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1. Introduction and preliminaries

The most papular Banach contraction mapping principle (BCMP) [1] is the largest powerful
fundamental fixed point result. This principle has a lot of applications in pure and applied
mathematics (see [2—4]). In the past few decades, many authors extended and generalized
the (BCMP) in several ways (see [5—10]). Ran and Reurings [11] obtained positive definite solutions
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of matrix equations using the aid of the Banach contraction principle in partially ordered sets. Nieto
and Rodriguez-Lopez [12] also used partially ordered spaces and fixed point theorems to find
solutions of some differential equations. Very recently, Wardowski [13] furnished the idea of
an F-contraction, which is an extension of the (BCMP). Furthermore, common fixed point theorems
for rational Fg-contractive pairs of mappings with applications are announced in [14] as an extension
of F-contractions in relation theoretic metric spaces. On the other hand, Matthews [15] introduced the
notion of a partial metric space as a part of the study of semantics of dataflow network, and for more
results in this direction see ( [16-20]). One of the latest extensions of a metric space and a partial
metric space is initiated through the concept of a m-metric space [21], and some researchers work in
this direction (see more [22—-30]). In our article, we utilize two last notions to give an interesting type
of generalized F-contractions in the frame of relation theoretic m-metric spaces and to prove some
fixed point results.

Generally saying that, we generalize and extend some recent results in [31]. We also extend the
earlier mentioned results in the setting of relation theoretic m-metric spaces, that contain only the last
two conditions imposed on the Wardowski function F in the first section. Furthermore, the
consequences of our main results improve and generalize some corresponding theorems appearing in
the literature.

Our article consists four sections. In the first section, we recall some fundamental definitions and
theorems concerning m-metric spaces and different types of F-contractions. In the second section, we
define the notion of generalized F-contractions of rational type and generalized F}-contractions of
cyclic type. In the third section, we use the whole Wardowski function in the setting of F3-contractions
of rational type as consequences of main results in section II. Using these ideas, we prove some new
fixed point results in the frame of relation theoretic m-metric spaces and we present some examples to
show that our obtained results are meaningful. In section IV, we present an application and we ensure
the existence of a solution of a class of nonlinear matrix equations.

Throughout this article, N indicates a set of all natural numbers, R indicates set of real numbers
and R" indicates set of positive real numbers, respectively. We also denote Ny = N U {0} . Henceforth,
U will denote a non-empty set. Given a self mapping y : U — U. A Picard sequence based on an
arbitrary {p in U is given by ,, = y(g,_l) = y"({p) for all u in N, where y* denotes the u™-iteration
of y.

In 2013, the notion of a m-metric space was introduced by Asadi et al. [21]. They also extended the
well known Banach contraction fixed point theorem from partial metric spaces to m-metric spaces. We
start recalling some definitions and properties:

Definition 1.1. /21] Let U # 0. The function m : U X U — R* is a m-metric on the set U if for
all, 3,8 e U,

(i) (=93 = m,0)=m(3,8)=m(, D) (Ty-separation axiom) ;
(i) mgy < m(¢, J) (minimum self distance axiom) ;
(iiiy m(¢,3) = m(3,¢) (symmetry) ;
(@) m(¢, ) —mgg < (m(L,N) —myx) + (m (N, ) — myy) (modified triangle inequality),

where
mey = mln{m(f,g),m(g’s)}’
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My = max{m(z2),m(3,9)).

Here, the pair (U, m) is called a m-metric space.

On among the classical examples of m-metric spaces is the pair ({,m) where U = {,TJ,N}
and m(£,0) = 1, m(3,8) = 9, m(N,N) = 5. Other examples of m-metric spaces may be found, for
instance in [21]. Clearly, each partial metric is a m-metric space, but the converse does not
hold (see [32-34]).

Every m-metric m on U generates a T, topology 7,, (say) on U which has a base of collection
of m-open balls

{B,(l,e): e Ue>0},

where
B,((,e)={3 €U :m({,3) <mg + eforall { € U,e > 0.

If m is a m-metric space on U, then the functions m", m* : U x U — R* given by:

mw(é’,ﬁ) = m(£78) - 2m_(5 + M{Sa

o [ M D) —mesifC# D
m 0,if ¢ = J.

define ordinary metrics on U. It is easy to see that m" and m® are equivalent metrics on U.

