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1. Introduction

Impulsive systems are found to be of great help in the study of the phenomena exhibiting abrupt
changes, such as the passage of a solid body from a given fluid density to another fluid density [1],
remittent vibrators [2], instantaneous disturbances in cellular neural networks [3], shock changes in
stock exchange [4], etc. Evolutionary hereditary processes undergoing abrupt or sudden changes are
modeled with the aid of impulsive fractional differential equations [5, 6]. Such processes naturally
occur in bio-medical sciences [7, 8], thermo-elasticity [9], heat conduction [10], plasma physics [11],
and engineering problems [12].

The subject of fractional calculus has been extensively studied during the last two decades in view
of its vast applications in science and technology. Examples include chaotic synchronization [13],
immune systems [14], neural networks [15], fractional diffusion [16], ecology [17], etc. For the
fundamental concepts of fractional calculus , we refer the reader to the text [18]. In particular, there
has been shown a great interest in investigating the existence, uniqueness and stability of solutions for
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initial and boundary value problems. One can find an uptodate account of these problems in the
book [19], while a variety of recent results involving different kinds of fractional derivatives can be
found in the articles [20-26]. The natural extension of fractional differential equations to
fractional g-difference equations also received significant attraction. For details and examples of
nonlinear fractional g¢-difference equations subject to different kinds of boundary conditions
involving g-derivatives and g-integrals, for instance, the articles [27-33] and the references cited
therein.

Let us now review some recent results on impulsive fractional and fractional g-difference
equations. In [34], the authors studied a Caputo-Hadamard type fractional impulsive hybrid system
with nonlinear fractional integral conditions. Impulsive fractional g-integro-difference equations with
separated boundary conditions were investigated in [35]. Some stability results for abstract fractional
differential equations with non-instantaneous impulses can be found in [36]. The authors in [37]
discussed the existence of solutions for an impulsive fractional g-difference equation with nonlocal
condition. Some existence results for an impulsive fractional g-difference equation with antiperiodic
boundary conditions were proved in [38]. In [39], the authors obtained exact solutions for linear
Riemann-Liouville fractional differential equations with impulses.

Motivated by the recent development on impulsive fractional g-difference equations, in this paper,
we introduce and study a nonlinear multi-term impulsive nonlocal boundary value problem involving
Caputo type fractional g-derivative operators of different orders and the Riemann-Liouville
fractional g-integral operator. In precise terms, we discuss the existence of solutions for the following
problem:

@ ‘Diu(t) + (1 — @) “Diu(t) = af (t,u(t)) + bI)g(t, u(0), t € J =[0,11,1 # 1,
Au(ty) = T,(u(ty)), Au(ty) = Io(u(t,)), o=1,2,3....,p, (1.1)
w)+u'0)=0, w()+u'(n)=0, ne(ty,tn1),0<m<p, n#t,,

where “Dy denotes the Caputo fractional g-derivative of order w, (w = @, B) and I(‘; denotes the
Riemann-Liouville fractional g-integral of order 6,0 <6 <1, 0 <g< 1,1 <a <2and0<pg <1
suchthata — B> 1,0<w@w <1, a,b € R" and f,g : J X R — R are continuous functions. Further,
I,,7, : R — R are also continuous functions, Au(z,) = u(th) —u(t,), Au'(t,) = u'(t:;) - u'(t;), where
u(t}) and u(z;) represent the right and left-hand limits of u(z), respectively, att = ¢, (o0 = 1,2,3, ..., p)
and0=1)<tj] <Hh <..<ty<..<t, <ty =1, =T —{t1,02, 13,000, ).

Here, we emphasize that the problem (1.1) is novel in the sense that it consists of a multi-term
fractional g-integro-difference equation involving Caputo type fractional g-derivative and
g-Riemann-Liouville integral operators subject to impulsive conditions and nonlocal boundary data.
We make use of the fixed-point approach to discuss the existence and uniqueness of solutions for the
problem at hand. First of all, we prove an auxiliary lemma dealing with the linear variant of the
problem (1.1), which enables us to convert the given nonlinear problem into a fixed-point problem.
Then we apply the Schaefer’s fixed point theorem to establish an existence result for the
problem (1.1), while the uniqueness of its solutions is obtained via Banach’s contraction mapping
principle. The work accomplished in this paper is not only new in the given configuration but it also
accounts for some new results as special cases, for details, see Section 5.
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The structure of the rest of the paper is as follows. In section 2, we recall some basic definitions
from fractional g-calculus and prove a fundamental lemma which plays a key role in the analysis of
the problem at hand. Main results concerning the existence and uniqueness of solutions for the
problem (1.1) are proved in Section 3, while examples illustrating these results are discussed in
Section 4.

2. Preliminaries

Let 90 = 10,141, 91 = (t1,12], 92 = (12, i3], eee0s T = (s tyi1]l, 0 = 1,2,3, R/ with Ipy1 = 1 and
introduce the space: PC(J,R) = {u : J — Rlu € C(J,), o = 0,1,..., p and u(z)) exist, for o =
1, ..., p} endowed with the norm |[lul| = sup, + [u(?)|. Obviously, PC(J,R) is a Banach space.

Let us first collect some necessary concepts and definitions from g-fractional calculus [40,41].

