. to find its structure constants. Indeed, all the
commutators between generators of the algebra can be obtained by evaluating products
of infinitesimal gauge transformations over the vector fields, which for sure provide
a faithful representation of the gauge group. This method is described in detail in

4 Despite the name, the formalism developed can be also applied for more general reductions, where the
internal manifold has not necessarily the geometry of an n-torus, as explained in [22].
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[22], where dimensional reduction is performed starting from 10-dimensional heterotic
string theory.

Calling Ta the algebra generators and ωa the corresponding infinitesimal parameters,
taking two gauge transformations g = exp (iωa

1Ta), h = exp (iωa
2Ta) and exploiting

Baker−Hausdorff formula, we find

h−1 · g−1 · h · g = 1 + ωa
1ωb

2[Ta, Tb] + O(ω3) = 1 + ωa
1ωb

2 f c
ab Tc + O(ω3) . (2.43)

Hence, replacing g, h with the explicit expression of gauge transformations for vector
fields, one can derive the structure constants f c

ab .
The application of this procedure to the compactification of M-theory on twisted T7

in presence of fluxes can be found in [23]. In this case, taking the algebra generators
(2.36) and infinitesimal parameters ωa = {ωM, ΣNP}, infinitesimal gauge transfor-
mations for the vector fields coming from reduction of the metric and the 3-form
are

δGM
µ = ∂µωM − τM

NP ωNGP
µ ,

δAµMN = ∂µΣMN + 2GP
µτS

P[M ΣN]S − 2ωQτS
Q[MAµN]S+

−ωRhRMNQGQ
µ − τS

MN (ΣµS + ΣSRGR
µ) ,

and the non-vanishing commutators of the resulting gauge algebra are

[ZM, ZN ] = hMNPQWPQ + τP
MN ZP ,

[ZM, WNP] = 2τ
[N

MQ WP]Q .
(2.44)

The full algebra does not verify, in general, vanishing of Jacobi identities, because it
cannot be described as an ordinary Lie algebra: it has a more complicated structure,
which can be formalized employing Free Differential Algebras (see [14] for a general
definition). These algebras are characterized by generalized Maurer−Cartan equations,
which do not involve only 1-forms, but also higher-rank forms, in this case the 2-forms
AµMN . Integrability conditions of the FDA constrain the algebra structure constants
[15]: in addition to (2.41), one also obtains

τN
[I J hKLM]N = 0 , (2.45)

which has the 11-dimensional interpretation of a Bianchi identity for the 4-form field
strength h. The Jacobi identities for vector fields ZM take the form

[ZM, [ZN , ZP]] + [ZN , [ZP, ZM]] + [ZP, [ZM, ZN ]] = WQRτS
QR hMNPS (2.46)

and then the Lie algebra structure can be recovered if τS
QR hMNPS = 0.

From a purely 4-dimensional perspective, whether the gauge algebra is a Lie
algebra or not is not an intrinsic property of the gauge group, but rather depends on



2.4 reduction on twisted tori 21

the particular symplectic frame, i.e. on the way Ggauge is embedded into G. Then,
even in the cases when the gauge algebra of the theory obtained from compactification
is just a free differential algebra, the Lie algebra structure can be recovered through
a duality rotation that makes the gauging purely electric, as it is guaranteed by the
locality constraint on the embedding tensor. In such a frame, the magnetic charges
disappear and the tensor gauge fields are dualized to scalar fields (see also section
4.2.3).
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3

N O N - G E O M E T R I C F L U X E S , A S Y M M E T R I C O R B I F O L D S A N D
F L AT VA C UA

In the last part of chapter 2, we have discussed the gauge algebra obtained from
compactification in presence of the so-called geometric fluxes. The algebra structure
(2.44), however, is not the most general one can obtain. If we denote by ZM again the
gauge generators arising from dimensional reduction of the metric and by XM the
generators associated with the vector fields obtained from reduction of a 2-form Bij

1, in
principle we could have [27]

[ZM, ZN ] = hMNPX P + τP
MN ZP , (3.1a)

[ZM,X N ] = τ̃N
MPX P + Q NP

M ZP , (3.1b)

[XM,X N ] = Q̃ MN
P X P + RMNPZP . (3.1c)

Such supergravity gaugings always exist from the lower dimensional point of view
and, actually, they can be also consistently realized in the full string theory [28]. On the
other hand, a general gauging containing the so-called Q-fluxes and R-fluxes cannot be
obtained by a geometric compactification of a higher dimensional supergravity theory.

Then, in this chapter we focus on the string origin of supergravity theories in
presence of Q- and R-fluxes . In general, when there is no supergravity compactification
that gives rise to a certain gauged supergravity theory in lower dimensions, we say that
the lifting is non-geometric [27]. They can result from intrinsically stringy constructions
such as reductions with duality twists, T-fold reductions or asymmetric orbifolds. From
the point of view of string theory as a two-dimensional conformal field theory, the need
of such constructions is somewhat obvious, in the sense that there is no reason a priori
why the target space should have a conventional geometric interpretation.

Another way of seeing the difference between geometric and non-geometric string
compactifications is the following [29]: a string solution is geometric when the back-
ground fields constitute a spacetime manifold whose transition functions between
overlapping coordinate patches only involve standard diffeomorphisms and possibly

1 The change in notation is motivated by the fact that we now consider mainly compactification of 10-
dimensional theories, while in the previous chapter we took as a prototype compactification of 11-
dimensional supergravity, where the field content includes a 3-form field.

23
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gauge transformations. Conversely, if the transition functions are allowed to involve
some duality transformation, the corresponding backgrounds preserve only locally the
structure of a Riemannian manifold, but not globally. When the duality transformation
is a T-duality, the corresponding background is called T-fold (the name was proposed
in [30]) and, from the point of view of (3.1), corresponds to turning on Q-fluxes.

There exist another class of backgrounds that do not look like conventional spaces
even locally: they are connected with the presence of R-fluxes. It can be shown that
in some cases such backgrounds have a point in moduli space that minimises a scalar
potential and at which the theory can be constructed by a special type of asymmetric
orbifold, so that they can be thought of as giving deformations of asymmetric orbifolds.

In this chapter, in order to show how non-geometric fluxes can appear in the gauge
algebra, we first describe the general features of compactification in presence of duality
twists. Later, we introduce the orbifold formalism, focusing on the equivalence between
compactification with duality twists and orbifolds, the role of orbifold points in allowing
for T-duality transformations and the possibility of decoupling left-moving and right
moving coordinates in the case of asymmetric orbifolds. Finally, we present some
results, obtained from string theory computations, about compactifications in presence
of asymmetric orbifolds and their consequences in terms of partial supersymmetry
breaking in the reduced 4-dimensional theory.

3.1 duality twists and non-geometric fluxes

We describe compactifications with duality twists, which can be interpreted as a
generalization of the Scherk−Schwarz reductions described in 2.4. Starting from a
supergravity theory with a global symmetry group G, we can introduce twists in the
compact directions by an element of the group G.

We will introduce the general formalism considering, for simplicity, the case of
twisted reductions of a theory in D + 1 dimensions on a circle of radius r, parametrized
by a periodic coordinate y ∼ y + 2πr. The fields should sit in some representation of
G, i.e. they transform under the action of the group according to ψ → g[ψ], for any
g ∈ G. In the twisted reduction, the fields are chosen to have a dependence on the
circle coordinate of type

ψ(xµ, y) = g(y)
[
ψ(xµ)

]
, µ = 0, . . . D− 1 . (3.2)

Fixing the choice of g(y) means taking a section of a principal fiber bundle over S1 with
structure group G (whose fibers for any point of S1 are homeomorphic to the group G
itself).

In order to have a consistent reduction, we have to require the reduced theory to be
independent of y, which means that

g(y) = exp
(

My
2πr

)
, (3.3)
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where M is an element in the Lie algebra of G. Going around the circle once, the fields
are not periodic, but acquire a non-trivial monodromy given by

M(g) = g(2πr) g(0)−1 = exp M . (3.4)

The twist group of the bundle is defined to be the discrete abelian subgroup of G
generated by the monodromy M [31]. Its elements can be viewed as the twists
obtained if we go around the circle more than once. If the twist group is a finite group
of order n, then the principal bundle has a trivial n-fold covering; in other words, if the
twist group is Zn we can take a larger circle of radius nr as a covering of the original
circle of radius r and the principal bundle built on this base space will have a trivial
monodromy, sinceMn = 1.

While the low-energy effective action of our theory is invariant under G, if we
consider the full quantum theory the symmetry is broken to a discrete subgroup

G(Z) = G ∩ Sp(2k, Z) , (3.5)

where k is the number of independent vector fields of the theory. The subgroup G(Z)

has the property to preserve the self-dual lattice of electric and magnetic charges [32].
Therefore, while in classical supergravity any element of G can be used as monodromy,
a consistent twisted reduction that can be lifted to string theory requires that the
monodromy is in G(Z) [33].

After the twisted reduction, the theory in D dimensions will be a gauged supergrav-
ity, where the gauge symmetry group is the 1-dimensional subgroup of G generated
by the Lie algebra element M and the gauge field is the vector field arising from
Kaluza−Klein reduction of the metric. The reduced theory does not depend, actually,
on the choice of g(y), but only on its conjugacy class in G. Indeed, if we change the
twist from g(y) to hg(y)h−1, where h is a constant element of G, the resulting theory is
equivalent to the original one up to a field redefinition ψ→ h[ψ] [33]. Then, eventually
the reductions are classified by conjugacy classes of M in the Lie algebra.

M plays the role of a mass matrix for the reduced theory; the fermion mass terms
and the modifications of the supersymmetry transformation rules that characterize the
gauged supergravity (as discussed in chapter 2) depend linearly on M, while the scalar
potential, which is a generalization of the Scherk−Schwarz potential [24], is a quadratic
function of the mass matrix [31].

3.1.1 T-duality twists and Q-fluxes

We want now to give some details about the gauge algebra resulting from compacti-
fication with duality twists, i.e. to show how the Q- and R-fluxes come out. To this
purpose, we consider, following [27], [28], theories obtained by compactifications from
D + d + 1 dimensions on d-dimensional twisted tori (in presence of a 3-form field
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strength). The reduced theory in D + 1 dimensions is covariant under the action of an
O(d, d) group, as it was shown by Kaloper and Myers [22]. In the case we start from
an heterotic string theory, the O(d, d) symmetry is contained in a larger O(d, d + 16)
symmetry group, while for type II strings it is a subgroup of the U-duality group.

Then, we want to further reduce on a circle introducing a twist. In the string theory,
the monodromy associated to any twisted reduction has to be in the discrete T-duality
group O(d, d; Z)

ψ(xµ, y) = exp
(

My
2πr

)
[ψ(xµ)] with M = exp M ∈ O(d, d; Z) . (3.6)

In order to understand the resulting gauge algebra structure, we introduce a notation
that allows to distinguish between the gauge generators coming from the S1 reduction,
labeled by the circle coordinate y, and the remaining ones, which result from the
previous compactification over the d-torus

Ta =
{

Zy,X y, Tα

}
, Tα =

{
ZI ,X I} . (3.7)

The non-vanishing commutators of the gauge algebra for our reduced D-dimensional
theory are

[Zy, Tα] = M β
α Tβ , (3.8)

where M β
α is a proper 2d-dimensional matrix representation of the Lie algebra element

M. It can be decomposed, in the basis Tα = {ZI ,X I}, as

M β
α =

(
W J

I UI J

V I J (WT)
I
J

)
, (3.9)

where U, V, W are d× d matrices and U, V are antisymmetric, as it is required by the
fact that M should belong to the Lie algebra of O(d, d). Then, the gauge algebra can be
decomposed accordingly as

[Zy, ZI ] = W J
I ZI + UI JX J , (3.10a)

[Zy,X I ] = −W I
J X J + V I JZJ , (3.10b)

[ZI , ZJ ] = [X I ,X J ] = [X y, Zy] = [X y, ZI ] = [X y,X I ] = 0 . (3.10c)

We can easily compare the above commutators with the most general gauge algebra
(3.1), obtaining the following non-vanishing fluxes:

τ J
yI = τ̃ J

yI = W J
I , hyI J = UI J , Q I J

y = V I J . (3.11)

Then, whenever we choose V I J ̸= 0, we obtain that T-duality twists can give rise
to a non-geometric compactification. Still, we have not described a way to turn on
non-trivial Q̃ NP

M or RMNP fluxes.
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3.2 orbifolds

Orbifolds can be defined as topological spaces obtained by taking the quotient of a
manifold by the action of a discrete group. Strictly speaking, this requirement does not
hold globally: an orbifold just needs to be locally homeomorphic to the quotient of
an euclidean space by a discrete group. If the group action is free, i.e. without fixed
points, the resulting mathematical object is still a manifold, while when fixed points
exist they result in singularities at the orbifold level.

If we consider a theory defined on such spaces, we have to take into account also
the action of the discrete group on the states of the theory. The Hilbert space of the
orbifolded theory includes the states (among all the states of the original theory before
taking the quotient by a discrete group) that are invariant under the group action, plus
the twisted sectors of states that are close up to non-trivial group transformations.

The fact that strings can consistently propagate on orbifolds was already pointed out
in [34], [35]. Putting together this result with the fact that, in string theory, left-moving
and right-moving excitations are allowed to live on different spaces (as it happens
for heterotic strings), in [36] it was proposed for the first time to consider asymmetric
orbifolds, where the left-moving coordinates of a string theory live on one orbifold and
the right-moving ones live on another orbifold.

The purpose of this section is to show how further generalizations of the gauge
algebra (3.10) are naturally realized in the context of orbifolds.

3.2.1 Again T-duality

In the previous section we have seen how to generate non-geometric Q-fluxes from
compactifications on a T-fold with monodromy in O(d, d; Z). This means that we have
reduced our theory from D + d + 1 to D dimensions on an internal space that can be
locally described as Td × S1, allowing for twists in the T-duality group of the d-torus.
Starting from this class of reductions, we can ask what is the action of T-duality on
the resulting theories. In particular, we can consider two different kinds of duality
transformations: those acting on the Td fiber and those acting on the base space S1.

