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Chapter 1

Introduction

Massive gauge theories are an essential topic in Quantum Field Theory, on which we
base our theoretical comprehension of Electroweak interactions. This comprehension is con-
cretely embodied in the Standard Model (SM) theory, which recently received a fundamental
experimental confirmation with the discovery of the Higgs particle at the LHC. The SM,
following the general scheme of massive gauge theories, is based on a local symmetry group
(SU(2)r x U(1)y), which gets spontaneously broken by the Vacuum Expectation Value
(VEV) acquired by some scalar field (the Higgs doublet), which transforms in a non-trivial
representation of the gauge group. The spontaneous symmetry breaking produces a mass
m for some of the gauge fields, leading to a model with spin-one massive force carriers. In
the SM those are the W=+ and Z weak bosons, with m ~ 100 GeV.

The SM theory has been extensively probed experimentally in the £ < m and £ ~ m
energy range. The E > m range is instead essentially unexplored, with the LHC having
started probing TeV-scale Electroweak process only very recently and with low statistics.
Progress in this direction will come from the continuation of the LHC experimental program,
and from future colliders. These futures experimental prospects motivate theoretical studies
on the behaviour of massive gauge theories at high energy, a topic which presents a number of
delicate and interesting aspects, whose complete theoretical comprehension is still missing.
This thesis deals with some of those aspects, with a twofold aim. First, we review the
intricate literature on high energy massive gauge theories trying to clarify and to improve
it in some aspects. Second, we concretely verify the general results for a specific process,
which we study at the next to leading order in the loop expansion.

Concretely, two massive gauge theories high energy theorems have been considered: the
Equivalence Theorem and the theory of Sudakov double logs of IR nature. The Equivalence
Theorem is an extremely useful (and well-known) result, according to which scattering am-
plitudes involving 0-helicity massive vector bosons in the external legs can be equivalently
computed at high energy, by replacing the gauge boson with the corresponding Goldstone
boson. What is much less known is that the theorem can be generalized to an exact re-
formulation (at all orders in m/FE) of the habitual amplitude calculation strategy. This is
the so-called “Equivalent Gauge”, which we concretely apply at one loop, verifying its va-
lidity in a very non-trivial manner. The double logs of Sudakov type are another interesting
aspects of massive gauge theories and there are several reasons why studying their effects
on high energy processes. In the first place these corrections, of the form alog? (E2 / m2)
(where o = ¢?/(47) is the perturbative expansion parameter), are the largest corrections
to Born amplitudes and are sizeable for TeV scale processes. Second, since they originate
from the exchange of soft and collinear gauge bosons, these infrared corrections are some-
how universal, depending only on the known “low energy” SM and not on the high energy
dynamics which might contain new physics. Being able to deal with those effects within the
SM will thus allow us to extract and isolate new physics effects at high energy. There are,
moreover, remarkable and peculiar properties which concerns these double logs in the case
of massive gauge theories, that make their treatment different from the QCD and QED ones.
In particular, gauge bosons cannot become infinitely soft because of their finite mass, hence
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any gauge boson emission is experimentally observable in line of principle. Correspond-
ingly, also fully exclusive (i.e. without the emissions of addition particles) processes become
observable in the case massive gauge theories. This does not bring a conceptual problem,
since the infrared divergences in the loops are regulated by the finite gauge fields mass, but
it poses a practical problem: at high energy terms like olog? (E2 /mQ) make perturbation
theory breakdown and resummation mandatory. Suitable techniques, therefore, need to be
developed. Another characteristic aspect concerns the fact that, in massive gauge theories,
the gauge symmetry breakdown obliges us to consider processes that are not averaged over
the “Electroweak” color of the initial states of the reaction. For instance at lepton colliders
only electrons and positrons collide, while averaging over color would imply considering also
neutrino-initiated process. As we will see, color averaging (guaranteed by the confinement
hypothesis in QCD) is precisely what makes double logs coming from virtual emissions can-
cel against those coming from real emissions, in inclusive QCD observables. Therefore in
the Electroweak SM it is impossible to define observables free of these large double logs so
that dealing with them is of fundamental importance.

This thesis is organized as follows. In chapter [2] after a brief general review on massive
gauge theories, we introduce, in section 2.3} the model we employ for the explicit calcula-
tions presented in this work. Then, in sect. 2.4 we present the Equivalence Theorem and
the Equivalent Gauge. Chapter [3] deals with the resummation of double logs of Sudakov
type. First, in sects. and we review the general method of the infrared evolution
equation to take account double logs, coming from loop integration. Then, in section [3.3]
we show that these approaches are also applicable in the case of massive gauge theories. In
section [3.:4.1] we extend our approach to include double logs coming from phase space inte-
gration of real soft gauge bosons, reproducing existing result with an original methodology.
In chapter [ we focus on a specific process and we perform the full Next to Leading Order
(NLO) computation in order to compare it, at double log level, with the result predicted in
the previous chapter. Finally, in sect. [I.4] we repeat the calculation within the formalism of
the Equivalent Gauge and find perfect agreement. Ours is the first one-loop calculation to
be performed in the Equivalent Gauge, and the first time that the validity of the approach
has been verified at one loop level. Finally, in chapter [5] we report our conclusions.



Chapter 2

Massive gauge theories

2.1 Spontaneus symmetry breaking

This section provides a concise introduction to the concept of spontaneus symmetry
breaking. We will first consider the case of a field theory with a global symmetry group,
next we switch to the case of a local symmetry. The discussion is performed at classical
level, quantization will be described in sect.

2.1.1 Global symmetries

Let us consider, for definiteness, the specific model built of N real scalar fields ¢¢(z),
with Lagrangian

1 1 A
L=50,270"d + 20T e 1 (879)° (2.1)
where ®7 is defined as the vector (¢1,...,6x) and )\, p are real and positive parameters.

The Lagrangian of eq. (2.1) is manifestly invariant under the N-dimensional orthogonal
group O(N) as we can prove by acting on ® as

® > RD, (2.2)
where R are representation of O(N) group’s element and obviously RTR = 1.
The ground state corresponds to the configurations ®f = ( O ¢9V) which minimize
the potential energy and so it must be a solution of
ov i i 2
| =i e =0 = @f=v=y5. 29
a(b P=P A

where v is called vacuum expectation value (VEV) of ¢. We can notice that the previous
condition determines the length of the vector ®; to be non vanishing. Hence the VEV
points along a definite direction, breaking the continuous group of eq. . Let us choose
the minimum

ol =(0,...,v), (2.4)

and define a new set of fields

The Lagrangian becomes

L= %auwTa”fr + % (8u02)2 — %(2u2)02 —Vuo® = Vur"wo — 204 — %ﬁTﬂ'az — 2 (7'rT7r)2 .
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As we can see, the o field has mass, while the N — 1 “7” fields remain massless. At the same
time we can note that the symmetry group, from O(N) is broken to O(N —1), corresponding
to rotation that leave the VEV in eq. invariant.

This appearance of massless particles as a consequences of spontaneous symmetry break-
ing procedure is a general result known as the Goldstone theorem. We give a short proof of
it below.

Let us consider a model with N real scalar fields ® and a generic Lagrangian

1
L(®,0,®) = gaH@Ta% —V(®) (2.7)
Let ®( be a constant field which minimize the potential V (@), so that

o
(%iV(@) e 0. (2.8)

Since P is a configuration of minimum, we can expand the potential V(®) around it,
obtaining

V(®) = V(®0) + 1 (61— 610) (65 — 6300 M ... (29)

where ij is the symmetric matrix which give mass to particles

80V (®)

amz = V@)
00005 |p_a,

ij

(2.10)

and by definition it is not negative-defined. Now let us suppose the Lagrangian of eq. (2.7)
to be invariant under a continuous transformation with the relative infinitesimal form

B+ I(D), (2.11)

where A(®) is some function of the field ® and A is an infinitesimal parameter. The
invariance of the Lagrangian imply that

V(®) =V(®+ \A(D)), (2.12)
and so
A (P) 9 V(®)=0 (2.13)
0, - '
Differentiating the previous equation we get
0A; 1°)%

: + Ay (®o)MZ =0. 2.14
(5:),. (56),, + &@onts 219

The first term of the previous equation, vanish if ®q is a minimum, therefore we have that
the second term must be zero. This condition is exactly the Goldstone theorem: if the
transformation leaves the vacuum unchanged, then A(®() = 0 and the eq. is trivially
satisfied. Otherwise, A;(®) is a null vector of M?2, corresponding to a massless particle.
The Goldstone theorem, therefore, can be stated: for each linear symmetry generator which
is broken by the vacuum there exists a massless particle.

2.1.2 The Higgs mechanism

As a first example of a gauge theory with SSB, let us consider a complex scalar field ¢ ,
coupled to an electromagnetic (Abelian) field

1
L= —ZF*“’FW + |Duo|* = V(g), (2.15)
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where D, = 0,, + ieA,,. This Lagrangian is invariant under a local U(1) transformation
; 1
¢(x) = e (x), A= Ay = —9M\a). (2.16)

Let us choose, now, the potential

V(9) = —lof + 5 (167, (217)

Analogously to the case discussed before (of a global symmetry), when the field ¢ acquires a
vacuum expectation value the U(1) symmetry will be broken. The minimum of the potential
occurs at

(@) =v=1/5%. (2.18)

Expanding the Lagrangian around the vacuum state and decomposing ¢ as

1 )
p(z) =v+ ﬁ(h(z) +im(x)), (2.19)

the potential V' (¢) becomes

1

1
V(p) = pt+ Z2p?n? 4 (2.20)

2) 2

We can see, in light of the Goldstone theorem discussed before, that along with the broken
generator of the symmetry group, a massless scalar field (a Goldstone boson) is present. If
we look at the kinetic term, we find

1 1
|D,¢|* = 5(aﬂh)2 + §(aﬂ)? + V2o A 0" + PR A AP 4. (2.21)

which contains, on top of the ordinary kinematic terms, a kinetic mixing between the photon
and the Goldstone and a photon mass term. We will see in the next section how to quantize
this Lagrangian and to read out the physical spectrum of the theory. However we can already
anticipate the result by noticing that by performing a gauge transformation, it is possible
to set the Goldstone 7 to zero, going to the so called “Unitary gauge”. In this gauge it is
easy to read the particle content, which contain no massless Goldstone particle, a massive
“Higgs” scalar h with mass mj, = v/2u and a massive “photon” with m? = 2e?v? from the
last term in the previous equation.

2.2 Non-Abelian gauge theories quantised

We now turn to non-Abelian gauge theories and their covariant quantization. We focus
on the pure Yang-Mills theory, without additional particles, for most of the section. Extra
matter (fermion, scalar) fields do not change the discussion in any way, hence they will be
omitted until section 2:3] where additional scalar fields will be included.

The Yang-Mills Lagrangian reads

1 v,a a
ACy]\/[:—i/le(EZF“ ’ FMV’ (222)
a
where
FrY = prnare = gAY — Q¥ AF — i [AF) AY] (2.23)

and

Au(z) = ALT*. (2.24)
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The T® matrices are the Hermitian generators of the gauge group algebra and they obey to
the commutation relation

[Ta7 Tb} _ ifabcTc )

The indexes run from 1 to the dimensionality of the group, corresponding to the existence,
in eq. (2.24), of one A}, gauge field for each generator. Under a gauge transformation
U(A) = exp (igA), with A(zx) = A%(z)T*, the gauge field transforms as

Ay = (An), =UAUT —iU (8,U7) . (2.25)

It is easy to check that the field strength in eq. transforms as F — UFUT, and
therefore the Lagrangian in eq. is invariant under gauge transformations.

The quantization of the theory is best illustrated in the path integral formalism. Physical
quantities in gauge theories are gauge-invariant correlators of the form

f'DA( fd4$£y1\/[) ’

where O[A] = O[A] However being the Lagrangian of eq. invariant under the local
transformation in eq. there exist a direction in the field space where the integrand is
costant, and the path integral in eq. diverges. The Faddeev-Popov approach to the
quantization of gauge theory allows to deal with this issue. We proceed by introducing a set
of gauge fixing conditions of the form

(O14)) = (2.26)

fa Al (z) = 0. (2.27)

This is obtained by multiplying the path integral of eq. (2.26]) by the following identity,
6 fa [Ar(z)] ]
dA*(x 1A Q%)) det | ———F+——=1 , 2.28
1= [TIan @5 (0 14a] ()~ 9 2) Ero (228)

where A, is the gauge field A transformed by a parameters A, as in eq.(2.25)), whose in-
finitesimal version is

a a 1 a

Here D, is the canonical covariant derivative, defined as
(DuA), = 9uha + gf* " AV A.. (2.30)

We note that if the gauge fixing f, is linear, then 0 f,(Ax)/dA is independent of A. The
field Q%(x) in eq. is an auxiliary field over which we will integrate over.

After some manipulation, by exploiting the gauge invariance of Ly s and O, it is possible
to find that the functional integral in eq. can be written as follows

/ DAO[AJet | eEru@ _ ( / DA) / DAO[AS(£[A] — %)) det {‘” éf“]m .
(2.31)

The (infinite) volume of the local gauge group is now factorized and it drops out from
eq. . The determinant on the RHS of the previous equation is the so-called Faddeev
Popov determinant and it can be expressed as a functional integral over a new set of scalar
anticommuting fields (the ghost and antighost fields) belonging to the adjoint representation,
as

det 0falAn] /Dw eifd4m£GH, (2.32)
oAy
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where

Lom = / d4x@a(x)Wwb(x) . (2.33)

Finally, we notice that eq. (2.26) is by construction independent of Q2%(z). Hence, up to an
irrelevant multiplicative factor we can integrate over Q%(zx), weighting the integrand with

the Gaussian factor exp (—i Y (Qa)z).
In summary we conclude that the gauge invariant correlators of the original theory, such

as in eq. (2.30), are equal to those computed with a new Lagrangian which can be written
as

1
Lr=Lyym+Ler+ Lor, Leop = ~2% (f)? (2.34)
For instance the standard Lorentz gauge choice F'* = 0" A, gives
1
EGH = —Qaa“Duw“, ACGF = _E (auAlm)Q . (235)

It is convenient to further rewrite the the theory by introducing the so-called Nakanishi
Lautrup auxiliary field, with the Lagrangian defined as

1
Lp= EB“B“ + Bef(A). (2.36)
This is trivially equivalent to eq. (2.34) because the B field, which has polynomial action,
it can be easily integrate out. In summary our full Lagrangian is now

1

% (B*)? + B"9" A% + & (0" D) w®.  (2.37)

1 v
Lyy = —4/6[4(1};[Fa7u Fa,uu]+

A very important property of this Lagrangian is its invariance under a certain global
symmetry, the so called BRST symmetry. Indeed, consider an infinitesimal anticommuting
parameter € and define the following variations.