We define a g-real number as

[al, = ,a€R, ge R\ {1}

The g-analogue of the Pochhammer symbol (g-shifted factorial) is defined by

k-1

(@) =1, (@qx =] |1 -ag) ke NU{eo}.

i=0

The g-analogue of the exponent (x — y)* is given by

k-1
(= =1, x-p® =] |x-ygh keN xyeR.
J=0
The g-gamma function I'y(y) is defined as
(1- g
I, = L_l
(I-gy

where y € R\ {0, -1, -2, ...}. Observe that I',(y + 1) = [y], I ,(»).

Definition 2.1. Let f be a function defined on [0,b], b > 0 and a € (0,b) is an arbitrary fixed point.
The fractional g-integral of the Riemann-Liouville type is defined by

! —1)
(t—gqs)”
)4 ) = - d,(s), 0,
(1, .)(@) TG f(s)d(s), B>
provided the integral exists. Moreover, (Ig,alg,a ) = (15;7 @; v, R, ae(0,r1).

We define the g-derivative of a function f as follows:

0~ f(qn)
(DO ===

, 1#0, (D f)0) = lti_fg(qu)(f)-
Furthermore, D)f = f, Djf = D(D;”'f), n=1,2,3,....
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Definition 2.2. ( [41]) The fractional q-derivative of the Riemann-Liouville type of order B is defined

as
(AR B <0,
A GERIIE) B=0, (2.1)
Df[ﬂ]flﬂ Bf)(t) ﬁ > 0,

where [B] is the smallest integer greater than or equal to .

In passing, we remark that
(i) (Dhulou®O) = (0, 0 <a<t.
(ii) I, ((x - a)V) = Fr([;f;ﬂ)( AP 0<a<x<bBeR e (~1,00).
Definition 2.3. ( [41]) The fractional g-derivative of the Caputo type of order 8 € R* is defined by

Ds @) = AEFDY ) @)
Remark 2.1. For 0 < a <tandf € R\ N, the following relations hold [41]:
(a) (DG )(®) = (D D)D)
(b) (DLuIh. @) = f(2);
(c) (I Dhuf)0) = £0) — S 2D ka1 g

In the following lemma, we solve the linear variant of the problem (1.1), which plays a fundamental
role in the forthcoming analysis.

Lemma 2.1. Let o € C([0,1],R) and n € (t,, t,us1), m is a non-negative integer such that 0 < m < p.
Then the unique solution of the boundary value problem:

@ ‘Diu(t) + (1 — @) ‘Diu(t) = 0o(t), t€ J,t# 15, 0=1,23....p,
Au(ty) = To(u(ty)), Au'(t,) = I (u(t,)), o=1,2,3.....p, (2.2)
u)+u'(0)=0, w(l)+u'(n)=0, n+#t,,

is given by
@ -1\ (' (=g P 1 f (1 = gs)*
( po ) TP u(s)dys + T, ————0(8)d,s
+(1 -8B, teJo;
_ (e=B-1) (a-1)
1 f (tr Z];) u(s)dys + —f (- q(s)) o(s)dys
v g
= —gs)@PD it (@=1) 2.3
ult) + Z f s (q;) 2 u(s)d,s + E Ui— g™~ q(s)) Q(s)dqs] 2.3)
ti-q q ti-] ‘1
li _ (@—B-2) li (@-2)
+Z(t_ o[(Z== (t; (OKCISTB 5 u(s)d,s + 5 (1 (;]S) 5 Q(s)dqs]
fio1 q - fi-1 q -
+ Z Ti(u(r)) + Z(t ~ ) L) +(1-0B, t€J,, o=12..p,
i=1 i=1
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where

ptl i —5-1 ¢ -1
@1y [ (- )P L[ (= gs)e
B = d — 2T o(s)d
215 ) Trap et 5 ) TRy o]

. Zp:(l ~ ti)[(w; 1) i (f; — gs) @B s s 1 wg(s)dqs]
i=1

o T a—-p-1) @), T a-1)
@ -1\ ("0 —g9)P? L ("(p—g9)“™?
A u)ds+— | L o(s)d
M . Tia-p-n"st 5 | gy 99
L=y (7 gs) L[ g9
+ u(s)d,s + — (8)dys
i=1 [( w ) i Tola =B —=1) T w vy Tgla=1) e ]

p )4 m
# ) Ty + Y (=T + D Titu(e)),
i=1 i=1

i=1
Proof. Let u be a solution of the g-fractional boundary value problem (2.2). Then, for ¢ € 7, we have
w-1 1
“Dlu(t) = (T) “Du(t) + —o(t).
Operating the g-integral operator I to both sides of the above equation, we get

w1\ (T (t—gs) D 1 (" (—gs)*V
u(t) —( ) ) TP u(s)dys + = ; —Fq(a')

where ay, a, € R are arbitrary constants. Differentiating (2.4) with respect to ¢, we obtain

o(s)dys —ay —axt, (2.4)

pon (w1 " (t - gs) P2 1 (" (t—gs)*?
/(1) = )  To@—p- 1)u(s)dqs = T

Similarly, for ¢ € (¢, t,], we obtain

o(s)d,s — as. (2.5

L Ta—p WSt T @

where by, b, € R are arbitrary constants.

