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Introduction

When dealing with complex systems we are required to use a statistical approach.
In this context we are usually interested in the expectation values and the variances
of some relevant observables since they provide information about the average be-
havior of the system. However, in some circumstances the knowledge of rare events
statistics is much more important. For example tsunamis, tornadoes, financial crisis
happen rarely but they have remarkable consequences in our lives.

For this reason the Extreme Value Statistics (EVS), that is the branch of statis-
tics studying the extreme distributions of a set of random variables, plays a crucial
role in many fields. Just for citing some:

Environmental science with applications to Ecology [1], the study of Hydrology
and water resources [2], large wildfires [3] and so on.

Finance where one may be interested on foreseeing extreme events [4] or find the
optimal time for selling a stock price [5].

Random matrix theory where the EVS is exploited for shedding light on the
behavior of the largest eigenvalue [6, [7].

Statistical Physics where significant results have been found for the ground state
distribution of disordered systems [8], 9].

Miscellaneous Others applications can be found in the Engineering [10] and in
the evolution of athletics records [11].

These are just some of the reasons that drove many researchers to investigate the
statistics of extreme events. So far, thanks to the contributions made by Gumbel
[10], Tippett [12], Fréchet [13], Gnedenko [14] and so on, we have an exact theory
of EVS for i.i.d. random variables. In particular, as we will show in the next chap-
ter, in the thermodynamic limit three universality classes can be recognized for the
maximum distribution. This theory is very accurate and it can be extended also
to the case of weakly correlated random variables i.e., when the correlation length is
much smaller than the system size.

Nevertheless several interesting systems involve a set of strongly correlated random
variables. Although few problems can be solved, a background theory still doesn’t
exist (even for the mean value). In this context good "laboratories” for studying
the EVS are the random walks, indeed all the positions together represent a set of
strongly correlated random variables { Xy, ..., X, }.
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Figure 1: Random walk realization.

The analysis of a random walk requires the definition of two sets of random
variables:

Maxima {Mj,, ..., M,41,} obtained by rearranging the positions in a decreasing
order of magnitude, so that M ,, = Xax is the first maximum and My 41, =
Xonin 18 the first minimum.

Gaps {din,...,dnn} which are the gaps between successive maxima: dj, =
Mk,n - Mk:+1,n-

1
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M3 14
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Figure 2: Random variables sets for order statistics.

The branch of EVS whose aim is to compute the maxima and gaps distributions
is the order statistics. Some progress in this field has been recently made by Schehr
and Majumdar in [15]. Using an exponential function as jump distribution of the
random walk, they showed that in the thermodynamic limitﬂ the gap statistics

lnumber of random variables n goes to infinity.




exhibits a rich universal behavimﬂ Basically they analytically demonstrated that
the asymptotic behavior of the k-th gap mean value is stationary (independent on
n) and universal:

<dk,oo> k%o 1
o 2k

(1)

Furthermore they proved that for typical fluctuations, i.e. fluctuations around the
expectation value & ~ k™2, the full k-th gap distribution scales as:

t.f. Vk (M)

Pr (djy oo = 0) % 2P 2)

g g

where the scaling function appearing in is:

2 2
P(t)y=4 Nors (1+ 2t2) — Mt (3+ 4752) erfc (ﬁt)]

and it shows a surprising power law tail going as t ~*. Moreover they show numerical
evidences for the universality of starting from different jump distributions.

Thesis outlines

In this work we will extend the study of the gap statistics of a random walk made
in [I5], to the entire class of Gamma distributions. In particular we will try to
retrieve the universality of the k-th gap mean value and then prove or disprove
the claim of universality made for the full k-th gap distribution in the scaling limit
of typical fluctuations . Furthermore we will shed light on the relation between
typical/large fluctuations and moments. Indeed if the typical fluctuations are found
to be universal, as consequence some moments might be universal.

2it means that there is no dependence on the jump distribution.
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Chapter 1

Extreme value statistics of 2.2.d.
random variables

Let’s consider a physical system described by a set of i.i.d. random variables
{X;...X,}. The variables share the same parent distribution p(z) with both the
mean 4 and the variance o2 finite. We are interested on studying the mean and the
extreme statistics of the system.

For studying the average behavior we consider the observable mean value:

— 1
x=-Yx; .
n; (1.1)

We want to investigate the asymptotic behavior of this quantity in the large n limit.
For proceeding it is necessary to know the joint probability distribution of the set.
By definition of 4.7.d. variables, each variable is independent from the others, hence:

n

Po(z1,... wn) = [ [ p(a:) (1.2)

=1

Straightforwardly the probability distribution of the mean value is given by:

Po(z) :/dxl.../da;né (iéx—m) Poz, ... 20)

Let’s evaluate now the characteristic function of (|1.1)):
() = (%) = [ dwePy(a)
o 1 &
= [ dze™ [ dxy--- [ dznd | = i —T | Po(z1,... 20
/ ze / 1 / x <n;x x) (1 Tn)
= [ [anet S Lot = | [ asetton] " = (5]
i=1

5



6 1. Extreme value statistics of i.7.d. random variables

In the large n limit:

n>0 k k> 2 " oo ik — k2o
~ ~ 1— (L) — —= (T e e n
I A LA A R

but this is the characteristic function of a Gaussian distribution with mean p and
variance o2 /n, therefore:

1 1 (ﬂ) 2
Pe(z) 2225 N p,02/n] = ————¢ 2\o/vn
X ( ) [ ) / ] \/m
So it is evident that in the large n limit, whatever the parent distribution p(x), the
probability distribution of the mean value approaches to a Gaussian. This result is
known under the name of central limit theorem.

Let’s concern now on the extreme behaviour of the system. In order to do so,
we define the observable maximum:

X =max ({X1,...,X,})

Let X* be the superior limit of the domain of the probability distribution p(z).
One intuitively expects that in the large n limit, the maximum approaches to this
value: X — X*. Therefore a rough way for estimating the mean value p, of the
maximum distribution is setting the constraint that only one random variable (i.e.
the maximum) stays in the interval [p,, X*] [16]:

..
Polu) = [ plardo = (1.3)

n

We want now to evaluate the asymptotic behavior of the maximum distribution.
In order to do so it is convenient to work with the cumulative distribution F,, (m)
which is the probability that the maximum stays below m. Clearly this is also the
probability that all the random variables do not exceed m, hence:

m

() = P [% <] = (Pe(o)” = | [

—00

pla)da] ’

In order to avoid trivial results, it is necessary to define a rescaled variable which
remains constant in the thermodynamic limit:

m — by,
Y = 1.4
- (1.4)
In this fashion one finds the limiting distribution to be:
ligl F, (an,Y +by) = Gi(Y) 1=1,2,3 (1.5)

As suggested in (|1.5)), there are three different limiting distributions which define
three universality classes. They are selected on the basis of the asymptotic behavior
of p(z) close to the superior limit X™.
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1.1 Gumbel distribution

This class is selected when the parent distribution decreases faster than any power
law and no bounds are set to the domain, that is X™* can be infinity.
The limiting distribution is the so called Gumbel’s law [10]:

The coefficient b, = p,, can be evaluated using (1.3) while a,, is given by

@b pla)ds
" fbio p(z)dx

and it can be interpreted as the average distance between X and by,.

Example 1.1.1 (Exponential distribution).
Let the parent distribution be p(x) = e™® whose domain is the positive real axis.
The cumulative distribution reads:

F, (z) = [/0 e_x/dx’} = (1 — e_"”)” = <1 — 16—($—10gn))

n

hence in the large n, x limit:

_e—(z—logn)

Gi(apx +by) =ce
and comparing with ((1.4) and (1.6]), it turns out that:

b, =logn a, =1

Example 1.1.2 (Normal distribution).
Another relevant example is the one of a Gaussian distribution. For instance let’s
consider a bunch of n non-interacting Brownian particles starting from x = 0 at
t = 0. Their positions are drew from the parent distribution:

1 _a?

p(x)zme 207 o=V2Dt

Using Gumbel theory, the coefficients are found to be [16]:

o o log (logn) 1
n — — bn = 04/ 21 _—_—
“ v2logn ? o8 2y/2logn + Vlogn

so the average position of the maximum, that is the farthest Brownian particle from
the origin, is:

Tmax(t) ~ \/4Dtlogn
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1.2 Fréchet distribution

This class includes all the parent distributions decreasing with a power law p(x) v

2791 o > 0 and unbounded domain (X* = o).
The limiting distribution is the Fréchet one [13]:

eV " Y >0
GQ(Y)_{ 0 Y<0

In this case the coefficient b, is always zero while a,, = p, can be computed from

1} and it grows as n!/@.

Example 1.2.1 (Cauchy’s law).
The Cauchy distribution

1
= i)

is part of the Fréchet universality class, with coefficients:

n
a=1 Ap ~ —
T

1.3 Weibull distribution

In this class are included all the distributions with bounded domain (X* < co) and
cumulative distribution scaling as x®* when x — X*. The limiting distribution is the
Weibull one [13], 17]

1 Y>0
Ga(Y) = {elyia Y <0

The probability distribution is clearly centered in the (finite) superior limit, hence
b, = X™* whereas a,, is provided by the relation:

X* 1
/ p(t)dt = — (1.7)
X*—an n

Example 1.3.1 (Uniform distribution).
The easiest example is the uniform distribution:

p(z) = {1 z € [0,1]

0 elsewhere

The limiting distribution is a Weibull function with o = 1, b,, = 1 and using ([1.7))
an = 1/n.
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1.4 Fisher-Tippet-Gnedenko theorem

This theorem allows to unify the three universality classes by adding a parameter
veR[14] :

G, (Y) = e~ (1) 7 (14+4Y >0) (1.8)
According to the value of v, the three limiting distributions are included:
~+ — 0 Gumbel distribution.
~ > 0 Fréchet distribution with a = y~1.
~ < 0 Weibull distribution with o = —y~ 1.

Remark 1.

It can be shown that if a random variable X is distributed according to a Fréchet
distribution, then two new random variables distributed according to a Gumbel and
a Weibull distributions, are given by:

1
alog X —  Gumbel - X —  Weibull

1.5 Order statistics

So far we concerned on the first maximum of the set. However one might be inter-
ested also on the statistics of a general order maximum and on the gaps between
successive maxima i.e., the order statistics. This requires the definition of the sets
of mazima and gaps.

1.5.1 Maxima

Rearranging the set {X1,..., X, } in a decreasing magnitude order:
{Ml,n7 .. -pMn,n} Xmax = Ml,n > M27n > > an = Amin

The full joint probability reads [18]:

n n—1
Py (ma,...,mp) = n! [ [ p(mi) [T © (mi = miga)
i1 i1

where the differences from (1.2]) are the n! factor counting all the possible permu-
tations and the © functions ensuring the order of the variables. The cumulative
distribution is given by:

+oo
Fin (m / / dmy, H / dm;Pyr (m1,...,mp)

j=k+1

mj—1

=nl! H/ p(mi)dmi/ p(my)dmy H / p(m;)dm;
mi41 -

Jj=k+1
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by deriving with respect to m one obtains the k-th maximum distribution:

p(mg—1)dmy,— 1H/ p(m;)dm;

mj41

frn(m) = ntp(m) [

m

ms—1

></ p(Mmp41)dmyi1 H / p(m;)dm;

j=k+2

On defining:

P(mj)—/ p(mjy1)dm; = 1 — P(my) —/ p(mjs1)dm;i1

relation (1.9) becomes:

= 1)?(!71 — P P L = Pm)l !

and this is the probability distribution of a general k-th order maximum.

We already know that setting £ = 1 and taking the large n limit, the asymptotic
behavior is well described by the Fisher-Tippett-Gnedenko theorem . For general
k it can be shown that the asymptotic behavior of the cumulative distribution is
given by:

fk,n(m) =

Fien e, g® () gy
* (m) (m—an)/bn fixed ¢ bn ¢ ( )

where the scaling function is now defined as:

-1
(k) [—log Gi (V) 1 /°° ko1
GV(Y)=G;(Y - = e "t
( ) ( ) ]! F(k) —log G;(Y)

and the G; are the well-known scaling functions of the leading maximum.

1.5.2 Gaps

The gaps are random variables helpful for studying near-extreme crowding phenom-
ena:

{dl,ny ceey dnfl,n} dkz,n = Mk,n - Mk+1,n

In the large n limit, the asymptotic joint distribution of the k-th gap for typical
fluctuations is found to be [19] 20]:

n>0 1 (S .
mmw>w%<> i {1,2,3}

Qn Gn

where the ¢; depend on the universality classes.
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Gumbel
In the Gumbel class the scaling function ¢ is:
q1(8) = ke™®

Recalling example ((1.1.1)), we have a,, = 1, so the k-th gap distribution is:

n>0
Pren(0) = q1(9)

the first moment is given by:

n % 1
(dkn) 2k / dése * = =
) 0 k.

