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Introduction

The theory of General Relativity provides the theoretical framework for the study of the Uni-
verse on large scales. This theory, however, consists of a complex system of non-linear differential
equations. Therefore, the addition of the Cosmological Principle allows for a simple and effec-
tive description of the Universe dynamics. The Cosmological Principle states that, for comoving
observers, the Universe must look the same in every direction and at every point of observation,
which corresponds to imposing strong symmetry requirements to the metric tensor. The Einstein
equations combined with the Cosmological Principle are the basic ingredients of modern cosmology.

A generic prediction of this framework is that the Universe is not static but rather it is ex-
panding. This implies that, by proceeding back in time, the Universe must have had in its past a
hotter and denser phase than nowadays. This description of the history of the Universe is provided
by the standard model of Hot Big Bang and its predictions have been confirmed on observational
grounds since the discovery of distant galaxies moving away from the Earth made by Hubble in
1929. Another important prediction is the existence of a relic radiation from an early epoch of the
Universe, which has been observed by Penzias and Wilson in 1965. This further prediction was
fundamental in proving that the Universe was denser and hotter in the past. This relic radiation
was named Cosmic Microwave Background (CMB) and represents the “Rosetta stone” of modern
cosmology. Indeed it is one of the most important subjects of cosmological observation as it pro-
vides information about the composition, geometry and evolution of the Universe.

With the increasing amount of information derived from observational data, cosmologists even-
tually realized that the description of the Universe given by the Hot Big Bang model has two
important issues. Firstly, from the observation of the CMB, which originated when photons de-
coupled from matter, we can infer that in this phase the Universe was in thermal equilbrium with
a isotropic black-body distribution. Within the Hot Big Bang model it is not possible to explain
such a degree of thermal homogeneity. One is then forced to assume that regions that were never
in causal connection were in the same condition before the last scattering. This is defined as the
Horizon problem. Secondly, CMB observations indicate that the total density of the Universe is
such to make the spatial curvature of the Universe negligible today [4]. According to the Hot Big
Bang model, we must infer that this was true also in the past by orders of magnitude. This issue is
known as the Flatness problem. The above issues highlight how using the Hot Big Bang model to
explain the initial stage of the Universe is contrived. Nonetheless, if one assumes an early period
of accelerated expansion of the Universe, which is known as “inflation”, the horizon and flatness
problems are solved dynamically, namely we are not forced to make such strict initial assumptions.

This theory was first proposed by A. Guth [36] and then revised by A. Linde [47], A. Albrecht
and P. Steinhardt [12]. The essential idea is that inflation was triggered by a scalar field slowly
rolling down its potential, whose energy density was dominating the Universe. The inflationary
stage ended when the above field (dubbed “the inflaton”) started to reach the minimum of its
potential, thus exiting the slow-roll phase. The field then ceased its energy by decaying into rela-
tivistic particles, thus setting the beginning of the standard radiation dominated epoch of the Hot
Big Bang picture.

Most importantly, the theory of inflation intrinsically provides an explanation for the produc-
tion of the first density perturbations in the early Universe, which are at the origin of the small
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Introduction

temperature anisotropies impressed in the CMB and the subsequential formation of large scale
structures through gravitational instability. We can explain this phenomenon exploiting the quan-
tum fluctuations of the inflaton field occurred during inflation as they were stretched to macroscopic
scales through the exponential expansion of space. In this scenario, such quantum fluctuations in-
duced fluctuations in the space-time metric, which can be classified in scalar (e.g. density), vector
and tensor (i.e. gravitational waves) ones. This fact left specific signatures on the CMB, which
are amenable to be tested on observational grounds in the form of statistical correlations between
temperatures anisotropies in the CMB maps. The analysis of the CMB can thus reveal precious
information on the primordial inflationary stage of the Universe. The first type of information
that is possible to obtain is the power spectrum of the above primordial fluctuations, namely the
Fourier transform of the two-point correlation function. In particular, the characteristics of the
scalar power spectrum predicted by the single field slow-roll model of inflation have been confirmed
by the Plank satellite data with unprecedent accuracy [6]. Despite this success, a vast class of infla-
tionary models with different fields interactions have been proposed on theoretical grounds, which
can lead to very similar predictions for the scalar power spectrum. This fact makes it difficult to
select a single candidate for the description of the early Universe.

Given the abundance of possible inflationary scenarios, it is necessary to have available ob-
servables quantities whose values encode distinctive features of specific classes of models. This
way, it is possible to operate a selective investigation through which one can confirm or rule out
specific inflationary scenarios. Such observables are provided by the primordial non-Gaussianities
of the CMB anisotropies, i.e. their deviation from pure Gaussian statistics due to the existence
of higher-order connected correlation functions. These correlation functions are linked to the n-
point expectation values of primordial quantum fluctuations. The above expectation values result
from the interactions experienced during inflation by the quantum field(s) that characterized the
physics of the very early Universe. Specific classes of inflationary models leaves therefore their
specific non-Gaussian signature in the CMB. The leading order non-Gaussian signal that we con-
sider is the three-point (connected) correlation function, or its Fourier tranform, the bispectrum.
At present the single-field slow-roll model is still valid, since its primordial bispectrum of scalar
fluctuations lays in the confidence region provided by recent observations [5]. Leaving aside all the
observational issues, on a purely theoretical level it is per se important to study the features and
the type of bispectra predicted within a specific model. By “type” of bispectra we mean every
possible combination of bispectrum involving scalar, vector and tensor fluctuations that specific
models can predict.

The model that will be studied in this thesis is the one of Solid Inflation [32]. The name
derives from the fact that this model can be understood as a basic effective field theory for a solid,
constructed therefore with three scalar field {®/} which represent the internal degrees of freedom
of the medium. The configuration that triggered inflation is the one of a solid at rest, namely

{1y =2, 1=1,2,3. (1)

The three scalars individually break isotropy and homogeneity. Nevertheless, they can be com-
bined in such a way that they can produce a homogeneous and isotropic expansion. However,
this peculiar symmetry breaking leads to a phenomenology which is rich, being characterized by
uncommon and interesting features.

We will immediately mention that vector perturbations within Solid Inflation are sustained
during the inflationary expansion, while in many other theories this type of metric fluctuations are
not considered because rapidly decaying. Another important feature is that tensor fluctuations
acquire a mass term. As far as primordial non-Gaussianities are concerned, it has been proved in
[32] that the primordial bispectrum of scalar fluctuations shows a non-trivial angular dependence,
which is another uncommon outcome among inflationary models (see also [16, 19]).

This thesis therefore is structured as follows:

e Chapter 1 will start by presenting a brief review of the inflationary paradigm. More precisely,
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the chapter is focused on the model of single-field slow-roll inflation. The discussion will then
proceed with the evolution of the quantum fluctuations of the scalar field in an simplified
version, i.e. without considering the dynamics of gravity perturbations.

e Chapter 2 will commence with the explanation of the theory of cosmological perturbations
in General Relativity. More specifically, the perturbative theory will be studied to the linear
order. The inclusion of the metric perturbation dynamics is the following and necessary step
in order to have a more comprehensive picture of the evolution of primordial perturbation
during inflation than the one presented in Chapter 1. Subsequently, we will apply this
approach to the single-field slow-roll model in order to derive the scalar and tensor power
spectra predicted by this scenario.

e Chapter 3 will continue developing the study of primordial perturbation in order to address
the subject of primordial non-Gaussianities. After having introduced some of the primordial
bispectra analyzed by the Planck team, we will focus on the theoretical methodology by
which the primordial bispectra are computed. The approach that will be followed has its
base on the parametrization of the metric proposed by Arnowitt, Deser and Misner (ADM)
in conjunction with the in-in formalism.

e Chapter 4 reviews the model of Solid Inflation. The discussion will begin with the con-
struction of the effective field theory for the medium under consideration, following with the
analysis of the perturbation dynamics to linear order predicted by this model. Moreover, the
mode functions of the above perturbations will be explicitely computed.

e Chapter 5 contains the original contribution of this thesis. The methodology exposed in
Chapter 3 is applied to the model of Solid Inflation. The computation of six bispectra in-
volving scalar, vector and tensor perturbations predicted within this model will be extensively
reported.

The convention we will use in this thesis are the following:
e we will utilize natural units: h=c=1;
e our metric signature is (—, +, +, +);

e our convention for the Fourier transform is

3
109 = [ G100, 2

e the reduced Plank mass is defined as Mp = (87G)~'/2, where G is Newton gravitational
constant.
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Chapter 1

The paradigm of inflation

Before proceeding towards the subject of the thesis, it is necessary to introduce the basic theoreti-
cal framework in which the inflationary theory of cosmological perturbations is developed. We will
present a model involving a single scalar real field that is coupled to gravity, which is the simplest
way for implementing an inflationary expansion of the Universe and for discussing what happens
to its quantum fluctuations.

Such fluctuations are in fact believed to be at the origin of the temperature anisotropies im-
pressed in the Cosmic Microwave Background (CMB) radiation and, ultimately, the seeds of the
cosmic structures we observe in the current Universe. The above idea allows the theory to be suc-
cessfully predictive: whithin the inflationary paradigm quantum fluctuations are naturally provived
and leave specific signature in the sky that are amenable to be tested on observational grounds.
As we will see later, especially in discussing primordial non-Gaussianity in Chapter 3, different
models of inflation give quite specific predictions. Given the above considerations, the single field
model turns out not only to be a tool for a pedagogical introduction but it will allow to emphasize
the peculiarities of the Solid Inflation model.

1.1 Inflation as a solution for the Horizon and Flatness
problems

Cosmology describes the structure and evolution of the Universe on large scales. The Einstein
equation provides such a description linking the geometry of space-time on such large scales with
the content of the Universe:

1
R, + §gu,,R =8rGT,,, (1.1)

where R, and R are respectively the Ricci tensor and the Ricci scalar, g, is the metric tensor,
G is the Newtonian constant and 7),, is the energy-momentum tensor associated with particles
and fields filling the Universe. We can adopt an additional assumption on the symmetries that the
Universe obeys: by imposing it to be homogeneous and isotropic for comoving observers, we get a
remarkable semplification in dealing with an otherwise very complicated task. This is the state-
ment of The Cosmological Principle, which is the basis of modern cosmology. This assumption is
also consistent with the observation of both Large-Scale Structures and temperature anisotropies
of CMB [4].

Three distinctive geometry of the Universe results by adopting this symmetry argument [59],
described by the Robertson-Walker (RW) metric whose line element is

dr?

d32 = glu‘,/dl'pldfﬂy = _dtz —+ a2(t) m

+1r2(d6? + sin*(0)do?) | , (1.2)

where t is the cosmic time, r, 8, ¢ are comoving polar coordinates, a(t) is the scale-factor and
K is the spatial curvature parameter of 3-dimensional hypersurfaces, which can assume the vales
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The paradigm of inflation

K = 0,41,—1 according to a flat, closed or open geometry respectively. The scale-factor has
a dimension of length. As for the energy-momentum tensor, it should be emphasized that the
symmetry requirements of homogeneity and isotropy can be satisfied if it assumes the following
form[59]:

T = (p(8) + p(0) )ty + p(t) g (1.3)
where p and p are the energy density and the isotropic pressure, while u,, = dz,/d\, being A some

affine parameter. This is the form of an energy-momentum tensor of a perfect fluid. If more matter
species are present p and p are undestood as sum of all components

PZZM, PZZM- (1.4)

The Einstein equations will therefore result in two coupled, non linear differential equations, the

so-called Friedmann FEquations,
_ 8nG K

H2 3 p— ? ) (15)
a 4G
o= —T(P+3P)~ (1.6)

where H = a/a is the Hubble parameter which has unit of inverse time and overdots denote
derivatives with respect the cosmic time ¢. In addition to the Friedmann equations, the covariant
conservation of the energy-momentum tensor D, T = 0, implied by the Bianchi Identity [59],
yields the continuity equation

p+3H(p+p)=0, (1.7)

which is usually combined with (1.5) and (1.6) for convenience, although it is not an independent
equation with respect to the other two. It should be noticed that in an expanding Universe (a > 0)
filled with ordinary matter, i.e. matter satisfying the Strong Energy Condition (SEC) p+ 3p > 0,
equation (1.6), it is implied both that @ < 0 and the existence of a time value ¢, such that a(t.) =0
. In order to determine the time dependence of the scale factor, the additional information provided
by the equation of state of the fluid filling the Universe is necessary, namely

p=uwp. (1.8)

We report below the three solutions obtained for the cases of a flat Universe (K = 0) dominated by
non-relativistic matter (w = 0, MD), radiation or relativistic matter (w = %, RD) and a vacuum
energy (w = —1, A):

t3  MD
a(t)x{ tz RD . (1.9)
et A

We can then express the scale factor and the Hubble parameter for w > —1 as

(14wt (1.10)

2
t t3(0Fw) H t) = —
alt) oc tT , H(t) = 3 :

1.1.1 The Horizon problem

In order to appreciate the importance of inflation in solving the Horizon problem that was men-
tioned in the Introduction, we have to present some crucial quantities that describe the causal
structures of the Universe.

Given that the characteristic time-scale of expansion of the Universe is determined by the
Hubble time 74 = H~!, we can define the distance that light covers during the time 75 by
a
Ry(t)y=1y =~ (¢ =1 in our convention), (1.11)
a

8



1.1 Inflation as a solution for the Horizon and Flatness problems

which is the so-called Hubble radius or Hubble horizon size [22, 44]. The respective comoving scale
is the comoving Hubble horizon, namely
R 1 1

™ - )

ru(t) (1.12)
which corresponds to the distance travelled by light during one expansion time. The Hubble hori-
zon is the scale that measures the causal connection between two separate regions of the Universe:
if two regions of the Universe are separated by a distance greater than Ry, light cannot cover
this distance and therefore no information can travel from a region to the other. Such regions are
therefore causally disconnected at that time.

It should be highlighted that the Hubble horizon is a time-dependent quantity: according to
the type of evolution of the scale factor a(t) listed in (1.9), Ry increases or decreases, therefore
regions of the Universe can pass from the outside to inside of the sphere of ray Ry, and viceversa.
In particular, for values w > —1, which include the cases of a dominated Universe by radiation
and matter, Ry is monothonically increasing as

Ry = 2(1 Fw)t (1.13)

As for the comoving counterpart rg, its time dependence is given by

3 143w
r(t) = 5(1 + w)t30aFw) | (1.14)
The second scale we introduce is the particle horizon, which is the maximum distance a photon

can cover from the time of the origin of the Universe (¢ = 0) to the generic time ¢:

d,(t) = a(t) /O ac(li). (1.15)

The particle horizon defines a sphere of the ray d,(t), centered at the origin x = 0, that includes
all the points that have been in causal connection with the origin until the time ¢. If two regions
of the Universe at a given time are separated by distance greater than d,(t), they have never been
causally connected at any time before ¢. The comoving counterpart of d,, is the comoving particle

horizon, given by
toat @ 1
= =/ dn() 1.16
w= =, M (116

It should be noted that the comoving particle horizon is defined as the integral of the comoving
Hubble horizon. For a Universe dominated by radiation or matter, i.e. w > 0, we have that
the comoving Hubble horizon grows monotonically [22] and the fraction of the Universe in causal
contact increases in time

N

1 a RD
Xp =~ a2 (1F3) {a D (1.17)

The Horizon problem can therefore be recast as follows: if we assume that the Universe was dom-
inated first by radiation and then by matter, as in the picture of the model of Hot Big Bang,
this assumption implies that at the time of the last scattering! the regions of the Universe that
we observe in the CMB must have never been causally connected, despite the uniformity that the
CMB reveals.

It is nonetheless possible to justify this uniformity by assuming an early period of time dur-

ing which rg decreased, allowing for regions that were previously causally connected to exit the
comoving Hubble horizon. The decreasing of ry corresponds to

d 1

1The CMB originated at a time correspondig to a redshift z ~ 1100 [22, 59].
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The paradigm of inflation

which readily implies & > 0. A generic stage of accelerated increasing of the scale factor is dubbed
“inflation”. From equation (1.6) then follows that the content of the Universe during this stage

must be characterized by

p< —g. (1.19)

Therefore, an inflationary stage was triggered by a violation of the SEC. We will see in the next
section that a scalar field rolling down its potential can potentially satisfies the above condition.

1.1.2 The Flatness problem

Tt is possible to quantity how the Universe is well approximated by a flat space (K = 0). Defining
the ratio Q(a) of the energy density p relative to the critical energy value

3H?(a)
cla) = ) 1.20
pla) = s (1.20)
the Friedmann equation (1.5) can be reformulated as follows,
K )

As explained in the previous paragraph, since rgy grows with time when considering matter or
radiation dominated stages, from (1.21) we see that the value of |2 — 1] must diverge accordingly.
The critical value 2 = 1 is therefore an unstable fixed point, unless K is fine-tuned at the value
K = 0. By defining Qi = —K/(aH)?, its current value is confirmed to be very close to zero by
observations [4], namely |1 — Q(to)| < 1072. Within the model of Hot Big Bang, this was true also
in the past by orders of magnitude. For example, at the Planck time (tp ~ 10743 s) it results in
22, 59]

1= Q(tp)] = 0(107) 1 = Q(to)] - (1:22)

From (1.21) we can readily see that the introduction of inflation solves the problem: the decreasing
of ry(t) during that stage resulted in a suppression of |1 — |, potentially providing a negligible
number that can justify the current observations.

1.2 Background dynamics of the single scalar field model

As we mentioned in the beginning of this chapter, the easiest way to implement inflation is by
introducing a single scalar real field ¢, the so-called inflaton, whose energy density dominated
the Universe at early times. The subject is thouroughly discussed, for example, in [59, 44]. The
inclusion of gravity in the dynamics is implemented by the minimal coupling. The whole dynamics
of the system under consideration is encoded in the following action:

M? 1
S=Sgn+Sy= /dtd?’x\/—g TPR — §g’wﬁu¢8u¢ —V(g)| . (1.23)

Here, Mg = (87G)~! is the reduced Planck mass, g is the determinant of the metric tensor, while
the V(¢) term describes the self-interactions of the inflaton. It will not be necessary to specify the
form of V(¢) in this context. The energy-momentum tensor of the scalar field is obtained in the
usual fashion,

2 85, 1.
T\ = ~ g = 0000~ g <28 30t + V(¢>)> . (1.24)

The equation of motion of ¢ are obtained through the minimization of Sy, namely

05y _

p=0 = 06 = V'(¢). (1.25)
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1.2 Background dynamics of the single scalar field model

The meaning of the symbols introduced in the above equation is given by

dv(¢)
V'(g) = —— 1.26
=2 (1.26)
while O is the covariant D’Alembert operator
1
O¢p = —0, (vV—99""9,.9) . 1.27
Lo, (V=30 0,0) 1.21)
By adopting the metric in (1.2) with K = 0 the equation of motion becomes
. A V&

It should be noted that the above equation differs from the Klein-Gordon equation in Minkowski
space. More specifically, equation (1.28) is characterized by a “friction” term given by 3H (b and by
the scale factor under the gradient term. The latter will play an important role in the dynamics of
perturbations, redshifting away the waveleghts of the field. Such differences are due to the interplay
of the inflaton with the evolving background space in which it lives. In order to see how inflation
is achieved, the inflaton field has to be split into its background value and its perturbation,

o(t,x) = ¢(t) + 0¢(t, x) . (1.29)
Here, ¢ is the classical vacuum expectation value of the ¢, i.e.
(0lg(t,x)[0) = ¢. (1.30)

The dependence of ¢ only on time is due to the symmetry of the space-time background. The
perturbation d¢ is understood as quantum fluctuations, whose amplitude is much smaller compared
to the value of ¢. The latter assumption is motivated in general by the size of the temperature
fluctuations in the CMB (AT/T ~ 107°) and it allows to separate the respective evolutions of ¢
and d¢. The analysis of the dynamics is therefore perfomed order by order in perturbations. As
for equation (1.28), the expression at zeroth order in perturbation results in

b+3Hp=—V'(d), (1.31)

while the respective equation to the first-order in ¢ is given by
. . V2
d¢p +3Ho¢p — a—25¢ =-m38¢. (1.32)

In the above expression the effective mass of the inflaton has been introduced, which is defined as
mi = V"(¢). The two equations above have been obtained by expanding the potential V' around
¢ and truncating the expansion up to first order in d¢ as follows

V'(¢) =V'(¢+d¢) ~ V() + V()0 (1.33)

In this section only the dynamics of the background ¢, described by equation (1.31), will be
considered. By applying the same expansion to the energy-momentum tensor, its zeroth order
term in d¢ is characterized by a perfect fluid form, where

2

P=ps="5+V(9), (1.34)
2

D=pg = 5~ V((b) . (1.35)

Equation (1.6) dictates the necessary condition to have a period of accelerated expansion: in order
to have @ > 0, the pressure must be subjected to the upper bound

5< —g, (1.36)
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The paradigm of inflation

which corresponds to w < f%. In particular, the condition for a near exponential expansion must
be p ~ —p, as shown in equation (1.9). Therefore the following condition should be satisfied,

V(@) > 2, (1.37)

namely, the energy density of the scalar field must be dominated by the potential V. The above
requirement can be achieved if the field ¢ is in a nearly flat region of its potential, such that ¢ is
slowly rolling down V. The condition (1.37) is also named first slow-roll condition. Moreover, if
the friction effect of 3H¢ in (1.31) is large, the acceleration ¢> can be neglected when compared to
the friction term, leading to

b < 3Hg. (1.38)

The last condition enforces the regime of slow rolling of ¢ down its potential and it is known as the
second slow-roll condition. By combining (1.37) and (1.38), the result is a condition on the shape
of the potential, more precisely on its first derivative:

(1) <. a9

When applied to (1.5), the first slow-roll condition leads to

i~ Ty (), (1.40)
so that equation (1.39) becomes
MR (V' o\
=— = 1. 1.41
w="2 (Vo) < (141

The newly introduced parameter ey allows to recast the condition on V'(¢): in order to have
cosmic inflation, the first slow-roll parameter ey, must be small. It is then possible to reformulate
it in a similar manner the second slow-roll condition. By starting with

= 099 0 (V) _ V'@
¢_tN6t<3H)_ o ¢ (1.42)
the condition (1.38) then becomes
M2 "o
ny = ?P (V(¢>)> <1, (1.43)

where equation (1.5) has also been used. The symbol ny is named the second slow-roll parameter.
The conditions to obtain the slow-roll regime are now simply

ey <1, Invlkl. (1.44)

The smallness of the slow-roll parameters forces the potential V' to be nearly flat for all the time
of cosmic inflation. As long as the ey and 7y are small, the scale factor has a nearly exponential
growth with time, so that the background space-time is approximately a de-Sitter space. The end
of the inflationary stage is triggered when the inflaton field stop slowly rolling down its potential,
laying on a minimum of V. The last condition is reached when the slow-roll parameters cease to
be small.

It is possible to define alternative slow-roll parameters in the following way [44]:

H é
g =g (1.45)

€=
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1.3 Quantum fluctuations during inflation

The above definition of € quantifies the rate of change of H during inflation, therefore how much
the background space-time differs from de-Sitter, where H = 0. It should be noticed that

By HP=HY(1-o), (1.46)
a

so that the end of inflation is signalled by € > 1. It can be shown [44] that the two types of
slow-roll parameters are related by

€=¢cy + (’)(e%,, 77‘2,) n=4dey —2ny + 0(63/777‘2/) . (1.47)

However, it should be emphasized that the necessity of a nearly flat potential V' is a feature of
the model of the standard simplest model of inflation we are discussing here. As we will see in
Chapter 4, in Solid Inflation there is no necessity of a slow-roll motion towards a local minimum
point: 7 and e still parametrize the inflationary stage but their values are controlled by another
type of mechanism.

In order to fully appreciate the physical processes at the base of inflation we will need introduce
the parameter Number of e-folding N, which is an estimate of the duration of the inflationary

epoch:
N=In ( alte) ) - /tt dtH(t), (1.48)

a(tm)
where t, and t;, represent the time of the end and of the beginning of inflation respectively.
Another useful parameter is given by

N, :/t:) dt H(t) =1n< alte) ) , (1.49)

1

a(t(k))

where ¢(k) is the time when the scale corresponding to k leaves the horizon during inflation before
the end of inflation. For the scales of CMB anisotropies, N, ~ 40 — 60 [17].

1.3 Quantum fluctuations during inflation

So far, we have summarized the background evolution of the Universe in its inflationary expansion.
We have discarded the quantum fluctuations of the inflaton field and of the metric tensor, assuming
implicitly that they do not affect the evolution of the background fields. This approximation does
not provide a satisfatory description of the Universe as it really is: all the structures we see today
must have had a beginning, a primordial density inhomogeneity that has grown through gravita-
tional instability. The same local deviations from the mean behaviour of the Universe can be seen
as CMB anisotropies, revealing their presence at the time of the decoupling. If perturbations of the
inflaton field are considered in the description in conjunction with metric perturbations, the infla-
tion can naturally provide an explanation for the origin of the primordial density inhomogeneities.
A mandatory outcome of this picture is also the generation of gravitational waves.

We will now present a brief qualitative description of the generation of primordial fluctuations
during the inflationary epoch [17, 51]. It is believed that quantum fluctuations arose on scales much
smaller than the comoving Hubble radius 7 = (aH)~!. During the time of inflation rz decreases
with time and, consequently, the wavelenghs of the scalar fluctuations soon exceed the Hubble
radius. On such scales the fluctuations are not causally connected anymore: since no microscopic
physics affects their evolution, they maintain an almost constant amplitude, while their waveleghts
grow exponentially. In the jargon of cosmologists, they are “frozen-in” after the horizon crossing.
Such frozen fluctuations appear as a realization of a classical random field. In order to understand
how the inflaton fluctuations are related to the fluctuations of space-time, it is necessary to take
into account also the dynamics of metric perturbation. A thorough analysis of the last subject will
be given in the next chapter.

In the following paragraphs, the discussion will be restricted only to the quantum fluctuations
of the field ¢, equivalent to considering a quantum scalar field living in a quasi de-Sitter space-time

13



The paradigm of inflation

with no gravitational backreaction. The starting point of the discussion is the evolution equation
(1.32) of the quantum fluctuation d¢ to first order. For convenience of notation the subscript ¢
will be avoided in the mass term:

. . V2
6¢ + 3HO — —0¢ = —m?6¢. (1.50)
a

In order to study the above equation it is convenient to use the conformal time 7 = [ dt/a(t). The
derivative operators with respect to the cosmic time have therefore to be transformed in accordance

with the above choice,

0 10 22 10 (10
o aor atz—aar(aaf)' (151)
Whithin few passages, equation (1.50) results in
"
(adg)" — V? (adg) + (a2m2 - “) (adgp) =0, (1.52)
a

where the primes denote derivatives with respect to the conformal time. the disappearance of the
viscosity friction term should be noted, which means that in the conformal coordinate system the
scalar field d¢ perceives the evolving background differently. The expanding background space is
in fact accounted by a time dependent frequency in the equation of a free harmonic oscillator, as
it is evident after the field redefinition ad¢ = 1:

o =t (atm? = L)y =0, (1.5

Since the geometry of space is assumed to be flat (K = 0), we are allowed to use the plane wave

expansion ,
d°k . A
vir) = [ s i), (154

where the reality condition requires 1/;(7', -k) = 1/;*(7', k).
In order to proceed with the quantization of the theory it is necessary to provide an algebra

for the operators involved. It can be shown directly from (1.23) that the field ¢ has the following
action

1 1 1
Sy = /dedT {2 (') — 3 (8,0)° — a®*m?? + %& : (1.55)
by which we can define the conjugate momentum of 1, namely
(7, x) = ng’ (7, x) = ¢'(1,%). (1.56)

The field 1 is then promoted to a field operator decomposed in the usual second quantization
fashion:

o 1 3 ik-x * T —ik-x
Y(1,x) = e /d k [U(T, k) axe™™ +u* (7, k) aye , (1.57)
where u(7, k) is the mode function, which encodes the time evolution of the single k-mode. We
can provide a time evolution equation for the mode function by inserting the expression above in
(1.53):

"
u’ (1, k) + (k2 - a2m2> u(r, k) =0. (1.58)
a
The fields 1) is then quantized according to the canonical equal time commutation relations between
1 and its conjugate momentum w
[W(r,x), 7(r,y)] =i6® (x —y), (1.59)

[w(Ta X) ) 1#(157}’)] =0, [W<7—7 X) ’ ’/T(Tv Y)] =0. (160)
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1.3 Quantum fluctuations during inflation

Adopting the decomposition (1.57), one can infer that the operators ax and aL obey the usual
annihilation/creation algebra, that is

lax, ap) =0 [aL,a;]::o @, al] = (2% (k - p), (1.61)
if and only if the following requirement on the mode funtion is imposed:
(1, k)u* (1, k) — (c.c.) = —i. (1.62)

The above equation fixes the normalization of u(7,k). In order to determine the mode function
completely, it is also necessary to specify the initial condition of wu(7,k), which is equivalent to
fixing the vacuum state.

