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1. Introduction

Impulsive systems are found to be of great help in the study of the phenomena exhibiting abrupt
changes, such as the passage of a solid body from a given fluid density to another fluid density [1],
remittent vibrators [2], instantaneous disturbances in cellular neural networks [3], shock changes in
stock exchange [4], etc. Evolutionary hereditary processes undergoing abrupt or sudden changes are
modeled with the aid of impulsive fractional differential equations [5, 6]. Such processes naturally
occur in bio-medical sciences [7, 8], thermo-elasticity [9], heat conduction [10], plasma physics [11],
and engineering problems [12].

The subject of fractional calculus has been extensively studied during the last two decades in view
of its vast applications in science and technology. Examples include chaotic synchronization [13],
immune systems [14], neural networks [15], fractional diffusion [16], ecology [17], etc. For the
fundamental concepts of fractional calculus , we refer the reader to the text [18]. In particular, there
has been shown a great interest in investigating the existence, uniqueness and stability of solutions for
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initial and boundary value problems. One can find an uptodate account of these problems in the
book [19], while a variety of recent results involving different kinds of fractional derivatives can be
found in the articles [20–26]. The natural extension of fractional differential equations to
fractional q-difference equations also received significant attraction. For details and examples of
nonlinear fractional q-difference equations subject to different kinds of boundary conditions
involving q-derivatives and q-integrals, for instance, the articles [27–33] and the references cited
therein.

Let us now review some recent results on impulsive fractional and fractional q-difference
equations. In [34], the authors studied a Caputo-Hadamard type fractional impulsive hybrid system
with nonlinear fractional integral conditions. Impulsive fractional q-integro-difference equations with
separated boundary conditions were investigated in [35]. Some stability results for abstract fractional
differential equations with non-instantaneous impulses can be found in [36]. The authors in [37]
discussed the existence of solutions for an impulsive fractional q-difference equation with nonlocal
condition. Some existence results for an impulsive fractional q-difference equation with antiperiodic
boundary conditions were proved in [38]. In [39], the authors obtained exact solutions for linear
Riemann-Liouville fractional differential equations with impulses.

Motivated by the recent development on impulsive fractional q-difference equations, in this paper,
we introduce and study a nonlinear multi-term impulsive nonlocal boundary value problem involving
Caputo type fractional q-derivative operators of different orders and the Riemann-Liouville
fractional q-integral operator. In precise terms, we discuss the existence of solutions for the following
problem:


ϖ cDα

qu(t) + (1 −ϖ) cDβ
qu(t) = a f (t, u(t)) + bIδqg(t, u(t)), t ∈ J = [0, 1], t , tσ,

∆u(tσ) = Iσ(u(tσ)), ∆u
′

(tσ) = Ĩσ(u(tσ)), σ = 1, 2, 3....., p,

u(0) + u′(0) = 0, u(1) + u′(η) = 0, η ∈ (tm, tm+1), 0 ≤ m ≤ p, η , tσ,

(1.1)

where cDω
q denotes the Caputo fractional q-derivative of order ω, (ω = α, β) and Iδq denotes the

Riemann-Liouville fractional q-integral of order δ, 0 < δ < 1, 0 < q < 1, 1 < α < 2 and 0 < β < 1
such that α − β > 1, 0 < ϖ ≤ 1, a, b ∈ R+ and f , g : J × R → R are continuous functions. Further,
Iσ, Ĩσ : R→ R are also continuous functions, ∆u(tσ) = u(t+σ) − u(t−σ), ∆u

′

(tσ) = u
′

(t+σ) − u
′

(t−σ), where
u(t+σ) and u(t−σ) represent the right and left-hand limits of u(t), respectively, at t = tσ (σ = 1, 2, 3, ..., p)
and 0 = t0 < t1 < t2 < ... < tσ < ... < tp < tp+1 = 1, J

′

= J − {t1, t2, t3, ..., tσ}.
Here, we emphasize that the problem (1.1) is novel in the sense that it consists of a multi-term

fractional q-integro-difference equation involving Caputo type fractional q-derivative and
q-Riemann-Liouville integral operators subject to impulsive conditions and nonlocal boundary data.
We make use of the fixed-point approach to discuss the existence and uniqueness of solutions for the
problem at hand. First of all, we prove an auxiliary lemma dealing with the linear variant of the
problem (1.1), which enables us to convert the given nonlinear problem into a fixed-point problem.
Then we apply the Schaefer’s fixed point theorem to establish an existence result for the
problem (1.1), while the uniqueness of its solutions is obtained via Banach’s contraction mapping
principle. The work accomplished in this paper is not only new in the given configuration but it also
accounts for some new results as special cases, for details, see Section 5.
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The structure of the rest of the paper is as follows. In section 2, we recall some basic definitions
from fractional q-calculus and prove a fundamental lemma which plays a key role in the analysis of
the problem at hand. Main results concerning the existence and uniqueness of solutions for the
problem (1.1) are proved in Section 3, while examples illustrating these results are discussed in
Section 4.