Fréchet

In the Fréchet class the scaling function ¢s is:

2 o)
—a —ak— >0
@ )/ e e @+ 6) T e & yak-1
0

20 =1 (k)

Recalling example ([1.2.1]), we have « = 1 and a,, ~ n/7 so the k-th gap distribution
reads:

0 o0 _ —k—1
Pr,n(0) "R T / e g2 (ac + E5> dx
0 n

nI" (k)
_ (%)k k(k+1)61U (k 1,0, %)

the first moment is given by:

n>0 (n\k Lk n n
d ~ |—) k(k+1 ddo k+1,0,—)=——F—
() "% () K G+ )/0 Ukt ’0’7r5> ok (k= 1)

™

Weibull

In the Weibull class the scaling function g3 is:

a? [ o _ 50 ' (ka) fa\2-ke o
5) = —(z+86)*, ak—1 5% 1 dr '~ et 5a(2—ak) -
wl0) F(k)/o ‘ T 0T T (k) (5) ©

Recalling example (1.3.1]), we have o = 1 and a,, = 1/n so the k-th gap distribution
reads:

oo
Pr,n(6) "z’ ﬁ /0 e Mk dy = pe™™

the first moment is given by:
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Chapter 2

Extreme value statistics of
correlated random variables

We study now the EVS of a set of correlated random variables. If the correlation
is weak then we can consider the coarse-grained system and so retrieve a new set
of 4.i.d. variables. Indeed let {X,..., X, } be a set of weakly correlated random
variables, by definition the correlation function decays fast with space:

[i—J]

Cij = (XiXj) — (Xi) (Xj) ~e ¢

where ( < n. So dividing the system in blocks of size ¢, the random variables inside
are still correlated but the blocks are not, hence the new set of n’ = n/¢ random
variables is now 4.i.d. and so its statistics is well-known.

On the other hand if the correlation within variables is strong, a coarse-graining
process is no more feasible since ¢ 2 n. This framework lacks of a general theory,
but few particular problems can be solved.

2.1 Wiener processes

Let’s consider a free Brownian particle starting from the origin. Its dynamics is
described by a Wiener process, so the Langevin equation reads:

dz i
Tenn = b= [ ass (2.)

n(7) is the white noise:

(n(r)) =0 (n(r)n(r')) = 2Dé(r — 7')
We are interested on the first maximum distribution over a time interval 7 € [0, ¢]:

M(t) := max [z(r)]

Mean value and correlation can be easily computed from (2.1)):
(x(t)) =0 <$(t):v(t')> = 2D min (t, t’)

13



14 2. Extreme value statistics of correlated random variables

Thus the positions are strongly correlated in time.

As usual it is convenient to compute the cumulative distribution, i.e. the probability

that the Brownian particle stays below z:

F(z,t) = Prob[M(t) < z] = Prob[z(7) < 2,0 < 7 <]

For proceeding we need the probability distribution P (x,t|z) of the random variable
x. This is provided by the Fokker-Planck equation which is in this case a diffusion
equation. Adding the initial condition that the particle starts at the origin and the

absorbing condition preventing the particle to reach z, the Cauchy problem

0 0?
P (z,0]|z) = 0(x)

P (—o0,t|z) = P(2,t|z) =0

P (z,t|2)

can be solved using the method of images:

1 _i _(1—22)2
P({L‘,t|2) = \/m e 4Dt — e 4Dt

Integrating (2.2)), the cumulative distribution is:

z 1 Z z? z—22)2
F(Z7t) :/ P(‘T,t‘Z)dx = \/m/ |:64Dt — 67( 4;t) :| dx

2 /\/Zﬁ _“2d ef< z )
= — e U =ert | —
NZN VADt

deriving with respect to z we get the maximum distribution:

Pr(z,t) == iF(z,t) = e~ 101 O(2)

dz VDt

The mean value of the maximum

+0o0
(M(t)) = /_ 2Py (2)dz = 2 %

grows as the square root of the time. Similar calculations produce:

Var [M(t)] = ‘1(27;_1)075

2.2 Ornstein-Uhlenbeck processes

(2.2)

Let’s add now an elastic force to the previous Brownian particle (2.1)). The Langevin

equation reads:

dx

P +n(7)

(2.3)
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Equation ({2.3]) can be integrated on multiplying by e":

d d t
—:Be’” + pzetm = — (zel") =n(T)e” = z(t) = e_”t/ n(r)e! dr
dr dr 0

Quick calculations provide the mean value and the correlation of the position:
D1 _ti—tsl  —p(tr+te)
(w(t)) = 0 (w(tr)a(ts)) = — |emHintel — emnltrrta)]
1
As a test of consistency, taking the limit for y — 0 we should retrieve the Wiener

process correlation, indeed:

L —plty —to| = 14 p(ty —t2)
i
=2D Htl — t2| + 1t — tz] =2D min(tl,tg)

(z(t)a(t)) "< 2D

The characteristic time of the elastic force is 7, = p~!. Assuming it to be finite

(1 > 0), one easily notices that for times way larger than 7,, the correlation decays
exponentially:

(z(t1)2(tg)) ~ e Hiti—t2]

This means that after a ¢t > 7, the system ends up to be weakly correlated and so it
can be analyzed using EVS theory for i.i.d. variables. Since the parent distribution
of the random variables is Gaussian, we expect a Gumbel limiting distribution. For
retrieving this result, let’s start from the Cauchy problem:

O P(wtl2) = 1 P (@ t12)] + D P (a1])
—P(x,t|z) = p— [z P (x,t|2 — P (x,tz
ot " Hox ’ 02"\
P (z,0]|z) = 0(x)
P (—o00,t|z) = P(z,t|z) =0
The harmonic potential prevent us to solve it using the method of images, however
we can proceed by expanding the solution in its eigenstates [21]:

22
P(x,t|z) = ZaAef)‘tD)\/“ (—\/2/1,1’> e Hz
A

where D, (x) is the parabolic cylinder function satisfying:

d? 22

1
T2 Dp(@) + <p+ 5~ 4> Dy(z) =0
The absorbing condition implies:

Dy (=v/20z) =0 VA

and this fixes the eigenvalues. In the large ¢ limit the leading term of the expansion
is the one related to the smallest eigenvalue Ao(2):

P(z,t|z) 120 g0t
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it can be shown that for large z the eigenvalue behaves as [22]:

2
Ao(z) == —u%ze_“z2

N3

therefore the cumulative probability reads:

3
,uz2+log(2tf}§z> 10gt
F(z,t) ~ e 2Bt — g¢ =Gy | Vaplogt | z — | ——
p

So we recover a Gumbel distribution with coeflicients:

1 [logt
= =4/ — = (M(t
ag ,74 logt bt < ( )>

As result the mean value of the maximum distribution increases very slowly with
time. A deeper analysis shows that the Brownian particle doesn’t feel the potential
for times way smaller than 7, hence it freely diffuses:

Vit L7
o)~ { fy 157

Final remarks

In this chapter we presented two systems of strongly correlated variables where
one can get some information about the first maximum distribution. Other solvable
cases can be found in the 1D fluctuating surface [23] and in the evaluation of the
largest eigenvalue distribution in Random Matrix Theory [6), [7].



Chapter 3

Order statistics of random walks

In this chapter I will present the techniques used for studying the order statistics of
a set of strongly correlated random variables. The set is provided by the positions
of a one-dimensional random walker.

Definition 3.0.1 (Random Walk).
Let {no,...,n.} be a set of i.i.d. random variables. The partial sum X; up to the
step j is defined by:

X;=> j<n
i=0
The set of partial sums {Xj,..., X, } is called random walk and it represents a

set of strongly correlated random variables.

We can visualize it as a particle moving through the positions X; at the times
Jj. The i.i.d. variables 7, represent then the jumps from a position to another:

Xj—Xj-1=n;
By definition the jumps 7); share the same parent distribution f(n) that is intu-

itively called jump distribution. In the further analysis we will assume the jump

distribution to be continuous and symmetric with zero mean and finite variance 2.

3.1 Relevant quantities

The study of the order statistics of the random walk requires the sets of maxima
{Mi,...,Mp1} and gaps {dip,...,dnn}. Given that in [I5] it has been found
that the gap statistics shows a rich universal behavior, our analysis will revolve
around the two following quantities:

1. the mean value of the k-th gap;
2. the probability distribution of the k-th gap.

The first quantity can be computed from the second one, but it can also be extracted
from results of the k-th maximum statistics. The strategy we followed is rather

17



18 3. Order statistics of random walks

simple: find a way for computing the cumulative distribution Fj () of the k-th
maximum/gap and then derive for obtaining the probability distribution. Thus the
challenging step is to compute the cumulative distribution. The procedures followed
for the two quantities are almost the same and they require the introduction of some
well-defined auxiliary variables.

3.1.1 Mean value of the k-th gap
Let gy n(z) and ry,,(z) be two auxiliary quantities related by:
Tk (%) = Gn—kn () (3.1)
with:
qo.0(7) =ro0(z) =1 Qe (¥) = Tpn(x) =0 (if k> n)
The quantity gin(z) can be defined in two different ways:

1. the probability that starting in o = 0 there are k points above x and so n —k
points below it;

2. the probability that starting in xg = x there are k points below 0 and so n —k
points above it.

The connection between the two definition is well explained in figure (3.1)).

NN
VL v

Time Time

Position
Position

(a) Starting configuration. (b) Inversion of the vertical axes.

AL
Vi |

Time

(c) Vertical shift of magnitude +z.

Position

X

Figure 3.1: Visual representation of the equivalence of the two gy ,(x) definitions.

The cumulative distribution of the k-th maximum can be expressed as a combi-
nation of these auxiliary quantities. Indeed it sets the bound for the k-th maximum
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(and so for the further orders too) to stay below the value of x. As consequence
it can be expressed as the sum of all the possible configurations of the lower order
maxima (1,...,k — 1), which are free to be smaller or greater than x. Let’s treat
separately the positive/negative cases.

x > 0 The cumulative distribution is nothing but the sum of the probabilities
¢m,n(x) where m varies from 0 (all the maxima are smaller than z) to k — 1
(the first k£ — 1 maxima are above x):

k-1

Fk:,n(x) = Z Qm,n(l')

m=0

x < 0 This case is analog to the previous one though there is at least the starting
point Xy above x. The cumulative distribution reads:

k—2
=3 rnlo)
m=0

all together:

Z:;_:lo Qm,n(l‘) z>0
an_:zo Tm,n(_$) x <0

Taking the derivative with respect to x, the k-th maximum distribution is achieved:

Fon() = Pr My, < 2] = {

9 k—1 9 k—2 P
Py (Mk,n = .%') = %Fk,n(fﬂ) = Z %Qm,n(-r) + Z %Tm,n(_x)
m=0 m=0

Hence the mean value of the k-th maximum is:

(M) = Z/ o (e dac—l—Z/ g rman(—2)dz (3.2)

Exploiting the linearity of the first moment, the mean value of the k-th gap is simply:

() = M) = Mg == [ 07 nla) 4 ricanl-olds (33

It is now clear the crucial role played by the auxiliary variables g, and r,. An
equation for them is provided by the Markov chain backward equation, related to
the first step of the random walk:

e’} 0
Qo () = /0 Gonor (&) (& — 2)de’ + / e (-2~ a)d -

— /oo Qen—1(2) f(2' — z)da' + /oo Th—1n-1(2") f(2' + z)dz’
0 0

where the first (second) term represents the probability to jump in 2’ > 0 (2’ < 0)
from « > 0. For ry,,, using (3.1)):
oo

Ten(T) = /000 Th—1n—1(2) f(a' — z)da' + /0 Qen—1(2") f (2" + z)da’ (3.5)
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3.1.2 Probability distribution of the k-th gap

Almost the same procedure is pursued for evaluating the probability distribution of
the k-th gap. Let’s start by considering the joint probability that the k-th maximum
has the value y and the (k + 1)-th one assumes the value x < y:

P(Mk,n =1 Mk+1,n = 37) = Pk,n(x7y)

The cumulative distribution Sy ,,(x,y) can be defined as:

o T
Skn(x,y) =Pr[ My, >y, Mpi1, <] = / dt/ duPy 5, (t, u)
y —00

hence:
82

_ 3.6

Pk,n(‘r’ y) =

The probability that the gap between the two maxima is § = y — x will be:

P (dy = 0) = Pyn(0) = o dzdyPy . (z,y)O(y — z)6 (y — x — 9)
using (3.6):
0?Sk.n(z,v)
Py n(din = 0) /R2 910y O(y — 2)d(y — = — §)dzdy (3.7)

As we have done before, for computing the cumulative distribution Sy ,(x,y) we
introduce two auxiliary variables Qy, n(z,0) and Ry ,(x,0), related by:

ka(-rv 5) = Qn—kz,n(x7 5) (3'8)
with:
Qo,0(x,0) = Roo(z,6) =1 Qrn(2,0) = Rgpn(z,6) =0 (ifk >n)

Analogously the quantity Q. (z,6) is defined as the probability that the random
walk, starting at z¢9 = x, has k points in |—o00, —¢] and n—k in [0, co[. The cumulative
distribution is related to these quantities by:

Qk,n(l‘ayil‘) x>0
Skn(z,y) = 0 r<0Ay>0
Ri—in(-y,y—2) 2<0Ay<0

Then (3.7)) becomes:

o) 00 82
Py n(6) =— /0 dx/x dy8$aka7n(x, y—x)o(y—x—9) 59

0 0 02
—/Oodﬂﬁ/z dya?ayRk_l,n(—y,y—x)fs(y—w—5)
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In the same way, a backward equation can be defined for each auxiliary variable:

Qin(z,0) = /000 Qrn—1(2',0) f(x — 2')da’

4 [ R @ 816+ 4 )

L0 (3.10)

Ry n(x,0) = / Ri—1n—1(2',0) f(x — 2)da’
0

+ /OO ka_l(x/, 6)f(33/ + x4+ 6)de’/
0

Remark 2.
In the study of the k-th gap distribution we will often use the rescaled gap -, defined
by:

_9
T

Therefore, it is equivalent to use the variable ¢ or  since they only differ of a positive
constant.