— T (t — (a=p-1) T (t — (a=1)
uy = (T [ L L[ sydys by~ bt = 1), 26)

a-2)

: @—1\ (" (t=g9)F? 1 (7 (t=gs)
W () = (7) —u(s)dqs+gfrq(T

n Lyle=B—1) . D o(s)dys — b. 2.7)

From (2.4)—(2.7), we get

w — 1 gl (tl — qs)(‘y_ﬁ_l) 1 3l (tl _ qs)((l—l)
)= d,s + — ———————0(8)d,s —ay — axty, u(ty) = —by,
u(ty) ( ) . Toa-p w(s)dgs + — ) T (@) o(8)dys — ay — asty,  u(fy) I
. w—1\ (" (1 —gs) P2 L (" (t —gs)@? o
wit) = (7) 0 mu(s)dqs + E o m@(s)dqs —ay, u(ty)= -y
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In view of the impulsive conditions: Au(t;) = T,(u(t;)) and Au'(t,) = T1(u(ty)), we find that

_1 : (@-p-1) " (@-1)
b = f oy + [ O p(s)dys = a1 =t + Tyuto)
w Jo q(a)
-1 (fl _ qs)(" /3 2) | (f — qs)("‘z) .
~by = (—) | T e udst — | = —0(9)dys — ax + Ly (u(ty)).
: ( ) ) ety s o et e+ Ty

Thus, (2.6) becomes

I A (D S (1= gs)"™
u(t) = ( po- ) T a—p u(s)d, s+—ft: T o(s)dys

—1 f (1 - QS)("‘ﬁ Y "t —gs))

d,s + —
T u(s) S+w ; T (@)

o(s)dys

_ 11 _ (a—B-2) (@-2)
+(t— tl)[(w_l) %u(s)d 54+ — wg(s)dqs

o Lyla=B-1 @Jo Tyla-1)

+11(u(t)) + (t = )T (u(t))) — ay — axt, t€ T,

In general, for ¢t € J,, we get

_ foe (a=B-1) _ (a-1)
u(t) = (w l) 4 ((ZS) ) u(s)d, S+g %Q(S)dqs
to q - tor q
o _ Na=B-1) (=)
Z f : e ; gy M Ef %Q(”dﬁ]
_ ti—1 q ti-1 q
o 1 (tz _ qs)(a/—ﬂ 2) 1 (t qs)(a’_z)
Z(l t)[ i rq(a _:8 - 1) u( )d ’ + @ ti-1 q(a - 1) Q(S)dqs]
Z Tiu(t)) + Z(t )T ut)) - ay —ast, t€J,. (2.8)
i=1 i=1

Differentiating (2.8) with respect to 7, we get

- ' (t —gs) @ P2 — gq)@2)
M,(l) _ (ww 1) (t qS) M(S)d g+ gf %Q(S)dqs

. q(a—ﬁ—l) q( a—1)
C " (1= g9) P " (1= g9)
Z . Tha—p=1 u(s)dys + E T a1 o(s)d,s
+ ) i) - a. (2.9)
i=1

Now, using the condition u(0) +u’(0) = 0 after finding «(0) and u’(0) from (2.4) and (2.5), respectively,
we obtain a; + a, = 0. On the other hand, from (2.8) and (2.9), we have

p+1

-1 1 - (a—B-1) 1 (a-1)
an = D) [ s o [ o]
i=1 iy -y
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(a=B-2) (a=2)

+Zp:(] B t')[(w— 1) fi (ti - CIS) (S)d s + = i (t qs) (S)d S]
4 W ) T, @-p-1 L T a-1) &%
P P
+ ) L) + Y (1= Tiu) - ar - a,
i=1 i=1
-1 7] _ (@—B-2) (@=2)
i = (2 @ (aq_s)ﬁ s + % (5)d,s
im Laq w Tg
i (t; — qs)@PD "t —gs) @Y
+ Z . —Fq(a A1) u(s)dys + E . —q(a N Q(s)dqs]
+§ﬁmmm—@
i=1
Making use of the condition: u(1) + u’(n) = 0 and a; + a, = 0, we obtain
p+l 1 _ (a—B-1) li (a=1)
a = - Z f —(l (qS) 8) M(S)d S+ g_ _(t q(iz) Q(S)dqs]
ti-1 q ti-1 q
" (ti—g9) P " (ti—g9)
_ Z(l - t) . Toa-p=1) u(s)dys + E . Ta-1 Q(s)dqs]
-1\ (M- QS)(“‘B > T(n—g9)°?
_[( - ) T (a/ my— u(s)dys + 5 . —F -1 Q(s)dqs]
_ (@—B-2) li (@-2)
—Z —(lfq(aqs)ﬁ D u(s)d, s+ — ) iz g™ = q(zs_) D Q(S)dqs]
P m
—ZLMW—ZU%&MW—ZiMW,
i=1 i=1 i=1
p+1 -1 ti (t~ _ qs)(a—,B 1) t (l qs)((y—l)
a = Zl [( - ) . T a-p u(s)d,s + 5 . T @ Q(S)dqs]
QURTD) " (- g
+Z(1 - t) ti—1 rq(a' _ﬁ - 1) (S)d ST E ti-1 KI( - 1) Q(S)dqs]
-1\ (M- qS)(“‘ﬁ Y " (n—gs)?
+[( pun ) ’ q(a —ﬂ -1 M(S)d s+ 5 . ﬁ (S)qu]
— (a-B-2) 1 _ (@-2)
+ Z (It‘q(aqS)ﬁ Ty Uy * E , (trq(qs_) 1 o(s)dys|

14 m
+;me+;awmwm+;imm.