2. Preliminaries

Let J0 = [0, t1],J1 = (t1, t2],J2 = (t2, t3], ....,Jσ = (tσ, tσ+1], σ = 1, 2, 3, ..., p with tp+1 = 1 and
introduce the space: PC(J ,R) = {u : J → R|u ∈ C(Jσ), σ = 0, 1, ..., p and u(t+σ) exist, for σ =
1, ..., p} endowed with the norm ∥u∥ = supt∈J |u(t)|. Obviously, PC(J ,R) is a Banach space.

Let us first collect some necessary concepts and definitions from q-fractional calculus [40, 41].
We define a q-real number as

[a]q =
1 − qa

1 − q
, a ∈ R, q ∈ R+ \ {1}.

The q-analogue of the Pochhammer symbol (q-shifted factorial) is defined by

(a; q)0 = 1, (a; q)k =

k−1∏
i=0

(1 − aqi), k ∈ N ∪ {∞}.

The q-analogue of the exponent (x − y)k is given by

(x − y)(0) = 1, (x − y)(k) =

k−1∏
j=0

(x − yq j), k ∈ N, x, y ∈ R.

The q-gamma function Γq(y) is defined as

Γq(y) =
(1 − q)(y−1)

(1 − q)y−1 ,

where y ∈ R \ {0,−1,−2, ...}. Observe that Γq(y + 1) = [y]qΓq(y).

Definition 2.1. Let f be a function defined on [0, b], b > 0 and a ∈ (0, b) is an arbitrary fixed point.
The fractional q-integral of the Riemann-Liouville type is defined by

(Iβq,a f )(t) =
∫ t

a

(t − qs)(β−1)

Γq(β)
f (s)dq(s), β > 0,

provided the integral exists. Moreover, (Iγq,aIβq,a f )(t) = (Iβ+γq,a f )(t); γ, β ∈ R+, a ∈ (0, t).
We define the q-derivative of a function f as follows:

(Dq f )(t) =
f (t) − f (qt)

t − qt
, t , 0, (Dq f )(0) = lim

t→0
(Dq f )(t).

Furthermore, D0
q f = f , Dn

q f = Dq(Dn−1
q f ), n = 1, 2, 3, ....
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Definition 2.2. ( [41]) The fractional q-derivative of the Riemann-Liouville type of order β is defined
as

(Dβ
q,a f )(t) =


(I−βq,a f )(t), β < 0,

f (x), β = 0,

(D⌈β⌉q I⌈β⌉−βq,a f )(t), β > 0,

(2.1)

where ⌈β⌉ is the smallest integer greater than or equal to β.

In passing, we remark that

(i) (Dβ
q,aIβq,a f )(t) = f (t), 0 < a < t.

(ii) Iβq,a
(
(x − a)(λ)

)
=

Γq(λ+1)
Γq(β+λ+1) (x − a)(β+λ), 0 < a < x < b, β ∈ R+, λ ∈ (−1,∞).

Definition 2.3. ( [41]) The fractional q-derivative of the Caputo type of order β ∈ R+ is defined by

(cDβ
q,a f )(t) = (I⌈β⌉−βq,a D⌈β⌉q f )(t).

Remark 2.1. For 0 < a < t and β ∈ R \ N, the following relations hold [41]:

(a) (cDβ+1
q,a f )(t) = (cDβ

q,aDq f )(t);

(b) (cDβ
q,aIβq,a f )(t) = f (t);

(c) (Iβq,a cDβ
q,a f )(t) = f (t) −

∑⌈β⌉−1
k=0

(Dk
q f )(a)
Γq(k+1) tk(a/t; q)k;

In the following lemma, we solve the linear variant of the problem (1.1), which plays a fundamental
role in the forthcoming analysis.

Lemma 2.1. Let ϱ ∈ C([0, 1],R) and η ∈ (tm, tm+1), m is a non-negative integer such that 0 ≤ m ≤ p.
Then the unique solution of the boundary value problem:

ϖ cDα
qu(t) + (1 −ϖ) cDβ

qu(t) = ϱ(t), t ∈ J , t , tσ, σ = 1, 2, 3....., p,

∆u(tσ) = Iσ(u(tσ)), ∆u
′

(tσ) = Ĩσ(u(tσ)), σ = 1, 2, 3....., p,

u(0) + u′(0) = 0, u(1) + u′(η) = 0, η , tσ,

(2.2)

is given by

u(t) =



(ϖ − 1
ϖ

) ∫ t

0

(t − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ t

0

(t − qs)(α−1)

Γq(α)
ϱ(s)dqs

+(1 − t) B, t ∈ J0;(ϖ − 1
ϖ

) ∫ t

tσ

(t − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ t

tσ

(t − qs)(α−1)

Γq(α)
ϱ(s)dqs

+

σ∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
ϱ(s)dqs

]
+

σ∑
i=1

(t − ti)
[(ϖ − 1

ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
+

σ∑
i=1

Ii(u(ti)) +
σ∑

i=1

(t − ti)Ĩi(u(ti)) + (1 − t) B, t ∈ Jσ, σ = 1, 2, ..., p,

(2.3)
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where

B =

p+1∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
ϱ(s)dqs

]

+

p∑
i=1

(1 − ti)
[(ϖ − 1

ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]

+
(ϖ − 1

ϖ

) ∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

+

m∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]

+

p∑
i=1

Ii(u(ti)) +
p∑

i=1

(1 − ti)Ĩi(u(ti)) +
m∑

i=1

Ĩi(u(ti)),

Proof. Let u be a solution of the q-fractional boundary value problem (2.2). Then, for t ∈ J0, we have

cDα
qu(t) =

(ϖ − 1
ϖ

)
cDβ

qu(t) +
1
ϖ
ϱ(t).