Within inflationary perturbation theories the so-called Buch-Davies vacuum [17, 51, 22, 29]
represents a preferential choice of the vacuum state. It consists in demanding that, when the mode
is deep inside the horizon, i.e. k/aH — oo, it should approach a plane wave solution of the form

e*ik}T

V2k
Since the latter is a typical solution of an ordinary quantum field theory in Minkowski space,
the physical interpretation of the Bunch-Davies prescription is that the mode function does not

perceive any gravitational effect at scales considered small when compared with the cosmological
ones.

u(r, k) — (1.63)

1.3.1 Massless scalar field in de-Sitter

In order to illustrate the implications of these quantization prescriptions, we will consider the case
of a massless scalar field in an exact de-Sitter background. Within this comfortable approximation
many calculation subtleties will be avoided. When considering the pure de-Sitter space-time the
Hubble parameter is constant and the scale factor has a simple form:

dt da 1 da d [1
_ _ [ a1 ga d |1 1.64
T /a(t) /aQH aH+/ada {H]’ (1.64)

——
=0
so that a”/a is given by
a” d? 2 9

R (1.65)

and the equation (1.58) becomes

2
2
’lL”(T, k) + (k — 7’2> U(T7 k) = 0, (166)
k2—2r%

where we emphasize the comparison with the comoving Hubble radius. The exact solution of (1.66)

is given by N ik N it
k) = 1- — )| — 14— ) —= 1.
we=e (1o E) e (i ) am

where C 5 are two unconstrained coefficient. The imposition of the normalization condition (1.62)
leads to the following constraint on C} »,

|C1> =G> = 1. (1.68)

In order to match with the asymptotic behaviour of the type required in (1.63), the coefficients
are fixed to the values Co = 0 and C7; = 1. The mode function results therefore in

ekt i _aH N ik
u(r, k) = T (1 - k:T) = z@(l +ikT)e . (1.69)
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The paradigm of inflation

Turning our attention to the field d¢(7,x) = (7, x)/a, it is possible to show what was previously
anticipated: after the horizon crossing, the amplitude of a quantum fluctuation becomes frozen at
the constant value

0¢(7, k)| = (1.70)

a

’LL(’T, k) ‘ —kT—0 H
V23

1.3.2 Light scalar field in quasi-de-Sitter

In a proper inflationary scenario, the background space-time is not purely de-Sitter, nor the scalar
field should be considered massless. The rate of the Hubble expansion is therefore not exactly
constant during inflation, but rather slowly changing, namely

H=—¢H. (1.71)

Here, the dot means a derivative with respect to the cosmic time ¢, while € is the first slow-roll
parameter defined in (1.45). In addition, it can be proved that the time derivatives of the slow-roll
parameters are O(e2,n?) [44], therefore we will consider them as constant in time. Consequently,
the expression of the scale factor in conformal time is more complex than in equation (1.64):

_/ﬂ__i+/@i ot fdeldill 1 /ﬂ (1.72)
T aw T aH ada |H| ™ “aH aadt |H|~ eaH ) @H

so that
1 1

—Em, (1.73)

a(t) =

where the dependence on time of the slow-roll parameter have been neglected. By exploiting the
smallness of €, we then get

o _1od o da |, @\t (et (ay?
a a dt dt ) a a a
—_—

=a*H? <2+H> 1 1 (2—6)%%(14—*6). (1.74)

H2

The effective mass of the scalar field is considered small, being related to ny through (1.43). We
thus recast the effective mass as ny = (m7/3H?) < 1. The mass term in (1.58) results therefore

in
2 2
2 2 _ M 1 my 3y
am- = H272 (1 — 6)2 ~ H272 (1 + 26) ~ ?a (1.75)

where we have kept the expansion in 7y and € at the lowest order. By inserting equations (1.74)
and (1.75) in (1.58), we can reformulate the equation of motion of the mode function as

2 V2_i
1
where
29 3
v 214-36—377\/, V’:§—|—6—77v- (1~77)

Since the time derivatives of the slow-roll parameters are O(e?), v can be safely considered as
constant in time within the approximation that has been adopted so far. Equation (1.76) can
then be recast in the form of the so-called Bessel equation [1] by performing the field redefinition
i (1) = ug(1)/V/~T:

?yp +Tyr + (77K — )y = 0. (1.78)
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1.3 Quantum fluctuations during inflation

The solution of the above equation is given by a combination of the Bessel functions of the first
and second kind, respectively J, and Y,, whose properties are extensively reviewed in [1] and [34].
We are now able to provide the general solution of (1.76) by expressing uy in terms of yy:

ur(1) = V=7 [Co (k) (=kT) + C_(k)Y, (=kT)] . (1.79)

For real value of v the above solution can be expressed in the alternative form
wn(r) = V=T [CL R HD (—k) + Co(R)HP (—k7)] (1.80)

where H, ,Sl) and H, ,52) are the so-called Hankel functions of first and second kind, which are defined
as

HY = J, +iY,, (1.81)
H? =, —iY,. (1.82)

v

The properties of the Hankel functions that concerns the scopes of this thesis are reported in
Appendix B. In order to impose the Bunch-Davies condition, the asymptotic behaviour of Hl(,l)
and H 52) deep inside the horizon should be analyzed. Introducing the variable x = —k7, we know

that
2 T o 2 . o
HO (@) o~ A3 0 B ()~ [ e R (1)
T—>+00 T T—r+00 T™r

If we impose that for k > aH (—k7 > 1) the solution uj(7) matches the behaviour (1.63), it
follows that Co(k) = 0, while C} (k) must be constrained by the normalization condition (1.62):

ui(7)u(r) = (e.0)| = —i—|Ci(k)* = i,
|C1 (k)| = g (1.84)

Finally, in order to satisfy the condition (1.63), the phase of C; have to be (v + 1)Z. The mode
function wuy(7) results therefore in

ug(7) = gei(”%)%\/—rHﬁl)(—m). (1.85)

The superhorizon behaviour of ug (7) is obtained by exploiting the asymptotic behaviour of H, @ (z)
reported in Appendix B:
(1) 2 izow-I) -,
H)(x) ~ yf—e 22072 —==g7" (1.86)
x—0 e F(i)

where I' stands for the Gamma function. The amplitude of u(7) on scales beyond the horizon
therefore results in

R (187)

— 9(w=3) L) 1 K 7_Va —€) ~ all [k 27V
- F(3/2)W<0H(16)) H(1 )_\/ﬁ(aH> : (1.88)

Here, 7 has been rewritten exploiting its relation with the scale factor, while in the last step the
numerical coefficient has been given to the leading order in e. It is now possible to analyze the
amplitude of the physical fluctuation d¢y = ug/a on superhorizon scales, expressed below at the
lowest-order in the slow-roll parameters:

oor(rl|_ = \/% ((1];[)2 . (1.89)

Nl
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The paradigm of inflation

1.4 The power spectrum

The discussion so far has been limited to the linear evolution of the quantum fluctuations: we have
in fact discarded both possible self-couplings of the field d¢ beyond the quadratic order and the
coupling with other fields. Thanks to this choice, it has been possible to quantize the field because
we were dealing with a superposition of harmonic oscillators (although with time-dependent fre-
quencies) and to track its linear evolution. If this level of approximation is kept, it leads inevitably
to Gaussian statistics of realizations of the perturbation field. To describe the statistics of a random
field (and in particular its statistics beyond a Gaussian approximation) we can turn to the n-point
correlation functions (d¢(x1)- - d¢(x,,)). For a Gaussian field, only the 2-point correlation function
is relevant, being the higher-order functions just products of the 2-point correlation functions if n
is even, or equal to zero if n is odd [17, 59]. This is what happens if non-linear interactions are
discarded, as we have done so far. It is evident that, if one considers an odd product of the field
as given in (1.57). The result vanishes because an odd product of operators a and a' between two
vacuum states equates to zero. As we shall see, the non-Gaussian statistics of the fields (i.e. the
non-Gaussianity) is generated only by taking into account the non-linear interactions.

At this point of the discussion, we can introduce anyway an important statistical tool that
measures the amplitude of the fluctuations at a given scale: the power spectrum P(k). It is defined
through the usage of the two-point correlation function in Fourier space:

(6p(k)I¢* (K')) = 6 (k — K') Psy (k) . (1.90)
We can also define the dimensionless power spectrum as
22
P(k) = FP(I@). (1.91)

The latter can be interpreted as the logarithmic scale contribution to the variance of the fluctua-
tions, indeed:

035 = (067 (x)) = (Qi)g / AP Rd®K MK (5(k) 50" (K'))
= (2717)3 /d3kd3k/5(3)(k—k’)Pg¢(k) = %Pw(k). (1.92)

To describe the slope of the power spectrum it is standard practice to define a spectral index nsy(k),
through
dInPsy
k)—1= .
nsg (k) Tk
In the case of a scalar field ¢ = 1)/a we can combine (1.57) together with the algebra (1.61) to
evaluate Ps¢ spectrum:

(1.93)

(0106 (7, k)dg™ (1, K')[0) = a%<OIU(T, k)u” (1, k) axai. |0) (1.94)
2
= o

2
(2m)?

kS
L+ 127%)00) (k — K') = Psg(k) = o [00(7, k)|* = (1+k£7%), (1.95)
s
where we considered the case (1.69) of a massless scalar field in de Sitter space-time. Evaluating
the spectrum on superhorizon scales we get a scale-invariant dimensionless power spectrum with

a spectral index equal to one:
H2
Psop(k) = — . 1.96
545( ) (27_(_)2 ( )
As for the other analized case of a light scalar field in a quasi de-Sitter Universe (1.89), on super-
horizon scales the corresponding results are

2 3—2v
Pso(k) = (fﬂ)z <a];{) . nsg(k)—1=3—2v. (1.97)

18



Chapter 2

Cosmological perturbations

Like any perturbative approach, cosmological perturbation theory is based on searching solutions
of some field equation via successive approximations, as long as we consider the perturbation field
as a small deviation from a known background solution. The basic difference arising in General
Relativity is that we have to consider the perturbation of the space-time geometry itself.

The main hypothesis consists in considering two distinct space-time manifolds: a “background”
My, equipped with the usual FRW metric gfg,), and a “physical” Mppys, that represents the real
Universe; the latter does not have the same space-time symmetries of the background. Each of
them is considered as the solution of the Einstein field equation, respectively

1 1
R — ig’(fju)R =8rGTY) |  Ru-— 0 R =87GT,,, . (2.1)

The second equation is solved via successive approximations, that have as zeroth order solution
the FRW metric and the energy-momentum tensor of a perfect fluid.

Within the perturbative approach, the ”physical” metric and energy-momentum tensor are
structrured as follows, where the perturbed quantities § are intended to be small:

Juv = gff,),) + 99, , Ty = T}S?,) + 6T, . (2.2)

It is now of fundamental importance to analyze the conceptual set-up of the perturbative theory
in General Relativity; as we anticipated, we are dealing with a perturbed geometry: since the theory
of gravity has Differetial Geometry in its core construction, this involves the discussion of some
important geometrical subtleties that have to be clarified. Being the procedure of splitting tensors
in background plus perturbation not a covariant procedure (in the sense of General Relativity), we
will face an ambiguity in defining perturbations that is a direct consequence of a changing in the
coordinate frame: this is called the gauge problem. We will keep the discussion on as concise as
possible since we are interested in presenting the first order perturbations of Einstein equations.
More on this subject is contained in [26], where a detailed geometrical analysis for perturbations
of higher order is presented.

2.1 Perturbations in General Relativity

We start assuming the existence of family of solutions of the field equation parametrized by A\ € R;
in other words, we consider a family of metric tensors gy and matter fields collectively denoted as
¢ that depend smoothly on A and satisfy the Einstein equations

1
f(g)\a ¢>\) = R;w,k - QQ/LU,ARA = SWGZLU,)\ . (23)

The fields that solve (2.3) with A = 0 are the background solutions. We rethink the situation
introducing the manifold N' = M x R; in this way we have a foliation (My), g of N. It is thus
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Cosmological perturbations

possible to consider a generic tensor field Ty living in My with the field T in NV for a fixed value
of X Th(0) =T(\, 0), with O € M. In this sense g and ¢ are metric and fields living on the
submanifold M. We can then identify the physical Universe with the manifold M, while the
physical quantities we are interested in 7).

The perturbation 6T of a any tensor field is naively written as the following difference, where
the subscript means the quantity related to the background space-time:

5T,\ = T)\ — TO . (24)

It should be emphasized that, if we want that the expression above makes sense at all, T and Ty
must be evaluated at the same point in space-time; tensor fields live in fact in curved space-time
and because of this we need to ’drag’ them at the same point in spacetime. More over, T) and
Ty live in different space-time manifolds, respectevily M and M. We then need a prescription
that relates the points of this two manifolds. A diffeomorphism ¢y : NV — A can provide such a
one-to-one corrispondence, such that

@/\lMo Mg — M, . (2.5)

Such a map gives the identity for A = 0: for p € M, we have (p) = ©(0,p) = p.

We anticipate from now that ¢y is not the only existing diffeomorphic map for the two varieries
above and we’ll make use of this fact; our second choice is labeled with 5. The difference between
these two maps stands in the way they connect singular points: more specifically, if p,q € My,
with p # ¢, and O € M we have two distinct points of the background mapped in same one of
the ”physical ¢ variety (note that we don’t give a local chart):

oa(p) =a(q) = 0. (2.6)

It is known from Differential Geometry that the map ¢, induces a differentiable map between
tangent spaces whose name is push-forward

<p*)\|p : TpMO — T«pk(p)M/\ ’ (27)
and a map between cotangent spaces called pull-back

(pink(p) : T;A(p)./\/t)\ — T;MO (28)

For example, the action of the pull-back ¢} on a tensor field T) € 7;9;2([)) (M) is given by pushing-
forward the vectors of T, M

(@iT)(vla U2) = T(SDA*Uh SD/\*'UZ) ; (29)

while the push-forward acts on tensors Ty € 7;2’0(/\/10) by pulling-back the covectors of T;A (p)M

(parTo) (w1, w2) = To(prwr, prw2) - (2.10)

Thanks to the existence of the inverse map go;\l : My — My, we can also define the corresponding
inverse ones; in summary:

(0x) ™"t Ty My — T,Mo, (2.11)

(p3) " Ty Mo — T, (Mo - (2.12)

It is then possible to define the transformation property of a mixed-type tensor; for example, we
consider the pulled-back tensor T € 7:;1(1)) (My):

(03T) = T(piw: (per) w) . we Ty ()M, w e Ty ) Ma. (2.13)
We are finally able to make a proper definition tensor perturbations in General Relativity:

AT\ (p) = (paT)(p) — To(p) , (2.14)
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2.1 Perturbations in General Relativity

here, we remberer, p is a point of the background variety; in this way is formalized the common
statement in literature that “perturbations are fields living in the background”. We can now make
a Taylor expanion in X of the pulled-back tensor field (¢37):

1Tk k + k k
GI0 =3 5 | @n0)]|  —me+ X3 [frene| e
k=0 A=0 k=1 """ A=0

AATS (p)

The above equation includes, at least formally, every order in perturbation; at the first order, we
have that the term is the Lie derivative of the tensor Ty:

AT Bco = L6, o) (216)

We now turn our attention on the possibility of making a second choice 1) to connect My and
M ; using the inverse <p;1 it is then construncted a map that moves p in ¢, that is

q=0x(p) = 65 (¥a(p) - (2.17)
Putting a chart on My, it is rewritten at first order in A as follows:

ok = zh + A+ O(N?). (2.18)

The map ®, is called gauge transformation. More specifically, a map that moves each point
to another is often called active coordinate transformation. We now want to show how tensor
perturbation AT transforms under ® at first order. We start considering the pulled-back tensor
(¥3T)(p) and inserting the identity map (¢3})~1¢%; it gives us simply

(WAT)(p) = (VX (¥2) T @R T)(p) = PR (LAT)(P) - (2.19)

At this point it is possible to perform an expansion in A like in (2.15). When considering just
the first order, we get

PX(PXT)(p) = To(p) + AAT(p) + MLe(To(p) + AAT(p)) + O(N?)
=T(p) + M(AT(p) + Le(To(p) O(N?), (2.20)

and from the equation above we get the trasformation property of the perturbation AT under
gauge transformation at first order:

—_~—

AT(p) = AT(p) + Le(To(p) - (2.21)

As a result. a crucial issue concerning perturbation theory in General Relativity consists in distin-
guishing between the physical perturbation and gauge artifacts. Two ways are available to erase
the gauge dependence: we can fix the coordinate system (i.e. choosing a gauge) or we can use a
gauge invariant approach.

In concluding this section, we give the formulas of the Lie derivative that must be used to
explicitly compute the transformation of fields (that, until now, we have generically dubbed as
“tensor”) according to their covariant nature. We thus have scalars (S), vectors (V') and tensors
(t) under diffeomorphisms:

LeS =E7D,S,
Eévu = §aDaVu + VaDuga )
LVE =D VE —VD ",
Letyy = Doty +tuaDuE™ +ta DY .
where D, denotes the covariant derivative.
We will discuss the metric perturbations first, as part of the left hand side of the Einstein

equations. Only then, we will move to consider the perturbation of the right-hand side, i.e. the
perturbation of the energy momentum tensor.
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2.2 Metric perturbations

Whether within a quantum or classical physical theory, the time-evolution of a field is determined
by the solution of a dynamical differetial equation and the imposition of initial conditions. General
Relativity makes no exception. It is thus necessary to realize some kind of distinction in the
equation, in order to identify a time flow and the object whose evolution we want to track, which
is, as our intuition suggests, a three-dimensional hypersurface. Perturbative cosmology makes no
exception: the study of the metric perturbations at cosmological level needs in fact such formulation
to be addressed.

2.2.1 The (341) decomposition and the ADM variables

In order to discuss the theory of cosmological perturbations on a FRW background we need to
introduce an important parametrization of the metric tensor, commonly known in literature as
(34 1) decomposition. This formalism is applicable to a broad class of problems including, but
not limited to the perturbative ones. What makes this formalism an important achivement in the
context of General Relativity is that, with the (3+1) decomposition, the Einstein equations assume
manifestly the form of a time-evolution equation [55]. In summary, it is possible to demonstrate
that a wide class of space-time manifold M can be foliated into hypersurfaces {X;}+cr labeled by
a time parameter ¢ ! that, in our case, is the cosmic time. The manifold M is thus given by the
product R x X; here, ¥ is an evolving structure in time, called Cauchy surface. It is customary in
literature to refer to such a foliation as slicing, while the choice of the spatial coordinates on X is
named threading. We can state that a gauge transformation changes the slicing and threading.

According to the decomposition we described above, the metric tensor is expressed in the so
called "ADM form’. The acronym refers to Arnowitt, Deser and Misner, who introduced such a
parametrization for the first time [13]:

_ _N2+Nka N; Y _ _ﬁ JI:%
g;l,l/ - ( Nz h” 9 g - % hij _ N]i[];[j 9 (226)

where N, N* and h;; depend on x and ¢. We will refer to them as the ADM variables. The line
element is therefore expressed in the ADM variables as follows,

ds? = (—=N? + N,N*)dt* + 2N;dtdz’ + h;jda’dx?
= —N?dt* + hyj(N'dt + dx*) (N7 dt + da?) . (2.27)

The variable N (t, x) is named lapse function, while N*(t,x) is named shift vector [56]. The quantity
hi;(t,x) is the metric on the spatial hypersurface. It lowers and raises the spatial indices as follows,

N'=h"N;,  N;=hyN. (2.28)

We have now to apply the ADM formalism to perturbative cosmology. The ADM variables
provide in fact a way to decribe a slightly anisotropic and inhomogeneous space-time, which consists
of a FRW background g,,,, plus the perturbation part 6g,., as in (2.2). All the following symbols
that will be labeled with  have to be considered as first order perturbations, so that every term
of higher order is implicitly disregarded.

We first have to establish the rules by which we lower and raise the indices of the perturbed
metric 6g,,,. We first have to consider the identity 6% = g"“ga., which is valid at every order in
perturbations. Therefore, by splitting the metric as g,, = g, + 99, the above identity gives

o = (gﬂa + 5glm)(§cw + 6gow) . (2'29)

1The space-time M must be globally hyperbolic for the foliation to be possible. A thorough discussion on this
subject is contained, for example, in [55]. For almost all the cases of cosmological and astrophysical interest, such
a condition is satisfied.
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2.2 Metric perturbations

By neglecting higher order terms and knowing that g**g,, = ¢/, we have

0y = G"Gaw + 09" Gor + " 0gan (2.30)
6g”agw/ = —§”a59au . (231)

The rules to raise and lower indices are thus the following,
89 = —Guadvdg™” 5g" = —g"*5"P6gap . (2.32)

The FRW metric tensor in cosmic time is given, togheter with its inverse, by

-1 0 -1 0
., = gt? = ..
uv = ( 0 a25ij> ) g - < 0 (112 51]) ) (233)

The ADM variables must then be expanded in the same manner as g,,,. As for the lapse function
N, we have

In regard to the shift vector, given that the (i0) components in the FRW metric are null, the
expansion of N starts at first order:

N'=Nj+Ni+---. (2.35)

As we are considering first order analysis, we will identify the perturbation just with N?. Finally,
for the three-metric h;;, we have

17

hij = ho@j + h17ij + = Bij + 6hij . (2.36)
Thus, by comparing the expansion of the metric in the ADM form and the FRW background, we
are able to establish the following correspondences:

1

No=1,  hy=a%;, h9= 95“, (2.37)
5900 = —20N = _2¢7 ) (238)
) . Bt
gio = Ni =aB;,  §g° =N'=—, (2.39)
a
7 ij ij 204
8gij = Ohij = 2a°hs;, 697 = 6nY = ——5h". (2.40)

The newly introduced quantities B?, izij are defined in such a way that their indices are raised and
lowered by the Kronecker delta symbol; this is directly proved by using (2.32),

a2

Bi = adg® = %5”‘5%0 = 0 B, R = —55927’ = 5§ e, (2.41)

The above property shows that ¢, B* and hid are, respectively, a scalar, a vector and a tensor of
the 3D Euclidean space. The resulting line element ds? is thus given by
ds? = —(1 + 2¢)dt? + 2a(t) Bydtdz® + a®(t) (6 + 2hs;)da’da’ . (2.42)

In the following, we may refer to ¢ as “lapse function” and to B as “shift vector” [49].

2.2.2 The (S,V,T) decomposition

As it is possible to do so, it is convenient to split the metric components according to the irre-
ducible representations of the Euclidean rotations group, i.e scalars, vectors and tensors of SO(3).
It should be pointed out the reason why such a splitting is convenient: as it has been proved [59],
the linear Einstein equations do not mix scalar, vectors and tensors dynamically. This means, for
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Cosmological perturbations

example, that no scalar will enter in the dynamics of a vector or a tensor.

Vector fields can be decomposed in a longitudinal and a tranverse part which are, respectively,
curl-free and divergence-free; as for the shift vector B*, we have

B'=Bi +B., 0Br=0, £9*o*Bk =0. (2.43)

The significance of the longitudinal and transverse parts is more apparent in Fourier space, where
B’ refers to the Fourier transformed of B*. If we consider the vector k£ in the momentum space,
two projectors are constructed with it, that is,
- I N 1
1j 1)
P =0"-—5), Pl=—0

(2.44)

The operator P%j projects in the tranverse direction with respect to k, while sz projects along it.
In real space, the resulting projected components of B’ are indeed B} and Bi. As for B, in real
space we can adopt two defintions:

B; (2.45)

;

the difference beetween the two choices above laying simply in a rescaling 1 /k of the scalar function
B in Fourier space:

= B

T
In order to emphasize the different roles of the longitudinal and transverse components in the
perturbations dynamics, we opt to give them different names; therefore, we set Bi. = S%, so that
we have

(2.46)

B'=9;B-S", 95 =0; (2.47)
or,

0;B
V—V2
We will adopt (2.48) when discussing the model of Solid Inflation, as in [32]. The splitting of B’
into a scalar B plus a vector S? have thus been completed.

Tensors can be decomposed in irreducible SO(3) representations as well; izij can in fact be
splitted as follows [49],

B =

-5t 9;8°=0. (2.48)

5 1
hij = —di; + 0;0;E + 0 Fy) + 5 i (2.49)

where 1 .
0uFy = 3 (0:F; + 0, F) 0 F'=0. (2.50)
As for v,;, it is a symmetric, transverse and traceless tensor, that is
9i7i; =0, Vi = =0. (2.51)
All the perturbations of the metric can thus be grouped by type:
(S) four scalars { ¢, ¢, E, B} ;
(V) two vectors {S;, F; } ;
(T) one tensor ~;; .

There are 10 degrees of freedom in total, which are indeed the independent components of dg,, .

It should be now discussed how a gauge transformation acts on each metric perturbation. The
gauge transformation rules are obtained by making explicit the Lie derivative in (2.25). Such a
computation involves the four-vector £* of (2.18), which we now express in components as

¢ = (o, ') , (2.52)
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2.3 Energy-momentum tensor

the vector 3' being splitted into the transverse and longitudinal parts,
8L =08+~ 07t =0. (2.53)
The transformation (2.25), when applied to the perturbed metric, gives
89 = 0gyu + LeGu. (2.54)

Given that in a FRW background the only non-vanishing components of the Christoffel symbol are
Iy, = Hé}, F?j = Hé;j, and D,g,,=0, the Lie derivative along £* results in

Eﬁgwf - guavaa + guaDyfa ,
= Gua (aﬂga + f‘gpép) + (/J — I/) . (255)

The resulting components of L¢g,, are thus

Legoo = —2¢v, (2.56)
Legio = a®(B;) — Dicv, (2.57)
‘C&gij = 2&201H5ij + 2a28(zﬂj) . (258)

The scalar perturbations will finally look as follows:
b=o+a,
v =1 - Ha,
B=B- 1a +af,
B a
E=FE+p.
As for the vector perturbations, we will have
S, =S, —a¥i, (2.63)
Fy=F +n;. (2.64)

The tensor +;; is invariant at first order under gauge trasformations, as it is apparent in (2.58).

2.3 Energy-momentum tensor

It is important to stress that the symmetry requirements demanded by the Cosmological Principle
shape the energy-momentum tensor into a perfect fluid form, even if the content of the Universe is
not a proper fluid one is familiar with. The space could in fact be filled with a single scalar field,
or even with a solid; in both cases, the zeroth order T;w must have the following form:

T = (p() + P(0)) Tt + ()G (2.65)

Here, p and p represent the energy density and the isotropic pressure. As for @*, it is the zeroth
order four-velocity of the fluid, a time-like unit vector, thus obeying to the condition

G ' = i, = —1. (2.66)
In the fluid comoving frame we choose u* = (1, 0).

The Universe that we are going to describe as part of the perturbative theory has to evade from
the Cosmological Principle since we need to include, despite their small size, inhomogeneities and
anisotropies on cosmological scales. While the tensor form (2.65) represents a very good approx-
imation, it is nonetheless inadequate in order to provide a more realistic and detailed description
of the Universe. It is therefore necessary to introduce a type of energy-momentum tensor that
efficiently includes the system anisotropies and inhomogeneities.
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Cosmological perturbations

2.3.1 Imperfect fluid form

In this paragraph we will follow a method reported in [25, 22] in order to construct an energy-
momentum tensor of imperfect fluid form, which can take into account the deviations from perfect
homoneity and isotropy.

Let us consider a unit future-directed time-like vector field U#, that can be regarded as the

four-velocityof the observer:
UrU, =—-1,0°>0. (2.67)

It is then possible to construct a tensor which projects along the orthogonal direction of U*, namely
P;w =guv + UvUp . (268)

The projector P,, is defined as the metric of the three-dimensional spatial section orthogonal to
U, (25, 22]. We can now use P, to project quantities orthogonal to U* into the rest frame of the
observer:
T = 0080Tap = (P} —UU,) (P = UU,) Tap
= (PyP] —UUP] —U,U’P} + U, U, UUP) Top
== pU#Uy + U(,uq’/) +p (gpy + U:U'UV) + ﬂ-y,y . (2069)

The variables introduced have been built through the following projections of the energy momentum
tensor:

p="TwU,U,, (2.70)

3p="T,.P", (2.71)

qu = —PT.sU" (2.72)
1

T = POPITop — gPWPaBTaﬁ. (2.73)

In addition to the energy density p and the isotropic pressure p, this time 7},,, includes two new
terms with respect to the perfect fluid form, namely

1. the anisotropic stress m,,;

2. the energy flux ¢*, which is, by contruction, orthogonal to the observer’s four-velocity U*
(g U" =0).

A proper choice of U* can simplify the expression (2.69), making disappear the term g,. We can
see that the requirement on such four-velocity must be

=0 = T,5UP = — (ToUUP) U, = —pU,, (2.74)

therefore U* must be the unit eigen-vector of the energy-momentum tensor. This four-vector is
called energy frame [25] and it will be labeled by u%,. The four-vector u, is the eigen-vector of the
energy-momentum tensor with —p as the corresponding eigen-value:

Thu(g) = —pu‘(lE) . (2.75)

v

Once we have adopted the energy frame of the matter ué‘ B) the tensor T},, results in

TMV = (p +p) UpUy +pguz/ + Tuv s (276)

where for simplicity we avoided to write the subsript (E).
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2.3 Energy-momentum tensor

At this point, one can see that the anisotropic stress must obey the constraints

ubm,, =0, utu’m,, =0, mh =0 (2.77)
as implied by the definitions of p and p in equation (2.70) and by the fact that u* is the energy
density eigen-vector. These results are valid at every order in perturbation theory. In particular,
the second equation above implies that the (00) component of the anisotropic stress is null: being
an invariant quantity under diffeomorphism, the above mentioned statement is veryfied by choosing
ut = (1,0).

2.3.2 Energy-momentum tensor perturbation

Our analysis of first order perturbations of the energy-momentum tensor begins with expressing

"

u” in the coordinates of the background; its spatial components are defined as
. o dxt adxt
u' = ou' = = - = —. 2.78
ds a ds a ( )

Here, v* is the peculiar velocity of the matter, and has to be regarded as a first order quantity. To
derive the temporal component we need to use the normalization condition

ufu, = goo(u0)2 + 2g0;u’u’ + gijuiuj =-1. (2.79)
By taking the perturbed quantities of both sides of the above equation, we obtain
8900(u”)? + 2goou’6u’ = 0,
oul = —¢.
Finally, we will have

ut =t + Sut = (1 — &, Z) . (2.80)

By lowering the indices in the usual manner and neglecting higher order quantities, we obtain as
well u,:

u, = (—1—¢,a(v; + By)) . (2.81)

In the same manner as (2.47), the peculiar velocity can be split into a longitudinal and a transverse
part:
v =0 + vy, Oivp =0. (2.82)

We will now consider the anisotropic stress (2.73). As the background space-time is isotropic
and homogeneous, 7, cannot be part of the background energy-momentum tensor. Therefore,
the anisotropic stress has to be regarded at least as a first order perturbation of the background
energy-momentum tensor. We already know that mgg = 0; moreover, the equation (2.77) tells us
that ;0 is null to first order in perturbations:

u”wﬂj = u07r0j + Uiﬂij = 0 . (283)
——
ITorder

We are therefore considering only the spatial part of the anisotropic stress, which we split into a
trace-free scalar part IT°, a vector part HY and a tensor part HiTj, as previously done for h;; in
(2.49). We thus have

1
™ = a? [(3113]‘ - 5¢j3V2> 1% + 9,11 + 117 | (2.84)
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Cosmological perturbations

From the analysis of the above results, we are finally able to provide the expression of the
perturbed quantity 07}, ; by denoting with 6p and ép the energy density and pressure perturbation,
the perturbed components of T}, are

§TY = 6 [(p + p)ulug + pdy| = u’to(3p + 6p) + 6p = —dp, (2.85)

5Ti0:5[p+puuz+p5]: p+p)u’du; = a(p+p) (v; + B;), (2.86)

§T4 = 6 [(p + p)uou’ + pdy| = (p + p)uodu’ = —(ﬁ+ﬁ)%, (2.87)
1

oT" :5[p+p U, —|—p61] + g 7Tk] —5p6 —i——ﬂ' (2.88)

In order to complete the analysis of the subject, what is left to illustrate are the gauge trasfor-
mations of Jp, dp and v°.

As scalars under the action of diffeomorphisms, p and p have Lie derivative given in (2.22);
therefore, under a gauge transformation they change into

Sp=6p+ pa, 5p = 0p + pa . (2.89)
As for the four-velocity perturbation, according to (2.24), it transforms as
Suk = dut + Lt = our — u00pE™ . (2.90)
From the above, we infer how v’ changes under a gauge transformation:
v — vt —af. (2.91)

We can also introduce an additional variable in the energy-momentum tensor, the momentum
density 6V*, defined by

sVi=a(p+p) (v'+B) =0q+q, ¢ =0; (2.92)
its longitudinal and transverse components transform as follows:

8= a(p+p)(v+ B) — dq— (p+p)a, (2.93)
8q' = a(p+p)(vh — §7) = dq’ (2.94)

Finally, in order to find the gauge transformation law of 7,,, we consider the general trans-
formation (2.25) applied to T),,. The computation reveals that 67;; changes in the same way as
0pd;;, namely

ﬁij = 5sz + ﬁaéij . (295)

This fact therefore entails that the anisotropic stress is gauge invariant.