The first type of T-duality can be parametrized by an element of O(d, d; Z) that
modifies the mass matrix M specifying the twist in the following way:

M→ M′ = OMO−1 , O ∈ O(d, d; Z) . (3.12)

The metric and the 2-form field, which keep a dependence on the S1 coordinate y, are
dualized with a linear fractional transformation depending on the matrix O and acting
on their sum E(y) = G(y) + B(y) (according to the Buscher rules [37]).
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It can be easily shown [28] that the above described procedure allows to start from
a block-diagonal twist-matrix

M =

(
W 0
0 −WT

)
, (3.13)

corresponding to a compactification in presence of geometric fluxes τ, τ̃ and end up
with both geometric and non geometric fluxes (h, τ, τ̃, Q). Then, in this case Q-fluxes
are simply obtained by T-dualizing some geometric flux; we can distinguish them from
"truly non-geometric" Q-fluxes, which correspond to those cases when the matrix M
generating the monodromy is not in the same conjugacy class of "geometric" matrices
of the form (3.13).

3.2.2 Orbifolds and twisted reductions

The situation changes completely when we try to perform a T-duality along the S1

direction. The reason is that T-duality in its usual formulation requires translations in
the direction in which we dualize to be isometries, but the ansatz (3.6) for the twisted
reduction introduces an explicit dependence of the fields on the y coordinate. However,
there can be special points in the moduli space of our theory where translation along
the y direction actually becomes an isometry and then T-duality is allowed. These are
the orbifold points, because at such points the twisted reduction becomes equivalent to
an orbifold by a discrete symmetry of the d-torus followed by a shift along S1.

A detailed analysis of the connection between orbifolds and duality twist can be
found in [31], where the case of strings compactified on T2 × S1 is taken as a prototype.
First, we focus on duality twists of elliptic type, i.e. those obtained if the generator M
in the Lie algebra of O(d, d) is compact. This in turn happens if M is (or is conjugate
to) an element of the block-diagonal subgroup O(d)×O(d) ⊂ O(d, d). It can be shown
that, in the elliptic case, the monodromyM always generates a twist group of finite
order, which means that Mn = 1 for some finite n ∈ N and then the twist group is
isomorphic to Zn.

In general, the twist group acts on the fields, and in particular on the points of
moduli space, in a non-trivial way, but in the case there are points invariant under
the action of Zn, i.e. points at which Zn becomes a symmetry for the theory, then
a description in terms of orbifolds is possible. Remarkably, as clarified in [31], such
points correspond to stable minima with zero energy of the scalar potential arising
from compactification. It is immediate to see how we can construct an orbifold by the
Zn action. If the duality twist is defined along a circle of radius r, then we can take its
n-fold cover, a circle of radius R = nr parametrized by a coordinate Y with periodicity
Y ∼ Y + 2πR, so that all fields are periodic around this larger circle. In the orbifolded
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theory, the Zn group acts with rotations generated by the monodromy M together
with order n shifts along Y

Y → Y +
2πR

n
= Y + 2πr .

In the case of twisted reductions over T2 × S1, the allowed orbifolds are associated
to the groups Z2, Z3, Z4, Z6, which are the only possible discrete symmetries of the
lattice associated with a 2-torus. They are in 1-to-1 correspondence with the 4 conjugacy
classes (apart from the trivial one) of elliptic monodromiesM2,M3,M4,M6.

Once we have sketched this description in terms of orbifolds at the stable points of
the scalar potential, we can perform a T-duality transformation along the S1 direction.
The effect of T-duality is to exchange the circle of radius R with a circle of radius
R̃ = 1/R and coordinate Ỹ ∼ Ỹ + 2πR̃; the action of the Zn orbifold after dualization
involves a shift of order n along the dual coordinate Ỹ.

Then, T-duality can be carried out exactly at the orbifold point, but as soon as
we go away from this point the fields will acquire a non-trivial dependence on the
circle coordinate. A new background can be still constructed consistently by exploiting
deformations around the orbifold point after dualization [27].

Under T-duality along the circle direction, the gauge generator Zy is conjugated to
X y, so that a gauge algebra of type (3.8) becomes

[X y, Tα] = M β
α Tβ . (3.14)

In this context, it is possible to obtain non-trivial R-fluxes. Indeed, if we start from
a twist specified by a generator M with non-vanishing U, V, W, then after perform-
ing T-duality we get a compactification with τ̃, Q, Q̃ and R fluxes. In details, the
correspondence is

h→ τ̃ , τ → Q , τ̃ → Q̃ , Q→ R , (3.15)

as it is reported in [28].

3.2.3 Asymmetric orbifolds and R-fluxes

Up to now, we have not specified a distinction between symmetric and asymmetric
orbifolds. Since we are considering twisted reductions over spaces of the form Td × S1,
the orbifold action involves a duality twist and a shift, so that we will have different
cases depending on whether the asymmetry concerns the Td fiber or the base space S1.

Given that an orbifold is specified by its monodromy matrix M ∈ O(d, d), we
can always interpret it as a rotation acting on the doubled torus T2d parametrized
by the standard "geometric" coordinates yI , with I = 1, . . . d, and their duals ỹI , or,
equivalently, by the left-moving and right-moving coordinates yI

L, yI
R. We can choose to
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specify the orbifold action in terms of the yI , ỹI , or yI
L, yI

R with a simple change of basis
for the monodromy matrixM.

Once the basis has been fixed, we can see explicitly whether the orbifold is symmet-
ric or asymmetric in the torus coordinates. In order to give some very simple examples,
we will consider for a moment that d = 2, so that we have a 2-torus specified by one
complex coordinate z = y1 + iy2. The symmetric action of a Zk orbifold can be written
as

Mk :

{
zL → e2πi/kzL

zR → e2πi/kzR
. (3.16)

Starting from a symmetric orbifold, if we act with a T-duality transformation, as in
(3.12), the orbifold is modified to

Mk :

{
zL → e2πi/kzL

zR → e−2πi/kzR
. (3.17)

This is an asymmetric orbifold, because the action on left-moving and right-moving
coordinates is different, but it cannot give rise to truly non-geometric fluxes because the
compactification with geometric fluxes can be recovered via a duality transformation.

A truly asymmetric orbifold can be obtained, instead, if we consider Zk rotations
acting only on the left-moving coordinates

Mk :

{
zL → e2πi/kzL

zR → zR
. (3.18)

In this case, the monodromy matrix cannot be dualized to a symmetric one, and indeed
such an orbifold would generate non-geometric fluxes. Some examples of symmetric,
asymmetric and truly asymmetric orbifolds for higher-dimensional tori can be found in
[28].

As a further generalization of the above discussion, we can consider orbifolds
where asymmetry lies not only in the twist acting on the torus coordinates, but also
in the shifts along the circle direction, in the sense that the orbifold action involves
asymmetric shifts for the coordinates yL, yR. Such an orbifold is specified by a group
of type Zn ×Zm, associated with two elements M, M̃ in the o(d, d) algebra, where
M generates an order n rotation, while M̃ generates an order m rotation, with the
requirement that

[M, M̃] = 0 . (3.19)

The gauge algebra in this case is given by

[Zy, Tα] = M β
α Tβ ,

[X y, Tα] = M̃ β
α Tβ .

(3.20)
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As proposed in [27], this suggests that, away from the orbifold point, the fields acquire
a dependence on the S1 coordinates of type

ψ(xµ, y, ỹ) = exp
(

My
2πr

)
exp

(
M̃ỹ
2πr̃

)
[ψ(xµ)] . (3.21)

The dependence on both y and its dual coordinate ỹ is a signature of a non-geometric
background that is not geometric even locally, associated with the presence of R-fluxes
that cannot be eliminated with a duality transformation, as we are going to see.

The matrix M̃ can be parametrized, in analogy with M, as

M̃ β
α =

(
W̃ J

I ŨI J

Ṽ I J (W̃T)
I
J

)
, (3.22)

so that we obtain

[Zy, ZI ] = W J
I ZJ + UI JX J , (3.23a)

[Zy,X I ] = −W I
J X J + V I JZJ , (3.23b)

[X y, ZI ] = W̃ J
I ZJ + ŨI JX J , (3.23c)

[X y,X I ] = −W̃ I
J X J + Ṽ I JZJ . (3.23d)

If we compare this result with the gauge algebra (3.1), we can now identify all the
fluxes as

τ J
yI = τ̃ J

yI = W J
I , hyI J = UI J , Q I J

y = V I J ,

τ̃
y
I J = −ŨI J , Q yJ

I = −Q̃ yJ
I = −W̃ J

I , RyI J = Ṽ I J .
(3.24)

3.3 dimensional reductions

As already outlined in chapter 2, compactification of supersymmetric theories gives rise
to gauged supergravity theories in lower dimensions, whose features and symmetries
mainly depend on the way compactification is performed and the fluxes that have been
introduced.

We are mainly interested in extended supergravity theories in 4 dimensions. The
introduction of non-geometric backgrounds and in particular of genuine left-right
asymmetry (by means of asymmetric orbifolds) allows to obtain extended supergravities
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with N = NL +NR supersymmetry generators starting from vacuum configurations of
type II superstrings. The possible configuration are described in detail in [38]: they are

N8 ↔ NL = 4 , NR = 4 ,

N6 ↔ NL = 2 , NR = 4 ,

N5 ↔ NL = 1 , NR = 4 ,

N4 ↔ NL = 2 , NR = 2 or NL = 0 , NR = 4 ,

N3 ↔ NL = 1 , NR = 2 ,

N2 ↔ NL = 1 , NR = 1 or NL = 0 , NR = 2 ,

N1 ↔ NL = 0 , NR = 1 ,

up to the exchangeNL ↔ NR. From the above scheme it is clear that only the cases ofN
even, different from 6, admit a left-right symmetric description, while for N = 6, 5, 3, 1
an asymmetric background is required.

In particular, models with N = 3 can be constructed by performing a geometric
Z2 orbifold, whose action is given by a twist (resulting in a theory with residual
N = 4 = 2L + 2R) and a shift that avoids massless states in the twisted sectors. This is
followed by a non-geometric projection (acting only on left or only on right coordinates)
that allows for a further supersymmetry breaking N = 4→ N = 3.

The results of [38] are obtained from a string theory approach, but it could be
interesting to investigate their 4-dimensional counterpart. Namely, we should be able
to reproduce the same orbifolds as gaugings of some supergravity theory. Then, we
could take the known stringy results as a guide to investigate gauged supergravities
where the gauging produces specific supersymmetry breaking patterns at the vacuum.
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N = 8 S U P E R G R AV I T Y I N 4 D I M E N S I O N S

In 4 spacetime dimensions, the maximal number of allowed supersymmetry generators
is N = 8. The field content of the resulting supergravity theory is completely con-
strained by supersymmetry: the unique (CPT-self-conjugate) supermultiplet contains

• a graviton (spin 2), which can be described by the vielbein ea
µ,

• 8 gravitini ψi
µ, i = 1, . . . 8,

•
(
N
2

)
= 28 vector fields A I

µ , where in agreement with the notation introduced in
2.1 we denote with the upper index I only the electric vector fields representing
the independent degrees of freedom of the theory, while the 28 dual "magnetic"
vectors are AµI ,

•
(
N
3

)
= 56 spin 1/2 fermions χijk = χ[ijk],

•
(
N
4

)
= 70 real scalar fields φijkl = φ[ijkl].

The R-symmetry group of the theory is SU(8)1; gravitinos, spin 1/2 fermions, scalar
fields transform respectively in its 8, 56, 70 representation and the indices i, j, k, l used
to label the fields denote precisely these transformation properties.

The N = 8 theory was constructed by Cremmer and Julia in [39], [40] exploiting
dimensional reduction from the 11-dimensional supergravity, then in [41] it was derived
entirely within a 4-dimensional context.

We mentioned in sections 2.1, 2.2 how the structure and the symmetries of the
scalar sector play an important role in the description of extended supergravity theories
and their gaugings. Then, a starting point in the analysis of the maximal theory is to
characterize its scalar manifold: it can be described as a homogeneous space

Mscalar = E7(7)/SU(8) , (4.1)

1 The largest R-symmetry group allowed for N = 8 supergravity would be in principle U(8), but fields can
transform non-trivially only under its SU(8) subgroup because the supermultiplet is CPT-self-conjugate
[6].

33
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as explained in [40]. In this chapter we will first give some details on the E7(7) group
and the structure of the scalar manifold, then describe the lagrangian realization of the
maximal theory. Subsequently, we will focus on the gaugings of the theory, adopting the
embedding tensor technique described in chapter 2. We will discuss some implications
of the constraints imposed on the embedding tensor and the main effects of the gauging
procedure on the different fields of the theory will be analyzed. Finally, we will show
how to describe the gauging via an object called T-tensor, obtained from the embedding
tensor and coset representatives; the decomposition of this tensor into irreducible
representations of SU(8) will reveal particularly useful in the following chapter.

4.1 the scalar manifold

4.1.1 The exceptional group E7(7)

To describe E7(7), we can start from its generators, considering the infinitesimal group
action in the fundamental (56) representation. Following [42], we assume that the
56-dimensional representation space is spanned by two antisymmetric rank-2 tensors
xM = (xAB, yCD), where indices take values A, B, C, D . . . = 1, . . . 8. The infinitesimal
transformation laws are

δxAB = Λ C
A xCB + Λ C

B xAC + ΣABCD yCD ,

δyAB = Λ′AC yCB + Λ′BC yAC +
1
24

εABCDEFGH ΣEFGH xCD ,
(4.2)

where Λ B
A = −Λ′BA, Λ A

A = 0, while ΣABCD is a totally antisymmetric tensor. If we de-
fine Λ CD

AB = 2 Λ [C
[A δ

D]
B] , the e7 algebra generators in the fundamental representation

can be expressed as

(tα)
N

M =

(
Λ EF

AB ΣABGH

⋆ΣCDEF Λ′CD
GH

)
, (4.3)

where ⋆Σ denotes the Hodge dual of the tensor Σ. It is immediate to see that the 133
independent generators correspond to the 63 degrees of freedom of the traceless Λ B

A
plus the 70 degrees of freedom of the antisymmetric ΣABCD.

The generators with Σ = 0 select an SL(8, R) subgroup, which is the maximal
subgroup of E7(7). Indeed, tensors Λ B

A , Λ′AB can be interpreted as generators of
SL(8, R) respectively in the 8 and 8′ representations; analogously, Λ CD

AB and Λ′AB
CD

correspond to the 28 and 28′ representations of SL(8, R) resulting from the splitting of
the E7(7) 56 representation (56→ 28⊕ 28′). This can be easily observed from the block
diagonal structure assumed by (4.3) once Σ = 0 has been imposed.
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In order to see how the SU(8) subgroup of E7(7) comes out, it is useful to separate
the tensor Λ B

A in the symmetric and the antisymmetric parts, while the tensor Σ can
be split into self-dual and anti-self-dual components:

Λ B
A −→

{
(Λs) B

A = (Λs) A
B (35 d.o.f.)