3.2 Mathematical tools

During the analysis we encountered several mathematical issues like recursiveness
of the equations and heavy computations. The two following tools allowed us to
lighten these problems.

3.2.1 Generating function method

In order to remove the recursiveness in the equations, we made large use of the
probability generating function method.

Definition 3.2.1 (Probability generating function).
Given a sequence of many indexes f,, ., the associated probability generating
function is:

o0 o
G(z1y. . y2r) = Z Z 212 fanm

ni=1 ny=1

where the {z1,..., 2} are complex variables whose modulus must be confined in the
interval [0, 1].

Although this method let us proceed with the calculations, eventually one is
required to invert the generating function for retrieving the needed result. For this
purpose a general recipe doesn’t exist, anyway some techniques as the Maclaurin
expansion, guessing the scaling function and the Bromwich formula are helpful
for the scope.
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The double generating functions of the k-th maximum auxiliary variable are:

q(s,z; ) EZszqkn r(s,z; ) ngzrkn

n=0 k=0 n=0 k=0

In the following these quantities will be defined by linear differential equations.
Boundaries conditions for the coefficients are provided by the generating function

representations of (3.4) and (3.5)):

G(s,z;x) =1+s /OO q(s, z;2") f(2 — x)dx' + sz /OO 7(s,z; 2" ) f(2' + z)da’

0 o (3.11)

7(s,z;x) =1+ sz/ 7(s,z;2') f(a — x)da’ + s/ q(s,z;2") f(2' + z)da’
0 0

The same arguments and equations are valid for the gaps’ auxiliary variables as long
as one makes the following substitutions:

q(s,z2) = Q (s, 7 ,0) 7 (s, 2z;2) = R(s,22,0)
f@—x)— f(2 —2) f@ +z)— f(2'+x+0)
so:
Qs.z.0) =145 [ Qs zi'.0) (o — ')
0
+ sz /OO R(s,z;2',8)f(z' +x + 6)da’
0. (3.12)
R(s,z;x,0) =1+ sz/ R(s,z2,8)f(x — 2')dx’
0
s /OO Q(s,z;2',0) f(a' + x + 6)da’
0
Remark 3.

In the generating function framework the limit for s — 1 corresponds to n — oo
while the limit for z — 1 corresponds to k& — oo.

3.2.2 Symmetry

The relations between auxiliary variables (3.1) and (3.8)) produce in the generating
function representation a global symmetry coded in the involution ¢:

¢:(s,2) —~ <sz,1) $* =1

z

Let G (s,z;x) and 7 (s, z;x) be the generating functions of the auxiliary variables,
then:

F (s, 2:0) = (G0 6) (5, 2.2) = <szix>

and exploiting the involution property ¢ o ¢ = I:

G(s,z;x) =(Gol)(s,2,2) = (Go o) (s,z,x) = (Fod)(s,z 1) :f<sz,i,m>
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As consequence, we can work only with one of the auxiliary variables and then
automatically extract the other by symmetry.

Remark 4. o
The same symmetry holds for the gaps’ auxiliary variables @, R.

3.3 Final remarks

It is evident how the analysis deeply hinge on the auxiliary variables, which are
defined by the Wiener-Hopf integrals , and . These integral equa-
tions are pretty hard to solve for arbitrary jump distributions f(x), however for the
whole class of Gamma distributions, one can reduce them in recurrent differential
equations.

In the next chapter we will report the analysis made with an exponential jump distri-
bution in [I5]. In the fifth and in the sixth chapters instead we will show the original
results we obtained for a first order and a general order Gamma distributions.
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Chapter 4

Exponential distribution

We consider now an exponential (or zeroth order Gamma distribution) jump distri-

bution:
folw) = =7 (4.1)
0 = 2 .
with:
(x)=0 o = <x2> = 2b?
0.6
0.5
X
< 04
2
.(7) / \
c
@
S 03
£
E
3
S 0.2
o
0.1
0
4 2 0 2 4

Jump length (x)
Figure 4.1: Exponential distribution (4.1)) with b = 1.

Computing the second derivative, an useful relation can be isolated for this
distribution [15]

b’ fg (x) = folz) = —d(x) (4.2)

25
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4.1 Mean value of the k-th gap

Relation (4.2)) is very helpful for reducing the Wiener-Hopf integrals (3.4)), in
two differential equations. Indeed deriving two times (3.4)) with respect to z and

using relation (4.2)), one finds:

ten(®) :/o Gk () fo (2 — x)da’ +/0 rh-1,n-1(2) fo (2" + 2)da’
N 1712 /o Gkn-1(2) [fo(z' = z) = d(a’ — 2)] da’
g [ e @) [+ ) - a4 )

- b% [@kn () = qren—1()]

so we remain with the recurrent differential equation:

o d?
b dx 2q’f"( T) = Gkn(T) — Qrn—1(T) (4.3)

The recursiveness can be removed using the double generating function:

o0 n
G(s,z;) Zanqukn
n=0 k=0
hence:
82
b2wd(s,z;x) (1—=15)q(s,z;2) — 1

which is a linear differential equation with solution:

)e_m% +

q(s,z;z) = als, z s

By symmetry:

(s, zi2) = d'(s,2)e V7% 4 ——

d(s,2) = a <Sz, 1) (4.5)

1-—sz z

In order to evaluate the amplitude a(s, z) let’s combine the first of (3.11)) with (4.1))

and (4.4) so:

Viss 1

aeme—l—l zl—i— '

)dx/+as/ e 5w fo(z' — x)dx’
0

1 = / fo(x' +x)dx’ +a sz/ e*A(SZ)‘”,fo(m' + x)dz’
- 0
1 ~% -1

4 ’ sz —1) +adsz————

T1-s 2 (1-s)(1-s2) (\/@H)
[e b (1+\/1—s) —2e” lb_sx]

v\a
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where we made use of results from . Finally we recover the equation:
a n a'z L7 1
Vi—-s—1 J1—-sz4+41 1-5s2 1-3s

Applying the symmetry to the (4.6) we obtain a second equation and so a closed
systenﬂ

=0 (4.6)

a a'z z 1
+ + - =0
Vi—-s—1 1—s2z24+1 1—sz 1-—s
a a'z z 1 0

+ — +
Vi—-s+1 1—-sz2—1 1—sz 1-—s
which has solution:
1 1
a(s,z) = -
(1—5s)(1—-sz) 1l—s

so finally:

1
7(s,z;2) =4 (sz, - x)
z

Now that the generating functions of the auxiliary quantities are well-known, we
can easily compute the first moment of the k-th maximum distribution . In
order to compute these integrals, it is better to switch to the generating function
representation:

o _ oo/ 1 1 1
& o P(n+3) T(m+3)

o n S
= Z Z snzm/o x%qm,n(:ﬂ)dm

n=0m=0

where the Taylor function expansion around s, z = 0 has been used for returning to
the original form. Comparing:

o I'(n+2
~ 5 (& (FH-1)  @-o)
T—(mn(x)dr =
0 Ox 7 Lol F(m—&-%)
~Vor T(m+t1) (m > 0)
Similarly, for ry, p, using (3.1):
- r'(n+3
. s (&t -1)  m=n
T—"mn(z)dr =
0 ox ’ p F(n—m—i—%)
~ 5 Tnmm+1) (m <mn)

Lotherwise we could have obtained it combining the second of 1i with 1D and l)
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On substituting into (3.2) we obtain:

o [2T(n+d) L =D mt )
M) = 5 | T t) ' VR 25 Tlmr ) (4.7)
1 k_2F(n—m+%> |
VT A= T(n—m+1)

By exploiting the noteworthy relation

zn:F(m—l—%) 2F(n+%)

T(m+1) “T(n+1)

m=0
we can rewrite as:
(M) = o Z": I'(m+3) B k—1 I'(m+3) B k—2 F(n—ma+ 1)
Vor |42 T(m+1) 4= T(m+1) <= T(n—m+1)
o [snTlmtd) §ET(-m+ 45
V2r ot L(m+1) — T(n—m+1)
__9 [ F(m—i—%)_ i F(m—k%)
V2r o I'(m+1) I L(m+1)

Assuming now k < n —k+2, i.e. kK <1+ n/2 that is we concern on the first half
of the maxima (by symmetry the second would produce the same results), the two

sums in (4.8) can be subtracted, so:
;)
vem = I'(m+1)

Equation (4.9) is the exact value of the first moment of k-th maximum distribution.
In the large n limit, one finds the following behaviour:

(Mpn) = (4.9)

n>0 o B 2n (M) n>0 [2n
(Mip) %7 Jo=2Vn=o\[=2 = =2 R

we notice that it loses the dependence on k.
From (4.9) it is straightforward to extract the k-th gap mean value using linearity:

o ! r (m — %)
(din) = (Mgn) — (Mig1,0) = Nor: [ % ; +1)
o F'(k+3) T(n—k+3)
T Von ITE+ D) " T k12

(4.10)
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we have:
lim (dr.n) = lim L Lk + L Lt (k+5) (4.11)
n—oo o n—oo 21 | T(k+1)  /n Vor T'(k+1)
in the large k limit, using :
(hoo) k20 1 (k) (4.12)

o 21k

and we notice that the mean value becomes stationary, that is it doesn’t depend
on n. Using Pollaczek-Wendel identity this result can be proved to be universal,
i.e. to hold for arbitrary symmetric and continuous jump distributions f(x) [15]:

o T(k+%) 1 [®dg]|; 1

I dn:2—/ = L. S— 413

3 ) = T Ty R Sy @ |9 (1+ 2 o
x|

where fo (q) is the Fourier transform of the jump distribution. For large values of k

one finds again (4.12)).

4.2 Probability distribution of the k-th gap

We are now interested on evaluating the asymptotic behavior of the full k-th gap
distribution. As we already stated, the gaps auxiliary variables (Q.n, R ) share
the same properties of the maxima ones (gxn,7kn), S0 as beforehand we find the
following recurrent differential equation:

2 0%
0x2

switching to the generating function representation:

b Qk,n(x7 5) - Qk,n(xu 5) - Qk‘,nfl(:(% 5)

Q(s,22,0) = A(s, z;8)e V1755 +

1—s

Injecting this expression into (3.12]) and using the symmetry, we get a linear system
for the coefficients A and B= A (sz, %; 5):

1 n A ze_% Bze_% _0
1—-s5s 1—4/1—s 1—sz 1+\/1—sz_ (4.14)
z zB e_% Ae_%

+ - - =0
-5z 1-y1-sz 1—s 1++1-s
which has solutions (v = §/b):

sz sV 1—sz S o
Nierria e coshy — 2 sinh~y

(\/1—s+\/1—sz)cosh'y—|—(1+ (1—sz)(1—s))sinh7 (4.15)

B(s,z;7) = A(sz,1/2,7)

A(s, 237) =
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Now that the generating functions of the auxiliary variables are known, we can
compute the generating functions of the gap distribution using (3.9):

+o00 +oo 5 82 N
P(s,z7) —/ dx/ dyé( b> 920y —Q(s,z;x,7)

/ d:c/ dy5< >afa R(s, 2z —y,7)

In order to do so let’s start by evaluating the double derivatives of the auxiliary
variables (y = (y — z)/b):

(4.16)

0% - e [ 92 0
; =—— |=—+N—| A :
axayQ(s7zﬂx77) b2 |:8,72 + 6’7:| (S’Z”y) 4 17
0? 7 e [ 92 b 0 B (4.17)
axay (S7z7_y?’7)__b72 [872"‘77 &Y] (87Z77)
where for simplicity:
\ = 1—s _V1-—sz
T =%
Injecting (4.17) into (4.16])) and computing the integrals, one finally obtains:
1 024 10A z 0°B
P(S Z’Y) )\b26 D) (87'2;7)+5877(37Z;7)+W8772(87Z;7)
(4.18)
L2 z 0B (5, 2:7)
by S, 257

On substituting the values obtained in (4.15)) for the coefficients and taking the limit
of s = 1 we have:

> z u\z) — vz 672
- Z Sy) = %6_27 [u((z))+ v((z))e2:]3 (4.19)

where we introduced the functions u(z) = /1 — 2+ 1, v(z) = /1 — z — 1. The next
step is to extract the pg(7) from the generating function. This is not trivial, but
using scaling arguments we can extract the asymptotic behavior in the large k£ limit
(z — 1) for typical and large fluctuations.