2.3.3 A simple example: the energy-momentum tensor of a single scalar
field

We will now compare the above results with the case of a single scalar real field ¢. The aim is to
provide an expression of the quantities of interest in terms of the field ¢ and its perturbation d¢p.
The energy-momentum tensor of such a field is

17, = 0ud0vd — g (;8%804;6 + V(¢)) . (2.96)
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2.4 The dynamics of the first order perturbations

This is a tensor in a perfect fluid form, as one can demonstrate by identifying p, p and u, as follows
[22, 49]:

Oup
u = e—— ; 2.97
H /80(%080480 ( )
1
pP= _igﬂyau(paz/@ + V(QD) ) (2'98)
1
p==59"0up0up = V(o). (2.99)

From the above, one can see that no anisotropic stress term appears in T)7,.
By splitting ¢ and the metric into

30(7-7 X) = @(T) =+ 530(7-7 X) ) Guv = guV(T) + (;g,uu(T-X) , (2100)
we obtain the first order perturbation of T)! :

0TV, =0g"*0ap0, @ + §"* 00,00 + g 0ad90,

sk oV

- (69°%0a005% + P 009030 + P 006005p) — 65%(@)5@ (2.101)
In conformal time, it results in
1 ov 1 ov
0 005 =9 = 1 =005 ~ -
0Ty = 559 Oopdop + g~ 0o pdodp — %&0 = gsﬁl(éf’@/ —0¢') — %&P (2.102)
1
0T} = 69" 0ap0ip + 5°* 0ap0idp + §°°0adp0:p = —— ¢ 0,0 (2.103)
% 6; aV af — — —af3 — —af —
0Tj = — 2%&0 + 09" 0ap0sp + G 0apOpdep + G 0adp0sp
% 1 _
=6} [_&p(S — gcp’ (60" — 9P| . (2.104)

Through the comparison of the above equations with (2.85), (2.86) and (2.88), we can notice the
absence of any tensor and vector perturbation.

2.4 The dynamics of the first order perturbations

Within the theory of General Relativity, the metric and energy-momentum tensor perturbations
are dynamically coupled by the Einstein equations (2.1), namely

6G 0 = 8TGOT,,, . (2.105)

The term 0G),, encodes a set of dynamical equations for each type of the metric perturbations
previously defined, while 07}, contains the relative source terms.

We will now briefly summarize the steps necessary to formulate the set of dynamical equations
of the cosmological perturbations. The right hand side of (2.105) is obtained by expanding the full
Einstein equations (2.1) to first order in dg,,. One has to calculate progressively the Christoffel
symbol I'7,, to first order in dg,,, and then the Ricci tensor R, and the Ricci scalar R as well.
Since this is quite a long task, we prefer to report here just the final result: a set of differential
equations for the scalar, vector and tensor perturbations. The following analisys is based on
comprehensive study of subject reported in [49, 22, 41]. As anticipated, the Einstein equations do
not couple dynamically the different types, therefore they can safely be treated separately. It is
also important to notice that this is true only within the approximation we have adopted (first
order), but no longer true at higher orders.

At this point of the discussion we will see how a proper choice of the coordinate system, i.e. a
gauge fixing, can simplify the form of the equations and, more importantly, erase the non-physical
degrees of freedom. In the following analysis we will introduce also gauge independent quantities;
their importance stands in the fact that they are good candidates for physical observables, by virtue
of their independency on the coordinate system. They also turn out to be valuable instruments to
shed the light on the physical meaning of the perturbed Einstein equations.

29



Cosmological perturbations

2.4.1 Scalar perturbations

The (00) and (0¢) components of (2.105) relative to scalar perturbations are

3a2H (V) + He) — V2 [w + H(a*E — aB)} = —47a2Gdp, (2.106)
)+ Hep = —4nGiq. (2.107)

It should be noted that the equations (2.106) and (2.107) do not represent proper dynamical
equations, because that would require a second time derivative. Instead, they stand as constraint
equations, which are commonly known as ”energy constraint” and ”momentum constraint” respec-
tively. Once they have been solved, their solution is meant to be substituted into the dynamical
equations. As we shall soon see in section 2.5.2, the constraint equations can be solved straight-
forwardly in the spatially flat gauge.

The trace of (2.1) results in

%(&E’ —aB) 4 3H(a®F — aB) + (¥ — ¢) = 87Ga’T1%; (2.108)

while the off-trace components give
. ) . . 9
Y+ 3HY + Hp+ (3H? + 2H)¢p = 4G (5p + 3V2HS> . (2.109)

The covariant conservation of the energy momentum tensor, D,T*" = 0, produces the continuity
equation and the FEuler equation; they are, respectively, the density energy and scalar momentum
conservation equation:

) . . B V2
. 2
8q+3Hoq=—(p+p)p — op — gvms =0. (2.111)

The equations (2.106), (2.107), (2.108) and (2.110) look rather cumbersome; however, by fixing
a convenient gauge, they can become simpler. For that reason, we will discuss the physical im-
plications of the scalar perturbation equations only after we have introduced some popular gauge
choices and the gauge-invariant variables.

2.4.2 Vector perturbations

It is possible to extrapolate from (2.105) two equations associated to vector perturbations. The
(07) components of (2.105), when restricting to vectors, give the following constraint equation:

V2 <F + ) = —167Gdq; . (2.112)
a
A second equation relative to perturbations of vector type originates from the covariant conserva-

tion of T},,:
8G; +3Hbq; = —V°TI; . (2.113)

The latter is interpreted as the conservation of the vector part of the momentum density 6V},
previously defined in (2.92).

It should be noticed that it is possible to combine the vectors of dg,, in such a way that the
combination is unaffected by the tranformations (2.63), namely

G = (Fi+ %) . Gi=G;. (2.114)
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2.4 The dynamics of the first order perturbations

The vector G; is therefore a gauge-invariant variable representing, by virtue of such a prop-
erty, a truly observable perturbation. Since, as illustrated in (2.93) and (2.95), d¢; and m,, are
gauge-invariant too, the equations (2.112) and (2.113) can be reformulated in terms of physical
observables:

V3G = —167Géq; , (2.115)
V2 (G + 3HGi> — 167GV . (2.116)

Vector perturbations are often not discussed in the context of inflation, and in many cases not
even mentioned. The reason of such a lack of interest on the subject is explained by the fact that,
for a wide class of models, vector perturbations do not produce sizeable effects on cosmological
scales; they have in fact an amplitude decaying in time. In order to prove this statement, it is
sufficient to consider the case in which the vector part of the anisotropic stress I1) is null. The
equation (2.116) therefore takes the following form:

v? (G + 3HG,-) —0. (2.117)
By solving (2.117) in Fourier space, it gives

Gt = =3 ()G (t), (2.118)
which has G (t) o« a(t)~3 as solution.

In conclusion, vector perturbations are not sustained, unless a non-zero vector part of the
anisotropic stress is present. We anticipate that such a condition is instead satisfied in the model
of Solid Inflation, which will be discussed in chapter 4. A for the single scalar field case, vector
perturbations are null at any given time: as it can be seen in (2.102), no dg; is contained in the
perturbed energy momentum-tensor 77,

2.4.3 Tensor perturbations
The (ij) components of (2.105) encode the following dynamical equation for the tensor ~;;:

VQ
Yij + 3H%i5 — —T i = 167 GIL, . (2.119)

As it has been mentioned in section 2.2.2, tensor perturbations are gauge-invariant at first
order; therefore the equation (2.119) has the same solution in any coordinate system. By mapping
(2.119) in momentum space, and by using the conformal time 7, the amplitudes v (7) and IIL (1)
of the k-modes obey the equation

'yl‘i”(r) + 2’nyii/(7') + kQ’y]‘i(T) = 1677Ga2HE(T). (2.120)

If no tensor part HiTj is included in the anisotropic stress, as per the single scalar field case or a
perfect fluid, the equation (2.120) is the one of a massless scalar field in an unperturbed FRW
metric, that is equation (1.76) with n, = 0. However, it should be pointed out that IIL can
potentially result in a mass term for gravitons. We will see in chapter 4 that this is indeed the
case in Solid Inflation.
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2.5 Gauge fixing and gauge independent variables

We will now discuss four popular gauge choices in literature [49, 59, 22, 51] that will be employed
in this thesis: the spatially flat, the conformal newtonian, the uniform density and the comoving
gauge. The first one will be extensively used for calculations beyond the linear order in Solid
Inflation, while the others have mainly an illustrative purpose.

2.5.1 Conformal newtonian gauge

The functions «, $ and ~* in the four-vector £# that defines the gauge transformation, can be
chosen to eliminate two of the four scalar perturbations {¢, ¢, E, B} and one of the two vector
perturbations { S;, F; } of the metric. We first define the following two variables, named Bardeen

potentials [49, 59, 22]:
o[y B
_ 2 B
UV=¢y+a"HE—-—). (2.122)
a

Such two functions are constructed in a way that makes them invariant under the tranformations
(2.59), i.e. they are gauge invariant. Moreover, with a suitable choice of « it is possible to make
them coincide with the scalars ¢ and 1. The latter occurs when it is required that:

. B
e, = —a° (E — —) , (2.123)

a
where the subscript c.n. stands for ‘conformal newtonian’ gauge, which is the name of the coor-
dinate system defined by the condition (2.123). In order to fully specify the conformal newtonian
coordinate system, it is also necessary to set the values of 8 and ~;; we then set 5., = —F and
a¥i,cn. = S;, so that the line element ds? becomes

ds® = —(142®)dt* + a®[(1 — 20)5;; + 20, Fj) + 7ijlda’da? . (2.124)

It is interesting to notice how the Einstein equations for scalar perturbations look within the
conformal newtonian gauge:

. 2
3H(V + H®) — V—qu = —47Gopen. (2.125)
a
U+ HO = —47Gdqe.,. - (2.126)

Since F = B = 0, the trace and the trace-off components are
. . . . )
U+ 3HY + HO(3H? 4+ 2H)® = 47G <5pc.n. + 3V2HS) : (2.127)

U — & = 8rGa’lT. (2.128)

The last equation highlights an interesting result: ® = ¥ results only if the anisotropic stress is
absent; in this case the scalar perturbations are fully encoded in just one function.

2.5.2 Spatially flat gauge

The spatially flat gauge is defined by the absence of both scalar and vector perturbations in the
3-metric; such a condition is obtained through

Yiat = — Hagrar = 0 OéflatZ%
Efiat = E+ Bfiat =0 = { Bpiat =—E . (2.129)
Fi flat = Fi + i flat = 0 Vi, flat = —F;

32



2.5 Gauge fixing and gauge independent variables

With the above conditions, one can notice that the gauge is completely fixed. It is possible construct
three gauge invariant variables, given by

b= _ o (v
¢ = bflat —¢>+¢+aat (aH) , (2.130)
B = By =B —aF — % (2.131)

which in the spatially flat gauge correspond to the lapse function and the scalar part of the shift.
Therefore, the line element results in

ds? = —(1 + 2¢)dt> + a(8; B — S;)dtdx’ + a®(8;; + i;)datda? (2.132)
where S denotes the following gauge-invariant combination
S =58;+aF; = 5; jia - (2.133)

The constraints (2.106) and (2.107) are now simplier in respect to their form, making it easier to
solve them and express the lapse function in terms of matter perturbations:

3H2$ + HV?= = —47Gdpfiar , (2.134)

SHEH

H

AS

= —4rGoqyiar - (2.135)

2.5.3 Uniform density gauge

The uniform density gauge (u.d.) is identified by the condition dp = 0. From (2.89) the above
condition is equivalent to

op
5
We can define an important gauge-invariant variable, that within this gauge corresponds to —,, 4.

(2.136)

Qy.d. = —

C=—Yud = — <1/J + H?) . (2.137)

We then name ( the curvature perturbation on uniform density hypersurfaces. It should be noticed,
however, that the gauge is not completely fixed, since 8 and -y; are still unspecified.

The relation that links ¢ and the density perturbation in flat gauge, where ¥» = 0 holds, is

apparent:
H 1 5pflat
= —— 6 = - ;
C ﬁ Pflat 3 ﬁ‘f’ﬁ

here, the second equality follows from the background continuity equation.

(2.138)

In the context of cosmological perturbations ¢ represents a key quantity, since it has the re-
markable feature of being conserved on super-horizon scales (k << aH) in a large variety of cases.
Such a property makes  a convenient variable when studying primordial density perturbations: if
it is conserved, in fact, cosmologists have at their disposal a quantity that relates the primordial
inflationary stage with observations on a more recent Universe.

2.5.4 Comoving gauge

The last gauge we will rewiew is the comoving gauge: as the name suggests, it consists in choosing
the coordinate system in such a way that an observer from within sees the matter at rest. By
setting ©* = 0 and §¢ = 0, we obtain the following conditions on the gauge functions:

7
vr

Qe.g = (1} + B)v ﬂ = ga ’71 = (2139)

a
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Cosmological perturbations

As already done when discussing the previous gauges, we define as well a gauge invariant variable
that within the comoving gauge corresponds to the curvature perturbation:
R=4v—aH(v+ B) = v — H-2 (2.140)
= —a v = — —— .
p+p
From the conservation equations (2.110), an interesting relation connecting ¢ with R is infered:
25 Vv?
—(=R—-g—"= v, 2.141
3o + ) (@H) 214

where VU is the Bardeen potential. From the above equation we can infer that on super horizon
scales (k < aH) ¢ and R coincide if ¥ stays constant in that limit.

2.6 The outcomes of single scalar field inflation at linear
order

In section 1.3 we derived the power spectrum in the ’spectator field’ case; such a case corresponds
to neglecting the coupling of the scalar field with the perturbed metric. Given the conceptual tools
we have developed in the current chapter, it is now possible to include the effects of a perturbed
metric in the evolution of the scalar field. This is indeed the case of the inflaton, the field gener-
ating inflation and sourcing the scalar perturbations of the metric.

We can summarize the features we established for the inflaton case as follows:

e 1%, is the energy-momentum tensor of a perfect fluid;

e 1o 3-momentum dg; are included in §7°7,

1> iImplying that vector perturbations are identically
null;

e 1o anisotropic stress is included 67, therefore no source term is present for tensor pertur-
bations;

e ( is thee only scalar perturbation (adiabaticity) .

2.6.1 Curvature perturbation: power spectrum and spectral index n,

Since in the single-field slow-roll model the energy density of the Universe is dominated by the
potential V' (), the following applies

av .
prV(p) = dp~ @(w)ésa = —3Hpdp, (2.142)

where the second slow-roll condition (1.38) has been used. The background continuity equation
gives p = —3H{, so that the variable ¢ in the spatially flat gauge is given by

— - -

(= _ydpstat __pOpstat gy (5‘./’) . (2.143)
P P P/ flat

We now want to compute the evolution equation of d¢, this time including the perturbation
of the metric tensor. By combining the first order Einstein equations (2.105), or equivalently by
minimazing the action S[dy, dg;t] in section 1.23 in respect to d¢, it is possible to extrapolate the
Klein-Gordon equation, which in spatially flat gauge results in

N1%
“op

2 ~
5" + 2HIQ — V26 + aQ%éw + 2a? —@'¢ =0. (2.144)
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2.6 The outcomes of single scalar field inflation at linear order

We then solve the constraint (2.135) in order to make ¢ explicit:

4G

b= —795'54,0, (2.145)

at the same time exploiting the second slow-roll condition (1.38). The dynamical equation (2.144)
will be expressed in terms of the so-called Mukanhov-Sasaki variable Q. [51, 17, 59], a gauge-
invariant quantity corresponding to d¢ in the spatially flat gauge:

Qp =00+ %w. (2.146)

With few additional steps, the equation (2.144) then becomes

"
(aQyp)" + (k2 - % + aQM?D) (aQy) =0, (2.147)
with the mass term M? given in terms of the slow-roll parameters (1.41) and (1.43) as follows
0*V  8nG
2 - 2§~ H? — . 2.14
Map 8@2 aH (90 ) (377\/ 66\/) ( 8)

The equation (2.147) is known as the Mukhanov-Sasaki equation; its solution can be obtained and
examined by following the methodology explained in section 1.3, since the equation of motion
of @, has the same form of (1.76). The gauge-invariant variable @, has therefore the following
amplitude on super-horizon scales:

H k 3/2—v,
Qp(T, k)| = T <aH) ; (2.149)

with v, given by

3
Vo= 5 =1V + 3ey . (2.150)

Given that the relation between ¢ and Q, is ( = —H (%), we obtain the dimensionless power

spectrum P, on super-horizon scales by exploiting (2.149):

Pe(k) = (;;)2 (a’;)”% . (2.151)

According to the definition (1.93), the spectral scalar index relative to the curvature perturbation,
ng, is thus given as the following combination of slow-roll parameters:

ns — 1= —6ey + 2ny . (2.152)

The dimensionless scalar power spectrum is parametrized by its amplitude Ag and its spectral
index ng [6]:

ns(ko)
Pe(k) = As(ko) (]:)) : (2.153)

where kg is a pivot scale.

2.6.2 Gravitational waves: power spectrum and tensor spectral index

We saw in section 2.4.3 that the amplitude of the gravitational waves 4 (7) obey the same equation
(2.120) as massless scalar fields , up to a numerical factor. It is thus possible to state that, after
being generated on sub-horizon scales, the mode function v°(7, k) freezes at horizon crossing at
the value

s H
|v* (T, k)| S \/327er/%.

35

(2.154)



Cosmological perturbations

As done previously for curvature perturbation, the dimensionless power spectrum P, for the grav-
itational waves is defined as follows:

’ ’ 7'['2
(T (7)) = (2m)%6% 50 (b + W) 2P (), (2.155)

which, by using (2.154), on super-horizon scales results in

H2
M2r?

P, (k) (2.156)

As per scalar perturbations, the tensor power spectrum is parametrized by an amplitude Ar and
a spectral index nr:

nr (ko)
k ) |  dIn (P, (k) 2.157)

P’y(k):AT(kO) (lfo nT_dT(k‘)’

being ko a pivot scale. According to the previous analysis, the tensor spectral index predicted by
the single field model of inflation is

ny = —2. (2.158)

The measurement of the four parameters {As, Ar, ns, ny } can in principle allow to recontruct
the shape of the potential V(¢); H is in fact a measure of the scale of the potential, ey of its
first derivative V'’ and 7, of its second derivative V”. However, since the amplitude of scalar
perturbations is observed at A, ~ 1079 2, tensor fluctuations can be normalized in respect to Ag;
in this way, it is defined another important cosmological parameter, the so called tensor-to-scalar
ratio r:
2Py (k)
Pe(k)

r

(2.159)

In the above, the factor 2 takes into account the two polarized states of tensor perturbations. By
combining (2.151) and (2.156), one obtains the value of r within the single scalar field scenario,
that is

r = 16¢. (2.160)

The value of the ratio r is therefore related to the tensor spectral index by the following relation,
also known as consistency relation:

r=—8nr. (2.161)

It should be noticed that within the paradigm of single field slow-roll inflation the consistency
relation holds regardless the shape of the potential V' (), standing therefore as a general prediction
of the model. By taking into account the consistency relation, it is thus possible to classify all the
single field models in a plane of coordinates (r, ns) [40] and compare them to the experimental
constraints. The tensor-to-scalar ratio is also a direct measure of the energy scale of inflation; by
expressing P~ through the inflaton potential V, (2.159) results in

1
1 r 1
Vi~ (o) 101 e 2.162
0.01 v (2.162)
The detection of a signal of cosmological gravitational waves could be as well an indepent mea-
surement linking to the energy scale of the inflation, as it is apparent from (2.156).

2In [6] is reported the value In (10'°A,) = 3.089 £ 0.036 (TT+lowP) at the pivot scale kg = 0.05 Mp~—!.
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2.6 The outcomes of single scalar field inflation at linear order

2.6.3 The Planck constraints

Important constraints on inflation have been provided by the Planck mission with an unprecedent
level of accuracy [4]. The results infered from the Planck data, in reference to the parameters n
and r discussed above, can be summarized as follows:

1. the CMB power spectra are accurately descibed by a spectrum of scalar flutuations with a
spectral index, at the pivot scale kg = 0.05 Mp ™!, given by

ns = 0.968 £ 0.006 (68% CL); (2.163)

2. no evidence for tensor modes are implied in the data; as for the value of the tensor-to-scalar
ratio, it has been constrained with the upper limit

r <011 (95%CL). (2.164)

The results of Planck suggest the departure from scale invariance for the spectrum of scalar
perturbations, i.e ns # 1, and they are therefore consistent with the prediction (2.151) of single
field inflationary models. The constraint on r can be translated into an upper bound on the energy
scale of inflation [4],

V. = (1.88 x 10'6 GeV)‘*ﬁ, (2.165)

where the star denotes that the quantity is evaluated at the time when the pivot scale kg exits the
horizon. As for the model classification in the parameter space (ns, r), the analysis in [4] rules
out quadratic inflationary potentials, V() o< ¢?, predicting r ~ 0.16 .
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Chapter 3

Primordial Non-Gaussianity:
beyond the linear order

The single-field slow-roll model of inflation reviewed in Chapter 1 predicts a nearly scale invariant
power spectrum of primordial scalar perturbations ([17] and section 2.151). Such a prediction
has been verified to a high degree of accuracy by the data of the Planck mission ([6] and section
2.163). Despite its success, a vast class of inflationary models have been proposed on theoretical
grounds that can lead to similar outcomes, making it difficult to select a proper candidate for the
description of the early Universe.

Whithin the abundance of possible inflationary scenarios, a selective investigation on primordial
fluctuations should consider the statistical higher order contribution, namely the non-Gaussianities
in the statistics of primordial fluctuations. The non-Gaussian signatures of a model is mathemati-
cally translated into non-vanishing (n > 3)-point correlation functions that we are able to extract
from it. Higher order correlation functions are in fact sensitive probes of the interactions expe-
rienced during inflation by the fields. The inclusion of such interactions id due to the coupling
between different modes in time. The simple single-field slow-roll model naturally predicts (a low
level of) non-Gaussian signals [2, 48].

It should be emphasized that such a model is characterized by a set of minimal conditions:

1. only one scalar field, the inflaton ¢, generates both the inflationary evolution and the pri-
mordial curvature perturbations;

2. the inflaton has a canonical kinetic term, i.e. 0,90"¢/2;

3. the inflationary stage is characterized by the slowly rolling of ¢ down its potential V (),
which, consequently, must be sufficiently flat;

4. the initial condition of the evolution of ¢ is assumed to be the Bunch-Davies vacuum.

As we will see in section 3.3, all the above conditions lead inevitably to a slow-roll suppressed
non-Gaussian signal, hence undetectable through current measurements [3]. A robust detection
of primordial non-Gaussianity will therefore rule out the canonical single-field slow-roll model,
indicating that a different dynamical process has occured in the inflationary stage. Viceversa,
the constraints on non-Gaussianity will limit the vast array of scenarios formulated on theoretical
grounds. It can be argued, therefore, that probing inflationary non-Gaussianities is in principle
equivalent to reconstructing the Lagrangian of the quantum fields in the early Universe.

3.1 Primordial bispectrum: amplitude and shape

The leading signal of non-Gaussianity is a non-vanishing three-points correlation function of the
gravitational potential ®. More specifically, the analisys of Planck are focused on the bispectrum
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Primordial Non-Gaussianity: beyond the linear order

Bg, which is defined in Fourier space as follows:
(Prey 1, Prcy) = (27)%0P) (kg + ka + ka) Ba (k1 ko, k) - (3.1)

In this case ® equals to the Bardeen potential (2.121) in the matter dominated era, which is related
to the curvature perturbation ¢ on super-horizon scales through ® = 2¢ [41]. The delta function
in (3.1) translates the momentum conservation in mathematical language, hence forcing the three
wave-vectors k; to form a closed triangle.

It should be also emphasized that the primordial bispectrum is evaluated at late times, namely,
at the end of the inflationary stage. One of the aims of the Planck mission is de facto to establish
observational constaints on such a signal through the analysis of the CMB data [3, 5]. We will
present the Planck updated results in section 3.4. Nonetheless, we should say that even in case of a
definitive non-detection of a primordial bispectrum, the observational searching for a non-Gaussian
signature of inflationary origin can still avail itself of the four-point correlation function of primor-
dial fluctuations (the trispectra in Fourier space) [3, 5]. In this thesis, the observational aspects
of primordial non-Gaussianities will not be examined, limiting the discussion only on theoretical
subjects.

The isotropy assumption of the fluctuations statistics dictates the form (3.1) of the primordial
bispectrum. This is manifested by the dependence of Bg only on the magnitude of the wave-
vectors. Therefore (3.1) is not the most universal form of the primordial bispectrum, but it allows
the parametrization of Bg as a product of a dimensionless number fy; and a function of the three
magnitudes of the momenta [22, 45, 42, 3, 5]. By adopting the same formalism used in [3, 5], the
bispectrum can thus be written as

By (ki1 koks) = fnpF (k1, ko, k3) . (3.2)

The parameter fyr is the amplitude of the bispectrum, while F'(k1, ko, k3) encodes the func-
tional dependence on the triangular configurations of the three momenta. For reasons regarding
the weakness of the CMB signal [45, 28, 22], the observational test on the inflationary predictions
for both the amplitude fy; and the function F' must be strongly model-dependent. This means
that in order to compare theory and data, a set of theoretically motivated ansatzes for the bispec-
trum form must be provided, named templates. Each of these templates, or a proper superposition
of them, approximates a class of models that violates one of the features (1)-(4) of the single-field
slow-roll scenario. All of these models predict sizeable bispectrum amplitudes fyr ([5] and refer-
ences therein).

Given the above considerations on the methodology, the results of the Planck mission are
essentially a set of constraints on the amplitude fn associated with a specific template. The
Planck mission succeded especially in putting constraints on the Local form, the Equilateral form
and the Orthogonal form, which will be discussed in detail in the following paragraphs.

3.1.1 Local form

The Local form, as reported in [5], consists in the following ansatz:

Blocal (k) ko, ky) = 2flocal [P<p(k1)P<p(k2) + Py (k1) Py (ks) + P@(kQ)Pcp(kg)}
1

= + 2perm.)| . (3.3)
ki ky

_ 2A2 Jl\(])zal |:

Here Pp(k) = A/k*~"s represents the power spectrum of Bardeen’s gravitational potential, A
being a normalization factor and ng the scalar spectral index. The local form peaks in the squeezed
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3.1 Primordial bispectrum: amplitude and shape

triangle, for which one the momenta tends to zero, e.g. k3 = 0, k1 ~ ko . By considering the above
limit, the result is
B (ky, ky, ks — 0) = 4f N7 Py (k1) P (k3) . (3.4)

A bispectrum that peaks in the squeezed configuration is exprected in particular in multi-fields
inflationary models or in models in which non-linearities develop on super-horizon scales. The
physical interpretation of such a dominant configuration is that the long mode k3, when leaving
the Hubble radius, influences the smaller scales k1 2.

3.1.2 Equilateral form
The Equilateral bispectrum shape is given by

1 1 1 1
kTR kg Meky T kT ky ™ (kykoks)3 (o)

+ l 1 + (5perm.)‘| } (3.5)

k§4—”s)/3k5(4—”3)/3k§1—n5

By (ky, ka2, k3) =6A2 ﬁg{

The name of such a template is due to the fact that it peaks for equilateral triangles, namely
k1 = ko = k3. Such a template is used for single-field models in which the kinetic term is non-
standard and in scenarios characterized by more general higher-derivative interactions. A detailed
list of models, which the Equiateral form is used for, is reported in [42, 5, 3, 14] and in references
therein.

At this point of the discussion, it is important to define a method that allows to asses the
degree of independency of two bispectra. This will enable us to quantify how well a given template
approximates the bispectrum under consideration. For this purpose, an inner product between
bispectra it has been introduced [14, 45, 28]. Following the convention of [45], it is first necessary
to introduce a dimensionless function that encodes the dependence of the bispectrum on triangles
configurations, the so-called shape function. The latter is defined as

1
S(k1, ko, k3) = N(klkaS)QBé(ktha ks), (3.6)

where N is a normalization factor, which is usually chosen such that S(k,k, k) = 1. The Local
form, assuming n, = 1 for simplicity, results therefore in the shape function given by [45]

1/ k2 k2 k2
loc _ = 1 2 3
S (k17k27k3) - 3 (kaS k1k3 + k1k2> ) (37)
while, for the Equilateral form, results into
Sy, by, hig) = (k1 + ko — k3)(ka + ks — k1) (k1 + ks — k2) . (3.9)

k1 koks

The degree of independency, or orthogonality, of two shapes is then determined by the following
inner product:

F(S1,8:) = dkidkodks S1(k1, ko, k3)Sa(k1, ko, k3)wky, ka, k3 . (3.9)
Vi
In the above expression, Vy, is the region in the space (k1, ko, k3) delimited by k1 +ka+ks < 2kmaz
while the weight function is w(ky, k2, k3) = (k1 + ko + k3)~1. Both the value of k.1 and the form
of w are based on observational grounds [45, 29]. Given the inner product (3.9), the so called 8D
Cosine is then naturally defined,

C(S1,9:) = (51, %) (3.10)

 VF(S1,51)/F(S2,5:)
which will be a number in [—1, 1], quantifying the level of overlapping between two shapes. As
reported in [45], S'°¢ an S® have C(S'¢, S%) ~ 0.46, indicating they are rather orthogonal and
hence can be measured nearly independently.
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3.1.3 Orthogonal form

The Orthogonal form template is constructed in such a way that its shape is nearly orthogonal to
both the Local and the Equilateral ones:

B({f)?"tho(k17 1{32, kS) :6142 X]r[t/ho

N D . B 8
k_ﬁllfnsk_;lfns k;lfnskgfns kﬁllf’nskglf’ns (k1k2k3)2(47’n5)/3

3
+ [k§4"5)/gk§(4"5)/gk§—ns + (5perm.)] } (3.11)

As the Equilateral form, this form emerges in models characterized by more general derivative
interactions. A list of such models is reported in [42, 5, 3].