(Λa) B
A = −(Λa) A

B (28 d.o.f.)
(4.4)

ΣABCD −→
{

⋆(Σd)
ABCD

= (Σd)ABCD (35 d.o.f.)

⋆(Σa)ABCD = −(Σa)ABCD (35 d.o.f.)
(4.5)

Among e7(7) generators, those verifying Λ = Λa, Σ = Σa span the 63-dimensional Lie
algebra of SU(8); they are all compact generators, indeed SU(8) is the maximal compact
subgroup of E7(7)

2. The signature of the Killing metric on the e7 algebra, which comes
from the difference between the number of non-compact and compact generators, is
70− 63 = 7, that’s why the real form of the exceptional group E7 appearing as duality
group in the maximal supergravity theory is denoted with E7(7).

4.1.2 A complex basis

Once the structure of E7 generators has been described, it is useful to change the
basis (in the previous section indices denoted with capital letters A, B . . . correspond to
vector representations of SL(8, R)) in order to make easier the identification of SU(8)
generators and eventually the definition of coset representatives for the coset manifold
E7(7)/SU(8). The appropriate basis is a complex one, of type (z, z) = (x + iy, x− iy),
in which the infinitesimal SU(8) transformations take the form

δSU(8)(xAB ± iyAB) =
(
(Λa) CD

AB ± i ⋆(Σa)ABCD
)
(xAB ± iyAB) , (4.6)

where notation becomes consistent from the point of view of SL(8, R) covariance only
if we take into account relations (4.4), (4.5). If we consider the remaining generators,
orthogonal to SU(8) ones with respect to the Killing metric, their action exchanges
complex coordinates with their conjugates

δ⊥(xAB ± iyAB) =
(
(Λs) CD

AB ± i ⋆(Σd)
ABCD)

(xAB ∓ iyAB) . (4.7)

This change of basis can be correctly reproduced through chiral Γ matrices, obtained
from a Clifford algebra Cliff(8) in 8 dimensions ([40], [43]). Such an algebra is defined
by matrices ΓA, A = 1, . . . 8 satisfying the anticommutation relations

{ΓA, ΓB} = 2ηAB1 , (4.8)

2 It is not exactly SU(8) to be contained in E7(7), but SU(8)/Z2, which still has dimension 63; the same is
true for the SL(8, R) subgroup, which is actually SL(8, R)/Z2 [40].
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where ηAB could be in principle a diagonal matrix with arbitrary number of +1 and
−1 along the diagonal, but for our purposes we can restrict to the case in which it
is an euclidean metric ηAB = ±δAB. Antisymmetrized products of the ΓA matrices
are defined as ΓAB...D = Γ[AΓB · · · ΓD] and, as in any even dimension d = 2n, it is
also possible to define a chirality matrix Γd+1 = inΓ1 · · · Γd anticommuting with all
the ΓA, which is useful in order to split the 2n-dimensional representation of Cliff(8)
into two chiral representation of SO(d). For the algebra Cliff(d), matrices with two
antisymmetrized indices ΓAB satisfy the following properties:

[ΓAB, ΓCD] = −8 η[A [C
ΓB]D]

, (4.9a)

ΓAB
ij Γ ij

CD = 16 δAB
CD , (4.9b)

where (4.9a) allows to identify the set of ΓAB matrices as a complete basis of the Lie
algebra generating SO(8). They play a role similar to the γµν matrices built out of the
Dirac matrices γµ in 4 dimensions, which convert the Lorentz group generators from
vector to spinor representation, allowing to define covariant derivatives for spinors in
curved spacetime. Indeed, matrices (ΓAB)ij make it possible to interpolate between
indices A, B . . ., referring to SL(8, R) representation, and indices i, j . . . that label SU(8)
representations, thanks to a property of the SO(8) subgroup, which is common to
SL(8, R) and SU(8), called triality [44]. This property is essentially the local equivalence
between vector and spinor representations of the su(8) algebra; it allows to interchange
the two types of indices, so that the (ΓAB)ij can be also interpreted as matrices (Γij)AB

coming from a Cliff(8) algebra of matrices Γi.
Thus, complex coordinates can be defined as

zij =
1

4
√

2

(
ΓAB

ij xAB + iΓABij yAB
)

, zij =
1

4
√

2

(
ΓABij xAB − iΓ ij

AB yAB
)

. (4.10)

We can also apply the change of basis to E7(7) generators, obtaining

λ kl
ij =

1
32

ΓAB
ij

(
(Λa) CD

AB + i ⋆(Σa)ABCD
)

ΓCDkl ,

σijkl =
1
32

ΓAB
ij

(
(Λs) CD

AB + i ⋆(Σd)
ABCD)

ΓCD
kl ,

(4.11)

where the tensor λ kl
ij encodes all SU(8) generators, while the totally antisymmetric

σijkl correspond to orthogonal generators. The change of basis can be described with a
more compact notation if one defines a 56× 56 matrix constructed from the ΓAB

S N
M =

1
4
√

2

(
Γ AB

ij i ΓijCD

ΓklAB −i Γkl
CD

)
, (4.12)
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where from now on we denote with underlined capital letters M, N . . . = 1, . . . 56
indices referring to the complex basis. Applying the change-of-basis matrix (4.12) (and
its inverse) allows to obtain the generic form of E7(7) generators in the complex basis

(tα)
N

M = S P
M (tα)

Q
P S† N

Q =

(
λ mn

ij σijpq

σklmn λ
kl

pq

)
. (4.13)

4.1.3 The coset manifold

Using only the generators orthogonal to SU(8) and in particular establishing a corre-
spondence between the antisymmetric form σijkl and the 70 scalar fields φijkl , we can
easily define coset representatives of E7(7)/SU(8) as3

L(φ) N
M = exp

(
0 φijpq

φklmn 0

)
=

(
u mn

ij −vijpq

−vklmn ukl
pq

)
. (4.14)

Here and in the following, even if not written explicitly, it is understood that raising
or lowering all indices of type i, j . . . corresponds to complex conjugation, so that, for
instance, φijkl = φijkl , or u kl

ij = uij
kl (the upper or lower position of indices i, j . . . refers

to the representations 8 or 8 of SU(8)).
Another possibility, which will reveal useful in the following, is to write coset

representatives in a mixed basis, as

L(ϕ) N
M = S† P

M L(ϕ) N
P , (4.15)

so that they can be used to interpolate between SL(8, R)-covariant and SU(8)-covariant
objects. This can be the case when couplings between scalar and vector fields appear.

In section 2.1.2, we discussed how the isometry group of the scalar manifold (here
E7(7)) coincides with the duality group of global symmetries of the equations of motion,
acting linearly on the vector fields contained in the theory, but it is not a symmetry
group for the lagrangian. If we stick to ungauged supergravity, the same equations of
motion can be obtained from a set of inequivalent lagrangians, corresponding in the
case of maximal supergravity to the double quotient space

GL(28, R) \ Sp(56, R)/E7(7) , (4.16)

(from the general expression (2.6)). Elements of (4.16) can be explicitly represented
through matrices E ∈ Sp(56, R) that define the embedding of E7(7) into Sp(56, R), or
equivalently the embedding of the 28 electric vector fields into the 56-dimensional

3 Here we exploit an Iwasawa decomposition of E7(7), which is a non-compact form of E7, with respect to
its maximal compact subgroup SU(8) [39].
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representation space of E7(7) [45]. As a consequence, the action of the duality group
GU = E7(7) on vector field strengths and on scalar fields is not the same, but transfor-
mations of the ones and the others are related by a constant E matrix:

δFM = FN(tα)
M

N ,

δL(ϕ) N
M̂

= (E−1)
P

M̂ (tα)
Q

P E R̂
Q L(ϕ) N

R̂
,

(4.17)

where tα ∈ e7(7). We use for the moment a notation distinguishing between indices
M, N . . . and M̂, N̂ . . ., which both refer to some 56-dimensional representation of E7(7),
but denote different basis: the former correspond to the basis where the 28 electric
vector fields and their magnetic duals are AM = (AI , AI), while the latter are associated
to the basis in which we have first defined the infinitesimal E7(7) action (equation (4.2)),
with basis vectors xM̂ = (xAB, yCD). We will not keep this distinction in any other part
of this thesis: following [45], we will indeed always reabsorbe transformations E N̂

M
into the definition of coset representatives

L(ϕ) N
M̂

→ L(ϕ) N
M = E P̂

M L(ϕ) N
P̂

=
(

L ij
M , LM mn

)
=

(
L ij

I LI mn

LJ ij LJ
mn

)
. (4.18)

The drawback is that the object L(ϕ) N
M used as coset representative is no more an

element of E7(7) (it only belongs to Sp(56, R)), unless E = 1.
Once we have fixed coset representatives, we can define the Maurer−Cartan form,

taking values in e7(7) (see section A.3),

Ω(ϕ) = L−1(ϕ) dL(ϕ) = V a(ϕ)ta + ωi(ϕ)ti , (4.19)

where ti and ta denote respectively generators of the su(8) subalgebra and the remaining
generators of e7(7). It is important to remark that the Maurer−Cartan form is not affected
by changes of basis such as (4.15), nor it depends on transformations (4.18), because
they are all realized through constant matrices. This means that the choice of the
symplectic frame, encoded in E, has no consequence on the coset manifold geometry,
even though it affects the explicit expression of the lagrangian and also the embedding
tensor of the gauged theory.

The vielbein V and the SU(8)-connection ω can be found by exploiting the block-
diagonal structure (4.13) of generators in the complex basis

(
L−1(ϕ) dL(ϕ)

) N
M =

(
ω mn

ij Vijpq

V klmn ωkl
pq

)
. (4.20)

By definition of symplectic matrices, the coset representatives always satisfy LTΩL = Ω,
which in the mixed basis becomes

(LT)
M

N ΩNP L
Q

P = Ω M Q . (4.21)
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The symplectic form Ω in the real basis takes the form ΩMN =

(
0 1

−1 0

)
, while in the

complex basis is Ω M N =

(
0 i 1

−i 1 0

)
. The invariance relation (4.21) allows to easily

obtain the inverse of coset representatives as

(L−1)
N

M = (Ω−1)M P (LT)
P

Q ΩQN =

(
−iLI

ij iLJ ij

iLI kl −iL kl
J

)
. (4.22)

Then, the following expressions can be derived:

Vx ijkl = i LM ij ΩMN ∂xLN kl = −i LI
ij ∂xLI kl + i LI ij ∂xLI

kl ,

ωx
kl

ij = i LM ij ΩMN ∂xL kl
N = −i LI

ij ∂xL kl
I + i LI ij ∂xLI kl ,

(4.23)

where indices x, y . . . = 1, . . . 70 refer to curved coordinates ϕx on the scalar manifold.
To ensure compatibility with the Lie algebra e7(7) [45], Vx ijkl is a self-dual SU(8) tensor

Vx
ijkl =

1
24

εijklmnpq Vx mnpq . (4.24)

For the same reason, the SU(8)-connection can be reduced to a traceless rank-2 tensor

ωx
kl

ij = δ
[k

[i ωx
l]

j] ↔ ωx
j

i =
2
3

ωx
kj

ki . (4.25)

The connection ω can be used to define an SU(8)-covariant derivative, as in any
coset manifold

∂xL → DxL = ∂xL−ωi
x L ti . (4.26)

The action of covariant derivatives on coset representatives (A.23) can be written,
exploiting the index structure, as

DxL N
M = ∂xL N

M − L P
M ωx

N
P , (4.27)

where the connection, according to (4.20), is ω N
M =

(
ω mn

ij 0
0 ωkl

pq

)
. The 1-form ωx

behaves as a gauge field under SU(8), as in (A.16b); it is a composite connection, in
the sense that it is not associated with propagating vector degrees of freedom, but
instead is defined from coset representatives in order to get rid of the redundancy in
parametrizing E7(7)/SU(8). It allows to build covariant derivatives also for fermionic
fields, which transform linearly under SU(8) (derivatives appearing in the ungauged
lagrangian will be both spacetime and SU(8) covariant).

The vielbein is related to the covariant derivative of coset representatives by (A.24),
which in coordinates becomes

DxL ij
M = LM klVx

klij . (4.28)
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This identity allows to write the scalar kinetic term of the ungauged lagrangian in
terms of the vielbein, as in [46]:

e−1Lkin = − 1
12
Vµ

ijklVµ
ijkl , (4.29)

where we use a pull-back to switch from curved coordinates on the coset manifold to
spacetime coordinates: Vµ = ∂µ φxVx.

4.2 gauging the theory

The gauging procedure consists in promoting a subgroup of the U-duality group
GU = E7(7), which is a symmetry group of the equations of motion and not necessarily
of the lagrangian, as we stressed in chapter 2, to a (local) gauge symmetry group.
In order to construct the gauged theory and to obtain a lagrangian which is gauge-
invariant but at the same time preserves supersymmetry, the fundamental steps to
follow are the ones described in 2.1.3, which eventually lead to the introduction of
fermionic mass terms and of a scalar potential.

The maximal supergravity theory was first studied with an SO(8) gauging, since it
was already known that in extended supergravity with N supersymmetry generators
the N (N−1)

2 vector fields appearing in the graviton multiplet can be used to build the
connection of an SO(N ) gauge group. Of course, this is not the only possible choice,
but it is not obvious in principle whether a given group can be gauged or not. The
best way to select all the admissible gaugings for the N = 8 theory is to adopt the
embedding tensor formalism described in 2.2 (see [45], [46]), which allows to study the
gauged theory without fixing a priori the gauge group.

4.2.1 The embedding tensor and its constraints

The embedding tensor Θ α
M parametrizes the gauge group Ggauge as a subgroup em-

bedded into E7(7); this happens through the definition of gauge generators, as in (2.18),

XM ≡ Θ α
M tα with M = 1, . . . 56 , α = 1, . . . 133 , (4.30)

where tα are the generators of e7(7). As it is shown by the index structure, the embedding
tensor transforms in the tensor product of the 56 (fundamental) and 133 (adjoint)
representations of E7(7). Its rank, i.e. the number of independent generators among
the XM, gives the dimension of the gauge group, which cannot exceed the number of
electric vector fields: dim(Ggauge) ≤ 28.