Definition 1.2. According to [21],

(i) a sequence {{,} in a m-metric space (U, m) converges with respect to 7, to { if and only if

lim (1 (£, £) = mg,z) = 0,
(ii) a sequence {{,} in a m-metric space (U, m) is called m-Cauchy if lim,, ,,« (m (g“ﬂ, {V) - mgm) and
lim,, (M{wgy - mMV) exist and are finite,

(iii) (U,m) is said to be complete if every m-Cauchy sequence {{H} in U is m-convergent to { with
respect to 7, in U such that

lim (m (£, £) = mg,¢) = 0, and lim (Mg, e = mg,) =0,

/1—)00

(iv) {,} 1s a Cauchy sequence in (U, m) if and only if it is a Cauchy sequence in the metric space
U,m"),
(v) (U,m) is complete if and only if (U, m") is complete.

Consider a function F : (0, 00) — R so that:
(F)) F()<F(9)forall{ <3,

(F,) for each sequence {wﬂ} C (0, 00), lim, o @, = 0 iff lim,, o, F (wﬂ) = —00,
(F3) there exists p € (0, 1) such that limg, o+ @”F (@) = 0.
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According to [13], denote by V (F) the collection of functions F : (0, co) — R satisfying (F,) and (F3).
Take also
II(F)={F € Vg : F , verifies (F;)}.

Example 1.1. [/3] The following below functions belong to IT (F):

(1) F(s) =Ins,

(2) F(s)=s+1ns,

(3) F(s)=In (s2 + s),

(4) F(s) = -,
forall s > 0.

Example 1.2. The following functions are not strictly increasing and belong to V (F) :

(1) F(s) =1001n(3 + sin3s),
(2) F(s) =sins+Ins,
(3) F(s) =sins— L,

for all s > 0.
Let y be a self-mapping on a mm-space U. The following are some valuable notations that are
useful for the rest.

(@) (¥)p;, 1s the set of all fixed points of v,
(i) W, 5)={{eU:(,y)eR},
(iii) F (£, 3,V) is thefashion of all paths in V from ¢ to J.

Altun et al. [35] gave two fixed point results for multivalued F-contractions on mm-spaces. We
ensure the existence of fixed point results for generalized F-contractions by using the concept given
in [35] to the metric space setup. The motivation of this study is to solve nonlinear matrix equations.
First, inspired by Altun et al. [31] and Wardowski [13], we give the following concepts.

Theoretic relations have been used in many research articles, for examples see [36]. A non-empty
subset R of U? is said to be a relation on the m-metric space (U, m) if R = {({, NeU?:,T¢€ U}.
If (£,3) € R, then we say that £ < J (¢ precede J) under R denoted by (£, J) € R, and the inverse
of Ris denoted as R™! = {({, FeU?:(8,0) ¢ R} .SetS = RUR™! C U?. Consequently, we illustrate
another relation on U denoted S* and is given as ({,J) € $* & (J,{) € S and Q # J.

Definition 1.3. [36] Let U # 0 and R be a binary relation on U. Then R is transitive if ({,&) € R
and (£,3)eR=({,0) eR, forall ,3,£€ U.

Definition 1.4. [36] Let U # 0. A sequence ¢, € U is called R-preserving, if (¢, 1) € R.

Definition 1.5. [36]Let U # @ andy : U — U. A binary relation R on U is called y-closed if for
any £, 3 in U, we deduce (£,3) e R= (y(0),y(J)) €R.

2. Main results
We begin with the following definitions.

AIMS Mathematics Volume 8, Issue 8, 19504-19525.
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Definition 2.1. We say that (U, m, R) is regular if for each sequence {{ #} inU,

(¢ Zurt) €R forallpe N

lim, s (1 (4 2) = mg,6) = 0, e £, 5 L € R, } = (4w¢) € R, forall e,

Definition 2.2. A relation theoretic m-metric space (U, m, R) is said to be R-complete if for an R-
preserving m-Cauchy sequence {{M} in U, there exists some ¢ in U such that

im (Mgﬂ,g - m@g) =0.

—00

lim m (., £) = mg,e = 0, and 1
u—00 u

Definition 2.3. Let (U, m) be a m-metric space endowed with a binary relation R on U and y be a
self-mapping on U. Then, v is said to be a F-contractions, if there exist Fy € I1(V) and & > 0, such
that

£+ Fg (m(y(0),y(9) < Fg (m(£,3)) 2.1
forall £,3 € U with (£,3) e S™.
Now, we introduce the concept of a generalized rational type F;-contraction.

Definition 2.4. Let (U, m) be a m-metric space endowed with a binary relation Ron U. Lety : U —» U
be a self-mapping on U. It is called a generalized rational type Fy-contraction if there are Fy € V (F)
and ¢ > 0 such that

(2.2)

§ y m(£,3),m&,y (), m(3,y(3)),
&+ FY (m(y ) ,y(f}))) < Fy | max m(yO)[1+m(3,(9))] s
1+m(¢,9)

forall £,J € U with (£,3) € S*.