1
AL = eD%we dw® = —igef“bcwbwc, (2.38)
5% = B, 0B =0.

It is easy to check by direct computation that £ is invariant. Another important property
of BRST transformation is that, they are “nilpotent”, i.e. it squares to zero. Namely, let
Q¢ be the BRST transformation for the field ¢ (in this case ¢ = {AZ, w, W, Ba})

Q*¢=0. (2.39)

Now, consider the Hilbert space H of our states. Since the operator @ is nilpotent and it
commutes with the Hamiltonian of the theory (i.e. the BRST charge is conserved), then @
divides ‘H into three subspace. Let H; be the subspace of the states with are not annihilated
by Q. Let Hs be the subspace of the states of the form |p3) = @Q|¢1) and finally Hy the
space of the states @ |¢o) = 0. Ho and Hs are the so-called spaces of close and exact states
respectively. Without entering in details (see for instance Ref. [I8]) it comes out that the
physical Hilbert space is the cohomology of the operator @, i.e. poorly speaking, the state
which are close ma non exact under the BRST charge operator. So that, in particular, we
have

Q|Phy) =0, but [Phy) # Q|¢) , (2.40)

where |Phy) is a generic physical state.
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2.2.1 The R, gauges

In order to to illustrate the problem of massive gauge theories quantization in a simple
context, let us discuss the Abelian gauge theory of eq. (2.15)). By parametrizing the scalar
field as in eq. (2.19)), the Lagrangian reads

1

L=—7(Eu)+ % (Ouh — eA,m)% + % (Oum + eA,(v+h)? = V(). (2.41)

In spite of the spontaneous breaking the Lagrangian continues to be invariant under the
local gauge group in eq. (2.16)). When expressed in terms of the fields 7 and o, the local
symmetry, at infinitesimal level, acts as

h(z) — h(z) — Az)r (@), m(z) = 7(x) + \z) (\@v n h(x)) . (2.42)

In order quantize the theory, therefore, we need to follow the method of Faddeev Popov
described previously. A particularly convenient choice of the gauge fixing, in this case, is
the so-called R, functional

FlA] = 0, A" — maér . (2.43)

With this choice, the ghost Lagrangian is
m2
Lag =0 wi,w — m%éow — —Acawh, (2.44)
v
and the gauge-fixing term is
1 1
;C = — A 2 = —_——
GF 2€f [A] 5
The great virtue of the R, choice can be appreciated if we compute the quadratic Lagrangian
for the gauge boson and the Goldstone fields. We obtain

1
(9, A")% — igmiﬁ + mad, Al (2.45)

1 1 1 1 1 1
['quad = _iauAuauAu + < (1 - > (8MAN)2 + imi (A#)Q + 5 (8M7T)2 - 55771?47‘('2,

2 3
(2.46)

where m4 = ev and the original A-7 kinetic mixing from the gauge fixing cancels the one
that was present in the original Lagrangian. This makes particularly easy to read out the
particles content of the theory. Therefore, the single-particle states are given by one spin
one gauge bosons |A,) (where h is the helicity) with mass m4, two massive scalars |h) and
|7) with masses squared m? and £ém?, and the ghost/ antighost |w)/ |@). Furthermore, the
spectrum contains a scalar particle with zero ghost number which correspond to the scalar
polarization of the A field. It can be found that the BRST cohomology is compost of only
the Higgs |h) and the triplet|Ay).

2.3 The Higgs-Kibble model

The model we will employ in this thesis to illustrate and to verify the high-energy prop-
erties of massive gauge theories is the so-called SU(2) Higgs-Kibble model, extended to
include a massive scalar field which is a singlet of the SU(2) gauge group. This scalar has
no influence in the discussions of this chapter but it will be used later on in chapter [ for
an explicit calculations. The Higgs-Kibble model is essentially the Standard Model without
fermions and U(1)y hypercharge. Namely it is an SU(2) gauge theory with one scalar Higgs
doublet which takes a VEV, breaking completely the gauge group. Following the convention
of Ref. [28], the Lagrangian is

v

1 522
Ly = —§Tr (W WH] + Tr [(DMH)T D“’H] — % {Tr [’HTH] 5 } (2.47)
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where the fields are defined as

H =

h i 1
vt 1 + Eaaﬂa Wk = —g* Wt (2.48)
2 2 2
in term of the three Pauli matrices o®. The ordinary Higgs doublet field has been represented,
here, as a pseudo-real matrix H, because this makes more evident the invariance of the theory
under the custodial group described below. The canonical representation of H as a doublet

is

_1 h+inms+ov 1Ty + o :L hy —h;
H_2<i771—772 h—irs+v) ~ V2 \hy &l )" (2.49)

The Higgs matrix decomposes in four real scalar fields, the physical Higgs h and the three
Goldstone bosons 7,. For the sake of completeness, we report also the definition of the field
strength WH" of the gauge connection W# and of the covariant derivative of the Higgs H

Wy = 0,W, —0,W,, —ig[W,, W, ], DH=0,H—igW,H. (2.50)
In order to include the heavy scalar S in our model, we add to the Lagrangian

1 1 1 A
— nQ T an2Q2 T 2 M4
L= 50,50"S — Sm2S® — SATrHIH]S® — S5*.

The scalar S is coupled only to the Higgs doublet H, its interaction vertexes are displayed
in fig. .

On top of the SU(2) gauge symmetry, the Lagrangian Lo = Lk + Lg is also invariant
under the custodial group SO(3). and this is manifest by the matrix representation of
the fields. In particular, the gauge group and the custodial group transformations are,
respectively

H(z) — Qz)H(z), H— HA T,
W, — 'yVVﬂ’yJr ,
Unlike the gauge group, the custodial one is not broken by the Higgs VEV and we will be
careful to preserve this symmetry when fixing the gauge, since we are going to make use of
this symmetry later on. Following the Fadeev-Popov method, described in the previous sec-

tion, we introduce the ghost and anti-ghost custodial triplets (w, and w,) and the canonical
t’Hooft Feynman R, gauge-fixing functional

o = 0 WE +mém,

For the moment we do not specify the gauge fixing parameters, otherwise, later on we will
work in the specific gauge £ = 1 and m = mw . In order to obtain the ghost Lagrangian
Lgn, we take the gauge variation of f, as in eq. (2.33)), with respect to gauge parameter w,,
obtaining

1
Log = —Walu, fa = —Wa0, (8“w“ + ge“ché‘wC) - §gm§@a [(v + h)w® + e’lbcwbwc] .
(2.51)

In order to make the BRST symmetry manifest, we also introduce the so-called Nakanishi-
Lautrup auxiliar fields B* and so our full Lagrangian becomes

L=Ly+ gB“Ba +Bfo+ Lgn (2.52)

The Lagrangian (2.52)) is invariant by the BRST variation s(®) of Table
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Figure 2.1: BRST transformation for the Higgs-Kibble model

] = 0,w® + ge“chH,bwc
iQ, ] = 2(v + h)w* + L myw,
s(h) = [iQ, h] = —§w,m®

g h/m/F S
\‘\ b2
P P2 p3
h ,,,,,,,,
p1 //
P3 P4
S h/7T3/i

2.4 The Equivalent Gauge

The Equivalent Gauge is a generalization of the Equivalence Theorem, which we present
following Ref [29]. First of all, let us start by defining the propagators among bare field, as

iGyst) = [ dtee (,(@)2}(0)
where ® = {W,r,,h,w,o, S} denotes the whole set of bare fields of the theory. The inverse
of G can be expressed as the sum of bare Feynman propagator A and of 1PI vacuum
polarization amplitude II
G '=A"1+1I.
Thanks to the symmetries of the Lagrangian it is possible to parametrize G~! in terms of

few scalar form factors (as done in [28]). The result is trivial for the propagators of the
Higgs h(G;, "), of the scalar S (Gg') and for the one of the ghost fermions G '

G;:/ls(p2) =p° — M} ;5 +ys(p%)

w w
~ 2 2 2
G*l 2 a:§a 0 mf—p +Hw®(p) w
(GO = (e 2% 0 o

Notice that the ghost propagator is proportional to 6%® because of custodial symmetry.

The result is less straightforward for the propagators of the remaining bosonic particles
(m, W) (we will call it Gp). Omitting the custodial group indexes, since the propagators
are diagonal in them, we have

Gp' =PLAWP®) + P'V/P], (2.53)
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where
, — Bube —le 0
Pu= (m 0" o) ’ Pl:( op) ’ = (1) ’ (254
and
w T
A(p?) = <m2 — 9+ 0) W (2.55)
0 0 T
w T
vt =( B e T (2.56)
(C(?) —m) p*Fp?) —&m?) =
with

B(p®) =m® + Uiy (@), CO*)=m+Hw.p*), p*FO*) =p>+1(p°). (2.57)

The three form factors F', B and C are not independent as it is simple to prove thanks to
one the Slavnonv-Taylors identity derived in Ref. [28]. Namely

(fa(@) f5(y)) = —i€0apd*(z — y) = B> F(p*) = C*(p®).

We can thus express the propagators G as

GZ[I/JW(p) _ — (77“” B pggu) . EF (m*¢ — Fp?) ,

A(p?) P (Fp? - Cmg)?
G (p) = —pum , -
G ) =i

In order to introduce the Equivalent Gauge slightly more general identities are needed,
proven in full generality in refs. [I5] 16, 29]. We present here a partial derivation, by noticing
that, since the physical states of the theory are in the cohomology of the BRS operator, we
have

(Phyl {iQ,wa(@) } IPhy') = (Phy|fu(@)| Phy') = 0, (2.59)

where we made use of the BRS transformation in table Going to momentum space, we
find

—ipy (Phy|W*(p)|Phy') + m¢ (Phy|x(p)| Phy’) = 0. (2.60)
If we express the matrix element in terms of amputated amplitude

(Phy [WH(p)| Phy') = G2 (p) AW (p)] + G/ ™ (p) Alr (p)]
(Phy|m(p)|Phy') = G™ (p) Al (p)] + G} () AWH(p)] ,

and we use eq. (2.58)), we obtain
—Fépy AW (p)] + iCEA[m(p)] = 0,
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which finally gives us

m2 L 2
Alr(p)] = im./‘l[ﬂ(p)] . (2.61)

PAWY (p)] =i

Let us consider a generic process with longitudinally-polarized (zero helicity) external
bosons. The amplitudes reads

M= Zywe§ (D) AW, ()], (2.62)

where Zy is the residue at pole of the transverse W propagator, and

iy — Lo B
& (p) = {Ipl, m p} : (2.63)

mw

By noticing that ey ~ p/mw for E, >> my,, we immediately realize that it is convenient
to use eq. (2.58) in order to rewrite the amplitude as

V7w (ee‘<p> A p“) AW)] = VZw (L AWD) + ex Alr()])  (2.64)

€r = —l—— 5~ and e

w_o P —mw P
o COm2,) € {1, } . (2.65)

mw B Ep+|p| _H

The result is that we can change the Feynman rule for an external longitudinal gauge

bosons as follows
e O — &+ & -- (O, (2.66)

obtaining an exactly identical amplitude. This reformulation of the theory, dubbed “Equiv-
alent Gauge” in Ref. [28], has an obvious advantage in the high energy regime. Namely, it
makes use of polarization vector e, which does not grow with the energy. Therefore naive
power-counting [28] straightforwardly holds at the level of individual Feynman diagrams.
Indeed €} not only doesn’t grow with the energy, but it decreases as €7 ~ my /E. At the
leading order to the ™ expansion, we can thus neglect the gauge diagrams and substitute
the external longitudinal vectors with the Goldstones, as dictated by the ordinary Equiva-
lence Theorem. Higher orders in my /E can be systematically included. It should be noted
that the one above is only a partial derivation of the result of refs. [I5] [T6, [29]. We, indeed,
established it only for a single longitudinal boson, while it hold for an arbitrary number
of external longitudinal particles. We will not give the complete proof here, but we will
verify the result explicitly, at one-loop order, for a process where two longitudinal bosons
are involved.




Chapter 3

Soft-Collinear double-logs

The largest corrections to Born amplitudes at high energy are double logarithmic con-
n
tributions of the form (a log? (%)) , with m being some charateristic mass scale of the

theory and E > m the typical energy of the reaction [23]. Such corrections originate from
soft and collinear gauge bosons coupled to external particle. They are also called mass
singularitiesﬂ since in massless gauge theories such as QED and QCD soft and collinear
emissions formally produce infinities. Clearly, those infinities are unphysical and they can-
cel in physically observable cross-sections. The point is that infinitely soft photons or gluons
unavoidably escape detection, hence the only final states which is worth considering are the
“inclusive” ones, that allow for extra soft particles emissions. These extra “real” emissions
are also singular, when integrated over the soft-collinear region of the emission phase-space,
and their divergence cancels exactly the virtual singularities that are present in the loop
corrections to the scattering amplitudes [3}, [17], 20].

The situation in slightly different for massive gauge theories such as the SM. First of all,
fully exclusive final states, with no extra soft emissions, become observables. This does not
bring a conceptual problem because the divergences are regulated by the finite mass of the
gauge fields such that all cross-section, including the fully exclusive ones, are now calculable
in line of principle. In practice it does pose a problem, in that those calculations cannot
be carried on at fixed order in perturbation theory for large E, where alog? % > 1. Re-
summation techniques have to be developed, as discussed below in this chapter. The second
important aspect is that in massive gauge theories, we cannot, unlike in QED and QCD,
define “sufficiently inclusive” cross-sections such as to cancel the double log enhancement
of the radiative corrections. Therefore, we cannot define observables that can be reliable
computed at a fixed order in perturbation theory. Double logs resummation is thus im-
portant at order one in any massive theory reaction, including fully inclusive processes [7].
This surprising result, namely the fact that double logs do not cancel not even in inclusive
cross-sections, is due to the fact (see [6]) that the initial states of the scattering are not
averaged under the massive gauge theory (EW) color. This is possible only because the
gauge symmetry, unlike in QED and QCD, is spontaneously broken.

The previous discussion shows that IR effects, and double logs in particular, are extremely
important in massive gauge theories. In the rest of this chapter we will review the treatment
of those effects. In section we present the original Sudakov form factor calculation for
QED [24] in a form which is suited to be generalized to non-Abelian gauge theories. Then we
turn to the non-Abelian case showing how to compute exclusive and inclusive cross-section,
respectively in sect. [3.2] and sect. 3.4} Finally, in section [3.3] we show how to generalize
this results to the case of massivw gauge theories.