In order to correspond to a consistent gauging, the embedding tensor has to satisfy
the set of linear and quadratic constraints discussed in 2.2.1. The linear constraint,
also called representation constraint, follows from requiring the cancellation of the terms
associated to supersymmetry variation of the gauged lagrangian at order linear in the
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coupling constant (and then linear in Θ). In maximal supergravity, the representation
space in which the embedding tensor is defined can be decomposed according to

56⊗ 133 = 56⊕ 912⊕ 6480 , (4.31)

but supersymmetry restricts Θ α
M to be in the 912 representation. This condition, given

the decomposition (4.31), implies the equations

(tα)
N

M Θ α
N = 0 , (tγtβγαβ)

N
M Θ γ

N = −1
2

Θ α
M , (4.32)

where γαβ is the inverse of the Cartan−Killing metric defined on the Lie algebra [46].
The quadratic constraint is (2.21), coming from the requirement of gauge invariance

of the theory; it implies (2.22), which is interpreted as the closure of the gauge algebra.
However, from the relation [XM, XN ] = −X P

MN XP it does not automatically follow that
the quantities −X P

MN = −Θ α
M (tα)

P
N are the structure constants of the algebra; it only

guarantees that the two quantities coincide after contraction with the gauge generators,
i.e.

−X P
MN XP = f P

MN XP , (4.33)

where f P
MN are meant to be the correct structure constants. In the generic case, we can

split X P
MN into an antisymmetric and a symmetric component (with respect to the first

two indices
X P

MN = X P
[MN] + ZP

MN , (4.34)

where ZP
MN = ZP

(MN) and consistency with (2.22) requires that ZP
MN XP = 0.

The presence of non-vanishing ZP
MN has an important consequence4: if we assume

that the structure constants coincide with the antisymmetrized X P
[MN] , they fail to

satisfy ordinary Jacoby identities [13]

X P
[MN] X R

[QP] + X P
[NQ] X R

[MP] + X P
[QM] X R

[NP] = −ZR
P[Q X P

MN] , (4.35)

where the RHS vanishes only after contraction with the XR. These identities are actually
the analogue of (2.46), which were obtained from dimensional reduction in presence of
fluxes. As already mentioned, the resulting gauge algebra is not a Lie algebra in general,
but rather it can be described consistently as a free differential algebra [16], provided
we introduce some tensor gauge fields Bµν. The explicit 4-dimensional construction
will be described in section 4.2.3.

Once the linear representation constraint is imposed, the quadratic one (2.21) is
equivalent to the locality constraint (2.23), which can be also expressed as

ΘI[αΘ β]
I = 0 , (4.36)

4 For the theory of maximal supergravity in 4 dimensions, ZP
MN are never vanishing because it can be

shown [46] that requiring X P
MN = X P

[MN]
would violate (4.32).
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where we again adopt the convention that splits vector indices in the electric and the

magnetic part, then Θ α
M =

Θ α
I

ΘIα

. This condition implies that, for any gauge group, it

is possible to choose a symplectic frame, i.e. an embedding of Ggauge into Sp(56, R),
encoded by a matrix E in the double quotient (4.16), such that

ΘIα = 0 . (4.37)

As a consequence, when we construct the gauge connection, which is in general

Aµ = Aµ
MXM =

(
A I

µ Θ α
I + AµI ΘIα

)
tα , (4.38)

only electric vector fields A I
µ are involved: equation (4.37) defines a purely electric

gauging. However, in order to keep E7(7) covariance, in the following we will not
assume to be necessarily in the electric frame and then we will keep also magnetic
vector fields.

In general, different values of the embedding tensor correspond to either different
gauge groups or different embeddings into E7(7) of the same gauge group. However,
once the symplectic frame has been fixed, there is not a one-to-one correspondence
between allowed embedding tensors and inequivalent gauged supergravity models,
because many distinct values of the embedding tensors can correspond to theories
related between each other by U-duality transformations. A classification of the inequiv-
alent theories, relying on the analysis of some duality-invariant tensorial quantities
constructed from the embedding tensor, can be found in [47].

4.2.2 The scalar sector

Once we have introduced the embedding tensor that describes the gauge group, the first
step in the construction of a gauge invariant lagrangian is the definition of a covariant
derivative from the connection (4.38)

∂µ → ∂̂µ = ∂µ − gA M
µ XM = ∂µ − gA M

µ Θ α
M tα , (4.39)

where g is the gauge coupling constant and the symbol ̂ denotes, here and in the
following, gauge-covariantized quantities. We can observe from this definition that the
embedding tensor Θ α

M plays the role of a charge matrix.
We want now to analyze how the gauging modifies the structure of the scalar sector,

again exploiting the formalism of coset manifolds. To begin with, we can define a
gauge-covariant Maurer−Cartan form (to compare with (4.19))

Ω̂ = L−1d̂L ≡ L−1(d− gAMXM)L = V̂ ata + ω̂iti , (4.40)
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where we have introduced the gauged versions of vielbein and SU(8)-connection.
Making explicit the above expression, they are

V̂ a = V a − gAMΘ α
M
(

L−1tαL
)a︸ ︷︷ ︸

ξ x
α V a

x

, (4.41a)

ω̂i = ωi − gAMΘ α
M
(

L−1tαL
)i︸ ︷︷ ︸

P i
α

, (4.41b)

where, comparing with the definitions given in section A.3, the gauged vielbein V̂ and
SU(8)-connection ω̂ are written in terms of the Killing vectors ξ x

α and prepotentials
P i

α respectively. In components,

V̂µ ijkl = Vµ ijkl − igA M
µ LN ij ΩNP X Q

MP LQ kl , (4.42a)

ω̂ kl
µ ij = ω kl

µ ij − igA M
µ LN ij ΩNP X Q

MP L kl
Q , (4.42b)

where Vµ ijkl and ω kl
µ ij can be taken from (4.23), once we have replaced the derivatives

∂x with the pull-back ∂µ = (∂µ φx)∂x. We can introduce now a covariant derivative for
coset representatives that is both gauge and SU(8)-covariant

D̂µL = ∂µL− L ω̂µ − gA M
µ XM , (4.43)

which in components becomes

D̂µL ij
M = ∂µL ij

M − L kl
M ω̂

ij
µ kl − gA N

µ X P
NM L ij

P . (4.44)

The gauged version of the identity (A.24) means that the vielbein can be expressed as

V̂µ ijkl = iLMijΩ
MND̂µLNkl , (4.45)

and this quantity enters the definition of the gauge-covariant kinetic term for the scalar
fields, in analogy with the ungauged case.

4.2.3 The vector sector

The set of electric and magnetic vector fields should transform under the gauge group
as in (2.20b). Then, the natural choice for the non-abelian field strengths of the theory
is

F M
µν = 2∂[µ A M

ν] + gX M
[NP] A N

µ A P
ν , (4.46)

which follows from the Ricci identity [∂̂µ, ∂̂ν] = −gF M
µν XM, and we would expect it to

be enough to guarantee gauge invariance of the vector kinetic term. Actually, this is not
the case, because field strengths defined as in (4.46) transform in the following way:

δF M
µν = −gΛNX M

NP F P
µν + 2gZM

NP(Λ
NF P

µν − A N
[µ A P

ν] ) , (4.47)
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where only the first term corresponds to an ordinary covariant transformation, while
the second one would require the addition of new terms in the lagrangian in order to
be compensated.

The standard solution ([16], [48]) is to introduce tensor fields, in particular 2-forms,
coupled to vectors through the ZP

MN (it is a Stückelberg-like coupling, similar to those
appearing in massive deformations of supergravity [13]) and then define modified field
strengths

HM
µν ≡ F M

µν + ZM
NP BNP

µν . (4.48)

The new gauge transformation rules for vector and tensor fields are

δA M
µ = ∂̂µΛM − ZM

NPΣ NP
µ ,

δBMN
µν = 2∂̂[µΣ MN

ν] − 2Λ[M HN]
µν + 2A (M

[µ
δA N)

ν]
,

(4.49)

where ΣMN is the gauge parameter associated to the tensor field BMN . These transfor-
mation rules can be interpreted as the relations defining the free differential algebra
associated to the gauging. As a consequence of (4.49), the modified field strength
transforms covariantly:

δHM
µν = −X M

PN ΛPHN
µν . (4.50)

In order to guarantee that the full lagrangian is invariant under the vector gauge
transformations, we need to add new terms to the action [46]:

e−1Ltop =
i
8

g εµνρσ ΘIα Bµν α

(
2 ∂ρ AσI + g XMNI A M

ρ A N
σ −

1
4

Θ β
I Bρσ β

)
+

+
i
3

g εµνρσ XMNI A M
µ A N

ν

(
∂ρ A I

σ +
1
4

g X I
PQ A P

ρ A Q
σ

)
+

+
i
6

g εµνρσ X I
MN A M

µ A N
ν

(
∂ρ AσI +

1
4

g XPQI A P
ρ A Q

σ

)
,

(4.51)

where we identify Bα = −(tα)NPBNP. Here, in the first line we have a topological
coupling between the antisymmetric tensor BMN and the magnetic vectors AI , while
the remaining terms are a generalization of the Chern−Simons-like couplings that are
needed in order to ensure gauge invariance even in the case of electric gauging.

Clearly the tensor fields BMN cannot add new degrees of freedom to the theory;
they should instead be dual to some of the scalar fields of the ungauged lagrangian.
Such a duality relation can be obtained explicitly from the equations of motion for
the vector fields, so that substituting the solution to these equations in the action
eliminates the tensor fields, which is equivalent to perform a duality rotation to the
electric frame. However, the presence of tensors BMN in the action if we don’t fix the
symplectic frame is not problematic: indeed, it is in agreement with the possible higher-
dimensional origin of supergravity theories, since tensor fields come up naturally from
flux compactification, as we discussed in 2.4.
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4.3 the T -tensor

After describing how the gauging procedure and the requirement of gauge invariance
modify the scalar coset manifold, as well as the effects on the vector sector of the
lagrangian, we have to consider, according to the general procedure outlined in 2.1.3,
which modifications are needed in order to restore supersymmetry invariance of the
lagrangian after the gauging. This step, which introduces termslinear and quadratic in
the gauge coupling constant g, can be conveniently formalized through the T-tensor,
which was first introduced in [41]. It can be defined as the embedding tensor "dressed"
with coset representatives (in order to couple to fermions), then it depends on the
embedding tensor, but also on scalar fields:

T α
M (Θ, φ) tα = (L−1)

M
M Θ β

M (L−1tβL) . (4.52)

Equivalently, the T-tensor can be expressed, in the complex basis of the 56 representa-
tion, as

T P
MN (Θ, φ) = (L−1)

M
M (L−1)

N
N X P

MN L P
P . (4.53)

From these definitions, it is clear that T is an SU(8)-covariant tensor, i.e. its indices
transform under local SU(8) transformations.

The constraints T obeys are a direct consequence of the constraints on the embedding
tensor. In particular, T inherits the representation constraint on Θ

PT(Θ, φ) = 0 ∀φ , (4.54)

which forces T, just like Θ, to be in the 912 representation of E7(7). If this representation
is decomposed according to the SU(8) subgroup of E7(7), we get

912 → 36⊕ 36⊕ 420⊕ 420 . (4.55)

In other words, the components of the T-tensor can be parametrized in terms of simpler
tensors

T P
MN →

(
A1

ij , A1ij , A2
jkl

i , A2
i
jkl
)

, (4.56)

where A1 is symmetric, while A2 is antisymmetric in the last three indices and traceless

A1
ij = A1

ji , A2
jkl

i = A2
[jkl]

i , A2
ijk

i = 0 . (4.57)

As usual with complex indices, we have A1ij = A1
ij, A2

i
jkl = A2

jkl
i .

If the tensor T P
MN =

(
(T)ij

P
N , (T)ij P

N

)
is decomposed in blocks according to

(T)ij P
N =

 2
3 δ

[p
[k T q]ij

l] T ij
mnpq

1
24 εklrstuvw T ij

tuvw − 2
3 δ

[m
[r T n]ij

s]

 , (4.58)
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the final expression of T components in terms of A1 and A2 is [46]

T lij
k =− 3

4
A2

lij
k −

3
2

A1
l[iδ

j]
k ,

T ij
klmn =− 4

3
δ
[i
[k T j]

lmn] .
(4.59)

The gauging procedure always requires to modify the supersymmetry transforma-
tion rules for fermions, as already shown in (2.13), and in the case of the N = 8 theory
the tensors giving the shifts are precisely A1 and A2:

δψ i
µ = δ0ψ i

µ +
√

2gA1
ijγµϵj , δχijk = δ0χijk − 2gA2

l
ijkϵl . (4.60)

At linear order in g, this modification comes together with the introduction in the
lagrangian of Yukawa terms for fermions, also referred to as mass-like terms, as in
(2.12),

e−1LYuk =g
( 1√

2
A1ij ψ

i
µ γµν ψ

j
ν +

1
6

A2
jkl

i ψ
i

µ γµ χjkl+

+

√
2

144
εijklmnpq χijk A2

r
lmn χpqr

)
+ h.c. .

(4.61)

To conclude, at order g2 supersymmetry requires the addition of a scalar-dependent
term that, as already discussed, plays the role of the scalar potential

V = g2
( 1

24
A2

jkl
n A2

n
jkl −

3
4

A1kl A1
kl
)

. (4.62)

4.4 the gauged lagrangian

We report here, for completeness, the whole expression of the gauged lagrangian,
giving some comments on the terms that have not been discussed in the rest of the
chapter.

e−1L =
1
2

R− 1
2

εµνρσ
(

ψ
i

µ γν D̂ρ ψσi − ψ
i

µ

←−
D̂ ργν ψσi

)
+

− 1
12

(
χijkγµD̂µ χijk − χijk

←−
D̂ µγµ χijk

)
− 1

12
|V̂ ijkl

µ |2+

−
√

2
6

(
χijkγνγµ ψνlV̂

ijkl
µ + h.c.

)
+
(

H I+µνO +
I µν + h.c.

)
+

− i
4

(
NI J H I+

µν H J+µν −N I J H I−
µν H J−µν

)
+

+ e−1Ltop + e−1LYuk −V .

(4.63)
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The first terms in the lagrangian are the Einstein−Hilbert and Rarita−Schwinger kinetic
terms respectively for the graviton and the gravitini, followed by the Dirac lagrangian
for fermions, the scalar kinetic term, expressed as a function of the vielbein, and
the Noether couplings between scalars and fermions, required by supersymmetry
invariance.