Theorem 2.1. Let (U,m) be a complete m-metric space with a binary relation R on U and y be a
self-mapping on U such that:

(i) the class O (y, R) is nonempty;
(ii) R is y-closed;
(iii) the mapping vy is R-continuous,
(iv) v is a generalized rational type Fy-contraction mapping.

Then vy possesses a fixed point in U.

Proof. Let ¢y € O ([y, R]). We define a sequence {gﬂ} by {1 =y ({ﬂ) = y* ({y) for each u € N. If there
is tp in N so that y ({#0) = {,,, then y has a fixed point {,,, and the proof is complete. Let {,,,; # ¢, for all

uin N, so m({wl,{#) > 0. Since (y ({y),{o) € S*, using y-closedness of R, we get (y ({Ml),{ﬂ) €S,
Then using the fact that y is a generalized rational type Fy-contraction mapping, one writes

F;?m ((:,u+1, (u) = F;?n (m (§”+1’§”)) ’

<7% [m{ byt e o) 7 ) }J . 23

1+m(Gum1.40)
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< rimd OO DGR )

l+m(§'},_1 ,(ﬂ)

< Fy(max {m (G gumt)om (8 G )}) — £
If max {m (g“ﬂ, gﬂ_l) ,m ({,,, §ﬂ+l)} =m ({,1, {,”1) , then from (2.3), we have
Fit (m (G unr)) < FR (m (G0 Gu)) = € < FR (m (80 Gun)),

which is a contradiction. Thus, max {m (gﬂ,gﬂ_l) ,m((wgy“)} = m({#,gy_l) and so from (2.3), we
have

Fg (m (& Gus1)) < Fp (m (G412 44)) forall p e N (2.4)
Denote 6, = m ({y, {,m) . We have 6, > 0 for all 4 € N and using (2.4) we deduce that
Fp(8,) < Fp (8um1) = & < Fp (8m1) — 26 < . Fy (8,m1) — ié. (2.5)

It implies that lim,_,., F (5;1) = —oo, then by (F), we have lim,_,, 6, = 0. Due to (F73), there exists
k € (0, 1) such that lim,, .., 8 F (5,) = 0.
From (2.4) the following is true for all 4 € N,

88 (Fp (8,) — Fi (60)) < =6kt < 0. (2.6)
Letting 4 — oo in (2.6), we get
lim p8) = 0. (2.7)
H—0

From (2.7), there exists u; € N so that u6* < 1 for all u > u;, then we deduce
1

Sy < —
/JE

for all u > ;.

We claim that {{#} is a m-Cauchy sequence in the m-metric space. Let v,u € N such that v > u > ;.
Using the triangle inequality of a m-metric space, one writes

m (gﬂ’ g") - m(,uy{v < m (41» {.U"'l) - m{”’é‘“ﬂ +m (§ﬂ+l’ §ﬂ+2) - m(uﬂa(uﬂ +
.+t m (gy_l, éy) — mgv_l’§V

m (éjm gﬂ+l) +m (§y+1’ §u+2) i m(gv—lvgv)

Oy +O0ps1 +0+ 0,

y—1 I 00 1
Sasyasyt
i=u i=u i=u

IA

IA

i%
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The convergence of the series 3.2, 1 yields that m(gﬂ,gy) —myg,;, — 0. Thus, {g“#} is a M-Cauchy
ik e
sequence in (U, m). Since (U, m, R) is R-complete, there exists { € U such that {{#} converges to { with

respect to z,, that is, m ({,,, 4 ) —myg,; — 0as yu — oo. Now, the R-continuity of y implies that
£ = lim g = limy (4,) =7 ©).

Hence, { is a fixed point of .

Example 2.1. Let U = [0, o) and m be defined by m (£, 3) = min{{, 3} forall £, T € U. (U,m) is
a complete m-metric space. Consider the sequence {z,; € U given by z, = w for all u > 2.

Set an binary relation on U denoted by R given by R = {(zl,zl) , (Zﬂ_l,zﬂ) =23, ...100}. Now,
givey: U — U as

s if 0<¢<z,
y() = 21, if 71 <{ <2,
o+ (222 (2 - 2), if 7, <<z, forally=23,---,100.

Obviously, R is y-closed and y is continuous. Choosing { = z,, and J= Zy+1 (forp=1,2,3,---,100),
for first condition of F' (which is (F)), we have

()7 o) = P2 (n(s.5)) = P () = 1001 (352 —sins, ),

and

F;gn m(z(24)) (14m(2u1.7(2441)))

1+m(z,l Wyt )

max{ (a2 ) (2 (20) a7 (). }]

m (Z;u Zy+1) ,m (Z,ua Z,u—l) ,m (Zp+1 ) Zy) )

= FI’? max{ m(Zy02u-1) (14m(2041.,7) ) }]

1+m(zu.2001)

= F}’;(z,,).