1To be more preise this sefinition refers also to single log, we are not going to investigate.
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3.1 Sudakov form factor in QED

Let us consider the high energy behaviour for an electron elastic scattering from an
external field, at a fixed angle i.e. t = —2p; - po = —E?, for E > m.,m. being the electron
mass. It is possible to identify the diagrams giving rise to leading virtual double logs as
the ones in which a soft and almost collinear photon is exchanged between the two on-shell
fermions. In particular, let us consider the first-order correction (in o = e2/(47)) to the
tree-level amplitude M p = iu(p2) vy u(p1) A%, described by the following diagram

woo
N

My = = iu(pa)Th u(p1) AL

where A¢*t is the external field and

[
L =

ie2 /d4k AV (?2 + {4+ me> M (;7)1 —F+ me> T (31)

(2m)* ((p2 + k)% = mZ + i€) ((p1 — k)? — mZ +ie) (k? +ie) °

The important region of the integration is the one in which k is soft and almost collinear
to p1 and po, therefore in eq. (3.1) we can neglect factors ¥ in the numerator and k2 in the
denominator. Using the Dirac equation (p —me) u(p) = 0, we get

e2

(2m)*

It~ -2 E?y1T (3.2)

where we have defined

I:/ d*k
) (2k-p1 +ie€) (2k - po +i€) (k2 +i€)

(3.3)

In order to deal with this integral, it is convenient to switch to the so-called Sudakov
parametrization

k=up1 +vps+ k1, (3.4)

where k& is a four-vector orthogonal to p; and ps. Without loosing of generality, we can turn
into a coordinate system in which p1, ps plane correspond to t, z and k, to y, z coordinates.
Therefore, k| is purely space-like and we get k2 = fkﬁ_. In these coordinates the soft and
collinear region is

k3 < min{|Eul,|Ev|}, |u|,|v] < 1. (3.5)
In this region we have
2k - p1 = 2um? + E?v, 2k - py = 2vm? + E?u, (3.6)
E* = um? + vm? + F?uv + k2 ~ F?uv — k2.
Furthermore, switching to polar coordinates in the &k, plane, we have

E? E?
d'k = —dbdk? dudv = Tﬁdkzidudv. (3.8)
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Notice that the integral I is manifestly IR divergent. We thus introduce an infrared
cut—oﬂﬂ 1 on the modulo of the transverse momentum, i.e. we perform the integration only
in the region k2 > p2. With this cut-off the integral reads

d*k

I(p?) = 0 (ki —p°
() /(2k-p1+ie)(2/<:-p2—|—ie)(k:2+ie) (k2 = 45%)
E? dk? dudv 9 9
Ty (2um? 24, 2 21 2 0 (k1 — %)
um? + vE? +ie) (2vm?2 + uE? + i€) (+E?uv — k3 + ie)
(3.9)
We can use the relation
) %
= § (B?uwv — k3 3.10
E2uv — k2 +ie PEqu—kiJr7r ( u L) ’ ( )

and retain only the §-function, which restrict the integral near the mass-shell of the photon
selecting, in such a way, the region of integration giving the biggest contribution. We obtain

1 1 2
dv I

I(W?) ~ —i 2E2/d/ 0w — = 3.11

(17) " 0 “ o (um?2 +vE?) (2vm2 + uE?) W2 ) (3:11)

where we used the constraint uv > 0 implied by the d-function, together with the fact that
the integral is even under (u,v) — —(u,v), to write I as twice the integral for u,v > 0. It
should be noticed that the upper bound on the u, v variables is arbitrary at this point, since
we already made approximations in the integral which rely on |u|, [v| < 1 as in eq. (3.5).
The choice of the upper bound is irrelevant since the region u,v ~ 0 gives the dominant
(double log-enhanced) contribution to the integral.

In order to perform the integration, we switch to a new coordinate system {u,v} — {7, A}
such that

u=e /T, 0<7<1, (3.12)

1 1
v=e T, ilong)\g—ilogT. (3.13)

Therefore I becomes

2_2 2 logT 1 ,U2
~ —iE*r d 0(r— =
! / 7-/ 4m§ + E* 4+ 4m2E2 cosh(2y) (r EQ)

log'r
yzfé log T

in? [t 2m? — E?
= — ﬁ /1’2 dT arctanh (M tanh( )) (314)
B2 y=+3logT
After some algebra
in2 [ dr 2m? + B2t
I~z .7 (w) (3:15)
52 e

The integral above can be performed in terms of dilog functions. Simple approximations,
depending on the relative magnitude of y? and m?, are

i [E? m?

where we have defined

2
E? m? _ 1log E——f—log%log?; for 2 < m? < E?
wl=l i . (3.17)
2

— jic
m2’ u? E—Z for m? < p? < E?

2An alternative approach would be to introduce a fictitious photon mass.
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Figure 3.1: Diagram giving rise to double-logs loop correction to the electron elastic scat-
tering process

Coming back to eq. (3.1)), we have obtained that the first double log correction to the
Born amplitude M p factorizes as

« E? m?
M1L|DL:MB X <27TR Lng,/;]> s (3.18)
where R was computed (see eq. ) in both regimes p? < m?2 and p? > m?2. For the
generalization to non Abelian gauge theories and to the SM, u? > m?2 is the regime of
interest. We will thus focus on the latter in what follows.

The one loop correction in eq. diverges when the unphysical regularization param-
eter u is taken to vanish. This signals the breakdown of perturbation theory and the need
of all order resummation. With this purpose, we follow the scheme of the infrared evolution
equation described in Ref. [12]. Let M(u?) be the amplitude for our process at all orders
in perturbation theory and with a cut-off ;1 on the transverse momentum of all the virtual
photons running in the loops. Now, let us imagine starting from an amplitude with a cut
off 2 and to try to compute the one with a slightly larger cut-off squared p? 4 du?, where
dpu? > 0 is an infinitesimal variation. We have,

M) = M2 +00) = ~52 ). (3.19)

The differences between M (u?) and M(u? + 6u?) is given by the loop integrals performed
in the narrow region k2 € [/ﬂ,/ﬂ + 6u2], where k, is the modulo of the virtual photons
transverse momenta. At the linear order in 62, this integral is the sum of the integrals
over the strips for each loop momentum. Among those, it is not hard to see that the
dominant contribution comes from virtual photons exchanged from two external lines, as in
fig. The intuitive reason why this happens is that three propagators go on shell (the two
fermionic plus the photon one) when the virtual photon momentum goes to zero. Hence
the IR enhancement is expected to be more significant then for the other diagrams where
a smaller number of propagators go on-shell. The dominance of this kind of diagrams was
rigorously established in Ref. [17].
Therefore, we have

oM W) . e / Lk M(p?)
502 @ S e it @ pr +76) (2 p + i) (K2 + 7€)
OR 22,27
~g 2y mt ] 2
Al 0,2 M), (3.20)

where we exploited the previous calculation of I(x?) in eq. (3.16)). From eq. (3.20) it follows
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Figure 3.2: Real emissions giving rise to double log correction to the e~ elastic scattering
cross section

iz

the infrared evolution equation

IM(n?) 0 OR[m]
Dlos(2) KAM(u?)  where K(u?) = “ 2 Olog(i?) (3.21)

We can solve the evolution equation above, provided a suitable boundary condition is given.
This is identified by noticing that if u? was of order E?, no log enhancement would be
encountered and the process would be calculable in perturbation theory. In particular the
Born amplitude would be a valid approximation, so that we could employ the boundary
condition M(u? = E?) = Mp. Solving eq. we obtain the resummed expression

2
M = Mg exp <2a7TR [;;2 ZZD . (3.22)

To conclude our discussion on the QED Sudakov form factor we need to include the
emission of an arbitrary number of soft-photons, below a given threshold. This is essential
in order to obtain a physically observable process, because soft photons cannot be detected,
as previously argued. In particular we allow the radiation of an arbitrary number of real
photons with transverse momentunﬂ k% < E’?. The real emission cross-section diverges in
the region k; — 0 of the phase space integral and so we regularize this divergence with the
lower cutoff k2 > p?. The same cutoff is also employed to regularize the loop integrals as
in the previous calculation.

We are, thus, looking for inclusive cross-section o(E'?; u?) and in order to find it we need
an infrared evolution equation for real emissions (similar to eq. for virtual emissions).
We suppose, therefore, to increase the threshold E’ by an infinitesimal quantities E'2 —
E’2 4+ §E'2, consequently we have that

do(E?, p?)
3E’2

The differences between o(E"? + JE', u?) and o(E'?, u?)is now given by the phase space
integration k3 € [E'?, B 4+ 0E"], where k3 is the modulo squared of the transverse four
momenta of the real photons emitted. The leading contribution, in this case, comes from
the emission of a soft particle from an external line (see fig. [3.2). The intuitive reason
is analogue to the previous one: when the photon momentum goes to zero the fermion
propagators together with the phase space factor go to infinity in this kind of diagrams.
Therefore, it is straightforward to find

ao.(E/Q7 NQ) N

~ do(E", ji* ></ dwy, . 3.24
8E/2 ( ) kiE[EQ,E/Q-HSE/Q] ( )

o(E”? +6E? %) — o(E"?, u?) = 0E" (3.23)

5E/2

31n the first derivation of Abrikosov in [I], the author used as a threshold a maximum energy of non
detection instead of a cut-off on the transverse momentum.
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where the integral over phase space is

e? d*k 2p; -
/kie[E/2,E'2+6E'2] ok = 2 /IciE[E/2,E'2+6E'2] (2wg)(27)? (p1 '1;91)(112' k) (3.25)
2 4
- 2(267@3 /kje[E@,E'?JréE'?] (p1 - :)(122 : k’)é(kzy
Noticing that this last integral is proportional to dI/du?
8(;’&)@@22)) = K'(E®)o(E? %), (3.26)
where, now, the kernel is
K'(E”?) = —2K(E"™). (3.27)

Eq. has to be solved with the appropriate choice of the boundary condition. In
particular we use that when E’2 = 12 the phase space for the extra particles emission closes
and no extra particles can be produced. Therefore o(E'?, 4?) has to match with the exclusive
cross-section, with not extra emissions

E? m?
E/2 — 2 2\ _ sexc( 2\ _ _gR - — 3.28
0( H’ ’ M ) o (u’ ) 0B X eXp T m2 ) /,[,2 ? ( )

where 0¢*¢(;4?) is obtained squaring eq. (3.39)). Finally, we find

2 a, [E2 m? a . o (E?
o(E' ,/) = opexp (—WR [mg’ M}) = opexp (_27r log (E’2 . (3.29)

In this last formula, we can see that the dependence on the unphysical IR cut-off u cancels.
This is a consequences of the Bloch-Nordsieck theorem [3]: QED observables are safe from IR
divergences. Furthermore, we see that for £’ ~ E, i.e. for a “fully inclusive” cross-section,
the Sudakov log cancels and o is well approximated by the perturbative (Born) result.

3.2 Virtual emissions in non-Abelian gauge theories

In this section we present the approach of Ref. [I2] on how to compute Sudakov effects
for massless simple gauge theories. The extension to non-simple groups is straightforward
and needs not to be discussed here. It is non trivial, instead to generalize the derivation
to massive gauge theories. We will analyze this case later on in the specific example of the
Higgs-Kibble model.

Let us consider the scattering amplitude for a process with n-external legs and let us
suppose to be in the simple kinematical configuration, where all the invariants s; ; = 2p;-p; ~
E? are large (i.e., E is big in comparison to the masses m; of the external particles) and
of the same order. Since our aim is to compute the leading double log correction, which
comes out from the radiative corrections to the process, we first have to identify the class of
diagrams causing this kind of contributions. If we work in the Lorentz gauge, where all the
propagators have the same pole structure of the scalar ones, part of the solution has been
provided by the analysis of scalar integrals made by Kinoshita in Ref. [I7]: large double-
logs come only from the exchange of a soft and almost collinear virtual particle between two
hard external legsﬂ An intuitive justification of this result was given in the previous section.
Among these diagrams it turns out that only those where the soft-collinear virtual particle is
a gauge boson actually produce double log. We momentarily accept this statement without
proof until the next section where we will verify it in the more general setup of spontaneously
broken theories.

4We remind the reader that with soft we mean that the four-momentum & of the virtual particle is such
that Fy < F, and with almost collinear we mean that if k = up; + vp2 + k| then ki < E2.
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Figure 3.3: Example of diagram giving rise to virtual double logs correction

Let us consider the amplitude of the process, M< (P7 u2), where P indicates the set of
the momenta P = {p;},i=1,...,n, and @ = {«;} is the color index of each particle. The
color index «; runs from 1 to d;, where d; is the dimensionality of the representation of the
particle “i”. As in the case of QED previously discussed, a cutoff k3 > u? is understood in
the loop integrals. In order to write down the IR evolution equation in this case, we start
by considering one extra vector bosons insertion on one of the external legs. If the extra
boson is soft, this gives

gL i)z, e () (3.30)

k- pi *

where the sum over &’ (i.e., on each of the «; index), is understood. In the previous
expression, (k) is the polarization vector of the emitted boson and “a” its gauge index (in the
adjoint representation). The gauge coupling of the theory is denoted as “g”. The generator
T“(i) acts on the a tensorial indexes and it is given by (T%(i))a = 53‘; (T“)Z, e 525
Notice that the form of eq. is independent of the nature (fermions, gauge bosons or
scalar) of the external particle “¢” to which the soft bosons are attached. This result is
dubbed as non-Abelian generalization of the “Gribov Theorem® in Ref. [12], and it can be
readily established by direct calculation.

Let us now consider an infinitesimal variation of the cut-off pu, it correspond obviously
to

OMS (P, ?)

M (P,,uQ) - M= (P,u2 + 5u2) = —ou? o,

(3.31)

This variation is given, as we argued before, to the exchange of soft and collinear gauge
bosons between external legs (as in fig. |3.3), with the loop integral performed in the re-
gion k% € [,uQ, w4 5u2]. Using eq. for two external legs and summing over the
polarization of the intermediate virtual boson we have

oM™ (P, pi?)
_ 5M2 o2 -7 =

2 n 4
1 g / d k‘ p‘7 - Pl (Ta . o o o’ 2
. S . DT )2 M (P, i?) .
2 (2m)* G ) KA €l p2 4 0p2) k2 +ie (k- pj) (k- pi) DT ( )

(3.32)

We now have to make use of the invariance of the amplitude M*(P, y?) under a global
gauge group transformation i.e.

SMOP ) =0= > (T*(i)a M~ =0, (3.33)

i=1,...,n
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and that ) T%(i)T%(i) = —C;,with C; the Casimir of the particle “s”. Using the result of
the previous section in eq. (3.32), we get

oM™ (P;p) 2\ Aqe (P2
W_K(M)M (P;p?) (3.34)
where
2 2 2
. g E* m;
= E 610g R and Wi(E2,M2) = @CZR |:m2, /,L2:| (335)

Now, integrating eq. (3.34) with the boundary condition
M (P;p? = E?) = M*(P), (3.36)

where Mg is the Born amplitude, we conclude that

M*(P;p) = M* (P)exp (— Z Wi(E > : (3.37)

Since it will be useful later on, we introduce a matrix

n

& (B2 %) = — S Wi(B2, 1) (55;; .--5ng) (3.38)

N
i=1
and we rewrite equation above as
M (P;p) = exp (B(E?, u?)) o, M (P) . (3.39)

We will now briefly show how to extend this formalism of the IR evolution equation
to resum virtual double logs for an hard process with an additional real soft emission, as
derived in Ref. [I2]. In particular, we consider the amplitude M*(P,p,) of the hard
process M (P) together with the radiation of a soft gauge boson from the hard external
leg “I”. Let p, the modulo of the transverse momentum of the soft boson relative to the
external leg and be a its the color index. According to eq. 7 we have that

€ (p) - i ’

M (P,p;p?) = gp')m (T(1)) o M (P %) . (3.40)
Depending the value of the cut off 2, with respect two E? and pi, we can identify to cases
to discuss:
A) E? > p?>ph,
B) E? > p? > 2
Let us start from the simpler case (A). In computing the infinitesimal variation as in
eq. (3.32) we can note that the loop integration of a soft virtual particles starting from

the soft real external leg (with momentum p) will give subleading contribution. Therefore
the result is the same of eq. (3.37)

1 n
M> (P, p;p?) , = M™ (P, p; p?) X exp <_2;Wi(E27U2)>- (3.41)

The case (B) is more involved. The idea is to find two evolution equations, for generic cutoff
w'?, depending on whether /2 > p2 (A) or u/?> < p% (B) and to evolve separately in the
two region. Then, to impose the following matching conditions

M&(Popip? = B?) , = M*(P,p) , M (Pp;u? =pl) , = M®* (Pp;u” =pl) ;.