The next terms correspond to the vector kinetic terms and the couplings of the
vector fields with the fermions and the tensor fields. Here we have replaced the usual
non-abelian field strengths F M with the modified field strengths HM defined in (4.48);
following [16], we split them into self-dual and anti-self-dual components HM+, HM−

normalized in such a way that

HM
µν = HM+

µν + HM−
µν . (4.64)

The tensor OM+
µν is defined according to

O+ij
µν =

√
2

2
ψ

i
ρ γ[ργµνγσ]ψ

j
σ −

1
2

ψρkγµνγρχijk −
√

2
144

εijklmnpq χklmγµνχnpq , (4.65)

and i
4O

+ij
µν = LI ijO +

I µν [46].
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In the previous chapter we have outlined the main features of the theory of maximal
supergravity in 4 dimensions, with particular attention to the origin and the expression
of the scalar potential; now, we focus on the study of its Minkowski vacua. The
technique we use to identify the possible vacua has been first employed in [49], [43].
It exploits the embedding tensor formalism, together with the transitive action of the
duality group on the scalar manifold. Indeed, the scalar potential can be expressed as a
quadratic function of the embedding tensor and a non-linear function of the scalar fields,
but different points of the scalar manifold can be related one to another by a duality
transformation, as well as different values of the embedding tensor. As a consequence,
we can recover information on the whole scalar manifold just by computing the
scalar potential and its derivatives at the origin of the scalar manifold. In particular,
the extremization condition and the requirement of vanishing potential, which are
needed to select a Minkowski vacuum, can be expressed as quadratic equations for the
embedding tensor, to be solved simultaneously with the quadratic and linear constraints
on the embedding tensor that guarantee to have a consistent gauging.

Although this procedure considerably simplifies the scan of allowed vacuum con-
figurations, it is still not possible to solve analytically the problem in full generality. We
will concentrate, instead, on verifying the presence of flat vacua in the case of specific
supersymmetry breaking patterns. While partial supersymmetry breaking to an even
number of supersymmetries is kinematically possible, and indeed some vacua are
found, partial supersymmetry breaking to an odd number of residual supersymmetries
is extremely constrained.

5.1 the technique

Preliminarily, we make an important remark: the scalar potential can be expressed
in terms of a real, symmetric, field-dependent matrix, MMN , defined from coset
representatives as

MMN = L ij
M LNij + L ij

N LMij . (5.1)

49
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It is positive definite and its inverse is

M MN = ΩMPΩNQMPQ . (5.2)

The scalar potential, written in terms of MMN , takes the form

V =
1

672
g2
(

X R
MN X S

PQ M MPM NQMRS + 7X Q
MN X N

PQ M MP
)

, (5.3)

as derived in [46]. This equation makes clear the quadratic dependence of the potential
on the embedding tensor. At the same time, being MMN manifestly SU(8) invariant,
we can see how SU(8) transformations do not affect V.

In order to find the possible Minkowski vacua of our theory, in principle we should
select a viable gauging (i.e. an embedding tensor verifying the quadratic and linear
constraints) and, once the choice of the gauging has fixed the expression of the scalar
potential V = V(φ), impose the extremization conditions

∂V(φ)

∂φijkl = 0 ,

together with the equation V(φ) = 0 (since we are interested in flat vacua). This system
of equations is not easy to solve in full generality due to the dependence of V(φ) on the
70 scalar fields: even if we employ an Iwasawa decomposition, the potential will have
an exponential dependence on the fields associated with the generators of the Cartan
subalgebra and a polynomial dependence on those corresponding to the nilpotent
generators [6], [43].

Our approach to the study of vacua is based instead on the structure of the scalar
manifold as a homogeneous space: any point can be connected to any other by an E7(7)
transformation. On the other hand, elements of E7(7) act linearly on the embedding
tensor. The key point in our analysis is that the scalar potential, which is in general
a function of the embedding tensor and of coset representatives V = V(L, Θ), has a
dependence of type

V = V(L−1Θ) , (5.4)

where L−1Θ denotes the tensor combination where the embedding tensor indices are
fully contracted. Exploiting homogeneity ofMscalar, we can map any (critical) point to
a fixed point φ′, at the price of changing accordingly the form of the embedding tensor.
Denoting with U ∈ E7(7) the group element mapping a generic point φ into the chosen
φ′, we have

UL(φ) = L(φ′)h(φ, φ′) , h ∈ SU(8) ,

UΘ = Θ′ ,
(5.5)

and the simultaneous application of the above transformations leaves the scalar potential
invariant

V(L, Θ) = V(UL, UΘ) , U ∈ E7(7) . (5.6)
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In particular, we will perform all calculations at the origin of the scalar manifold, i.e.
φ′ = 0. The choice is motivated by the fact that this point is invariant under the action
of the isotropy group SU(8). As a consequence, we can consider only transformations
U corresponding to the non-compact directions of E7(7), which parametrize nothing but
the coset manifold E7(7)/SU(8). Then, there is a one-to-one correspondence between
points of the scalar manifold and transformations of the embedding tensor.

Concretely, the scalar potential is defined from the irreducible components of the
T-tensor (4.53). Starting from a given value of the tensor T(φ, Θ), if we consider the
transformation U such that UL(φ) = L(0)h(φ), the same transformation acts on the
gauge algebra generators as

X P
MN = Θ α

M (tα)
P

N → X′ P
MN = U Q

M U R
N X S

QR U−1 P
S . (5.7)

If we take the tensor T′ computed from modified generators X′ P
MN at the point φ′ = 0,

it is immediate to see that the equality

T′ P
MN (0) = L−1(0)

M
M L−1(0)

N
N X′ P

MN L(0) P
P = T P

MN (φ) (5.8)

holds up to the action of h(φ), which, as already stressed, has no impact at the level of
the scalar potential.

In other words, we have shown that, as far as the analysis of the scalar potential is
concerned, moving on the scalar manifold via a transformation U ∈ E7(7) is the same as
modifying the embedding of the gauge group into E7(7) with the inverse transformation
U−1. Thus, it is not restrictive to look for vacua of the theory just by sitting at the origin
of the scalar manifold. In this way, we can scan over all allowed embedding tensor
values at once and the advantage is that the system to solve in order to select a vacuum
configuration reduces to a set of quadratic equations for the embedding tensor.

5.2 minkowski vacua

The quadratic constraints (2.21) (or equivalently (4.36)) to impose on the embedding
tensor in order to have a consistent gauging are equivalent to the following quadratic
identities for the tensors A1 and A2:

0 = A2
k
lij A2

mij
n − A2

kij
l A2

m
nij − 4A2

(k
lni A1

m)i − 4A2
mki

(n A1l)i+

− 2 δ m
l A1ni A1

ki + 2 δ k
n A1li A1

mi ,
(5.9)

0 = A2
i
jk[m A2

k
npq] + A1 jkδi

[m A2
k
npq] − A1 j[m A2

i
npq]+

+
1

24
εmnpqrstu

(
A2

ikr
j A2

stu
k + A1

ikδ r
j A2

stu
k − A1

ir A2
stu

j

)
,

(5.10)

0 = A2
r
ijk A2

mnp
r − 9A2

[m
r[ij A2

np]r
k] − 9 δ

[m
[i A2

n
|rs|j A2

p]rs
k] +

− 9 δ
[mn

[ij A2
|u|

k]rs A2
p]rs

u + δ
mnp

ijk A2
u

rst A2
rst

u .
(5.11)
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These equations are the ones we will employ in our computations, following the
procedure already adopted in [50] to find AdS vacua of the maximal supergravity
theory.

In order to find Minkowski vacua of the theory, apart from solving the equations
(5.9), (5.10), (5.11), we need to impose that the scalar potential

V = −3
4

g2
(

A1kl A1
kl − 1

18
A2

jkl
n A2

n
jkl

)
(5.12)

has a vanishing value, together with the extremization condition of the potential, which
can be expressed requiring that the tensor

Cijkl = A2
m
[ijk A1l]m +

3
4

A2
m

n[ij A2
n

kl]m (5.13)

becomes anti-self dual
Cijkl +

1
24

ε ijklmnpqCmnpq = 0 . (5.14)

In this way, we can find vacuum solutions using as unknowns exclusively the com-
ponents of the tensors A1, A2. Since we only have to solve homogeneous quadratic
equations in the tensor components, a scaling constant will remain undetermined for
any solution we can find. The embedding tensor and the gauge group can then be
reconstructed making use of the defining relation for the T-tensor and its expression in
terms of A1, A2.

Due to the high number of independent degrees of freedom involved, in order
to find analytical solutions we cannot simply consider the full set of equations and
find at once all the possible solutions; instead, we need to divide the problem into
smaller subcases, i.e. to put some constraints on the components of tensors A1 and
A2. Our strategy is to proceed by considering some specific supersymmetry breaking
patterns, starting from cases when the residual supersymmetry is larger (then the
computational treatment is easier) and progressively reducing the number of preserved
supersymmetry charges.

Here and in the following of this chapter we denote the indices corresponding to
unbroken supercharges with capital letters, while the remaining indices are denoted
with the first letters of the alphabet in lower cases,

I, J, . . . = 1, . . .N ; a, b, . . . = N + 1, . . . 8 , (5.15)

where N denotes now the number of unbroken generators at the vacuum.
The supersymmetry requirement can be imposed at the level of the field transfor-

mation rules under supersymmetry, depending on infinitesimal spinorial parameters
ϵi, with i = 1, ...8. In a Minkowski vacuum all fermionic fields must take a vanishing
value in order not to break Lorentz invariance, then the transformation rules for bosons,
which necessarily involve fermionic fields to be contracted with ϵ parameters, will be
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automatically null. What we need to verify are then the fermionic transformation rules,
in particular the terms induced by the gauging

δgaugeψi
µ = +

√
2gA1

ijγµϵj ,

δgaugeχijk = −2gA2
ijk

l ϵl .

In order to impose a residual N supersymmetry at the vacuum, these infinitesimal
variations must vanish for every choice of the parameters ϵI , which immediately gives

A1
I j = A1

jI = 0 , A2
ijk

I = 0 ∀ I = 1, . . .N ∀ i, j, k .

In general, if we start from the theory with maximal supergravity (8 supersymmetry
generators) and consider a vacuum configuration in which supersymmetry is partially
broken, the R-symmetry group SU(8) of the theory splits into

SU(8) −→ SU
(
N
)
× SU

(
8−N

)
×U(1) . (5.16)

The SU
(
8−N

)
group can be further reduced to smaller subgroups, as we will see.

Once we have fixed the R-symmetry group at the vacuum, by requiring invariance
under this group we can get additional constraints on the tensors A1 and A2, in order
to reduce the number of independent unknowns in the equations we have to solve.

The analysis in terms of A1 and A2 is particularly useful for our purposes because
they transform according to irreducible representations of SU(8), then we can easily de-
rive their transformation rules under the residual R-symmetry exploiting the branching
rules for group representations, as we explain in more detail in appendix B.

5.3 residual N = 6 supersymmetry

Since there is no supergravity theory with N = 7 (its supermultiplet, in the CPT-
completed version, would be equivalent to the N = 8 one), we first look for vacua
preserving N = 6 supersymmetries. Imposing that the corresponding supersymmetry
variations of the fermionic fields are vanishing, we get

A1
I j = A1

jI = 0 , A2
ijk

I = 0 ∀ I = 1, . . . 6 ∀ i, j, k ,

i.e. the A1 tensor has only 4 non-vanishing components A1
ab, while for A2 we are left

with 40 components of type A2
I JK

a , 60 of type A2
bI J

a and 12 of type A2
bcI

a .
To further constrain the form of A1 and A2 we can now exploit the R-symmetry

group. In particular, we consider the case

SU(8) −→ U(6)×U(1) ,

where the U(6) factor results from SU(6)×U(1) (compare with (5.16)), while the U(1)
symmetry comes as a subgroup of SU(2), then it is embedded in the original SU(8)
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group as a rotational symmetry acting on the indices a, b · · · = 7, 8. To get invariance
of A1 and A2 under this additional U(1) factor, the submatrix A1

ab must be diagonal,
while among the components of A2 only the ones with two upper indices of type I, J
can be different from zero. In particular, in order to respect both U(1) invariance and
the condition of vanishing trace, it must be

A2
bI J

a = εab ΣI J with ε =

(
0 1
−1 0

)
,

where the matrix Σ is 6× 6 and antisymmetric.
For antisymmetric complex matrices of even dimension, Youla’s theorem [51] guaran-

tees that they can be "block-diagonalized", i.e. that there always exists a unitary matrix
V such that VTΣV has a block-diagonal structure, each block being proportional to the
ε matrix through a real constant. In principle the theorem does not give information
about how to find the proper matrix V, but in our case the matrix Σ must respect the
underlying U(6) symmetry, then we can always go to the basis in which

Σ =



0 m1

−m1 0
0 m2

−m2 0
0 m3

−m3 0


,

once we know that such a basis always exists. In conclusion, the remaining free
parameters in A1 and A2 are just 4: m1, m2 and m3 for A2 , α for A1

ab = αδab (among
them only α is still a complex parameter).

Having a null potential immediately implies

A1kl A1
kl =

1
18

A2
jkl

n A2
n

jkl ⇔

A177A1
77 + A188A1

88 =
1

18
· 3
(

A2
8I J

7 A2
7
8I J + A2

7I J
8 A2

8
7I J
)

⇔

|α|2 =
1
3
(m2

1 + m2
2 + m2

3) .

If we want to find extremal points of V, the totally antisymmetric tensor Cijkl , considering
all the restrictions on the structure of A1 and A2 , has non-vanishing components only
if all the four indices are of type I, J, K, L = 1, . . . 6 (in this case the second term in
the RHS of (5.13) can be different from zero) or if two indices are of this type and the
remaining two are of type a, b = 7, 8 (then the non-vanishing term is the first one in
(5.13)). From the anti-selfduality condition we get

3
2

A7
8[I J A8

KL]7 +
1
2

ε I JKLMN78CMN78 = 0
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and assuming without loss of generality to choose for any I, J, K, L the indices M, N
ordered in the proper way so that I JKLMN is an even permutation, the equation we
obtain is

A7
8I J A8

KL7 − A7
8Ik A8

JL7 + A7
8IL A8

JK7 − A 8MN
7 A77 = 0 .