Inserting the above values of a; and a; in (2.4) and (2.8), we obtain (2.3). Conversely, if (2.3) has a
solution u, then it can easily be verified that that u satisfies the problem (2.2).
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3. Main results

By Lemma 2.1, we can transform the problem (1.1) into a fixed point problem: u = Fu, where
F: PC(J,R) — PC(J,R) is defined by

— 4 — (a=p-1) (a-1)
) = () [ s & [ q()) Fs.u(s))dys

(a+6-1) _ (a—p-1)
f (- qs) ———————g(s, u(s))dys + Z f %u(s)dqs
to ti-1 f]
- (@-1)
—(t’ qs) g(s, u(s))dqs]

5,1 q(>

"t —gs) P "t - g9
+ Z([ — l) F(a’—ﬁ—l)u(S)d qS T E . ﬁf(s, M(S))qu

(t; = gs) "D
fGs,u(s)dys + — f;l W

(l q S)(a+6 2)

E . Tha+o-D5® u(s)dys| + > Tiu(t)) + Y (6 = )T (u(t)

i=1 i=1

p+l1 )
w— 1 (ti — qs)(‘l —B-1) (t qs)(a 1)
+(1 - t){ ; [( w ) - l—*q(a/ _ﬁ) M(S)d s + E o Tf(s, M(S))dqs
"t —gs) Y it — qs) @B
t— . Wg(s, M(S))dqs] IZ:J(I - t)[( )  Ta-p-D) u(s)d,s

i a=2) (a+6=2)
(t; — qs)¢ " (t; - qs)

- AU ST d, el RSO A
+w i, LTgla—=1) Fs, u($))dys + @ J,, Tgla+d-1)

— - (a—B-2) — (@=2)
(w 1) n%u(s)dqs+ ﬁf” %f(s, u(s))d,s
tm q

g(s, u(s))dqs]

@ 7, Tya=g-1)

b 7 (@+6-2) _ (@—B-2)
+5 %g(s u(s))d,s + Z f %u(s)dqs
Im q ti-1 fI
g ey (@=2) (@+6-2)
p= %f(s u(s))dys + — f %g(& u(s))dqs]
ti-1 q li-1 q
)4 14
# ) Titu(e) + ) (1= ) Ti(u(e) + Z JZ(u(ti))}, (3.1)
i=1 i=1 i=1
, 1y [ e—gs) P (- gs)*?
00 = (577) | Faopon" g, %f (1N
tr o (@+-2) L\ @—B-2)
p %g(s u(s))d,s + Z %u(s)dqs
tr Lq ti-1
1 (ti _ qs)(a/ 2) )(a/+<5—2)

f(s,u(s))d,s + —f i ~

@ J,, Te-1D m 8(s, u<s>>dqs]+;fi<u<t,»>>
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p+l1 ) ~ -
@ -1 (- gs) @ P it — gs) @D
_{ ,Z‘ { @ ) ) W”md gS+ g . Tf(s, u(s))d,s

li (ti _ qs)(a+6—l)

o), Tiate u(s))dys| + ,Z‘(l - r)[( ) tt (r: (_aq_s)/;a:ﬁ_lz)) u(s)d,s
- (t{;q_(Z—s_)(i;)f(s (Vs + %g(& sy

+(w7_1) ,: %”W s+ = . (’;(q—_)(j;)f(s, u())dys

J% ,: % (5, u(s))dys + Z - %u(s)d s

o [ Tty [ %ﬂ s

+ Zp; Ti(u(;) + Zp;(l — )T (u(t;)) + Zm; ji(u(ti))}. (3.2)

Lemma 3.1. The operator F : PC(J,R) — PC(J,R) defined by (3.1) is completely continuous.

Proof. Observe that continuity of F follows from that of f, g, 7, and 7. Let B, = {u € PC(J,R) :
llull| < p} € PC(J,R). Then, there exist positive constants Q; > 0 (i = 1,2,3,4) such that |f(z, u)| <
01, lgt,u)| < Qa, I 5(u)| £ Q3 and |7 ,(u)| < O4,Vu € B,. Thus, Yu € B,, we have

