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1. Introduction

The most fascinating and vital theory in the growth of nonlinear analysis is the fixed point theory. In
this extent, the Banach fixed point theorem [1] was pioneer result for investigators over the past hundred
years. This theorem plays a significant and essential role in the existence and uniqueness of solutions
to different nonlinear integrals, functional equations and differential equations. In 2008, Berinde [2, 3]
gave the notions of almost and generalized almost contractions and obtained a fixed point result as an
extension and generalization of the Banach fixed point theorem. Samet et al. [4] initiated the notions of
p-admissible mappings and (p, ¥)-contractions to prove certain fixed point results for such contractive
mappings in the framework of complete metric spaces. Later on, Salimi et al. [5] generalized the notion
of p-admissible mappings by introducing the idea of twisted (o, u)-admissible mappings. They also
defined the concept of (p, u, ¥)-contractions and obtained some fixed point theorems in this context of
metric spaces.

On the other hand, Jleli et al. [6] gave a new family of contractions, named ®-contractions, and
established a result associated with these contractions in the framework of complete metric spaces.
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Later on, Ahmad et al. [7] defined generalized ®-contractions to obtain additional generalized fixed
point results. Recently, Abbas et al. [8] proved some fixed point theorems for a Suzuki type multivalued
(®, N)-contraction in the context of a complete metric space equipped with a binary relation. They
employed their results to prove the existence of solutions of nonlinear fractional differential equations.

In this article, we combined the concepts of generalized almost contractions, twisted (p,
)-admissible mappings, and ®-contractions to define Berinde type (p, ¢)-® contractions and obtain
some fixed point results for self mappings in complete metric spaces. We derive new fixed point
results, which enhance and upgrade some results in the literature. We also supply a non trivial
example to support the obtained results. Finally, we discuss the solutions for the nonlinear fractional
differential equations.

2. Preliminaries

In 1922, Banach [1] established a theorem that is, known as Banach’s contraction principle (or
Banach'’s fixed point theorem), which is one of the decisive results of nonlinear analysis, which states
that if £ is self mapping on a complete metric space (U, o) such that, for some O € [0, 1),

o(L(), L(w)) < Do(x, w) 2.1

for all %, @w € U, then there exists a unique point x* € U such that Lx* = x*. Because of its significance
and importance, many researchers have proved lots of fascinating enhancements, development, and
generalizations of Banach’s contraction principle.

Berinde [2, 3] introduced the following notions of almost contraction and generalized almost
contractions and proved a fixed point theorem.

Definition 1. ( [2]) Let (U, o) be a metric space. A mapping L : (U,0) — (U, p) is said to be an
almost contraction if there exists a constant © € [0, 1) and some L > 0 such that

o(L(), L(@)) < D0(L(x), L(@)) + Lo(w, L(%)) (2.2)

forall x,w € U.

Definition 2. ( [3]) Let (U,0) be a metric space. A mapping L : (U,0) — (U,p) is called a
generalized almost contraction if there exists a constant © € [0, 1) and some L > 0 such that

o(L(x), L)) < Do(L(x), L(w))
+L min{o(x, L(%)), o(w, L(w)), 0(x, L(w)), o(w, L())} (2.3)

for all », w € U.

Theorem 1. ( [3]) Let (U, 0) be a complete metric space and L : (U,0) — (U, p) is a generalized
almost contraction, then L has a unique fixed point.