Now, for u = 2,3,4,---,100, we have

£+100 m(z"T‘l + sinz,,_l) < 100 1n(%‘ + sinzﬂ), 2.9)
implies that
%" + sinz,
L= +sing,

Let

% +sing,
I @2.11)

fu) = 1001n(@21

> + S1n Z,u—l

AIMS Mathematics Volume 8, Issue 8, 19504-19525.
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In view of Table 1 and Figure 1, since the function {f (/‘)}/22 is decreasing and discontinuous, the
smallest value in (2.11) is 5.02. Therefore, the Eq (2.10) holds for 0 < ¢ < 5. So

m(£,8),m,y (), m(3,y(T)),
E+ Fg (m(y(0),y(9)) < Fy [maX{ myO)[1+m(3,(9))] })
1+m(Z,9)

for all £,3 € U such that ({,3) € S* with mm-space. Hence, v is a generalized rational type F7-
contraction mapping with 0 < £ < 5. Generally, we can say that y has infinite (F.Ps).

Table 1. Iterations and f (u).

Iter S () Iter f
u=2 13.87 u=13 25.21
u=3 164.6 u=14 23.21
u=4 56.16 u=15 21.20
u=> 63.72 u=16 20.20
u==6 54.28 u=17 18.71
u="17 44.23 u=18 17.64
u=2=8 36.45 u=19 16.53
u=9 33.78
u=10 33.78 u =060 5.02

0F

400

é_ Cin s
20
10+
G0 20 30 o B )

i

Figure 1. Behaviour of f (u), for u € [2, 60].
Theorem 2.2. Theorem 2.1 remains true if the condition (ii) is replaced by the following:

() (i),
(i) (X, «, V) is regular.

AIMS Mathematics Volume 8, Issue 8, 19504-19525.
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Proof. It is a same argument as Theorem 2.1. Here, the sequence {{M} is m-Cauchy and converges to

some Q in U such that m (g e ) — my, ; as limit 4 — oo which implies that

limm(5.¢) = limmg, = lim min {m(5u8).m @O =m&.0)

#—)OO M—)OO

lim m({,u{v) =0 and ﬂljin m, ¢, = 0.

M, y—00 0

As ({M,{#H) € R, then (g“ﬂ,{) € Rforall p € N. Setu = {,u eN: y({#) = 7({)}. We will take two
cases depending on u
C-1. If u is a finite set, then there exists yy in N, so that y({ﬂ) # v () for every u > . In

particular, (g“#,g“) € $*and (y (fﬂ) ,y({)) € S, then for all u > uy,
£+ Fy(m(y(6.).y©)) < F(m(4.2)).-

Since lim,_,o, m ({,1, {) = 0 implies that lim, . F} (m (5#, §)) = —o0o, one writes

imy oo it (m (v (4:). 7)) = —oco. Therefore, lim, .m(y(4).7() = 0, which yields that
v ({) = ¢, that is, { is a fixed point of 7.
C-2. If u is an infinite set, then there exists a subsequence {{ﬂk} of {{ﬂ} so that {1 = y(gﬂk) =y

for k € N, so y({ﬂk) — 7y ({) with respect to 1, as , converges £, then y({) = £, i.e., y has a fixed
point. Hence, the proof is complete.

Now, we prove a result of uniqueness.

Theorem 2.3. Following Theorems 2.1 and 2.2 y possesses a unique fixed point if F (¢, 3,V) # 0, for
all {’ Je (’}/)Fix '

Proof. Let {,3 € (y)p;, such that £ # 3. Since F (£, 3,V) # 0, there exists a path ({ao,al, ...aﬂ}) of
some finite length g in V from Q to J (with a; # ayy forall s € [0,p —1]). Then ay = ¢, a, = I,
(as,as1) € S* forevery s € [0,p—1]. Asa, € y(U), y(ay) = a, forall s € [0, p — 1] we deduce that

Fg (m(ay, ag 1))

FZI (m (7 (as) Y (as+1)))
. m(ay, ag1) , m(as,y (ay)), m(dg,y (1)) 5
Fg {max m(ag.y(a),[1+m(a,y(a))] -&

1+m(as,as1)

m m(as’asﬂ)’m(as’ as) ,m(as+1,as+1) s
= FR max m(a.v’a.v)[1+m(a,r,ax+l)] - f

1+m(as,as1)
< F@{(m(as au))}.

IA

It is a contradiction. Hence, y possesses a unique fixed point.

Now, we say that y : U — U has the property P if
(Yrix = (V) for each p is member of N.

In this theorem, we use above condition having property P.