|(Fu)(0)
_ (a=p-1) (@-1)
o1 f - qs) s+ 9 [T s i,
. . Tg@
(a+6 1) 1 L (a—p-1)
2 f s ‘”) Ca9T (s us)Id, ”Z | iy
| | t; t— )(a 1) |b| ti ti_ (a+6-1)
“ f ( rq(s) sy + 2 (r(qs—Lé)lgu, u()ldys|
_ ti _ (@—p-2) ti (@=2)
+Z|t—t| = ”ft,. s s + 2 (tq(q—s)v(s u(s)ld,s
|b| 1 )(a+6 2)
f T@ro D" u(s))ldys] + Z|f(u(r))|+2|t—r||f<u(t>)|
p+1 1 1 _ (@=B-1) i (t; — (=1
41 —r|{ 'w | f ( "s) u(s)ld, s+@ %m u(s))ld,s
|b| <r~—qs><“+6 > |w— 1| (" (1~ gs)
o ﬂhg(s M(S))|d S Z 1 —f| o mW(S)WqS
| | ti )(a 2) | | ti (ti_ )(a+6 2)
- f ey My + #Ig(s, u(s)ld, 5|
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@ =11 (" (- g9+ jal (" (= g5)?
— "( 1 s+ %ws u(s))ld,s
Im ‘I Im
Bl g =g =1 (" (= g9)F?
—————|g(s, u(s))ld,s + |lu(s)ld,s
o), Ta+to-D° Z[ o Ta-p-1)
lal f qs><“ ) b [ (= g5
dys + — —g(s, d
T s+ 2 | e st o) o5
* Z ()] + Z 1= 4|7 (e + Z |f,-<u(t,->)|}
i=1 i=1 i=1
|w— 1| (" (t—g9)PD jal " (t—gs)@V
< d, — — 0
- . Ta-p P T T 9%
Bl f (t—gs)V ol gD
d d
. T (a+0) “”Z[ o J.. Tga-p F°
|a| (= gs) |b| f (URT DI i
T 2 Ta+6)
|w— N ANURT Dl |a| (1= gs)
+ d,s
;[ @ Jy, Ta—p-D" o Ta-1 2%
bl (" (1 — gs)
— | =L 0.
Yol Taro-n< os]
p+1 £; a—pB-1) 1 (a=1)
|w— ”f (t —qs)< & lalf (1 — g5)
d
. p . r( ) Ql qS
|b| " (1= gs) @ = 1] (" (1 - g5)“F?
—— 0Oy, s| + d,s
. T a+0) Q”] Z‘[ @ J. T a-pg-D"%
b (7= g9? bl (" (5 — gs)?
f Ta—D) 2945+ 5 | (a+5—1)Q2d“S]
Joo (Mgt @ QUEDLEPS
@ J, Ta-B-D" @), Tfa-1)
L MU D @ =1 (" (t; - g5)°P?
——(0d d
- th(a+5—1)Q ”Z[ o J. T (a-p-1°%
Ll f (1 - qs)w i |b| (1= gs) D
d 2 3
@@ T o1y Qdes| +p20: 300
[Iw—ll( 2p+2 N 3p+1 ) +@( 2p+2 +3p+1)
o T a-p+1) T a-pr T (a+1) T,a)

Ibl( 2p+2 3p+1

L a+d+1) " [, (a+ 5))Q2 +p(2Qs + 3Q4)] =0

which implies that ||Fu|| < @. On the other hand, for fr € J,,0 < o < p, we have

|(Fu)' (0)]
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(@ — 1] (" (t = gs)eb-? al (- qs)w 2
S T ) Tia-pont s +_,,,r<

bl (" = g9
o ) T 5T B s + Z T MM

|a| ftz (l‘ _ qs)(" 2) | | 7 (ti _ qs)((z+6—2)
| (s, u(s))ldys = _—
- f iy Tgla+6—1)

If(S u(s))ldys

1| "t = gs) P

p+l ti fi -
o-1 (" @ - s(“ﬂl) C(ti—gs)V
| | f ( q ) |al &ms, u(s))ld,s

lu(s)ld, S+E o T, (@)

_1)

b i (a+6-1) -1 i — (a—p-2)
" f e |g<s,u<s>>|dqs] le—tllw | f 0 u(s)dys

Ta-1D) Tiq_D & u)ldgs +— Ta+o-D

@ -1 (T =g [ -9

i Tgl@ a-p-1" @ ). T,a _1) |f (s, u(s)ldys
A " - g9) " 1| (= gs) @B

Yo ) T@res Tlsts u(s)>|ds+Z T a-po )iy

|a| 1i (t —qS)(a 2) | | t; (li _qs)(oz+6—2)
f;_ — 1) |f( M(S))|d S + — o mlg(& Lt(S))'qu]

ti—1
Jal - S)(“ ? bl ("t — gs)
f g e 5o 8 s
ti-1

* Z ()] + Z 1= i T ()] + Z 1T u(t))
i=1 i=1 i=1

o -1 (- gs)@?? lal (" (t—qs)*?

ds+ 8 [ 129 5y
o J T a-p-0"“"% ) T,-D Qidys

b ! t— (a+0-2) P -1 1 t — (@—B-2)
| | (" (—qg9) Ord,s + Z[W | (ti — qs)

IA

o

d,s
T, a+6-1) = J. T a-p-D~%
|a| ti (I S)(a 2) |b| ti S)(a+6 2)
\Ui—qs)” — —q deqs]
- q(a—l) F(a+5—1)
P+1 |1D'— 1| ft, ([ _qs)((r —B-1) |a| ft, (I qs)(a I)Q d
S
T T,a- pd T T %
Ibl " (t; - gs) D lo—1] (" (t; - qs)* P2
—Q d,s ——pd,s
. Ta+6) =7 ] Z[ o J T a-g-1" "
a 1 l s (a— 2) b ti ti —gs (@+6-2)
| (" Gz, PTG g8) deqs]
fi1 q(oz—l) @ J,, Tyla+d-1)
+Iw— 1| (7 =gs)r? pdys+ lal (" (= gs)? 01d.s
o 0w Lola—p— 1) @ J, TJa-1) 1