1. Typical fluctuations 6,7 ~ 1/Vk

Here we consider fluctuations around the mean value. In order to do so we
guess a scaling form for pg(§) where V&6 is fixed:

(8) = %\/EP <\/%i> (4.20)

Looking at its generating function:

= é ; kP (\/ED
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by defining z = e~* the limit for z — 1 corresponds to t — 0 hence:

1 1 [
P(z0) == e "VkP (ﬁ‘s) ~ / e VP <\/E5) dk
o = o oy o
making the change of variable x = k (2)2:

p(z;0) t;é % ((;)3/(00)2 e_(%)2mt\/§P (\/5) da

Qe

So, given that § — 0:

_ tf 02 [ _o%, o? ot
p(z;0) ~ 53/0 e 2 \/xP (Vz)dr = ﬁF <52> (4.21)

Q

We expect then a scaling of this form for the generating function of (4.20)). In
order to prove or disprove it, let’s look at the asymptotic behaviour for d,¢t — 0

(z — 1) with fixed ratio #/62 of (4.19):

8z _o, u(z) —v(z)e™® uf 16 1
b [u(x) +u(=)e ) b (2yT—z+28)°

Now since fort = 0et~1—t¢ thent~1— z:

16 1 20 1 o 1
P T () (1 Y

where it has been made the substitution b = ¢/y/2. Comparing with (4.21))
the scaling function turns out to be:

-3
F()\):<1+\/§) A:O;J

and from (4.21)), it can be interpreted as the Laplace transform of /zP (1/z):

-3
Lo WEP(D)] = [ e VEP( /)i = (1 ¥ \/5)

0

The inversion of this Laplace transform is not trivial, however expressing it as:

-3
(1 + \/X> = 1/ yze_ye_y\/gdy
2 2 Jo

one has:

(4.22)
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So the problem is reduced on evaluating the inverse Laplace transform of the

A
function e_y\/; Using Bromwich formula (|C)):

y2

z! & (4.23)

eWel =Y -
A= 2v/2mx3/2
Hence matching (4.22) with (4.23):

1 [ee) —(y—i—ﬁ) 462x [ee) 72
PWz) = ——— 3¢ ) dy = / j—2x)% e 5 dy
(V) 4\/%132/0 y V=" | (§ — 27) J

=4 [\/% (1+2z) — e**/2 (3 + 42) erfc (\/ﬁ)]
setting t := \/z:

P(t) =4 [ (1+22) — €2t (3 + 412) exfc (ﬁt)] (4.24)

&
3

3.5

2.5

15

Scaling function P(t)

0.5

— ]
0 0.5 1 15 2
t

Figure 4.2: Scaling function for typical fluctuations (4.24]).

which has the asymptotic behaviour:

P(t) ~ (4.25)

showing a surprising power law tail.
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2. Large fluctuations 6,y > 0
Numerical results suggest that, in the large k, § limits, py(d) scales as:

Pr(8) = po(8)k ™3/ (4.26)

Switching to the generating function representation, the large %k limit corre-
sponds to the z — 1 limit. Hence developing p(z;4) around z = 1:

~ > z—=1 -
B(z:0) = > 2p (0) R p1(6) + pa(O)V1— 2 (4.27)
k=1
In this limit, pg(d) is related to the coefficient of v/1 — 2z in the expansion,
indeed:
) p2(0) S~ T (k= 3) 4
NV1—2z=—
P2(0) 2 ﬂkZ:OF(k‘—l—l)z
o ) ST (k—3)
=p(0) =5 kzzl T(k+1)
so:

L pOT(E—3)  50), s
p’“(‘s)”_Qi/Er(kiJri)N—iﬁk i

comparing with (4.26)), ¢o(d) turns out to be:
210
__pa(9) (4.28)

finally, expanding (4.19) we find:
16 23 'S 4 de?b +1
——e

p2(6) = —
©(e)
hence by virtue of (4.28):
™) 8 oM +4e* 41
= (& = -
wol”Y b/ (1_62”4 =3
with asymptotic behaviour:
%7*4 v—0
po(7) = . (4.29)
me*%* vy — 00

Collecting (4.20)) and (4.26):

o [ W52 (V5) v

pe(y) =
wo(7)k3/2 >0
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The results are consistent since the asymptotic behaviours of the two regimes match
when they move ”toward each other”:

1 [k k) 430 1 k3 4 4 3 _aap
N > =~
bV 2 < 27> 2 Rr k! bxf "
~ 3
L3/2 0 —41.-3/2
) b/ !

This proves that the chosen scaling forms are correct.

wo(y

4.3 Alternative approaches

The analysis we made for studying the k-th gap statistics for an exponential jump
distribution is no more feasible for further order Gamma distributions since it turns
out to be computationally prohibitive. In these cases we are required to follow
alternative paths for extracting the asymptotic behavior of the needed quantities.
These alternative paths need to be tested for verifying their consistency. In order
to do so in this section we will check them for the exponential jump distribution.
Indeed if the final results match with the ones we already got, then these approaches
are trustful and we could use them in the next chapters.

4.3.1 Generating function of the k-th gap mean value

Instead of passing through the computation of the k-th maximum mean value (3.2)),
we start from the evaluation of the k-th gap (3.3) generating function:

(s, / a:CZZS [Ghn(z) + rh1n(@)]dz (4.30)

=0 k=1

For achieving an expression with generating functions, we need to work on the two

R.H.S. addends.
1. Starting with the first?]

Zzszqkn :Z[Z‘szq}en QO,nsn

n=0 k=1 n=0 Lk=0

q(s,z;x) Zqons

the last term can be rewritten as:
ZQO ns" Zrn,ns Z"“n = ) (431)
n=0

A differential equation for 7 is provided by (4.3]) setting & = n and summing
over n:

d2 G n - n . n
52@ Sra(z) =Y s ") = Y " (@)
n=1 n=1

n=1

2the sum over k starts from 1 since the zeroth gap doesn’t exist.
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this produces the well-known differential equation:

5 0
b—axgr(s x) = (1—=s)f(s;2) — 1
with solution:
fopr 1
7(s;2) = c(s)e” T 4 1 (4.32)
— 5

in order to evaluate the coefficient let’s use the (3.5 with & = n:

rn(z) = /0°° rp—1(2) f(a' — z)da’

summing it over n:
oo
Fs;x) =1+ s/ F(s;2’) f(2' — z)da’ (4.33)
0

hence injecting (4.32) and (4.1)) into (4.33):

o ¥ViTsol_o 11
 1l-s  J1-s 1-s
The first R.H.S. term of (4.30) is now evaluated.

2. The second addend reads:

co n—1 [e's) n
ZZS 2T = ZZZS 2T = ZZS" [szrkn —z"rn]
n=0 k=1 n=0 k=0 n=0 k=0
o0
= 27(s,z;x) — 2 Z(sz)”rn
n=0
where the last sum:
[o.¢]
Z(sz)"rn = 7(sz;x)
n=0
coincides with (4.31)) where s — sz, so:
1—sz 1 1 1
r : = - b z = —
7(sz;x) = c(sz)e T c(sz) e 1-s

Finally putting all together into (4.30)):

<J(5,z)> = /000 86:1: [7(s;x) — (s, z;2) + 27(sz; @) — 27 (s, z; )| dx (4.34)

The integral reads:

<J(s,z)> =

c(s) a —c(s2)
[ v1—s \/1 — sz
1 z 1 z

[(1—8)\/1—SZ+\/1—S(1—SZ)_1—8 1—s2

s\qs\q
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In the s — 1 limit:

(ds.2)) % % ( — - 1> 1 . 5= 1 - 5 izk (d,o0) (4.35)

1—2 =

where (dj; o) = limy, 00 (di ). Using Taylor expansion we can easily extract (dy o)

from (4.35):

o (L N_o (LT ) o TR
ﬁ(ﬂ 1>_ 2<ﬁk201“(k+1) 1)_m;r(1f+1)

hence comparing;:

_ o L(k+y)
Vor T'(k+1)
This is the same result we got in (4.11)) so taking the large k limit we will for sure

end up in (4.12). As consequence this approach is consistent and it is simpler since
it doesn’t require to compute the k-th maximum mean value.

<dk,00>

4.3.2 Asymptotic linear system

For computing the full k-th gap distribution we will here consider the s — 1 limit
before of solving the linear systems. The easiest way to proceed is to develop the
coefficients A, B up to the second order:

s—1 AWM A®) s—1 B B®
A~ + B = +
1—-s V1-5s 1-s V1-5s

substituting into (4.14]):

1 1 A A2
1—8+1—\/1—s 1—S+\/1—s

ze Y ze 7 BM B®@ 0
J— —_ _"_ —
1l—sz 14++/1—sz\1—s +/1—s5

(4.36)

Py Py B B2
1—sz+1—\/1—sz 1—S+\/1—8

6_7 6_'7 A(l) A(2) 0
T1os Iavics\1-s Vies)~
where as usual v = §/b. Expanding now (4.36)) around s = 1 up to the second order:
AN 41— BWe— (1-v1-2) AN 4 A — B@)e— (1-v1-2) 0
1-s V1—s N
BO (14 VT=2) = (AV +1) e e (AD) = A@) 4 BO (1 4+ T=3)
-5 v1—s
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All the terms are independent so we finally get a four equations linear system in the
four variables AV, A2 B B@).

AW 41 - BWe™ (1 -1 -2) =0

AW 1 A®) _B@e=7(1 -1 -2) =0
BW (14 V1—2) - (A(l) + 1) e =0
e <A<1> _ A<2>> +B?D (1+Vi—2)=0

which has solution:

A — 1 A2) — cosh y++/1—zsinh vy
v/1—z cosh y+sinh y (437)
BM =0 B2 — 1

v/ 1—2z cosh y+sinhy

On substituting (4.37)) into (4.18)) we get:

z@V1I—2(14+V1I-2)+eV1-2(1-V1-2)] 1
\/m[\/mcosh’y—i-sinhfy}3 l—s
zle(1+V1I-2)+e 7 (1-vV1-2)] 1
[\/ﬁcosh’y—ksinhy]g l—s
8z, (WVI—z+]) - (VI-2z-1e™ 1
T VT ) (VI en]Plos
8z uw(z) —v(z)e”® 1

o2y
b [u(z) (e P L—s

which perfectly matches with (4.19)), therefore the approach is consistent.
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4. Exponential distribution




Chapter 5

First order Gamma distribution

We consider now a first order Gamma distribution:

_ = el

with:
() =0 o? = (a?) = 6b
0.25
0.2
- A
2 015
c
@
©
2
5 0.1
5]
Qo
<)
o
0.05
0
-10 -5 0 5 10
Jump length (x)
Figure 5.1: First order Gamma distribution (5.1)) with b= 1.
It can be shown that a relation analog to (4.2]) holds:
WL @) =2 @)+ ) = 1+ ) (5:2)
dzt ! dz2”! ne dx? '

39



40 5. First order Gamma distribution

5.1 Mean value of the k-th gap

Exploiting relation ([5.2)) the Wiener-Hopf integral (3.4]) can be reduced to:

, 0 , 0 , 0
b @%,n@) —2b @Qk,n(x) + Qk,n($) =b @qk,n—l(x) + qk,n—l(-r)

Switching to the generating function representation:

ot 0% By
64@%5, zx) — b (s +2) 5o2d(s,22) + (1= 9)q(s, z2) = 1

This linear differential equation is easily solvable. Performing the change of variable

P gt 1
q=4g 1—s
we recover an homogeneous equation for g:
d*g d%g
4 2 _

the solution is a superposition of exponentials, so setting g(s, z; ) = A(s, 2)e™** we

obtain the characteristic equation:
VXN - (s+ 2N +1—-5=0

which has the four real solutions (0 < s < 1):

s+2—4/5(s+8) s+2+4/5(s+8)
AL = 202 A2 = 202

$+2—1/5(s+8) $+244/5(s+8)
A3 =\~ M=\

Remark 5.
In the range 0 < s < 1 both the radicands are always positive, so all the solutions
are real.

The general solution is a linear combination of them:
g(s, z;2) = Ai(s, 2)e™ M 4+ Ag(s,2)e 2% + Ag(s, 2)e % + Ay(s, z)e M

For avoiding divergences we need to set A3 = A4 = 0. Returning to §:

1

(j(S, Z; 1’) = A1(57 z)e—)\w + AQ(S, Z)e—)\gac + 17
— S
By symmetry:
1
7:(8, Z; :p) =B (S’ Z) e M® 4 By (87 Z) e~ e | 17
— 82

where:

sz+2—/sz(sz + 8) sz+24 +/sz(sz+8)
m= o2 N = 5

2b
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and B; = A; (sz, %) For evaluating the amplitudes (A;, A2, B1, Bg), let’s use rela-

tions (3.11)) and the results from ([A):

q(s,z;x) =1+ s/ [A1(s, 2)e™M% 4 Ay (s, 2)e M 4 11] f(2' —z)da'
0 — S

+ sz/ [Bl(s, 2)e M 4 By(s, z)e ™Y + } f(2' + z)da’
0

1—sz

2be M7 (AZD2 + 1) — (Mb+ 1% b+ x (1 — Ab)]e™ s
2b (A2p2 — 1)°

2be 2 (A3b2 + 1) — (Ab+ 1)* [b+ 2 (1 — Aab)] e 5
26 (A2p2 — 1)°

:1+A18

+ Ass

Sk

- ~5 b 1 b
PRI PR (x4 D) 4 Bysst b b+ +;71 )
l1—s 2b 2b(mb+1)
e b [b+ x (14 n2b)] sz e b
5 +
2b (mab+ 1) 1—52 2b

+ Bosz

exploiting the non-trivial relation:

A2 +1

a1 K ={s;s2} A={\n}
One gets the equation:
b+x(1—Mb b+ x(1— Ab b+x(1+mb
—Als—(i 21 ) —Ags—(i 22 ) +Blsz—( 7721 )
(Mb—1) (Aab—1) (mb+1)
b+x(1+mb
+BQSZLT/22)+($+I7) iZ — i =0
(mb+1) l-sz 1-s

which can conveniently be rewritten as:

[ Aqsb Aosb Byszb Byszb bs(z—1) ]
(1—=X0)*  (I=Xb)?  (mb+1)*  (pb+1)*>  (1—s)(1—s2)
. [_ Ais  Ass Bisz DBasz s(z—1) ] B
I—=Xb 1—Xb mb+1 mb+1 (1-s)(1—sz)

Since the condition must be true whatever the value of x, we need to set both the
contents of the square brackets to be zero:

Al T AQ . Blz _ BQZ 4 1—2
(L=Ab)?  (1—Ab)®  (mb+1)*  (mb+1)°  (1—s)(1-s2)
Al A2 Blz BQZ 1—2
+ - - +
1—=Xb 1—=Xb mb+1 mb+1 (1—35)(1—s2)

=0

=0

The other two equations are provided by symmetry, hence we obtain the linear



42 5. First order Gamma distribution

system:
A1 + A2 . Blz B B2Z n 1—2 —0
1—X\b 1—Xb mb+1 n2b+ 1 (1—8) (1—52)
A1 4 A2 o Blz _ BQZ 4 1—=2 —0
(1=Mb)*  (1—=Xb)>  (mb+1)°  (pb+1)°  (1—s)(1—s2)
Blz + BQZ . A1 . A2 . 1—=2 —0
T—mb 1—mb Mb+1 Xb+1 (1—5)(1—s2)
Blz BQZ A1 Ag 1—2z
2 + 2 2 27 (1= 1— =0
L (mb—1)%  (mb—1)"  (Mb+1)°  (Mb+1)7 (1—5)(1—s2)

which has solution:

.