Operating the q-integral operator Iαq to both sides of the above equation, we get

u(t) =
(ϖ − 1

ϖ

) ∫ t

0

(t − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ t

0

(t − qs)(α−1)

Γq(α)
ϱ(s)dqs − a1 − a2t, (2.4)

where a1, a2 ∈ R are arbitrary constants. Differentiating (2.4) with respect to t, we obtain

u′(t) =
(ϖ − 1

ϖ

) ∫ t

0

(t − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ t

0

(t − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs − a2. (2.5)

Similarly, for t ∈ (t1, t2], we obtain

u(t) =
(ϖ − 1

ϖ

) ∫ t

t1

(t − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ t

t1

(t − qs)(α−1)

Γq(α)
ϱ(s)dqs − b1 − b2(t − t1), (2.6)

where b1, b2 ∈ R are arbitrary constants.

u′(t) =
(ϖ − 1

ϖ

) ∫ t

t1

(t − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ t

t1

(t − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs − b2. (2.7)

From (2.4)–(2.7), we get

u(t−1 ) =
(ϖ − 1

ϖ

) ∫ t1

0

(t1 − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ t1

0

(t1 − qs)(α−1)

Γq(α)
ϱ(s)dqs − a1 − a2t1, u(t+1 ) = −b1,

u′(t−1 ) =
(ϖ − 1

ϖ

) ∫ t1

0

(t1 − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ t1

0

(t1 − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs − a2, u′(t+1 ) = −b2.
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In view of the impulsive conditions: ∆u(t1) = I1(u(t1)) and ∆u
′

(t1) = Ĩ1(u(t1)), we find that

−b1 =
(ϖ − 1

ϖ

) ∫ t1

0

(t1 − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ t1

0

(t1 − qs)(α−1)

Γq(α)
ϱ(s)dqs − a1 − a2t1 + I1(u(t1)),

−b2 =
(ϖ − 1

ϖ

) ∫ t1

0

(t1 − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ t1

0

(t1 − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs − a2 + Ĩ1(u(t1)).

Thus, (2.6) becomes

u(t) =
(ϖ − 1

ϖ

) ∫ t

t1

(t − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ t

t1

(t − qs)(α−1)

Γq(α)
ϱ(s)dqs

+
(ϖ − 1

ϖ

) ∫ t1

0

(t1 − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ t1

0

(t1 − qs)(α−1)

Γq(α)
ϱ(s)dqs

+(t − t1)
[(ϖ − 1

ϖ

) ∫ t1

0

(t1 − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ t1

0

(t1 − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
+I1(u(t1)) + (t − t1)Ĩ1(u(t1)) − a1 − a2t, t ∈ J1.

In general, for t ∈ Jσ, we get

u(t) =
(ϖ − 1

ϖ

) ∫ t

tσ

(t − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ t

tσ

(t − qs)(α−1)

Γq(α)
ϱ(s)dqs

+

σ∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
ϱ(s)dqs

]
+

σ∑
i=1

(t−ti)
[(ϖ − 1

ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
+

σ∑
i=1

Ii(u(ti)) +
σ∑

i=1

(t−ti)Ĩi(u(ti)) − a1 − a2t, t ∈ Jσ. (2.8)

Differentiating (2.8) with respect to t, we get

u′(t) =
(ϖ − 1

ϖ

) ∫ t

tσ

(t − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ t

tσ

(t − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

+

σ∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
+

σ∑
i=1

Ĩi(u(ti)) − a2. (2.9)

Now, using the condition u(0)+u′(0) = 0 after finding u(0) and u′(0) from (2.4) and (2.5), respectively,
we obtain a1 + a2 = 0. On the other hand, from (2.8) and (2.9), we have

u(1) =
p+1∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
ϱ(s)dqs

]
AIMS Mathematics Volume 8, Issue 8, 19313–19333.
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+

p∑
i=1

(1 − ti)
[(ϖ − 1

ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
+

p∑
i=1

Ii(u(ti)) +
p∑

i=1

(1 − ti)Ĩi(u(ti)) − a1 − a2,

u′(η) =
(ϖ − 1

ϖ

) ∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

+

m∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
+

m∑
i=1

Ĩi(u(ti)) − a2.