From all the possible choices of the indices we can derive three similar equations

m1m2 + m3α = 0 ,

m1m3 + m2α = 0 ,

m2m3 + m1α = 0 ,

which are simultaneously verified if

m1 = m2 = m3 = −α , (5.17)

giving a candidate vacuum state which is automatically a Minkowski one.
To verify that this extremal point of the potential actually corresponds to the vacuum

of a theory with a consistent gauging, we have just to put the values of the A1 and
A2 components within equations (5.9), (5.10), (5.11) and verify that the identities are
satisfied. In order to do this, it is convenient to analyze for which combinations of
indices (in the set I, J = 1, ...6 or in the set a, b = 7, 8) each term on the RHS of the
equation is not vanishing and then verify how, in any case, the full combination gives a
zero result if the parameters are constrained by (5.17).

After carrying out this procedure explicitly, we can confirm that, indeed, (5.17)
describes a Minkowski vacuum with residual N = 6 supersymmetry.

5.4 residual N = 5 supersymmetry

We can try to find other vacuum states progressively reducing the number of preserved
supersymmetries: the next case to analyze is then the set of possible vacua preserving
N = 5.

In analogy to the case N = 6, by imposing supersymmetry at the level of fermionic
transformation rules, we can constrain the tensors A1 and A2 as follows:

A1
I j = A1

jI = 0 , A2
ijk

I = 0 ∀ I = 1, . . . 5 ∀ i, j, k ,

i.e. the A1 tensor has only 9 non-vanishing components A1
ab, while for A2 we are left

with 30 components of type A2
I JK

a , 90 (with 10 constraints) of type A2
bI J

a and 45 (with
15 constraints) of type A2

bcI
a . As for the components A2

bcd
a , they automatically vanish

due to the traceless condition on A2

A2
678

6 = A2
a78

a = 0

and analogously for the other two components.
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Once we break the original N = 8 supersymmetry leaving only 5 preserved charges,
the largest possible residual R-symmetry is

SU(8) −→ SU(5)× SU(3)×U(1) ,

but in order to analyze some more general cases we can further break the SU(3)
symmetry acting on the indices 6, 7, 8 in two different ways

SU(3) −→ SO(3) ,

SU(3) −→ U(1)×U(1) .

5.4.1 SU(3) −→ SO(3)

The symmetry under SO(3), meant as a group acting in its fundamental representation
on the contravariant indices 6, 7, 8, imposes the following constraints on the residual
components of A1 and A2:

• A1
ab is invariant only if it is proportional to the identity: A1

ab = αδab ;

• A2
I JK

a is never invariant, unless all components vanish;

• A2
bI J

a is never invariant, because SO(3) transformations would leave invariant
the identity but traceless condition forces also the diagonal components to be
vanishing;

• A2
bcI

a could be invariant under SO(3) if A2
bcI

a = εabcV I .

In order to verify simultaneously the extremization condition of the potential and the
consistency equations (5.9), (5.10), (5.11), the only possibility would be that A2

jkl
i = 0,

but in that case a non-vanishing α could never give a Minkowski vacuum. Then,
imposing a U(5)× SO(3) R-symmetry, we don’t find any vacua besides the trivial one.

5.4.2 SU(3) −→ U(1)I ×U(1)I I

We consider two distinct U(1) groups, each of them acting on a 3-dimensional rep-
resentation as independent rotations of the three basis vectors, with proper charge
assignments to each vector in order to preserve the unit determinant inherited from the
original SU(8) symmetry group. A possibility is that indices 6, 7 transform as a doublet
and index 8 as a singlet under the group U(1)I , while the group action of U(1)I I rotates
the doublet components with opposite charges. The charges with respect to the two
groups would be, for instance,

q6
I = 1 , q7

I = 1 , q8
I = −2 ,

q6
I I = 1 , q7

I I = −1 , q8
I I = 0 ,
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but there are also other possible choices of the group action. An inequivalent one could
be

q6
I = 1 , q7

I = 1 , q8
I = −2 ,

q6
I I = 1 , q7

I I = 0 , q8
I I = −1 .

In any case, if we require symmetry under the two groups1,

• A1
ab is never invariant under the action of the two groups simultaneously, unless

all the components vanish;

• also A2
I JK

a = 0 = A2
bcI

a ;

• among A2
bI J

a components, the invariant ones under the group action are A2
aI J

a ,
for a = 6, 7, 8.

The structure of A2 allows to parametrize the non-vanishing components as

A2
6I J

6 = x ΣI J , A2
7I J

7 = y ΛI J , A2
8I J

8 = −
(

A2
6I J

6 + A2
7I J

7

)
,

where ΣI J and ΛI J are antisymmetric matrices. Exploiting the U(5) symmetry, one of
these two matrices could also be rewritten in a block-diagonal form, similarly to the
case N = 6.

However, if we try to find Minkowski vacua, it is immediate that we cannot get
any non-trivial solution, because the only components which could be non-vanishing
are all coming from the A2 tensor. Indeed, they would appear in the expression of the
potential (5.12) as a sum of squared moduli with all positive signs, then the potential
can take a zero value only if all the tensor components are identically null.

5.5 residual N = 4 supersymmetry

If we impose that the number of preserved supersymmetries at the vacuum state
reduces to N = 4, from fermionic transformation rules we derive

A1
I j = A1

jI = 0 , A2
ijk

I = 0 ∀ I = 1, . . . 4 ∀ i, j, k ,

which means that the A1 tensor has at most 16 non-vanishing components A1
ab, while

for A2 we should consider 16 components of type A2
I JK

a , 96 (with 6 constraints) of type
A2

bI J
a , 96 (with 16 constraints) of type A2

bcI
a , and 16 (with 6 constraints) of type A2

bcd
a .

The largest possible residual R-symmetry is now

SU(8) −→ SU(4)× SU(4)×U(1) ,

1 We are not considering the case in which the three charges with respect to U(1)I are proportional to the
charges of U(1)I I , because in that case there would be a single U(1) symmetry group.
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where clearly the first SU(4) group acts on indices corresponding to the preserved
supersymmetry generators (indices 1, 2, 3, 4), while the second SU(4) rotates the re-
maining indices. As a first step, we suppose to break this second SU(4) symmetry in
the following ways:

SU(4) −→ SU(3)×U(1) ,

SU(4) −→ Sp(4) ,

SU(4) −→ SU(2)× SU(2) .

5.5.1 SU(4) −→ SU(3)×U(1)

The SU(3) group acts in its fundamental representation on three of the four indices
(wlog 5, 6, 7), while the U(1) group acts by rotating the basis vectors with charges

q5 = q6 = q7 = 1 , q8 = −3 .

Imposing R-symmetry under this subgroup of SU(4) means that

• all A1
ab components must vanish because otherwise the tensor would not be

invariant under U(1) (there are no combinations of two charges that cancel each
other);

• also A2
I JK

a , A2
bcI

a and A2
bcd

a are forced to vanish (again, it can be obtained by
imposing symmetry under U(1) with the above charge assignments);

• among A2
bI J

a components, the diagonal ones A2
aI J

a are invariant under U(1); to
satisfy the SU(3) symmetry and also the traceless condition, they must be

A2
5I J

5 = A2
6I J

6 = A2
7I J

7 = ΣI J , A2
8I J

8 = −3 ΣI J ,

where ΣI J is an antisymmetric matrix, which could be led to a block-diagonal
form by exploiting the unbroken U(4) symmetry.

Then, only A2 tensor can have some non-vanishing components, which means that
imposing the condition of zero potential we immediately get the trivial solution.

5.5.2 SU(4) −→ Sp(4)

The group of matrices

Sp(4) = {M ∈ U(4) : MTΩM = Ω} ,

where Ω is the skew-symmetric matrix

Ω =

(
0 I2

−I2 0

)
,
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acts in its 4-dimensional representation on indices 5, 6, 7, 8. Symmetry under Sp(4)
implies that

• all A1
ab components vanish (A1 must be symmetric, then we cannot have A1

ab =

Ωab);

• all A2
I JK

a and A2
bcI

a components must vanish, too;

• A2
bI J

a components must vanish due to the traceless condition on A2;

• A2
bcd

a components could be Sp(4) invariant if they had the form

A2
bcd

a = α δ b
a Ωcd ,

but if α ̸= 0 they would violate antisymmetry and traceless constraint on A2.

In summary, by imposing a residual U(4)× Sp(4) R-symmetry we automatically get
that the only possibility is to have no gauging.

5.5.3 SU(4) −→ SU(2)× SU(2)

The two SU(2) groups act on orthogonal vector spaces, i.e. for instance one group
acts on the subspace generated by basis vectors with indices 5, 6 and the other one on
the subspace generated by 7, 8. If we impose symmetry under the product of the two
groups

• all A1
ab components must vanish (due to the symmetry condition on A1);

• also A2
I JK

a and A2
bcI

a are never invariant unless they vanish;

• A2
bI J

a components can be SU(2)× SU(2) invariant if they take the form

A2
5I J

5 = A2
6I J

6 = ΣI J , A2
7I J

7 = A2
8I J

8 = −ΣI J ,

where ΣI J is an antisymmetric matrix as usual, while all other components cannot
be different from zero;

• among A2
bcd

a , the only possibility would be that the non-vanishing components
were

A2
578

5 = A2
678

6 = −A2
587

5 = −A2
687

6 = α ,

A2
756

7 = A2
856

8 = −A2
765

7 = −A2
865

8 = β ,

but the traceless condition on A2 forces α = β = 0.

Again, we obtain that the possibly non-vanishing tensor components all come from A2

tensor, which prevents non-trivial Minkowski vacua being found.
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5.5.4 SU(4) −→ U(1)×U(1)

This symmetry group can be seen as a subgroup of the SU(2)× SU(2) analyzed in
section 5.5.3. In particular, assuming that the charges with respect to the first U(1) are

q5+i6 = +1 , q5−i6 = −1 ,

and analogously for the second U(1)

q7+i8 = +1 , q7−i8 = −1 ,

symmetry under U(1)×U(1) implies that

• the non-vanishing components of A1 are

A1
ãb̃ = αδãb̃ for ã, b̃ = 5, 6 , A1

âb̂ = βδâb̂ for â, b̂ = 7, 8 ,

• components of the A2 tensor should have 2 or 4 indices of type 5, 6, 7, 8 in order
to be invariant under the symmetry group and they should take the form

A2
b̃I J

ã = ϵãb̃ΣI J + δãb̃ΓI J for ã, b̃ = 5, 6 ,

A2
b̂I J

â = ϵâb̂ΛI J − δâb̂ΓI J for â, b̂ = 7, 8 ,

A2
b̃ĉd̂

ã = γϵãb̃ϵĉd̂ for ã, b̃ = 5, 6 , ĉ, d̂ = 7, 8 ,

A2
b̂cd

â = δϵâb̂ϵcd for â, b̂ = 7, 8 , c, d = 5, 6 ,

and Youla’s theorem can be applied so that, exploiting the U(4) unbroken sym-
metry, we go to the basis where

Σ =


0 m1

−m1 0
0 m2

−m2 0

 .

As a consequence, requiring such a symmetry means that there are 18 parameters to
fix: α, β, γ, δ, m1, m2 and 6 independent components for each of the antisymmetric ΛI J

and ΓI J , which are all in principle complex numbers, apart from m1 and m2.
In order to find a Minkowski vacuum, we have to impose the condition of vanishing

potential

V = 0 ⇔ −3
(
|α|2 + |β|2

)
+

(
|γ|2 + |δ|2 +m2

1 +m2
2 + ∑

I<J
|ΛI J |2 + 2 ∑

I<J
|ΓI J |2

)
= 0 ,
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together with the extremization condition, which gives

(γ∗α∗ + δ∗β∗) + m1m2 + Λ12Λ34 −Λ13Λ24 + Λ14Λ23 − 2(Γ12Γ34 − Γ13Γ24 + Γ14Γ23) = 0 ,

α∗m1 + δ∗(Λ12)∗ + βΛ34 + γm2 = 0 ,

α∗m2 + δ∗(Λ34)∗ + βΛ12 + γm1 = 0 ,

δ∗(Λ13)∗ − βΛ24 = 0 ,

δ∗(Λ14)∗ + βΛ23 = 0 .

These equations, combined with other conditions coming from equation (5.9), give the
following constraints on the squared moduli of the parameters:

|α|2 = |γ|2 = m2
1 + |Γ12|2 + |Γ13|2 + |Γ14|2 ,

|β|2 = |δ|2 = |Λ12|2 + |Λ13|2 + |Λ14|2 + |Γ12|2 + |Γ13|2 + |Γ14|2 ,

m2
1 = m2

2 , |Λ12|2 = |Λ34|2 , |Λ13|2 = |Λ24|2 , |Λ14|2 = |Λ23|2 ,

|Γ12|2 = |Γ34|2 , |Γ13|2 = |Γ24|2 , |Γ14|2 = |Γ23|2 ,

which are compatible with the requirement of zero potential, plus some constraints on
the phases, coming also from equations (5.10) and (5.11),

e−i(θα+θγ) = −ei(θm1+θm2 ) ,

e−i(θβ+θδ) = −ei(θ12+θ34) = −ei(θ14+θ23) = +ei(θ13+θ24) ,

ei(φ12+φ34) = ei(φ14+φ23) = −ei(φ13+φ24) ,

where the phase of ΛI J is denoted by θI J , the phase of ΓI J by φI J and clearly ei(θm1+θm2 ) =

±1 since m1 and m2 are real quantities. At this point, we can exploit the unbroken
U(1)×U(1) symmetry to fix the phases of two complex parameters, for instance we
can fix α and β to be real quantities.

5.5.5 SU(4) −→ U(1)

The original SU(4) symmetry can be broken to U(1) in different ways, corresponding
to different actions of the U(1) group. In particular, three inequivalent choices for the
charges of basis vectors are

I) q5+i6 = 1 , q5−i6 = −1 , q7+i8 = 0 , q7−i8 = 0 ,

II) q5+i6 = 1 , q5−i6 = −1 , q7+i8 = 1 , q7−i8 = −1 ,

III) q5+i6 = 1 , q5−i6 = −1 , q7+i8 = 2 , q7−i8 = −2 ,
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Case I

The tensor components invariant under the action of U(1) are

• for the tensor A1

A1
55 = A1

66 = α , A1
77 = β , A1

88 = γ , A1
78 = A1

87 = δ ;

• components A2
I JK

7 , A2
I JK

8 ;

• among components of type A2
bI J

a

A2
5I J

5 = A2
6I J

6 = ΣI J , A2
7I J

7 = M1
I J , A2

8I J
8 = −(2ΣI J + M1

I J) ,

A2
6I J

5 = −A2
5I J

6 = M2
I J , A2

8I J
7 = M3

I J , A2
7I J

8 = M4
I J ,

which correspond to 5 independent antisymmetric matrices; exploiting the U(4)
symmetry acting on indices I, J, a basis can be always chosen in such a way that
one of these matrices, for instance A2

5I J
5 = ΣI J , takes the form

Σ =


0 m1

−m1 0
0 m2

−m2 0

 ,

where m1 and m2 are real quantities;

• among components of type A2
bcI

a

A2
57I

5 = A2
67I

6 = V1
I , A2

67I
5 = −A2

57I
6 = V2

I , A2
56I

7 = V3
I ,

A2
58I

5 = A2
68I

6 = V4
I , A2

68I
5 = −A2

58I
6 = V5

I , A2
56I

8 = V6
I ,

A2
87I

8 = −2V1
I , A2

78I
7 = −2V4

I ;

• among components of type A2
bcd

a

A2
678

5 = −A2
578

6 = ε , A2
756

7 = −A2
856

8 = ζ , A2
567

8 = η , A2
568

7 = ι .