(3.42)
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Without entering in details, the only difference in computing eq. (3.32) in the region (B) is
that the kernel of the equation K (u'?) is now

i 0 (Wi(p?, 1) + Wa(p?, 1'?))

Kz dlog(p') ’

(3.43)

N |

i=1

where W4 (p?, u'?) is the extra factor relative to the soft boson, and contains the Casimir
of the adjoint representation C'4. The kernel (B) is instead the same of the case (A). The
final result is

1 — 1
M (P, p; p?) = M (P, p; pi*) x exp (—2 > Wi(E? p?) - QWA(pi,u2)> . (3.44)
=1

3.3 Exclusive cross-section in massive gauge theories

The cross-section for exclusive processes, obtained by squaring the amplitude with only
hard external legs, are unphysical in massless gauge theories. Indeed they depend on the
unphysical IR regulator i, as we saw in the previous section. Exclusive process becomes
instead observables physical in the massive case, where the scale p physically corresponds to
the vector bosons mass m. An heuristic approach for computing them, adopted in [I2], is to
assume that for ¥ > m the massive theory amplitudes approach those of the corresponding
massless theory. Hence it should be sufficient to substitute pu? = m%,[, in eq. . Clearly
the relevant massless amplitude should be considered, which duly correspond to the massive
one under consideration. The only subtlety in this identification is related with the longitu-
dinal polarized (i.e. helicity equal to zero) external vector bosons. The latter correspond to
scalar Goldstone in the massless theory theory, rather than to gauge boson. In particular
this implies that the Casimir factor to be employed in eq. is not the one in the adjoint,
for longitudinal external legs, but the one of the representation where the Goldstone live.
In the SM, and in the Higgs Kibble model, this is the doublet of SU(2).

The heuristic approach described above turns out to be correct. The aim of this section
is to put it on firmer grounds, by studying the soft-collinear virtual emissions that occur in
the massive theory, and proving that at double log level they approach the massless theory
ones for E > m. The analysis will be perfomed for simplicity in the HK model of sect. 2:3]
We work in the Feynman-’t Hooft gauge (£ = 1,/m = my ), where all propagators have the
same structure of the scalar ones and we apply once again the result of Ref. [I7]. According
to it the class of diagrams that produce double logs is the one in which a virtual soft and
almost collinear particle is exchanged between two external on-shell particles i.e. diagrams
of the type in the left panel of fig. [3:4] In order to compute them, we start from evaluating
the insertion of a single soft particle “¢s” on an external leg “¢” as in the right panel of the
figure. Notice that the ¢, emission turns ¢ into a particle ¢’ of different type or of different
colorﬂ The Feynman amplitude for the insertion is, in general,

o ()T (p,—q,q — p)es, G¥? (p — ) A[¢' (p — )] - (3.45)

Now, we have to take the limit in which ¢4(g) is soft and almost collinear to ¢(p) i.e.
Eq < Ep and q; < Eg4, and identify which are the specific diagrams that effectively give
the leading contribution in this limit. In order to do this analysis we need to distinguish
two cases: the first one in which the external particle is a gauge boson with longitudinal
polarization €, (p) = € (p) and the other one in which it is not. By inspecting the Feynman
rules of the theory, we notice that the only ones that are not proportional to my,, and hence
power-like suppressed for ' > myy, are those producing the emission of a gauge boson,
either from a scalar or from a gauge line. Among all the possible splittings these vertices
give rise to, direct calculation reveals that IR enhancement only emerge if the soft line is a
gauge field. Let us compute the splitting of a W boson with color index a and transversal

5«Color” refers here to the quantum number under the broken gauge group.
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Figure 3.4

polarization ( W{(p), with A # 0 ) into a gauge boson with color index b. Taking ¢ — 0, we
find on amplitude

ige"™ e (p)eX (q)

NuvPp — 2puPy c

We(p—
(- q)2 —m2 —I—z'eA [ pes q)]
abe

0 ig— (26x(0) - LA [W ()] — imwers - extm AT D)) | (3.46)

where we have used the Ward identity of eq. (2.61). In the previous equation we have
cancelled the term proportional to the A[rn] since it is mass suppressed and so, generally,
subleading. Therefore eq. (3.46]) can be written as

(2ex(q) - ph () A [Wi(p)]) (3.47)

where ¢ = €% is the hermitian generator of the group in the adjoint representation. For
external scalars, i.e. for the splitting h* — /W, we have

p p—q
—_— — )
R W
? a,i
o =perend), (3.48)
W

where we are referring to the doublet parametrization of the scalars in eq. Therefore,
we have seen that both for scalars both for transverse gauge bosons we obtained the universal
coupling of eq. .

The situation is slightly more involved for longitudinal external bosons. In particular,
the anomalous growth of the polarization vector with the energy does not easily allow us
to conclude that my, suppressed splitting amplitudes are irrelevant, which was the starting
point of the previous discussion. Also, the non mass-suppressed splitting W — WW is more
difficult to study, let us start from it. As in eq. , we have

abe p v NMuwPp — 277pupu ATWe(p—
)\(p—q)z—mQ—i-ie [ ”(p qﬂ

. (2ex - p ef A[WS(p)] — imweo - ex Alr(p)]) , (3.49)
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Figure 3.5

where we used the Slavnov Taylor identity of eq. (2.59) and the sum over ¢ is understood.
Diagrammatically, the above equation can be written as

b p—q

—_— —>

geabc b 417)
lq ~q—0 ’Lm (26)\' (q) P X 68’”(1)) ‘V\N\AN\MQ

e’ (q)

€0 (p)

]

—imwex(q) - €o(p) X €(p) —mmmmm -

where the color index in the polarization vector in the diagrams is used to indicated the
color of the respectively external particle. This result should be combined, with the mass
suppressed splitting W — Wh, depicted in fig. [3.5] This gives

. mwd%Pe(p) - €x
ig WO o) " EX

3 A ()]

The expression above, despite of mys in the numerator, is not mass suppressed since
et ~ p*/mwy . Therefore the full splitting to consider in the case of external longitudinal
polarization vector is:

Z%’;q (2€abc€N P EgA [Wﬁ(p)] — imwé(] CEN [EabCA[T{'C(p)] — Z(SabA[h(p)]]) . (350)
To conclude we have to note that, using the Equivalence Theorem in the previous equation,
we immediately obtain, the same rule of eq. (3.48)). In fact, using that ¢q - A[W] ~ iA[r] in

eq. (3.50) and using that, at high energy, e/ ~ p*/my we can rewrite eq. (3.50) as

~EXE (et A (p)] + 6P A[h(p)]) (3.51)
2p-q
At this point, it is straightforward to find that, using the fields representation eq. (2.49)
for the Goldstone, the previous expression corresponds to eq. (3.48). And this is, exactly,
eq. (3.30) for the case of a doublet of SU(2).

3.4 Inclusive cross-sections

In section we computed how to dress an hard process by virtual double log correc-
tions to all order in perturbation theory and in sect. [3.3] we showed that those calculation
applies also to massive gauge theories. The result in eq. shows that the exclusive
differential cross-section for a process (where we remember that with exclusive we mean
without the emission of additional real particles) depends on the IR cut-off u, which is a
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totally unphysical parameter for massless gauge theories. In the case of SSB 2 is promoted
to the physical parameter m%[, and so the gauge boson mass makes exclusive cross-section
predictable quantities. However our result shows that exclusive amplitudes go to zero for
FE — 00, meaning that the exclusive process becomes more and more improbable with the
increasing of . Therefore exclusive quantities are not the best candidates to be compared
with high energy measurements. In order to attack this problem and to end up with an
useful quantity it is necessary to include in our predictions the probability of emission of an
arbitrary number of soft gauge bosons, as we have done in section for QED. As already
known , from the celebrated KNL theorem [20, [I7], this procedure for QCD (as for QED)
produces cross-sections free of infra-red divergences and so free of the dependences on p.
This result is more involved for massive gauge theories because the cross-section are not
averaged over the color of the initial particles. Hence the KNL theorem cannot be applied
an thet large double log persist also in fully inclusive cross-section, as first found in Ref [§].

In the following, we are going to explain how to predict inclusive cross-section with two
different methods: first summing together real and soft emissions, then via the formalism of
the coherent states and of the overlapping matrix.

3.4.1 A diagrammatic approach

Let us consider the generic process, described in sect. with Born amplitude M (P)
plus one real emission of a soft gauge boson with a color index a and momentum k. Thanks

to eq. (3.30), we have

n a
a ' € P
MG (P) — M7 (P k) ~ MG ( 97 T“(l)) . (3.52)
" k-p »
In the previous equation, and in the rest of this section, we underline the indices we are
not summing over to avoid confusion. In the case of real emission double logs corrections

come from the integration over the phase space of the soft boson emitted. Let us consider,
therefore, the amplitude modulo-squared

N " o N " ax
2= MY g Plyagy)] Mo g Prpagy ) (3.53)
=1 k b o k=1 k " Pk all

Next, we sum over the polarization of the soft bosons emitted, sum over their color a and
integrate over the phase space, in the region of softness and collinearity, obtaining the
following differential cross-section

a,a)2
Tin = Z /2<k2 2m) 32w M=

a,pol

&k : - Pk Pi o
7,./\/1& _ P S o T(] e Tk ”Ma "%
/'U(QS]‘U_ (27T)32Wk l%__:lg (k pk)(k pl) ( ( ))a ( ( ))OL

o,a
|MTR

where a cut-off ;1 on the the transverse momentum of the soft particle has been used.
We can focus only on the factors with [ # k because the ones in which [ = k do not give
double logs contributions. Using that

3 3 E2 2 E2 2
/ dBk 92 Pk - DI _ (I/I/l( s K ) + Wl( s K )) 7 (354)
u2<k, (2m)32wy " (k- pr)(k - pr) Ci Ck

and the total charge conservation of the gauge group, it follows that

’ 1" *W
o = MG M ZT‘““T“‘” I(Cl’”) : (3.55)
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Figure 3.6: Primary radiation(left), secondary real radiation (center), secondary virtual
radiation (right)

Figure 3.7: Secondary emissions in an hard process with primary soft emission
2 J 2 J 2 J
1 n 1 n 1 n

The group generators are chosen hermitian 77/ = Taz , hence
i

’ " a(x”W EQ, 2 ’
ot = M M (N T WUEZ 1)\ _ a2 (B2, 52)do: (3.56)
| ' &f

Notice that in the previous we expected the fact that TW’T s dlagonaﬁ in o] and o,
in order to define

ZWI 2 %) aalT““l = A (B2, 1%)8% . (3.57)

Let us, now, sum together the first order in the fine structure o double logs corrections
coming from one virtual emission (eq. (3.39)) and from one real emission (eq. (3.56))). The
first order inclusive cross section of* reads:

= (1+ A2, + B2 0% . (3.58)

We now guess how to extend the previous result to all orders in perturbation theory. The
key statement we need to prove is the following: virtual and real double logs contributions
due to secondary radiation sum up to zero. To be more specific, we call primary radiation
the one emitted directly from an external leg of the hard process and secondary the radiation
emitted from the primary one, as described in fig. [3.60 Without loss of generality, let us
consider a hard process whose leg “j” has emitted a soft gauge boson with momentum “k”,
and let us compute virtual and real IR corrections for such a process. Differently from the
Abelian case, the presence of self-interactions obliges us to consider also secondary gauge
bosons. Using the result of eq. at first order, we find that adding one virtual correction
to the single emission diagram lead to

&8 (P ) = o2 (P, k) x (1—ZW1 2 12 —WA(kL,u)> : (3.59)

61t can be proved for the fundamental representation of SU(N) and it is also true for all the case of
interest in the following discussion.
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where the second term in the bracket comes from the secondary virtual emission from the
soft real boson, as in the central diagram of fig. Analogously, we can generalize eq. (3.56))
to include one external real emission, obtaining

ot (P k) = (AS(E? i2)0% + 63 A% (K2, 1)) 05" (P.k) | (3.60)

where Ai, (k% ,p?) = %A“Q) (Ec Té,c)gT;,c)g) . If now, we sum together virtual and real ra-

diation color index a and we sum together virtual and real radiation corrections of eq. (3.59))
and eq. (3.60), we readily get

o (Pk) + o (PLk) = (B — Wtk i) + Walkd7i%) + A2,

R a
(3.61)

This result shows that double logs contributions cancel by summing over the color index of
the soft boson emitted. Since this scheme can be repeated for each uncolored bosons we
can conclude that, we can take into account only primary radiation in computing double log
corrections to inclusive cross-section.

Now we are ready to compute the inclusive cross-section for our process o< to all orders
in perturbation theory. We work in analogy to the QED case and so we built an infrared
evolution equation allowing to dress the exclusive cross section of eq. of real emissions.
We start from a cross-section o (E"?, u?) with a threshold E’ for the emitted real soft particle,
supposing they are only primary radiation. Obviously a(E’2, %) has no physical meaning,
since the presence of a threshold will make the cancellation of double logs coming from
secondary radiation false. At the end of the computation, therefore, we will take E'? = E?,
obtaining a physical inclusive cross-section. The evolution equation is

9% (E", p?)

aE/Q = K(’:!Of(El2)&a, (EIQ? /12) k) (362)
where
a, E2 E/2
K%(E?) = OA (B, BT) (3.63)

dlog E”?

By integrating the previous equation with the boundary that at B/ = u we obtain the
exclusive of eq. (3.39)), we get

= [exp (A + B)S, O’B . (3.64)

In sect. [3:4.3] we will see how this formula works with an explicit example.

3.4.2 The Coherent States Formalism

The starting point of this method is that, given an hard process

{{p},a}}, .. .}I ={Pr,a;} — {{p}p,a}}, .. } ={Pp,ar}, (3.65)

where with {P;/p,a/r} we have denoted the set of momenta and color indexes of the
initial/final particles, then the S matrix relative for such a process can be factorized as

Sa,s (Pp,Pr) =Uj 5 (as,al) S5 o (Pr, PUL , (as,al) . (3.66)

The operators U/ F (as,al), called soft coherent state operators are functionals of the soft
emission operators a, and af, involving gauge bosons with frequencies A\ < w < E.
Eq. (3.66) is considered to be universal (as explained in Ref. |27, [6]) and it is based on
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the separation of the interaction hamiltonian of the theory H; into an hard part, containing
short time interactions, and a soft one, containing long time interactions

Hy(t) = Hy(t) + Hs(t) . (3.67)

As a consequences, also the Hilbert space of the theory can be factorized as H = Hy @ Hs,
where for each hard particle state of Hp, H, contains an infinite set of “dangerous” states
[27], of gauge bosons which are soft with respect to the hard state. The as and al operator
of eq. , therefore, act on this H,.

In the following, we will derive the form of the coherent states operators for the case
of QED, starting from the method of the asymptotic dyammics. The discussion for non
Abelian gauge theories is less transparent, there are a series of work [6] 5l [8, [7], providing
eq. (3.66) and the form of U;,p but we will only discuss qualitatively the general properties
of them, in order to make a comparison with our approach of sect.