So far, the discussion was restricted only to the primordial scalar bispectrum. More generally,
it is possible to define bispectra for other types of perturbations, such as for the vector (V) and
tensor perturbations(y*):

<fy]‘111fyli2271‘2> = (271’)35(3) (kl + ko + k3)B,‘:,}Yf/2 53 (kl, ko, ]{33) s (312)
(V2 V22 vy = (2m)36®) (ky + ko + ka) Bpa 3™ (b, ke, ks) - (3.13)

Mixed-type of bispectra can be also considered, encoding the interactions between different per-
turbations:

Becys Beyy s Beav s Beev s Bevv s Byyv s Byvy (3.14)

3.2 The computation of primordial bispectra

The computation of the primordial bispectrum involves a meticulous approach. A possible way to
address the computation on non-Gaussianities consists in including second order perturbations of
the fields in the Einstein equation. This method was used in [2] within the model of single-field
slow-roll inflation, and also in [49] and [17], the latter providing also applications to models with
additional scalar fields. The methodology can be schematize as follows. Firstly, it is necessary to
expand both ¢ and g,, up to second order around their background values:

1
prp+oWp+ 260, (3.15)
_ 1
uv = Guv + 5(1)9;“/ + 55(2)g;w . (316)

Once the above expansions has been inserted, the Einstein equations are then solved order by
order:

MG, =T, MEWG,, =6V, M:52aG,, =6%T,,. (3.17)

Quadratic terms of first order become therefore sources for the differential equations of second
order perturbations. Moreover, the equations generally couple diffent types of perturbations, e.g,
scalar perturbations of first order are sources for second order tensor perturbations [50]. Within
this approach, the significant issue of the gauge freedom must be addressed. De facto, it is nec-
essary to avail of a rigorous definition of gauge transformations of second order [26], so that the
gauge fixing and the gauge-invariant variables can be unambiguously defined. Such a formalism,
however, has not been developted whithin the scope of this thesis. Nonetheless, the use of the
ADM parametrization, combined with the in-in formalism, provides an alternative methodology
to approach the computation of primordial bispectra. In the next section we will present this
methodology.
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3.2 The computation of primordial bispectra

3.2.1 The ADM parametrization of the action

In order to extract the bispectrum of a cosmological perturbation from a specific model of inflation,
might the perturbation be a scalar, a vector or a tensor, it is necessary to know the interactions
between the fields involved. In general, the interactions emerge both from the gravity sector
(Einstein-Hilbert Lagrangian) and from the matter sector, the latter being denoted by /—gL,
and containing the fields involved in the model.

The methodology adopted in this thesis essentially consists in two main steps, the first one
being the expansion of the Lagrangian to the desired order in perturbations. In order to achieve
such a result, it is convenient to use the ADM formalism, previously introduced in section 2.2.1.
The full action will then become [29, 28]

S = /dtd%N\/ﬁ{]\gg [R(3) + N2 (E;EY - E?) } + Lim} : (3.18)
In this context, the 3D Ricci scalar R(3), as well as E;; and E, given by
By = %(hj — ViN; = Vi) (3.19)
E = E;;jh", (3.20)
are all quantites constructed out of the 3D metric h;;. The auxiliary variables N and N7 are

Lagrangian multipliers, so that they do not represent dynamical fields. Their equations of motion
reproduce the Hamiltonian and momentum constraints:

M2p y

- [R(‘” ~ N2 (E;EY — E?) } + Lo + N%E—Nm =0, (3.21)
M - i i 0Ly,

V[N (B - B8 | + NS = 0. (3.22)

As explained in [48, 29, 56] and proved in [28], the third order action in the dynamical pertur-
bations is obtained through the following steps:

1. the full action (3.18) has to be expanded up to the third order in all the perturbations
involved;

2. the constraint equations (3.21) and (3.22) have to be solved to first order in the dynamical
perturbations;

3. once those solutions have been obtained, they have to be substituted into the action.

The above procedure is generalized to higher orders as well [28]: to derive the expression of the
action to order n in dynamical perturbations, it is sufficient to know the solutions of (3.21) and
(3.22) to the order (n — 2).

At this point, the computation of cosmological correlators proceeds by using the so-called
in-in formalism, which is curently a standard technique for the calculation of primordial non-
Gaussianities. Being rooted in Quantum Field Theory (QFT), the in-in formalism is essentially
based on the algebra of quantum operators.

3.2.2 The in-in master formula

The in-in formalism was developted first by J. Schwinger [38] and then by L. V. Keldysh [39] in the
context of condensed matter systems. It was then applied for the first time to quantum cosmology
by R. Jordan [37], E. Calzetta and B. L. Hu [27]. In 2002 J. Maldacena used the in-in formalism
to compute all the three-point correlators expected in the single-field slow-roll model of inflation,
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in a paper that is now considered a classic on primordial non-Gaussianity [48]. In 2005, the whole
formalism was posed on firmer grounds by S. Weinberg [58]. Additional insights into the subject
are reported in [8], [7], [29], [28] and [56]. We will now present an overview of the in-in formalism,
following the notation of [58] and [8].

As previously mentioned, the in-in formalism provides a method to calculate the n-point func-
tions of cosmological perturbations. In order to have a concise notation, the cosmological pertur-
bations will be collectively denoted with d¢x = {(x, 73, Vf\,k}~ In the following expressions, the
general quantum operator Q(7) is understood as a product of cosmological perturbations, namely
Q(7) = 0¢i, 0Pk, - - - IPk,, . Its expectation value on the vacuum at fixed time 7 corresponds to the
following m-point correlation function:

(Q(7)) = (2RI . (3.23)

In the above expression, |(2) is the vacuum state of the full theory at some initial time 7( in the
far past (19 < 7), which differs from the vacuum of the free theory |0). In order to compute a
non-Gaussian signal of primordial origin, the correlator (3.23) has to be evaluated at the end of
the inflationary stage (7 = 7.), while the initial time is taken in the asymptotic past (o = —o0).
According to [58], it is therefore possible to compute the vacuum expectation value (3.23) through
the following formula:

(QUQUrIR) = (0 [Tei ot ] Qf () [T a7 o). (3.2

The symbols T and T indicate the time and anti-time ordering [62]. Hint is the part of the
Hamiltonian operator containing the interactions between the perturbation fields. The superscript
I denotes that the quantum operators are in the interaction picture [52]. The presence of a small
imaginary component in the extremes of the integrals should be highlighted, which form a contour
of integration that does not close. From now on, we will refer to (3.24) as the in-in master formula.

Hereafter, the result (3.24) will be explained through a concise inspection of its derivation [58].
For conciseness, many technical steps will be omitted.

3.2.3 Time evolution in the Heisenberg picture

In the Heisenberg picture, it is known that the operator Q(7) has its evolution in time determined
by the Hamiltonian

Higa(r), ma(7)] = / Bt [ba(r,x), ma(7, %)), (3.25)

where H is the Hamiltonian density. The subscript a labels a single element of the set of fields
{¢}, whose fluctuations, as previously mentioned, will collectively denote scalar, vector and tensor
perturbations. The symbol 7, indicates its conjugated momentum. As usual, the following algebra
holds for the equal-time commutators,

¢a (7—7 X)7 7Tb(7-7 Y):| = Z.(sabé-(?)) (X - Y) ) |:¢a (T7 X), ¢b(7—7 y)} =0 ) {ﬂ—a (Ta X)7 ﬂ-b(T? Y)} =0.
(3.26)
The Heisenberg equations of motion are

¢, = i[H, ¢a} and 7, = i{H, wa} . (3.27)

In order to perform a perturbative expansion oh H, ¢, and m, must be split into a background
part in addition to the fluctuation, assuming that the background is a c-number:

o (1,%) = ba + 0¢a(T,%), o (T,X) = Tq + 07, (7, %) . (3.28)

Given that all the background values are c-numbers, the perturbations have the same algebra of
(3.26):

[6¢a(7, x), o7y (T, y)} = 60 (x—-y), (3.29)
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3.2 The computation of primordial bispectra

and all the other commutators are identically null. The expansion of the full Hamiltonian H about
the background then results in the following decomposition:

H = H[p, 7] + 6H[r;6¢,67) = Hp + Ho + Hipy . (3.30)

Here, Hg = H[$, 7] is the part of the Hamiltonian constructed out of the classical background
fields. The term 0H|[7;d¢, 7] represents the Hamiltonian for the perturbations. As explained in
[58], dH starts at the second order in fluctuations. It is therefore further split in two distinct
parts: the free perturbation Hamiltonian Hj, containing quadratic terms in d¢, and dm,, and the
interaction Hamiltonian H;,;. The latter collects all the terms of higher orders and encodes all
the types of interaction between the perturbations. Finally, it should be noted that the time-
dependence of H has been inherited from the background values ¢ and 7 [58]. This dependence
is the sign that we are dealing with quantized fields on a time-evolving background.
The perturbed Hamiltonian § H determines the equations of motion of §¢, and d7m,:

54l = i[(SH, 5%] . onl = i[(SH, (m] . (3.31)
The solutions for such equations are therefore established by
5¢l(1,%) = U1, 70)60a (10, X)U(7,70), O, (T,%) = U (1,70)0ma (70, x)U(7,70),  (3.32)

where the unitary operator U satisfies

%U(T, 70) = —i0H|[1;80,0m|U(T,70), (3.33)

with initial condition U (79, 79) = L.

The non-quadratic part of dH yields non-linear equation of motions for the perturbations,
which normally cannot be solved. In order to bypass this problem, the perturbative Quantum
Field Theory provides a scheme to deal with perturbation theory, which relies on the interaction
picture.

3.2.4 Time evolution in the interaction picture

As explained in [52], the free Hamiltonian Hy determines the leading time-evolution of the field
operators. Namely,

60% = i Hologk(r), omi(r)i ], d04(r) (3.34)

and simirarly for §wZ. When considering the states, |xo) indicates a generic state at the initial
time 79 which evolves in the interaction picture according to

X! (7)) = Ug ! (r,70)U (7, 70) Ix0) = F(7,70)|x0) - (3.35)

We are interested in deriving an expession for the unitary operator F(r, 7). For this purpose, it
is first necessary to specify the initial condition on the fields in the interaction picture. We thus
define the fields 6¢f and d7! such that they coincide with the fields of the full theory at the initial
time 79:

SoL(10,%) = 6o (10,%) , Oml(70,%) = 674(70,%). (3.36)

In many inflationary applications, these last two conditions are equivalent to imposition of
the Bunch-Davies vacuum: at very early times (79 = —o0), when the modes are deep inside the
horizon, the fields do not perceive the curved space and their behaviour is the one of an harmonic
oscillator. Because H is quadratic, the interaction picture operators are free fields satisfying linear
wave equations. They are therefore in the form

5(;5[(7', X) =

(271T)3 / d’p [af(p)U(ﬂp)eip"‘+a}(p)u*(7,p)e‘“"’<} : (3.37)
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Primordial Non-Gaussianity: beyond the linear order

where u(r, k) is the solution of the equation of motion obtained from varying the second order
action. The Bunch-Davies condition is a;(p)|0) = 0.

Turning our attention to the evolution equation (3.34), we are able to choose the time at which
Hol0pL(7),dmL(); 7] is evaluated. This is a consequence of the fact that Hy commutes with itself.
It is thus possible to carry out the following replacement,

Ho[6¢y (1), 6ma(7);7] = Hold¢a(70),0ma(0); 7], (3.38)

where the relation (3.36) has been used. The time-dependence of Hy in (3.38) is due to the
background quantities.
At this point, the solution to (3.34) is given by the unitary operator Up:

608 = i[Ho, 00| = 80L(r) = Uy (r,70)0(r0)Uo(r, 7o) (3.39)
with Uy satisfying the equation
d .
%Uo(T, 70) = —iHo[0ba(T0), 07a(70); T)Uo (T, T0) , (3.40)

with inital condition Up(79,79) = I. As for the unitary operator F(r,7g), it is possible to prove
[562] that it satisfies

P ) = ~iHin[56L(). b1 ) (7 0). (3.41)

with F(79,79) = 1. The above equation has the following solution,

F(r,719) = Texp [72/ dTHiInt(T)} ,

70

F(Tg, T0> =1. (342)

Turning our attention to the expectation value (3.23), we first evolve back in time the Heisenberg
operator Q(7) through (3.32) and then we express @ in the interaction picture with (3.37):

(QIQ(M)Q) =(QU (1, 70)Q(70)U (7, 70)|€2)
=(QU (7, 70)U(7, 0)Q" (T)Ug (7, 70)U (7, 70)|2)
=(QIF (7, 70)Q" (1) F(7,70)|2)

—1
=(Q||Te ™" )7 dT’H’iI"'*(T/)] Q' (r)

Te 7 dT/Hfm“’)] Q). (3.43)

Here, we have used also (3.35) and (3.42). The presence of the small imaginary terms ie in the
contour of integration of (3.24), however, must be justified. It will be demonstrated that such a
device is equivalent to turning off the interaction Hj;,; in the asymptotic past.

3.2.5 Projection onto the interacting vacuum: the ie prescription

The following argument is given in [56], and in [52] in the context of the scattering theory. The
action of the unitary operator U(r, 1) defined in (3.33) on the vacuum state of the free theory |0)

ca be expressed as follows: _
U(r,70)0) = e~ =7)|0). (3.44)

The vacuum of the free theory |0) is then expanded using a complete set of energy eigenstates of
the interacting theory; for simplicity, we consider the discrete set {|n>}n:O ={19), {Im)} _.}.
The action of Uy (7, 79) results thus in

o) = 37 e BT ) (n]0) = e Q)(0]0) + 3 e HE ) ) (mo)

(3.45)
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3.2 The computation of primordial bispectra

where Eq = (QH|Q) is the energy of the ground state of the interacting theory. The strategy
adopted to turn off the interaction in the far past consists in rotating the time coordinate 7 by a
small angle € in the complex plane:

T = 7=7(1—de). (3.46)

Considering the limit 79 — —oo, the result of such a rotation is that the ie factor damps all
the complex exponentials. Because Eq is the lowest value among all the energy eigenvalues, the
damping effect is slower for the ground state. The above equation can therefore be solved as

e—z‘H(i——%o)|O>

: —iH(7F=70)|0)) — 1;
i e @) = lim (Q[0) (347)
e—0 e—0
By multiplying both the sides of the above equation by U, ! we get
, - oy e F(T,70)[0)
i P 7)) = lim  —on— (3.48)
e—0 e—0

From now on the double limit 79 — —oo, € — 0 is implied in all future in-in formulas. The
equations (3.48) and (3.43) lead to the following expresion for the expectation value of Q(7):

o |:Te—i I dT'H{m(r’)} -1 Q1(7) |:Te—i % dT’H{m(T')} 10)

Q)| = T (3.49)
If Q(7) =1, we can then write [{|Q]0)|? as
. LT 1l ’ -1 . T 1l ’
<0| |:Te_7’fq'—0 dr'H;, (T )} QI(T) [Te_l f;o dr'Hy,. (7 )} |O>
(U0} = =1 (3.50)

(€2) ’

where the last equality holds if we require |2) and |0) to be normalized states.

The steps discussed so far have justified the master formula (3.24). A final subtlety concerning
the contour of integration should be considered: in writing explicitely the inverse operator F 1,
such a procedure entails not only the substitution of the 7" symbols with the anti-time ordering
symbol T, but also the sign flipping of all the imaginary units. The integration contour therefore
goes from —oo(1 — i€) to the real value 7. where the correlation function is evaluated, and then
goes back to —oo(1 + i€). This contour does not close.

3.2.6 Perturbative expansion and Wick contractions

In principle, the master formula (3.24) allows for the computation of cosmological correlators to
every order in H;,;. According to the scattering theory [52], the order of the expansion of the
T-products in H;,; corresponds to the number of interaction verteces involved in the computation.
As explained in [58], it is also possible to establish a set of diagrammatic rules through which one is
able to organize the expansion. In this thesis, however, we restrict the computation of cosmological
correlators to the first order in H;,;. For this reason, the issues concerning higher orders will not be
examined. Moreover, since we are interested in cosmological bispectra, only three-point functions
will be considered in the hereafter.

In order to infer the expression of (Q(7.)) to first order in H,¢, we proceed by expanding the

T ordered exponential; for conciseness, we adopt the symbols —ooy = —oo(1 F ie):
T exp ( — z/ d’rHiIm(T)) =
. T I i2 T / v "oyl / I "
I—: dr H;,, (1) + ) dr dr'" H;, (7" H;,,(7") + -+ . (3.51)

47



Primordial Non-Gaussianity: beyond the linear order

The anti-time ordered exponential is obtained by taking the hermitian conjugated of the above
series. By inserting in (3.24) the expansions in H;,;, we get

Te Te

(QQ(r)|Q) = <0\<H+i[m dTHiIm(T)Jr-..)QI(Te)(]I*’L'/iOO? dr Hly(7) + -+ ) [0)

— (01Q" (r)[0) + 0] / drHL (NQ () — Q' (r.) / drHL ()|0) + -
' ) (3.52)

The first term of the above series is identically null. The reason is that Q' is the product of three
operators in the interaction picture, i.e in the form (3.37), and an odd number of annihilation/cre-
ation operators results in zero between two |0). As for the second term, it is possible to rearrange
it in a compact form using the hermiticity of Q! and HZ ,:

OLHQI0) = (01H'Q1(0) = (01(QH)|0) = ((01QH|0)) (3.53)

where the star denotes the complex conjugation. The expression of the in-in master formula at a
single vertex is finally given as

Te

@I =20m| [ dr 0@ () ()] (3.54)

— 00—
It is possible to apply the formula (3.54) to every inflationary theory described in terms of La-
grangian formalism, once the Hamiltonian has been properly explicitated. It is known that the
Legendre tranform relates the two quantities with H = [ d3x(m¢ — L), with the conjugate momen-

tum given by ™ = g—g. As long as the interaction terms in £ do not contain any time-derivative
coupling, the statement H;,; = — f d®x Ly, is correct. However, this cannot be true in all scce-

narios. We will see that the case of Solid Inflation does not present any time-derivative coupling
in the third-order interactions we are intersted in.

The next step to compute the three-point function is the expansion of both H{nt and Q' in
terms of interaction picture fields. To evaluate the expectation value in the vacuum of the free
theory, one can shift the creation/annihilation operator, following the commutation relations. We
now present an efficient scheme, developed in [7], through which the computation of cosmological
correlators makes contact with the formalism of the scattering theory. In order to illustrate such a
scheme, it is first necessary to introduce the notation used in [7]. We rewrite the equation (3.37)

in the following form,

9! (rx) = sz [ Ape™ [ar(p)utrp) + al(~p)u (rp)

B ﬁ / Fpe [Mﬂ)m +00r —p(T)] : (3.55)

Since ay and aJ} obey the usual commutation relations, for 5¢Ii the algebra is given by
567 p(r) 867, ()| = 2 ulr pu (7', p)6 @ (p — P), (3.56)
and all the other commutators are null. The Bunch-Davies condition is now simply 5¢}Fp|0) =0.
In the case under consideration, the formula (3.54) yields to the computation of the expectation
value of products of §¢; operators in the ground state of the free theory. In this context, as per
the scattering theory, it is useful to define the normal ordering operation [52], which consists in

moving all the creation operators to the left of all the annihilation operators. For conciseness, the
subscript I will be omitted from now on; the normal ordering operation results therefore in

N[6¢y---0pn] = ¢ 0y -~ 06y, . (3.57)
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3.3 Non-Gaussianities in single-field slow-roll inflation

It is then possible to express a product of interaction picture operators in the form of normal
ordered products. As explained in [7], we can in fact define consistently the following contraction
rule:

561005 = 507 . 605 . (3.58)

In the remaining of this thesis, the above contraction will be named “Wick contraction”. As per the
usual Wick theorem in QFT [52], one can prove by induction that a generic product of operators
is rearranged as follows,

3610y -0y = N[0¢10a--0¢n]+ Y N[o1---0¢n]+---+ > N[do1---0,], (3.59)

1 contr. n contr.

where the subscript ”j contr.” indicates that the relative summation has to be understood as
the sum of all the possible terms involving j contractions in the product. Once evaluated in |0},
the surviving terms are the last ones in the above expression, which present all the operators
contracted:

(01661602 - - 36n|0) = Y N[6¢ -+ 0hn] . (3.60)

n contr.

It should be noted that the sum of all possible contractions contains both “connected” and ”dis-
connected” pieces. The “connected” pieces are generated when each operator of Q! is contracted
with an operator of HY ,; other types of contractions generate ”disconnected” pieces. As for the
reasons explained in [58], the “disconnected” pieces must be ignored.

3.3 Non-Gaussianities in single-field slow-roll inflation

As stated in the introduction of this chapter, a non-vanishing bispectra involving the curvature
perturbation ¢ can be computed within the single-field slow-roll model [2, 48]. These correlations
originates mainly by the coupling with gravity, being the latter intrinsically non-linear, while the
constribution coming from the self-interacting term V" () (3¢)3 = \/3!5p? results sub-dominant,
as a consequence of the flatness of the potential.

We will now illustrate the computation, ascribed to Maldacena [48], of the bispectrum By (k1, k2, k3)
inferred from the single-field slow-roll model of inflation. Such a result has been obtained by the ap-
plication of the in-in formalism. A detailed presentation of the subject would be extremely lengthy,
so that only the main steps of the computation will be shown. The purpose of the present section
is dual. Firstly, it will provide a concise report of the method that will be extensively applied
in Chapter 5 to compute the bispectra of Solid Inflation. Secondly, the resulting bispectrum will
confirm through exact formulas the suppressed non-Gaussian signal predicted by the single-field
slow-roll model.

1. The theory of single-scalar slow-roll inflation is encoded in the full action, consisting of the
Einstein-Hilbert term along with the Lagrangian of the inflaton minimally coupled to gravity:

M? 1
S = [ dtav=g| R 50.00%0 - V(o]

M2 y
- /dtd?’;vN\/ﬁ{Tp (@R + % (BYE; - B?)] - %ampaw ~V(e)}. 66

In the second line the metric has been parametrized in the ADM formalism. The meaning of
the symbols adopted has been previously explained in sections 2.2.1 and 4.4. In the following,
€ and 7 correspond to

€
€=——>5 =¢€v, 77:?:45V_27]V~ (3.62)
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Primordial Non-Gaussianity: beyond the linear order

2. The gauge choice is the Uniform Density gauge (2.136), where the value of the scalar field
fluctuation is set to d¢ = 0. According to the conventions (2.38)-(2.39) of section 2.2.1,
the constraint equations for N = 1+ ¢ and N; = a0;B are then solved to first order in
fluctuations. In Fourier space, they result in

g G _ a’¢
b=, Bi=—op - Tk (3.63)

3. The substitution of the above expressions in the expanded Lagrangian results in the following
second order action in (:

&k :
Sy = M? / At 3y © (f’gﬁ - ak2<§) . (3.64)

As explained in section 3.2.4, the solution of the equation of motion (EOM) that originates
from the minimization of So must be identified with the field in the interaction picture. We
report below the quantization of Cli in conjunction with the solution of the equation of motion
to the lowest order in slow-roll [28]:

(b = u(r, k)ar(k) + u* (1, k)al(—k) = (fi(7) + (7). (3.65)
iH

u(r, k) = mu + ikT)e T (3.66)
P

where
Ghd0) = 0. (3.67)

On a side note, the u(7, k) generates a scale invariant power spectrum, as such a mode
function is the solution of the EOM to the leading order in the slow-roll parameters. As for
the third order action in (, it results in

Ss = /dtd?’x{a?’e%éz + a€®¢(8¢)? — 2ael DO + ﬁt( — %a‘n’c%)
ade. 5. € 5 € .9 9
+ E5063 + o000 + 070007, (3.68)

where x is defined by
0%y = a’eC. (3.69)

Given the above definition of y, one can readly realize that the second line in S5 is suppressed
by the slow-roll parameters in respect to the first line. Therefore it will be not considered in
the computation of the bispectrum.

4. Once the interaction picture Hamiltonian has been obtained, it is possible to use (3.54) to
compute the three-point function in Fourier space:

Te

(G (7e) s (7e) Gia (7)) = 2Im | /

— 00—

dm(ﬂ(@(ﬂl(76)41{2(Te)g‘l{s(Te)H?{(T)|o>}. (3.70)

By following the methodology exposed in section 3.2.6, the leading three-point correlator in
slow-roll will results in

Gy (Te) Ceg (Te) Cieq (1)) = (27r)35(3)(k1 + ko + ks) (J\IZ) ém

[ngezi:ngr;(;kikar;Zk?k?)}, (3.71)

i<j

WhereK:k1+k2+k3.
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The shape of the above primordial bispectrum can be accurately represented as a superposition
of the local and equilateral shape [45], namely

5
Ss‘f' ~ (66\/ — 277\/)Sloc(k1, kz, ]€3) + gﬁvseq(lﬁ, kz, k3) . (372)

It should be also noticed that the combination appearing in (3.72) equates to the relation (2.150)
between the slow-roll parameters and the scalar spectral index ng:

bey —2ny =1 —ng,. (3.73)

Moreover, as reported in [45], the above shape overlaps with the local shape with a high value of
the 3D Cosine (99.7%). Since S'°¢ peaks in the squeezed limit, the dominant signal of S*/- will
be given in such a configuration. The single-field slow-roll model, therefore, predicts [5]

s 5
By (ki =k, ks = ko) = (1= 1) Pa (k) P (k). (3.74)

It is thus possible to conclude that the amplitude fyy, is highly suppressed:

Ine =01 —ng) = Olev,nv). (3.75)

3.4 Planck constraints on primordial non-Gaussianities

The outcomes from the updated analysis of the Plank data, reported in [5], represent a great
step forward in the observation of non-Gaussian signals in the CMB. In respect to the previous
release on the same subject [3], by combining the map of both the CMB temperature and the
polarization anisotropies, a substantial improvement has been achieved in putting constraints on
primordial non-Gaussianities. With respect to the Local, Equiateral and Orthgonal forms, the new
constraints on the amplitudes are

local — 08 + 5.0 (68%CL), (3.76)
il — 4 + 43 (68%CL), (3.77)
Qrtho — 96 + 21 (68% CL). (3.78)

The standard single-field slow-roll inflation has not been ruled out: its predicted deviation from
Gaussianity is (almost) of the local type and highly suppressed (fx{ = O(€,n)). The observational

value of 129! is therefore in agreement with such predictions.
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Chapter 4

Solid inflation

In this chapter we will discuss the dynamics of the cosmological perturbations in the so-called Solid
Inflation model. Such a model was first proposed in [35] under the name of Elastic Inflation. The
proposal of using in cosmology an effective field theory of a solid was also discussed in [30] and
then revisited in detail in [32], where the computation of the primordial scalar bispectrum was also
taken into account. The model was named Solid Inflation in the last reference and our review is
based on it. Within this scenario, which is very different with respect to the standard models of
inflation, the energy density of the Universe is dominated by a set of three scalar fields {®!(y, x)}.
Cosmic inflation can be triggered when the above fields assume the background values

oA (x,t) = 2. (4.1)

Even if ®4 individially breaks the isotropy and homogeneity of the space, it is still possible to
impose to their action proper symmetry requirements in order to make the above fields config-
uration compatible with an FRW background. If the above mentioned action is invariant under
shift transformations and rotations of the internal fields space, space translation and rotations can
be reabsorbed in the configuration (4.1). These conditions yield to the effective field theory of a
homogeneous and isotropic solid [30], whose low energy effective field theory will be introduced in
the next section.

4.1 The effective field theory of solids on Minkowski back-
ground

The study of a continuous medium relies on the possibility of a coarse-grained description of its
microphysics. The coarse-grained description consists conceptually in a division of the volume of
this medium in cells. Such cells must be big enough to contain a great number of particles, but at
the same time sufficiently small to be identified as points of a continuous set of coordinates. When
observing the single cell with this methodology, the details of the microphysical dynamics are lost.
Nonetheless, the medium is equipped with a set of fields that define its internal coordinates within
a coarse-grained description.

With regards to our case of study, the three scalars ®4(¢,x) € R? (A = 1,2,3) label a generic
point of the solid, standing in position x at time ¢. In other words, the trajectory of the solid
element is obtained by the map

o4 — zf = 2i(t, d4). (4.2)

It is also supposed that each ®4 is a smooth function, so that the inverse map x* — ®4(t,x)
exists. Given the existence of the map (4.2) and its inverse, it is then possible to interpret the
fields @4 as the comoving system of the medium, to which we can come back by the following
spatial coordinate transformation:

zt = 7' = ®(t,x). (4.3)
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The four-velocity u* = dxz#/ds of the medium is thus naturally defined by the condition that,
along the medium’s four-velocity, the variations of the comoving coordinates is null; namely,

ul9,®%(t,x) =0, uut = —1. (4.4)
Given the above relations, the configuration of the medium at rest is therefore

dA(t,x) = 2. (4.5)

The first symmetry requirement is the homogeneity of the solid. This is equivalent to asking
the invariance of its action under a shift of the internal coordinates:

ot — ot 4t 9.t =0. (4.6)

This a symmetry condition under shifts forces the three scalars ®* to appear at least with one
derivative in the action. If we restrict the discussion only to the lowest order in derivatives, the
fundamental block, of which the action is constructed out, must therefore be the following matrix,

BAB = 9,040,058 . (4.7)

Additional symmetries may be required as well. For instance, if the medium has a crystalline
structrure, the invariance under the action of certain discrete groups of rotation must be imposed.
In the case under consideration, we want to recover the full isotropy, which is translated into the
invariance under the tranformations

4 — RE®Y,  ReSOB)r, (4.8)

where SO(3)r denotes that the rotation is understood in the internal space of the fields. In order
to maintain the invariance under (4.6), it is necessary to construct SO(3)p invariants out of the
matrix (4.7). For a 3 x 3 matrix, there are only three independent SO(3) invariant quantities,
which can be the traces of BAP | its square and its cube [32]:

{[B, (8%, [B%}, [B]=Tr(B). (4.9)
Alternatively, the following variables satisfy the same requirements as well:

2 3
X =B], Y:%j, Z:E];. (4.10)

The low-energy effective action for such an homogeneous, isotropic solid is thus provided by
Sp = /d4xF(X7 Y,Z), (4.11)

where F' is a general function that encodes the specific physical properties of the medium. As a
side note, it should be noticed that the determinant of the matrix BAZ could serve as appropriate
variable for F' as well as X, Y and Z. However, the determinant does not represent an additional
independent variable, since it can be expressed as

[BF —3[B][B?] +2[B°]

det(B) = 6

(4.12)

We will now consider the configuration of the solid at rest, which is characterized by the

background value -
P4 = g4, (4.13)
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The fields 4 are therefore split into background values and fluctuations, namely
dA(t,x) = 2 + (. x). (4.14)

Since we can interpret the background configuration of the scalars (4.1) as the comoving coordinates
of the solid, we will stop differentiating between capital and latin letters from now on. In order to
get the second order action of the fluctuations, one has to expand (4.11) to the second order in 7
around ®. For such purpose, one has to consider the matrix (4.7) evaluated in the configuration
(4.14), given by

B =§Y 4+ 9'1d 4 0'nd + 9 mioM . (4.15)

The background values of X, Y and Z are therefore

_ _ 1 - 1
X=3, Y==-, Z=-. 4.16
3 5 (4.16)
Furthermore, we introduce a convenient notation, which consists in denoting with subscripts the

partial derivatives of F' with respect to its variables, namely

OF OF OF
ax =Fx, sp=Fv. 5z=lz. (4.17)

In the following steps, the above derivatives will be understood as evaluated in the background
configuration, while the value of the Lagrangian on the background will be denoted by F. Given
the above details, the free action of 74 will therefore result in [32]

1. .
Sy = /d4x{ — ngXﬁ2+

_|_

1 = 6
§FXX + —= (FY + FZ)

- (@:r') (017

2 2
2Py X2 —(F F )
9 XX + 57 y + 1tz

(aﬂi)Q} . (4.18)

It is then possible to decompose 7 into its longitudinal and transverse components
7t =7t + 7k, eijr0imh =0, ot =0, (4.19)
in terms of which the free action (4.18) is written as
1 N , .
Sy = /d%( - gFXX) lﬁQ — 2 (3iﬁj)2 — (2 — %) (8i7r2)2] . (4.20)
The newly introduced parameters represent the propagation speeds of the longitudinal and trans-

verse components of 7 [32]:

2 ZFX)(Xz 8Fy+FZ
c; =14+ -—= — =,
3 FX 9 FxX

2Fy 4+ Fy
2
=14+ -—=. 4.21

We will come back to ¢y, and ¢p when we will discuss their role in an inflationary background.