Making use of the condition: u(1) + u′(η) = 0 and a1 + a2 = 0, we obtain

a1 = −

p+1∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
ϱ(s)dqs

]
−

p∑
i=1

(1 − ti)
[(ϖ − 1

ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
−
[(ϖ − 1

ϖ

) ∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
−

m∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
−

p∑
i=1

Ii(u(ti)) −
p∑

i=1

(1 − ti)Ĩi(u(ti)) −
m∑

i=1

Ĩi(u(ti)),

a2 =

p+1∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
ϱ(s)dqs

]
+

p∑
i=1

(1 − ti)
[(ϖ − 1

ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
+
[(ϖ − 1

ϖ

) ∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
+

m∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

1
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
ϱ(s)dqs

]
+

p∑
i=1

Ii(u(ti)) +
p∑

i=1

(1 − ti)Ĩi(u(ti)) +
m∑

i=1

Ĩi(u(ti)).

Inserting the above values of a1 and a2 in (2.4) and (2.8), we obtain (2.3). Conversely, if (2.3) has a
solution u, then it can easily be verified that that u satisfies the problem (2.2).
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3. Main results

By Lemma 2.1, we can transform the problem (1.1) into a fixed point problem: u = Fu, where
F : PC(J ,R)→ PC(J ,R) is defined by

(Fu)(t) =
(ϖ − 1

ϖ

) ∫ t

tσ

(t − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

a
ϖ

∫ t

tσ

(t − qs)(α−1)

Γq(α)
f (s, u(s))dqs

+
b
ϖ

∫ t

tσ

(t − qs)(α+δ−1)

Γq(α + δ)
g(s, u(s))dqs +

σ∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
u(s)dqs

+
a
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
f (s, u(s))dqs +

b
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
g(s, u(s))dqs

]
+

σ∑
i=1

(t − ti)
[(ϖ − 1

ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

a
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
f (s, u(s))dqs

+
b
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
g(s, u(s))dqs

]
+

σ∑
i=1

Ii(u(ti)) +
σ∑

i=1

(t − ti)Ĩi(u(ti))

+(1 − t)
{ p+1∑

i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

a
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
f (s, u(s))dqs

+
b
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
g(s, u(s))dqs

]
+

p∑
i=1

(1 − ti)
[(ϖ − 1

ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs

+
a
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
f (s, u(s))dqs +

b
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
g(s, u(s))dqs

]
+
(ϖ − 1

ϖ

) ∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

a
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
f (s, u(s))dqs

+
b
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)
g(s, u(s))dqs +

m∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs

+
a
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
f (s, u(s))dqs +

b
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
g(s, u(s))dqs

]
+

p∑
i=1

Ii(u(ti)) +
p∑

i=1

(1 − ti)Ĩi(u(ti)) +
m∑

i=1

Ĩi(u(ti))
}
, (3.1)

(Fu)′(t) =
(ϖ − 1

ϖ

) ∫ t

tσ

(t − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

a
ϖ

∫ t

tσ

(t − qs)(α−2)

Γq(α − 1)
f (s, u(s))dqs

+
b
ϖ

∫ t

tσ

(t − qs)(α+δ−2)

Γq(α + δ − 1)
g(s, u(s))dqs +

σ∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs

+
a
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
f (s, u(s))dqs +

b
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
g(s, u(s))dqs

]
+

σ∑
i=1

Ĩi(u(ti))
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−

{ p+1∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
u(s)dqs +

a
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
f (s, u(s))dqs

+
b
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
g(s, u(s))dqs

]
+

p∑
i=1

(1 − ti)
[(ϖ − 1

ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs

+
a
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
f (s, u(s))dqs +

b
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
g(s, u(s))dqs

]
+
(ϖ − 1

ϖ

) ∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs +

a
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
f (s, u(s))dqs

+
b
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)
g(s, u(s))dqs +

m∑
i=1

[(ϖ − 1
ϖ

) ∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
u(s)dqs

+
a
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
f (s, u(s))dqs +

b
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
g(s, u(s))dqs

]
+

p∑
i=1

Ii(u(ti)) +
p∑

i=1

(1 − ti)Ĩi(u(ti)) +
m∑

i=1

Ĩi(u(ti))
}
. (3.2)

Lemma 3.1. The operator F : PC(J ,R)→ PC(J ,R) defined by (3.1) is completely continuous.

Proof. Observe that continuity of F follows from that of f , g,Iσ and Ĩσ. Let Bρ = {u ∈ PC(J ,R) :
∥u∥ ≤ ρ} ⊂ PC(J ,R). Then, there exist positive constants Qi > 0 (i = 1, 2, 3, 4) such that | f (t, u)| ≤
Q1, |g(t, u)| ≤ Q2, |Iσ(u)| ≤ Q3 and |Ĩσ(u)| ≤ Q4,∀u ∈ Bρ. Thus, ∀u ∈ Bρ, we have

|(Fu)(t)|

≤
|ϖ − 1|
ϖ

∫ t

tσ

(t − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs +

|a|
ϖ

∫ t

tσ

(t − qs)(α−1)

Γq(α)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ t

tσ

(t − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s))|dqs +

σ∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
| f (s, u(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s))|dqs