Let us discuss the set up of the asymptotic dynamics, which leads to the separation of
hard and soft interaction , following the original proposal of [19]. The canonical QED
interaction is

Hi(t) = e/d3x Y(x, )y (%, 1) AL (x, 1) . (3.68)

The fields can be further defined as functionals of creation and annihilation operators as
bx,t) =Y / 2ﬂ e (k)uq(k)e™* 7 + div, (k)e™ 7], _ (3.69)

= wy (2m)3 0=Wk
n _ d*p — ip-w t = —ipw
ien=3 | s e o)+ dim )], (370
AP (x,t) = /d?’q [AF(q)e 0" + AFT(q)e™] . (3.71)
2wq(2m)3 Go=wq
A more useful way to rewrite the Hamiltonian is through

Hi(t) = /A h dv (hy(t)e ™" + h_(t)e™") . (3.72)

This formula is simply obtained substituting the explicit expressions of the fields ([3.69)) and
then performing the Fourier transform with the respect to the time conjugate variable v
(typically called transfer energy). The cut-off A has been introduced, to account with IR
divergences.

The main point in writing H;(t) as eq. is that, in this way, one can easily separate
short term interaction from the hard one just introducing a energy scale F

Hi(t) = A dv (hy (e + h_(£)e™) + /E T v (e (@e T 4 ho(e) (3.73)

=HE@) + HE(®t). (3.74)

Then the analytic expression of H g (t) is determined by the leading behaviour of in
the limit |[t| — oco. Following the discussion of [19], we can note that is an integral
over the momenta k, p, q of the fermions and photon (respectively), which are related by
the relation p = q + k. It is simple to observe that the terms in can be splitted
in two cases. A first one containing two creation or annihilation operators of the charged
particles, a second one containing a creation and a annihilation operators for the fermions.
In both cases dependences on time is exp(+ivt). For the former v = wx + wp + wq and it
is simply to observe that Yq and Vk this is different from zero. The latter case, instead, has
a dependences which is ¥ = wx — wp + wq that vanishes for all values of k when q is zero.
Therefore, we can conclude that in the limit |¢| — oo, is dominated by

H,(t) = / dv (hst (t)e™™" + hy_(t)e™) , (3.75)
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where
() = [ o P A PISp k), (3.76)
he0=c [ 20)322)3 QMjf;)gﬁ AP (1) p(D)3(p - K — v). (3.77)
and
= plP) = 3 (ch(0)ea () — dh ) )

As the Hamiltonian, also the Hilbert space of the states has to be splitted into an hard
and soft part H = Hy ® Hs. The key feature of eq. is that, since it makes photons
coupling with hard charged particles only via their momentum, it is diagonal in Hp states
and it has a c-number commutators in Hg.

Now, we have to solve the soft evolution equation for the soft Hamiltonian is

0
i&us(t, —00) = HE(t)U,(t, —o0) . (3.78)
In doing this, we use the method of [6], with can be easily generalized to non-Abelian gauge

theories, as we will see later on. In particular the equation can be solved in perturbation
theory as

'L(onl/n+m+01l/1)th(7n (1/ ) ... ho1 (I/ )
UM (¢, + dvi...d " = 3.79
o) Z Vi V" (Ontn+ ...+ o1y £€)--(o1vy Lie)’ (3.79)

this from in general does not show a factorization structure, however in QED the operators
commute and so using the eikonal identity

1
Z a1+...+an” a1+a2a1

perm i=1

L_T1L. (3.80)

a;’
we get
Edv
Us(0,—o00) = P, exp / 7(hs+(u) —hs—(v))| - (3.81)
A
Or, using eq. ([3.76)

E 3 3
Uy (0, o) = P exp [z'g | o | 68)
where
I, (k) = —i (Au(k) — Al) . (3.83)

We are now ready to introduce the definition of choerent states of [6]. Ff the IN/OUT states
are generic hard n/m-particle states:

|h’I>E|p17'~’apn>€HH7 |hF>E|p1,...,pm>€HH, (384)
then the IN/OUT coherent state operators is obtained evaluating eq. (3.82)) on |h). With
the result

n/m

E _ ot
i pi- (Ala—A'(q)
Z/I}E/F(ph s Pnym) = €0 H exp l/ d*q ( ba ) , (3.85)
i=1 v v
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where we have neglected an infinite unobservable phase and

o E
6= “Ulog T (3.86)

i<y Vi A
with v;; the relative velocity. The Spr can be, therefore decomposed as
Ser = UF)TSEUL . (3.87)

The case of non Abelian gauge theories is more involved. Restricting our analysis on
the leading contributions, it is proved in Ref. [6] that, as we argued before, the S matrix
element for a given hard process could be written in the form of eq. (3.66) as

Sap (Pr.Pr) =Usy, (as,al) S§ o (Pr PUY , (as,al) | (3.88)

where Z/li’,l,a (as, ai) it is the leading choerent state operator. Now, this operator, even if it
acts on Hg, can change the hard state color set of indexes. Indeed, when an hard colored
particle emits a soft boson, it could change its color. There are other two fundamental
properties. First of all, the commutativity for any given color index

IJFL 5, 0/FL]
s gl <o, (3.89)

o a0
then the factorization with respect to hard particles, it holds

UYL, n) = Uty (1) - Uy o, (1) (3.90)

ol

As we are going to see, these properties would be fundamental in the next section.

3.4.3 Comparison of the two formalisms

We now use the methods of sect. [3:4.2] and sect. [3.4.1] to predict inclusive cross-section
in a special case, that will be useful later on in this thesis. In particular we consider a
process between an hard initial state of two particles which transform under the fundamental
representation and the anti-fundamental of SU(2), and a final state which is singlet of the

gauge group.
Let us start from the more clear diagrammatic approach of sec. 341 According to
eq. (3.56) we know that, for our process

By, = (=Wi(E?, u%) = Wa(E?, 1%)) 83,5, (3.91)

where the indexes i and i live, respectively, in the fundamental and anti-fundamental repre-
sentation and are referred to our initial particle. In particular we refer to the two component
of the double/anti-doublet as i = +/ i = +. For the matrix A7 we have, according to

172
eq. (3.57),
Aliz = Al§2 4 511 A2 (3.92)
1% 11y 1 1y

Let us compute explicitly the first factor of the right hand side of the previous equation.
The generator of the fundamental representation are

. 1701 1[0 —i . 1/1 0
Til/2<1 o)’ T32(z 0)’ T32<0—1>’ (3.93)

and so we have that from eq. (3.57) we get

alrpaiy 1/(1 0 - 1
%:Ti’llTl :_4<0 2) %:Ti'lsz :—4(

o N
— O
~_

(3.94)



36 3. Soft-Collinear double-logs

Finally 2} results
1

Z-l_Wl(EQ,,uQ)l 1 2
Ar=—="1e 1) (3.95)

and the same result can be found for .A“ Now, it is straighforward to find .Az,”f, we add it
to B and apply the result of eq. - We have

of " 4 2 2 0 of"
+= 2 +-
o} @ E 2 —4 0 2 og
| =e —log [ — ; 3.96
U;J.r 2 g<ﬂ2) 2 0 —4 9 J]Ef ) (3.96)
o7 0 2 2 —4 o5
where the 4 x 4 matrix above is A + B. We can see, moreover, that since ot~ =0 " and
otT =077, then we can restrict our analysis on the two independent components

++ a E2 1 -1 O.++
T _ = = B
() e (e () (0 7)) ) 40
The previous equation is clearly diagonalizable as follows
++ - 2 ++ -
o; " +o «a E 0 0 o +o
o7 T —ol ™ H % ~ 9B
This new set of cross-sections, in the color space, is diagonal in the soft evolution, we get

. ) . E? .
of T ot =0kt ohT, oft—of T =exp (—2 log <# >> (a;§+ - agf) . (3.99)

Finally, from the above equation

: ++ +- ++ _ ot
g CARIL L ARD ) NV CARS ARDY W (fglog2(E2/m€V)> , (3.100)
2 2 27
: ++ +- ++ +-
4o (0" 40" )p (07T —0"7)p ( X oo (E2 /m2 )
= — - . .101
> T exp (o og? (B2 /) (3.101)
In the case we will consider in chapter it will be JB; =0

Let us prove prove eq. (3.99) with the formalism of Sec. We have to introduce, the
so-called overlapping matrlx and hard overlapping matrix

0 =53, On =S4,Su, (3.102)

where S is the Scattering matrix. Let us analyse the overlapping matrix as suggested
in Ref. [7], for our given process. The key idea is that, in the high energy limit, where
the gauge group is approximatively unbroken, the S-Matrix Sp; = Mit2x Mhiz = gf
(where I = {iyis}) has two color indexes, in the SU(2) fundamental/anti-fundamental
representations, and no one for the final state, since we assume it is a singlet of the gauge
group. Therefore, the overlapping matrix has four color indexes

obl = stl'sh (3.103)

where we leave open the possibility that I # I’, while, obviously for physical differential
cross section we have I = I’. We can observe, now, that the overlap matrix of eq. (3.103) is
a tensor in the indexes of the gauge group and so we can decompose it as

OZI _ Co(giﬂ'l(;izi'z + Clta>i1i/1taxi2i/2 . (3.104)
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Now, we have to dress the Hard matrix with soft interaction, essentially we include the soft
coherent state, according to eq. (3.66). We get

ol = Jolu" T olEuRT o), , (3.105)

where |0)¢ is soft vacuum relative to the initial state. In order to go on, we need the
properties that, at leading order, the coherent state operators can be factorized in single
particle operators and so we get

U = U(ii)U (ibis) . (3.106)
Therefore, without entering in detail, we find
OI'l = cyeiiig=ia + 0y (O] (UT()1eU(1)),. (UT(2)t°U(2)).,. [0)4 (3.107)
271 1502
= Cpd""1§2% 4 Oy F (s, m3y )t@hiei2i | (3.108)
where we have used that

(UT(l)taU(l))z,lh = (UA)abtba (3109)

with (Ua)¢, the coherent state operator in the adjoin representation. The previous result
can be proved to be (see Ref. [0])

) ++ +- +4+ _ -
o+t = (o +2cr JH n (o 20 )H exp (—%logz(EQ/mi)> : (3.110)

since Fu(E?, m%,v) = exp (fC’Aﬁ log? ( ok )) and C'4 = 2 is the Casimir representation.

P)
myy
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Chapter 4

NLO heavy singlet VBF
production

In this chapter we study the production of the singlet “S”, within the “singlet-extended”
Higgs-Kibble model (SEHK model) defined in the chapter through the process WTW— —
SS. This process, dubbed “Vector Boson Fusion”(VBF) production, might take place at
a future high energy collider, where nearly on-shell initial state vector bosons are emitted
from the colliding beams in the so-called “Effective W” configuration [4]. It is expected that
this one would actually be the dominant production mode for S, given that all its couplings
to quarks, gluons and leptons are absent at tree levelﬂ We consider the phenomenologically
interesting configuration in which the singlet is heavy, i.e. Mg > 1 TeV > my,, and the
initial WW c.o.m. energy, /s, is of the order of twice Mg. In this configuration it is possible
to apply the Equivalence Theorem introduced in sect. and immediately conclude that
the dominant production is the one initiated by longitudinally polarized (i.e., helicity equal
0) vector bosons. Hence we will focus on the W W, in what follows.

The process will be computed at Next-to-Leading Order (NLO) accuracy, i.e. at one loop
for the “exclusive” S'S process and at tree-level for the extra emission processes SS + X. The
interest of this calculation is twofold. First, it shows explicitly the quantitative importance of
NLO contributions because of the double log enhancements discussed in the previous section.
Actually we will see that those enhances are too large to be computed in perturbation theory
above a certain threshold, and resummation is needed. This shows that all these effects will
have to be taken into account in phenomenological analysis. Second, by the explicit NLO
result we will be able to cross-check the high-energy theorems about massive gauge theories
we illustrated in the previous chapters. Namely we will verify the exclusive and inclusive
resummation results (though of course only at NLO), given in chapter [3l We will also verify
the validity of the Equivalent Gauge approach discussed in section [2.4]

The calculations presented in this chapter, though verified manually whenever possible,
have been performed by employing computer tools such as FEYNARTS, FORMCALC
FEYNRULES and LooPToOLS. Let us briefly describe these tools and their application in the
present context. First of all we have implemented the model into the MATHEMATICA package
FEYNRULES [2] in order to generate Feynman rules for the vertexes and the propagators (the
full list can be found in sect. [A.I)). Then, thanks to FEYNARTS [14], we have produced the
expressions for the amplitude, without the algebra simplification and the loop integration.
ForMCALC is used to perform the numerator algebra and the loop integration. In particular
ForMCALC is optimized to perform the Passarino-Veltman reduction of tensor integrals into
scalar ones, whose analytical values was obtained from PACKAGE X [22] and compared with
the literatureﬂ Alternatively, when analytical expressions are too involved to be useful, we

1We don’t investigate here the actual detectability of the process, which might be challenging if S is
absolutely stable because of the Zs symmetry, as in the SEHK model. One could either rely on same small
amount of Zg breaking or on the detection of particles (e.g. additional vector bosons as in sect. produced
in association with S.

2A brief review of the Passarino Veltman decomposition strategy, and the result concretely relevant for
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make use of LooorPTooLs [I3] for numerical evaluation. In particular we will need it for
the full one loop computation, in both the Equivalent Gauge and the standard formalism.
Following the convention of Appendix we work in the t’"Hooft Feynman gauge ({ = 1 and
m = my ) and in the MS renormalization scheme.

The rest of the chapter is organized as follows. We first, in sect. [{.I] present the ampu-
tated 1 Particle Irreducible (1PI) two point functions for the bosonic sector of the theory.
These are needed for the subsequent calculations and furthermore to verify the ST identity
in eq. , which underlies the formulation of the Equivalent Gauge. Next, in sect.
we will consider exclusive production at one loop and compute all 1PI diagrams that appear
in the amplitude. The full expression is to large to be displayed, hence for each class of
diagrams we only report the divergent part and the leading terms in the my, /+/s expansion
in Appendix [C] The latter will allows us to verify the exclusive results of sect. In this
section we further investigate the validity of the general discussion of sect. by showing
that the double logs of each diagram actually match the general expectations. Tree level real
emissions are included in sect. [£.3] This will allow us to compute the inclusive cross-section
and verify eq. . Finally, the one loop computation is repeated by using the Equivalence
Gauge showing perfect agreement.

4.1 Self-energies and Slavnov-Taylor identities

First of all, we compute all the form factors appearing in the propagators of the fields of
the theory {W, 7, S, h} at one loop. The form factors will be useful for the computation of
the next section. We moreover check at one loop the Slavnov-Taylor identities of eq. (2.59).

4.1.1 Transverse W, S and h

Let us start from the “physical” fields of the theory, namely the transverse W boson,
the singlet S and the Higgs boson. From those correlators we will obtain the mass and the
wave function renormalization factors, the physical mass and the residual (Zw, Zs, Zp,) at
the propagator pole.