4.1.1 The energy-momentum tensor of the solid

We will now consider a generic space-time equipped with metric tensor g,, and we will analyze
the form of the energy-momentum tensor of the solid. The inclusion of gravity is obtained by the
“minimal coupling” prescription [59], which simply consists in the following replacements in (4.11):

Nuw = G (),  d*z — d*z\/—g. (4.22)
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At this point we are able to derive the energy-momentum tensor from the solid action in the
standard way:

2 0SF

- /—g(x) 59" ()
- AB
[@gw<y>a<4><x—y>F<y>+¢T<y> 55 Gy

T‘/Lv =

OBAB §grv ()

2
=—— [ ¢
\/—g(x)/ !
OF

= guF -2 <6BAB> 9,049,05 . (4.23)

The choice of variables (4.10) then leads to

oF 0X 1) 4 oz
W(X’Y’Z):FXW+FY53AB+anBAB’ (4.24)
where
0X OBE
9BAB — 33;{(3 =04 050K = 0aB, (4.25)
aY 0 BEBEL 2Bap Y
9BAB — 9BAB < X2 = xz QY(SAB, (4.26)
0z 1 BEBLB]. BaxBE Z
OBAB — 9BAB < X3 =3 x3 3Y5AB- (4.27)
The form of the energy-momentum tensor of the solid therefore results in
Tuu = g;wF - 2au(I)A8V(I>BMAB 5 (428)
where o
Y Z Bagp BacBpg
Map=||Fx —2Fy——-3F;— |6 2Fy — + 3F; ————= 4.29
AB [(X (8% ZX> AB + YX2+ 27 x3 (4.29)

From the above expression of T},,, it is possible to identify the energy density, the pressure and
the anisotropic stress. The four velocity u*, defined in (4.4), automatically solves the equation
that characterizes the energy frame of the medium (see equation (2.75)):

(¢"" +uwu")u'T,, =0. (4.30)

The energy density, the pressure and the anisotropic stress of T},,, can then be identified by applying
the definitions (2.70). The energy-momentum tensor has therefore the imperfect fluid form reported
in (2.76):

TMV = (p +p) UpUy + PGy + Tpw (431)
p=—F, (4.32)
2
p=F— gMABayq’A3”¢B , (4.33)
2
T = g Map0, 207 P (wy + ) — 2Map0, 840,87 (4.34)

4.2 The solid on an FRW background

As in every perturbative approach, the fields ®4 have to be split in a background part and a per-
turbation part, where the background configuration ®4 must be compatible with the symmetries
of the FRW metric. We know that spatial translations and rotations are isometries for such metric
tensor and must be valid for T},,, as well, at least at zeroth order. To achieve this condition in the
model under consideration, we exploit the homogeneity and the isotropy imposed in the space of
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4.2 The solid on an FRW background

the internal coordinates of the medium.

The energy-momentum tensor (4.28) is in fact constructed to be form-invariant under shifts
and rotations of the internal space:

Tap({R®}) = RGRETep({2)). (4.35)
Tap({® +c}) = Tas({2}). (4.36)

Therefore, if we choose as background configuration the solid at rest
A = g4 (4.37)

then the energy-momentum tensor sees (4.6) and (4.8) as space-time tranformations, under which
it is form-invariant. This is exactly the condition that makes the solid’s 7},, compatible with a
FRW background. As done in the previous section, we will stop differentiating between capital
and latin letters from now on.

The fundamental block (4.7), when evaluated on the background, is simply given by

_ o I
BY = ¢"0,x' 0,27 = g"” = a—26 7. (4.38)
Consequently, we have
- 3 — 1 = 1
X=— Y == Z=—. 4.39
a2’ 3 ’ 9 ( )

The dependence of the X alone on the scale factor is justified by the fact that the three variables
are constructed in a way that only one of them is sensitive to a scale tranformation. As expected,
the energy-momentum tensor on the background results in a diagonal form:

(4.40)

p=—-F, p=F—-2-—2. (4.41)
Since the energy density is positive, we get F' < 0. We are now able to give the Friedmann
equations in terms of the Hubble parameter:

p -F o Pp+p_ Fx

T 3MZ 3MZ’ T oME T MBS

H? (4.42)
We will now discuss how the slow-roll conditions constraint the values of F'x and Fxx. The
slow-roll parameters that will be considered are the ones defined in (1.45), namely
a é

€ =

Even if nothing is “rolling” in this model, inflation is nonetheless characterized by the smallness
of € and 1. By definition, we have

_ H 3 Fx

which implies

(7).

In the above expression the background value of X in (4.39) has been used, while the subscript
indicates that the quantity is evaluated on the background. We thus see that if we want our solid
to drive near exponential inflation, we need a very weak dependence of F' on the variable X. This
is not surprising, as in this case we have a condition that resembles a cosmological constant domi-
nating the energy density of the Universe. In our specific case, being F' = —p, we are stating that

(4.45)
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the solid’s energy should not change much if the dilation is over €%, where N = 60 represents a
sensible minimum number of e-foldings.

In order to justify the smallness of the slow-roll parameter, we can assume an approximate
symmetry of the solid action under scale transformations of the internal coordinates, namely

4 — A®4, AeR. (4.46)

BAB

Under the action of the above transformation the matrix scales by an overall factor A2

BAB — BB = g9, (A01)0,(\DP) = \2BAE. (4.47)

Therefore one immeadiately sees that X alone scales with A2, while Y and Z remain unaffected
by the transformation. An exact scale invariance like (4.46) would imply that F' depends only on
Y and Z,

F(X,Y,Z) — F(\’X,Y,Z)=F(X,Y, Z),

which implies
F=F(Y,2Z). (4.48)

In addition, we have to consider the smallness of the second slow-roll parameter 7. By definition,
we have
n= 1 < 1. (4.49)
He
We then recast the above equation in terms of the solid’s background values. It should be noticed
that

m(X) = In (;) , (4.50)

which implies ~
dIn(X) da

=-2—=-2H. 4.51
dt dt (4.51)
Using equation (4.45), the parameter n results in
1 9 dln F 278 [(XFx
— — |—2H = | X— == 4.52
T He { dIn(X) (aln(X)ﬂ ¢ [ 8X( F )} ’ (4.52)
therefore )
FxxX €n 2
SXXE D9, 4.
I €= + 2¢ (4.53)
By taking the ratio between (4.53) and (4.43) we get the following relation:
FX)(X2 n
—— =—14+2c— -~ —1 . 4.54
X + 2¢ 5 + O(e,m) (4.54)

Recalling the sound speeds of the longitudinal and transverse mode, respectively ¢ and c2 in
(4.21), we see that they are related in a quite simple way:

3 2 1 3
=0 +c) —getam)~ J(1+), (4.55)

where the second approximate equality is exact at zeroth order in the slow-roll parameters.
We now want to impose two natural conditions on the propagation speeds: they have to be sub-
luminal and they have to be non-negative. These conditions automatically force the combination

(Fy + Fz) to fit in a small window of possible values. For both speeds to be sub-luminal, we need
at least ¢ < 1,

3
C% ~ 1(1 + C%) , (4.56)
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so that 1
3 < 3 (4.57)
The last statement leads then to
1 8Fy+F 1 1
2 Y Z
— -2 - —(de—n)< =, 4.58
C=3%5 mx T glde—m) <3 (4.58)
therefore 3
(Fy + Fz) > g|F|(462 —en), (4.59)

since Fix X = —|Fle. As for the non-negativity of the propagation speeds, it fixes an upper bound
for (Fy + Fz)Z

{é — O FE +3(de—m) >0 (4.60)
which implies
{Fy + Fy < 2e[F| + 2|F|(4¢® — e) (461)
Fy +Fz < %|F|€

Disregarding the corrections O(e?,ne), the window of possible values for the combination of (Fy +
Fy) is given by

3 _
0 < Fy + Fz < 2elFJ. (4.62)

According to the above condition, we see that in the full space of the parameters Fy and Fyz
there are two extreme cases:

e |Fy z| ~ |F|, which necessary implies that Fy = —Fz + O(e) ;

o |Fy| ~ |Fz| ~ €|F|, which means that all the derivatives of F are slow-roll suppressed, like
Fx is. The energy density and pressure of the solid are therefore dominated by a cosmological
constant term and it does not depend greatly on the dynamics of the fields 7*.

We will discuss in Chapter 5 the importance of the two above cases for the computation of the
bispectra.

Finally, it is very important to remark that the propagation speeds c? and c2 are time-
dependent functions. In order to characterize their behaviour on cosmic time scales, we introduce
two new slow-roll parameters:

= 4.63

SL CLH ) ( )
cr

= . 4.64

e (4.64)

The smallness of the two above quantities is justified by the fact that both ¢y, and ¢t depends on
time only via the dependence on X of the Lagrangian F [32].

4.3 First order cosmological perturbation in Solid Inflation

We will now study the cosmological perturbation of the model of Solid inflation. In Chapter 2 we
introduced the perturbation theory at linear order, which describes how the metric perturbation
couples with the perturbation of the energy-momentum tensor. We will now apply this method in
order to derive some relevant quantities of the model. More specifically, we will obtain

e the firts order perturbation of the energy-momentum tensor;
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e the solutions of the Hamiltonian and momentum constraints in the spatially flat gauge,
respectively given in the equations (2.106) and (2.107);

e the solution of the vector constraint equations (2.112);

e finally, equations (2.109) and (2.113) will provide differential equations for the gauge-invariant
scalar perturbations (, R, in addition to an auxiliary equation for S°.

The choice of the spatially flat gauge is justified by the fact that, as explained in section 2.5.2, the
Hamiltonian and momentum constraints acquire a simple form and therefore they are easy solvable.

We thus add the fluctuations of ®¢ to the background value (4.37):
' =z’ + 7. (4.65)
In the ADM parametrization of the metric, the matrix (4.7) is expressed as
B = %9, 9y@" + g% (9; 2“0 2" + 9y ®@*9; @) + ¢ 0,°0; D"
- f% (cba - Nkakcpa) (cbb - N’“&‘k@b> +REm 9,399, 00 (4.66)
In the spatially flat gauge, the metric is given by

ds? = —(1+ 26N)dt* + N;dtdz" + a(t)? (7);; da'da? (4.67)
0ivi; =0, Yii =0, (4.68)

and keeping only the first order perturbation of (4.66), we then get
BY = —(1-26N) (7' = N' = N*oyn") (77 — N7 — N*n?)
+ aig (0% =A%) (8, + k") (83, + O
~ % (69 =49 + i’ + 9;m") . (4.69)
The splitting of N? into longitudinal and transverse parts is made according to (2.48), namely

i ai i i
Nt = WNL+NT, O;NL =0, (4.70)

and 7* will be split in the same manner,

i 9y i i
= —~z + 7, oimy =0. (4.71)

In order to maintain the same notations of the analysis made in Chapter 2, we will use the
variable (¢, B, S%) defined in the spatially flat gauge, respectively in (2.130), (2.131) and (2.133).
The relations between the above variables and the ADM variables are thus given by

. . gl

SN=¢, N,=a(t)B, Ni= ok (4.72)

4.3.1 Energy-momentum tensor of the Solid: first order perturbation

This subsection is devoted to the identification of the quantities that enter in the energy-momentum
tensor perturbation ¢7),,, such as the peculiar matter velocity v’ (2.82), the longitudinal and
transverse components of the momentum density §q and §¢° (2.92), the perturations dp, ép and
the anisotropic stress m;; (2.84). We will see that the latter contains the scalar, the vector and the
tensor components, i.e. (IT% 1Y HZ;) A thorough inspection reveals two remarkable features of
the model of Solid Inflation:
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4.3 First order cosmological perturbation in Solid Inflation

1. non-decaying vector perturbations;
2. a mass term for gravitons.
Let us begin by considering the first order perturbation of (4.28), namely
STV = §HSF — 26g"8% 6, My — 25" 6% L6 My — 26" My (9o7%6L, + 60, 7") | (4.73)

where
OF = Fx0WX + Py oMY + Fr0M 7. (4.74)

We list below the linear order perturbations of X, Y and Z, which are computed in Appendix
A.2.3:

2 0;,0'm
Wy — =Y
oX == Vel (4.75)
BB
sWy = <X2):m (4.76)
BiijkBki
Wz =5 (XB) =0. (4.77)

The superscript 61 will be omitted for simplicity, being the order of every perturbed variables
taken for granted in the next computations.

The next step consists in evaluating the perturbed value of the matrix M45 that appears in

(4.29) around the background. We will use the background values (4.39) and the above equation
(4.75), obtaining

2a? 2 Y A
5MU:[M&-“5Fy—§éﬂg—25ﬁ(X)—3mﬁ<>}%

B; BBy Bix By
X)++2Fy5< )+35F< 73 )+3F§( )

By using § Fx = Fxx6X, the previous expression becomes

+20Fy (

2
5Mf{mX Mﬂw+&ﬂﬂ%+ S (Fy + Fz)0Bj;. (4.78)

The peculiar velocity of the matter fields v* is obtained by taking the perturbed equation (4.4),
which yields

Suts;, = —ut o, (4.79)

vl = —ar®. (4.80)

We are thus able to provide dq and dg;:

dq=a(p+p)(v+B) = ( 25X> —aryL), (4.81)
5q; = a(p+ p) (v — S') = ( +afr,) . (4.82)

We can now compute explicitely the first order perturbation (4.73) of the energy-momentum
tensor of the solid by gathering all the results obtained above. Its components are listed below:

ST = Fx6X , (4.83)
2F ,

6T = a (— a;() (B; — am;), (4.84)

0T} = 03Fx6X — 209 Fx — — Fx (9 + 9ym') — —0Mj. (4.85)
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From equation (4.83) we can read the linear perturbation of the energy density in the flat gauge,
i.€.

2 v?
Opfiat = —Fx0X = —EFX_inWL
2 o V2
=——¢€l —~ T, . (4.86)

It is important to stress the extreme insensitivity of the energy of the solid to volume expansions
as represented by the equation (4.45). This feature is inherited at perturbative level, where the
local fluctuations in the energy are produced by small compressions and dilations in the cells of
the solid. This argument is also valid for local isotropic pressure perturbations.

By taking the trace of the spatial components (4.85) of the perturbed energy-momentum tensor,
it is possible to infer the linear perturbation of the pressure:

V27TL

/2’

where in the second line we have exploited the relations (4.45) and (4.54). At first order in slow-roll,
it is simply

1. . 1 2 _
5pflat =0T = = (FX — QXFX)()(SX = §€F(—1 + 4e — 77) (487)

3" 3

_V2r
6pflat ~ _QGF\/%

(4.88)

By performing the subtraction 6T; —5p6§-, we will obtain the anisotropic stress, which, according
to the decomposition in (2.84), is split into the scalar, vector and tensor parts reported below:

(00, — 597 0 = — (22 5, 0T ) (U s S+ b)) e (439)
8(%‘va) = < FY + FZ)) (O, + O057r,4) (4.90)
I = ( 2o 3(FY +FZ)> Yij - (4.91)
In Fourier space we then get
I = 4?;)_( (1 3%) (t,k) = _?:ikeﬁc%m(t,k), (4.92)
nvi= -3 [FXX + 3(Fy + FZ)] T (t, k) = —geﬁciw;(t,k), (4.93)
7 = {FXX + = (Fy + Fz)} vij(t, k) = geﬁc%%-j(t,k). (4.94)

We can therefore summarize the consequences of the last two terms as:

e a non-vanishing IIV ** implies that vector perturbations do not decay during inflation, as it
is illustrated in the equation (2.116);

e the term HZ;, once been inserted in the equation (2.120), represents a mass term for gravita-

tional waves.

4.3.2 Solutions to the constraint equations

We now have all the elements we need to solve the Hamiltonian and momentum constraints in the
spatially flat gauge, as well as the vector constraint equation.
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4.3 First order cosmological perturbation in Solid Inflation

Recalling the system (2.134), it can be now be written as

3H2¢§—|—H%22( B ): H V27TL

R voVvE v=Vv? : (4.95)
H¢ = ML (B —arrr)
which in Fourier space has the following solutions,
- a?H 7, — %IWL ~ 73];122H7:FL+%.7TL
o(t, k) = TRH | 8e?A B(t.k)=a | sk (4.96)
K2 K2
As for vector perturbations, the constraint (2.112) in Fourier space gives
k*S; o
0 = 4CLH(51 + aﬂ'i,T) 5 (497)
which implies ]
—Si(t,k) = LM’ZZ : (4.98)
T 4a?H

By combining the above vector constraint with the conservation equation (2.113), they result in

% (i) +3H <i) = —167GII) . (4.99)

This latter will provide a useful auxiliary equation when we will search for the solution of the
equation of motion of 7.

We can now collect the above results and recast them in terms of the ADM variables (6N, Ny, N&.)
in Fourier space:

a2H 7.TL — %ﬂ'L

k2
—3a’H - H
Nyt k)= & LT (4.101)
1— 3a2H
k2
i Ly
Np(tk) = (4.102)
4a?H
while the auxiliary equation (4.99) results in
Ni(t,k) + 3HNL(t, k) + deci(t) H* (1, k) = 0, (4.103)

where we have used the expression of the vector part of the anisotropic stress IIV and the definition
of the slow-roll parameter.

4.3.3 Equations for ( and R

We now have all the elements to give the expression of the gauge invariant scalar variables R and ¢
in terms of matter fields. The expression of { in the Spatially Flat gauge is obtained by combining
the equations (2.138) and (4.86):

_ 1épprar 1 VP
3p+p  3V-V

¢ STL (4.104)
while the Fourier counterpart results in

(o= —=Fp. (4.105)
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As for the curvature perturbation in comoving gauge R, recalling the definition (2.140) and the
expression of Jp in (4.87), we get
5qflat af .
R=-H—— = arr, — B). 4.106
R A (4109
The above quantity can be expressed now in terms of the matter field w7, through the solution of
B in (4.96):

B k 7 +eHnp
3H€1+é(£)2-

From the above equation one can easily see the relation between Ry and (j in Solid inflation:

Ri =

(4.107)

» 1 (“%F) +eH(Hm) 3 Gt el
CTeH G HerG?

(4.108)

It is possible to formulate an auxiliary equation for Ry that will be used in solving the equation
of motion of ¢. Let us recall the Einstein equation (2.109) in spatially flat gauge. Its right hand
side in Fourier space is given by

4rG <5pk - §k2ﬁ5> = H2 krp(t, k), (4.109)

while its left hand side is obtained by the solution for ¢ of the system (4.96). The equation (2.109)
is therefore expressed in terms of the field 7, (¢, k) as follows

8 [k ip+eH ki, + el
CNETL R | | 31— 2eH) | = TE T 2 cHEy (4.110)
ot | H 1+ 3ea?2 H? H1 + 3ea? H?

The above formula is quite cumbersome but it becomes simpler if expressed in terms of Ry and
Qi .
R B 9 4

ﬁ+(3—2€+77)7€k = —3CLC197 ( .111)
where we have used the definition of the second slow-roll parameter n = é/eH.

This last equation, together with (4.108), forms a system of two first order differential equations
of two variables. From the two equations we can provide a second order differential equation for
Ryi. With some efforts, we get

Ri+ (3+n—2sp)HRy, + = [c1k* + a®H? (3¢ — 6sp, + 3cLe)] Ry (4.112)
d
+ [a®H?(en — 2¢* 4+ 2s1m — 4sp€) + a2H£(77 —2¢)| R =0, (4.113)

where we have used the slow-roll parameter defined in (4.63). In conformal time the equation
results in

L+ (24 n—2sL)aHR} + [c1k* + a®H? (3¢ — 6sp, + 3cLe)| Ry
+aH [aH (en —2€* + 2s;n — 4spe) + () — 2¢')] Ry = 0. (4.114)

4.4 Scalar, vector and tensor perturbations: mode functions
and power spectra

This section is devoted to the equations of motion, and the corresponding solutions, of the vari-
ables ¢, v;; and 7. As for vector perturbations, we will report below the detailed derivation of
the corresponding mode function mp (7, k), while the derivation of the mode functions (. and
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4.4 Scalar, vector and tensor perturbations: mode functions and power spectra

1 is reported in Appendix C.

As explained in section 3.2.1, in order to obtain the free action of scalar, vector and tensor
perturbations, it is necessary to expand the full action of the system up to second order both in
the matter fields and in the ADM variables. This is the approach followed in [32], which we will
now summarize. The full action consists of the solid and the Einstein-Hilbert action, namely

/d“w\ﬁ{ Me gy p(x, YZ)}
- /d4xN\/E{2P {R@) _ %(EijEij - Eﬂ + F(X,Y, Z)} : (4.115)

where in the second line the ADM variables have been used. In the spatially flat gauge, the notation
means

| ;

hij = a®l]y;, hY = g[eﬂ]m o Oij =i =0, (4.116)

h = det(a’e”) = exp [Tr[In(a’l;) + Tr[y]]] = o, (4.117)
1

Eij =35 {at[GQe’y]ij — ViNj — Vsz} ; (4.118)
| g

E =B = 5[ 7E;. (4.119)

Here, V; is the covariant derivative on spatial hypersurface (see section (3.2.1)). The Hamiltonian
and momentum constraint equations, given respectively by (3.21) and (3.22), have then to be
solved to linear order and their solution have to be inserted in the expanded action. At that point
the non-dynamical degrees of freedom will be eliminated.

Although we did not follow the approach explained above, we were able to provide the solutions
to the Hamiltonian and momentum constraints in section 4.3.2 and recast them in terms of the
ADM variables:

2H L, — %m:

—3a2H -
L+ ST
Ni(t,k) = —F gHH L (4.121)
1 328
Ni(tk) = T 4.122
T( ) ) 1— %2 ( . )

4a2H

The above expressions coincide with the ones reported in [32]. Once they have been plugged into
the expansion of (4.115), the final result provides the quadratic actions of v;;, 7 and 71, [32]:

@ =8P + 8% + 5P

1 1. 1
SS/Q) = EMI%/dtdg.'L'a?) |:2’7Z2] - ﬁ (874:71]) + 2HCT71]:| ’ (4123)
d3k k2
S = M3 / dt / a?
3
51 = Mp/dt/ dk a?

A— i + CQTHkQWTF] , (4.124)

I+ 4ea?H?
k72

The next step is the quantization of the fields. Since we want to follow the method exposed in

the Chapter 1, we have to redefine the fields in such a way that, in conformal time, they yield to

the action of a harmonic oscillator with time-dependent frequency.

3 |7'1'L+6H7rL|2+c%Hk:27rL21 . (4.125)

12
35a2H2
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4.4.1 Time dependence of background quantities

In order to derive, at least approximately, the mode functions of ¢, v;; and 7l it is first necessary
to know the explicit time dependence of the background quantities that will appear in the equation
of motion. More precisely, the dependence on the conformal time 7 of a, H, cp, ¢y and of the
slow-roll parameter € will be provided up to the first order in slow-roll.

As explained in [32], it is convenient to consider a reference conformal time 7., defined as the
one when the longest mode of observational relevance today (kmin) exits the horizon, i.e. 7. is
defined such that

ler,ckminTe| = |er cTeaoHol =1, (4.126)

where the subscript “c” denotes that the the quantity is evaluated at the time 7., while ag and Hy
indicate the scale factor and the Hubble parameter at the present time. In [32] have been derived
the following time dependence:

a(r) = a (:) o), (4.127)
H(r) = — 1;;6 <TT) +O(?), (4.128)

e(r) = €. <T> o). (4.129)

The time dependence of ¢y, and cr is determined by the slow-roll parameters s;, and u, respectively
defined in (4.63) and in (4.64):

ep(r) = cre (72) Ty O(e?), (4.130)
er(r) = et (;)u +O@?). (4.131)

All the above expressions will be frequently used in solving the equations of motion in Appendix
C, neglecting higher order corrections in slow-roll.

4.4.2 Scalar perturbation (: mode function and power spectrum

The scalar quantity will quantize is the curvature perturbation (. The analysis presented so far
allows us to compute only ((¢) and the power spectrum linked to it, as well as for vector and
tensor perturbations. For the computation of the three point functions to be achieved, we need to
go further in the Lagrangian expansion up to the third order in perturbations. This will be done
in the following chapter, where the some bispectra predicted by the model of Solid inflation will
be computed through the in-in formalism.

We then promote ((7,k) to a quantum operator by decomposing it in terms of creation/anni-
hilation operators,

C(7,K) = Ca(7, k)b(k) + Ci(m, k)b (k) , (4.132)
[b(k), b (k)] = (2m)363) (k — K') . (4.133)
The equation of motion for the mode function (. is derived by varying the quadratic action (4.125)
with respect to 7y, recalling that ((7,k) = —ng (1,k). In conformal time, the action of { becomes

A3k 3a2 M3

2
S& = /dT oy L L (¢ eaH(? — 9k at H2MBe|(?| (4.134)
3ea?H?

We now summarize the steps necessary in order to derive the mode function (.
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4.4 Scalar, vector and tensor perturbations: mode functions and power spectra

e The action (4.134) must take the form of the action of an armonic oscillator with time
dependent frequency (see (1.55)). This is achieved by the field redefinition

3aM 3v2ea® HM k
v=2z(, 2= V2 V3aMe =— « L ( ) . (4.135)
14+ L (L)Q k Vk? 4 3ea’H?
3e \aH

e The equation of motion of v is then solved in deep sub-horizon regime —k7 — 400 and
the normalization condition (1.62) must be imposed in conjunction with the Bunch-Davies
vacuum condition (1.63). This way we know the asymptotic behaviour of (. in the deep
sub-horizon regime.

e We then solve the differential equation of R (4.114) neglecting terms of second order in
slow roll (i.e. the second line of the equation (4.114)), whose solution is given in terms of
Hankel functions. Replacing the above solution in equation (4.111) provides finally the mode
function (.

The derivation of the mode function (. is very lenghty, therefore we will report here just the
final result. However, all the details of the computation are reported in Appendix C. The mode
function (. is thus given by

5sc

et +
Ca (7, k) = — iy [T oi5wetd) crcHe (T> o
2 3Mp+/Ae, C5L)Ck3 Te

x (1= 26 +50) [QFHYL(Q) + ¢ QP HD Q)] (4.136)

where
= —cp(T)kt(1+s.), (4.137)
vy = % (3+5sc — 2¢} cec+1e) - (4.138)

The mode function (.; has been explicitely given for the first time in [20]. It should be noticed that
(4.136) contains many corrections of second and higher order in the slow-roll parameters which
must be neglected. Nonetheless it is useful when evaluating the super horizon limit because of the
asymptotic behaviour of the Hankel function H®) (see (B.3)).

When the super horizon regime is considered, the most sizeable contribution to (4.136) comes

from the term Q%H,Ell_l(Q) On super horizon scales the above term results in

2 .« I'vs +1
QIO (@) —r | 2eiT i3 LW D g

—kr—=0 VT I'(s)
2 cf, et — 25
= —2'3\/» (T) (—cp.okTo) L™ 575 L O(e).  (4.139)
T\ Te
Therefore, the mode function (. on super horizon scales is given by
ic{")T € o
T\ 3 Thee 2 5 1
= — _ CL,c€c—58c—3Me ¢ 1/2
Cel o <7'c) (—crp,ckTe)°E 2572 +0(%) ] . (4.140)

\/460Mp1 / C%’ck?’

It should be stressed that the mode function (.; of the model of Solid inflation is not constant on
super horizon scales, but still evolves in time with a mild dependence, suppressed by the slow-roll
parameter e.. This fact is in constrast with the single-field slow-roll model and it can be considered
an unusual feature of this model. Another difference between the two models is that ¢ and R do
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not coincide on super horizon scales. The last statement can be seen by a comparison with the
asymptotic behaviour of the mode function of R [32]:

-\ 5OT.cee—25c . 1 -
Rel s <Tc) (—cp ohore)hoete ™ 5se—ame (_ \/EMPW i 0(61/2)) .
(4.141)
At the leading order on super horizon scales they are related as follows
Ra = —c1(T)Cu- (4.142)

—kT—0t

It is then possible to provide the expression of the two point function of ¢ on super horizon
scale:

(k)¢ ka)) = (2m)%6%) (K + )G (7 Ko )|

H? 1 (?)
— 2m)36®) (kg + k c : , 4.143
—’”—>0*( ™) (s 1)4€cC5L,cM123 k3 <_CL7ck17'c)5sc_26%,c+776 ( )
which implies that the power spectrum of ( is given by
8 2
H? 1 [ 7\ 3t 2
Pe(rk)= —t—— (= —cpckie) TP T2l 4.144
(h =t (2) o) (140

The above expression is quite cumbersome but give us the possibility to read directly the spectral
index. Recalling the definition (1.93), we have

n¢ = 2¢7, .€c — BSe — e - (4.145)

4.4.3 Vector perturbation 7m;: mode function and power spectrum

In this section, the derivation of the mode function of the vector perturbation 7% will be computed
in detail. The procedure is conceptually identical to the case of the scalar perturbation {: once the
canonically normalized field! have been identified, the Bunch-Davies vacuum and the normaliza-
tion condition yield to the proper sub-horizon behaviour of . As for the scalar case, instead of
trying to solve directly the equation of motion of 7r, it is easier to compute the mode function of
the related variable N, and only then express mp through Nr using equation. Repeated indixes
are understood to be summed.