]
+

σ∑
i=1

|t − ti|
[ |ϖ − 1|

ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs

]
+

σ∑
i=1

|Ii(u(ti))| +
σ∑

i=1

|t − ti| |Ĩi(u(ti))|

+|1 − t|
{ p+1∑

i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s))|dqs

]
+

p∑
i=1

|1 − ti|
[ |ϖ − 1|

ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs

]
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+
|ϖ − 1|
ϖ

∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs +

|a|
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs +

m∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs

]
+

p∑
i=1

|Ii(u(ti))| +
p∑

i=1

|1 − ti||Ĩi(u(ti))| +
m∑

i=1

|Ĩi(u(ti))|
}

≤
|ϖ − 1|
ϖ

∫ t

tσ

(t − qs)(α−β−1)

Γq(α − β)
ρ dqs +

|a|
ϖ

∫ t

tσ

(t − qs)(α−1)

Γq(α)
Q1dqs

+
|b|
ϖ

∫ t

tσ

(t − qs)(α+δ−1)

Γq(α + δ)
Q2dqs +

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
ρ dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
Q1dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
Q2dqs

]
+

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
ρ dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
Q1dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
Q2dqs

]
+

p+1∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
ρ dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
Q1dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
Q2dqs

]
+

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
ρ dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
Q1dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
Q2dqs

]
+
|ϖ − 1|
ϖ

∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
ρ dqs +

|a|
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
Q1dqs

+
|b|
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)
Q2dqs +

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
ρ dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
Q1dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
Q2dqs

]
+ p(2Q3 + 3Q4)

≤

[
|ϖ − 1|
ϖ

( 2p + 2
Γq(α − β + 1)

+
3p + 1
Γq(α − β)

)
ρ +
|a|
ϖ

( 2p + 2
Γq(α + 1)

+
3p + 1
Γq(α)

)
Q1

+
|b|
ϖ

( 2p + 2
Γq(α + δ + 1)

+
3p + 1
Γq(α + δ)

)
Q2 + p(2Q3 + 3Q4)

]
= Θ,

which implies that ∥Fu∥ ≤ Θ. On the other hand, for t ∈ Jσ, 0 ≤ σ ≤ p, we have

|(Fu)′(t)|
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≤
|ϖ − 1|
ϖ

∫ t

tσ

(t − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs +

|a|
ϖ

∫ t

tσ

(t − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ t

tσ

(t − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs +

σ∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs

]
+

σ∑
i=1

|Ĩi(u(ti))|

+

p+1∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s))|dqs

]
+

p∑
i=1

|1 − ti|
[ |ϖ − 1|

ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs

]
+
|ϖ − 1|
ϖ

∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs +

|a|
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs +

m∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs

]
+

p∑
i=1

|Ii(u(ti))| +
p∑

i=1

|1 − ti| |Ĩi(u(ti))| +
m∑

i=1

|Ĩi(u(ti))|

≤
|ϖ − 1|
ϖ

∫ t

tσ

(t − qs)(α−β−2)

Γq(α − β − 1)
ρ dqs +

|a|
ϖ

∫ t

tσ

(t − qs)(α−2)

Γq(α − 1)
Q1dqs

+
|b|
ϖ

∫ t

tσ

(t − qs)(α+δ−2)

Γq(α + δ − 1)
Q2dqs +

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
ρ dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
Q1dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
Q2dqs

]
+

p+1∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
ρ dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
Q1dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
Q2dqs

]
+

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
ρ dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
Q1dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
Q2dqs

]
+
|ϖ − 1|
ϖ

∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
ρ dqs +

|a|
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
Q1dqs
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+
|b|
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)
Q2dqs +

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
ρ dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
Q1dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
Q2dqs

]
+ p(Q3 + 3Q4)

≤

[
|ϖ − 1|
ϖ

( 3p + 2
Γq(α − β)

+
p + 1

Γq(α − β + 1)

)
ρ +
|a|
ϖ

(3p + 2
Γq(α)

+
p + 1
Γq(α + 1)

)
Q1

+
|b|
ϖ

( 3p + 2
Γq(α + δ)

+
p + 1

Γq(α + δ + 1)

)
Q2 + p(Q3 + 3Q4)

]
= Θ̃.

Hence, for t1, t2 ∈ Jσ, 0 ≤ σ ≤ p, we have

|(Fu)(t2) − (Fu)(t1)| ≤
∫ t2

t1
|(Fu)′(s)|dqs ≤ Θ̃(t2 − t1),

which implies that F is equicontinuous on allJσ, σ = 0, 1, 2, ...p. Thus, by the Arzela-Ascoli theorem,
the operator F : PC(J ,R)→ PC(J ,R) is completely continuous.

Theorem 3.1. (Schaefer’s fixed-point theorem [42]) Let E be a Banach space. Assume that F : E → E
is a completely continuous operator and the set Ω = {u ∈ E| u = ζFu, 0 < ζ < 1} is bounded. Then F
has a fixed point in E.

Theorem 3.2. Assume that

(S1) There exist nonnegative functions µ1(t), µ2(t), ϕ1(t), ϕ2(t) ∈ L(0, 1) and positive constants Qi (i =
3, 4) such that | f (t, u)| ≤ µ1(t) + µ2(t)|u|, |g(t, u)| ≤ ϕ1(t) + ϕ2(t)|u|, |Iσ(u)| ≤ Q3, |Ĩσ(u)| ≤ Q4 for
t ∈ [0, 1], u ∈ R and σ = 1, 2, ..., p.