Transverse W

In order to find the one loop result of the ITy v (p?) self energy, we have to compute all
the diagrams of fig. and then to extract the transverse part i.e. HTV;/W of eq. . In
the following we report the full one-loop bare result, in terms of Passarino-Veltman scalar
integral, along with their divergent part

92

Wy (p%) = WW{?’fmiAo (mi%) (m,% —miy + 7272) + 36Asmiyp* Ao (Mé) +
{pQ (9m2 (20m%, + 13p%) By (02, m%,, m2,) + 6mi + 2m2 (5Tm%, + 2p2) — 108m¥;)
—3m,zl (mﬁ — Qmi (m%,v +p2) + m%v + lom%,va +p4) By (pQ,m,QL,m%,V)

—34, (m%v) (mi — m,% (m%,v — 29p2) — 54m‘2/vp2) } } ,

(4.1)

5, 19g7 g2 (Sm‘}b +Tmim3, + 18m§v) +ANs MZEm3,

n96m2e + 64m2mie

T 2y _ 24T T
My w,p(p”) =" Ihww,p1 + Mww,p2 =p

(4.2)

our work, are reported in the Appendix E
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In order to end up with finite quantities, we have to pursue into the renormalization
procedure, therefore, after the redefinition of eq. (A.9), we get

(A(*) p = 0= 0Zs(my —p*) + dmiy + Uiy, p(»*) =0, (4.3)

The counterterms 5m%v and 673 read

1 192
073 = EH‘I;VW’Dl = 96?, 5m%v = — (5Z3m‘2,v + HJV;/W,DQ) . (4.5)
For the pole mass, we have that
e 2 g’ 2 4 2 2 2
(m%, ) =my + m{ (377% (99mWBO (ThW, my, mw) —

(my, — 4mimiy + 12myy ) By (miy, mi, miy) ) — 340 (miy) (M + 28mzm3y — 54myy )
+2miy (3mj, + 59mpmyy, — 5dmyy, ) ) +3g°mi, Ao (m3) (mi, + 6miy ) + 36Agmyy, Ao (M3) } ,
(4.6)

where all the scalar integrals, computed on the renormalized parameters, are understood
free of the divergent part. For what concern the residual at the pole, /Zy, we do not
report the analytical expression, since we will make use of it only numerically

_ oMy w (p?)

7
w o

: (4.7)

_ pole
pP=myy

where with Iy we denotes the finite part computed with the renormalized parameters.

Singlet S
The tree-level mass of the scalar S consist of two contributions, its own mass plus a
factor coming from the spontaneous symmetry breakdown
1
Mg« = mf + iAS’UQ .
At one loop, from the diagrams in fig. [C.6] we get the two point function

As

2 _
ss(p )_W

{m%,v (4)\smiBo (p*,mj, M3) — 99 Ao (miy)

—2Xg 4o (M3) + Gng‘Q/V) — g*mj Ao (mj,) } , (4.8)

where the divergent part is

Lo 12 (4 ok 9y ) + sy (32— 202) o
55 € 1672g2m3 ‘ '

Therefore 6Z¢ = 0 and

s 1)\5 (92 (mﬁ + Qm%V) + QASm%V (Mg — 2mi))
OMs = - 167r2g2mi . (4.10)

For what concern the residual and the pole mass, we have

IMlss(p?)

Lo =
S ap2

(4.11)

p2:(MSpole)2 ’
yrete)? _ _As (ZAAsmimiy B (M3, mi, Mg) + g% (mi, + 3miy) + 2Xs Mgmiy )
° B 16m2g%m3 :

(4.12)
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Phisical Higgs h

In order to perform the same analysis for the physical Higgs, we have to compute the
diagrams in fig. with the result

1

2 _
un(p™) = m

{3g4mﬁBo (p2, m%v,m%,v) + 9g4mﬁBo (pz,mi,mi)

—1294m%[/p230 (pQ,m‘Q/V,m%,V) + 3Gg4m§VBo (p2, m%V,m%V) + 16/\?9m%VBO (p2, Mé, Mé%)
+3g'm3 Ag (m%v) +3g*m3 A (m,%) + 18¢*m3, Ag (m%,v) + 4g* Agmi, Ao (Mé) — 36g4m§V} .
(4.13)

The divergent part is

1 3g%p? 1 3g*mi — 3¢ m2m?, — 492 As M2m?Z, + 8\imi,

Hhh,D(P2) = Hhh,Dlp2 + pn,p2 = —

)

(4.14)

€321 | € 64712g2m?,

and so the counterterms are

4 4 2 2 2 2, 2 2 4
1 342 9 5 1 -39 (mh — Smhmw) + 49" AsMsmiy — 8 gmy,
§Zop = ~ smi =62 — I == .
2H= 39020 Mp 2,HMp hh,D2 = 64nZgimz,
(4.15)
Finally for the pole mass, we get
1 _ .
(me"le)2 = W{m/\%m%&) (mi, M3, M3) + 3g" (mh + mimiy — 6miy
w
+45° Xs Mamiy + 35" ((mh — 4mimiy + 12myw ) Bo (i, miy, miy ) + 3my,Bo (mh, mi, mi) )
(4.16)
and
7, — (%) (4.17)
op? p2=(mPele)2

4.1.2 “Unphysical fields” and Slavnov-Taylor

We now turn to the calculation of the two-point functions for the longitudinal W (W)
and Goldstone system. The corresponding form factors Ik .y, Hyw ., Iy, as defined in
eq. (2.53) will be needed in sect. in order to perform the calculation in the Equivalent
Gauge.

Longitudinal W
Computing the diagrams in fig. [C.I] we get
2
i w (p*) g{ng%Ao (mi) (—m% +miy + 3p2) + 4 smiyp® Ao (Mg) +

- 64m2m?2 p2

{4m€vp2 (2miBo (p2, m%v,m%;v) - Sm‘%v) + Ao (m%v) (mﬁ + 3p° (mi + 6m€v) - m%m‘%v)

iy (i, — 2mimiy + iy — 4miyp?) Bo (o7, i miiy) | } :
(4.18)

119¢% 1 I's (Smi +7Tmim3, + 18m$v) +ANs M2Em%, T

€962 | € 64m2m? T owwba
(4.19)

H€VW,D(P2) = lT%VW,D =



4.1. Self-energies and Slavnov-Taylor identities 43

In order to fix the divergent part, we have to impose that the renormalized two-point
function is finite, i.e.

2
(B(p2) - p§> = 0= 0Z3(miy — p°) + omiy + p*66 + iy p(*) = 0, (4.20)
D
and then
119
06 =073 ==-——¢g°. 4.21
¢ 37 ¢ o6n2? (4.21)

Golstones system
For the II,, form factor the diagrams to consider are in fig. [C.4 and the results is
2

9

H7T7r =~ o 9
647r2m%/v

{ — 2mim‘2,VBo (pQ,m%, m%v) - 2m%VpQBU (pQ,m%, m%[,) +
miy Bo (0, my, miy ) +mj,Bo (02, mi, miy ) — 4miyp? By (p°, miy, miy)

+Ao (m3) (miy —m3) + Ao (my) (mf —miy) },
with the divergent part

1 3¢° ,

H‘n'Tr,D(pz) = szTrTr,D - *Ewp .

For the counter terms, we have that
(P F(p*) —&m?) |, — 0 2o (p* — miy) — miy0€ — 0m* + er p(p*) = 0,

and so

(4.22)

W — 7 mixed propagator

Beyond the tree level, in our model, a non-vanishing mixed W-n propagator appears.
Computing the diagrams of fig. we get

g g
s = W{W (2 (mis = 2mimy + miy — 3miyp?) Bo (b2, mi, miy )

+Ao (m}) (—2mj, +2my, + 3p°) + Ag (miy) (2mj — 2m, + 3p2)}

2 oy 6g°mw (3Ao (miy) — 2miy) + AAsgmw Ao (MF) } , (4.23)

+4ngB0 (p27 myy, mW)

2
gmy,

with a divergence

M g — 1 (92 Bmjp + mim3y, + 18my,) + 4 s MZm3,)

W, € 128m2mimw ’
We can check that the counter-terms computed before make the mixed two point function
finite

5m%v dm?

Owa. p(p?). 4.24
Dy 2mW+ wr,D(P”) (4.24)
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Figure 4.1: Wy (p1) Wy (p2) — S(p3) S(p4)
Wy S
N
TN

Wit s

Slavnov Taylor

We are now able to check at one-loop level the result of eq. (2.59)), namely
B(p*)F(p*) = C(p*)*.

At tree level it is trivially true and a one loop the relation we want explicitly to prove
becomes

miy er (0?) + Py (p°) = 2mpw - (p%)p* . (4.25)

By an explicit computation it is straightforward to prove that, in the light of the result
previously exposed, the RHS and the LHS of eq. (4.25)) are the same.

4.2 WyWy, — SS at one loop

Let us move now to the specific process of Wy (p1) Wy (p2) — S(p3) S(p4), schemat-
ically depicted in fig. 1] According to the LSZ reduction formula, the matrix element of
the process reads

M = ZwZsA, (4.26)

where Zg and Zy are the pole propagators residues for W and S, and A denotes the
Feynman amplitude.
At tree-level, Zy = Zg = 1 and the amplitude, corresponding to the diagram in fig. [1.2]

is simply
Mtree _ 921}2)\56% 265 _ g2v2)\S ( S _ 1> ] (427)

2(s—m3) 2(s—m32) \2m¥,

We are particularly interested in the high-regime behaviour of the process, i.e.
s~ b~ ul ~ Mg > my ~ my,, (4.28)
where s, t, u are the standard Mandelstam invariants
t=(p1 —p3)?, u=(p1 — pa)?, s=(p1+p2)?. (4.29)

In this regime the tree level process is proportional to the coupling constant with no depen-
dence on the energy, namely

M=Xs+0 ("}:) . (4.30)
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Figure 4.2: Tree-level diagram for the process WW — SS

" (p1) S
b1 p3

e (p2) S

Let us switch to the one-loop calculation. At this order the amplitude in eq. (4.26]) can
be written as

MY = (Z3f + ZE5) MU M7 (il MBS ) o AME, (4.31)

where, as indicated in the equations, the external particles masses are the poles ones. Wave
functions and masses have been computed in the previous section. The one loop Feynman
amplitude is conveniently expressed as

AME :F%/l%woass + F%A%Wg%thThee(s)F;zTieSS (4.32)

tree tree 1L tree 1L tree
FWewo—nGrn (9% ss + Do —nGrr ()T Ssss
where we are using the following notation:

e I'w,w,—hn one-particle irreducible diagrams for the process Wy(p1)Wo(p2) — h(ps)
with p? = p3 = m%, and the Higgs off-shell p% = (p1 + p2)? = s;

e I'ss,, one-particle irreducible diagrams for the process S(p1)S(p2) — h(ps) with
p? = p3 = M2 and the Higgs off-shell p3 = (p1 + p2)? = s;

o 'y, w,—ss one-particle irreducible diagrams for the process Wy (p1)Wo(p2) — S(p3)S(p4)
with p? = p3 = m%,V and p? = p3 = Mg

Each of these diagrams has been computed analytically using the computer tools previously
described. However the resulting expression are too involved to be useful. In what follows
we will only report the divergent part of the result and the leading terms in the high energy
expansion of eq. . The former will be needed for renormalization, the latter to verify
that the result matches with the one expected at the leading double logs order.

FW()WQ—)h
At tree-level, the process F%ﬁ%vo _,p (schematically represented in fig. , present the

following amplitude

S
T = gmwer(p1) - e1(p2) = 95—+ O (s°) . (4.33)

At one loop we have a divergent part

(risb)” _ 1 (g® (3my, + 1Tmamiy + 18miy ) + dgAs M3myy,)
TWEh) e 12872m2 myy

(4.34)
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Figure 4.3: Wy (p1)Wy (p2) — h(p1 + p2)
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Figure 4.4:  one-loop diagram giving the leading contribution to the process
W5 ()W (p2) = h(py + p2)
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€ (p1) P
p1+ P2
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€6 (p2)

To obtain a finite result, then, we perform the rescaling of eq. and so we get

2

B . om =
Zs\/Za Uit =0 — g (59MW + QMVVZ) + T won =0,

where T is the vertex operator I' computed with the renormalized parameters. We obtain

1 92
0g =~ .
g € 4872

(4.35)

For the present discussion we need the leading terms of the one loop amplitude at high
energy. The computation is presented in Appendix |C|and the result is the one of eq. (C.2)
which reads

ik = Ilpes — Lo (=) +0(log [ —) ) . 4.36
WoWo—h WoWp—SS 8 0g m%[/ + 0g m%/[/ ( )
Notice that the double logs terms of eq. (4.36]) come only from the kind of diagrams reported

in fig. 1.4

Lss—n
At tree level amplitude (depicted in fig. is the following

e, = —QASmTW . (4.37)
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Figure 4.5: S(p1)S(p2) — h(p1 + p2)

S

At one loop the diagrams to consider are the ones reported in appendix [C] and the result
reported in eq. (C.3)), is found to be free of double logs. Here we report only the divergent
part, in order to find d\g counterterm

_1As (392 (m;t —mim¥, — Gm?,v) + 4Asm¥, (4m,zl - Mg))

o ., ==
SS=h ¢ 64m2gmimy

We imposey/Zy ZsTss_5n to be finite

_ 2\ 2A Agdm?

T8 n + ZOSTW g — W g 4 2SO

mwg
and then
Shg — _1392 (m% — m%,v) + 8Asmiy,
€ 64m2m3,

FWQW0—>SS

Now, we are going to compute the one loop one particle irreducible correction to the
Feynman amplitude of the process. The list of all the diagrams, with the relative values,
can be found in Appendix The result is eq. with no divergent part. This was
expected in the light of the fact that we have not such a vertex operator in our tree level
Lagrangian in eq. . Taking the high-energy limit s > m%, we can find that

ree [0 S S
T wosss = Do ss <_167r log? (m%ﬁ/> +0 (log (”ﬁ/{/))) ; (4.38)

and this contribution can be identified coming from the diagram in fig. [£.6]

To summarize, in this section until now, we have computed the S-matrix element for
the process W~ WO+ — S5 at one-loop. The total result, according to the decomposition of
eq. @, for the Feynman amplitude A'” at one loop, is in eq. . The complete result
will be used for the numerical calculation. Let us now concentrate on the leading double log
corrections, in order to compare the result with the theoretical predictions. From eq.

and eq. (4.36) we can easily find

ALL —py, Atree (_3(1 10g2 <S2>> , (4.39)

167 myy

which shows that the double log terms, in each of the sets of diagrams contributing to
eq. (3.50)), match the general result for the leading virtual correction derived in eq.
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Figure 4.6: One loop diagram giving the leading contribution to I'yy,w,—ss
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Cross-section

In order to verify the agreement between the expected theoretical result and the one
loop one, we are going to compute the cross-section for the given process. We work in the
center of mass, where the momenta of the ingoing/outgoing particles are defined as follows

i = (Ep,0,0,p) , Py = (Ep,0,0,—p) , Ep=mijy +p°,
ph = (Ep,0,p'sinf,p' cosb) , ph = (Ep,0,—p sinb,—p’ cosb) , Ef,, = MZ+p?.

The tree level cross-section is very trivial to compute and the result is the following.