lg(s, u(s)ldys| + > 1T i(u(t))
i=1
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b (a+6-2) p -1 t; f — (@—B-2)
|| "(n—qs) 0:d, Z[Iw | (t —qs) ds

m Tal@+0-1) @ o Lgla— ﬁ—l)p 4
|a| (- qs)(“ 2) |b| ti )(a+<5 2)
o). f Ty 0adus] + (05 +30)
@~ 1] 3p+2 p+tl al 3p+2  p+1
[ @ (Fq(a —B) T a-p+ 1))p ’ E( [, @ Tya+ 1))Q1

lbl( 3p+2 N p+1

@ T (@+6) T a+6+ 1))Q2 +p(0s + 3Q4)] =0

Hence, for t,,1, € J,,0 < 0 < p, we have

|(Fu)(t2) — (Fu)(t))| < f |(Fu (5)ldys < O(1, = 11),

which implies that F'is equicontinuous on all J,, 0 = 0, 1,2, ...p. Thus, by the Arzela-Ascoli theorem,
the operator F' : PC(J,R) — PC(J,R) is completely continuous.

Theorem 3.1. (Schaefer’s fixed-point theorem [42]) Let E be a Banach space. Assume that F : E — E
is a completely continuous operator and the set Q = {u € E|u = (Fu, 0 < { < 1} is bounded. Then F
has a fixed point in E.

Theorem 3.2. Assume that

(81) There exist nonnegative functions (1), u (1), ¢1(t), $-(t) € L(0, 1) and positive constants Q; (i =

3,4) such that | f(t,u)| < i (t) + poOlul, lg(t, w)| < ¢1(t) + poOlul, | T,w)| < O3, 1T (w)| < Oy for
tel0,1,ueRando=1,2,....p

Then the problem (1.1) has at least one solution on .

Proof. Let us consider the set Q = {u € PC(J,R)| u = {Fu, 0 < { < 1}, where the operator
F : PC(J,R) —» PC(T,R) is defined by (3.1) and define a ball B, = {u € PC(J,R) : |ju]| < &}.
We just need to show that the set Q is bounded as it has already been proved in Lemma 3.1 that the
operator F'is completely continuous. Let u € Q, then u = {Fu, 0 < ¢ < 1. For any t € J, we have

() = CIFu)0)

el ! (1= gs) @D al [ (= qs)@
d - -t

 Ta—p MM T @

bl [ gs)erh 1| " (t;— gs) PP
f Tiare u<s>>|ds+z e M@k

lal f (1~ 99" b (tl-—qsw-“

|f (s, u(s)ldgs

T T s ulldgs + — T @+

@1 (" (t;—qs) P it - gs) @
+Z|t | | (" ti—g9) lal (™ (6 = g5)

1g(s, u(s))ld,s|

o Ta—p-D "G | Ty Ve

|b| it - qs)(a+6 2) o - )
ft’_ T, @+s-1 185, M(S))quS] + ; | Zi(u()] + ; It — ;| | Z:(u(t))|
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m_%ZhW;”n?%ﬁﬁgimmn+gt1£{%?%mmmmS
M —("'r‘q Lt ulys| + ;u el K (‘qs); Ny
I = et
Nl " ("q(‘ ‘Ij)[(_}"ff)ﬁ (9)ldys +g ) m(q—s_)(;mv(s,u(s»qu
e (a"j);m e S+Z — %mmu 5
% ("(q—s_)(l)zﬁ Fis, u(s))ld, s+|—w| %ms, u(s))ldys]
+ Zl T iu())] + Z 11 = 417 ()] + Z \Zi(ut ))|}

< e 5 ?s)f_;) s + ‘(t_jf )—()a ()40 s
lblf (tr < )f:) ’ ¢1(S) + ¢2(s) Iu(S)I d s+ Z lw_ ! . " _q(qS)jB[; I)IM(S)qus
=1k %(ws) + 2(5) (5 )y
w2 f %(%(@ +a(s) luCs)|)d,
+;[lw1; 8 (fq(‘ qs)/;‘"ﬁ Slidys + 2 (’(q—s_)(?(m(sn pa(5) lu(s))dys

+@ li (ti _ qs)(a+6—2)

p p
o) Tie+ooD (#1(5) + ¢a(s) luCs)l)d, 5] + Z T (u(t)| + Zl it

p+l ; _
l@ -1 (" (ti—gs) P al (" (4 — gs)@D
+ ; [ o J. Tia-p lu(s)ldys + = T(m(s) + () Iu(s)l)dqs

+@ ti (ti _ qs)(a+6—l)
@ J,, T a+0)
4 i a—3-2)
| — 1] (t; — gs) P
+ d
i:ZI [ w - l—‘q(a, _ﬁ _ 1) |M(S)| ‘]s
lal (" (t; - gs)*7?
o | T ) ) lus))dys
i1 q
+@ li (ti _ qs)(a+6—2)
@ J,, Tgla+d6-1)

(‘/’1(5) + ¢ () Iu(s)l)dqs]

(‘/’1(5) + ¢(5) Iu(s)l)dqs]
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- (@—B-2) (a-2)
@ —11 (7 (1—-g5) u(5)ldys + U " (11— g5)
@ Jy, Tla=B-1) m Tgla—=1)

b n _ (a+6-2)
+g %(‘PI(S) + a(5) uCs))dy s
tm ‘]