Then the problem (1.1) has at least one solution on J .

Proof. Let us consider the set Ω = {u ∈ PC(J ,R)| u = ζFu, 0 < ζ < 1}, where the operator
F : PC(J ,R) → PC(J ,R) is defined by (3.1) and define a ball Bε = {u ∈ PC(J ,R) : ∥u∥ ≤ ε}.
We just need to show that the set Ω is bounded as it has already been proved in Lemma 3.1 that the
operator F is completely continuous. Let u ∈ Ω, then u = ζFu, 0 < ζ < 1. For any t ∈ J , we have

|u(t)| = ζ |(Fu)(t)|

≤
|ϖ − 1|
ϖ

∫ t

tσ

(t − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs +

|a|
ϖ

∫ t

tσ

(t − qs)(α−1)

Γq(α)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ t

tσ

(t − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s))|dqs +

σ∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
| f (s, u(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s))|dqs

]
+

σ∑
i=1

|t − ti|
[ |ϖ − 1|

ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs

]
+

σ∑
i=1

|Ii(u(ti))| +
σ∑

i=1

|t − ti| |Ĩi(u(ti))|
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+|1 − t|
{ p+1∑

i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s))|dqs

]
+

p∑
i=1

|1 − ti|
[ |ϖ − 1|

ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs

]
+
|ϖ − 1|
ϖ

∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs +

|a|
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs

+
|b|
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs +

m∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s))|dqs

]
+

p∑
i=1

|Ii(u(ti))| +
p∑

i=1

|1 − ti||Ĩi(u(ti))| +
m∑

i=1

|Ĩi(u(ti))|
}

≤
|ϖ − 1|
ϖ

∫ t

tσ

(t − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs +

|a|
ϖ

∫ t

tσ

(t − qs)(α−1)

Γq(α)

(
µ1(s) + µ2(s) |u(s)|

)
dqs

+
|b|
ϖ

∫ t

tσ

(t − qs)(α+δ−1)

Γq(α + δ)

(
ϕ1(s) + ϕ2(s) |u(s)|

)
dqs +

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)

(
µ1(s) + µ2(s) |u(s)|

)
dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)

(
ϕ1(s) + ϕ2(s) |u(s)|

)
dqs
]

+

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)

(
µ1(s) + µ2(s) |u(s)|

)
dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)

(
ϕ1(s) + ϕ2(s) |u(s)|

)
dqs
]
+

p∑
i=1

|Ii(u(ti))| +
p∑

i=1

|Ĩi(u(ti))|

+

p+1∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s)|dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)

(
µ1(s) + µ2(s) |u(s)|

)
dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)

(
ϕ1(s) + ϕ2(s) |u(s)|

)
dqs
]

+

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)

(
µ1(s) + µ2(s) |u(s)|

)
dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)

(
ϕ1(s) + ϕ2(s) |u(s)|

)
dqs
]
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+
|ϖ − 1|
ϖ

∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs +

|a|
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)

(
µ1(s) + µ2(s) |u(s)|

)
dqs

+
|b|
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)

(
ϕ1(s) + ϕ2(s) |u(s)|

)
dqs

+

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)

(
µ1(s) + µ2(s) |u(s)|

)
dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)

(
ϕ1(s) + ϕ2(s) |u(s)|

)
dqs
]

+

p∑
i=1

|Ii(u(ti))| +
p∑

i=1

|Ĩi(u(ti))| +
p∑

i=1

|Ĩi(u(ti))|

≤
|ϖ − 1|
ϖ

[ 2p + 2
Γq(α − β + 1)

+
3p + 1
Γq(α − β)

]
∥u∥ +

|a|
ϖ

[
(2p + 2)Iαqµ1(1) + (3p + 1)Iα−1

q µ1(1)
]

+
|a|
ϖ

[
(2p + 2)Iαqµ2(1) + (3p + 1)Iα−1

q µ2(1)
]
∥u∥ +

|b|
ϖ

[
(2p + 2)Iα+δq ϕ1(1) + (3p + 1)Iα+δ−1

q ϕ1(1)
]

+
|b|
ϖ

[
(2p + 2)Iα+δq ϕ2(1) + (3p + 1)Iα+δ−1

q ϕ2(1)
]
∥u∥ + p(2Q3 + 3Q4),

which implies that ∥u∥ is bounded for any t ∈ J . So, the set Ω is bounded. Thus, by the conclusion
of Theorem 3.1, the operator F has at least one fixed point, which shows that (1.1) has at least one
solution on J .

Corollary 3.1. Assume that functions f , g,Iσ, Ĩσ (σ = 1, 2, 3, ...) are bounded. Then the nonlinear
problem (1.1) has at least one solution J .

Theorem 3.3. ( [42]) Let F : Y → Y be a contraction on a nonempty closed subset of a Banach
space X. Then F has a unique solution.