Let us begin by writing the vector modes as sum of the polarized components

(1, k) = > e\ (K)mra(T, k). (4.146)
A==+

where the polarization vectors satisfy the transverse condition and form an orthonormal complete
set, reported respectively as follows,

k1) =0, (e k) = b (4.147)

The quantum field 7T'%~ is decomposed further in the usual manner:

7 (1, k) = 7§\ (7, K)da () + 75 (7, k) "d] (k) (4.148)
[dA(k) dl, (k’)} = (21)3630 6@ (k — K'). (4.149)

IThe field whose quadratic action in conformal time is the one of an harmonic oscillator [52].
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4.4 Scalar, vector and tensor perturbations: mode functions and power spectra

At this point, the equations (4.102) and (4.103) form a system of differential equation of first order
relating the two vectors Ni. and 7. After that IV} has been expressed in terms of creation and
annihilation operators in the same manner as 7/, we can recast the system in terms of their mode
functions:

N+ 3HN® + 4eH*Enst =0, (4.150)
7.(.cl
Nt = —L—. (4.151)
I+ 46(12H2

Eliminating 71'%1, we reach a second order differential equation for N%l, which is, in conformal time,
N o+ aH(2+ 2e — 2u—n)Np o + [*(7)rk? + a® H? (3¢ — 6u — 3n + decq(1))] N# =0. (4.152)

Here, u is the slow-roll parameter defined in (4.64). Exploiting the time-dependence of the back-
ground quantities and keeping only the terms up to the first order in slow-roll, the above equation
becomes

1 1
N7 o — (2 +4ec — 2ue —ne)Np o + |:62(T)T]€2 + ;(360 — 6u; — 3. + 4606%76):| N# =0. (4.153)

Being this last expression an equation of the same type of (C.16), although with a different com-
bination of slow-roll parameters, we already know its solution:

Nf (k) = (=7)7" [SH“ (—krer(T)(1+ ue)) + FHP (—krer(m) (1 + uc))] : (4.154)

1

3 1
B=—=—2€+ =N+ U, Yy = 3+5Uc+770 262 e.). 4.155
2 T,c

2
In order to fix the values of £ and F, we need to know the initial condition in the deep sub-horizon
regime. This task is achieved through the imposition of the Bunch-Davies and the normalization
conditions on the canonically normalized field, here indicated as 7. One recognizes that to turn
the action (4.124) into the one of an harmonic oscillator in flat space, it is necessary to perform
the following field redefinition:
12

T = \/27€a2HMP mﬂ'g k>;>H 260,2HMP7T:1:—{ . (4156)

Since in the deep sub-horizon regime the field & obeys
7(1,k) + c2k*7(1,k) =0, (4.157)
which is the same equation as (C.8), we know that the normalized Bunch-Davies solution is given

by & — ﬁe_”ﬂ”(”“c) up to a constant phase. Consequently, we have the initial condition

for m&t:
cl 1 1

( —
T js>an 2ea?HMp \/2crk

e—ierkT(14ue) (4.158)

Exploiting the equation (4.150), we are now able to compute the mode function w%l up to first
order in slow-roll. For the same reasons we discussed in the scalar case, we can safely set F = 0;
we are therefore left with the following computation:

—deaH*Ers = NT o +3aHNT

d d
=E(-7)P (1) (3 + 3e. + B)H! (Q)+@Hgi)£
= £(=7) 7 erk(=n)HY)y + (B () +36 + ) HPQ)| . (4159)
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where we have made use of the property (B.5) and the relation (1 + ¢7 .) = 4c7 /3. Combining
(4.158) and (B.2), we get the coefficient £ at the desired order in slow-roll:

—deaHcA (—7)PHnd

€= 6 42 ©)
crk(=7)H,, +1(Q) + 3¢ e Hy, (Q)
/de H 2 —ick7(1+uc)
— (=) I (1+0(c))
—kT—o0 aMp~/cr —CTk‘THV _H(—l—oo)

—1

AcTe

\/7\/76716 © T F e 3ot (g, ) ~2ectdnetue < ) (14 0(e))

———
~H:(1—€.)

\f\/z?f“ L 52— € ) e B 0D (o) 2kt 4 O(e/2), (4.160)
Mpk 2

After some manipulations, we have the solution 7%, expressed below in a compact way:

1 5
e H €ctgNet3uc
el — z’e“(’j”ﬂ)\/?cas (T> (1— u, — 2e,)
2 VIe.Mpes k3 \Te

4 3
C?r,cecQzHﬁ?(Q)} : (4.161)

< Qi@+

where, in this case, Q = —cp(T )kT(l + ue).
The asymptotic behaviour of 7 when the mode exits the horizon is then obtained keeping the
lowest order in the slow-roll parameters, but leaving expressed the dependence on time:

iT 2 T _3
(r, k) — ietFetl) 1/ [ ZeTizgetles
7167—)0* ‘/4€CMP CTc ) T

Suc

i (kcwémc))w (F)T T e

4.2
36T,c Suc 73HC
= <T> ( CT ka )CL c€e™ %7T —55 + 0(61/2) )
T VAeMpe;, kt

where we have made use of the asymptotic form (B.3) and the relation 1 4+ c2L}c = %C%’C. In the
above expression we stressed the time-dependence of the mode function on super-horizon scales,
as well as the dependence on k.

As for the two point function, it therefore results in

(e (T, k)TN (1, K)) = (2m)30) (k + K )San st (7, k)ws (7, k)

2
—  (27)%6®) (k + K )dxn eih

§e7 ceL
kT ) 26T e e —Bue . (4.162
P de Ml%cTck5( ) —erkTe) +0(). (4.162)

The power spectrum of vector perturbation is finally given by

8 .2

9H2 T 36T, e 2
Pr(r,k e [ —cp okTe) 2L e feTNe—5Ue 4.163
(r.k) = 4ecM1%cTck5< ) (=er,chre) (4.163)

4.4.4 Tensor perturbation v: mode function and power spectrum

The full calculation of the tensor mode function can be found by the reader in Appendix C.2. In
this paragraph we will highlight just the essential steps for our discussion.
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4.4 Scalar, vector and tensor perturbations: mode functions and power spectra

The tensor modes are decomposed into their polarized components, which are of course traceless
and transverse:

% (T k) = > (k) (r.k), (4.164)
s=-+,X
() =26, kiei(k) =0,  ei(k)=0. (4.165)

Also in this case, repeated indexes are to be considered summed.
Promoting v° to quantum operator, we further decompose it as

(7, k) = ya(r, k) a* (k) + 557" (7, k)a* (= k) (4.166)
where the following algebra holds for a® and a*
[a*(k), a* T(kK)] = (27)?6®) (k — K')5°% . (4.167)

Varying the action (4.123), we get the equation of motion of the mode function v*(7, k). Using the
time-dependence of the background quantities, it results in

d? 2 d de.c?
g — (It ee) v+ <k2 + Tf) Yer = 0. (4.168)

T dr

In the same way as the previous cases of scalar and vector perturbations, we need to the solve the
()M

2 7\/5 “Yer-

Once the solution is obtained, we have to impose the usual conditions (i.e. Bunch-Davies vacuum

and normalization). The final result for 4%, which is valid up to first order in slow roll, is given by

HC e s 1 _3
(T k) = \/f M (T) (1= )’ 2042 (=r) "2 H{}) (<kr), (4.169)

Te

equation of motion for the canonically normalized field, that in this case is given by 4° =

where

3 4
vy = 3 + €. — gc%,cec. (4'170)

The mode function 7, on large scale is then obtained by the usual asymptotic behaviour of the
Hankel function H™; we thus get

T 2 H
s _ (T Chor, )t (e _ 4171
Vel kr—0+ <Tc> ( T ) <ZMP\/]€73 + O(€)> ( 7 )

It should be highlighted that, as in the case of the scalar perturbations ¢ and R, the tensor per-
turbation still evolves on super horizon scales, with a time dependence suppressed by the slow-roll
parameter e.

4.2
3CT, c€c

The two-point function for tensor perturbations on super-horizon scales is then

(7" (1, k)" (1, ka)) = (2m)36®) (k1 + ko )52 75} (7, k1) |

H? 1 (?)
—  27)38O) (ky + k) e Nl 4.172
—kT—0*t ( 7T) ( tr 1) lupz kzl)’ (_k‘ch)_Qci,cec ( )

We can read off the index of the power spectrum to first order in slow-roll from the above expression:
ny —1=2c} .e. (4.173)

Now that we have at our disposal also the power spectrum of tensor perturbations, it is possible
to compute the tensor-to-scalar ratio r. At the lowest order in slow-roll, it results in

r~ 8e.ch . (4.174)
It should be highlighted that the above value of the tensor-to-scalar ratio violates the consistency

relation (2.161) predicted by the single-field slow-roll model.
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Chapter 5

Bispectra of Solid inflation

In Chapter 3 we illustrated the methodology through which it is possible to extrapolate the pri-
mordial bispectra from the Lagrangian of a generic model. The above methodology consists of two
main steps. It is firstly necessary to derive the correct third-order interactions from the action of
the theory. In section 3.2.1, we discussed how the ADM formalism provides a scheme that allows
to have the explicit cubic interactions between the dynamical perturbation fields. Once such inter-
action terms have been derived, the second step consists in applying the in-in formalism in order
to obtain the vacuum expectation value of the product of three perturbation fields, i.e the three
point correlation function.

In the present chapter the above methodology will be applied to the model of Solid Inflation
in order to obtain some of the bispectra that are predicted by this model. More specifically, we
are interested in computing the following three-point functions to leading order in the slow-roll
parameters:

(Cmry) s (CE0) s (mrmry) s (Cv) s () s () - (5.1)

where v, ( and 7 are respectively the tensor, scalar and vector perturbation. With the exception
of ((ymr), which has yet to appear in literature, all the correlators (5.1) have been calculated in
the squezeed configuration in [31]. In the same paper, the authors did not apply the in-in formal-
ism, but rather they applied a semi-classical method in which the long-wave mode is treated as a
classical background. Such a method led to a simple and systematic derivation of almost all the
Solid Inflation bispectra, although limited to the squezeed configurations. These limited outcomes
encouraged us to work anew on the derivation of most of the three-point functions presented in
[31], this time through the application of the in-in formalism. These original results are more
comprehensive and allow to take into account the full variety of triangle configurations. The cor-
rectness of the newly calculated bispectra is based on the comparison with the outcomes of [31]:
when the same long-wave mode is considered, the bispectra reported in the above paper coincide
with those computed in this thesis.

All the forthcoming analysis will be performed within the spatially flat gauge, previously dis-
cussed in section 2.5.2 of this thesis.

5.1 The bispectrum B of Solid Inflation

A comprehensive analysis of the bispectrum of the curvature perturbation ¢ has been perfomed
both in [32] and in [9]. As it will be shown, the bispectrum of (, Be¢¢, is characterized by the
dependence on the triangular configurations of the three wave-vectors k; and not only on their cor-
responding magnitudes. As reported in [32], the 3D Cosine highlights a very small overlap of the
bispectrum shape of Solid Inflation with the Local, the Equilateral and the Orthogonal templates.

73



Bispectra of Solid inflation

Before proceeding in giving the expression of the bispectrum of ¢ as reported in [32], a relevant
aspect of Solid Inflation should be highlighted, which is at the basis of the different approach of
[32] and [9] to the computation of Be¢c. The authors of [32] derived Be¢e by assuming a fine tuned
relation between Fy and Fz, namely

Fy = —Fz +0(c). (5.2)

As explained in [32], the above condition is rather arbitrary, since it is not justified by any symmetry
of the theory. In order to better understand the origin of the above fine tuned relation, it should
be recalled that in Solid Inflation the superluminal pathology is avoided by the bounds (4.62) on
the sum Fy + Fz:

3 _
0< Fy + Fz < ZelFJ. (5.3)

The authors of [32, 31] satisfied the above condition by considering Fy- and Fz as O(1) parameters
in slow-roll. More precisely, they assumed

Iy

F

Iy
F

~0(1), (5.4)

so that (5.3) translates into (5.2). In order to calculate (((¢) to the leading order in the slow-roll
parameters, the last relation greatly simplifies the analysis of [32], leading to a reduction of the
number of interaction terms. The three-point function calculated in [32] has therefore the following
expression at leading order in the slow-roll parameters:

(Ciey (Te) Creg (Te) i (7)) = (27)263) (kg + ka2 + ka) Beee (ka, ka2, ks) (5.5)
3K/ H\" 1 1
Beee(k, ko, k) = NF (MP> @WU(khkmkfx)Q(kl,kz,ks), (5.6)

where U and @ are given by

2
Uk, ko, k3) =—— [3 (KS + kS + k§) + 20(k1koks)® + 18 (kikoks + kikyks + k1kok3)
ki koks K
+12 (K3 kS + kK3 + k3k3) + 9 (kD ka + (5perm.)) + 12 (kik3 + (5 perm.))
+ 18 (K3 k2ks + (5 perm.)) } : (5.7)
7 5 (k2 - k3)? (k; - k3)? (ky - k)2
ky, ko, k) =— - =
Q(k1, ko, k3) 81k1/€2k3 o7 (lﬁ Tk + ko ks + k3 ks
2 (kg - ka)(ks - ks)(ky - k
+7( 1-ka)(ks -k3)(ky -ks) (5.8)
3 kykoks

The resulting amplitude fy, of the bispectrum (5.6) is highly enhanced [32], being approximately

Fy 1

1 (5.9)
F e

fNL ~

However, as pointed out in [9], the above value appears an excessively high number to be
consistent with the contraints established through the Planck data [5]. In order to mitigate such
a tension, the author of [9] considered Fy and Fz as ranging in the whole allowed region of the
parameters space, which can be expressed as

3 _
{(FY7F2) ‘ O<Fy+Fz<8€|F|}. (5.10)
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Whithin this generic setting, the upper bound (5.3) is therefore potentially satisfied by

Fy
F

Fy

~ | —

~ O(e). (5.11)

The price for considering Fy and Fy as free parameters is that the complexity of the calculation
of Beee increases considerably: one should to take into account the corrections O(e) coming from
both the mode functions and the Lagrangian. Nonetheless, the author of [9] succeeded in the
computation of B¢¢¢ whitin this generic setting. The expression of his bispectrum Be¢¢ will not be
reported here, since it has a very complex form. However, the advantage of the result of [9] consists
in the possibility of modulating the Solid parameters Fy and Fyz. In particular, the setting (5.11)
leads to an accetable value of fxr, [9].

5.1.1 Specifics on method and notations

The first necessary step to address for the computation of the three-point functions (5.1) is the
expansion of the Solid Lagrangian F'(X,Y, Z) around the background value (X,Y,Z) = (a%, %, %)
up to third order in the dynamical fields 7* and ~;;. The above expansion is performed in section
A.2 of the Appendix. Aside the global factor /—g, the part of F(X,Y,Z) that includes all the

cubic interactions between the perturbation fields can be formally written as
1
Fy :.FXdX3+Fy5Yy+P}éZg+FkX5X1&X2+(FkYAFFkZ)dXUﬂé4—6FkXX(&XQS,(51%

where the subscripts in 60X, Y and 0Z denote only the number of perturbation fields contained in
the corresponding terms. However, the above notation does not make a distinction in the specific
fields interaction encoded in such terms. In order to fully express (5.12) many lenghty computations
are necessary, not reported here, however summarized in the Appendix A.2. The final results of
the above mentioned computations are the contributions that § X, Y and §Z individually provide
to (5.12). Such contributions are listed in section A.2.3 and labeled on the basis of their order and
content in fields. The contributions of (5.12) that involve a specific interaction between ;; and 7°
will be labeled by a proper subscript as follows:

ck ck ok

LEa ™Y Yy

(5.13)

As for the quantum operators, for the sake of simplicity the interaction picture fields will not
be labeled by the index I. The conventions that will be adopted in the following paragraphs on the
quantum field decomposition and their algebra is summarized below. As for the repeated indexes,
they always need to be considered summed, whether they are lower or upper ones.

e Scalar curvature perturbation in the interaction picture:

d3p
((x,7)= / (27:))3 ePX(p(T), (5.14)
(p(T) = Ca(p, )b(P) + Ci(p, IV (=) = GF (1) + (5 (7) - (5.15)

e Tensor perturbation in the interaction picture:

3
)= Y [ Gl ena. (5.16)

s=-4,X

1 (7) = va(p, 7)a’(p) + 7 (p, T)a (=p) = 1T (1) + 57 (7). (5.17)

The two polarization tensors e:rj’x satisty the transverse conditions p;e; (p) = 0 and the
traceless condition €, = 0
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e Vector perturbation in the interaction picture:

dp
XT szz

(P)77 p(7) (5.18)

7p(T) = T1c (p7 7)dNp) + 7 (p, )N (=p) = 7y T (1) + 7 (7). (5.19)
The polarization vectors ei’f satisfy the transverse condition pief\(p) =0.

The associated operator algebra is determined by the following commutators,

(G0, G )] =m0, 10 (b + D). (5:20)
[t (), 3 ()] = @7 (e, D w78 6 (b 4+ B), (5.21)
[mat (1), i ()] = Cr)*rra(p, T a(p, 7)Y 0 (b 4 D), (5.22)

while all the other commutators are identically null. The above relations will have a prominent
role in the computation of all the forthcoming three-point functions.

Since we are interested in the computation of the three-point functions (5.1) to leading order
in the slow-roll parameters, a(7) will be the scale factor of the de-Sitter space,

1
a(t) = ——, 5.23
() =~ (5.23)
while the quantities H, ¢, cr,, cr will be considered as constants. The perturbation mode functions
will be therefore approximated to leading order in the slow-roll parameters:

o m cr, H 5
o) = i e a1 ek
P L

_ H : Loro o) —icpkr
= Wm (1 +icpkT — chk; T ) e ) (5.24)

H
ra(rib) = iy 5 2 (epkr) Y (erkr)

Adech kS

—3H 1 ,
(1 +ierkT — 3c%k%2> e terkt (5.25)

NI

Yer (T, k) \/7MP\/> kT) ( kT)
H

= j—— (1 4 ik7) e 7. 5.26

NCTTE ( ) (5.26)
The explicit form of the Hankel functions of fractional order is derived from the general formula
(B.6) reported in the Appendix B. When the bispectra (5.1) will be evaluated in the squeezed
configuration, it is convenient to express the result through the power spectra at the end of inflation.
To leading order in slow-roll, they result in

H? 1 9H? 1 H? 1

P, —, P —-, P =— . 2
C(k) T(k) 4€CTM2 k5 V(k) Mp2 k3 (5 7)

46M2 o k3

A further comment should be given about the following integral, which will appear in all the
three-point functions in (5.1):
Te eiKﬂ'
/ dr . (5.28)

—oo(1—i€) T
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5.2 Interactions involving one v and two 7w

Here, 7. denotes the conformal time coordinate of the end of inflation (7. < 0), while K is the sum
of the three wave-numbers magnitudes. The expression (5.28) is simply related to the Exponential
Integral Ey(z) [1], which is defined, for complex z, as

Ei(2) = /00 dx %x ) (|Arg(2)| < ). (5.29)

In the above definition it is assumed that the path of integration excludes the origin and does not
cross the negative real axis. Through a /2 rotation of the time coordinate in the complex plane,
i.e. T — 47T, in conjunction with the rescaling x = K;7, the integral (5.28) becomes

Ky Te e—m
/ de— = —E1(iK,7.). (5.30)

—ico(1—ie) T

An important property of F;(z) is that it admits the following series expansion [1],
= (e
E =—v-—1 — - 5.31
) =y nte) = 30 0 (5.3)

where 7 is the Euler-Mascheroni constant (y & 0.577). Since only the real part of —F (iK;7.)
evaluated at K;7, &~ 0 will be considered, the series expansion (5.31) provides the following relation,

Re| — B (’L'KtTe)} ~ 7 +1In(—K;r.) =+ Ni, , (5.32)

where Ng, represents the number of e-foldings from the time the scale corresponding to K; has
left the horizon during inflation and the end of inflation.

The remaining part of this chapter is structured with each section beginning with one of the
cubic interaction Lagrangian in (5.13). In addition, each section will contain the detailed compu-
tation of the bispectra that will be extrapolated from the above mentioned cubic term. The final
results will be the analytic expressions of the bispectra listed in (5.1). In line with the approach
of [9], we prefer to consider Fy and F as independent parameters in the region (5.10). We will
illustrate, as well, how to consistently reproduce the results of [31].

5.2 Interactions involving one v and two 7

The cubic part of the Solid Lagrangian that involves the coupling between one tensor 7;; and two
perturbation fields 7* is given by

‘C"I/?’TTW =Vv—g I:FX(SX’Y’ITTF + FY(SY'yTrﬂ' + FZ(SZ’\/TFTI'

+ Fxx0X70Xm + (Fxy + Fx7)0Xx0¥r] . (5.33)
The explicit form of the above Lagrangian can be constructed out of the expressions of
0Xr, 0 Xyn, 0Xynn, OYor, Yorn, 0Zyxr, (5.34)
which are reported in section A.2.3. By plugging those expressions in (5.33), we obtain
Fx 4Fxx -
Efm :ag{ - ?%jaﬂkajwk - T%j&-W”@kwk

8 . 4 4 .2 . ,
+ Fy |:9"}/1'jaiﬂ'jak7l'k — §fyij8nrk6j7rk — §'yij8i7rk8k7r3 — 9’yijakﬂlak71'j:|
32 : 5 2 1 ) )
+ Fy —%jamﬂakwk — f%jamkﬁﬂk — f%jéﬂkaw — *%j@kﬂ'lakﬂd
27 9 3 3
8

. 2a2 i N .
- W<FXY + sz)yijamjakwk + 7(Fy + FZ)’)/ij(’/T - N )(71'] — Nj)} . (535)
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where the global factor a® is due to /—g, being g the determinant of the backgroung metric. The
last line is O(€?), since

(7' =N) ~O(e),  (Fy +Fz) <elF|,  (Fxy +Fxz)~0(e). (5.36)

The corresponding terms will thus be neglected in the forthcoming calculations. Through the
relations

3 FxX_ FX)(X
a2’ P © Fx

we obtain the contributions to the interaction Solid Lagrangian ,Cfm up to first order in €, namely,

~F=3M3H?, X= =-1+0(e), (5.37)

4Fy 5Fy 4 8Fy 32Fy ;
F 3as2 172 k k k
= MH%[ 4o X 222 grkgnt — (et S 4 2222 ) g gy
Lore =a*MpH (6 3F 3F)8 % <3€ 3F 9 F)a O
QPY }Z i j 4 Y Z k j
(25 E2) g igeni + (25 92 kg, ] .
(3 )ak Ok 3 0; " Ok } (5.38)

The above formula is also reported in [9]. In the latter, the author used (5.38) in order to compute
the bispectrum involving one tensor v and two scalars ¢ through the in-in formalism. However,
in [9] the last steps were omitted and the squeezed limit was directly obtained. The analytic
expression of (y(¢) for generic triangular configurations were not reported in the above paper.
Nonetheless, the form of By¢¢ for ky ~ 0 in [9] provides an additional cross-check on the validity
of the result that we will derive in section 5.2.2.

By splitting the field 7 into its longitudinal and transverse components,

87;7TL
V—V2
the cubic terms in 7* and 7i; of (5.38) will generate all the mixed-type interactions between the
primordial perturbations «y, 77 and ¢, the latter being related to the longitudinal part of 7* by

+ 7k (5.39)

=7 47Ty =

k
C(k) = —gmr(k). (5.40)
The above splitting will produce the interaction Lagrangians {£$wa Effcc, vafrer}’ from which

we will extrapolate the corresponding bispectra.

5.2.1 The y(mr bispectrum

Interactions of the scalar-tensor-vector type are generated in the non-linear dynamics. Within
Solid Inflation, vector perturbations do not decay since they are sourced by the anistropic stress
(see (4.93)). The leading contribution of the Solid Lagrangian F(X,Y, Z) to such an interaction
in the spatially flat gauge are encoded in the term LECWT, which will be derived below. We are
ultimately interested in the correlator (y(mr) and its corresponding bispectrum, which does not
appear in literature. Because of this reason, we choose to analyze thoroughly the calculation of
the bispectrum under consideration.

In order to derive LfCﬂT, it is necessary to implement in (5.38) the splitting of the field 7 into
its longitudinal and transverse components and then keep just the terms ywpmpr. The following
properties will be used in the calculations:

Yi; = Vji» 81971'];% = O7 8171'% = 8]'71'2 . (541)

Given the above considerations, the different types of tensor contractions that appear in (5.38)
contribute to E%WT with the following terms:

%j&»wkajwk ;) Yij (aiwfajw:’? + 81‘71'5«8]‘71'12) = 2%j8i7r28j7r:’? 5 (5.42

’)/ijaiﬂ'jakﬂ'k 2 %jaﬂréﬁkwf s (543

%jﬁmkakﬂj 2 Vij ((’%ﬂ'ﬁ@kﬂ'gp + amil,i@kﬂi) = 'yijakﬂiamr?p + %jamfajn; , (5.44

'yij(’?kwiakwj 2 Vij (amgam; + 8k7riak7r%) = 2%j('“)k7r26k7r%. (5.45
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5.2 Interactions involving one v and two 7w

The resulting interaction Lagrangian LEMT is reported below, where the relation (5.40) between
¢ and 7, is understood:

Fy 16 Fy
£'YC7TT _GSMI%HQ'Y»U |: (26 + 47 + ? F ) 8 7TL8 7TT
4 8F, 32F SFy  Fz\. .. .
- <3€ + g? + — 9 F > 3k7rL827rT <3F +4—= Ia > ak’iTLak’iT%] . (546)

In order to implement the in-in formalism, the subsequent step consists in promoting the
fields that partecipate to the interaction to quantum operators in the interaction picture. The
quantization of the perturbation fields is given in (5.14), (5.16) and (5.18). The Hamiltonian
H. ¢, in the interaction picture will then be constructed out of these fields. As explained in
section 3.2.6, it can be argued that

Hoytng (7) = —Lyenn (7) = / P Lh, (7). (5.47)

since no time-derivative of the perturbation fields appear in E%WT. This is true for all the cases
discussed in the present chapter.

At this point of the discussion, it is useful to express H.¢r, through Fourier space variables
beacause such a form will be systematically applied in all the forthcoming calculations. As an
example, let us consider the term %jam]Takn’g in (5.46). In Fourier space, we get,

/d?’x(%jam%@kwf) (X, T) =

9
/dsx (21) /d3p1d3p2d3p3 oix-(P1+Pa-+Ps)
7

S (pa) (7) [(im» S A ps)mh e <r>] [(”)“”“)w <r>] -
s A

%)
oy [ T Som)
>[5 01)e) (Pa)psi (753 ) v, ()72 (1) (272,02 (7)) ] (5.48)
$,A

where p; = %. The three wave-numbers are now manifestly subjected to the constraint

P1i +Pp2; + 3, =0. (5.49)

By exploiting the transversality condition

€;j(P1)psi = —€75(P1) (p2i + p1i) = —€;;(P1)p2i, (5.50)

in conjunction with the replacement of 7y, in favour of ¢ through (5.40), the formula (5.48) acquires
a simple form:

/dgx ’Yijaiﬂ'éwakﬂf) (X, 7') =
—3 3 3
()8 Z/ H d3py 6¢ )<Zpa> €} (P3)p2i Vo, (T)T7 py (T)Cpa (T) - (5.51)

Once the same manipulations have been performed on every term in (5.46), the sum of all these
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terms produces the expression of H,¢r, in Fourier space variables:

. 3
—H\¢nr (1) =a® H? M} (23;:)6/Hld3pa (Zm) > e pl)[

S,

8 F F — .
+ <3; +4 FZ> (p%psk)ﬁf(m)p%

Fy 16 Fy N
(2 +47+ 3 F) (62(P3)p2k>p2ip2j
4 8Fy 32Fz)\ , .
+ <€ g? + — 9 F > € (p3)p2j] ’Ypl( )sz( )ﬂ'T PS(T) (552)

All the constituents necessary to compute the three-point function (y(mr) evaluated at the end
the inflationary stage (7.) are now available. By following the methodology exposed in section
3.2.6 and the simplified notation that has been explained in 5.1.1, the three-point correlator under
consideration is therefore given by

<’Vs (kla Te)((kZ; Te)wé\’(k& Te)> =—i / dr a(7)< [’YISQ (TS)CIQ (Te)ﬂ—%’,k3 (Te) ) H’YCWT (T)} > (553)
We focus for the moment on the part of (5.53) that involves quantum operators, which is

([ (7o) Giea (T )T 1y (Te) s Vi (7)Cpa (7)1 g (7 )}% (5.54)

According to the methodology exposed in 3.2.6, the the Wick contractions which have to be
considered are

|
Viea (7e)Giea (7e) T2 1eq (T )T (7 )sz( )Ty (7). (5.55)

Only the above contractions survive inside the vacuum expectation value, leading to

s (70 (s (7 (i (P (7) =

(1), 1 (0] G (7)o ()] [mis () m™ (7)) =
2m) 2 yer (b1, e )V (P15 7)ot (ks 7)oy (D2, )7, et (K3 y Te )Tt (D3, T)
x 6550 60 (ky + p1)8® (kz + p2)d® (ks + ps) - (5.56)

By using the explicit form of the mode functions (5.24), (5.25) and (5.26), equation (5.53) becomes

(s (7)o () (7)) = (2706 (ky + g+ Keg) o (H) !

16€2c3 ey \ M ) k3k3k3
) SFy  Fy\ s~ _ Fy 16 F, ~\~
€i;(ki) (3F +4—= 7 ) (kgkk?,k) €; (ka)ka; — (26 + 4? T BF) (62(k3)k2k) haikai
4 8 Iy 32 Fy . 77
+ <3 + 3T + 9F) Gl\(ks)kzj] {223[11(/% ka, ka)} } . (5.57)

Here, the symbol Iy (k1, k2, k3) denotes the following integral in conformal time,

I (k1 ko, k3) = / ) ‘j_T (1 —iky7) (1 — ikor — %15372) (1 —iksT — %l_fgrz)eif(”, (5.58)
oo (1—1ie)

while the meaning of the above notation is given by

k1 =k, ks = crka, ks = crks, K=k +ky+ks. (5.59)
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The computation of the integral I; can be performed with the method of integration by parts.
Two aspects of the calculation are worth to be emphasized. The first is about the contour of
integration, which damps the exponential factor at early times. The second aspect is that, for
K;7. = A =~ 0, many primitives are of the form Kt% = % +iK; + O(A). By discarding all the

terms O(A), the computation of I; leads to
K3 Te eif(t‘r
RN 2kT 4+ ) k7 / dr
3A3 ( Z ) —oo(1—ie) T

2
_ Q{Kt <3k2 Zk2 S kik; ) kaky [Kt (3k1k2 + 3kks +k2k3) +k1k2k31 } (5.60)

1<J

I (k1, ko, k3) =

It should be noted the appearance of the integral (5.28) in the right hand side of the above equa-
tion. As it has been discussed in 5.1.1, the real part of such an integral is approximated by v+ N,
being v the Euler-Mascheroni constant and Ng, the number of e-foldings from the time the scale
corresponding to K; has left the horizon and the time of the end of inflation.