The condition of having a null potential in this case becomes

V = 0 ⇔ 0 = −3
(

2|α|2 + |β|2 + |γ|2 + 2|δ|2
)
+

[
2|ε|2 + 2|ζ|2 + |η|2 + |ι|2+

+ ∑
I<J<K

(A2
I JK

7 + A2
I JK

8 ) + ∑
I
(6V1

I + 2V2
I + V3

I + 6V4
I + 2V5

I + V6
I)+

+ ∑
I<J

(2|ΣI J |2 + |M1
I J |2 + 2|M2

I J |2 + |M3
I J |2 + |M4

I J |2 + |2ΣI J + M1
I J |2)

]
.

To have an extremal point of the potential, instead, the requirement is

(−2ε∗α∗ + 2ζ∗δ∗ + η∗γ∗ − ι∗β∗) +
[
6m1m2 + 2(m2M1

12 + m1M1
34)+

+ 2(M1
12M1

34 −M1
13M1

24 + M1
14M1

23) + 2(M2
12M2

34 −M2
13M2

24 + M2
14M2

23)+

+ (M3
12M3

34 −M3
13M3

24 + M3
14M3

23) + (M4
12M4

34 −M4
13M4

24 + M4
14M4

23) = 0 .
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Case II

The tensor components invariant under the action of U(1) are

• for the tensor A1

A1
55 = A1

66 = α , A1
57 = A1

68 = γ , A1
58 = −A1

67 = δ , A1
77 = A1

88 = β ;

• among components of type A2
bI J

a

A2
5I J

5 = A2
6I J

6 = ΣI J , A2
7I J

7 = A2
8I J

8 = −ΣI J ,

A2
6I J

5 = −A2
5I J

6 = M1
I J , A2

8I J
7 = −A2

7I J
8 = M2

I J ,

A2
7I J

5 = A2
8I J

6 = M3
I J , A2

5I J
7 = A2

6I J
8 = M4

I J ,

A2
7I J

6 = −A2
8I J

5 = M5
I J , A2

6I J
7 = −A2

5I J
8 = M6

I J ;

which correspond to 7 independent antisymmetric matrices; again, a basis can be
always chosen in such a way that one of these matrices, for instance A2

5I J
5 = ΣI J ,

takes the form

Σ =


0 m1

−m1 0
0 m2

−m2 0

 ;

• among components of type A2
bcd

a

A2
678

5 = −A2
578

6 = ε , A2
856

7 = −A2
756

8 = ζ ,

A2
567

5 = −A2
867

8 = A2
568

6 = −A2
578

7 = η ,

A2
568

5 = −A2
768

7 = −A2
567

6 = A2
587

8 = ι .

We can impose the condition for having a Minkowski vacuum

V = 0 ⇔ − 3
(
|α|2 + |β|2 + 2|γ|2 + 2|δ|2

)
+

+

(
|ε|2 + |ζ|2 + 2|η|2 + 2|ι|2 + 2m2

1 + 2m2
2 +

6

∑
i=1

∑
I<J
|Mi

I J |2
)
= 0

and the extremization condition, which gives

(ε∗α∗ + ζ∗β∗ + 2ι∗γ∗ − 2η∗δ∗) +
[
− 2m1m2+

+ (M1
12M1

34 −M1
13M1

24 + M1
14M1

23) + (M2
12M2

34 −M2
13M2

24 + M2
14M2

23)+

− (M3
12M4

34 −M3
13M4

24 + M3
14M4

23)− (M4
12M3

34 −M4
13M3

24 + M4
14M3

23)+

− (M5
12M6

34 −M5
13M6

24 + M5
14M6

23)− (M6
12M5

34 −M6
13M5

24 + M6
14M5

23)
]
= 0 ,
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α∗(M1
I J)∗ + (γ∗ + ι∗)(M6

I J)∗ + (δ∗ − η∗)(M4
I J)∗ + ζ∗(M2

I J)∗+

+ βM2
LM − (γ + ι)M5

LM − (δ− η)M3
LM + εM1

LM = 0 ,

(α∗ + ζ∗)(M3
I J)∗ − (β∗ + ε∗)(M4

I J)∗ − 2(γ∗ − ι∗)(ΣI J)∗ + (δ∗ − η∗)(M1
I J + M2

I J)∗+

−
[
(α + ζ)M3

LM − (β + ε)M4
LM − 2(γ− ι)ΣLM + (δ− η)(M1

LM + M2
LM)

]
= 0 ,

(α∗ − ζ∗)(M5
I J)∗ + (ε∗ − β∗)(M6

I J)∗ − (γ∗ − ι∗)(M1
I J + M2

I J)∗ + 2(δ∗ − η∗)(ΣI J)∗+

−
[
(α− ζ)M5

LM + (ε− β)M6
LM − (γ− ι)(M1

LM + M2
LM) + 2(δ− η)ΣLM

]
= 0 ,

where, in the last equations, indices (I JLM) are meant to be any even permutation of
(1234).

From (5.9) we get many additional quadratic constraints

∑
I<J

(
|M3

I J |2 − |M4
I J |2
)
+ |ε|2 − |ζ|2 − |α|2 + |β|2 = 0 ,

∑
I<J

(
|M5

I J |2 − |M6
I J |2
)
+ |ε|2 − |ζ|2 − |α|2 + |β|2 = 0 ,

m2
1 + ∑

J ̸=1
|M1

1J |2 + |M3
1J |2 + |M5

1J |2 − |α|2 − |γ|2 − |δ|2 = 0 ,

m2
2 + ∑

J ̸=3
|M1

3J |2 + |M3
3J |2 + |M5

3J |2 − |α|2 − |γ|2 − |δ|2 = 0 ,

m2
1 + ∑

J ̸=1
|M2

1J |2 + |M4
1J |2 + |M6

1J |2 − |β|2 − |γ|2 − |δ|2 = 0 ,

m2
2 + ∑

J ̸=3
|M2

3J |2 + |M4
3J |2 + |M6

3J |2 − |β|2 − |γ|2 − |δ|2 = 0 ,

where the last four equations also hold if we replace the matrix indices I = 1 with
I = 2 and I = 3 with I = 4,

∑
i=1,3,5

or i=2,4,6

Mi
13(Mi

23)∗ + Mi
14(Mi

24)∗ = 0 , ∑
i=1,3,5

or i=2,4,6

Mi
12(Mi

23)∗ −Mi
14(Mi

34)∗ = 0 ,

∑
i=1,3,5

or i=2,4,6

Mi
12(Mi

24)∗ + Mi
13(Mi

34)∗ = 0 , ∑
i=1,3,5

or i=2,4,6

Mi
12(Mi

13)∗ + Mi
24(Mi

34)∗ = 0 ,

∑
i=1,3,5

or i=2,4,6

Mi
12(Mi

14)∗ −Mi
23(Mi

34)∗ = 0 , ∑
i=1,3,5

or i=2,4,6

Mi
13(Mi

14)∗ + Mi
23(Mi

24)∗ = 0 .

Case III

The tensor components invariant under the action of U(1) are the same as in the case
of a residual U(1)×U(1) symmetry

• for the tensor A1

A1
55 = A1

66 , A1
77 = A1

88 ;
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• among components of type A2
bI J

a

A2
5I J

5 = A2
6I J

6 , A2
7I J

7 = A2
8I J

8 = −A2
5I J

5 ,

A2
6I J

5 = −A2
5I J

6 , A2
8I J

7 = −A2
7I J

8 ,

which correspond to 3 independent antisymmetric matrices; a basis can be always
chosen in such a way that A2

5I J
5 = ΣI J takes the form

Σ =


0 m1

−m1 0
0 m2

−m2 0

 ;

• among components of type A2
bcd

a

A2
678

5 = −A2
578

6 , A2
856

7 = −A2
756

8 .

Then, if we look for Minkowski vacua, the solutions are analogous to the results
obtained in section 5.5.4. The only difference is that, since in this case there is no more
a U(1)×U(1) symmetry, but just a single U(1), we can choose arbitrarily the phase
of one complex parameter (for instance we can require α to be real) but not of two of
them.
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6
C O N C L U S I O N S A N D O U T L O O K

In this thesis, we have reviewed some important ideas about gauged supergravity
theories and their deep connection with string compactifications in presence of fluxes of
various origin, then we have presented the maximal supergravity theory in 4 dimensions,
in order to perform a partial but systematical analysis of its Minkowski vacua.

The results we have obtained can be summarized as follows:

Residual supersymmetry Residual gauge group

N = 6 U(6)×U(1)
N = 5 no flat vacua
N = 4 U(4)×U(1)×U(1)

U(4)×U(1)

The above outcomes are in agreement with the literature on the subject. In particular,
an analysis of Minkowski vacua for the spontaneously broken N = 8 supergravity
can be found in [52]. Here, all the models considered show supersymmetry breaking
patterns to an even number of residual supersymmetry generators N = 6, 4, 2, 0,
compatibly with our results for N = 6 and N = 4.

As for the case of 5 residual supersymmetry generators, it was expected that
Minkowski vacua could not be found, because this pattern is prevented by kinematical
constraints. In general, when supersymmetry is broken from N = 8 to some N ′, the
field content of the unique supermultiplet has to be rearranged in smaller multiplets.
Among them, there are always one gravity multiplet (with N ′ gravitini) and 8−N ′
massive gravitino multiplets, but this is not possible in the case of N ′ = 5 [43], [53].

For the other possible supersymmetry breaking patterns with an odd number of
residual generators (N = 3 and N = 1), there are no similar kinematical constraints,
but examples of such Minkowski vacua have never been found up to now (if we do not
require a vanishing vacuum energy, instead, there are possible solutions resulting in de
Sitter spacetimes). On the other hand, there are some hints, coming from string theory
calculations, that suggest to not exclude their existence (see the results reported in
section 3.3). Then, it would be very interesting to continue our analysis by investigating
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68 conclusions and outlook

these two cases. Since the technique we have used gives complete results once we have
imposed a given residual symmetry, if calculations were able to exclude the presence of
Minkowski vacua once and for all, this could suggest that there is some yet unknown
mechanism at work.



A
C O S E T M A N I F O L D S

We mentioned in section 2.2 that scalar manifolds of extended supergravity theories
can be often described as coset manifolds, which simplifies a lot the discussion of
gauging procedure. Given the relevance of this geometric structure, in particular for the
construction of the maximal supergravity theory in 4 dimensions in chapter 4, we give
in this appendix a general introduction to coset manifolds, with particular attention to
those definition and properties that are employed in the rest of the thesis. Notation is
mainly taken from [54].

a.1 first definitions and classification

Definition A.1. A metric spaceM is homogeneous if it admits an isometry group G with
a transitive action on M, i.e. if any point of the metric space can be reached starting
from any other point and applying the group action

∀ x, y ∈ M ∃ g ∈ G s.t. y = gx .

Definition A.2. The isotropy group of a point x of an homogeneous space is the subgroup
H ⊂ G whose action on x leaves the point invariant

hx = x ∀ h ∈ H .

Due to the transitive action of G, any point of the homogeneous space is left
invariant by a subgroup of type gHg−1, for some g ∈ G:

y = gx ⇒
(

ghg−1)y = y ∀ h ∈ H .

This property allows to identify the homogeneous space with the coset G/H, which
is the set of equivalence classes of G once we have defined the equivalence relation
g ∼ g′ iff g = g′h, for some h ∈ H. If G is a Lie group, we call G/H a coset manifold; its
dimension is d = dim(G)− dim(H).

The Lie algebra g of G can be written as the direct sum

g = h⊕ k , (A.1)
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where h is the Lie algebra of H and k contains the coset generators. The g algebra
structure can be described in terms of the generators as follows:

[ti, tj] = f k
ij tk ,

[ti, ta] = f j
ia tj + f b

ia tb ,

[ta, tb] = f i
ab ti + f c

ab tc ,

(A.2)

where we used the convention that i, j, k . . . are h indices and a, b, c . . . are k indices.
Coset manifolds can be classified according to the form of (A.2) relations. In

particular, a coset manifold is said reductive if [h, k] ⊆ k, which means that

f j
ia = 0 . (A.3)

This is always the case for semi-simple G groups, whose Cartan−Killing metric on g

γAB = f D
AC f C

BD (where capital letters denote generic g indices) is non-degenerate:
once a proper basis is chosen so that the metric is diagonal, it can be used to raise and
lower the structure constant indices and then to obtain f j

ia = 0 from f a
ij = 0.