A — Aam1m2 ()\%b2 - 1)2 (1-—2)

PO =) () () (1= 8) (1= s2)
A — Miminz (30?2 — 1)2 (1—2)

T =2 Qo+ m) Qo+ ) (1) (1—s2)
Bl — AAang (nfb? — 1)2 (1-2)

z(m —m2) (m + A1) (m + A2) (1 —s) (1 —s2)
By — Mo (n3b* — 1)2 (1-2)
z(m —m2) (n2+ A1) (n2 + A2) (1 — ) (1 — s2)

Now that the auxiliary variables are known, let’s compute the first moment of the
k-th gap starting from its generating function (4.34]). For proceeding we need first
to evaluate the quantity 7(s; x):

1
1—s

F(s;z) = Cp(s)e M% 4 Co(s)e 2 +

Using (4.33) we get an equation for the coefficients:

b+z(1—XAbd) Cb+x()\2b—1) r+b

0 5.3
= b T —1% T 1-s (5:3)
Equation (5.3 has to be true whatever the value of x, hence:
C C 1
s+ 2 _+ =0
(Alb - 1) (Agb - 1) 1-1
C o 1 (5.4)
2} =0

1—Ab 1—Ap 1-1

The system ([5.4]) has solution:

(b= 1)% )
A =T 50 - Ay
2
Cots) — - 2b= 1P

(1=35)(A1— A2)
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Therefore, on substituting in (4.34)):

<J(5,z)> _ A - Ci(s) n Ay — Cy(s) n ZBl — C1(s2) N zB2 — Co(s2)
>\1 )\2 m 72

Taking the s — 1 limit:

<~ >8§10 \/z+2+ z(z+8)+\/z+2—\/z7+8

d(s,z)

231 -z 31—
hence:
izk G} —o \/z+2+ z(z+8)+\/z+2—m \/‘
AT
o~ ov6 o
2V3VI—2z V2VT1-2z
We expects the scaling (dk, o) 20 %, S0:
% Aym
A; N 1‘(2 (5.6)
comparing ) with ( -
o
B

SO:
<dk,oo> k%O 1
o V2rk

The asymptotic behavior of the k-th gap mean value coincides with the one computed
from an exponential jump distribution. This is a check of the reliability of the
Pollaczek-Wendel identity (4.13]).

5.2 Probability distribution of the k-th gap

We want now to extract the full k-th gap distribution and check if the claims of
universality for typical fluctuations holds for a first order Gamma distribution. From
prior results, the generating function of the auxiliary variable Qy,,, (z,0) reads:

Q(Sa 25T, 5) = Al(S, 2 6)67)\136 + A2(57 2 5)67)\21 + 17

-5
Injecting this expression in the integral equation ([3.12)), we obtain an equation for
the amplitudes:

)

Cxtb Abt+a(l—Mb)] Ax[b+a(l—Ab)] | zeTe

— b o
C1-—s (Ab—1)2 (A2b —1)2 +1—sz( to+9) (5.7)
Broe? bt (z+0)(mb+1) Byoe bt (z+8)mb+1) _

(mb+1)2 (m2b+1)2
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Since ([5.7)) must be zero whatever the value of z, it splits in two independent equa-
tions. Moreover using symmetry other two equations are provided, hence we get a
four equations linear systems in the four variables Aj, Ay, By, By (in the following

7= )

Aq Ao Bize™"  Bgze 7 1 ze Y
+ + + + - =
1—=Xb 1—=Xb mb+1 mb+1 1—-s 1-—sz
Bjz n Boz B Aje™7 B Age™ N z e ~0
1—mb 1—mb Mb+1 Xb+1 1—sz 1-—s5
Aq " As B Bize ™ 1 "
Ob—12 " ab—12 mb+1 n1b+ T
_ (5.8)
—Bzzev{ ! +]+ (1+)—0
mb+1 [mb+1 1 =
Blz i BQZ Ale |: i :|
(mb—12 " (pb—12 ~ Ab+1[Ab+1
Age™7 1
— 1 =0
>\2b+1[)\2b—|—1+7}+1—3z ( +7)

The solutions of (5.8) are rather messy, too much to be handled. So we need first
to consider the asymptotic behavior of the system, as explained in (4.3.2):

APV @) | AP ) AV ) | AP G
Ai(s,z7) = (11) — + 12)1—5 Aa(s, z;y) = (11) 0 4 22)175 59
; B (% ; ; )
Bi(s, z7) = 11—(7; 2 4 \1/1(1237) Bs(s, z;7) & 21_(7; = \/1( s’Y)

on substituting relations (5.9) into (5.8) and expanding around s = 1, we obtain
four equations of the general form:

P980) o (a0, 5) )
T + . +0(1)=0 (i,7,k,1 =1,2)
- -5

where P, Q are polynomials linear in the amplitudes (AZ(-j ), Bl(f)). Given that each
term of the expansion is independent the linear system of four equations splits in
a linear system of eight equations in the eight amplitudes defined in (5.9)). This
system has solution:

A AP = AP e

B(l) 0 B _ 5@, (5.10)
) 12 12 (Z, 7)

Bé)—o B = BY) ()

where the second row is still too heavy to be presented.
Now that the amplitudes are known, let’s evaluate the generating function of the
gap distribution in the s — 1 limit p (2;7). In order to do so, we start from relation
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(4.16)). The double derivatives of the auxiliary variables are:

> 5 e L
8$8yQ(S7Z7x’7) — b |:b)\18 + P 2:| Al (37277)
— Ao 8 82
- 672 | A2 (s,2;7)
b 8 8 5.11
02 7 emy o 02 B, (5.11)
81‘8@/ (8727_3/’7)_ b |: 7718 +8 2:| (8,2,’7)
ey o H?
_bQ[b 3 82]32(327)
Injecting ((5.11)) into (4.16]) we obtain:
- 1 0 1 02 0 1 02
P (s, 57) = K% +MW) Ay (s, 227) + <a,y e >A2 (5 2:7)
0 1 9?
by = . 12
peem (D ) B sse) (5.12)
0 1 92
—na2by —~ - \B .
+ze <8’y + b 3’Y2> 2 (s, z;y)]

Since we know the amplitudes in the s — 1 limit (5.10), we need to study the
asymptotic behavior of (5.12)). In order to so we have to inject the (5.10|) into (5.12))
and substitute for the roots their limiting behavior, that are found to be:

1v1—s s=1
A1b 2 Aob ~ V3
f
o V2t+z- a1 . V2Hz 42 T8)

V2 P V2

All the derivatives with respect to 7 of (5.12)) acting on (5.10)) share, for s — 1, the

same asymptotic behaviour \/1ITS As consequence all the terms of 1) scale as

\/1175 with except for the one containing the inverse of the root A; which scales as

1715. This is the leader term and it is the only one relevant in the limit s — 1:

~ s—1 1 82 ~ 1
P(s,2;7) = WWAMS,Z;V) =p(=7) 7

s—1

where p(z;7) is the generating function of the gap distribution in the large s — 1
limit:

szpk 0 (5.13)
k=1

Remark 6.
The quantity p (z;7) is still to heavy for being transcribed in the document.

We investigate now the two scaling regimes of typical and large fluctuations.
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1. Typical fluctuations 6,7 ~ 1/Vk
For testing the claim of universality, let’s consider the limit of z — 1 keeping
the ratio (z—1)/+? constant for selecting typical fluctuations. Equation
approaches to:

5(2:7) tf 1 18V3 1

PR ———33

b Vi 3 ,},3

(\/3 + 37)
where t = 1 — z. Substituting now:

o ) )
b [ — — - = .
V6 T 60

We obtain exactly the same asymptotic behaviour as for the exponential dis-

tribution
-3
5 () S T A
Pzv) = 53|15

and so the same scaling function ([2)).

2. Large fluctuations 6,7 > 0
Expanding p(z;v) around z = 1 as in (4.27)), we can extract the scaling function
1 (7). It turns out to be rather complicate, anyway its asymptotic behavior
is:

9\/3 —4 -0
p1(7) ~ {bc =y (5.14)
'y e’ y—= o0

where C' is a large numerical coefficient. As before, combining the two fluctuations

regimes:
) 20 \[P<\/>7> v~ 1/Vk

e1(7)k 7> 0

it turns out that their asymptotic behavior match when approaching to each other

1kp<k>7>>01 E 336 49 [3 s

bV 6 6/ 6vazke oV x!

3 ~v—=0 9 3

3 4.3
p1(v)k™2 — 3V e

as a proof that the chosen scaling functions are correct.



Chapter 6

General p-th order Gamma
distribution

We consider now a general p-th order Gamma distribution:

z[P sl

By symmetry, the mean value is zero, while the variance is:

2 1 /+OO 2| ’p ,%d 1 /OO p+2 f%d
0" = ——— x%|x|Fe r=—- ¥ e x
2ploptt [ plortt J,

b2 o] b2
= [ yPPPeldy=—(p+2)! =0+ 1)(p+2)
P! Jo p!

0.1 0.035

ARV
W -

| ) i
0 \/ (ALY ARN

-20 -15 -10 -5 0 5 10 15 20 -100 -50 0 50 100
Jump length (x) Jump length (x)

0.03

wl ]l
il

Probability density f5(x)
Probability density fgq(x)

() p=5 (b) p =150
Figure 6.1: Graphs of some general order Gamma distributions with b = 1.

In the prior cases for reducing the Wiener-Hopf integrals (3.4) and (3.10)) in
recurrent differential equation, we exploited some identities valid for the jump dis-

tributions, see (4.2) and (5.2). The aim is now to find an identity for the general
p-th order Gamma distribution. We start on evaluating the derivative of (6.1)):

d , oz
%fp =y [fo—1 = fp] (6.2)

47
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where o(x) is the sign function:

1 >0
ox)=0(x)—0(—z)=<¢ 0 z=0
-1 <0
whose derivative is:
d
@a(x) = 26(x)
The second derivative of (6.1 reads:
d? 20(x 1
@fp: l())[fp_l —fp]+b7[fp—2fp—1+fp—2] o3
o(x) 1 (6:3)

= 2 wp,l - 5p,0] + b2 [fp —2fp-1+ fpf2]

Or case by case:

fo—d(x) p=0
=4 ot b p=1
Jo—=2fp1+ fp2 p>2

Deriving an even number of times (6.1), we obtain a combination of lower order
distributions and derivatives of delta functions. By defining the rescaled linear
differential operator

D? = dei (6.4)
dx?
we can rewrite as:
2
D= () o + 32 () -1

Applying (6.4) a second time it can be shown that (B):

pif,= -1y (1) o+ (3) | oo + 3 (1) 05

similarly:

o= -y |(F) o2+ (3 o+ () | ot +l§6: (7) v
=0

Thus we can generalize for k times:

2k

k—1
2k o p+1 2]{*27’”*1 2m 2 2k - l
D= Pt (T ) o+ S () 0 ge - 65)

=0



49

We look now for a linear combination of even derivatives that removes the lower
order distributions terms, i.e. the second R.H.S. term in (6.5)). From equations (4.2))
and (5.2)) we get the hint of taking a combination of the sort:

p+1
> (pz 1) (~1)F D, = (1= D) g, (6.6)

k=0

Summing the in this way indeed, one finds that the lower order distributions
term cancels while the term of delta functions assumes a simple form. These calcu-
lations involving sums and binomials are rather heavy, it is way faster to work in
the Fourier space. Let’s evaluate the Fourier transform of :

~ +oo .
) = Z ) = = | ey

1 1 oo —18T | ,.|P _lal
= oot | ¢ ellevde
. —00

1 1 e ibsz‘ |p |z|
= —— e z|Pe *ldx
V2 2p! /

1 1 > p_—(1+ibs) ’ (1—ibs)
2Pe” Ty + (—1)P aPel Ty
0 —00

N V2 2p!
- Li |:/OO l,pe—(l-l-ibs)mdl, + /oo xpe—(l—ibs)acda{|
V2m 2p! o 0

The first R.H.S. integral reads:

— 00

/ xpe—(1+zbs):r:dx — xpe—(1+zbs)x p / xp—le—(l—i-zbs)a:dx
0 1 + ZbS 0 1 -+ ZbS 0
oo
_ p‘ / xp—le—(l-l-ibs)a:dx
1 + le 0

_ 7 / o (Hibs)e g, p!
(1 +1bs)? J (14 ibs)P™!
so the Fourier transform of a p-th order Gamma distribution is:
. 1 1 1
s) = +
Jols) 2V/27 [(1+ibs)p+l (1 —z’bs)pﬂ}
The Fourier transform of the R.H.S. of is simply:

A~

7 (1= D) @) = 1+ 022" ()
(1+ps2)"" — =
2v/2m (14 ibs)P ™ " (1 — ibs)P*!