By plugging the imaginary part of (5.60) into (5.57), we finally get the expression of the three-
point function and the corresponding bispectrum:

<71i1 (Te)Ckz (Te)ﬂ.ﬁg (Te)> = (27T)36(3) (kl + k2 + k3)B§</>rT (klkaa k3) ) (561)
where
B2 (ky,k k)_i H 4#
e BLED BT e B\ M) kKK
s 8Fy  Fz\ (i~ —~ Fy 16 Fy N\~
éij(kl) (3F +4— I ) (k‘gkkgk)E?(k:g)k‘gj — (26 + 4? + 3F> (62(k3)k2k> kgikgj

4  8Fy  32F
+< Y Z

§€+§7+ 9 F)Gf\(k3)k2j

{315:1”(7+Nm> K, 3k2+2k2 > kik;
1<j
} . (5.62)

k2k3

t

[Kt (3k1k2 + 3k ks + k2k3) T Feykoks

5.2.2 The v(( bispectrum

The correlator (y¢¢) will be extrapolated from the cubic Lagrangian that involves two 7, and one
~, which in our convention is denoted by /35«. The latter is included in (5.38) and it is constructed

out of the longitudinal component of 7?. One can readily obtain the expression of Efj“ through
the identification 7! = 7% in (5.38), in conjunction with the property Opmt = 9;wk. The final
result is given by

10Fy, 14Fy 4 8F, 32Fy
cti=emgin (5 5 )amnr, (e 5+ 0 amnn].
(5.63)
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The Hamiltonian operator H.¢¢ is then expressed by variables and fields in Fourier space as follows:

9a M2 H2
vee(T / dPx L = / Hdgpa 6 (sz;)

s 10Fy 14F,
Z%(Pl) T TFTIT D2iD3; (pszSk)
S

(A 8Fy 32Kz
3¢T3 7 T )PP

’yp1 ( )sz (T)Cpa (7—) . (5.64)

The above form has been obtained by using €;;(k)k; ; = 0, (pli + P2 —l—pg,i) =0and pppr = 1.
The correlator (y((¢) is then derived through

(O (7)o ()i (7)) = =i [ T‘”‘( ar{ [y (70)Ga ()i (72) , Hoce(T)]). (5.69)

oco(1—ie)

Only the Wick contractions reported below will survive in the expectation value of the vacuum
state of the free theory:

<’Ylsc1 (Te)<k2 (Te)Cks (76)7183/1 (T)sz (T)Cps (T)> =
r I 1o/ | r I 1.
(017, (e ) ez (e ) Gies (T )V, (T)Cpa (T) G (T) + iy (Te) Giea (Te ) Gies (7)Y, (T)pa (T) s (T)[0) =

017 (72) , o™ (7)] ([c;: (7e) s G (D] [ G () G ()] + (2 2 p3>> 0) =

(2m)26°' 83 (k1 + p1)d® (k2 + p2)d® (ks + p3)
x5 (b1, me) (7 (01, 7)) Caa (B 7e) o (D20 7)ot (s, 7)o (03, 7) + (p2 4 p3) - (5.66)

By plugging the above expression in (5.65), we get the following intermediate result:

(Vi (Te)Ciea (Te) Giea (o)) = 18MB(2m)?6) (ky + ko + ks)fs(kl)ij[

10 Fy 14 Fy 2 4Fy 16 Fyz ~ ~ ~ o~
(6 + 3? + = 3 F > k‘21k'33 (k)zkkBk) <3€ + g? + QF) <k2ik2]’ + kgikgj)}

Te

x iviz(kl,re)Ccz(kz,Te)Ccz(ks,Te)/ dra* H?y5f (ky, 7)o (ka, 7)Co (ks, 7) + (c.c.) . (5.67)

—oo(1—1t€)

The last line of (5.67) will produce, in addition to a pre-factor, an integral of the same form of
I (1, kg, k3) in (5.58). More specifically, we get

Te

IMEH (7)ot (7e)Car(72) / drat o3} (T)CUTIC(T) + (e.0) =

—oo(l—ie)
H \* 1 P
(2 - \/E> e B[R]} (5.68)
where
ki =k, ko = crka, ks = crks, Ki=Fki+ko+ks. (5.69)

On the basis of the result (5.60), it is therefore possible to provide the three-point function (y¢¢)
and the corresponding bispectrum:

(7 (Ter k1 )C (Te, k2)C (Te, k3)) = (2m)30®) (ky + ko + k3) B.ye¢ (K1, ko, k3) (5.70)
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where

1/ H\* 1 IR
ket =5 (577) g ()

10 F; 14 F 2 4 F; 16 F
ij(kl) |:<6 + 77}/ _|_ Z) k21k3] (kak3k) ( _|_ 77Y + — Z) <k21k2] + k31k‘3]):|

3 F 3 F 373 F "9 F
2 kok o
{Kt 3kT + Z K — ; kik; | + % [Kt (3k1k2 + 3k ks + k2k3) + klkrgk:g]
3k (7 + NI—Q) } . (5.71)

We will now test the correctness of the above bispectrum form through a comparison with the
results reported in literature. Since both in [9] and [31] the bispectrum B.¢¢ is given for long
tensor modes, we have to take in (5.71) the limit k; ~ 0, k2 ~ k3 :

5(H\" 1 1 2F 10Fy,
Bvcc(klﬁ(),k%kz):g <MP> W 1](k1)k22k2] (3 +3F+9F)

€ 2Fy 1OFZ

5 P
. ) I L P2 ) S (k 1y 72
3 C(k‘g) (k‘l) L ( 3 + 3 F + 9 F ) GU( 1)]4521]{5% (5.72)

The above squeezed bispectrum is in agreement with the result of [9]. In order to consistently
recover the result of [31], one should neglect the contribution €/3 in (5.72) and cease to consider
Fy and Fz as independent parameters, by setting Fy = —Fz + O(e).

5.2.3 The yrprmr bispectrum

The cubic Lagrangian interaction £f is obtained by identifying 7* = 7% in (5.38) and exploiting

YTTTT
8k7TT =0:
. 4 F 5F
F 3172 2 Y Z k k
E"/‘n’TTrT =a’H MP/WJ' < + g? + 3F) 8iTrTaﬂrT
2 Iy F - ; 4 F; F ;
+ <3; + ;) OO + (31;/ +2 ;) 8ﬂr’%3k7r%] . (5.73)

The Hamiltonian operator H. .~ expressed through variables and fields in Fourier space therefore
results in

3M2H
_H"/‘IFTWT :/dsx‘csﬂT'nT == P /H d3pa 6(3 (Zpb>

ZS:AZA: €;5(p1) ( + %% + gI;Z) ( Y(p2)ey? (p3))p2ip3j
(2? FI;Z) GZ\I(P2)€?2 (P3) (pzkp3k)
+ (;Lif 21;2) (621(p2)p3k>5;\2 (Ps)p%] ¥5, ()L (r)mp2 (1) . (5.74)

With regard to the expectation value (ymprmr) provided by the in-in formalism, we now focus on
the Wick contractions surviving in (0|Yi, Tk, kg Hyrpmr |0). We will report directly the final result,
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since the calculation is analogous to the one reported in the previous section:
s A1 PRNED U VNP VI ¥
(01, Tien Tiee Hoymmr 0) D {01V, T Miea Y, Tpa Tpa|0)
= (2m)%6°6®) (kg + p1) {5’\1’\36’\2A35(3)(k2 +p2)6® (ks + ps)
+ (p2, M) <—*(1037)\/2)}%1(76‘1,7'6)7TT,cl(/<7277‘e)7TT,cl(7<73,7‘6)%*1(171,7‘)77},51(1!7277’)7T§*,cl(17377‘)- (5.75)

In the expression of the three-point function (ympmr) the above contractions will produce

(i (re)migh (re)m2 (1)) = —2(2m)*6' (ky + k2 + k)

AFy 5F
Efj(kl){ (6+ 57 Z) (- 2)kaiky;

3F 3F
2 Fy F
+ (3}: + ;) (]412 : k3)€?1€;\2 + (kg . 6)\1)]621‘6;\2 + (/452 . €>\2)]€3i€;\1‘| }
X iM}%H2’ycl(Te)7TT,cl(Te>7TT)cl(Te)/ ) o dTa4’ycl(T)7TT7cl(T)WT,cl(T) + (c.c.) (5.76)
—oo(l—1ie

Given that the mode function 7 (k,7) has the same time-dependence of (. (k,7) (see (5.24) and
(5.25)), the last line of (5.76) will produce the integral Iy (ki, k2, k3), with k; properly defined for
the case under consideration:

kl = kl s ]_62 = CTkQ 5 ]_63 = CTkg . (577)
The three-point function {(ymprmr) and the corresponding bispectrum are therefore given by
ey (T) Ty ()77, (7)) = (27)°61%) (ka + Kz + ka) By 2, (ki ko k), (5.78)

where

9/ H\' 1 1
BS}\l)\z k k k = —— e S5 10
"/7TT7TT( 1, K2, 3) 4 (MP> 620%10 <k%k§kg>

efj(kl){ (e Lo 5FZ> (&1(1@) e (k3)>k2ik3j

3 F 3 F
2 F F
+ (3; + ;) (kg 'k3>€;\1 (kz)ﬁ?Q (k3) + <k3 . GAl)kQZf;\z + (kg . 6A2>k3i€;1] }

(. , N Reks [N
{Kt <3kf + R - kik:]) + = th (3k1ks + 3K 1 ks + ok ) + klkgk;g]
i t

1<J
+ 33 (7 + NI—Q) } . (5.79)

In order to compare the above result with the one in [31], it is firstly necessary to consider the
squeezed limit configuration with the tensor mode taken as the long mode, i.e. q =k; =~ 0, ky ~

—kgl
Bs)\1)\2 ( k _k) — _ﬁ i ! 1 1
yrrrr Dy K . s \ a1 626; q3k;5
s 4 Fy 5 Fy A\ M ~ 2 Fy Fy A Ay
Qj((l) <6+3 F +3 F) (6 (k) € ( k))klkj 3 F + I3 €; (k)éj ( k)

) 1
— 2P (q) P (k) — €5
2 ’Y(q) T( )ec%Glj(q) 3 F 3 F

4 F F, ~ ~ 2 F, F
(e +-X 4 5Z> (M- M)kiky + <Y + Z) 6?‘16’\21 . (5.80)
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In the above analysis Fy and Fyz are assumed to be independent parameters. In order to consis-
tently reproduce the result in [31], the contribution € in (5.80) must be neglected and it must be
further imposed the relation Fy = —Fz 4+ O(¢). Once these steps have been performed, (5.80)
coincides with the squeezed bispectrum in [31].

5.3 Interactions involving two v and one 7
The cubic part of the Solid Lagrangian that involves the coupling between two tensors perturbations

v;; and one 7* is given by

,CF =+—g Fx(SX.WW + Fy(SY.YWT + Fz(SZ,Wﬂ— + FX)((SXﬂ(SX»W + (FXY + sz)(sXﬂ(SYpW

Yy
(5.81)
Because (Fxy + Fxz) is O(e?) the corresponding contribution hereafter will be neglected.
In order to compute explicitely (5.81) one should calculate the expressions of { 6 X, 6 X+, 0Xyyr, 0Yyyr, 62 r )

These last terms are reported in section A.2.3. Once they have been inserted in (5.81), the cubic
Lagrangian Efw results in

F o2 .2 8 .
Ly, =ad %Vijijale + gFY’Yij'ijale - §FY’Yij’in3k7rk + §FZ'Yij’ijak7Tz
8 Fxx
*EFZVijVjiaka + a4%‘ﬂjiakﬂk] . (5.82)

By using the definition of the background quantities

_ 3 FyX FxxX?2
F=—3H?M?2, X==, X?:e, %:—HO(EZ), (5.83)

the cubic Lagrangian (5.81) up to first order in the slow-roll parameter will be thus given by

ﬁF = LLSM]%HQA(’}/ij’yijakﬂ'k — 3’)/ik’yjkai’ﬂ'j) , (584)

T

where 5 I S F
€ Y Z

A=-
3+3F +9F

The above expression equals the same interaction Lagrangian in [31], provided that the condition
Fy = —Fz 4+ O(e) is imposed and the contributions O(e) are discarded.

(5.85)

5.3.1 The yy( bispectrum
The Lagrangian /“:5*/4 is inferred from (5.84) by simply identifying 7* with its longitudinal compo-

nent 7%, namely
L= GSMPH2A<%]%J'3MT§ - 37ik7jkaiﬂji) ) (5.86)

which readily leads to the Hamiltonian operator M., expressed through fields and variables in

Fourier space:
3a3M2 H2A
"/’YC /d xﬁw( / H dgp“ o) <Z pb)

S [ po)es; (p2) — 3¢ <p1>ek] <p2>p3]p31} 8 (7932 (7)pa (7). (5.87)

$182
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Since the contraction rules have been extensively discussed in the previous sections, we can go
directly to the outcome of the in-in formula applied to the correlator (yy():

ey (Te) e (7e) Gies (7)) = —i/dTa (O] [ (Te) s (Te)Cia (7e) » Hoyn(7)] 10)

— (27763 (kg + K + k)34 [ -1 R S
Mp 460‘2 (klkg)Skg

[81(1{1) 2 (ko) — 36fé(k1)62§(k2)k;];3;—|—(k1,81)<—>(kg,Sg)]i]g(kl,kg,kg)—|—(c.c.). (5.88)

The permutations are produced by the Wick contractions between the v operators and they lead to
a global factor 2, because of the symmetry of the above expression in k1 <> ka. As for I5(kq, ko, k3),
it denotes the following integral:

Te

Io(k1, Fo k) = / it (1 - zle) (1 - z’l’m) (1 kT — %];?572)€iK“T : (5.89)

—oo(1—ie) T4
where ~ ~ ~ - ~ ~ ~
ki=k, ko=ky, ks=crks, Ki=k +ko+ks. (590)

By defining A = K;7, ~ 0, the computation of the integral Iy can be performed by following
the same method that has been used for I; and reported in section 5.2.1. The result of such a
computation is the expression below:

= = = 1 K2 1 (- _ o
12(k17k27k3):_ W‘FE—FQ k%ﬁ-k%—z’gk&
1<J
1 _ =9 =9 _ —o - _ o Te eif(tr
—|—§ K, k1—|—k2—2kikj + k3(k1 + ko) + 3k1kaks / ( _)dr .
1<J —oo(l—1ie
. KS Kt 72 72 T T Zillzlgzlg
—i ? + 3 kY + k3 — ;kikj + 3%, (5.91)

The appearance of the integral (5.28) should be noticed, whose real part approximately corresponds
to the number of e-foldings Ng,. In the previous bispectra, where only one v was involved, the
term Ng, was suppressed in the squeezed configurations with long tensor modes. As it will be
shown in a moment, the bispectra that include two or more tensor perturbations + maintain this
sizeable contribution when the mode of the third perturbation involved is taken as the long mode.

Given the above considerations, the final expression of (5.88) results in
(et (TN (7e) ey (7)) = (2m)°6) (ka + kg + kg) B2 (ka, k2, k) , (5.92)
where
H\*'1 1 Fy 8Fy
B2 (ki kaks) = () —5 s (€270 + 2 2
'Y’YC( 1,82, 3) (MP> 60% (k1k2k3)3 <6+ F + 3 F>

[31(1{1) 2 (kg) — 3;,;(1{1)6;;(1{2)@@]

1. (-
X{_?, K; k‘%-i-k‘? ijk +k‘3 k‘1+k2)+3k1k2k‘3 (’}/-‘FN[‘Q)
1<J
- i+& B+ = kik; +@ (5.93)
9 3 |t Kj” 3K, ‘ ’



5.3 Interactions involving two v and one 7

We will now compare (5.93) with the same bispectra reported in [31] by following the method
that we have adopted so far. In the squeezed configuration ks = q =~ 0, —ks ~ k1 = k, where the
scalar perturbation ¢ represents the long mode, the term Ng, provides the dominant contribution:

H\"'34 1
B2 (k,—k,q) = | ——
77(( ’ 7q) <]M6)) ECL (k2 ) [

[ 1)

8 S S2 S1 S2 —
~ =2 BAP, (R)Pc(q) [} (K)es3 (—k) — 3e3t ()6} (—k)5; 31| In(—kr.) . (5.94)

€33 (k)e (k) — Be3t ()5 (k) 5, |

which agrees with the result in [31] for A = —25x .

5.3.2 The yymr bispectrum

The cubic Lagrangian E -
pears:

 is simpler with respect to 55747 since the first term in (5.81) disap-

£ = —3a® MEH?Ayipy10im) (5.95)

YT

where A is the coefficient defined in (5.85). The Hamiltonian operator Hyr, is then given by

L APMAH? [ 3
—Hoyyrp () = /d?’xﬁfwT = _ZSAW / H Ppa 5 (Zpb>
a=1 b=1
Z Z [ 1 (P1)e; (P2)€; (Pa)psj]vgi (T)7p2 (7')71'%, pa(T) - (5.96)

S152 A

The three-point function (yy7mr) is derived from the in-in formula in the same manner as the
previous case. The mode function of mp ; and (., aside from the pre-factor, have an identical time-
dependence (see (5.24) and (5.25)). As for the Wick contractions, they are identical to the previous
case, with the exception of the appearance of 5 that encodes the polarization information of the
vector. The in-in formula therefore yields

(s (Te) e (Te) T,y (7)) = *i/dT a(0] [ (Te) 1 (7e) 7 15 (Te) s Hoyrr (7)] 10)

, 9/ H\"34 1
21)%5®) (ky + ks + K () 41
(2m)70 (ke + k2 + k) Mp ) ecq (kika)3k3

X 2i lkgieﬁ(kg) (q,; (ka)e (ko) + (k1s1) ¢ (km))] %[12(1% ks, chg)} . (5.97)

In order to achieve the final result, one should insert the imaginary part of the integral I> defined
in (5.89) in the above expression. By introducing the notation

ki=ky, ko=ky, ks=ks, K, =k +ky+ks, (5.98)
the three-point function is therefore,

O (Te) N (7e)77, 1y (7)) = (2m)*6' (K + k2 + ka) B3 7 (ka ko, Ks), (5.99)
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where the corresponding bispectrum is given by

9/ H\* 1 1 Fy 8Fy,
B5% N (ki ko ks) =ic (—— | — 2— +
T ( 1, K2, 3) Z2 (MP) EC% (k1k2)3k§ (€+ Ia +3 Ia

X [k‘gﬁ?(k,g)(Gf]i(kl)Gz;(kz) + (k‘181) < (k‘gSg))

11 - (- _ o o _ o
x{3 Ky [ B?+ k3 = kikj | + k3 (ky + ko) + 3k kaks (7+th)

1<J

B Ky oy o=\ Fikak2
L S B =Y Rk E . 1
el ; i+ (5.100)

In the squeezed limit kg = q =~ 0, —ks =~ k; = k, the above bispectrum shows the same
dominant logarithmic enhancement of the previous case, namely

B,SYIW‘;%)‘(k, ~k,q) ~ 4i A P, (k)Pr(q)e}(q)g; [ef,i (k)eps (k) + €7 (—k)ez; (k)} In(—k7.), (5.101)

. : F
which agrees with [31] for A = —2£x .

5.4 Interaction involving three vy

The last non-linear interaction that will be discussed is encoded in the cubic part of the Solid
Lagrangian involving three tensor perturbations. In line with the approximation that we have
chosen, only the terms up to first order in the slow-roll parameters will be considered. We are
therefore interested in the following third-order Lagrangian:
F o _ 7
EWW =v~g

Fx 06Xy + Fy 6V + F70 7 (5.102)

We are able to compute explicitely (5.102) through the expressions of 6X,,, 6Y,,, and 62,
reported in section A.2.3. The resulting cubic Lagrangian is therefore given by

F
‘C’Y’YV - 3

- G3M‘%H2 € Fy 4FZ
2 F 3F

-+ =+ ) Tr(*), (5.103)
where the background relations (5.83) have been used.

5.4.1 The yyy bispectrum

For the sake of simplicity, we introduce in (5.103) the factor

1 € Fy 4FZ
B=-|-+—+--+]. 104
3<2+F+3F) (5.104)

As per the previous cases, the Hamiltonian operator H.,,. is derived from ,CEW:

a*M2H?B [ >
—Hyyy (1) = /deﬁ,fW T ens / H d*pq 0 <Zpb
a=1

b=1
37 ) (p2)es: (Pa) ik ()72 (1) () - (5.105)

§18283
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5.4 Interaction involving three v

The expectation value (yyv) is provided by the usual in-in formula,

(Miex (Te) ey (Te) iy (7e)) = —i / dr a0 [l (re) ez (Te)nes (Te) » Hoyrer (7)]10) - (5.106)
The terms surviving in (0] %2 %3 Ho+~|0) are six in total, deriving from all the possible Wick
contractions. The results of these contractions are reported below, where the permutation of p; is
understood to happen in conjuction with s:

(O M2 e Hoymny (1)10) D (017 (Te) 132 (Te) e (Te)vpn (T)vp2 (7)1 (7)]0)

_ (27‘1’)9 |f531$/1 632s’25$3$§5(3) (kl + p1)5(3) (kl + p1)§(3) (k1 + p1)

P17 P2 P1—P3
+prep) P ep)+Peop)+ | p2—=p3 |+ p2—=m

pP3 — P1 p3 — P2
X Vel (Tes k1) Vet (Tes k2) Vet (Te, k3 )i (T,01) 7 (T,02) 7 (T, 03) - (5.107)

Once the above expression has been inserted in the in-in integral (5.106), despite the abundance of
permutations, the cyclic property of the trace makes possible to sum all the above contributions.
We therefore get

3
/ [T dra Y- eiesias (v ir =y ™y i9"ay) = 6T [ ee | 33 vi (v )" - (5.108)
a=1 818283

Once the mode function (5.26) has been inserted in (5.106), the three-point function results in

H\"* 6B
B (s (i (7)) = (208 s e i) (57 ) s
X Trle (ka )e*? (ka)e* (ks)] l 23 (I (k. hz, kg))] , (5.109)
where I3 denotes the following integral:
Is(ky, ko, k3) = /:(“6) dT%(l — ik 7)(1 — ikyT)(1 — ikgr)eiFithatha)T (5.110)

The analytic form of I3 can be obtained in the same manner of I; and I, respectively defined in
(5.58) and (5.89). We report below only its imaginary part, where K; = ki + ko + k3 is undestood:

3
1
S[Ig(kl,kg,ky,) = — oK [ 420K+ Y kik,
i=1 1<J
+ B ikz—Zkyh + kikoks | [ 7+ In(—K7.) (5.111)
3 e i g g 3 tle . .

The three-point correlator in (5.106) is thus, finally,

M ()2 () () = (2m)*6P (ka + ko + ka) B212%8 (ky, ka, Ks) , (5.112)
where the corresponding bispectrum is given by
H\" Fy 8Fy IR
B21%2%(ky, ko, k3) = | — 2— 4+ - — Tr[e® (ky)e® (ka)e™ (k
s takada) = (5 ) (2 57 ) (i) T O)e (ka)e ()
2 > K, [ <
x{gKt AN K+ kiky | -2 ?f S kP =D kiky | + kikoks <7+th>}. (5.113)
i=1 i<j i=1 i<j
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The squeezed configuration can be analyzed by considering q = ks — 0 and k =k; =~ —kao:

myente ) = (1) (er2 0 302) (LY i tges e )

X gk?’ (E —y— 111(2]{37'@)>
~ _g (e + 2% + iif) P (k) P, (q)Trle™ (K)e* (—K)e (q)] In(kT ) - (5.114)

The above result equals the one reported in [31], once that the condition Fy = —Fz + O(e) has
been imposed and the O(¢) terms has been neglected.
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Conclusions

In this thesis we first studied the theory of perturbation during the inflationary stage of the Uni-
verse, by analyzing first the theory of perturbation at linear order and then the non-linear regime
and its predictions. In particular, we focused on the primordial bispectra as a distinctive signature
of primordial non-Gaussianity and the necessary methodology to address their computation by
starting from the Lagrangian of a specific model. We ultimately applied the above methodology to
the model of Solid Inflation in order to derive six of the bispectra predicted within this scenario.

The main aims of this thesis were to examine the conceptual construction of Solid Inflation and
explore some of its predictions on cosmological perturbations. Solid Inflation is a theory involving
a set of three scalar fields {®}. These scalar fields represent the internal degrees of freedom of
the medium, whose background values individually break the isotropy and homogeneity of the
space-time, namely

(@) = 2! (5.115)

Nonetheless, we learned that this scenario can be compatible with a Friedmann-Robertson-Walker
background, provided that the Lagrangian of the solid is symmetric under shift transformations
and rotations of the fields {®7}. Moreover, the possibility of sustaining an inflationary expansion
requires an additional approximated symmetry under the scale transformations &/ — A®7.

We reviewed the results concerning both the background dynamics and the free action of per-
turbations, which were already discussed in [32]. In line with the study of the linear perturbation
theory that we made in Chapter 2, we derived the expression of the first order perturbation of
the energy-momentum tensor. In particular, we provided the individual explicit expressions of
the scalar, vector and tensor components of the anisotropic stress m;;, namely 1lg, Hl"/ and II7 .
We remarked that vector perturbations are sustained during inflation, which is an unusual feature
whithin the inflationary models. As for tensor perturbations, I’} corresponds to a mass term for
the gravitons. From the free action of the perturbations we were able to extrapolate the respec-
tive mode functions and power spectra. The expression of the mode functions of both the scalar
curvature perturbation ¢ and the tensor perturbations + were derived. The latter results were
already reported in [32] and [20]. We contributed partially to the derivation of the mode function
of the vector perturbations 7 to first order in slow-roll, whose analytic form has never appeared
in literature. However, the method for this derivation is suggested in [32].

The main achievement of this thesis was the computation of the following three-point functions
to the leading order in slow-roll through the in-in formalism:

(CC) s (Cmry) s {mrmry) s () s (T YY) s () - (5.116)

The explicit expression of the above correlators has never appeared in literature for generic triangu-
lar configurations. All the above three-point functions, with the exception of ({m77y), are reported
in [31] and [9] in the squeezed configuration only. We compared our results with the ones of the
analyzed literature by considering the squeezed configuration cited in [31] and [9]. We obtained a
positive confirmation for all the cases.

We saw that all the above three-point functions include a contribution proportional to Ng,,
where K; = k1 + ko + k3. The above term is the number of e-foldings from the time when the scale
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corresponding to K leaves the horizon during inflation to the end of inflation. Typically Nk, ~ 60
is the value for observable cosmological large scales and thus it represents an enhancement of the
non-Gaussian signals. In particular, the bispectra in the squeezed configuration with two short
tensor modes and a long mode, whether it be a scalar, a vector or a tensor one, maintain such
an enhancement. A possible explanation of this fact could be linked to the violation of the tensor
consistency relations in Solid Inflation [23].

The study of the non-Gaussianities predicted by Solid Inflation is linked to a vast class of
developments, of which we can provide only a partial and non-exaustive list. Extensions to Solid
Inflation has been considered, for example, in [18, 15], where a fourth scalar field is introduced
to account also for time diffeomorphism breaking, besides the breaking of space diffeomorphism,
as it happens for Solid Inflation. Another possible direction of application of Solid Inflation is in
the context of anisotropic background space-time, as done in [10, 20, 21]. Whithin Solid Inflation,
a natural extension of the work of this thesis could be the inclusion of the contributions from
the Einstein-Hilbert Lagrangian to the three-point functions, or the computation of the scalar
trispectrum.
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Appendix A

Lagrangian expansion up to
second and third order

In this appendix we will expand the Lagrangian of Solid Inflation up to third order. The contri-
butions provided by the Einstein-Hilbert Lagrangian will be also considered.

We start from the action of the theory in the ADM formalism, as done in [48] and [28]:

S= [ daNVh Merpo o L (popv— B2 4 F(XY, 2 Al
= [ daNVR{ZE[RY 4 (By B - B?) | + F(X,Y, 2)} (A1)
where
hij = a®(t)[e"]i; (A.2)
1 2 1 3
h = det(h;;) = exp (iTr[ln (a’I5) ]) exp (iTT ['y]) =a”, (A.3)
9vij =i =0, (A4)
1 /.
By =5 (hj — VN, — vjN,-) : (A.5)
E=FE =h"E;, (A.6)
while the 3D Ricci scalar is constructed out of the 3D metric h;;:
1
Gk = 5h’“ (Oihji + Ojhiy — Orhij) (A7)
3 3 3
Rz(j) = o )Ffj - 8; Tk +® R R L v
(3) _ 1ij p(3)
RY = h’Rij . (A.9)
The Hamiltonian and the momentum constraint equations are, in order,
M3 3) 1 Iy 9 OF(X,Y,Z)
Lr - — (E,;E"—E } F(X,Y,72)+ N0 2) Al
MRl OF(X,Y,Z)
—Evi|§ (B -aE) |+ NI =0 (A.11)

A.1 Expansion of the Einstein-Hilbert Lagrangian up to
third order

A.1.1 Expansion of R®

First, we compute the 3D Christoffel symbol and then we will proceed to the 3D Ricci tensor and
the 3D Ricci scalar. The basic elements of the calculation are h;; and h¥ expanded up to second
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order in ;;:

T RN ) P S ™
i L gy L 1
a?(t) e = CLT(t)OIB =% + 5%1&%;) +0(*). (A.13)

By inserting the above expansions in (A.7), we get the 3D Christoffel symbol up to second order:
1
@y 25{ (0ivkj + 0jki — i)

1
— Yka (0iVaj + 0iYaj — 0iVaj) + 3 [@' (VkbYo5) + 05 (Vv bi) — Ok ('Yib'ij)} } . (A14)

We list below the terms in (A.8) which contribute to the 3D Ricci tensor, in conjunction with the
result of the contraction with h¥:

1
8,(5’)1“;3- 25{ — OkOkYij — Yea (Ok0iVaj + Ok0jYai — OkDaij)
1
+ 3 [%@‘ (YkaYak) + k05 (VkaVai) — OkOk (YiaVaj) ] } , (A.15)
s 1
h”(’),i )F;Cj :72a2(t) (@‘Wcaak%i - 8k'7ij8k'7ij) (A.16)
1
3
(9](- Tk =3 j{ = VYka [@"Yak + OkYai — 8a%‘k]
1
+ 5 [az (’Yk:a’Yak) + 8]6 (’yka'yai) - 6k (7ia7ak):| } ) (A]'?)
hI9Th =0, (A.18)
(3)”@3_ (3) no_Q, (A.19)
1
= O Oy = - 4 [8i'7kn8j7kn + 201 YinOn Vi — 28nm6wkj] : (A.20)
—h# B Gk = — 220 (23ﬂjk5k%j - ak%‘jak%‘j) : (A.21)

By summing all the contributions to the 3D Ricci scalar, we finally get R®) up to second order:

R® = fﬁ@amjamj : (A.22)
As for the expression of R®) to third order in +, we report the result given in [33]:
R®) i %(%‘k%‘l - %%‘j’%l)akal%‘j . (A.23)
A.1.2 Expansion of EVE;; — E*
By = %{Qaa[e% + aQ%[eW] - [(aiNj @) rijk) (o j)} } . (A.24)

In order to compute E% and E, it is useful to keep h;; in the the exponential form (A.12), so that the
Baker-Campbell-Hausdorff formula (BCH) [54], in conjunction with the identity [e7]ix[e™"]x; = 5;»,
will facilitate the calculation and the identification of the order of every term. The BCH formula
gives

[(%V) 6_71 Z, =5+ % [ VL + % s [ VHJ +0(Y), (A.25)
(@)~ bl e all ) e o

J
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A.2 Expansion of the Solid Lagrangian up to third order

It should be noticed that in spatially flat gauge, being valid (A.25),(A.26) and Tr(y) = 0, no
term of the type 77 is contained in E% E;j — E?. The possible forms in which such a term can
potentially appear, are in fact

Tr()Tr()Tr(), TrTr([39]) Tr(va]) . or((]4]0])- (A.27)

The first and the second term in the above are apparently null. One can therefore prove that the
others are null as well by using the cyclic property of the trace. We can thus safely state that no
third order interaction of tensors comes from EY E;; — E? .