In 2015, Jleli [6] presented new class of contractions named ®-contractions. He presented a new
result associated with ®-contractions in the framework of complete metric spaces.
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Definition 3. Let (U, o) be a complete metric space. A mapping L : (U,0) — (U, p) is said to be a
®-contraction if there exists © € (0, 1) such that o(L(x), L(w)) > 0 implies

Oo( L), L@))) < [0(o(, @))]” 24)
for all %, @w € U, where O : (0, +00) — (1, +00) is a mapping satisfying the following conditions:

(®)) O(x) < O(w) for 0 < % < w;
(®,) for {x,} € (0, +00), lim, e %, = 0 & lim,_,., O(x,) = 1;

(®;) there exists 0 < i < 1 and [ € (0, +0] such that lim,,_,o 2%=L = |

xh T

Consistent with Jleli et al. [6], we represent the class of all mappings ® : (0, +00) — (1, +00) by Ag
satisfying (2.4) and (®;)—(®3). For more details in this direction, we refer the readers to [7-19].
On the other hand, Samet et al. [4] initiated the notion of p-admissible mappings in 2012.

Definition 4. ([4])Let L: U - U andp : U X U — [0, +0c0) . Then L is said to be p-admissible if
the following condition
pr,w)>1 = p(Lx,Lo)>1

for all », @ € U, holds.
In this manner, Salimi et al. [5] gave the idea of twisted (o, u)-admissible mappings.

Definition 5. ([S])Let L : U —» U and p,u : U X U — [0, +00) . Then L is said to be twisted (o,
p)-admissible if
{ plx, @) =1 N { p(Lx, Lw) > 1
px, @) 2 1 w(Lx, Lw) > 1

for all », w € U.
3. Results

We define the notion of a Berinde type (p, 1t)-® contraction in this way.

Definition 6. Let (U, 0) be a metric space. A mapping L : (U,p0) — (U, o) is said to be a Berinde
type (p, 1)-O contraction if there exist O € (0,1),® € Ag, L > 0and p,u : U XU — [0, +0c0) such that

p(t, @, @)O (o(L(%), L(@))) < [O (o0, @))]°
+L min {o(x, L)), o(@, L(@)), 00, L(@)), o(w, L(%))} 3.1)

for all x, w € U and o(L(x), L(w)) > 0.

Theorem 2. Let (U, 0) be a complete metric space and L : (U,0) — (U, o) be a Berinde type (p,
-0 contraction. If these assertions are satisfied:

(a) L is twisted (o, u)-admissible;
(b) there exists »%y € U such that p(xg, L(xg)) > 1 and u(xy, L(x0)) > 1;
(c) L is continuous.

Then there exists »* € U such that Lx* = »*.

AIMS Mathematics Volume 8, Issue 8, 19743—-19756.



19746

Proof. Let »y € U such that p(xy, L(x%9)) > 1 and u(xg, L(%)) > 1. Define {x,} in U by 5,1 = L(x,),
for all r € N. If %,,; = x, for some r € N, then x* = x, is fixed point of L. Now we suppose that
%41 £ Xy, for all r € N. As L is twisted (o, u)-admissible, we obtain p(xg, %) = p(x9, L(%p)) > 1 =
P01, 22) = p(L(x%o), L(¢1)) > 1 and (s, 2,) = u(L(x), L(%1)) > 1. By mathematical induction, we
obtain p(x,,%,,1) > 1 and u(x,,%,,,) > 1, for all r € N. From (3.1), we have

—
A

O (00, %r41)) = O (0(L(%,-1), L(%,)))

O (0(ty—1, 2 (2,1, 2, )0(L(t-1), L(2,)))

[©(0(t,-1,2,))]°

+Lmin {o(%,-1, L¢-1)), 002, L(%,)), 021, L(21)), 00, L(%,-1))}
[0(0Gt,-1,2,))]°

+Lmin {o(%,-1, %), 00, %r11), 00¢,—1, % rs1), 0(%r, %)}

= [O(Ct-1. %) .

IA

IA

Thus, we have

1 < @00t #r41)) < [O0C¢,_1, 2 )] . (3.2)

Therefore

1 < 000 %r01)) < [0 -1, 2> < [O0GHs-20 % N < ... < [O(00t0, 21 )] .