AIMS Mathematics Volume 8, Issue 8, 19504-19525.
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Theorem 2.4. Let (U,m) be a complete m-metric space with a binary relation R on U and y be a
self-mapping such that:

(i) the class O (v, R) is nonempty,
(ii) the binary relation R is y-closed,
(iii) vy is R-continuous,
(iv) there are Fy € V(F) and & > 0 so that

2 . m(&y @), m(y©.¥ @),
&+ I (m (7 @0,y ))) < Fg | max my@)[1+m(y0* )]

L+m(¥(0).7*(0))

forall £ € U, with (y(£).y*({)) € S,
Then vy has a fixed point. Furthermore, if

V) )’
(i) ¢ € (W) g, (for some u € N) which implies that ({,y ({)) € R,

then vy has a property P.

Proof. Lety € O ([y,R]), i.e., (£, 7y (&) € R ,therefore using assumption (ii), we get ({“, é“,m) € R for

each y € N. Denote ;1 = y({,,) = y**1(£y), for all u € N. If there exists uy € N so that y({#o) = Ly
then y has a fixed point {,, and it completes the proof. Otherwise, assume that {,,,; # ¢, for every

u € N. Then ({H, §u+1) € R (for all 4 € N). Continuing this process and using the assumption (iv), we
deduce (for all u € N)

Fy (m (7’ (§u—1) Y (gu—l)))

IA

m(Gum1.7(Gu=1) [1+m(Y(u-1)¥* (Gu-1)) |
1+m(y(Gue1 )7 (Gu-1))

. { 6y (6) (). (), }]

—¢
m( { m(fu—lafu)’m(fwgﬂ“) }]
= F}|max m(Gu-1.5) [ 14m(Gudust) |

1+m( Gy

-&
< Fy (max {m ({,J_l, g“,,) ,m ({,J, {,&1)}) - &

Assume that max {m (g‘_l, g,) ,m (gﬂ, Qust } =m (g,, QHI) , then we get
FR (m (G Gun)) < FR (m (s Gt ) = € < FR (m (G ) -
It is a contradiction. Hence, max {m ({,1—1, gjl) ,m ({#, {,,H)} =m (é'ﬂ_l, {,1) , and so

Fp (m (¢ un)) < F (m (Gt ) — € forall p € .
This yields that (for all 4 € N)
Fi(m (g gun)) < Fr(m(Gu18.)) - € 2.1)

AIMS Mathematics Volume 8, Issue 8, 19504-19525.
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Fit (m(Guear Gur)) - 2€

IANIN IA

Fg (m (o, $1) — pé.
By applying limit as u goes to oo in above equation, we deduce lim,_,., F (m (gy,gﬂﬂ)) = —o0.
Since F € V(F), we deduce that lim,,_,., m ({H, {#H) = 0. Using (F3), there is k € (0, 1) so that

tim (1 (5. &yo1)) P (m (i )) = 0

U

Now, from (2.9), we have

(m(Gue ) 3 (m (G ) = (m (G Gt ) it m G0 21 (22)
< - (m ({,u’ §u+1))k:u <0.

k
Letting 4 — oo in (2.10), we get lim,,_,«, (m ({“, g“,m)) = 0. There is y; in N so that

,u(m ({#,éﬂﬂ))k < 1forall u > ;.

That is,
1
m((,“{ﬂ“) - for all u > ;.
#k
Now, for v > u > uy, we have
v—1 y—1 v—1 1
n (4" g") — Mg, < Z m (4’“ KV) — Mg, S Z m {ua {V < l_%
= =y i=u

. . =11 - . .
Since the series Zi:y T is convergent, i.e., m({#,g“v) — my,;, converges to 0, the sequence {{,,} is a

m-Cauchy sequence. Since (U, m, R) is R-complete and (gy,{#+1) € Rforall u € N, {{#} converges
to ¢ € U. Now, using the R-continuity of y, we deduce that

£ = lim Gy = limy(4,) =7 (@)

Finally, we will prove that (y*);, = (¥)g;, Where u € N. Assume on contrary that { € (y*),;, and
{ & (y)p;, forsome pu € N. Thenm (£,y () >0,(L,y() €R (from condition (iv),) . From assumption

(i7) we obtain (7“ @),y (¢ )) € R for all u € N. Assumption (iv) implies that
Fi (m(y(» ©). 7 (¥ ©)))
Fi (m(¥~ (). ©) -

Fi (m (¥ ). ) - 2¢

Fg (m(,y ()

IA

IA

FR(m(,y(0)) — ué.

Taking 4 — oo in above inequality, we obtain F (m ({,y ({))) = —oo, a contradiction. So, (y*)p;, =
(Y)Fiy for any p € N.

IA
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Corollary 2.1. Let (U ,m) be a complete m-metric space with a binary relation R on U and y be a
self-mapping such that:

(i) the class ® (y, R) is nonempty;
(ii) the binary relation R is y-closed;
(iii) 7y is R-continuous;
(iv) y is a Fg-contraction mapping.