@ = 1] (" (= gs) P
’ ; [ w li-1 Fq( -p-1D |”(S)|d ’
i o (a=2)
|a| % (11(5) + pa(s) a5 )5

ti-1
|b| ftl (l‘ qs)(<z+6 2)
iy Tgla+0—1)

(11(5) + pa() ()] )dy s

S (g1(5) + $a(s) u(s)])d s
P
* Z 1T (ut))] + Z T+ Y 1T )
i=1 i=1 i=1
| — 1] 2p+2 3p+1 |al o ol
Fa oD T @ g M+ @+ DL + Bp + DI ()]
+A]@p + D1 + Gp + DI Dl + 22 + 215011 + Gp + DI 9101

IA

w

b
+g[(2p + 217 7¢,(1) + Bp + 1)1;+5—1¢2(1)]||u|| + (205 + 304),

which implies that ||u|| is bounded for any ¢ € J. So, the set Q is bounded. Thus, by the conclusion
of Theorem 3.1, the operator F has at least one fixed point, which shows that (1.1) has at least one
solution on .

Corollary 3.1. Assume that functions f,g,1,, 7 - (0 =1,2,3,..) are bounded. Then the nonlinear
problem (1.1) has at least one solution J .

Theorem 3.3. ( [42]) Let F : Y — Y be a contraction on a nonempty closed subset of a Banach
space X. Then F has a unique solution.

Theorem 3.4. Let f,g : [0,1]XR - Rand 1, 7 o : R = R be continuous functions. In addition, the
following conditions hold:

(82) There exist positive constants N; (i = 1,2, 3,4) such that, for each t € [0, 1] and u,v € R,
|f(t’ M) - f(t’ V)l < Nllu - Vla |g(t7 I/t) - g(t? V)l < N2|l/l - Vl,
1o (u) = T < Nalu=vl, 1L () = Lo ()| < Nolu = v,
foro=1,2,...p
Then the problem (1.1) has a unique solution on [0, 1], provided that

|w—1|[ 2p+2 N 3p+1 ]+|a|[ 2p+2 +3p+1
o 'Tjfa-p+1) I'Ja-p) Fa+1) Tya)

bl;  2p+2 3p+ 1
2 Ny + pQNs +3N,) < 1. 33
¥ [Fq(a+6+1)+rq(a+6)] 2 ¥ PN5 + 3N < (3-3)

[1]

¢
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Proof. Foru,v e PC(J,R)andt € J, we get

|(Fu)(?) = (Fv)(?)]

- (a=p-1) (@-1)
< 21 f - qs) ) ~ vy + %ms, u(s) = F(5,v(s)ldys
lo o q
(a+(5 1) _ (a—B-1)
lblft : ;S)+ 5y W ueN =8l V(S))'d”z = . . a1 s
al (" (- g5y bl (= gs)eroD
a1 T'ﬂs ) = iy + 2 [ W@(s,u(s»—g(s,v<s>>|dqs]
_ _ (a—p-2)
+Z|t—t| |w I . (Ii( qs; )Iu(s) v(s)ldys
_ (a=2)
M P9 ) - fs (sl

@ J,, Ty a-1)
b li t — (a+0-2)
LBl G- g)

o ) T 6T 8 ) — 85 Vsl + Z] \T3(u(t) = Ti(v(2;)]

N - . Gyl =11 (" (- gD
+ Z‘ It = 1 \Ti(u(t)) = ool + 11 = r|{ Zl [~ i e e LORLOLS
jal (" (6 = g5)@ D Bl (" (5 = gs) oD
+E o ﬁV(S ,u(s)) — f(s,v(s)ldys + — o WLS’(S, u(s)) — g(s, V(S))|dq5]
— — (a=B-2)
+Z 1 - t| Iw 1] ) (tq( Q_STB_ 5 lu(s) — v(s)|d,s
: (@=2) b (a+6-2)
+g (trq(a"—s_)l)m ) = Fs Vs + ) %@(& u(s)) — 805, v(s)dys]
@ =11 (" (= g5)“F? lal (" (7 = gs5)?
+ ww i gq(aqlvﬁ_ o) = vy + | ’7r(‘1—_1)| £(s,u(s)) = (5, v(s))ld,s
bl (M (n—= gs)@+s=2 -1 — gs)@ B2
+% : —(17 (aqj)(s_ D lg(s, u(s)) — g(s, v(s)ldys + Z | . (li < qs; )IM(S) —v(s)ldys
la “"—Wms W) = F5,()ldys + @ “—W| (5, 4(5)) = (5. ()]
@ i Ty L T ato-1"% 8Ls, 4
* Z () = Ti(v(2:)] + Z 1= 61 Z3Gu(t) = Tiv(e))l + Z 1T () = Tt )>|}
i=1
- (a=B-1) (@ 1)
< '“’ L - o+ } %Nnum V(s
b (a+5-1) -1 (@—p-1)
S f (tr E’S)Jr 5 Nalu(s) = v(5)d5 + Z | 5 "G qg;)_ﬁ) ju(s) = v(s)ldys
jal (" (6 = gs) D Bl G- g
+E . WNI'M(S) - V(S)ld S + E . mNzlu(S) - V(S)lqu]
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@ =1 " (= g9 al (" (- g5)°
+Z [ ww & qsﬁ (o) = vy + 2 | %Nllu(s) —w(s)ld,s
b 1 (@+0-2) P P
Bl f L qj)g gy Naluts) - v(s)ld,s| + Z Nslu(s) = v(s)| + Z Nalu(s) = v(s)|
-1 i (4, — (a=p-1) it — (a-1)
+Z [|ZU | ) (1 q(qS) 5 lu(s) — v(s)ld,s +% . %Nﬂu(s‘) —v(s)ld,s