1+ ibs)P* 4 (1 — ibs)p“}

. (6.7)
= 27 |
— 7 [; [(1 DY (1 D)PH} 5(:3)}
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Therefore it is evident from that (6.1]) satisfies:

(1= D) fylw) = 5 [0 - D4 (14 DY () (6.8)

As a check, setting p = 0, 1, one easily recovers (4.2)) and (/5.2]).

Remark 7.

Since the computational effort is rather heavy, for the p-th order Gamma distribu-
tion we will skip the k-th gap mean value and concern only on the full k-th gap
distribution. Anyway the mean value can be computed a posteriori from it.

6.1 Probability distribution of the k-th gap

Using we get a recurrent differential equation for the auxiliary variable @y

(1= D)™ Qual8) = 5 [(1= DY+ (14 DY Qs (2,6)

switching to the generating function representation:
S

(1- Dz)p+1 [Q (s,2;2,0) — 1} =3 [(1 — DT (1+ D)pﬂ} Q(s,z;1,0)

or rather:

{(1—D2)p+1 —; [(1+D)p+1+(1—D)erl}}Q(s,z;x,é) =1

This is a non-homogeneous linear differential equation of order 2 (p 4+ 1). The change
of variable
1

Q(s,22,6) = [ (s,22,8) + s

let us put it in a homogeneous form:

{(1 e L g [(1 + D 41— D)p“} } F(s,2:2,8)=0  (6.9)

The solution is a superposition of exponential functions of the fashion:
f(s,z:2) = A(s, z,0)e )7 (6.10)

where the coefficient A\(s) must have positive real part in order to avoid divergences.
On substituting (6.10)) into (6.9)), we get the characteristic equation for the roots:

(1— )" = % [(1 FOP (1 t)p“} =0 (6.11)
where we implicitly defined the rescaled root t = bA.

This is a polynomial equation of order 2 (p+ 1), so from the fundamental theorem
of algebra, it has 2 (p 4+ 1) complex roots. Since the polynomial is even than if ¢ is
a solution also —t it is. Moreover, given that all the coefficients are real, if ¢ is a
solution also t* it is. Therefore, in the Gauss plane, the roots are symmetric with
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respect to both the Imaginary and the Real axis that is, taking a,b > 0 such that
t = a + ib is a solution, all the four possible combinations ¢ = +a + b are solutions.
Let tp,(s) with m = 1,...,2(p+ 1) be the roots of (6.11]). We order them such that
the first half has positive real part while the second half has negative real part. The
general solution for ¢ is then:

2(p+1)

Q s,z x,0) = m(s,2,0)etm(®)%

For avoiding divergences, we set all the coefficients A,, related to a negative real
part roots to be zero:

Ap(s,2,6) =0 Ym >p+1
so:
1 p+1
) : — —tm(s)§
Q(s,232,0) = 7—+ ;Am(s,z,é)e b (6.12)
and using symmetry
1 1 R ()
P (s o -0 L. — :§) e tm(52)F 1
R (s, z;x,0) Q(sz,z,a:,5> 1_SZ—|—mZZ:Bm(3,z,5)e b (6.13)

where B, = A (sz, %; 5). The coefficients A, B;, can be computed using relations
(3.12). Two general forms of integrals appear from these relations:

o0 2! Y= A 1
I;(A,d)—/o e AT, (o + 2+ 0) da’ = ;+1 +1Z (v +) (A+ D)

o) - -y 1_
L) = [ e Mg (o—a)dd = ——F § b
» (M) /0 e 0 fy (v —a')dx 2(1— AP — !

—Ay —Ay

€ €
+ +
2(1— AP 214 AP

(6.14)

where A € C has non negative real part. The computation has been carried out in

(A).
Let’s define:

y=u/b tm = tm(s) Um = tm(sz)

We are ready now to substitute the formal solutions of the auxiliary variables (6.12))
and ([6.13) into (B-12):

p+1 p+1

1 +
+32A I; 1_821p (0)

1—

p+1
+ sz Z BmI;_ (um)

m=1
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using relations (6.14)), we get:

ptl e*tmy e*tmy
S +
Z { |:2 (1 _ tm)IH‘l 9 (1 4 tm)p-i-l

" ; (6.15)
e v B, (y+7) v
+ sz T (1+ um)
P NP T
s eV Sy sz e Y7 (y+7)”
- - z =0
1—s 2 VZ:O V! * 1—s5z 2 1/20 V!

This equation contains polynomials and exponentials in y. Since it has to be zero
whatever the value of y, we need to separate the independent terms. However the
terms containing >, ¢, (y + )" make it difficult to select the different powers of y:

ch y+7) ZEP: y <> V_l:,,i)gau’l (6.16)

this is a sum over the triangle 0 <[ < v < p, so we can use symmetry and sum over
the complementary triangle, hence:

p v p p p p l ey
ZZ“VJ :ZZGWZZZQ <V>y gl

v=0 [=0 v=0 l=v 0l=v

Using this trick for every term similar to (6.16)), the equation (6.15)) becomes:

pt! e(1=tm)y e(1=tm)y
S +
Z (1 — )Pt (1 + b )P

m=1
- p+1z (1= tm ]_26(1_tm)y}‘4m
=0
AR, G 1—|—u
m -
—i—szevz 1tu pHZZ ()?JV’Y Y
m

v=0 l=v

s y 5z _Vp "1 v _
_1—3 1—sze ZZ[!(;/) B

v=0 [=v
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rewriting it in such a way the independent terms are distinguished:

p+1 1 1
(I=tm) _
mz:le y { [(1 — e + )pﬂ} 2}Am

(1+ tm
P p+1
y sAp, 1 y
2y [—Z Wﬁ(l_tm)
V=0 m= (6.17)
p+1

1—|—Um 1—
ot 3 B 3 (it (1)
m

s 1 sz 171
_ _ - - l—v :0
1751/!—}_17526 ZZ:Z!<V>7 ]

Equation (6.17)) splits in p+ 2 equations, p+ 1 for the different p+ 1 orders of y and
an additional one for the exponential terms in y:

p+1 1 1
(1—tm) _ _
Ze y{s |:(1—tm)p+1+(1—|—tm)p+1:| Q}Am—o

m=1

Since all the p 4+ 1 exponential terms e =" are independent, the sum is zero if
every single term is zero, so we obtain the condition:

1 1 2

+ — _
(1—tm)P™ (L +t,)P™t s

which can be easily put in shape of the roots’ equation (6.11)). This means that the
procedure is self-consistent. On the other hand, we get an equation for general v
that is:

1 1 —v
DI o SRR o (ES G
— (L=t = (L u)P T & ! "
" ) 77’” - (6.18)
ze 'y _0
1-s 1-— 52 l'
By symmetry we get from
p+1 ZB p+1 1 + t )
Z (1—U )p 1 _ ., \p—v+l ]_+t p V+1Z m
" (6.19)
7

1—sz 1-— 8 4=
As proof of the truthfulness, setting p = 0,1, equations (6.18) and (| can be
compared with the ones for the zeroth and the first order Gamma dlstrlbutlons
Now that we have the equations for the coefficients of the auxiliary variables,
let’s reflect a little about the generating function of the k-th gap distribution. The
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double derivation of and lead to (v = (y — ) /b):
o? e o
axa Q(S Z T ’Y b2 Z m b |: )8’)/ 872:| Am (572;7)

0 - et . o P
; = 28t (52) 7 + 55 | B (s, 25
8$8yR(S’Z7 Z e [t sz)a + 9,2 ] (s,2;7)

Injecting them into (4.16)):
p+1 5
1 0
P (s,2;7) b2[< s)W)Am(S’Z;W)

0 b 0?
tm(s2)y .
e <3’Y T n(s2) 07 ) Bm (S’z’w}

(6.20)

So in the moment we have the coefficients we have also the k-th gap distribution.
However the system made of (6.18)) and (6.19) can’t be analytically solved, hence
we consider the large n limit following the procedure explained in (4.3.2)).

6.1.1 Large n limit

We assume the coefficients to scale as:

A%) Ag) (1) Bl(Q)
A, =~ + B +

T 1l-s J1-—3s " 1—8 VvV1—s

Thus we need to investigate on the asymptotic behavior of the roots. They are

known to satisfy relation (6.11]) that, as we already pointed out, has p 4 1 solutions

with positive real part. In the s — 1 limit it turns out that all of them are (at first

order) constant, with the exception of one that approaches to zero as ¢1v/1 — s (let
us label it as the first):

(6.21)

t1(s) = ciVvV1—s tm(8) = Cm w(s2) 4 di(2) (6.22)

The coefficients ¢, and d;(z) can be computed by setting s = 1 in their respective
roots’ equations:

Cm = M-TOO {(1 - % [(1 —ePH (14 t)P“} —0|R() > 0}

(6.23)
dy(z) = l-root {(1 - g [(1 — P (1 t)p+1] =0 |R(t) > o}
where the m, [ indexes run respectively over m =2,...,p+landl=1,...,p+ 1.

The scaling found in (6.22) can be analytically proved by setting t = ci4/€ into
(6.11)), with e = 1 — s arbitrarily small:

(1= = {1 = eV + 1+ V)] =0

Using Taylor expansion, by virtue that e < 1:

2—ci[p*+3p+2] =0
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solving:

2 _ b2
p+D(+2) ~ o

Cl =

so in agree with the numerical results we expect only one solution (with positive
real part) scaling as c1y/1 — s in the s — 1 limit. On substituting (6.21)) and (6.22)
into (6.18) and developing around s = 1, we get:

Agl) Zp-ﬁ-l T (v )A(l) Zp-ﬁ-l Li(v ) (1) +1

1 -5
WA + AP + S0 I () A~ S LB
1—s
where:
JPW) =i (p—v+1)
1
Jm(V) = T o1
(1= )P (6.24)
ze 7 1+d
Ll(l/) — [( ‘l) ]
| (T+d) " =5 i
Doing the same for (6.19)):
—FV @Al - S0 B A + S G B — e Sy
1—s
LR 0AY - BV 0)AY - S B AR + S G B
Vv1—s
where:
1) Al
F/(v)=¢e" Z T
i=0
p—v+1 p—v i
FI(Q)(V):—cle_7 = )'+( —v+1—7) l‘
v) i=0 ' (6.25)

+cm

Cm

Fm(v) - (1 p v+1 Z
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Collecting everything, we have finally a system of 4 (p + 1) equations:

( .
p+1 p+1
U 2 A =3 LB = -
=1
FU ()40 © B '
1 _
%*zijfp ();g;(h( = —e WEE:Z'
i1 pi1 (6.26)
TP WAV + AP + 3 1()AD =S Lw)BP =0
m=2 =1
p+1 p+1
FPwAWD + pt 24 Z Fu()ARQ =Y G(v)B? =
lf

in the 4 (p+ 1) variables Agl),A?),A%),Ag),Bl(l),BlQ). It is easy to see that the
first two equations represent a closed subsystem of 2 (p + 1) equations in the 2 (p + 1)
variables with the (1) superscript. It is also easy to prove that a solution for it is

given by:
1
AP = 1
AD =B =0 vm,i

so the system ((6.26]) simplifies in:

p+1 p+1
P 3 Jnv) ZLZ — JO )
m=2
S - o (6.27)
FO AP + 3 Fu(v)A ZGIW F(v)
m=2

We want now to show that in the s — 1 limit, the k-th gap distribution only
depends, at first order, on the coefficient A§2). Injecting 1} and d6.22b into d6.20
and developing around s = 1, with v = §/b:

N 2
P (s,z;7) 1 [( ! 0 +8>

1 ﬁ%q

01\/1—587 oy T 1-—s V1—s
CS(EZ 2y ) zu%dw 2 BYG)
= \Cm oy: Oy 1 d; 07 a'y V1-—s
It is then clear that there is a leader term depending on Agz):
- so1 1 1 92 1
P(s,z7) R i (27) = 5(z7)

bcll—safy 1—s
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So we are interested on the quantity:

. 1 92
p(z,7) = EWA?)(Z,’Y) (6.28)

Even though we only need A§2) (z,7), system 1} still can’t be solved. We look
then explicitly for typical fluctuations.