Then vy possesses a fixed point in U.
Here, we use the definition of F-contractions with the standard conditions (i — iii) .

Definition 2.5. Given a mm-space (U, m) and a binary relation R on U. Suppose that
w={(3)eS" :x(, T)>0}.

We say that a self-mapping y : U — U is a rational type Fy-contraction if there exists F7 € I1(V)
such that

3.1

m(¢,3),m ¢y (), m(3,y(3)),
&+ Fg (m(y (0),y(3)) < Fy [max{ mZyO)[1+m(3.7(3))] }]

1+m(£,9)
forall (£,9) € E.

Theorem 2.5. Let (U,m) be a complete m-metric space, R be a binary relation on U and y be a
self-mapping on U. Assume that:

(i) the class O (v, R) is non-empty;
(i) the binary relation R is y-closed;
(iii) 7y is R-continuous;
(iv) y is a rational type Fy-contraction mapping.

Then vy possesses a fixed point in U.

Proof. Let ¢y € O ([y,R)), i.e., ([{o, v (&)]) € R . We define a sequence {(,m} given as {4 = y(gﬂ) =
Y1 (Z). We have (@,{HH) € R for all u in N. If there exists gy in N such that y(gﬂo) = s
then ¢, is a fixed point of y and the proof is finished. Now, assume that {,.; # ¢, for all u € N.
Then ({w g“,m) € R (for all 4 € N). Using the condition (iv), we deduce (for all 4 € N)

F(m(y(¢u1):7(4)) < FR (G131 G) G ))]

1+m(y(Gu-1) 72 (4u-1))

. { m (G (G1)om (7 (61) 7 (61)) }] e o

= Fy max{ m(n?(lgj,l_;g))[;f:l((g{ﬁ#ﬁl) , }] —-&

1+m(§,,{w1)

Fy (max {m (g’#_l , {ﬂ) ,m ({#, {,m)}) -¢&.

IA
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By (F;), we have max {m ((M_l,gﬂ),m(g“ﬂ,{#ﬂ)} = m(g“ﬂ,{lm), then we get a contradiction. Thus,
max {m ({ﬂ, {,,_1) ,m ({ﬂ, §u+1)} =m ({,1, fu—l) and so from (2.3) we have

Fp (m (¢4 ue)) < Fp (m(Gur Guet)) — € forall p € . (3.3)
The proof of Theorem 2.1 is complete.

Corollary 2.2. Let (U,m) be a complete m-metric space, R be a binary relation on U and vy be a
self-mapping on U. Assume that:

(i) the class O (y, R) is non-empty;
(i) R is y-closed;
(iii) 7y is R-continuous;
(iv) y is a F¥-contraction mapping.

Then y possesses a fixed point in U.

Example 2.2. Let U = [0, 1] and m be a relation theoretic m-metric defined by

m(.9) ="~

;S forall ,3 € U.

We define the binary relation

@9 es emo=mc9 e 2

(U, m) is a complete m-metric space with a binary relation. Define a mapping y : U — U by

(£ ifzefo, D)
7@‘{(5) if £=1.

Obviously, R is y-closed, also and y is R-continuous. Define F}; : (0,00) — R by
Fyp(@)=In(a+a’) forall &€ (0,).

Assume that (£, 3) e E={(,3) e S* :m(y ),y (I)) > 0}. Therefore, forall £, I € U, with 0 < ¢ <
1,9 =1, we have

Fnty @y @) = Fg(m(S.0))= Fy ()
2
= In (i + i)
100 10
, m(¢, 1), m(,y({),m(3,y (7)),
Now, consider Z, = max m@y@)[1+m(3.7(3))]
T+m(Q,1)

mZy [ 1+m(3(9))]
1+m(Z,1)

m[ {m@,1>,m(§,y<§»,m<5,y(8)),})
Fy | max
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{+l f+§ 1+0
2 ’ 2

b

= Fj|max g+§[l ”Oi
1+[§'

- i)

= F} 5

= Fy(Zy)

_ (({ + 1) + 1)

From Table Table.2, v is a rational type F}-contraction mapping with & = 2. Moreover, there is
o = 0.1 in U so that(&,y (&) € S* and the class ® (y, R) is nonempty. Hence, all conditions of
Theorem 2.5 hold, and therefore y has a fixed point.

Table 2. & + F22 (m(y (), y (3))) and FJ! (Zy).