£ (a+6-1)

+Z[|w— 1| (z —qs)m 2

lu(s) = v(s$)ldys

li-1 I ( ﬂ )
" (@=2) bl [ (1 — gs)@+o=2
Ial ft (t; q(qs_) 5 Nilu(s) = v(s)ldys + U - %sz(s) — v(s)|dqs]
— (a-B-2) (@=2)
LA tm (nq( qS),g f u(s) = (e, s+% %Ndu(s)_v(sndqs

LN gs) @2 — 1| At — qs) PP

Nolu(s) — v(s)ld,s + Z

w tm I ( +o6-1) fi-1 Fq( -p-D
|a| "t - gs) @Y |b| " (t; — gs) @t
5 q(q - Nilu(s) = v(s)ld,s + — . mNglu(s) - v(s)ldqs]

14
+ ZJ Nilu(s) = v(s)| + Zl Nalu(s) = v(s)| + Zl Nalu(s) = v(s)|

IA

Iw—ll[ 2p+2 N 3p+1 ]+M[ 2p+2 +3p+1
o 'Tjfa-p+1) IJa-p) Fa+1) Tya)

b 2p+2 3 1
lgl[r (ap+-|;5 D T (l;—:_ 6)]N2 + p(2N; + 3N4)}|u(s) —v(s)|.
q q

¢

Thus, in view of the condition (3.3), the above inequality takes the form:

[|Fu— Fv|| < Ellu —v||.

lu(s) — v(s)ld,s

As 2 < 1 (by the condition (3.3)), therefore F is a contraction. So, by Theorem 3.3, the operator F has

a unique fixed point. Hence, the problem (1.1) has a unique solution on 7.

4. Examples

In this section, we demonstrate the application of the results obtained in the last section.

Example 4.1. (Illustration of Theorem 3.1). Consider the following boundary value problem of multi-
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term impulsive fractional g-integro-difference equations:

1

0.88 ‘D2 u(®) + (1 — 0.88) “DyLu(t) = 0.30£(, u(r)) + 0.9010 1 g(t, u(t)), t# t; = 3

1 4’ 1y 3+ 202 4.1)
auf3)= e M) =
w0)+u'(0)=0, u(l)+u'(0.4)=0,

where @ = 1.95, ¢ =0.5,=0.02, w =0.88, 6 =0.25, n=0.4, a = 0.30,b =090, p = 1 and
2
F(t, u(t)) = e cos*(u(t)) + sin(?) lul, g(t, u(r)) = §(r3 +3) + 3 cos(?) |ul.

Clearly, pui(1) = e* cos* (1)), pa(t) = sin(t), ¢1(1) = 5(* +3), ¢o(1) = 3cos(r), O3 = 4, Q4 = 3,
and the hypothesis of Theorem 3.1 holds true. Thus, the conclusion of Theorem 3.1 applies to the
problem (4.1).

Example 4.2. (lllustration of Theorem 3.4). Consider the boundary value problem given by

1
0.88 Dy Lu(t) + (1 — 0.88) “DYPu(t) = 0.30£(t, u(®)) + 0.901 P g(t, u(r)), t#t; = T

1y u(3)l % N (4.2)
A”(g) = Wz)lﬂ) Au (5) = 300 Sm(“(g))’
u()+u'(0)=0, u(l)+u'(0.4)=0,

where = 1.95,¢=0.5,=0.02, w=0.88,0 =0.25,n=04,a=0.30,b =090, p=1and

fltu() = 5 01+ tz(cost+ % + lu(®)). gt u(®) = ﬁ tan™" u(t) + £*.
It is easy to verify that
Nz Ny= e Ny= b Ng= L
180 500 115 900

Moreover, 2 ~ 0.978211 < 1 (E is given by (3.3)). Thus, all the assumptions of Theorem 3.4 are
satisfied. So, by the conclusion of Theorem 3.4, the problem (4.2) has a unique solution [0, 1].

5. Conclusions

We have investigated a new class of nonlinear nonlocal impulsive boundary value problems of multi-
term Caputo fractional g-difference equations involving both usual and Riemann-Liouville fractional g-
integral type nonlinearities. The classical fixed point theorems are employed to derive the existence and
uniqueness results for the given problem. Our results are indeed new and enrich the related literature
on the topic. Moreover, some new results can be recorded as special cases of the present ones by fixing
the parameters involved in the governing equation in the problem (1.1). For example, our results reduce
to the new ones for the following equations subject to impulsive and nonlocal boundary data:

o “Du(r) = af(t,u(t) + bIg(t, u()) for A = 1;
o 1°D2u(t) + (1 — D) “Dhu(r) = f(t,u(r)) fora = 1,b = 0;
o 1°D%u(r) + (1 - ) “Dhu(r) = Lg(t,u(n) fora = 0,b = 1.
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