6.1.2 Typical fluctuations

We consider now the z — 1 and v — 0 limits, keeping fixed the ratio y = iy_z. In

this context the roots d; behave as:

di(z) ! caVv1—z dm(z) ! Cm (6.29)

Driven from the p = 0,1 cases, we guess for the coefficients the scaling forms:

2 2
L@ A 5 . Bio
LTV LTV (6.30)
A2) Ag)o B®@ ~ Bff)o

In this limit, the coefficients (6.24)) and (6.25)) behave as:
Li(v)=1~[e1(p— v +1) + pdyp] Vit + O(1)

1 Cm
Fml) = (1 + cpn)P i [(1 +en)P 5V’p] Vi+ o
FOW) =1— pvts,, + O(t)
FOW) = =i (p—v+1) + apvt + O() (6.31)

F,(v) =

Cm
(1 + Cm)p_y+1 MG [(1 + Cm)p_y—'—1 - 5V7P:| \/% - O(t)

Giv)=1+ci(p—v+1)Vt+0(1)
Gm(v) = (1_le)p_l,+1 + O(t)

Therefore, injecting (6.29)), (6.30) and (6.31)) into the system (6.27]) and expanding

around t = 0, we get:

2 2
Al =By
- (6.32)
> n(w) = Sm AR+ [70) + ] A5 = 2 0)
m=2

\

where we defined:
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Summing now over v the second half of (6.32]), we get the relation:

p+1 p p p
S AP T =Y S| + DD
m=2 v=0 v=0

v=0
Three sums over v appear, let’s evaluate them:

1.

ffm(u) = zp:(l_cl)p_m = Zp: <1 _1Cm>p_y+1

v=0 v=0 m v=0

for the sake of simplicity, we define:

1
C1l—cpy
then let [ =p—u:
p p p 1 _ tp+1
D dmp) =D =1y "t = ( - )
v=0 v=0 =0 —t

Z _Clz —v+1) —01[(19—1—1)2—}7(10;1)}2011

v=0

Let’s then substitute what we got into ((6.33)):

p+1 A(z)
m,0 1 1 Ltap ,@ _
mZ:; Cm |:(1 + Cm)p—i-l (1 _ Cm)p—i-l :| 1 1,0 — Cl ( )

We now recognize the expression in the square brackets as the roots’ equation (|6.23
for the ¢, then the first term is zero whatever the values of m and p, hence ((6.34
reduces to:

1
1+cp

AP = (6.35)
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Let’s work a little bit with p from its definition:

2
v _ 9 o v2_ 21 P (6.36)

SN AN focl‘ XE 52
Finally on substltutmg and into ( , the coefficient A( ) becomes:

CF
1+\f\f

Now we can straightforwardly compute the asymptotic behavior of the k-th gap
distribution:

QL

52.7) tr. 1 1 02 1 _ 2¢ 1
plz, z —
\be1<9’y21+01\/ b ( +\? ¢
1+c1*)
Vi

22 1 1A 1 1 o? 1
T g 3,37 4 3,87 53 3
(1+y3) " <1+\/§> " (1+ é)

which is exactly what we already obtained for the p = 0,1 cases but now it holds
for general p. So, for typical fluctuations, we still find as scaling function of the
k-th gap distribution.

|~

[N

Njw

6.1.3 Large fluctuations

Already from the p = 1 case the large fluctuations scaling function ¢ () has a large
complicate form, too much to be presented in the document. So we don’t expect here
to find the shape of the general p-th order scaling function ¢, (). We can anyway
compute its asymptotic behavior for small and large v. We have just proved that
for typical fluctuations the k-th gap distribution is universal for the entire class of
Gamma distributions. So, given that the two scaling behaviors for typical and large
fluctuations have to match when moving toward each other, the small v behavior of
the scaling function ¢, (7) is fixed to be:

-3/2 _ 71
Tiany p () 7 = Tim pre () (6.37)
We need then to compute the limit:
lim pg () = hm \FP(b\f’y) o=b0y/(p+1)(p+2)
Using (4.25) this limit turns out to be:
3 1 2
lim i (7) = > (p+1)(p+2)] g3/ (6.38)
y—+00 b 8

So from ((6.37)) and (6.38]), for small v the scaling function behaves as:

oy (1) R i\/[(p + 1)8(: + 2)]37_4 (6.39)
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Now it only remains to compute the large v behavior for ¢, (y). We know that
formally the scaling function ¢, () can be calculated from the coefficient pa ()
related to the term going as v/1 — z in the series expansion around s,z = 1 of the
full k-th gap distribution:

(z) = pr(y) + pa()VI—2 (6.40)

since p(z,y) is given by (6.28)), we have also that:

2 0?
B(zy) R blm a1 (7) + Br(y) VI =] (6.41)

where:

z—1
AP (z7) & a(y) + BIVI =2
hence matching (6.40) with (| we get:

1 92

p2(y) = ber 5.7251( ) (6.42)

Using the same reasonings as for (4.28), the scaling function ¢, (y) is related to
p2 () by:

op (V) = —pj\%) (6.43)

Therefore the large v behavior of ¢, () is related to the large v behavior of the
coefficient B1(). In order to evaluate it, let’s start by expanding the system
around z = 1. Driven from numerical results, we consider for the amplitudes the
following scaling forms:

(2) z—1 (2) z—1

A7 = a(N+B () VI-2 BY = n(M)+w()Vi—z (644)

the coefficients of the system (depending on z) behave in this limit:

ol Xy | — 7
Li(v) = e ;i!—cle (p_y)!—i—(p—y—i—l— go'
=5 )+ FP ) vI—=
21 e =1+ em))
L ~ n - F (6.45)
m(V) (1 + Cm)pfqul por Z! m <V>
Gi(v) ~ l+ap—-v+1)Vl—2z= 1—1—,]1(2) V)vV1—-=z
z—1 1
Gnv) m ——————— = J,(v
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Injecting ((6.44) and (|6.45) into (6.27)) we obtain:

p+1 p+1

o+ Y Im@)om — BV ()11 = Y Fo () 1 = JP ()
m=2 m=2
p+1 Pt
/61 + Z Jm(V)/Bm - Fl(l) (V) w1 — F1(2) (1/) T — Z Fm (1/) Wi, = 0
m=2 oot
p+1 p+1 (646)

Fl(l)(u)al + Z F(V)ay, — 1 — z I (V)T = FI(Z)(I/)
m=2 m=2

p+1 p+1
FOW)BL+ 3 Fn)f — w1 — I )11 = 3 Ju)om = 0
m=2 m=2

Let’s consider now the large «y limit. The coefficients in (6.46)) behave for large v as:

1 >0 e TPV 2 >0 e TPTY
Fl( )(V) N Fl( )(V) N -
B 2 |
" p—v)!1+em

We also need to set a reasonable scaling for the variables o, 5, 7 and w. From the
p = 0,1 cases we got the hint to set:

>0 >0 _ >0 _ 0 _
a ~ A B 'm By*e ™™ n'm Tte?  w & Wpre?  (6.48)

where the coefficients A;, By, T} and W; are constant. On substituting (6.47) and
(6.48) into (6.46|) and considering the large v limit we get:

p+1
AL+ Y T A = 1P ()
m=2

ptl 5 16 5,0 22w,
v,0 19,0 v,0 m
B1+ZJm(V)Bm—FW1+ , 1—F21+Cm—0
m=2 m=2 (6.49)
5,0 50 0 4 ptl 16,0
e P T Ty - In(W) Ty = ——2
pt p!mz::21+0m ' mz_;m()m p!
p+1
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The fact that in (6.49) the dependence on ~ has been lost means that in (6.48) we
chose the correct scaling. Indeed for p = 0 (6.49) reduces to:

B-W+T=0 . B=-4
A-T=-1 T=2
W4+T=0 W =-2
Therefore from (6.48)):
>0

B(y) & —de™™

Substituting into (6.42)) and using (6.43]) we get:

>0 8

wo(7) ~ N

—2y

that perfectly matches with the large v behavior in . Also for p = 1 one gets
for 1 (7) results in agree with . Therefore the system is consistent. So
we can affirm that in the large 7 limit, combining with (6.42]) and (6.43)), the
scaling function ¢, () behaves as:

( )720 2Bl
Y bcl\/Trry

e (6.50)

where Bj is a coefficient that (in theory) can be extracted from (6.49). Collecting
(6.39) and (6.50)), the asymptotic behavior of ¢, () reads:

3\ /1@ 1 g

(OP ( y) ~
B —
b021\};72p6 2 v 0

6.2 Large p limiting distribution

Let’s consider the class of Gamma functions f, as a sequence in p and let’s look for
the p — oo limit. For studying the convergence of f, it is helpful to determine the
maximum. From (6.2) the condition for a stationary point is:

fo—1(x) = fp(x) & x = +bp
both are maxima since:

d2 efpppf2

a2/ = — g0 =y <0

The Gamma distribution assumes in the maxima the value of:

Y, 1P ypo L

To(Ep) = o e = 3 NG
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Taking the limit of large p, the two maxima of the Gamma distributions become
sharper and sharper and f,, converges to the limiting distribution [24]:

foolx) = = [0 (x — bp) + 6 (z + bp)] (6.51)

(NN

where the values +bp are seen as constant. In this framework it is convenient to
define the rescaled variable £ = %, hence 1) can be rewritten as:

1

foo(‘%) = %

0@ —1)+d(x+1) (6.52)
In the large p limit then one retrieves the discrete symmetric random walk where
the walker can only move with steps of length 4+1. In this case the order statistics
is not well defined because of a degeneracy problem. The walker indeed can pass
through the same position for several times and this is problematic for ordering the
positions. However using the in the Wiener-Hopf integral one manages

6

Position

0 10 20 30 40 50
N

Figure 6.2: Degeneracy problem in the large p limit.

to obtain a recurrent equation for gy, (x). Therefore, using the same approach as
for finite p, one may be able to extract some results for this pathologic case.
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Chapter 7

Moments of the k-th gap
distribution

We saw that for any order p of the Gamma jump distribution, the k-th gap distri-
bution has always the same asymptotic behavior for typical fluctuations. Since the
moments are strictly related to the distribution, let’s see what are the consequences
of this result on them.

Let the general p-th order Gamma distribution (6.1) be the jump distribution of
the random walk. The #-moment of the k-th gap distribution, in the large n limit,
is defined as:

() = [ #mii@)as (7.1)
given that 6 = b, we can rewrite (7.1)) as:
dl ~
< 0_79 > — bc(p)9/2/0 ,yepk(v)d,y (72)

where we defined the quantity ¢(p) = (p+ 1) (p + 2). Both the typical and the large
fluctuations contribute to this integral. By virtue that

o [Wetn? (Vely1) 7~ 1k

Pp(7)k =3/ >0

pr(7) (7.3)

we can separate the two fluctuations regimes using an € > 0 arbitrarily small:

<d12 > k>0 1 [ kR k o
2L TR be(p) T2 | - / ‘Ply/——~]d k_3/2/ ’ d
0 c(p) [b\/c(p) A R A ) e

on making the change of variables , /%7 — v we get:

o0

dioo k>0 E
< . > Z k—9/2/0mvep(,y) d’y—i—bc(p)_e/Qk_?’/Q/ VP on(7)dy (7.4)

g ke—1/2

65



66 7. Moments of the k-th gap distribution

Relation is the #-moment of a general p-th order Gamma distribution in which
the contributions of typical and large fluctuations are split. We are going to show
now that in the large k& limit one of the two contributions always dominates on
the other, with except for a borderline case. In order to do so let’s evaluate the
asymptotic behavior for large k of the two addends of .

Starting with the typical fluctuations:

k€ 1 <3
k02 /m Y P(y)dy "R k2 elogk 6=3 (7.5)
0 k,e(G—S) >3
while for the large ones:
320 €(0—-3)
be(o) 02532 [ 9 k30 _3/2 ek o<3
c(p)™"k Y ep(y)dy "~k (5—€)logk 0=3 (7.6)
ke 1 0 >3

Relations ([7.5)) and (7.6) suggest that three situations need to be distinguished:

0<3

() 130 (77)
2 k79/2 + k79/2+6(973) ~ k79/2 .

o9

This is the case of the first and second moments. Here the typical fluctuations
dominate.

6=3

0 oo 1 1
< 73 > k>0 61{2_3/2 log k + k—3/2 <2 _ 6) logk = 5]{;—3/2 log k (78)
g

In the borderline case of the third moment the two fluctuations give a contri-
bution of the same order.

0>3

d9
< :;X’> k>0 E—0/2+e(0-3) + k32 L—3/2 (7.9)

From the fourth moment on instead the large fluctuations dominate.