4 J £+ Fy (m(y ),y (3)) Fy (Zy)
0.1 1 —4.595 —0.159
0.2 1 ~3.892 —0.040
0.3 1 -3.479 0.069
0.4 1 -3.179 0.174
0.5 1 —2.947 0.272
0.6 1 —2.755 0.364
0.7 1 -2.591 0.452
0.8 1 —2.448 0.536
0.9 1 —2.321 0.616

3. Some fixed point results for cyclic contractions

In [37], Kirk et al. gave the concept of a cyclic contraction, which is the extension of the Banach
contraction. It is utilized in the following theorem.

Theorem 3.1. Suppose that (U, m) is a compete m-metric space, G, H are two nonempty closed subsets
of U andy : U — U verifies the following conditions:

(@) y(B) S Dandy (D) C B;
(i) there exists a constant k € (0, 1) such that

m(y(),y(3)) <km(,,3) forall{ € B, 3 € D.
Then BN D is nonempty and there is { € BN D a fixed point of y.

By Theorems 2.1 and 3.1, we obtain successive fixed point results for cyclic rational type F-
generalized contraction mappings.

AIMS Mathematics Volume 8, Issue 8, 19504-19525.
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Theorem 3.2. Let (U, m) be a complete m-metric space, G and H be two nonempty closed subsets of U
andy : U — U be an operator. Assume that the successive axioms hold:

(i) y(G)C Handvy(H) C G;
(ii) there exist Fy € V(F) and & > 0 such that

. - m(g,s),m(f’Y(f)),m(S’V(S))’
£+ Fy (m(y (0).y(9))) < F | max ey @)[1+m(3.1(9))] , (2.10)

1+m({,3)
foralllin G and 3 in H.
Then there is { € G N H a fixed point of vy.

Proof. Z = G U H is closed, so Z is a closed subspace of U. Therefore, (U, m) is a complete m-metric
space. Set a binary relation on Z denoted by R given as

R=GXxH.
It means that
(.9 eRe((,F)eBxDforall,J e Z.

SetS = RUR 'an asymmetric relation. Directly, (U, m, §) is regular. Assume {zj #} € Z is any sequence
and £ € Z so that

(Z,,,{,m) €S forallu e N,
and

/}I_)Igm(gy,{) = /}Lrgmln {m({p’éy)’m({’g)} = m(g’g)

Using the definition of S, we obtain

(- Gurt) € (BX D) U (D x B) forall y € N. (2.11)

Immediately, the product fashion Z X Z involves a mm-space m given as

m((Z1,91) (5, 55)) = m(§1,51);m(§2, 32)'

Since (U, m) is a complete m-metric space, we obtain (Z X Z, m) is complete. Furthermore, G X H
and H X G are closed in (Z X Z, m) , because G and H are closed in (U, m). Letting 4 — oo in (2.11),
we have (£,{) € (Bx D) U (D x B). This implies that { € B N D. Furthermore, from Eq (2.11), we
have ¢, € BU D. Thus, we get (g’w 4 ) € S (for all u € N) . Therefore, our assertions hold. Furthermore,
since vy is a self-mapping and from condition (i), we obtain for all £, J € U,

(£, ) in G x H which implies (y({),y(J)) € HXG,
(£, 3) in H X G which implies (y(0),y(J3)) € GXxH.

The binary relation R is y-closed. As B # 0, there exists £, € B, such thaty ({y) € D thatis ({y,y ({y)) €
R. Therefore, all the hypotheses of Theorem 2.2 are satisfied. Hence, (y)g,;, # 0 and also(y)z,, € BND.
Finally, as (£,3) € Rfor all ,3 € GN H, GN H is V-directed. Hence, the main conditions of
Theorem 2.2 are satisfied, so y has a unique fixed point. It finishes the proof.

AIMS Mathematics Volume 8, Issue 8, 19504-19525.
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4. Application

In this section, we illustrate how to guarantee existence of a solution of a matrix type equation. We
shall use the following notations. Let A () be the set of all i X 4 complex matrices, let H (1) € A (1)
be the family of all X u Hermitian matrices,let G (u) € A (u) be the set of all u X u positive definite
matrices, H* (i) C F (u) be the set of all u X u positive semidefinite matrices. For A in G (1), we will
also denote A > 0. Furthermore, A > 0 means that A in H* (u) . As a different notation for A — A > 0
and A — A > 0, we will denote A > A andA > A, respectively. Also, for each A, A in A (u) there is a
greatest lower bound and least upper bound, see [38]. In addition, take

||l = denote the spectral norm of matrix Q i.e ||Q|| = (1* (Q*Q))% ;
such that

AT (Q7Q) = is the largest eigenvalue of Q*Q, where Q" is the conjugate transport of Q.

We use the m-metric induced by the trace norm ||.||;, given as [|Q||,, = le Z;(0), where E;(Q),
i =1,2,...,u are the singular values of Q in A (1) . The set H (1) endowed with this norm is a complete

m-metric space. Moreover, we see that
H (1) = is a partial ordered set with partial order <, where A <A & A > A.