By using the formulas (A.25) and (A.26), after a lenghty but rather straightforward calculaition,
we can give the expression of E“ E,;; — E? up to third order in perturbations:

EYE;; — E? = —6H* 4+ 4HO,N*
1 1
+ 5 [(811Nb)2 + (8aNb)(8bNa) - 2(6(1]\[&)2] + z%b%b - 4H’Yab6aNb
1 ) . )
— 5% (&‘Nb + OyN") (6ij + O,N7) + 27;;0i N1 O, N*
- (aa’ybk + 8b’7ak: - 8k’7ab) 8aj\fbj\ﬂc
+ 2H7ac'¥cb6aNb + 5H7abab7ach - 3H’7abac’7ach

. . 1 .
*"Yabaa’)/ch *§7abaa7ch . (AQS)

A.2 Expansion of the Solid Lagrangian up to third order

The expansion of F(X,Y, Z) can be formally written as follows:
— 1 1 1
F(X,Y,Z) =F + FxAX + FyAY + F;AZ + 5FXX(AX)2 + §FYY(AY)2 + 5FZZ(AZ)2

1
+ (FXYAXAY + FXZAXAZ) + o (BX) + (A.29)

The first step for the computation of (A.29) is to split AX, AY and AZ according to their order
in perturbations, namely

AX =6X14+0Xa+0X3+ -+, (A.30)

where d.X,, encodes terms at n-order in fluctuations. We now state that some simplifications will
occur, so that the number of the terms that one has to compute will be reduced. By a closer
inspection of the variables X, Y and Z, defined as

B? B3
X=[B], Y= —[XQ] , Z= —[Xs] : (A.31)
it is in fact possible to prove that
0Y1, =621 =0, (A.32)
0Ys =675 (A.33)

We did not explore the possible existence of higher order relations similar to (A.32) and (A.33).
However, a systematic analysis in this direction can be achieved by following the suggestions in
[46, 24]. Given the above considerations, the Lagrangian F(X,Y, Z), when expanded up to third
order, consists of the following contributions, listed below according to the order in fluctuations:

F, = Fx6X;, (A.34)

)

1
FxXa+ (Fy + Fz)dYs + 5 Fxx (0X1)* (A.35)

1
F3 = Fx6X3+ FydYs+ Fz075 + Fxx0X10X5 + (FXY + FX2)5X15Y2 + éFXXX (5X1)3 .
(A.36)
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The next necessary step is to express the form of {5X17273 ,0Y23, 5Z3} in function of the fields of
the theory. We thus proceed in listing the intermediate passages of such a computation, starting
from the matrix B!/ and then moving to the traces [B], [B?], [B®], which are the basic elements
one needs to derive X, §Y and 7 to the desired order. Each term will be labeled with a proper
subscript, which denotes the number and the type of the fields contained in it.

A.2.1 The expansion of the matrix B

When expressed in the ADM variables, the matrix B!/ = g#*9,,¢10, ¢’ is given by
Bl — 7% (dﬂ - Nkakqs’) (dﬂ - Nkak¢J) +REm GGl O (A.37)
We then expand the fields about an FRW background as follows:
o' =2’ +n',  hy=d’];;, N=1+6N (A.38)

where, in the spatially flat gauge, = is traceless and transverse. Since we are interested in third
order interactions, we need N and N to first order in fluctuations; 6N = §N; and N* = N7 are
therefore understood. The expansion of the matrix B that captures all the cubic interactions is
thus given by

BY = —(1—-25N) (7' = N* = N*oyr') (77 — N7 — N*Opn)

1 1 1 o ) ) ) . . .
+ ﬁ <6km — Yem + ZVkaYam — 7ka7ab7bm> (525% + 5Zkam77j + 55,;31&” + 8k7718m77']) ;

2 6
(A.39)
where the second line is the outcome of the expansion of e~ 7.

We list below all the terms resulting from the expansion of B¥. We will denote their order in
perturbations and their field content by a proper subscript. The zeroth and first order terms are

i _ Lo

B = ﬁé i (A.40)
P D

Bﬂ;7 = ﬁanr] —+ (Z < _]), (A41)
ii 1

B’yj = —an’VZ‘j . (A42)

The second order terms we are interest in are given by

B = ﬁalﬁr’amr] — (7" = N*)(#? = N7), (A.43)
i 1 P

By, = _E’Yikakﬂj + (i < j), (A.44)
i 1

By = 55k ki - (A.45)

As for the third order, we have

’ 1

szyj'yfy = _6?7750,70,17'71)]’ P (A46)
. 1 C

BYr = 55 ViaYam O + (i & ), (A.47)
ij 1 i j

BY = —a—27km6k7r Omm? | (A.48)

BY . =25N (&' = N*) (77 — N7) + [NFOpn? (7" = N*) + (i <> j)] . (A.49)
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A.2.2 The traces of the B? and B?

The traces of B2 and B? are the intermediate step to achieve §X, 6Y and 6Z. We will list below
their contributions, according to the order in perturbations and the field content. Such traces, at

zeroth and first order, result in

3
[32]0 = E ’
2
[B%, = 2By BY = —Ai = 0,
1] Rij 4 7
[B?), = 2By BY = 0,
3

31
[B ]0*57

ik pki pij 3
[B%], = 3BokBojB»yj == 0,

. 6 ,
[B%]x =3By By BY = — 0.
a
As for the second order in perturbations, the relative elements in [B?] are given by

[B*|yn = 2By B +2BY BY = =0,
[B?]y, = 2By BY., + BYBY = oA Vi ig

L . 4 . 2 . 2 . .
(B, = 2By BY + BYBY = E(aﬂr])Q + gaﬂrkam - E(#Z — NH2.

while, with regards to [B?],

PPN P 9
[B%),, =3By By BY, + 3By BY BY = g6 Vid Vi
[Bler = 3By By Bi; + 3By BY BY = —(9/)* + 0im 0" — — (7" = N')”,

[B%),x = 3By By BY, + 6B BY BY = —E%-jamﬂ.
Finally, the contributions of [B?] that encodes the interactions are listed below:

2 7, %, % %
By = 2By B, + 2B B, = — o iaan i

2 _ 1] R, 7, % 7 ij 7
[B ]ww = 2B, BA/]W + 2BA/] Bw]7r + 2B7TJBWJ7 = gwa%mamw ,
[BZ]77T7r = QBSJ B;JM + QBE/J B +2BY BZ/J7r = —"ij (7'1'Z — NZ) (7'17 — N])
a
2 i . ) )
- —ij (38i7rk8j7rk + 20,7k + 8k7r’8k7rj) ,

a

(B = 2By By r + 2BY BY, = —0iw! Oy’ 0! — 0y’ (7' — N*) (#/ — N7)
a a

T

4 a2 4 o
+ 50N (& = NT)* 4 SNF o (7 = N)
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(A.53)
(A.54)

(A.55)

(A.56)
(A.57)

(A.58)

(A.59)
(A.60)

(A.61)

(A.62)

(A.63)

(A.64)
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Lagrangian expansion up to second and third order

As for the terms in [B?], they are

k
[B®)yyy = 3B{"By’ BJ: +6B{*BY BI! + B BY BI' = = 5.5 ik Yk Vi (A.66)
[B%]yr = 3B BY BI: . + 3B¥ BY BI + 6B{F BY BJi + 6B B BZY,
27 ;
= ik Vg0 (A.67)
[B®]ynr = 3B By’ BJi . + 3B BY BI' + 6B} B¥ B! + 6B} BY BJ (A.68)

9 ) ) .
= ——5"ij (28i7rk8j7rk +20; 7RO + akﬂlamrj)
a
6 , . . .
+¥’7ij (#z—Nz) (irj—NJ) , (A.69)
[B%pnr = 3B BY/ BIt 4+ 6B BX BI' + Bi* BkiBJ’
9 . o . .
= E(()ﬂl'] [3i7rk8j7rk + 7O O 4+ Oy O + 8j7rk8k7rz]
6

- (7" — N*) [20;77 (#7 — N7) — 6N (7' — N') — N*opn'] . (A.70)

A.2.3 6X,0Y and 07 up to third order

Given the above results, it is now possible to obtain d X, Y and §Z up to third order in perturba-
tions. Since the expanded Lagrangian (A.29) is constructed out of such terms, we can formulate
the second order Lagrangian of v, 7y and mp. Moreover, by using the results reported below, we
are able to derive the third order Lagrangian relative to all the types of interaction in Solid Inflation.

By taking the traces of (A.41)-(A.49), we will obtain the values of 6 X at different orders. The
first-order ones, 6 X1, are therefore:

0Xx = [Blr = 07", (A.71)
1
6Xy =[Bly = T2 = 0; (A.72)

as for 0 X5, they are:

1 , , )
6Xax = [Blan = — (0i77) = (i - N, (A.73)
1
6Xyy = [Blyy = ﬁ%‘j%jv (A.74)
2 .
6X,yﬂ, = [B]’Yﬂ' = —p’}/ijaiﬂj~ (A75)

It should be pointed out that the mixing term X, does not contribute to the second-order action,
in agreement with the fact that no coupling between fluctuations of different kind appears at linear
order in the Einstein equations. It is in fact equal to 8i(’yij7rj ), which is a boundary term. The
interaction contibutions § X3 are then given by

6Xyyy = [Blyyy = —&%%mmzw (A.76)
0Xyr = [Blyyr = %’Yik’?kjajﬂ'i, (A.77)
0Xyrn = [Blyrr = —a%%jamkajw’“, (A.78)
5 X wnn = [Blanr = 2 (7' — N%) [N (7° — N?) + N*gjr] . (A.79)

We now consider the perturbations §Y and 6Z up to third order. In the following, X denotes
the background value of X. As previously mentioned, the first order fluctuations 6Y; and 077 are
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A.2 Expansion of the Solid Lagrangian up to third order

identically null; they are in fact given by

1 2 [B%]o 1 3 (B
where
[B?]o [B3]o

[B%)1 = 2B5 By = 0" BY =220y, (B = 3By By By’ = %5”“5“3{’ =3 50X

X

The second-order fluctuations of Y and Z are calculated by using the following expressions:

o2 = 45 [18% = 3 (80oxe + 703, + 3200 (A1)
62 = 5 |18 = % (8P + (%,) + 6 53] (A52)

A close inspection of the above formulas reveals that §Ys = §Z5. We thus list below only the values
of 5Y22

2 - 2 )
_ = J\2 i 1)\2
6Y7r7r 9(8171— ) + 27(817(' ) s (A83)
1
0¥y = 5% Vis » (A.84)
4 .
(SYWT = —§’yij8iﬂ'j . (A85)

We can discard §Y,, in the second-order action, being the same argument still valid as previously
applied to 6X . In order to compute the generic interaction term JY3, we will use the following
formula:

0Ys = % [[32]3 - % ([B*]26X1 + [B?]16 X2 + [B*06X3) + (A.86)
% ([B?10XF +2[B*|00X10X>) — %[B?]Oéxf] , (A.87)

(A.88)

0Z3 = % [[33]3 - % ([B*)26 X1 + [B%16X, + [B*]00X3) + (A.89)
% ([B*16X7 + 2[B*06X16X2) — %[33]05)(?} : (A.90)
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Lagrangian expansion up to second and third order

The results of the above formulas are listed below:

6Y’Y’Y’Y
6Z’YW’Y

OY

0Zyym =

0Yyrr

0L yrr

6Y7r7'r7r =

5Z7r7r7r =

1
= —§%‘k%ﬂki )
4
= —2*7%1@%3‘%1‘7
2 ;2
= g%ﬂkﬁﬂ - g%‘j'inakav
8 ;8
§%ij3j7f - 2*7%%10%]“ ,
2 ) ) ) .
=57 [43,#8# — 20;7F O — OO — 28i7rk8jﬂ'k}
2a2 . q i . g 1
g i (7" = N") (7 = N7)
1 32 ) . . .5
= g’)/ij [gﬁiﬂjamk — akﬂ'lakﬂj — 28i7rk6k773 — gaiﬂkajﬂ'k}
2a2 . ) . .
+ %%‘j (" = N') (77 = N7)
16 4 , 8 4 ) )
g(ﬁkﬁk)?’ - §3k7rk((9i7rj)2 - 2—7(5‘m7rm)c’?mkakwz + §8¢7r38i7rk8k773
4a2 . ) L ) 4a2 ) .
_ % (’]:('Z _ Nz) ;I (7~TJ _ N]) + %akﬂk (,/:rz o N’)2 7
64 16 ; 4 . 2 ; .
513 O")’ = oo (O (@im?)? = S (Om") (@i ") + o (e’ ) (D! D)
2 . . 4a2 ) . 4a2? . ) L )
+ g(amﬂ)(amkakwﬂ) + %awk(#z — NZ)2 - %('l = N")O;m? (77 — N7).
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Appendix B

Properties of Hankel functions

In dealing with cosmological perturbations, in a large variety of models, their evolution in time
is encoded in the form of Bessel equations. As seen in the first chapter, the Bessel equation is
the one that the canonically normalized fields obey to in the case of a quasi-de Sitter space-time.
Its ubiquitous presence in cosmological models, therefore, should not come as a surprise. We will
focus only on the case in which the independent variable is real, as well as the parameter v:

d? d
z2pZ(z)+zaZ(z)+(22 —v%)Z(2) =0, v,z € R. (B.1)
When the equation of motion is not directly given in the Bessel’s form, to find a solution it is
convenient to turn it into (B.1), by redefining field and variables, or taking into account an appro-
priate degree of approximation (e.g discarding high powers of the slow-roll parameters).

The solution of the above equation is often given as combination of Bessel functions of the first
kind J, and Bessel functions of the second kind Y, []. The subscript v is said to be the order of

the function. The solution can be recast in terms of ngl) and H,EZ), the so called Hankel functions,
respectively of first and second kind, defined as

HY(2) = J,(2) + i, (2),
HP(2) = J,(2) —iY,(2),

When z is real, J, an Y, are real, and Hl(,l)(z = [Hl(,2) (2)]*.

~—

We are particularly interested in the asymptotic behaviour of Hankel functions. The two
following forms hold true when the argument acquires large values:

HW(z) — 2 gt HP(z) — 2ozt (B.2)
z—+400 Tz

z—+00 T2
Given that for cosmological perturbations the argument is generally in the form z = —ckr, where
¢ denotes the velocity of the perturbation, the two limits above represent the behaviour of Hankel
functions in the deep sub-horizon regime. The presence of the complex exponential signals the

oscillatory behavioiur of the mode in the sub-orizon regime. In this context, it is useful to recall
that the equation of motion is indeed the one of an harmonic oscillator in that limit.

As for the super-horizon behaviour of the perturbation’s mode function, we can derive an
explicit expression for this behaviour. Thanks to the asymptotic form of Hankel functions when
the argument tends to zero, Hl(,l) ') will assume the following forms:

HO(z) — — = (2) = \/Zeﬂz”—% Lw) (B.3)

20+ m T ()

—

103



Properties of Hankel functions

The latter form is useful when v ~ % A slightly different situation is when v is close to g To deal
with that case, we recall a property of the Euler Gamma function:

r (; +n> S NS (g) NG (B.A)

Another important property of Hankel functions worth to be mentioned is their derivative with

respect to the argument:

d v
FHS @) = ZH ()~ B ). (B:5)

It should be noted that derivative adds an Hankel function of different order but does not change
the function type. In particular, it is interesting for our aim to note that the asymptotyc behaviours
are not affected.

We should mention one last property of the Hankel functions, which we greatly exploit in
the computation of bispectra: the particularly simple form that they acquire when the order in
v=mn— % Namely,

n—1 k
2 (n+k—1) 1
‘E[(l)1 _ \/7 n iz -1 k — . B.6
”—5(2) 71'(2) ¢ ’;( ) El(n—k —1)! \ 2iz (B-6)
For convenience, we only report the cases of interest:

HO() = 3%(1—@:@' 2(1>2(1—z’z)eiz (B.7)

U4 ™ z

5
2 e ) 22 /2 (1)\? ) 22\
H(%l)(z) = 31\/;/22 (1 — 1z — 3> =—-3 ; (z) (1 — 1z — 3> e (Bg)

Since the scalar, vector and tensor mode functions in lowest order in slow-roll consist of terms
like 22 H (;) (z)or 25 H (;)(z), the above forms entail that the integrals involved in the computation
2 2

of the three-point functions are exactly solvable in this approximation.
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Appendix C

Solid Inflation: mode functions of
scalar and tensor perturbations

This appendix is devoted to the derivation of the mode function for the scalar, vector and tensor
perturbations. Once we will have obtained them, we will be able to compute the relative power
spectrum. Since the scalar one is the most cumbersome of the three cases, while the other two are
strictly similar to it, we are going to present a detailed and pedagogical examination only for the
case of the scalar perturbation (.

C.1 Derivation of the mode function of (

We promote ((7,k) to a quantum operator by decomposing it in terms of creation/annihilation
operators:

C(Ta k) = Ccl(Ta k)b(k) + C:I(T’ k)bT(_k) ) (Cl)
[b(k),bT (k)] = (27)%6®) (k — K). (C.2)

The equation of motion for the mode function (. follows from varying the quadratic action of 7,
(4.125), recalling that ¢(7,k) = —%7 (7, k). In conformal time, we get

3
Bk | 3a2M2
SéQ):/dT(Qﬂ_)B o L ¢+ caH(? - 9cka* H2MBe|C|?| (C.3)
3ea? H?

The initial condition for ¢ is then obtained by computing the canonically normalized variables,
that we dub as v, the action of which is the one of an harmonic oscillator with time-dependent
frequency. We then set

v =z(, z=-V2

V3aMp 3V2ed®HMp < k > (.4)
1+§(GLH)2 k Vk? + 3ea? H?

For future convenience, we should note the relation between v and (. in the deep sub-horizon
regime:
vV QEQQHMP
— 33—
k>>aH k

Cel - (C.5)

v = ZCcl

Turning our attention to (C.3), the action of v is obtained through the field redefinition (C.4).
After some manipulations, the action becomes

1 d®k
552) =3 /dT 2n)? [|v/\2 —wQ\v\Q] ) (C.6)
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Solid Inflation: mode functions of scalar and tensor perturbations

The frequency has a quite cumbersome expression, given by

z//

Wi(1, k) = 2 k? + 3ecia®H?* — =
z

1 k?
212 27172 2
_CLk _GH{2_3€CL_6_2<IMW)
k2

2

2. 9 3
|:2+4€37]+H6H+(€T])(2677):| +4<

As it was not possible to solve exactly the equation of motion for the canonically normalized variable
v, we will use an expedient to simplify the attainment of an approximate solution. We have in fact
at our disposal the differential equations (4.108) and (4.114). The latter is the equation of motion
of the gauge invariant variable R, and, at first order in the slow-roll parameters, we are able to
solve it in terms of Hankel functions. In order to fix the values of the two integration constants that
will appear in the solution, we need to know how R behaves in the deep sub-horizon regime. We
are able to do this by studying the behaviour of the canonically normaized field v in that regime.
When inserting the solution in (4.108), we finally get the expression for .
We then consider the limit k& > aH of the equation of motion of v:

V" (1,k) + ¢ (1)k*v(1,k) = 0. (C.8)

Although the latter encodes the dynamics of an harmonic oscillator, as it was expected for the
canonically normalized field, it also includes a time-dependent speed which we have to take into
account to solve (C.8) properly. In respect to the cases encountered in the first chapter, the above
equation involves some additional subtleties that are worth to be mentioned.

In order to find a solution for (C.8), we exploit the slowly changing in time of the speed c% as
illustrated in (4.63). The approximation consists then in keeping just the first-order contributions in
slow-roll. To include the dependence on time of ¢, we thus define the new variable § = —cr (7)k7.
The equation (C.8) then becomes

2

d d
(1 — s¢)%3> i s.(1 — sc)g]d—gv +7%v=0 (C.9)

or, equivalently, using the variable y = (1 + s.)7 and discarding the terms O(s?),

o d° d 2
Y d—yzv—scyd—yv—ky v=0. (C.10)

Finally, the rescaled field v = y‘s%lv obeys the Bessel equation (B.1) with 12 = W:

2 [Se+1 2
Y 2

The general solution of the above equation is given by 0 = c+H,(,1)(y) +c HP (y). For the field v
we thus have

d2

27
Y dy?

5=0. (C.11)

_ d _
v—i—yd—yv—f—

sel

(1Y) =y 2

e HO () + e HP ()] (C.12)

The two integration constants are then fixed by the imposition of the Bunch-Davies vacuum and
the normalization condition on v(7,k). Recalling (B.2), the B.D. vacuum is achieved demanding
that the asymptotic form matches the negative frequency solution in flat space. The limit in this
case is y — +o00:

v o~ 42 %c{C+eiy—ig(u+%>+cie—iy+ig<u+%>]
y—r—+oo

™
= c_=0. (C.13)
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C.1 Derivation of the mode function of ¢

The normalization condition then fixes the value of ¢y up to a phase:

* _ . : 4 2,8 — ;
Vv (c.c) = —i e —z(ch);|c+| y’e = —i

s

y 7
vV ZCLk‘ '

The resulting behaviour of the canonically normalized fields is then given by

™
:>|C+|=§

e—icL (T)k7(1+s¢)
oirk) — Y (C.14)
k>>aH 2CL(T)k'

and hence, thanks to (C.4), we get

k e—icL(T)kT(l+SC)

. — 1
Cd(T’ k) k;zH 4€CL(T) 3a2HMp (C 5)

Now that we have established the sub-horizon behaviour of (., we can determin it up to first order
in the slow-roll parameters. As already mentioned, we exploit the relation between ¢ and R.

If we dub R,; the mode function of the quantum operator R, we can recast (4.114) in terms of
Re(m.k). With the explicit time-dependence of the background quantities, the classical equation
of motion becomes

1 1
0= —(24 e — 28 + 2e0) Ry + |1k + — (3€c — 65c + 3¢] c€c) | Rt =0 (C.16)
T T ’
where we have discarded all the terms of higher order than the first in the slow-roll parameters.

We temporarily dub as § the coefficient in front of the first derivative, that is § = 2+n, — 2s. + 2¢,;
S
one can see that the rescaled field x = (—T)*#Rd obeys the equation:

§+1)
TQX// + x4 C%kQTz + (3€. — 65 + 30%,060) — (2> x=0

9_3 : .2
R—7—5Nec—3sc+3cy  €c

As done for (C.8), we set y = —cp k7. The resulting equation is thus

2 3c2 ec—2—3s,— 3
) L,ctc 4 c 277(:
: =0. C.17
s " ( T s.)? X (C.17)

Setting © = y(1+ s.) and discarding higher slow-roll terms, we obtain an equation of Bessel’s kind:

2 d
Xy x
Y dy2X dy

2

d d 1
x2@x+x%x+ x2+—1(9+677c—1202“&—3056) x=0 (C.18)

R (3+nc—2¢] ec—5sc)?

If we then set

s+1 1
%:_5(3+2ec+n6—2sc)7 vs =

(07

DN | =

(3+5sc — 2¢7 o€c + 1e) (C.19)
one finds that the general solution of the equation of motion for R is given by

Rea(r, k)= (—7)"¢ [CH,E? (—en(m)kr(1+s)) + DH,f) (—en(T)kr(1+ s¢)) (C.20)
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Solid Inflation: mode functions of scalar and tensor perturbations

We then insert the explicit solution (C.20) and its time derivative into (4.111), and we finally ob-
tain the mode function (. at the desired order in slow-roll. We can safely set the time-independent
coefficient D = 0. Thanks to the properties (B.2) and (B.5), one can easily see that neither H(?)
nor its time derivative match the asymptotic exponential form with negative frequency (C.15)
dictated by the Bunch-Davies vacuum.

We report the direct computation of { we are left with, where, for simplicity, we set @ =
—kter(7)(1 + s.) as the argument of the Hankel functions:

—3aHc3 (1) =Ry +aH(3 -2 +1)Ra

—3cjaH(y = C [a(ﬂ“Hﬁ)(Q) + (4)*“%115?(@) + (1) T B e+ m)Hﬁ?(Q)] :

Recalling the relation (B.5), we get

d s d s
T[] = [Sa@ - 10.@] 2 =k (S @+ @)
therefore

_3C2LaHCcl _ C(—T)_O‘_l{ [ —vs(1 —5:) + 3+ €eene) Hl(/l)(Q) + ch(—T)HSZA(Q)} .

~c2
Ry, €c

At this point we can fix the constant C' by confronting the above expression in the sub-horizon
regime with the one given in (C.15). We have thus

oo —3c3 aH (—7)* ¢
crk(-m)HP 1 (Q) = & e HY (Q)

o+l —3cjaH

e 7 )
—hT e crk(=7)H, 71 (+00)

(1 + O(e)) .

Recalling the asymptotic form (B.2), namely

k efichT(H»sc)
B 4ec?  3a’?HMp
2

B0 Corpr(1ss, . —iepkr(14se) ,—iE (Vs+141) C.21
Vs+1( cL T( +s )) —kT—400 WCLk(_T)(1+SC)e ‘ ’ ( )

we get
=T s et d) (pyet s VI E secn(n) )
¢ \/; (=) a(T)\/4e(T)Mp (1 O ))

= E i (votg) CL’CHC 1 1 — — Se—€e— 37 3/2
\E D e (Lt gse —ee)(mme) T + O(E),

where in the last step we have expressed the time-dependence of the background quantities.
We can write the mode function (. in a compact form:

5sc

_ i Tz Lot T\ 1-<
Ce (1, k) iy —e
2 3Mpy/Aec\[ch k3 \Te (1+ee)(1 +sc)

< |QH, (@) + ¢ QT EDQ]  (C22)

where, we remind, Q = —cr(7)k7(1 + s.) is understood.

We can now evaluate (. on super-horizon scales, that corresponds to the form (B.3) of the
Hankel function H"). Considering (C.22), one realizes that the most sizeable contribution in that
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C.2 Derivation of the mode function of ~

limit comes from the term QgHigl(Q) On super-horizon scales the above term results in
FHO) (@) o [t 3T D o
Q2H,,(Q) e (%) Q
5s¢

2 Nc

[2 T(3+0(e) 7\ %2 O

i L grroe L2 TYAY)) [T —cpkTe(1+ 8p))Lee 2T
! ™ F( ) Te ( i ( i )) 2 2

2 Se
. 2 [ 7\ et -
L N Bl
T \ Te

s

It can be argued that, on super horizon scales, (. is not frozen, but evolves in time with a power
2 ~ 42

law of exponent (1 + cf .)e. ~ 5¢7 €.

[\CI[9N)

3
'\"n

Ne _ 5sc

(—cL’ck;Tc)civCe“_7 =2 +0Ofe).

4 .2
3CT,cCc 5 N HC
Calr k) = (T) (—cp,chre)hcce = Foe =3 + O | . (C.23)

_ +
hr=0t \Te VAeMp o [c3 k3

In a very similar fashion, the asymptotic form of R can also be calculated:

T 507 cce2se 2 5 1 H, 1/2
Ra(r, k) = — —cp ckTe) TefeT 28T 2e | + O(e .
(7. k) ( ) (er.chre) VAcMpr/cr k3 (€

—kT—=0t \ T¢
(C.24)
It is also important to note that on large scales R and (. do not coincide, but rather
Ra(r,k) = —c1(T)Ca, (C.25)

—kT—0*t

as seen directly from the two asymptotic forms above.

At this stage we can state the formula of the two point function for { on large scales, in
conjunction with the power spectrum:

(k)¢ ka)) = (2m)°0%) (K + ) a7 Ka )|

8 .2
3CL,cCc
H2 1 (TL)
—  21)35®(k; + k c < C.26
—kr—0+ (2m) (o + 1)4600%,CM%> KT (—ep chyme)ose 200 te (C.26)
8 2
H2 1 (7 I
RO =g (5) Cenabm e, (c.27)

The above expression is quite cumbersome, but gives us the possibility to read directly the spectral
index. Recalling the definition (1.93), we have indeed

_ dInP;
~ dlnk

ne — =2c} €c —Bsc — 1. (C.28)

C.2 Derivation of the mode function of v

The following calculation may be considered simpler than the case above. We summarize the
decomposition of the tensor modes into its polarized components, that respect the traceless, trans-
verse conditions on ;;:

Yii (k) = > (k) (r.k), (C.29)
s=+4,X
e (€) =20 kieij(k) =0,  ei(k)=0. (C.30)

109



Solid Inflation: mode functions of scalar and tensor perturbations

By promoting v° to quantum operator, we further decompose as
7' (m,k) = 24(7. k) a* (k) + 757" (1, K)a (k) , (C.31)
where the following algebra holds for a® and a*
[a°(k), a* T(K)] = (2m)?6®) (k — K')5°° . (C.32)

Varying the action (4.123), we get the equation of motion of the mode function v*(7, k). With the
time-dependence of the background quantities, it results in the following expression,

d? 2 d deqc2
ﬁ’}/al - ;(1 + EC)EVCZ + (kz 2 L ) Yel = 0. (C33)

The above equation presents a peculiar exception with respect to the case of the single scalar field,
which is a mass term. It should be noted that this term is slow-roll suppressed and proportional
to the transverse speed of sound c%. Once the solid-fluid transition happens at the end of the
inflationary epoch, cp dissappears as well as the mass of gravitons.

When analyzing (4.123), the canonically normalized field is
a(r)Mp_
V2

and the corresponding equation of motion is the one of a massive scalar field as studied in the first
chapter:

A%(1, k) = ~v*(1,k), (C.34)

11
A 4 <k2 -y 4ec2Ta2H2> 4=0. (C.35)
a
Once again, the solution of the equation of motion (C.33) is given in terms of Hankel functions:
— (—p) e [ AR (2) _3 42
Yaalr k) = (—7)3F% [AHD (<kr) + BHP (<kr)| . vi=F+e—che.  (C.36)

As per the analysis conducted in the first chapter on the massive scalar fieds in a quasi- de Sitter
Universe, we can easily find the values of the coefficients A and B. We already know that the
Bunch-Davies vacuum and the normalization condition yield

4(r k) = gei(wﬁ-%)%(_ﬂ%}_{(l)(_kﬂ' (C.37)

143

Consequently, we argue that

U [T sz (C1) 7 Hc<1—ec>[
= — [ Leivit3)3 — i(vit+3)5 €c
A Mp \/;6 CL(T) MP 2 ( ) + O( ) (C38)
B=0. (C.39)

Finally, the resulting tensor mode function is
(k) = \/?H PEIRSY (T> (=) HO (—kr) . (C.40)
2 Mp\/ki?’ Tc vt

Given the asymptotic form of Hankel functions (B.3) for small arguments, we can compute the
expression of the mode function on super-horizon scales:

R~ (ﬁ THL ) st 2 eois 21;())) (Z) nthn

<WMP o) <)< k)b (C.a1)
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C.2 Derivation of the mode function of ~

where in the last exponent the relation ¢7. . ~ 3(1+ ¢7 ) has been used.

The two point function evaluated on super-horizon scales is then given by:

(7" (1 ka)7" (1, ka)) = (21)°01%) (k. + ko) 6°1°2 3} (7, Kea )

cl

e
w1 (%)

— (27)36B®) (kg + ko )§5152 e —_ N/
P (2m) (k1 +k2) MZ kS (Zkyr,) 2o

The power spectrum of tensor perturbations results therefore in

2
HC2 1 T TcCe 2 e
B =ine <r) (—hre)ehece.

wloo

The spectral index at first order in slow-roll is then given by

ng—1=2c% €.
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(C.43)

(C.44)
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