Thus, we have
1< @ (0t %,11) < [O0(20,%1)]” (3.3)
for all » € N. Since ® € Ag, so if we let r — oo in (3.3) and by (0,), we get
lim © (0(%, %,41)) = 1 &= 1im 0(¢,, %,11) = 0. (3.4)
By (03), there exist 0 < h < 1 and N € (0, co] such that

li @ (Q(%ra %r+1)) -1 _
m 7 =
r—e Q(%r’ %r+l)

L.

Assume that 8; < oo, then, let N, = % > (. By the concept of the limit, there exists 7; € N such that

C (Q(%r, %r+1)) -1
Q(%r» %r+l)h

-Ni[ <N,

for all r > ry. It yields
@ (Q(%r’ %r+l)) -1

Q(%r’ %r+1)h

281-&2:%282

for all » > ry. Then
100t #r1)! < 37O (00, %,41)) — 1] (3.5)
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for all r > r;, where N3 = le Now we assume that 8; = co and N, > 0. Therefore, there exists r; € N
such that
R, < O (0(y,%r41)) — 1
Q(%r, Hryl )h
for all r > ry. It yields
ro(ty, %re1)' < Rar[© (00, %,41)) — 1]
for all r > r;, where N3 = xlz Thus, in all cases, there exist &3 > 0 and r; € N such that

rQ(%r7%r+1)h < N3r[® (0, #141)) — 1] (3.6)
for all » > r;. Thus, by (3.3) and (3.6), we get
roGer, %r1)" < Rar([(O(0(¢0, 1)) = 1).

If we let, r — oo, we get
lim rg(%r,%m)h = 0.
r—oo

Thus, there exists r, € N such that .
00, %r1) < i (3.7)

for all r > rs.
For m, r € N with m > r > r|, we have

Q(%ra %m) < Q(%h %r+1) + Q(%r+l’%r+2) + Q(%r+2’ %r+3) +...t Q(%m—l’%m)
m—1
ZQ(%i,%i+1)

i 00, %iv1)

SR

e

l

IA

i=r
If we let, r — oo in above inequality and utilizing the fact that the series 35 -+ is convergent, we have
ih
lim, ;00 0%, %,,) = 0. Hence {»,} is a Cauchy sequence in U. As U is complete, there exists x* € U
such that {x,} — »*. As £ is continuous, we get L(x") = lim L(x,) = lim x,,; = »*. Thus, x* is a fixed
F—00 F—00

point of L. O

Now we omit the continuity condition on £ but use an adjunctive condition on U and obtain the
same conclusion.

Theorem 3. Let (U, ) be a complete metric space and L : (U,0) — (U, o) be a Berinde type (p,
W)-O contraction. Suppose that the following assertions hold:

(a) L is twisted (p, u)-admissible;

(b) there exists x%y € U such that p(xg, L(x)) > 1 and u(xy, L(xo)) > 1;

(c) if {»,} € U such that p(x,,x,,;) > 1 and u(x,,%,.1) > 1, forall rand %, — »* € U as r — oo,
then p(x,,»«*) > 1 and u(x,,x*) > 1, for all r € N.
Then £ has a fixed point x* € U.
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Proof. Let %y, € U such that p(xy, L(x%p)) > 1 and u(3x%o, L(%g)) > 1. Proceeding in a similar manner
to the proof of Theorem 2, we have p(x,,%,,1) > 1 and u(x,,%,.1) > 1 and {x,} is Cauchy in U that
converges to x*, i.e.,

rh_)rg o(x,,x*)=0.

By hypothesis (c), we have p(x,,%*) > 1 and u(x,,»*) > 1 for all r € N. On the contrary, we assume
that L(»*) # »x*, and there exists ry € N such that »,,; # L(x"), for all r > ry, i.e., o(L(x,), L(x*)) > 0,
for all r > ry. By (3.1), (®;) and the triangle inequality, we have

1 < OO0t 1, L0M)) = Oo(L(%,), L))
< pQer, 2, 27)O((L(%,), L(%7)))
<[00, x))]°

+Lmin {o(x,, L(%,)), 00", L(x")), 0%, L(x")), 00", L(%,))}
[©(0(t,, x))]°
+Lmin {0(x,, %,.1),00¢", L(%7)), 00, L(%)), 00", %,41)} .