Consider the following nonlinear matrix equation

u
A=5+ ) QEMN O, @.1)

i=1
where 1 is a positive definite matrix , Q1, O, -+ , Q,, are u X u matrices and Z is an order persevering

continuous map from H () to G (u). Then, F € V (F) and (A (1) ,m) is a complete mm-space, where

A+ A
2

1
m(A,A) = ” =5 (tr (A +A)). 4.2)

tr

In this section, we prove the existence of the positive definite solution to the nonlinear matrix Eq (4.1).

Theorem 4.1. Assume that there are positive real numbers C and & such that:

% %
(i) for each A, Ain H (1) such that (A, A) in < with ), Q'E(A) Q; # >, QIE(A) 0,
i=1 i=1

tr(A+A) |
2

r(E2(A) +E(A))
2

)

<
C (1 + é‘: tr(A2+A))

H H
(ii) there exists a positive number N for which }, Q;Q; < Cl, and 3, Q:=(A) Q; > 0.
i=1 i=1

i=
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Then the matrix Eq (4.1) has a solution. Furthermore, the iteration

u

Au=5+> 0E(Au1) Qs (4.2)

i=1

where Ay in F (u) satisfies Ag < 0 + Z Q= ( - 1) Q;, converges in the sense of trace norm ||.|,,

to the solution of the matrix Eq (4.1) .

Proof. We define the mapping y : H (u) — H (u) and F : R* — R by

H
YA =S+ > O/E(N)Q; forall A€ F (),
i=1

and set

H (), ={QeFw:0=y(Q) ory(Q) -0 = 0}.

Then, y is well defined and < is a relation under R, and < on F (u) is y-closed. Fy (a) = _\/La for
all a € R*. Furthermore, a fixed point of y is a positive solution of (4.1) . Now, we want to prove that y
is a F-contraction mapping with & Let (A,A) € @w = {((A,A) € R: E(A) # E(A))} which implies
that A < A. Since E is an order preserving mapping, we deduce that =Z (A) < Z(A). We have

H)’ (A) +v((A)

1
> 5 trly(N) +y(A))

tr 1

2

tr ((i QiQ:‘) Y (A +y (A))
i=1

Z

s

5 (r(Q:Q; (¥ (A) + ¥ (A))))

=

IA

1
EIIY(A)+7(A)II1

151
2

(1 ce 12

[

(RENE)

2
tr) 1

< || YA)+y(A)

A

2

and so

(1+§ ||A+A

||A+A

tr tr
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This implies that
2
1 < 1
vl B [P
1421 "
and then
1 1
+ <
/” A+A || YM)+y(A)
2 M 2 tr
Consequently,
|y(A>+y<A> A+A
Now, we get
AN)+y(A A+ A
§+F?(7() y(A) )sF}?( )
2 - 2l

This shows that y is a F;-contraction. Using Z O:E@) Q; > 0, we deduce that ¥ < y () . This means

that 9 in H* (y, <). From Corollary 2.2, there exists Ay € H (u) such that y (Ag) = Ag. Hence, the
matrix Eq (4.1) has a solution.

Example 4.1. Now, consider the matrix equation

2
A=5+ ) 0EN) O,
i=1

where

0.1 0.01 0.01
g=] 001 0.1 0.01
0.01 0.01 0.1

0.2 0.01 0.01
0, =] 001 04 0.01
0.01 0.01 04

0.6 0.01 0.01
0,=1]0.01 06 0.01
0.01 0.01 0.6

and Define F; : R* — R by
1
Fy(a)=—-——,
® (@) N7
foralla e R, and E : H (u) — H (u) is given by E(A) = % Then, all conditions of Corollary 2.2 are
satisfied for N = % by using the iterative sequence

2
Aui =S+ ) QIEN) Q;,
i=1
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000
Ao=| 0 0 O [.
000

After some iterations, we get the approximation solution

0.0102 0.0466 0.0214

0.0233 0.0102 0.0912
s = :
0.0912 0.0532 0.0326

Hence, all the conditions of Theorem 4.1 are satisfied.
5. Conclusions

In this paper, a relation theoretic M-metric fixed point algorithm under rational
type Fy-contractions (respectively, rational type generalized Fgl—contractions) is proposed to solve

u
the nonlinear matrix equation A = S + »; Q7= (A) Q;. Some numerical comparison experiments with
=1

existing algorithms are presented Withill’l given tables and figures. Analogously, this proposed work
can be extended to generalized distance spaces, such as symmetric spaces, m,m-spaces rmm-spaces,
rm,m-spaces, pm-spaces, p,m-spaces, etc. Some problems of fixed point results could be studied in
near future.
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