In the last chapter we proved that for the class of Gamma distributions, the asymp-
totic k-th gap distribution is universal in the regime of typical fluctuations. There-
fore from the first two moments are universal too. The third moment is uni-
versal as well since the two fluctuations give a contribution of the same order and
one of them (the typical) are universal . From the fourth moment on instead
the moments are non-universal since dominated by large fluctuations . Let’s
demonstrate these statements by computing the moments using :
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First moment

Second moment

dj, E>0 1 = 1 [ 1
»OO c(p)
() iz [T P~ ¢ [P =

Third moment

o0

B ) NG
,00 >0 . _ c(p) — -
<03> ! 3/2/0F73P(7)d’y+bc(p) 3/2p 3/2/kl/2 op(y)dy

Here the integrals are logarithmically divergent, so we develop the integrands
keeping only the divergent terms (the others are negligible in the large & limit):

B ) k0 a 3 3c(p)3/?
< > Z k3/2/m73 ’y4d’y+bc(p)3/2k3/2/ A3 () ~ Ay

o3 V8T ke-1/2 bV8m
k€
_ By [FRh S pan [
V8w Y V8w ke=1/2 Y
1 1
= \/?;777 [elogk ~3 log e(p) — (e — 2> log k] k—3/2
3
~ k™3 log k
4v/2m 8
Further order moments (6 > 3)
<d2’°°> k>0 —os2,-32 [ 8 —0j2,-3/2 [~ o
5 = bep)k 7 op(v)dy = be(p) ™"k v op(v)dy
o fee—1/2 0
=Dy (p) k2
where we defined the non-universal coefficient Dy (p):
o0
Do) = bep) " [y )y (7.10)

Summarizing the universality of typical fluctuations (in the context of Gamma distri-
butions) has the remarkable consequence that the first three moments are universal
as well. Therefore, in this scaling limit, the mean p, the variance ¥? and the skew-
ness T of the k-th gap distribution remain invariant for any p:

_ (di.00) _ 1
7 k>0 2mk
2
\112 _ <dk,oo> B <d/§7oo> 2 _ Tm—1
o o 2k
k>0
d;
T — M _ 3 log k

<d%v°°>3/2 k>0 W
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The further moments all show a characteristic scaling as k~3/2 but they present a
coeflicient depending on the order p of the distribution.
Recollecting the results we got:

1 _
2k #=1
0 L =
<dk,oo> k30 2k b=2
a? - 3 1.-3/2 —
Tk Plogk 6=3
Dy(p) k=32 6>4

7.1 Non-universal coefficients

The non-universal coefficients Dy (p) can be computed using ([7.10). This relation
requires the large fluctuations scaling functions ¢, () to be known.
7.1.1 Exponential distribution

In this case we could explicitly compute ¢ (77):

™) 8 oM +4e 41
= e
®o Y bﬁ (1 _ 827)4

By virtue that ¢ (0) = 2, relation (7.10]) becomes for p = 0:

2379/2 00 47 1 ge2v 11
Dy (0) = / 6,206 AT +1
0

VT (1—e2)?

This integral can be computed even analytically for some 6. Few non-universal
coefficient of the exponential distribution are listed in table (7.1)).

15¢(3
421

Nl

3
D4 (0) =2 ~ 1.39 D5 (0) = ~ 1.80

7 -
Dg(0) =22 ~344 | D7(0)= %&g ~ 8.14

Dg (0) = %57 ~ 226 | Dy (0) = 250 ~ 713

DlO (0) = 37(;4 ~ 251 D]_]_ (0) — 152227\/5%9) ~ 974

Table 7.1: Non-universal coefficients for the exponential distribution.
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7.1.2 First order Gamma distribution

Also in this case @1 () could be exactly computed though it has a large confusing
formalism that prevent us to transcribe it. Anyway we could numerically evaluate
some non-universal coefficients, listed in table (|7.2)):

D4s(1)~231 | D5(1)~ 183 | Dg(1)~2.30 | D7(1)~ 3.66

Table 7.2: Non-universal coefficients for the first order Gamma distribution.

From table (7.1) and (7.2]) the non-universality of the coefficients is evident.
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Conclusions

In this work we studied the gap statistics of random walks. The goal was to check
and extend the results obtained for an exponential jump distribution in [I5]. In
particular, starting from a p-th order Gamma jump distribution, we aimed to:

1. recover the universality of the k-th gap mean value, demonstrated with the
Pollaczek-Wendel identity in (4.13));

2. prove/disprove the claim that the k-th gap distribution is universal for typical
fluctuations.

We were able to fulfill these tasks. Indeed we could demonstrate that, for the whole
class of Gamma distributions, the asymptotic k-th gap distribution has the same
scaling form for typical fluctuations . Moreover we shed light on the intimate link
between typical/large fluctuations and moments. These results let us prove that the
asymptotic behavior of the first, the second and the third moments are related to
typical fluctuations and so they retain the same form for any order p of the Gamma

jump distribution ([7.3)).

(dr,00) k20 4 (o) K20 1 | (df ) k20 3 39
s Vark el 73 =AW /?log k

Table 7.3: First, second and third moment.

This has the remarkable consequence that the asymptotic distribution of the
k-th gap has always the same mean p, variance W2 and skewness T (7.4)).

— 1 2 _ nw—1 _ 3

Table 7.4: Mean, variance and skewness of the asymptotic k-th gap distribution.

Summarizing, the validity of the results obtained in [15] for a p = 0 Gamma
jump distribution (exponential), have been here extended to a general order p, i.e.
to the whole class of Gamma distributions.
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Furthermore we focused on the asymptotic behavior of the k-th gap distribution
in the framework of large fluctuations. We could figure out that large fluctuations
are linked to non-universal moments and so we could get some information about
them. We found that they all share the same scaling with k£ independently on the
order p of the distribution and on the order 6 of the moment.

We also extracted an exact formula for computing the non-universal coef-
ficients Dy (p), that requires the knowledge of the large fluctuations scaling function
©p (7). This function is rather demanding to calculate, however we could compute
it exactly for p = 0,1 and discern its asymptotic behavior for a general p-th order
Gamma distribution.

We conclude this manuscript by mentioning some open problems related to these
topics that may be subject of future research.

e At first it would be interesting to check whether the universality class we
isolated for the Gamma distributions is unique. If this would be the case then,
starting from any symmetric and continuous jump distribution, one would
eventually recover the same asymptotic behavior for the k-th gap distribution
and the same moments in (7.3)).

e Understand the origin of the scaling £~3/2 in the non-universal moments.

e Because of degeneracy the case of the symmetric discrete random walk is patho-
logic for the order statistics. However we showed in section that it emerges
as limiting case taking the p — oo limit of the Gamma jump distribution. For
this reason we wonder if the order statistics of a symmetric discrete random
walk may be studied using the same analysis we did for finite p.



Appendix A

Noteworthy integrals

In the chapters , and @ we had to deal with integrals of Gamma distributions
of the form:

° Il‘f (A,(S):/ e_AmTlfp (:U’—i—x—i—d) dx’
0 (A1)

where f, (z) is a p-th order Gamma distribution. In the following we will show the
proceeding for solving them.

Computation of I (A,9)

We start by carrying on the integration for obtaining a recurrent relation:
00 o
I;' (A,0) = /0 e A8, (¢ +z +6) da’

1 / ® A p Ll
= e v |l +x+6"e v dx
2p!bp+1 0 ‘ ‘

e Y=

where we defined y = z/b and y = /b. We obtain then the recursive relation:

L7 (A.6) = ] (y+)"+ I, (A90) (A.2)

2p! (A +1 A+11”1

In order to solve it let’s use the generating function method. For the sake of sim-
plicity we define A, = I,f (A, 4), so

o0

A(z) = Z 2P A,

p=0

In the generating function representation, (A.2]) reads:
o0 oo o
eV +v" 1
PA, = P PA,_
> 4y 2(A+1)Zz P! AT 2 A
p=1 p=1 p=1
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which can be rewritten as:
5 e~ Y=Y

AG = h=amy

[ez(y+7) - 1] + A—Z{— 1[1(2)

Ap is defined as:
1 > ’ e ¥
Ag = —e Y7 —(1+MY g0/ =
0= 5° /0 ° YNy
hence:

~ efyf'y
Az) = ———
(2) 2(A+1-2)

using Taylor expansion around z = 0 we can easily get back to Ay:
e e~y

oy +9)”
=2 4y = Z A+1p+1zk'A+1

p=0 p= 0 =0

(W)

so comparing:
Ly P
e Y77 1

W Tl (y+7)" (A+1)F

+ —
Ip (A7 ’7) -

Computation of [, (A)

As before let’s explicitly integrate the second of (A.1)):

Ip_(A):/OOO A v fy (2 — ') da’

1 /OO —Az | /‘p —‘x;x/|d ’
= — e T — e T
2p!bp+1 0

1 > Ay’ /P " .
— o e~ My }y—y| e 1v=¥lqy
1 4 _ / oyt
:279! ) e My (y—y)’e W=v) gy
1 A _
+2p,/ e (i —y)P ey = I (A) + I, (A)
"y

We need to study the two integrals I , (A) and I, , (A) separately:

I, (A)

Let’s extract a recurrent relation:

y ! !
I, (A) = 1/0 e~y (y _ y/)Pef(yfy )dy'

2p!
1 ! N
= _m €7Ay (y — y/)pef(y*y) .
1Y . ) / |
o)y ¢ 2 —y)" e g (y—y) )]

e Y 1 1
2p'Ay AI1,p—1 (A) + le,p (A)
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Defining now A, = I , (A):

e ¥ P 1

A, = = — A,
PTo2(A—1)p! A—1"7""
using generating function method:
PA — pd _ P
E:ZAP_2(AV1)§:Zp! A1 A
p=1 =1 p=1
rearranging:
A(2) — Ao = e [V — 1) - 2 A() (A3)
YT N A1V '

Ap is provided by:

e v [Y ’ e Y / 0
Ay = — A=M)Y 4 = (=M —
0T A‘g YT o o©

so, substituting on ({A.3)), we finally obtain:
~ e ¥ e e My 1
A [ _
)= ATi3: 2 Aoits

using Taylor expansion around z = 0 we can invert the generating function
method:

00 p 1 0
Z NGE 2% ﬁyr (1- 9 Z AP
r= p=

p:0

hence finally:

e My

Il_,p (A) = 2(1— A)p+1 5 (1 i_A)p+1 Z %yr (1-A) (A.4)
r=0

Iy (A)
Let’s extract a recurrent relation:
1 o0 ! !
[2—’p (A) = o / e~ My (y' . y)P e~ fy)dy/
P! Jy
1 (v —y)'e -]
2p!A Y
+ Lo~ e [p (v y)p*1 e~ W'y _ (v —y)" e~ y)} dy
2p!A J,
1 1
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using generating function method:

oo o0

1
ZZpAp = mZZpAp_l
p=1 p=1
rearranging:
~ z ~
A) = Ao = 5 AG) (A.5)

Ap is provided by:

ey [ / ey | e
Ay — — —(1+A)y dy = — —(1+A)y _
0 Q/y ¢ TS 2(A+1)

so, substituting on (A.5)), we finally obtain:

- —Ay 1
e
Alz) = ———
R e g
using Taylor expansion around z = 0 we can invert the generating function
method:
—Ay = p
~ e z
A(Z) = 1
2 I; (A+1)PF
hence:
—Ay

e

Finally, merging the two solutions (A.4]) and (A.6]) we have:

_ p _
e M e M

I (A) = D D7 A Ve
P T AT 2@ At & 2(1+ AT

Summarizing we obtained for the two integrals:

—y— p
e Y7

S

=0

.« (A= ) (A D!

—Ay —Ay

€ &

e Y ’ 1
I (A) = — E—Tl—A’"Jri
R TN e R Trp v D L A YR




Appendix B

Sum i1identities

We exhibit here the main sum identities we made use during the analysis.

Generating functions

We recall here the initial and boundaries conditions for the auxiliary variables g ,
and 7, p:

qo,0 =100 = 1 ntin =T-1n =0

Often during the analysis we were required to switch to the generating function
representations of gy, and 7y, for proceeding with the calculations:

q(s,z;x) = ZZsz%n 7(s,z;x) = ZZszrkn

n=0 k=0 n=0 k=0

In order to do so, the main identities we used are:

[e.e] n
o > D> " aale) = (s, z2) —q00 = (s, 22) — 1

n=1 k=0
o n
3 g Z §" 2 g () = (s, 2;0) — 100 = 7(5, 2;0) — 1
n=1 k=0
oo n oo n+1
n _k
L E ZSZanl _SZZSZan
n=1 k=0 n=0 k=0
o
= sq(s,z;x) + sz g s qny1n(z) = 54(s, 2; )
n=0
o n
° E PUPLT 1n—1( —SZZZSZ’I“kn
n=1 k=0 n=0k=-1

o
= szr(s,z;x) + s Z s"r_yp(x) = s27(s, z; )
n=0
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Action of the differential operator D?

We consider:

D2f, = (17 () ol +Z<) Yt

where D? = 5202 is the rescaled differential operator and fp a p-th order Gamma
function. On applying D? a second time we get:

2

Dif, = 1y () )+ 3 () (-0

=0
() >+l§; (7) 01660 Byeta by
+i<i)( e m]
m=0

The first term in the R.H.S. sum gives:

2 2

50 Y (7) 1! Byeta byl = e Z() ) i1 — b1

=0 l=

while the second one:

22: 22: (?) <§L> (=) o = 242 <le> (=D)'f,y

=0 m=0 =0

hence, recollecting everything;:

o (s (s 5 () b



Appendix C

Bromwich formula

The Bromwich formula is an useful relation for inverting the Laplace transform
[25]. Let f(x) be a function, we define g(x) as:

g9(x) = f(z)e O () (C.1)

Exploiting the Fourier transform properties, we can write:

( )_1/4—00 A(k‘) —ikacdk_l/+oo —ikm/+oo ( )zkyd dk
gl'_\/ﬂ—oog ‘ _27T —ooe —oogye Y
using (C.1)):

1
o

N f(z) = 1/ eV Zk)x/ fly —(y—ik) ydydk:

+oo
flx)e 7" = ’kx/ f(y)e Ve dydk

2T

on making the change of variables ¢ = v — ik then dt = —idk, so:

flx) = ./j = / fy)e Wdydt = T / f(y)e Wdydt

+ioc0

On noticing that

/ Fw)edy = 2y [f ()] = F(1)

is the Laplace transform, we have:

—100

and this is the Bromwich formula. The integration path is a vertical line centered
in an arbitrary real value « that must be at the right of all the singularities of f(t).
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C. Bromwich formula
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