1 9
tree tree|2
= ——|M , 4.40
o T6ms pl | (4.40)

The one loop result is

s 2
1L 1 i MS " : tree 1L)2
ol = Y22 [ sinfdo|MiTee 4 MULP2. (4.41)
327s S _ 92 0
1~ My

In order to compute it we employ the software LOOPTOOLS to get the numerical values of
the Feynman-Integral and then we perform the numerical computation of the cross-section
above. The results is reported in chapter 5| (fig. [5.1] (a))and discussed there in some details In
the figure (b) it is compared with the resummed expression which. according to eq.

1S
a_eaccl _ O,tree exp _3£ 10g2 i (4 42)
8 m, ' '

Let us discuss briefly the results. In both the figures of fig. we report the chosen cross-
sections normalized with the tree level one. It can be noticed that, both the cross-sections
are remarkable different from the tree-level, and the gap increases with the energy. This
shows, as anticipated, a breakdown of the perturbation theory: a fixed order perturbative
expansion is not sufficient to obtain a useful result. We can notice, moreover, that both the
curves go down rapidly and, therefore, we can identify the exclusive cross-section as a not
good candidate for a physical observable.

4.3 W()WO —SS+ X

In order to end up with a cross-section with phenomenological relevance, we need to
consider the possible emission of additional particles. As the matter of fact, since the possi-
bility of non additional emissions becomes more and more improbable with the increasing of
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energy, as we stressed before, the exclusive cross section is high energy suppressed. We limit
our analysis, here, to the leading contribution to the Born cross section of our VBF process
plus the emission of an additional particle. Resummed formulas, allowing for an arbitrary
number of emission, were found in eq. . Notice that, because of symmetries, the only
additional particle to the process WoWy — SS could be only an Higgs h or a W? boson.
Then, according to the discussion of chapter [3] we know that the cross-section with the
emission of a soft and collinear higgs is subleading with resect to the ones with an additional
W3 and so the latter is the only case we are going to study explicitly.

We report in table the three tree-level diagrams for the process and the respective
full amplitude and the amplitude in the limit of soft and collinear W32 emitted.

In order to check the validity of eq. at leading log, we need to compute the cross
section for the process. For simplicity, we are going to integrate only over the phase space
configurations, in which ¢ is collinear and soft with respect to p; and po. It is immediate to
see ftihzt 1MW0W0 _,sgws is high energy suppressed and after a straightforward computation
we fin

d’q ] "
da(l) =DL / (27T)32wq (3'/\/[‘/‘/0VV[)-)SSVV3 2MW0W0—)SSW3 + 2MW0W0—>SSW3 3MW0W0—)SSW3)
(4.49)
2 o S
o 2% log < > (4.50)
87 m,

times the 2-body phase-space factor (for the SS system), which we omitted from the previous
expression. By a simple integration we get

1_ @ S
ol = op x (Sﬂ) log (m%v) . (4.51)

Now, remembering that
o_inc,lL — o_e:rc,lL + 0_1 (452)

we find an evident matching with eq. at one loop.

The result of eq. is reported in fig. for both the first order inclusive cross-
section (a) and the resummed one (b). Notice that, both the cross-section are very different
from the tree level amplitude, showing the necessity of a resummation. We can also note
that the resummed inclusive cross-section, with the increasing of the energy, level up to a
half of the Born one and do not go to zero (relative to the tree-level result) as the exclusive
one. The inclusive cross-section is, for sure, the most probable configuration that can would
observe in an experiment.

4.4 WyWy — SS in the Equivalent Gauge

In this section we repeat the computation of the one loop exclusive amplitude within
the formalism of the Equivalent Gauge, introduced in sect. 2.4 The advantage of the
Equivalent Gauge is that the high energy power counting is manifest. The disadvantage
is that the number of diagrams to compute increase. Those relevant for our process are
depicted in fig. [£.7] leading to a scattering amplitude

M=2ZwZsA, (4.53)
with
A= A%VLWL_,SS +mw Arw, 555 + Mw AW, x 55 + My Anr 85 (4.54)
where, as in sect. [£.2] we have defined
Al w55 = € (01)€r (02) AW (p1), Wo (p2), S(p3), S(pa)]

Aw,r—ss = exel (p2) A [(p1), W (p2), S(p3), S(pa)] (4.55)
(p2), S(ps) .

S S Pa
Aw,r—ss = €x€l (p1) AW (p1), I(p2), S(p3), S(pa)]
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Table 4.1: Tree-level diagrams for the process W,f W, — SSW3

€o(p1)
%

€o(p2) €§(Q)

P Agv?

_ { 2 (eo(p1) - p2) (co(p2) - €x(q))
WoWo—SSw3 — 2 (

RS § (RS
_ 2(eo(p2) - p1) (c0(p1) - €x(q)) + €o(p1) - €o(p2) (ex(a) - P1 — ex(q) - p2) }
(S - m?y) ((ps +pa)? — mav)
g°Asv® {2 (eo(p1) - p2) (co(p2) - €x(q))
R )
_ 2(eo(p2) - p1) (€0(p1) - ex(q)) + €o(p1) - €o(p2) (ex(q) - P1 — €x(q) - p2) }

(=2 (- i)

€o(p1) €2 (a)
\fl ’ ps3
/
—_—

M

(4.43)

~Yg—0 —

(4.44)

€o(p2)

gPAgv?  2€0(p1) - geo(p2) - ex(q) — eo(m)ex(q)(eo(m) “p1 + eo(p1) - p2

2 =
Mwowossws 2 { ((m +p2 —q)? — m%/v) ((Pl -q)? - m%v)

+ 260(p1) - co(p2)er(a) 1) } (4.45)
((Pl +p2—q)? — m%v) ((p1 —q)2 — m%v) .

g°Asv? —2€0(p1) - co(p2)ex(q) - p1 + co(p1) - ex(@)eo(p2) - p1
2 (2p1 - q) (s — m‘z/v)

g (p1)
X 7’
p3 + pa
e

(4.46)

~g—0 —

5 04 g ase? {260(:02) ~qeo(p1) - ex(q) — eo(p2)ex(q) (60(191) -p2 + eo(p2) - p1+
((Pz +p1—-9q)? - mﬁv) ((pz - )% - m%‘,)

WoWo—SSwW3 2

260(p2) - co(p1)ex(q) - p2)
+ } (4.47)
(b2 +p1— )2 = m3,) ((p2 — 92 — m3,)
g°Asv® —2€0(p2) - €o(p1)ex(q) - p2 + €o(p2) - ex(@)eo(p1) - p2
2 (2p2 - q) (S - m?,v)

(4.48)

~Yg—0 —
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Figure 4.7: WyWy — SS in the Equivalent Gauge

€ (p1) S

N

The (modified) polarization vector € and the “Goldstone wave function” €, are defined in

sect. 241
The tree-level process, in the Equivalent Gauge, is described by the diagrams of Fig 1.8

whose values are

L
AW, wy »ss Aw; xsss

b cun) - caom)) i (A5 clp) o+ e

2m
Mwwy—s55 = ()\s

5= mh - h
s 2M32 s
—imw =\ (p1 + +{ =2 2 Ag— W ~1
w ( ss_m%G(pz) (1 p2)67r> ( Ss—mi) =2 \ame, ;
Arwy—ss Arrnsss
(4.56)
where we have used that
— E,)? — B,)?
er(p1) - er(p2) = 2@7 e(pr2) - pij2 = —mw, er(p1) p2= B er(p2) - p1,
mW mw
and that, obviously, at tree level ¢, = —i.

The result of eq. concedes with the one we have obtained in eq. with the
standard formalism. The full one loop result, as we have seen, is to much involved. Therefore,
we limit our analytical computation to the leading terms in the high energy expansion. We
have, also, verified that the full Equivalent Gauge result is numerically identical to the one
derived in the previous section. At high energy, thanks to the properties of the polarization
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Figure 4.8: Tree-level diagrams for the process WoWy — SS in the Equivalent Gauge
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vectors we employ in the Equivalent Gauge, the only non mass suppressed terms is the one
with the Goldstones, i.e. the amplitude A, _,g5. At one loop this can be written as

1L . treetree tree 1L tree tree tree
A s = Th Gl T as + T G s 4+ T G Th o5 + The s

(4.57)
where a notation analogue to eq. (4.32]) has been employed.
It is easy to see that
mw
A ss =T 55+ 0 (\/§> (4.58)

by, simply, power-couting analysis. In fact, we know that both I' ., and I';,_, g5 are mass
suppressed at tree level and that the propagators also vanish at high energy.

The diagrams to consider are, thus, only the ones of Fig. and, as eq. , we report,
along with the approximate result, the divergent part and the leading behaviour

3a; o s
- = —Ag—1 — 4.
55 =DL —As g log <m‘2,v> (4.59)
As (3g°m3 — mW) + SASmW
re = 4.60
Tr—SS 64’/T mW ( )

A more detailed result, can be found in eq. (C.1)). In order to complete the calculation we
need to compute the scalar wave function €., defined in eq. (2.66[). At one loop, this is given
by

2

HL 2 I ”
€ = —i (1 + WVWVZ(mW) + Wm(mW)) : (4.61)
w w

for bare quantitiesﬂ or explicitly

1

—2miy (3 Bo (miy, mi, miy) — 6m3 Bo (miy, miy,miy) + 6miy) |

+3g°mj Ao (m3) + 4Asmiy Ao (M3) } :

Nerl

€
Z3,H

3For renormalized ones, instead, we have to consider
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Therefore, at one loop we, finally, have

m
A s = AL s+ A+ 0 () (4.62)

and substituting all the factors we have back the result of eq. (C.5)). The full computation
of eq. (4.54) also brings to the same result of eq. (4.26]).
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Chapter 5

Conclusions

In this thesis we discussed the high energy properties of massive gauge theories, far above
their characteristic mass scale. After a general introduction, we focused on two main specific
topics: the Equivalence Theorem and the resummation of double logs of Sudakov type. We
discussed and examined these topics in two ways. First of all we reviewed the existing
literature on the subject trying to clarify the derivation of existing result. In particular
this led us, in sect. [3.:4.1] to an alternative derivation of double logs resummation formulas
for inclusive cross-section. Second, we performed a concrete NLO calculation for a specific
process, in order to verify the validity of the general results.

The well-known Equivalence Theorem is discussed in its general formulation, presenting
it via the so-called “Equivalent Gauge”, a less-known reformulation of the standard com-
putation strategy for massive gauge theories. Verifyng the validity of this approach at one
loop level and at all order energy expansion, is one of the main original results of the present
work. For what concerns the other main topic, i.e. Sudakov double logs, we review in details
the existing literature and we give a generalization of the method of the infrared evolution
equation of Ref. [12], for double logs coming from virtual emission, to the case of real emis-
sion. In particular, for inclusive cross-section, we get the same result of Ref. [6] with a more
transparent and effective approach.

Concerning the explicit calculation, let us briefly summarize what we have found. We
started with the computation of the S-matrix element for the process WyWy — SS at NLO,
within the singlet-extended Higgs-Kibble model (introduced in the thesis). By taking the
high energy limit of the result we have found that the leading one loop contributions to the
tree level, are the double logs of infrared nature we predicted on the basis of the general
formulas in the previous chapters. Furthermore, we computed the leading contribution to
WoWy — SS 4+ X production, due by the emission of a soft and collinear gauge bosons.
These corrections are significant as well as the ones due to virtual emissions and need to be
taken into account, at energyies above order 10 TeV in order to obtain accurate predictions.
Resummation further changes the result and need to be taken into account.

As a final summary for our work, we display in Fig. all the predictions we have
obtained for the WyWy — SS production cross-sections, normalized to the three level one.
Namely, we report on the left panel the one loop exclusive cross-section, together with the
NLO inclusive one. The resummed expressions, exclusive and inclusive, are reported in
the right panel. The figure displays a number of interesting features. We see a large and
growing-with-energy negative one-loop contribution to the exclusive cross-section, which
reduces it relative to the tree-level. These are the famous “negative Sudakov logs”. Second
we notice that the one loop result is rather close to the resummed exclusive expansion, even
if the two cross sections eventually depart at a very high energy because of the double log
exponentiation in the resummed formula. The behaviour of the inclusive cross-section is
also very interesting. Unlike the exclusive one, which goes to zero as

O_ezcl 3o s
= ——log? [ - 5.1
o (o (mw)) (5.1)
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Figure 5.1: (a) Comparison beetween one loop exclusive (blue line), inclusive (orange line)
cross sections (b). Comparison beetween resummed exclusive (blue line), inclusive (or-
ange line) cross sections. The parameters chosen for both the plots are g = 0.65, my =
0.08 TeV, mp, = 0.125TeV, Ag =0.1, Mg =+/s/3, u=+/s.

relative to the three level, the inclusive one goes to a constant (as we saw in sect. [3.4.1)

. «a 2 s
ginc _ 1+ exp (—g 10g (7”%‘/ ))
opB o 2 '

(5.2)

This means that at asymptotically high energy the exclusive process becomes rare, and
the vast majority of the SS production events come accompanied by the emission of soft
gauge bosons which are nearly collinear to the beam axis. On top of computing accurately
the inclusive cross-section as we did in this thesis, a accurate modelling of the soft vector
boson radiation will be needed for a concrete experimental analysis of the process. So-
called “Electroweak showering” techniques to QCD parton showering will have to be further
developed.This shows once again that Electroweak high energy physics is an intricate and
stimulating theoretical subject on which a lot of work will be needed in the forthcoming
years.