Theorem 3.4. Let f , g : [0, 1] × R→ R and Iσ, Ĩσ : R→ R be continuous functions. In addition, the
following conditions hold:

(S2) There exist positive constants Ni (i = 1, 2, 3, 4) such that, for each t ∈ [0, 1] and u, v ∈ R,

| f (t, u) − f (t, v)| ≤ N1|u − v|, |g(t, u) − g(t, v)| ≤ N2|u − v|,

|Iσ(u) − Iσ(v)| ≤ N3|u − v|, |Ĩσ(u) − Ĩσ(v)| ≤ N4|u − v|,

for σ = 1, 2, ..., p.

Then the problem (1.1) has a unique solution on [0, 1], provided that

Ξ =
|ϖ − 1|
ϖ

[ 2p + 2
Γq(α − β + 1)

+
3p + 1
Γq(α − β)

]
+
|a|
ϖ

[ 2p + 2
Γq(α + 1)

+
3p + 1
Γq(α)

]
N1

+
|b|
ϖ

[ 2p + 2
Γq(α + δ + 1)

+
3p + 1
Γq(α + δ)

]
N2 + p(2N3 + 3N4) < 1. (3.3)
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Proof. For u, v ∈ PC(J ,R) and t ∈ J , we get

|(Fu)(t) − (Fv)(t)|

≤
|ϖ − 1|
ϖ

∫ t

tσ

(t − qs)(α−β−1)

Γq(α − β)
|u(s) − v(s)|dqs +

|a|
ϖ

∫ t

tσ

(t − qs)(α−1)

Γq(α)
| f (s, u(s)) − f (s, v(s))|dqs

+
|b|
ϖ

∫ t

tσ

(t − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s)) − g(s, v(s))|dqs +

σ∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s) − v(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
| f (s, u(s)) − f (s, v(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s)) − g(s, v(s))|dqs

]
+

σ∑
i=1

|t − ti|
[ |ϖ − 1|

ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s) − v(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s)) − f (s, v(s))|dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s)) − g(s, v(s))|dqs

]
+

σ∑
i=1

|Ii(u(ti)) − Ii(v(ti))|

+

σ∑
i=1

|t − ti| |Ĩi(u(ti)) − Ĩi(v(ti))| + |1 − t|
{ p+1∑

i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s) − v(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
| f (s, u(s)) − f (s, v(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
|g(s, u(s)) − g(s, v(s))|dqs

]
+

p∑
i=1

|1 − ti|
[ |ϖ − 1|

ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s) − v(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s)) − f (s, v(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s)) − g(s, v(s))|dqs

]
+
|ϖ − 1|
ϖ

∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
|u(s) − v(s)|dqs +

|a|
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
| f (s, u(s)) − f (s, v(s))|dqs

+
|b|
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s)) − g(s, v(s))|dqs +

m∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s) − v(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
| f (s, u(s)) − f (s, v(s))|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
|g(s, u(s)) − g(s, v(s))|dqs

]
+

p∑
i=1

|Ii(u(ti)) − Ii(v(ti))| +
p∑

i=1

|1 − ti||Ĩi(u(ti)) − Ĩi(v(ti))| +
m∑

i=1

|Ĩi(u(ti)) − Ĩi(v(ti))|
}

≤
|ϖ − 1|
ϖ

∫ t

tσ

(t − qs)(α−β−1)

Γq(α − β)
|u(s) − v(s)|dqs +

|a|
ϖ

∫ t

tσ

(t − qs)(α−1)

Γq(α)
N1|u(s) − v(s)|dqs

+
|b|
ϖ

∫ t

tσ

(t − qs)(α+δ−1)

Γq(α + δ)
N2|u(s) − v(s)|dqs +

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s) − v(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
N1|u(s) − v(s)|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
N2|u(s) − v(s)|dqs

]
AIMS Mathematics Volume 8, Issue 8, 19313–19333.



19328

+

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s) − v(s)|dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
N1|u(s) − v(s)|dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
N2|u(s) − v(s)|dqs

]
+

p∑
i=1

N3|u(s) − v(s)| +
p∑

i=1

N4|u(s) − v(s)|

+

p+1∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−1)

Γq(α − β)
|u(s) − v(s)|dqs +

|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−1)

Γq(α)
N1|u(s) − v(s)|dqs

+
|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−1)

Γq(α + δ)
N2|u(s) − v(s)|dqs

]
+

p∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s) − v(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
N1|u(s) − v(s)|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
N2|u(s) − v(s)|dqs

]
+
|ϖ − 1|
ϖ

∫ η

tm

(η − qs)(α−β−2)

Γq(α − β − 1)
|u(s) − v(s)|dqs +

|a|
ϖ

∫ η

tm

(η − qs)(α−2)

Γq(α − 1)
N1|u(s) − v(s)|dqs

+
|b|
ϖ

∫ η

tm

(η − qs)(α+δ−2)

Γq(α + δ − 1)
N2|u(s) − v(s)|dqs +

m∑
i=1

[ |ϖ − 1|
ϖ

∫ ti

ti−1

(ti − qs)(α−β−2)