If o(xx*, L(x*)) > 0, then from the following fact
lim o(x,, x") = 0
and O is continuous, taking the limit as r — oo in above inequality, we get
1 <O(o(x", L(x7))) < 1,

which is a contradiction. Therefore o(x*, L(x*)) = 0, 1i.e., L(x*) = »* and x* is a fixed pointof L. O

For the uniqueness of the fixed point, we take the property:
(P) p(»¢, @) > 1 and u(x, @w) > 1 for all fixed points », weU of L.

Theorem 4. In addition to the assumptions of Theorem 2, if we take property (P), then we obtain the
uniqueness of the fixed point.

Proof. Let x*,% € U be such that L(x*) = »* # % = L(x). Then, from property (P), p(x*,%) > 1 and
u(x*, %) > 1. Then

O(o(%", %)) O(o(L(%"), L()))

O(p(x", (™, 2)o(L(x"), L(%)))

[0(o(e", 72))]°

+L min{o(x", L"), 00¢, L)), 00", L)), 00, L(2"))}
[0G0(e*,7))]°

+Lmin {o(x", x"),0(%, %), 00", L)), 0%, L(x"))}
=[0G, )]

IA

IA

a contradiction because o € (0, 1). Hence, £ has a unique fixed point in U. O
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Example 1. Consider the sequence {x,} as follows:
H = 1,
nr=1+2,

¥, =1+2+...+n= @,ferneN.
Let U ={x,:n €N}
and o(x, @) = |x — @|. Then (U, p) is a complete metric space.
Define the mapping £ : U — U
by
L) =n1, L(,)=%x,, foralln>1I.

First, we show that £ is not the Banach contraction

I o(LG), L)) . a1 —1
1im = 11m ——-—
n—oo Q(%na%I) n—co A, — 1

Now, if we consider the mapping ® : (0,+c0) — (1,4+00) by O(f) = 2/, for t > 0. Now, we
show that the mapping £ is not the ®@-contraction for © = % € (0, 1), that is, ®(o (L (x,) , L (%)) =

1
[©0 (¢, %)) .
Indeed, for n = 1 and m = 4, we get

that is
D0(LGe1).Lixa)) 5 9 F0014)

because
9243 o 93(2+3+4)

Now, we show that the mapping L is the Berinde type (o, w)-® contraction for p,u : U X U
— [0, +00) defined by

plx, @) = ux, @) = 1

for all %, @ € U and some O = 5 € (0,1) and L =2 > 0.
To see this, we discuss our main result for (1 < n < m). Now since,

O (L), L) = LG — L(2y)]
|%m—1 - %n—1|

= n+m+H)+...+(m-1)

© (%m’ %n) = |%m - %nl

= m+D)+m+2)..+(m).
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Therefore, for 1 < n < m, we have
2n+(n+1)+...+(m—1) < 2%(n+1)+(n+2)...+(m)

+2min{ munn+m+1)+..+m, }

m+DH+...+m-2)+(m—-1)

Hence, all the conditions of Theorem 4 are satisfied and %, is a unique fixed point of mapping L.
The following results are a direct consequence of Theorem 2 and Theorem 3.

Corollary 1. Let (U, ) be a complete metric space and L : (U,0) — (U,o0) be twisted (p, u)-
admissible mapping such that

(e, D)t @) (o(L(x), L)) < [O (o(x, @))]”

for all x,w € U and o(L(x), L(w)) > 0. If these assertions are satisfied:

(a) there exists %o € U such that p(xg, L(x%9)) > 1 and u(xg, L(%g)) > 1,

(b) L is continuous or if {x,} € U such that p(x,,%,.1) > 1 and pu(x%,,%,,1) > 1 and %, — »* € U as
r — oo, then p(x,,»%*) > 1 and u(sx,,»x*) > 1,V reN,
then there exists »* € U such that x* = Lx".