Appendix A

Feynman rules and
renormalization scheme

In all the computations performed in the thesis we adopted the t'Hooft Feynman gauge
(i.e. £ =1 and m = my ). Differently from eq. ([2.48) we have worked in the following basis
for the gauge fields

1 1 w3 W2 — Wl 1L/ w3 Vewr
= _We — — B W [T —— W W
Wi =5Wae 2<W3+ivv; s >—2<ﬁwu —Wﬁ)’ (A1)
and for the H field
1 2 1, ;.2 1 ;2 14 ;.2
w+:w W ’ w_:w + w , 7r+:7T s ’ ﬂ__:ﬂ' + . (A.2)
V2 V2 V2 V2

For what concern the fields w® and 73, otherwise, we have used the same definition of

co. @19,

A.1 Feynman Rules

Here, we list the full set of Feynman rules of the theory

Propagators
p
—_— —inHv _r B i
W/3 Cp2—m¥, +ie’ T p? —mi +ie’
b i b i
_— > _— >
............................. = : . — . (A33)
WE/3 p? —m¥, +ie’ £/ p? —m3, +ie
p
_ 1
S N p? — MZ +ie’

o7
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Ghost interactions

w:i:/S ot
\ - Z \ — 1
******* h =—— e =4-
P Lomw / : Jomw
w:i:/:; ot
w* w?
N, — N, —
ST oF = :tégmw ST ot = j:§gmw
w? wE
. . (A.4)
w w
\ 3 , \ + .
p . NN WM — izgpu p rvvvv W/L — $ngﬂ
wi.. w3 .
W3
w:i:
Scalar “S” interactions
h \ S i S
/ </ T / ) / — —ivAs
n s oF s
(A.5)
h S 3 S
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Gauge self-interactions

W5 Wik
tg 2 (znulﬂ?pa
Wi w

— Nuplve — 77/L¢7771/p)

; Wy Wy

Wi
Y
r
3 .
Wa = —g [nuv(p - Q)p + nup(q - 7’)# + np,u(r - p)l/]
Vs
w,
Gauge interactions
¢3
\ AN
F3 1 N
P Wi = 2o — ai) oo WiE =
/ o/ a
¢:t/3 ¢:|:
+/3
\ Wi \
e W = Lgp gy e h
/// H 9 1% 12
— V:F/S
¢r/® W, ¢+ W)

7: 2
/\ = 29

292 (nupnva+

NuoMvp — 277/;1”7/;0)

(A.6)

1
59(1’# —qu)

= 7921”7;w

(A7)
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Higgs and Goldstone interactions

3 m?
= —71772}192
*‘\ \ Ay
h h
¢j:

1 mi 9
= —7/1729
\ w myy
oF o=
(bi

(A.8)

N
) /
,, N
Y
K
\/

; g
m \ mW
ot h

A.2 Renormalization scheme

We adopt the MS renormalization scheml and we choose to redefine the fields and
independent parameters {W,, H, S, mw, Mg, mp, g, Xs,§, m} as

W, =/ ZsW, H=/ZouH S =258
mi, = M2, + omy

M2 = M2 +0M2 m} =M} +oém} (A.9)
g= Z;lz;ig(l +89) N =NZ. 257, (L+6)) E=1+066 m?= Mz +om?,
where we denoted with a bar the renormalized quantities. We underline that we have
redefined the whole bare scalar “S” mass (M2 = m2 + 2+m2,)

1We have omitted the universal constant, which comes out from divergent integral in dimensional regu-
larization, already in the definition of the scalar integrals in Appendix E and so, in order to adopt the mg
scheme, we have to take care only of the divergent part



Appendix B

One-loop integrals

The explicit computations of chapter [4]lead us to deal with a quite heavy set of Feynman
integrals. Since all of the particles of our model are massive we don’t have to deal with true
infrared divergences. Some of the integrals we encountered, otherwise, present an ultraviolet
divergences. In order to handle with this we employ dimensional regularization [25], where
the dimensionality of space time becomes D = 4 — 2¢ and we will take ¢ — 0 at the end of
the computation. The generic integral we need to compute, therefore, generally takes the
form

2”#)47[) -
paeie — GO gy Ve U B.1
N im? Dy...Dy’ (B.1)
where
J
Dj=(l+q)*—m3, q = Zpi, (B.2)
=1

and in our cases, N has a maximum value of 4 and we adopt the conventions of Ref. [I1].
In particular we forget about the usual multiplicative factor, coming from dimensional reg-
ularization, in eq. . With this conventions we can forget to deal with finite terms in
the renormalization procedure in the MS scheme.

B.1 Passarino-Veltman tensor integral decomposition

The Passarino-Veltman [2I] reduction is an efficient way allowing to express the generic
Feynman tensor integrals of eq. as a sum of basic scalar integrals times some coefficients
which depends only on external kinematical quantities. We adopt now a convention similar
to the one of Passarino Veltman and we call the one, two, three and four point integrals A,
B, C and D as

oy (2mp)*P 41
27 )P 1,04 141
By, B*, B* (p?,m? 2:(7/d4z; B.4
05 ) (p amlva) i7T2 D1D2 ( )
Ly v 2 o 2 2 2 9y _ (2mp)*—P NN
Co, C*,CH , CM (p1, py(p1 + p2)~, my, m3, m3) = e d lDngDg (B.5)
Do, ... (p1, 05,03, (01 + p2 + p3)?, (p1 — p3)?, (P2 — p3)?, mi, m3, m3, m3) (B.6)

~ (2mp)tP /d4l 1,...
g2 D1Dy;D3 D,

In the next section we will give the values we need for such integrals in our model. We now
discuss the general decomposition.
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The idea of this decomposition is to write the tensor integrals as
B#(pzv m?a mg) = pHBl(p27 m?v m%) )
By (p*,mi, m3) = 1 Boo(p?, m7, m3) + pupyBi1(p, ma, ma)
Cu(p%apgap; mi m%’ mg) = plucl(p%apgvpgv m%a m%7 m%) + pzpcz(p%,pg,p; m%’ m§7 m%)
2
Cuu(p%;p%,p%; mim%, m(23) = n#VCOO(p?apgapgajfam%amg) + Z Cijpi,#pi,,uv where 021 = C12 .
i,j=1

(B.7)

The relation between tensor integrals and scalar integrals can be obtained by saturating
both side of eq. with n*¥ or the external momenta p!‘. This procedure is implemented
in the computer tools FORMCALC we adopted for the computation. Therefore, here, we
discuss in details only the case of the rank-one tensor triangle integral. For simplicity we set
the internal masses at zero (i.e. m; = my = mg = 0) and we drop the dependencies on the
Lorentz invariants of the case (p?,p3,p — 3% = (p — 1 + p2)?,m?, m3, m%). Multipling both
side of

(2mp)*—P D L-p1
im2 d ll2(l &)1+ )2 = C1pi + Caph (B.8)

with pl, we get

(2mp)t=P / D l-p 2
— [ d =Cip7 + Copy - pa. B.9
in? P+ q)2(+q)p ek (B-9)
Now, we note that
1
bpr=35 (I +a@)* =12 —pi) (B.10)
and so
1
PiC1+p1-p2Ch = 5 (Bo((p2 +p1)*,0,0) = Bo(p3,0,0) = piCo) - (B.11)
Analogously, multiplying for ph, we get
2~ _ 1 2 B 2 . 2
pr-p2Cr 4 p3Ce = 5 (Bo(p?,0,0) — Bo(p3,0,0) — (2p1 - p2 + p3)Co) - (B.12)

Therefore the Passarino-Veltman coefficients can be written as

1

C1= o~ ((P3 +p1 - p2) Bo((p1 +p2)*,0,0) = p3Bo(p3, 0,0) — p1 - p2Bo(p1,0,0)
2.2 )
(p1p2 (p1-p2) )
- (p?pi —2(p1-p2)* — 3 (1 ~p2)) Co) (B.13)
1
Cy = 5 ((p? +p1 - p2) Bo((p1 + p2)?,0,0) + pi Bo(pi,0,0) — p1 - p2Bo(p3,0,0)
2.9 ]
(p1p2 (pl Pz) )
— (pip3 + 1 (p1-p2)) Co - (B.14)

B.2 One-loop scalar integrals

Here, we list all the one-loop scalar integral we need in the analityc computations of ch. 4}
We report the full result of Refs. [IT, [26] for bubbles and tadpoles. Instead for triangles and
boxes we give only an approximation in our kinematical region of interest.
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Tadpole
The full result for the tadpole integral is [11]

Ao(m2)2m2< w )6{14—1}—1—(9(6). (B.15)

m? — ie
In the limit 42 ~ s > m? it becomes
AZ(m?) ~ m?log (%) . (B.16)

Bubble
The full result for the bubble integral is [11]

K2

2
1 1
Bo@am%nﬁ)=u%{€-%2—k%@2—k)+§ {wbg<77 )-—bgﬁ%—lﬂ}-%o&%

i=1
(B.17)
where
s—m%—km%:l:\/(pz—m§+m%)2—4s(m%—ie) (B.18)
Y1,2 = . .
2p?
In the limit p? ~ s > p? ~ m? ~ m3 it becomes [23]
s

By (p*,mi, m3) ~ log (m) . (B.19)

Triangle

In our computation, it comes out that the only triangle integrals which survive, in the
high energy limit s ~ M2 > m2, m¥,, are the ones of the form Co(p?,p3,p3 = (p1 +
p2)?,m3, m?,m3), where p3 > mZ, m?, m3[f] [9]

1 [1 —p?
C(0 (p%,p%,pg,m%,m%,mg) = P 5 10g2 <TI’L23) + Z IC(plzam87ml2) ) (BQO)
3 0 1=1,2
where
1 2 2 2 2
dx mc—mg—p P
Ic(p?,m2 25_/471 0 2. B.21
P, mo,m”) 0 T + m3 — ie x+m%—iex (B-21)

The integral I leads to large logarithms when the mass mg is small compared to p? and/or

p? —m2.

Box

In the explicit computation, we have to match with the box scalar integrals, with the
configuration of masses (as depicted in fig. [B.1)

d*q 1
Dy = B.22
0 / (271')4 D1D2D3D4 ’ ( )

n fact, even if we encontuer integrals that depend on the Mg mass, they turn out to be polinomially
suppressed in our diagrams (i.e. of the form Cp/s).
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Figure B.1: Box integral relative to eq. 1}

p%:mz p%:MQ
\ q—D /
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—_—
/1192q+p2 \
p%:'rn2 P4 N )
pi=M
where
D1:q2_m27 D2:(q+p2)2_m2a
D3 = (q+p2—ps)® — M?, Dy =(q—p2)>—m>.

For analytical purposes we just need the leading behaviour in the asymptotic regime (s ~
—t ~ —u ~ M? > m?), where in our process M and m play the role of, respectively, Mg
and myy.

This integral is clearly UV convergent, since it had a D = —4 grade of superficial diver-
gence and it is, also, free from IR divergences, since it has no massless propagators. In order
to find the behaviour of this Dy with the kinematical invariants in our regime of interest,
without performing the full integration, we can identify the three region giving the biggest
contribution as

A) ¢ soft and almost collinear with respect to p; and pa,
B) ¢ soft and almost collinear with respect to py and p4,
C) ¢ soft and almost collinear with respect to p; and ps.
Let us start with the region (A), we switch to the Sudakov parametrization as in eq. (3.4))

g=up1+vps+pi (B.23)

where p, is ortogonal to the plane defined by p; and ps. In this coordinate we have that
region (A) corresponds to

qo < minlsul|,|sv|, |su|,|sv| < 1. (B.24)

After a straightforward computation it follows that

1 1 s 1 52
I — o= ——— o2 [ - log? B.2
' A(Mg—t>x P oz ) 8 <mev>*0<s<M§—t> o8 (mw)> (B.25)

We can follow a similar scheme for the region (B), we switch to coordinates

q=up2+vps+pL, (B.26)
and we integrate in

qo < minltul,|tv],  |tul, |tv] < 1. (B.27)
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Figure B.2: Uncertainly between the exact value of the Dy and the predicted one of eq. (B.29)
with t = ¢, (green line), t = t,,4, (orange line) and ¢ = ¢ (blue line). The other parameters
of the plot are m = 0.08 and M = /s/3.
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The result is

1 M —t
Ii=p ————log? | —— B.28
1 s(MZ—1t)s o8 (mWMS) ( )

Summing all the contributiong?] we have

1 M3 —t
I4~IA+IB+IC:)<10g2 (n;)+410g2 (S)> . (B.29)

2s (M2 —t W mw Mg

In order to verify the validity of the previous result, we present a comparison between
eq. (B.29) and the numerical value for the Dy. In the plot of fig. therefore, is reported
the value of the uncertainty between them

|14 — Dy

= a— Sl B.30
|11 + Do| ( )

with three different values of the Mandelstam invariant {tmin, %, tmaz }, Where

n tmaa: tmin
tain/maa = M2 + M2 — g + 2\/(2 — mZ) (Z — M2> . = + . (B31)

As we can see, there is good agreement between the exact and the leading result, and this
agreement, obviously, increase with the energy.

2For instance, it comes out that the full result of eq. (B.29) is equal to the divergent part of Do, computed
via the method of Ref. [10], with a IR cut-off m.
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Appendix C

Feynman diagrams and
analytical results

In this section we report the analytical result and the Feynman diagrams concerning the
explicit computation of chapter

C.1 High energy expansion

In order to find the leading double logs and to verify the Equivalence theorem of sect. [2.4
up to O(s?), analytically, we have proceeded as following. Using the tools described in ch.
we generate the Feynman diagrams we are looking for and then we compute the relative
amplitudes in terms of Passarino-Veltman scalar function. Then, using the asymptotic values
of ch. [B|for the Scalar integral, we drop out all the terms which are polynomial sub-leading
in our expansion (i.e. in our case as 1/s", with n > 0). In order to find double logs, in
particular, we know that, in our fauna of scalar integral only the Scalar Cy could give us
such contribution (the double logs coming from the Box integral ar too much high-energy
suppressed to be leading.

In the following, therefore, we report the list of the amplitudes computed in ch

1 2)\g
Lanoss =52 { e [4miy (22 Bo (t, M3, miy) + 205 Bo (u, M3, miy)

2 2 2 2 2 2 2 2 2 2 2
+ ¢°s (Co (miy, S, miy, miy, my, my) + 2Co (miy, S, miy, miy,, miy, miy ) )

+ g2 (mf + 2mby) Bo (S.mi, mf) + g2 (5mF + dmdy) Bo (S,miy, miy) |

S5 (B ) 280 (i) -0 (M) ()

NG

9 (9% (340 (miy) (mj, + 6miy) — 2miy (9m} By (s, miy, miy))))

2567m2mim3,

1L _
Pwwon=s

S

g(g2 (—2m3y, (—16m3 By (miy,,my,,m¥y) + 4m3sCo (miy,, s, my,, my,,my,,m¥y,) + 6myy,))
256m2mims3,
(C.2)
3g°m2 Ao (m3) + AAsm3, Ao (M2) )
+ } +0 (so)

256m2m3ims,
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A
Tys,n = m (392771%30 (S, miy, miy) + 3g°my, Bo (S, mj,, mj,)
+16Asmim¥, Bo (Mé,mi, Mg) — 3¢%m3 Ay (m%,v) —3¢%m3 Ay (m,%) (C.3)
—18¢*miy Ag (miy) — AAsmiy Ag (M3) + 1292m‘%,v)
A
T'wowy—ss = 64252{92 (mi —miy) Bo (s,m},,m7) — g>mj Bo (s, myy, my)
T2my,

+g°m?, By (s, m%,v,mf,v) + 8\gmiy By (Mg,mi, MZ) — 4 smiy By (t, Mé,m%‘,)
—4)\Sm%VBO (u,Mg,m%V) - Qng%VsCo (s,m%v,m%,v,mi,m,%,m%v) } + 0O (mw> ,

NG
(C.4)

ALL -
WoWo=85 7 198m2m2m2,

A
2 5 {5g2m%Bo (s, m%v,m%,v) + 2¢*mim3, By (s,m%,mi)
+4g*mim?, By (3, m%V,m%,V) — 32¢9°m3mi, By (m%,v, m%v,m%,v)
+9°m By (s,m%,m%) + 8 \gmim?y, By (T, Mg,m%v)
+8\gmimiy By (U, Mgv,m%,v) + 8¢*mim3,5Co (m%,V, s, My, miy, m%,v,m%,v)

2,22 2 2 2 2 2 2,2 2 2,2 2
+4g”mymyy sCo (samW7mW7mh7mh»m ) — 6g”mj, Ao (mw) — 6g”mj, Ao (mh

—369°miy Ao (miy) — 8Asmiy Ao (M3) + 2492mév} +0(s%) . (C5)
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C.2 Feynman diagrams

In the following, we report the list of all the Feynman diagrams computed and analysed
in the thesis.

Figure C.1: The 1-loop diagrams which contributes the Iy y form-factor
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Figure C.3: 1-loop diagrams for I';+,- _5g
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Figure C.4: The 1-loop diagrams which contributes the Il form-factor
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Figure C.5: The 1-loop diagrams which contributes the Iy, form-factor
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Table C.1: 1-loop diagrams for v%wuﬁh
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