Γq(α − β − 1)
|u(s) − v(s)|dqs

+
|a|
ϖ

∫ ti

ti−1

(ti − qs)(α−2)

Γq(α − 1)
N1|u(s) − v(s)|dqs +

|b|
ϖ

∫ ti

ti−1

(ti − qs)(α+δ−2)

Γq(α + δ − 1)
N2|u(s) − v(s)|dqs

]
+

p∑
i=1

N3|u(s) − v(s)| +
p∑

i=1

N4|u(s) − v(s)| +
p∑

i=1

N4|u(s) − v(s)|

≤

{
|ϖ − 1|
ϖ

[ 2p + 2
Γq(α − β + 1)

+
3p + 1
Γq(α − β)

]
+
|a|
ϖ

[ 2p + 2
Γq(α + 1)

+
3p + 1
Γq(α)

]
N1

+
|b|
ϖ

[ 2p + 2
Γq(α + δ + 1)

+
3p + 1
Γq(α + δ)

]
N2 + p(2N3 + 3N4)

}
|u(s) − v(s)|.

Thus, in view of the condition (3.3), the above inequality takes the form:

∥Fu − Fv∥ ≤ Ξ∥u − v∥.

As Ξ < 1 (by the condition (3.3)), therefore F is a contraction. So, by Theorem 3.3, the operator F has
a unique fixed point. Hence, the problem (1.1) has a unique solution on J .

4. Examples

In this section, we demonstrate the application of the results obtained in the last section.

Example 4.1. (Illustration of Theorem 3.1). Consider the following boundary value problem of multi-
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term impulsive fractional q-integro-difference equations:
0.88 cD1.95

0.5 u(t) + (1 − 0.88) cD0.02
0.5 u(t) = 0.30 f (t, u(t)) + 0.90I0.25

0.5 g(t, u(t)), t , t1 =
1
3
,

∆u
(1
3

)
=

4u2

1 + u2 , ∆u
′
(1
3

)
=

3 + 2u2

u2 + 1
,

u(0) + u′(0) = 0, u(1) + u′(0.4) = 0,

(4.1)

where α = 1.95, q = 0.5, β = 0.02, ϖ = 0.88, δ = 0.25, η = 0.4, a = 0.30,b = 0.90, p = 1 and

f (t, u(t)) = e4t cos2(u(t)) + sin(t) |u|, g(t, u(t)) =
2
9

(t3 + 3) + 3 cos(t) |u|.

Clearly, µ1(t) = e4t cos2(u(t)), µ2(t) = sin(t), ϕ1(t) = 2
9 (t3 + 3), ϕ2(t) = 3 cos(t), Q3 = 4, Q4 = 3,

and the hypothesis of Theorem 3.1 holds true. Thus, the conclusion of Theorem 3.1 applies to the
problem (4.1).

Example 4.2. (Illustration of Theorem 3.4). Consider the boundary value problem given by
0.88 cD1.95

0.5 u(t) + (1 − 0.88) cD0.02
0.5 u(t) = 0.30 f (t, u(t)) + 0.90I0.25

0.5 g(t, u(t)), t , t1 =
1
3
,

∆u
(1
3

)
=

|u(1
3 )|

115(|u(1
3 )| + 1)

, ∆u
′
(1
3

)
=

1
900

sin
(
u
(1
3

))
,

u(0) + u′(0) = 0, u(1) + u′(0.4) = 0,

(4.2)

where α = 1.95, q = 0.5, β = 0.02, ϖ = 0.88, δ = 0.25, η = 0.4, a = 0.30 ,b = 0.90, p = 1 and

f (t, u(t)) =
1

360 + t2

(
cos t +

|u(t)|
(|u(t)| + 1)

+ |u(t)|
)
, g(t, u(t)) =

1
500

tan−1 u(t) + t4.

It is easy to verify that

N1 =
1

180
, N2 =

1
500

, N3 =
1

115
, N4 =

1
900

.

Moreover, Ξ ≈ 0.978211 < 1 (Ξ is given by (3.3)). Thus, all the assumptions of Theorem 3.4 are
satisfied. So, by the conclusion of Theorem 3.4, the problem (4.2) has a unique solution [0, 1].

5. Conclusions

We have investigated a new class of nonlinear nonlocal impulsive boundary value problems of multi-
term Caputo fractional q-difference equations involving both usual and Riemann-Liouville fractional q-
integral type nonlinearities. The classical fixed point theorems are employed to derive the existence and
uniqueness results for the given problem. Our results are indeed new and enrich the related literature
on the topic. Moreover, some new results can be recorded as special cases of the present ones by fixing
the parameters involved in the governing equation in the problem (1.1). For example, our results reduce
to the new ones for the following equations subject to impulsive and nonlocal boundary data:

• cDα
qu(t) = a f (t, u(t)) + bIδqg(t, u(t)) for λ = 1;

• λ cDα
qu(t) + (1 − λ) cDβ

qu(t) = f (t, u(t)) for a = 1, b = 0;
• λ cDα

qu(t) + (1 − λ) cDβ
qu(t) = Iδqg(t, u(t)) for a = 0, b = 1.
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