Proof. Take L = 0 in Theorem 2 and Theorem 3. |

Corollary 2. Let (U, o) be a complete metric space and L : U — U be such that

P0G, @)O (o(L(%), L(@))) < [0 (0(¢, @)
+Lmin {o(x, L)), o(w, L(@)), 0%, L(@)), o(w, L))}

If these assertions are satisfied:
(a) L is p-admissible,
(b) there exists »%y € U such that p(xg, L(xg)) > 1,
(c) L is continuous or if {x,} € U such that p(x,,%,,;) > 1 and ¥, —» x* € U as r — oo, then

*

PG, %) > 1,V r € N, then there exists a unique point x* € U such that »* = Lx".
Proof. Taking u(x,w) = 1, for all x,w € U in Theorem 2 and Theorem 3. O

Corollary 3. ( [6]) Let (U, o) be a complete metric space and L : (U,0) — (U,0). If there exists
0 €(0,1) and ® € Ag such that

@ (o(L(»), L(@))) < [0 (o(x, @))]°,

then there exists a unique point x* € U such that x* = Lx".

Proof. Take p(x, @) = u(x, @) = 1, for all x,w € YU and L = 0 in Theorem 2 and Theorem 3. m]
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4. Applications

On the other hand, the fixed point theory is a very strong mathematical tool to establish the existence
and uniqueness of nearly all problems modeled by nonlinear relations. Consequently, the existence and
uniqueness problems of fractional differential equations are studied by means of the fixed point theory.
Recently, the existence of solutions of fractional differential equations have been studied, see [8,21,22].

In the present section, we discuss the existence of a solution of the following nonlinear fractional
differential equation:

(1) = f(1,%(1)) (4.1)

O<t<1l,1<np<2)via
%2(0) =0, Ix(1) = %/(0)

where % € C([0, 1], R). Here, “o" represents the Caputo fractional derivative of order 7 defined by

1 2 . .
C.n _ J=n=1 ¢j
Qf(1) = —— f (t= sy fis)os,
I'GG—=mn )

(j—1<n<yj, j=[n]+1)and I"f represents the Riemann-Liouville fractional integral of order n of
a continuous function f : R* — R, given by

I"f(t) = %ﬂ) f (t =) f(s)os, withn > 0.
0

Let U = CJO0, 1] be the space of all continuous functions defined on [0, 1]. The metric o0 on U is given
by

o(x, @) = sup |x(t)—w(7)]
t€[0,1]

for all x, @ € U, then the space U = (C[0, 1], 0) is complete metric space.

Theorem 5. Consider the nonlinear fractional differential Eq (4.1). Let { : (—00, +00) X (—00, +00) —
R. Assume that these assertions hold:

(i) The function f : [0, 1] X (=00, +00) — R is continuous,
(i) Vx,@w € U and 7 € [1, o) such that
I'n+1) _,
f ()= o)< == k-
YtelO0,1],

(iii) there exists %y € C([0,1],R) such that (xo(t), Lxo(t)) > O, for all ¢t € [0, 1], where L :
C([0,1],R) — C([0, 1], R) is defined by

1 t
Lx(t) = ﬁn)f(t—s)"_lf(s,%(s))gs
0

AIMS Mathematics Volume 8, Issue 8, 19743—-19756.
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S

1

Y To—
0

fort € [0, 1],

(iv) for each ¢ € [0, 1] and %, @ € C([0, 1], R), {(x(1), w(t)) > 0 = {(Lx(t), L@(t)) > 0,

(v) for %,} € C([0, 1],R) such that %, — » in C([0, 1],R) and {(%,,%,.1) > 0O, for all r € N, then
{(x,,%) >0, forall r € N.
Then, (4.1) has at least one solution.