A coset manifold is called symmetric if

f c
ab = 0 , (A.4)

which corresponds to requiring that [k, k] ⊆ h. If G/H is non-compact, reductive
and H is the maximal compact subgroup of G, symmetry of the coset manifold is
always guaranteed. Indeed, the non-compact g algebra can be obtained starting from
its compact counterpart and multiplying by the imaginary unit only generators in k,
then [k, k] ⊆ h is needed for the algebra to close with real structure constants. This is
what happens for the coset manifold G/H = E7(7)/SU(8) of maximal supergravity in 4

dimensions.

a.2 coset representatives and infinitesimal transformations

For each coset in G/H, i.e. for each point ϕ of the homogeneous manifold, one
can choose an element L(ϕ) ∈ G belonging to the equivalence class under right H
multiplication and use it as a coset representative. Once we fix the way of performing
this choice, acting on a coset representative with a group element g ∈ G does not
necessarily send it into another representative: in general, we also need to apply a local
H transformation

g L(ϕ) = L(ϕ′) h(ϕ) . (A.5)

A natural way to choose coset representatives is through exponentiation of the genera-
tors spanning the k subspace of g:

L(ϕ) = L(y1, . . . yd) = ∏
a

e(y
ata) with a = 1, . . . d = dim(G/H) , (A.6)
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where the y1, . . . yd are real parameters.
In the case of non-compact spaces, an alternative choice comes from the Iwasawa

decomposition ([6], [55]). Indeed, having an euclidean non-compact maximal G/H, there
is always a solvable subalgebra solv ⊂ g having the same dimension as k as a vector
space and such that the Lie algebra g can be written as

g = h⊕ solv . (A.7)

Thus, coset representatives can be taken as exponentials of the generators of the solvable
subalgebra

L(ϕ) = ∏
a

e(y
a t̃a) with ⟨t̃1, . . . t̃d⟩ = solv . (A.8)

The transformation law (A.5) of coset representatives under the action of constant g
can be considered at the infinitesimal level, i.e.

g = 1 + ϵAtA ,

h(ϕ, g) = 1− ϵAw i
A (ϕ)ti ,

ϕ′α(ϕ, g) = ϕα + ϵAξ α
A (ϕ) ,

(A.9)

where we assume to have established a set of local coordinates on the coset manifold
ϕ ≡ {ϕα}, α = 1, . . . d. Remembering that G is the isometry group of G/H, the vector
fields ξA ≡ ξ α

A ∂α describing the group action on the coset manifold are the Killing
vectors associated to the generators tA ∈ g. The ϕ-dependent w i

A is usually called
H-compensator. In this formalism, the variation of L(ϕ) can be expressed as

L(ϕ′) = L(ϕ) + ϵAξ α
A ∂αL(ϕ) , (A.10)

so that the transformation rule (A.5) becomes, for infinitesimal transformations,

tAL(ϕ) = ξA(ϕ)L(ϕ)− L(ϕ)w i
A (ϕ)ti . (A.11)

It can be shown [54] that the Killing vectors −ξA satisfy the g Lie algebra, i.e. that

[ξA, ξB] = − f C
AB ξC . (A.12)

a.3 local structure : the maurer–cartan form

In the following, we focus on reductive coset manifolds. Starting from coset representa-
tives, the following Lie algebra-valued 1-form can be defined:

Ω(ϕ) ≡ L−1(ϕ) dL(ϕ) , (A.13)

called the Maurer−Cartan form of a coset manifold, which generalizes the left-invariant
1-form defined on Lie groups. Taking values in g, (A.13) can be expressed in terms of
the algebra generators

Ω(ϕ) = V a(ϕ)ta + ωi(ϕ)ti , (A.14)
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where V a is a covariant vielbein and ωi is called the H-connection. These two objects
completely characterize the geometry of a coset manifold.

Due to the coset structure, the Maurer−Cartan form is not invariant under left
multiplication by a constant element g ∈ G: from (A.5), which can be rewritten as
L(ϕ′) = g L(ϕ) h−1(ϕ), we derive

Ω(ϕ′) = h Ω(ϕ) h−1 + h dh−1 =

= V a(ϕ) h ta h−1 + ωi(ϕ) h ti h−1 + h dh−1 .
(A.15)

Using the (A.14) decomposition, we can write the transformation rules for the vielbein
and the H-connection under left G transformations

V a(ϕ′) =V b(ϕ) D a
b (h−1) , (A.16a)

ωi(ϕ′) =ω j(ϕ) D i
j (h
−1) + (h dh−1)i , (A.16b)

where matrices D B
A (g) denote the adjoint representation of elements g ∈ G, defined

as D B
A (g) tB = g−1 tA g and we exploit D i

a (h) = 0, which holds due to the reductivity
of the coset manifold (A.3). Transformation rules (A.16b) show that the H-connection
behaves indeed as a connection under the gauge group H.

From the definition of Maurer−Cartan form and the decomposition (A.14), taking
infinitesimal transformations of the coset representatives (A.11) and multiplying both
sides by L−1(ϕ) from the left, one obtains

L−1(ϕ)tAL(ϕ) = D B
A (L(ϕ))tB = L−1(ϕ)ξ α

A ∂αL(ϕ)− w i
A ti =

= ξ α
A (ϕ)V a

α ta + ξ α
A ωi

αti − w i
A ti︸ ︷︷ ︸

−P i
A ti

. (A.17)

The quantities P i
A = −ξ α

A ωi
α + w i

A are called momentum maps or Killing prepotentials
[12] and generalize the prepotentials constructed for N = 2 supergravity theories
[56]; they are particularly important because they enter the definition of the gauged
connection, as in (4.41b).

An explicit expression of the Killing vectors can be derived from (A.17) by projecting
on the generators ta ∈ k

ξ α
A (ϕ) = D a

A (L(ϕ))V α
a (ϕ) , (A.18)

where V α
a is defined as the inverse of the vielbein

V α
a V a

β = δα
β . (A.19)

Projecting on the generators ti ∈ h, instead, gives an explicit expression for the H-
compensator,

w i
A (ϕ) = ωi

α(ϕ)ξ
α

A (ϕ)− D i
A (L(ϕ)) , (A.20)
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which can be also interpreted as an identity for the prepotentials

P i
A = −D i

A (L(ϕ)) = −
(

L−1(ϕ)tAL(ϕ)
)i . (A.21)

A left-invariant metric on the coset manifold G/H can be obtained from the Cartan-
Killing metric on G using the vielbein

gαβ(ϕ) = γabV a
α (ϕ)V b

β (ϕ) . (A.22)

This metric in insensitive to the choice of coset representatives and allows to convert
flat indices a, b . . . into curved indices α, β . . . on the coset manifold.

From the H-connection, one can define a covariant derivative on the coset manifold

DαL(ϕ) ≡ ∂αL(ϕ)−ωi
α L(ϕ)ti . (A.23)

Given the definition of Maurer−Cartan form and the decomposition (A.14), H-covariant
derivatives can be used to write

L−1(ϕ)DαL(ϕ) = V a
α ta ⇔ DαL(ϕ) = L(ϕ)Vα . (A.24)

a.3.1 Maurer–Cartan equations

The Maurer−Cartan equations express the differential properties of Ω = L−1dL

dΩ(ϕ) + Ω(ϕ) ∧Ω(ϕ) = 0 . (A.25)

Projecting on the k and h subspaces of the Lie algebra g, we obtain

dV a + V b ∧ωi f a
bi +

1
2
V b ∧ V c f a

bc = 0 , (A.26a)

dωi +
1
2

ω j ∧ωk f i
jk +

1
2
V a ∧ V b f i

ab = 0 . (A.26b)

If we assume that the coset manifold, apart from being reductive, is also symmetric
(then f c

ab = 0), equations (A.26) can be written in a more compact notation as

DV ≡ dV + V ∧ω + ω ∧ V = 0 , (A.27a)

R ≡ dω + ω ∧ω = −V ∧ V , (A.27b)

where we have defined the covariant derivative of the vielbein DV , while the 2-form R
is the H-curvature [12]. In components, equation (A.27b) becomes

R i
αβ = ∂αωi

β − ∂βωi
α + ω

j
α ωk

β f i
jk = −V a

α V b
β f i

ab . (A.28)

The curvature R can be used to relate Killing vectors and prepotentials

DβP
i

A = ξ α
A R i

αβ , (A.29)

which holds not only in the case of coset manifolds. Indeed, for non-homogeneous
scalar manifolds, as in the case of some N = 2 supergravity models, momentum maps
can be constructed from Killing vectors as solutions to the differential equation (A.29).



74 coset manifolds



B
B R A N C H I N G R U L E S

In this appendix we give, through a concrete example, some details about the strategy
used to select the independent non-vanishing components of the tensors A1 and A2

for each chosen supersymmetry breaking pattern. The underlying idea is that the
components we cannot automatically set to zero are those transforming trivially under
the residual R-symmetry group, i.e. the components that are left invariant by the group
action.

In this context, a key element is the knowledge of rules for decomposing any
irreducible representation of a group into irreducible representations of its subgroups,
the so-called branching rules. We will recover information about the branching rules for
the groups of our interest from [57], where they are obtained exploiting the Mathematica
application LieART, which is specifically designed to study Lie groups and Lie algebras.

b.1 an example

We consider the case in which we look for vacua with 4 unbroken supersymmetry
generators, as in section 5.5. The R-symmetry group splits into

SU(8) −→ SU(4)× SU(4)×U(1) ,

then the first step is to take the branching rules of the 36 and 420 representations of
SU(8) and match the irreducible representations with the tensor components. For the
36 representation, corresponding to the A1 tensor, we have

36 −→ (4, 4)(0) + (10, 1)(2) + (1, 10)(−2) ,

where, for each term, the first two numbers denote the representations with respect
to the two SU(4) groups, while the third number is the charge with respect to U(1).
Using again the notation (5.15), we can easily establish that

• the (4, 4)(0) representation corresponds to the tensor components A1
aI = A1

Ia;

• the (10, 1)(2) representation corresponds to the components A1
I J ;

• the (1, 10)(−2) representation corresponds to the components A1
ab.
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76 branching rules

Due to the supersymmetry requirements, we know that we have to take into account
only the last irreducible representation, while the others will be automatically vanishing.

The same can be done for the A2 tensor: considering the branching rule for the 420
representation, we find that

• the (10, 1)(2) representation corresponds to the tensor components A2
JKL

I trace-
less, i.e. verifying A2

I JK
I = 0;

• the (1, 10)(−2) representation corresponds to the components A2
bcd

a traceless, i.e.
verifying A2

abc
a = 0;

• the (15, 6)(−2) representation corresponds to the components A2
Jab

I such that
A2

Iab
I = 0;

• the (6, 15)(2) representation corresponds to the components A2
I Jb

a s.t. A2
I Ja

a = 0;

• the (20, 4)(0) representation corresponds to the components A2
JKa

I s.t. A2
I Ja

I = 0;

• the (4, 20)(0) representation corresponds to the components A2
Ibc

a s.t. A2
Iab

a = 0;

• the (4, 4)(4) representation corresponds to the components A2
I JK

a ;

• the (4, 4)(−4) representation corresponds to the components A2
abc

I ;

• the (4, 4)(0) representation corresponds to A2
jaK

i = δ
j

i ΛaK for i = 1, . . . 4 and
A2

jaK
i = −δ

j
i ΛaK for i = 5, . . . 8;

• the (6, 1)(2) representation corresponds to A2
jKL

i = δ
j

i ΛKL for i = 1, . . . 4 and
A2

jKL
i = −δ

j
i ΛKL for i = 5, . . . 8;

• the (1, 6)(−2) representation corresponds to A2
jab

i = δ
j

i Λab for i = 1, . . . 4 and
A2

jab
i = −δ

j
i Λab for i = 5, . . . 8.

Due to the requirement that A2
ijk

I = 0 imposed by supersymmetry at the vacuum, we
can keep only the (1, 10)(−2), (6, 15)(2), (4, 20)(0) and (4, 4)(4) representations, which
correspond precisely to the non-vanishing tensor components listed at the beginning of
section 5.5.

If we further break the SU(4) symmetry associated with the broken supersymmetry
generators, we have to exploit the branching rules of SU(4). In particular, we consider
the breaking pattern

SU(4) −→ SU(2)× SU(2)×U(1) −→ U(1)×U(1) , (B.1)

which leads to the residual R-symmetry analyzed in section 5.5.4. The two U(1) factors
in the final symmetry group are meant as subgroups of the two SU(2) respectively.
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We use now a notation where indices transforming non-trivially with respect to
the first SU(2) factor are denoted with ã, b̃ . . ., while â, b̂ . . . are the indices associated
to the second SU(2) factor. If we take the A1 tensor, its non-vanishing components
A1

ab sitting in the 10 representation of SU(4) transform under SU(2)× SU(2)×U(1)
according to the following irreducible representations:

• (2, 2)(0): components A1
ãb̂;

• (3, 1)(2): components A1
ãb̃;

• (1, 3)(−2): components A1
âb̂.

For the A2 tensor, instead, we have that

• the representation 4 (corresponding to the components A2
I JK

a ) splits into

– (2, 1)(−1): components A2
I JK

ã ;

– (1, 2)(1): components A2
I JK

â ;

• the representation 15 (corresponding to the components A2
bI J

a ) splits into

– (1, 1)(0): components A2
bI J

ã =
(
δ b̃

ã − δ b̂
â
)
ΛI J ;

– (2, 2)(2): components A2
b̃I J

â ;

– (2, 2)(−2): components A2
b̂I J

ã ;

– (3, 1)(0): components A2
b̃I J

ã such that A2
ãI J

ã = 0;

– (1, 3)(0): components A2
b̂I J

â such that A2
âI J

â = 0;

• the representation 20 (corresponding to the components A2
bcI

a ) splits into

– (2, 1)(1): components A2
b̃c̃I

ã ;

– (2, 1)(−3): components A2
b̂ĉI

ã ;

– (1, 2)(3): components A2
b̃c̃I

â ;

– (1, 2)(−1): components A2
b̂ĉI

â ;

– (3, 2)(−1): components A2
b̃ĉI

ã such that A2
ãĉI

ã = 0;

– (2, 3)(1): components A2
b̂c̃I

â such that A2
âc̃I

â = 0;

• the representation 10 (corresponding to the components A2
bcd

a ) splits into

– (2, 2)(0): components A2
bc̃d̂

a =
(
δ b̃

ã − δ b̂
â
)
Λc̃d̂;

– (3, 1)(2): components A2
b̃c̃d̂

â such that A2
b̃c̃â

â = 0;
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– (1, 3)(−2): components A2
b̃ĉd̂

ã such that A2
ãĉd̂

ã = 0.

At this point, as expressed in (B.1), we want to consider that the symmetry is broken
to U(1)×U(1), where the two U(1) act respectively on indices ã and â. Due to the well-
known structure of the branching rules for SU(2) → U(1) (from the n-dimensional
representation of SU(2) we obtain n 1-dimensional representations of U(1) that are
charged under U(1) with charges going from −(n− 1) to n− 1 in steps of 2), we can
immediately select the tensor components of A1 and A2 transforming trivially under
U(1)×U(1). Indeed, since only from an odd-dimensional SU(2) representation we can
get a U(1) representation with zero charge, we will get a singlet under U(1)×U(1) for
each representation of SU(2)× SU(2) of the type (2n + 1, 2m + 1).

Using this procedure and at the same time fixing the action of the U(1) in the
chosen basis (i.e. the charges under the U(1) groups), we can find explicitly the A1 and
A2 components which are singlets under the U(1)×U(1) symmetry; they correspond
to those listed in section 5.5.4.
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