Proof. 1t is very simple to show that % € U is a solution of (4.1) if and only if »x € U is a solution of

1 t
n() = Fn)f(t—S)"_lf(s,%(S))QS

1 s
Fz_f[f(s—m)”‘f(m,%(m))gm]QS
0

for t € [0, 1]. Now, let %, @ € U such that {(x(t), w(¢)) > 0 for all ¢ € [0, 1]. By (iii), we have

t

w5 J @ =" f (s, x(9) 05 — 75 f(f — )" f (s, () 05
0

|Lx(t) — Lo(1)]

1
i (f (s —m)™! f (m, n(m)) Qm)gs

1 K
~t (f (s =m)"™" f (m, w(m)) Qm) os
0

0

%n) f £ 5" 1f (5,(5) = f (s, w(s))] 5

<
2 1 K
o) f [ f (s —m)"" | f (m, x(m)) — f (m,w(m))lgm]gs,
0
which implies that
1 T(n+1
| Lx(t) — Lw(t)] < T f |t — 5" ‘(UTJF) T x(s) — w(s)| os
0
1 K
2 f[f LIS )
— |s —m|"” [%(m) — @(m)| om |os
['(n) X
L+ 1) f -1
= e |t = " |x(s) — @w(s)| o5
4I°(n) J

AIMS Mathematics Volume 8, Issue 8, 19743-19756.
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4L ()

F(n+ 1) )flt s|’7 IQS

1 s
L+ 1) { f |s = m|"™" pe(m) —w<m>|9m]9S

1 s
L 1
+2e™" (77+ ) f[fls—ml"lgm]gs
0

TG +1)
I+ 2™

x TGy + 1)
+2e B(n +1, l)mg(%,W)

- v/

< %Q(%, w) + %Q(%, w),

where B is the beta function. From the above inequality, we get

o(Lx, Lw) < eo(x, w),

which implies

Vo(Lx, Lw) < \JeTo(x, @).

Taking the exponential, we obtain

e Vo(Lx, Lo) <e \/e’”g(%,w)’

that is

e Vo(Lx, Lo) < (e \/Q(%JU))D ,

where © = Ve™ < 1. Consider ® : R* — R defined by O(u) = eVi. Y u > 0,then O € No.

Additionally, we define p, i : U X U — [0, +00) by

u(x, @)
_ { 1if ZGe(t), @w(t)) > 0,1 € [0, 1],

0, otherwise.

o, @)

and for all %, @ € U. Thus,
P, @), @O (o(Lx, L)) < [Oo(x, @)]°

for all %, w € U and o(Lx, L) > 0. Now, by using condition (iv), we have

1
(il o>

AIMS Mathematics Volume 8, Issue 8, 19743-19756.
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implies
p(Lr, Lw) > 1
u(Lr, L@) > 1

for all %, @ € U. Hence, L is a twisted (p, u)-admissible. Additionally, from (iii), there exists %y € U
such that p(xg, Lx9) > 1 and wu(so, L) > 1. Finally, we conclude that the assertion (v) of Theorem 3
is satisfied. Hence, as application of Theorem 3, we obtain »* € U such that x* = Lx". Thus, x* is a
solution of (4.1). |

[LE), Lo®) > 0 = {

5. Conclusions

In this paper, we have defined Berinde type (p, u)-9 contractions and obtained some generalized
fixed point results. In practice, we discussed the solutions for the nonlinear fractional differential
equation. We derived new fixed point results, which upgraded and enhanced some results in the
literature. We also supplied a non trivial example to support the obtained results.

Our future work will focus on studying the common fixed points of multivalued mappings and fuzzy
mappings for Berinde type (o, u)-® contractions in the context of complete metric spaces. Fractional
differential inclusions and fractional integral inclusions can be solved as applications of these results.
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